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Blow-up profiles of solutions for the exponential
reaction-diffusion equation.

A. Pulkkinen

Abstract
‘We consider the blow-up of solutions for a semilinear reaction diffusion equa-
tion with exponential reaction term. It is know that certain solutions that can
be continued beyond the blow-up time possess a nonconstant selfsimilar blow-up
profile. Our aim is to find the final time blow-up profile for such solutions. The
proof is based on general ideas using semigroup estimates. The same approach
works also for the power nonlinearity.

1 Introduction

We consider the following problem

ue = Au+ f(u), reQ, t>0,
u =0, €N, t>0, (1)
u(z,0) = up(z) >0, z€Q,

where Q = Br(0) = {x € RV : |2| < R} and N is supercritical, i.e., N € [3,9] and the
initial condition wu is nonnegative and in C*(Q). We are mainly interested in the case
f(u) = €“, but some results work with more general nonlinearities. Before stating our
results, see Theorems 2, 3 and 5 below, we give a brief introduction to the subject.

We are interested in solutions that blow up in finite time, which means that there
exists T € (0, 00) such that [|u(-, )| < oo for t <T and

lim sup ||u(+, t)||cc = o0.
t—=T

By standard theory of parabolic regularity, this implies that w is a classical solution
for every ¢ € (0,7'). Blow-up is said to be of type I if the blow-up rate is the same as
that of the ordinary differential equation v’ = f(u). For f(u) = €" this means that
-C1 < lOg(T - t) + Hu(vt)HOC < Oy,

for some constants C and Cy. If the blow-up is not of type I then it is said to be of type
II. A point zg € Q is a blow-up point if there exists a sequence { (@, tn)}, C 2x(0,T)
such that (x,,t,) = (20, T) and u(zy,t,) — 00 as n — co.

A solution can exist beyond the blow-up time ¢ = 7" as a weak solution. To be
more precise, we give the following definition.

Definition 1.1 By an L'-solution of (1) on [0, 7] we mean a function u € C([0,T];
LY(Q)) such that f(u) € LY(Q7), Q7 :=Q x (0,7) and the equality

ta ta
/[u\p}g d:v—/ /u\Iltdxdt:/ /(uA\IJ+f(u)\IJ)dxdt
Q t1 Q t1 Q



holds for any 0 <t; <ty <T and ¥ € C%(Q7), ¥ =0 on 92 x [0, T].

Blow-up is said to be complete if the solution can not be continued as an L'-solution
beyond the blow-up time.

In this paper we want to focus on solutions that blow up at x = 0 and have a
nontrivial selfsimilar blow-up profile, i.e., the convergence (2)-(4) below holds. The
following theorem (proved in [FP]) states that every radially symmetric solution that
blows up and continues to exist as a weak solution has this property.

Theorem 1 Let f(u) =e*, N € [3,9] and let u be a radially symmetric and radially
nonincreasing L'-solution of (1) on [0,T] that blows up att =T < T. Then

lim [log(T' — 1) + u(yV'T — )] = ¢(y), 2)
uniformly fory in compact sets of RN, where ¢ satisfies
{A@*%VQO‘FG“’*l:O, ly| > 0, 3)
¢(0) = a, V(0) =0,
and
lim ((y) + 2log ly|) = Ca, (4)
[y|—o0

for some a > 0 and C,, € R.

If the above convergence (2) holds for some function ¢, we will refer to ¢ as the
selfsimilar blow-up profile of w.

In the last section of this paper we will slightly improve the above Theorem 1 by
showing that the assumption on u being radially nonicreasing is redundant. We will
thus obtain the following.

Theorem 2 Let u be a radially symmetric L'-solution of (1) with f(u) = e* on [0,T]
that blows up with type I rate at (x,t) = (0,T), where T < T. Then the convergence
(2)-(4) holds.

In this Theorem we assume that blow-up is of type I which holds if N € [3,9], u is
radially symmetric and the maximum of u is attained at the origin, see [FP].

The existence of global L!-solutions of (1) with f(u) = e* that blow-up in finite
time is proved in [LT] and [FPo]. The previous two theorems then give the asymptotic
behavior for such solutions as the blow-up time is approached.

For subcritical dimensions N € [1, 2] the only solution ¢ of (3)-(4) is ¢ = 0 (see [E])
and so the convergence (2) should always hold with ¢ = 0. This is proved in [BBE]|
under the extra assumption that u is nondecreasing in time and radially decreasing.
For general solutions the problem is how to obtain the blow-up rate.

For the power nonlinearity f(u) = u|u[P~! blow-up is always complete and u has
a constant selfsimilar blow-up profile, i.e., the covergence (7) holds for ¢ equal to a
constant, whenever p < pg, where

foo, ifN<2
PS=A N2 i N > 2,0

see |[GK].
For f(u) = e" and supercritical dimensions N € [3,9], however, there exists a
sequence {a;} of initial values tending to infinity such that the solutions ¢; satisfy



(3)-(4) with & = o, see [ET]. Similar result is also true for the power nonlinearity,
[BQJ.

The idea of the proof of Theorem 1 is to assume that the convergence (2) holds
with ¢ = 0 and then prove that the final time blow-up profile of w is given by

u(z,T) + 2log |z| + log | log |z|| — C, (5)

as |z| = 0, which implies complete blow-up by the results in [Va|. Convergence to a
nontrivial ¢ is then obtained by an energy argument. In [B] the existence of solutions
with the final time profile as in (5) is proved.

In [HV1, Ve2, Vel| the case of f(u) = u? is discussed and a variety of final time
blow-up profiles is obtained by assuming constant selfsimilar blow-up profile. See also
[BB, FK] for other works in that direction. Later these methods were used in [M]
to prove Theorem 4 below, which corresponds to Theorem 1, but for the power type
nonlinearity. The exponential nonlinearity in dimension one is discussed in [HV2] and
[HV3], and final time blow-up profiles are found, provided that the solution has a
constant selfsimilar profile.

So there are many results concerning final time blow-up profiles of solutions pro-
vided that the selfsimilar blow-up profile is a constant one. The behavior of solutions
as in Theorem 1 at the blow-up moment is however not directly evident from the
asymptotics (2)-(4). Our main theorem of this paper is the following which in fact
does give the final time blow-up profile for solutions satisfying (2)-(4).

Theorem 3 Assume that u is a solution of (1) with f(u) = e* that blows up with type
I rate at (z,t) = (0,T) for some T < co and verifies (2)-(4). Then the final time blow
up profile of u is given by

[u(z,T) + 2log|z| — Co| = 0,  as|z| — 0, (6)
where Cy, is the constant from (4).

The existence of the limit lim;_,7 u(z,t) for = # 0 is a consequence of the parabolic
estimates as will be seen in the proof of the above Theorem.

In this theorem we merely assume that u is a continuous solution of (1) that blows
up with type Irate at (x,¢) = (0,T) and has a nontrivial selfsimilar blow-up profile, i.e.,
convergence as in (2) with (3)-(4) holds. We do not need to assume that the solution is
decreasing or even radially symmetric. It is of course a different matter whether there
exist radially nonsymmetric solutions of (1) verifying (2)-(4) with radially symmetric
. It is also not known if there exist any radially nonsymmetric selfsimilar solutions.

Even though the above Theorem 3 is stated with f(u) = e* our analysis works
for a larger class of nonlinearities, including f(u) = u?. For the algebraic nonlinearity
Theorem 2 corresponds to the following result, see [M].

Theorem 4 Let p > 1, f(u) = uP and u be a radially symmetric L'-solution of (1)
on (0,7) that blows up with type I rate at (x,t) = (0,T), where T < T. Then

lim [(T — )Y/ Du(yyT—1.1)] = o), (7)

T
uniformly for y in compact sets of RN, where ¢ satisfies

Ap—4Vp—-Lp+er=0, |y >0, @®
©(0) = £ +a, Vi(0) =0,



with L
()"

lim [y[* " Ve(y) = Ca, (10)

|y|—o0

and

for some a > 0 and C,, > 0.

Theorem 3 stated for f(u) = u? will then be the following, which is already known and
proved in [MM]. Our method, however, gives a new proof, which we do not present in
this treatise, since it proceeds very much in the same way as the proof of Theorem 3
above.

Theorem 5 Assume that u is a solution of (1) with f(u) = uP for some p > 1 that
blows up with type I rate at (x,t) = (0,T") for some T < 0o and verifies (7)-(10). Then
the final time blow up profile of u is given by

lim 2|/ P~ Vy(z, T) = Ca, (11)

z—0
where Cy, is the same as in (10).

In a forthcoming paper [P| we will show that if u is a so-called minimal limit
L'-solution on (0,7) that blows up at ¢ = T' < T and if the assumptions of Theo-
rem 2 hold, then u becomes regular immediately after the blow-up. Moreover, under
some additional assumptions, the regularization is asymptotically selfsimilar, i.e., u ap-
proaches a forward selfsimilar solution as t — 7" from above. This improves somewhat
the results in [FMP].

The question about the behaviour of the final time blow-up profiles u(z,T') near
the blow-up point has been studied in many papers, but usually in the case where
the selfsimilar blow up profile is the constant one, see [HV1], [HV3], [Vel], [M]. In
these cases, the final time profile u(x, T) is greater than those in (6) and (11) near the
blow-up point and it holds that

lim |u(z, T) 4 2log |z|| = oo,
x—0

if f(u) =e", and
lim 2|/ @Dz, T) = oo,
z—0

if f(u) =wuP. An example of this type of profiles for f(u) = " is the one in (5).

Problems of this type have been studied by Matano and Merle in the paper [MM]
in more detail. The authors consider f(u) = |u|P~!u, sign changing solutions, and 2
being either a ball or RY. Their result characterizes the size of the final time blow up
profile in terms of the blow up rate and the behavior of the selfsimilar profile, but their
technique does not seem to directly apply to the case with exponential nonlinearity
and possibly increasing solutions.

The result of Matano and Merle gives that for p > ps one has

00 Or — 00 < type I with o =Kk or — &,
lim L71\1|2/(p71)u(1~,T) _ finite but # +1,0 < type I with nonconstant ¢,
70 lor —1 < type 11,

0 < mno blow up at x =0,



where LP~! = p% (N -2- p%) and £ is defined in (9). Our Theorem 5 corresponds
to the second equivalence.

Their techniques for obtaining the results are very different from ours. They obtain
apriori bounds for the solutions and their derivatives by using some energy estimates
and super solutions. They also work with radial solutions in order to be able to use
parabolic estimates for one dimensional equations. These estimates then allow them
to obtain the final time blow-up profile both in the case where ¢ is regular and in the
case where ¢ is singular, and they prove immediate regularization with selfsimilar rate
also for nonminimal L'-solutions.

Our technique of proving Theorem 3 is based on the variation of constants formula
and certain semigroup estimates. The assumptions here are not very strong and the
ideas could be used also for different types of equations, but we cannot attack the
situation where ¢ is singular.

In paper |P|, we use Theorem 5 to prove immediate regularization of solutions, but
we can only consider the so-called minimal continuations.

Nonuniqueness of L-continuations of u for f(u) = uP was proved in [FM].

The next section is devoted to a discussion on some properties of certain semi-
groups. We prove that the semigroup generated by the operator A = A — §V 4 ® has
specific regularization properties, similar to those of the semigroup generated by the
Hermite operator A = A — 4V, in case the function ® = ®(y) decays to 0 as |y| — oc.

In the third section we prove Theorem 3 by using the variation of constants formula,
the semigroup estimates from Section 2, and some properties of the solution u of (1),
specifically, the blow-up rate and the fact that

IVu(z, £)] < vVaemss u@0/2, (12)

for every # € Br(0) and ¢ € (0,T), see [FMc].
In the last section we demonstrate that the results in [FP| can be proved also
without the assumption that w is radially decreasing and thereby prove Theorem 2.

2 Semigroup estimates

To study the convergence (2) in more detail, we define the similarity variables s =

—log(T —t) and y = \/% and let

w(y,s) = log(T —t) + u(z,t), (13)

for |y| < e¢*/?R and s € [~log(T),o0). Here u solves (1) with f(u) = e*. Then w
satisfies
ws = Aw — ng +G(w), for ly| < e/?R, s > —log(T), (14)

with w(y, s) = 0 for |y| = e¥/2R, and
Gw) =e" —1.

The convergence in (2) is equivalent to w — ¢ uniformly on compact sets as s — oo.
Even though we take the equation with exponential nonlinearity to be the model
problem, all the analysis goes through for a large class of nonlinearities.

Denoting W = w — ¢ we notice that W verifies

WS:AW—%VW—i—e*”W—i—e“’(eW—1—W):AW+e‘”(eW—1—W),

ot



for |y| < Re®/? and s > —log(T'), where we have defined the operator
A=A %V 1o,

with ¢ = e¥.

The idea of the proof of Theorem 3 is simple. We prove that the convergence in
(2) also holds for |y| < C(T —t)~Y/? = Ce®/2. The claim is then achieved by using the
asymptotics (4) of ¢.

To obtain the convergence for |y| < Ce’/? we take a look at the shifted function
Wiy + es/2¢, s) as s tends to infinity. Thus it is convenient to define the shifted and
weighted L?-norms as follows

2 1/
N = s ([ wlre o9 ay) " o=

lgl<r

and ) y
: q
et = ([ e 09" 71ay) ™, or ¢ € BN,

In the following treatment we consider the semigroup generated by A and assume
only that ® > 0 is bounded and verifies
C

I'=max &(y) < oo and P(y) < —, 15
max ) () < BE (15)

for y € RN\ {0} and some constant C' > 0. We want to prove the necessary estimates
that characterize the regularizing properties of the semigroup {e*’};. Defining A =
A — 4V to be the standard Hermite operator, we know that A and A are selfadjoint
operators with domain Hz (R™), which denotes the weighted Sobolev space with weight
p=ply) = e~1v°/4, They generate strongly continuous semigroups in L/ZJ(]RN)7 which
we denote by {e4"};5¢ and {e”?};>¢ respectively. We use the notation || - [[z2 for the
norm in L2(RY).

We have the following formula for the action of the semigroup e
Y € LERY),

t on functions

. e t/2 _ \)2
eAtLZJ(y) _ W /RN exp <7%> Y(A)dA,  for¢t>0. (16)

Since the spectrum of A consists of nonpositive real numbers we also know that there
exists a constant C' > 0 such that

le**yllzz < Cllv| Le, (17)
for every ¢ € L2(RY) and ¢ > 0. Because we assumed (15), it follows that

le™llzs < ™9z, (18)

for some constant C' > 0 and every ¢ > 0.

The following regularizing property for the semigroup generated by A can be found
in [Vel]. The semigroup {e4*}, regularizes in the sense that it maps functions from
Lf (RY) to LI(RN) for any ¢ > B if t is large enough. The following Proposition states
this property in terms of the shifted norms.



Proposition 2.1 Assume 1 < ¢,3 < oo and r,7 > 0. Set ' = % Then for any
t >0 and any ¢ with N2 (1) < oo, we have

1 AB(1 —e™t) \N/28

(1 — e 1))/ (/5/(5 1t e*t))
dr(B—1+et) \N/2a

([3 —1—(q— l)e*t)

Ni(ety) <

et (r —7el/?)2

6”’(4(/3 e )

JNL @), (19)

fort >0 such that B —1— (g —1)e”" > 0.

We would like to obtain an analogous regularizing property for the semigroup
generated by A.

This is done in different cases in Propositions 2.3 and 2.4 and Corollary 2.5 below.
We will estimate the norm Cés J2g (eMap) first when t is strictly less than s in Proposition
2.3, then with ¢ = s in Proposition 2.4 and finally for s large and ¢ close to s in Corollary
2.5.

Since &eAt = AeM = (A + ®)er, we know that

¢
eMyp = el +/ AT BAT YT, (20)
0

The next proposition restates Proposition 2.1 using the £9-norms instead of A/%-norms.

Proposition 2.2 Assume that 1 < g, < oo and |pu| > 0. Then for any t such that
ﬂ_qf—;;; < 1 there exists a constant C' such that

EZn/QM(EAtw) < C(l - C_t)_éf’ﬁ(w)’
fore= % and any t > t. The constant C' is independent of 1 and depends only on 3,
q, N and t.

Proof. From the proof of Proposition 2.1. in [Vel| one obtains that

y — &)? —t(y — 1 0t/2)2
eXp( Y 45) + qZ(ﬁ(f - J/:eeit; )dy L8 @),

cieror <@ - ey [

RN

By taking &€ = e!/?1, and by a change of variables we immediately get that

q At,\a —ty 5yt y2 qeityz B (h)4
£l a0 <0 =) [ en( = Lr 2 an i)
_Ng —t —N/2 5
=C 1—et %‘L_l) / =y /4qy £8P ()9
R e [ i)
Ny
= C(B’ q, N’%\)(l - e_t) 27 Lﬁ(w)q
which gives the claim provided that ¢ > #(q, 8), because %ﬁff—;;,t < 0. a

Using this result we can prove regularizing properties also for the semigroup gen-
erated by the operator A. The first is the following.



Proposition 2.3 Let ® satisfy (15). For every 3> N/2,0< 6 < 3—N/2, andr >0
there exist constants C = C(9,8,7,T), e = ¢(8) > 0 and M = M (0, 5,r,T') > 0, such
that

ng/ag(emw) < C(l - e_L)_E['f(s—t)/2£(w)7 (21)
which holds for every positive t and 0 < t + M < s, for every p € (1,5 — ), every
|€] > r, and nonnegative p € LP(RN).

Proof. Consider 3, 8, r, ®, £ and v as in the claim. By the variation of constants
formula,

ot
L0, (M) < LP ), (M) + / L2 o (M ATy )dr. (22)
0
The previous Proposition 2.2 implies that
sup L2, (€M) < CL(6,B) (1 — e ) LY (B), (23)
pe(1,8—5/3)

for some C1(0,3) > 1 and € = ¢(f) = % < 1 for ¢ close to 0.

Now we want to write estimates for the integral part in (22). To that end, by using
first the previous proposition and then Holder’s inequality, we get that there exists a
constant Ca(d, 8) such that

L0, (MDY < Co(8, B) (1 — =T TIL o (BEATY)

< 02(57 /8)(1 - 67(t7‘r))76,LS(S*£+T)/2§(¢)Lf(ﬁ7t+‘r)/2£(eAT,¢)7 (24)

forany p< B —dand 8/ =8—-2§/3, 8" =5—-05/3, € = 2%, and a = /(1 — 5—,/,)*1.
Because |®| < T' and verifies (15), and since [£| > r, we can estimate, for any o > 1
and t > 0,

£ (@)
o, —(y 7et/25)2/4
= D(y)*e” dy + ..dy
ly|<et/2[¢|/2 [y|>et/2[€|/2
SC3l—\aeNt/2|$|Nefe"\5\2/16+03€7atcg|£|72a/ e—y2/4dy
ly|>et/2(€]/2

< Ca(r,Ta)e™. (25)

By the boundedness of ®, we can take K > 0 such that, using Proposition 2.2, we
have

£5,/

65/25(6A7—w) < £f;;25(G(A+F)K/28A(T7K/2)w)

< Cs(T K LI ko (M52, (26)

for any s > 7 > % By Proposition 2.2, we may also assume that the constant

C5(T, K) > 1 is such that

[:’6”

O (€M) < L0, (M) < C(T K) (1= e T) T LU (0), (27



for all 7 < % and s > 7. Using (25) and assuming that M is large we obtain
t ’
/ Llmiim2g(@)(1—e”TD) ™ (1 —e7T) " dr
0

0 ¢ t—0
< / codr+ / ...d7 +Cs(0,7,T) / e TR (1 — e )
0 Ji—o 0

1

<saoperr %

for every s > & and t € (0,5 — 24L). To show (28), first take @ small and then M large.
Similarly, let M be large enough so that also

t

' 1
L% (@) (1 — =)= () — =KDy g o L

K/o el + )/Zg( )( ) ( ) 802((5, B)CS(F7 K) (
for every s >t+ M > K/2+ M.

For s > M let tg(s) be the supremum of such ¢ € (0, s — M) for which

sup L2 (M) < 201(6,8)(1 — ™) T LYy 0 (1)
pE(1,8-0)

29)

By inequality (23) and since the integral part in (22) tends to zero as t — 0, we know
that tp(s) is positive. Let
ts)= sup (5 —tn(s)).
s'e(M,s)

We want to show that ¢(s) < M for every s > M, which implies t5(s) > s — M for
every s > M. This will give the claim by the definition of ¢5(s).

Let us first show that ¢tp(s) > £. Assume, to obtain a contradiction, that ¢5(s) <
% for some s > M. Then tp(s) < % < s5— M since we may assume M > K. We

2 9
may estimate the integral part of (22) through

tp(s)
/ L2, (2O T ) dr
0

"

tp(s) ,
<Oy /0 (1- ‘3_(t5(s)_7))_€ £§<.~—t3<.~>+v>/25((I>)Lf<s43(5>+T)/2§(€A71/1)d7'

tp(s) ,
< 02/0 (1 - ei(tB(S)iT))ie L:(s%g(s)Jrf)ME((I))CS(l - 64)7555@43(m/zf(ﬂ’)dT

1

< §£f<sﬂB <s>>/25(1/1), (30)

by inequalities (24), (27) and (28). Here the constants Cy and C5 are as above, even
though - for the sake of notation - their dependence on the parameters is not written
out explicitly. Using this, together with (22) and Proposition 2.2, we have

sup L7, (AP 9)y)
pe(1,8-6)

< C1(6,8) (1 —e7tr)) oL (¥) +

es—tp()/2¢

1

§Ef(s—£5 (s))/?s(d))dT

3 s
= 501(6’5)(176 tB(\)) ﬁf(s—t3<s>>/z£(1/1)7



by assuming C' (4, 3) > 1. This contradicts the definition of ¢5(s). Therefore t5(s) >
% for every s > M and so t(s) < s — K/2.

Let us then show that ¢(s) < M. We proceed again by contradiction and assume
that t(s) > M for some s > M, which implies ¢(s) € (M,s — K/2]. Without loss of
generality, we may assume that t(s) = s — tg(s), which gives tp(s) € [K/2,s — M).
For 7 € [5,t5(s)], we have that if § = t(s)+7— K/2, then s—s = t(s) —s+7— K/2 €
[~tp(s),—K/2] and so § < s. Therefore t(5) < t(s) and defining 7 = 7 — K /2 we have
T=5—1(s) <§—1t(5) <tp(s). Thus

iy - -
Ef(sftB(s)+TfK/2)/25(€A< K/Z)w) < sup ﬁzg/zg(el\( >)
pE(1,-5)

<2C1(8,8)(1 — e TR L b (W), (31)
by the definition of ¢5(5).

Precisely as in (30), we obtain

e A A L g
/ [’:8/25(6 (t5(5)=7) Ppe TY)dr < 5[,6(5,25@))/25(1/))
0

and, by inequalities (24), (26), (29) and (31), we can estimate
tB(s)
/ £’ZS/2£(eA(tB(S)*T)CDeAW))dT
K/2

t5(s) o
<Cy /1(/2 £?<-»-—t5<s>+r)/2§(‘1’)(1 - ei(tB(s)ir))ie Lf(s—t3(<)+T)/2§(eATw)dT

tp(s) /
< CQC{)/ £:<57£B(5)+T)/2§(¢)(1 — e*(tB(S)*‘r))*e

K/2
_5 .
' £S(S*L3(s>+T—K/2)/z§(€A( K/z)q/))dT
tp(s) /
< 2C1C2C5 / E‘E’(S%Bu)m/zg(@)(l — e By~ (1 _ K/ ey
JK/2

B
: £e<s—t5<s>)/2 (1/’)

1 1 _ _
< 0L iponsa () < O = BN TL Ly (),

where the dependence of C1, Cy and C5 on the parameters is not explicitly written
out.
This implies that

1 1 - s)\—e€
sup L::s/zg(eA(tB<s>)w) < (1 + 5 + Z)Ol(dv ﬁ)(l —e7t5l )) Lf(s—tﬁ(s))/zé(w)v
pe(1,8-9)

which contradicts the definition of t5(s). Therefore the only possibility is that t(s) <
M and so the claim is proved. O

In the previous proposition we assumed that t < s — M for some large M. The
next Proposition deals with the case t = s > M for some large M.

10



Proposition 2.4 Let ® satisfy (15). For every r € (0,1) there exist constants M =
M(r,T) and C = C(r,T") such that

£2,sele™*) < C,T, V)6

L2
for every s > M, |€| € (r,1/r), and every nonnegative ¥ € Li(RN).

Proof. Fix r > 0 and take 6 = log(2N). Assume that s > M + 6, where M > 0
will be defined later and let |£] € (r, ).
Let us first note that for any 1 < p < ¢ < oo and % + % =1, we have

L (py = /N [y |PePIvI* /42 =) WI* /4= (w=8)*/4 gy
R

a,—lyl*/4 vl (v=Dly* /4 ,—7(y—€)?/4 v
<L ey L€ ite dy
R R
P Yy o1 2 1/"/ Y y_ 2 ol 2 1/7
= o, (/ -3 E—0-Flel dy> < |1yl (/ e~ (3+FO(E-30-3l¢] dy>
o\ Jp~ » \ Jpy

2 2 2 1/’Y
=t ([ ety ) = caniolly @2

If t < M, then s — ¢ > 0 and so by using first Proposition 2.2, then Hoélder’s
inequality, then the fact that Eztl/fg((b) < C(r,T)e™t by (25), and finally the above
inequality (32), we have

L2, (270N ) < Cr(O)L], (@M ) < Cr(O)L2/5 (@)L (M)
< Co(0, 7, T)e " MNT L (eM9) < Ca(0,7,T, M)e™" |49 12
< Cs(0, 7,0, M)e™ |9 2. (33)
If 0 <t < s — 6, then because of our choice of #, we can use Proposition 2.2 with

g=2and = % for the first inequality below and Hélders inequality for the second,
to obtain

L2, (eNT0DeNY) < C1(0) L], (DeMe)

et/2¢

< CHO)LL L (®)L2 o (M) < Ca(O,7,T)e ™ L2, (M), (34)

where the last inequality is again due to (25).

If M <s—60<t<s, then using first Proposition 2.2 with exponents ¢ = 2 and
B = N, then Hélder’s inequality, and finally Proposition 2.2 with exponents ¢ = 2N
and § = 2, we obtain

Chnletebey) <
< O5L2),

_(s t)) 1/2£§/2§(®6At,‘/})

Cs(1 -
)( —(s—t))—1/2[’z£\/72§( (A+T)6 A(t—Q)w)

(®
< Co(0,r,D)e (1 — e (50)=1/222 0)/2¢ (A=), (35)
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Define W (s) = L:g‘s/Qg(eAsw) and use the variation of constants formula (20) to-
gether with Proposition 2.1 and the above estimates (33) - (35) to observe that

W(s) < L2, 2 (™) + /0 L2 /2(eC7 DeMyp)dt

M
<Cellol+ [ Cae Iz
0

s—0
+ Che "W (t)dt

J M

+/‘ Coe~t(1— e~ C=9) V2 (¢ —g)dt  (36)
s—0

for every s > M + 6 and for some C7 > 0 arising from the estimate (19).
By Proposition 2.1, we have, for every s € [M, M + 26], the estimate
W(s) < L2./2(eAT5) < FMH2ONZ L (e229) < Ce" M2 2. (37)
Take M = M(6,r,T) large enough such that

0
Ca(0,7,T)e™™ + Cs(0, r,F)e*M/ (1—e Hdt < % (38)
0

Then let 6’(9, r,I) = Cge"M+9) and take K = K(0,7,T) > 1 large enough such that

Cr |, Gs(OrTM) 1
KC@,r,T) KC@O,rI) 3

(39)

Let 5 be the supremum of such s’ > M for which W (s) < KC(6, D) 22 for every
s € [M,s]. By (37) we know that § > M + 26. Assuming that § < oo, by using (36),
(38) and (39), we have for every s € [M + 26, 35] that
W(s) < Crlll s + Callvlz
T+ Cyle™™ — e KEO, 7. T)[¥l1s
0
+ Coe™MKC(0,7, F)/ (1—e ")dt] el .z
0
Cr N Cs
KC(@O,r,T)  KC(0,r,T)

0
9
GV /0 (1 - e~at) < SKCO) ]2z,

4 04671\/1

< KO, 1)z (

which contradicts the definition of 5 and so 5 = co. We have therefore obtained that
W (s) = L2.2¢(e™9) < K(0,7,T)C (0,7, D)[|¢] 2,

for every s > M (6,r,T"). This gives the claim. O
The following corollary is almost a restatement of the previous proposition, but
instead of considering Lz /2 f(eA‘w) for s = t, we allow s—t to be positive and bounded.

12



Corollary 2.5 Let ® satisfy (15). For every r € (0,1), and M > 0 there exist
constants K = K(M,r,T') and C = C(M,r,T) such that

L2 a2 (€M7D9) < O(M, D)9 2,

for every t € [so,s0+ M], s > sg + K(M,r,T), sg > 0, every [£| > (r, %), and every
nonnegative 1 € Lg(RN).

Proof. By the previous Proposition 2.4 there exist constants M’(r,T') and C(M,r,T)
such that
L2 2 (") < C(M, 7, T) ||| 3,

for 7 > M'(r,T) and |n| € (r,eM /7).

Assume that s, ¢ and ¢ are as in the claim, and let 7 = s — t and 1 = e!=*°¢. Then
7> K(M,r,T) — M > M'(r,T') by choosing K large enough, and |n| € (r,e™ /r),
which implies that

L2 a2 (€XC79) = L2 o, (279) < O(M, 7, T) ]| 2,

and so the claim is proved. O

We have now the desired results that describe the regularizing properties of the
semigroup generated by A. These results will be used in the next section to prove
Proposition 3.4.

3 The final time blow-up profile

In this section we prove Theorem 3.
Let u and ¢ be as in Theorem 3 and define the usual similarity variables through
s=—log(T —t) and y = 7= and let

W(y,s) =log(T —t) + u(x,t) — ¢(y).

Our assumptions in Theorem 3 imply that W (y,s) — 0 uniformly for y in compact
sets as s — o0.

Generally speaking, to prove Theorem 3, we want to show that the £2

“(e-eg)/2g"HIOTI
of W(-,s) can be estimated by the L2-norm of W(-,so). This is done in Proposition
3.4 below. In the proof of that Proposition we utilize the regularizing properties of
the semigroup {eA’f}t7 obtained in the previous section. Using this results and the L2
- L™ regularization of the semigroup generated by A, one has that |[W (e(s=%0)/2¢ s)]|
tends to zero as sy tends to infinity. By the definition of W and by the asymptotics
(4) of ¢ we obtain the claim at the very end of this section.

Before stating and proving Proposition 3.4, we have to consider the properties of
the function W in more detail. We also need some auxiliary results. In Proposition
3.1 we demonstrate how to move from E% -norm to /\fél -norm, in Proposition 3.2
we consider the L? - 1> regularization of ¢4t and in Proposition 3.3 we estimate the
norm of the nonlinearity appearing in the equation for W.

Since the function W is defined on some s dependent subset of RV, we need to
extend it to RY. Because the blow-up set is a compact set of B(R), we can take
Ry € (0, R) such that u(x,t) is bounded for (z,t) € B(R) \ B(R1) x (0,T). Then let
¢ be a smooth function equal to 1 for |z| < R; and equal to 0 for |z| > R and let

W(y,s) = (e /)W (y,s).

13



Now W is defined in the whole space RN and it satisfies the equation

W, = AW + 7,
where
- , , e=s/2y N
h=—e AW —2e%/>V(C - VW + 5 VW + Ce? (e —1) — W,

for |y| < Re®/? and h =0, for ly| > Re®/2. Here we use the notation V¢ for V¢(e%/2y)
and the same applies to the Laplacian of (.
Since the blow-up is assumed to be of type I, we obtain, by using (12),

VW (y,s)| = [VW (y,5)| = VT — tVu(z,t) — Ve(y)| < C,

for |y| < Rie®/2. For such y one also has h = e*’(ew -1- W) Moreover, type I
blow-up implies that W is bounded from above and so the estimates |h| < C|W| and
|| < C|W|? are valid for some constant C' > 0.

For |y| = |z|e*/? and |z| € (Ry, R), one has

VIV (y.9)]
< e V¢ Py) | (ulz, ) +s+e()]) +C (e PYIIVT = tVu(z, 1) - Ve(y)| < C,
by using (12) and the asymptotic behavior (4) of ¢. Similarly we have
W(y,s)| < [W(y9)| < e t) + |o(e*/2) + 5] < C.
Therefore, we obtain the estimate
|h| < Ao,

for some finite constant Ag > 0. ~
For |y| > Re*/? we have that W = 0 and h = 0.
Defining

Z(y,s) = [W(y,s)| = |C(e™*y)(=s + u(e />y, T = e™*) = ¢(y)],
we have obtained that Z satisfies
Zs < AZ +h+ Apx, (40)

where X(y,5) = X{jy|>Ries/2} () is the characteristic function of the set {y € RV :
ly| > Rye®/?}. The function h verifies

h<AZ, foryeRY, (41)

and, for some 9(y, 5) € (0, W (y, s)),

1
h= 5e‘p+ﬁZ2 < AyZ2%, for ly] < Rie®/?, (42)

for some constants A; and As. Since ¢ is assumed to be as in Theorem 1, we have
that

= »(0) = a.
;Ieliggw(y) ¢(0) =a

14



Therefore Z satisfies also the inequality
Zs < (A+T+ A1)Z + Aox, (43)

where I' = e®. Since W(y,s) — 0 on compact sets as s — oo and since \VW\ <C,
one has
1Z(-s)llrz < A3, fors>0and || Z(,s)]1z =0, (44)

as s — oo. Moreover,
[VZ(-,s)| < Ay, for (y,s) € RY x (0,00). (45)

In what follows, we will consider the parameters {Ai};‘:07 Ry and I as given. The
constants below may depend on these parameters, but we will not state it explicitly.
Let us now derive some estimates for the Eg -norm of Z. To that end, let ¢t €

(s —0,5), |\ > Riet/? and |y| < Rie®/?/2, which gives

lye= =072 — )| N e’y e2 Ry
V1= e st 2V1 —e"? 2 7

and so, by using the representation formula (16) for the semigroup, we have that, for
such ¢ and y, it holds

ey (y, 1)
1 (yef(sft)/Z _ )\)2
_ _We T T E AT LA
(4 (1 — e—s+))N/2 /RN <P ( 41— eot) x(t)

1 o= (s=1)/2 _ y)2
= —7+tm/ exp (‘%) dA
(dm(1 — e=s+t)) [A|>Ryet/? 4(1 — e=s+Ht)

1 2
- —|AI7/4 —t
= (4m)N/2 /\AI>L/2R1 ¢ dA<Cre™. (46)
2

Above, to be more precise, we could have written e~y (y, 1) as [e2~Dx (-, 1)](y),
but we obey the former option in what follows. If t € (s — 6, s) and |y| > Rye®/?/2,
then

B 1 . (Ue—(s—t)/z _ /\)2
A(s—t) R A
XY S ma ey /RN P ( M ey )4

1 ey
:WANell/dA:CQ

Therefore, for any o > 0, |¢| < max{o, eg/zm },and t € (s —0,s), we have

gg(eA(sft)X(.’ 1))
< Cfemd / e W qy 4 o / e~ W=0/1qy
|y|<Ries/2/2 ly|>Rye/2/2



Next we use the variation of constants formula and (43) to obtain
LUZ( ) < LUMMTTTANZ(, 5 — ) +/ , LYUATTHAVET Agx (-, 1))dt

= £g(e(A+F+A1>9Z(~, s—0)) + AyCs(o, q)/ eI HAN =) o=ty
s—0

= LT Z (5 —6)) + iﬁcﬁqf; (A 1), a7)

for every |¢| < max{o, E’ﬁ/le }. By Proposition 2.2, we then get
L2, (Z(15) < Calo,0,8,0) (L(Z (s = 0)) +e7°) (48)
for every |e?/2p| < max{o, eh/le }, s > 6, and 0 such that ﬁff% < 1. By Proposi-

tion 2.1 it also holds that

N2(Z(,8)) < eTHAVINZ (A0 7(. s — 0)) + CL(0,0)e™*
< Cs(0,0) (12,5 = O)llaz + ), (49)

for any 6,0 > 0.

We want to consider the solution W by estimating the norm Lz(g,gu)/Qg(Z(, s)) by
the norm || Z(, SO)HLg for sg large enough. This is done in Proposition 3.4 below. In
this proof we will need the constructed semigroup estimates from the previous section.

Let us first formulate some auxiliary results. The next Proposition is merely a
simple change of variables but it demonstrates how we are able to move from the [32

norm to the ./\fé‘ norm.
Proposition 3.1 Let Z be as above. If s > 1 and s’ > 0 and

sup ‘62(5*50)/25(2('7 5+ T)) < 017
s€(so,s0+s")

for every |€| =1 and for every 7 > 0, then

S s L ng(Z055)) < CC).
s€(s0,50+s") [€]<1

Proof. For any s € (sg, 50 + §'), let £(s) € RY be such that |£(s)| < 1 and

;E’l ﬁis—sn)/zg(z('v s)) = Ez(a—ao>/2g(s)(z('> 5))-

For s € (sg,50 + §') define a function 8 through e(3(*)=50)/2 = ¢(s=%0)/2|¢(5)|. This
gives that 8(s) = s+ 2log(|&(s)]) < s. Let I = {s € (so,s0+ ') : B(s) > so}-

Then, for s € I and for £(s) = £(s)/|£(s)|, we have that
sup Ei(s—so)/Qg(Z(.’ 9)) = Ez(ﬁ(s)fso)/25(8>(z(.7 9))

lgl<1
= ﬁQ(B(s)—su)/zg(s)(Z(" B(s) +s—B(s) < Cy,

e
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by assumption since |{(s)| =1 and s — (s) > 0.
Consider then s € (s, so + §') \ 1. Because (s) < sg, we can write

E}Lpl ﬁi(s—sa)/zg(z(‘v s)) = Ezu—so)/zg(s)(z(w 5))

S Nisr-e02(Z(:,5)) < C (HZ(',S =Dz + 678) < Cs,
by using (44) and (49) which finishes the proof. O
In the next proposition we consider another type of regularizing property of the

semigroup generated by the operator A. It is an L? - L™ regularization for solutions
with bounded gradient.

Proposition 3.2 Let Z be as above. Then
Z(E+7,8) < C(L21pe(Z(5 = 1)+l +e7),

for any v in RN, €] < e/?Ry/2 and s > 1.

Proof. Using the variation of constants formula together with the inequality (43)
and (46), we get that, for every €] < e*/?R;/2,

Z(&s)

< ATTHAN I Z(c o 1) 4 Ao/ sup  (eATTHAVETO (¢ p)dt
s—1|¢|<es/2Ry/2

< eF+AleA'1Z(§, s—1)+ Aocle(F+A‘)S/ e~ (MHADL et qy,
s—1

By the representation formula (16) we estimate
1 e 26— )\)?
Al _
(e?2)(&s—1) = m /IRN exp (—m> |[Z(A, s —1)|dA

< el [ " e gy} { [ 1z g s—npe 5
S Ao RN@ e n - e 7,8 e n
= CoL g (Z(y5 — 1)),

Therefore, by using (45), we have for every |¢| < e*/?R; /2 that
Z(E+7,5) < Z(6,5) + A < Cs (L205(Z( 5= 1)) + 1l +7*)

which gives us the claim. O

In the next Proposition, we estimate the shifted L® -norm of h(t) for some 3 > 1.
What we want to obtain is that the norm is integrable with respect to ¢ if the shifted
L?-mnorm of Z is bounded.
Proposition 3.3 Let Z be as above and let Rie®/? > 2 and so > 1. If

sup  L2—g)2e(Z(5+7)) < B,

s€(s0,50+s")
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for every & such that |£] = 1 and for every T > 0, then for any 8 > 1 there ewist
constants M, 0, C and C' such that

L sy (1)
<C (8_(t_50)/4ﬁ+cl‘/t_sOﬁi(tfs(,fa)/zg(Z('7t _ 9))2
T Ly o2, =0)) + 7,
for every |§| = 1 and t € (so + M, sy + §'), provided that s' > M. Here M and 0
depend only on the constants 8, T, Ri, N and {A;}}_,. The constants C and C’ may,
however, also depend on B.

Proof. By Proposition 3.1 we have that

sup  sup L2 ) 2(Z (- 5)) < C1(B).
s€(s0,s0+s") |€]<1

Since our assumptions imply that [e(*=50)/2¢| < e5/2R; /2 for every |€| < 1, Proposition
3.2 tells us that

swp sup |Z(e50/2 4, )
s€(so+1,50+s") [€[<1

<C;  sup sup (ﬁimuflmg(Z(u s—=1))+ v+ e*‘“)
s€(so+1,50+s") [€]<1
< Co(B)(1+[]). (50)
Assuming that M is large enough such that Rfle_M/ZJ\Il/Z < %, we have that
e(tfso)/Q + (t _ 50)1/2 _ Rl@t/Q(R;18750/2 + Rl—left/Z(t _ 80)1/2) < Rlel‘,/Q7
for every t > s+ M. For |y| > Rye'/? and |€] = 1, we also have that |y — e(t=50)/2¢| >
Rye'/? /2, since we are assuming that e=%0/2 < Ry /2.

Then, using the assumptions (41) and (42), we can estimate, for every || = 1 and
1< M <t—s9<s,toobtain

Cf(t—sg)/Zg(h(‘7 t))ﬂ

- Q—ﬁ/ BEWHIW0) 7y 1126 —lv—e =026 /gy |
a Iyl <e(t=20)/2 4 (t—50)1/2
+ AQ’/ Z(y, )Pl e gy
e(t=50)/2 4 (t—s0)1/2<|y|<Ryet/?
+ Af/ Z(y,t)fe e e gy
lyl>Raet/2

Above Y(y, s) € (O,W(y7 s)). Thus, by using (42) and (50) with v = (¢t — s9)%/2 >
M2 > 1, we get that

Iy, t) < max{0, W(y,t)} < 2C2(B)(t — s0)"/2,
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for every |y| < e(t=50)/2 4 (¢t — 50)1/? and t € (so + M, s9 + s'). This together with
Holder’s inequality gives us the following estimate for the above expression

_ _sg)l/2
<2 B2BCa(B)(t—s0) 55“750)/Qg(eﬁw)ﬁi(kso)/%(Z(.7t)zﬁ)

2 1/2
+A§{/‘ (t 1/ € Iyl /4dy} L?(FSO)/%(Z('J)HR)
y|>(t—s0)1/2

+af{ /
Iyl Rict/2/2

Finally, by (25) and (48), we can estimate the above by

e 12
ei‘J‘ /4dy} Lz(’r—-ﬂ’(\)/Qg(Z(Vt)ﬁ)‘

. —s)V/2 (b
< Cye2BC2(B)(t=50)"/? =t SO)ﬁﬁﬁ,%)/zs(Z(nt))w
+ 0467@75“)/4535750)/25(Z('v t))QB + 0567'Bt£zg750)/2£(z('7 t))ﬁ

1 28
< Cge2BC2(B)(t=s0) /2 —(t—s0)/4 (Czufso—s)/zﬁ(z('?t —0)) + eft)
B
+ Cre P (L2 g2t = 0)) +e7)

for 6 > 0 satisfying fﬁz:z < 1. The claim follows after some simple estimations. [

Now we are ready to state the proposition which is the cornerstone of the proof of
Theorem 3. At the end of this section, we will use Proposition 3.4 to obtain Theorem
3 as a relatively simple corollary.

Proposition 3.4 Let Z be as above. Then there exist constants 39, C, K > 0, de-
pending only on {A;}_y, Ri and T, such that

Lligr2e(Z(8) <C( sup [ Z(8)zz +e™™ ),
¢ 0% s>so— K ’
for every €] =1 and s > sg > So.

Proof. Let Z be as above, || = 1 and define Z,(y,s) = Z(y,s+7) for 7 > 0. Then,
since x(s+7) < x(s), we have that Z, satisfies the inequality (40) with h replaced by
h-(y,s) = h(y,s + 7). Therefore also (41)-(45) hold for Z. and h, respectively, with
the same constants {4;}%_;.

By the previous results, there exists a constant M such that for every triplet s, t,
so for which s >t > s + M > M, the following estimates (51)-(53) hold. Firstly, we
can assume that M is large enough such that, by Proposition 2.4, we have

‘Cz(sf«?t))/?{(eA(S_S[J)ZT('v 50)) < Cl||ZT('7 SO)HL%’ for all s > 80+ M’ (51)
and, by Proposition 2.3,
[’3(5*50)/2§(€A(87t)h7'('7t))
< Ch(1— e_(s—t))_‘Efu,m)/zf(hT('at))> fort € (so+ M,s) and s > so + M, (52)
for some large 3 and € € (0,1). By Corollary 2.5 and (41),

L2027 hr (L 0)]) < C(M) e (1) |22 < Ca (M) Z7 ()| 23, (53)

19



for t € [so,s0 + M| and s > sg + K (M) when K(M) > M is large enough.
Then, by (49) we have

CE(s—swzg(Zr('v s)) < NfK(M)/2(ZT(-, s))
< Ca(M) (12,5 = KDz +€7)  (54)

for every so > K (M) and s € (sq, so + K(M)).

Notice that in all these estimates the constants are independent of 7 > 0 and depend
only on parameters such as {Ai}?zo, T', B, N and M. Since all these paratemers, apart
from M, are fixed, we only point out the dependencies on M below.

Let us estimate the Lz(s,w)/z5 -norm of Z(-,s) for s > sg + K (M) > so + M with
so > K(M). The variation of constants formula and the inequality (40) give that

L2iomsos2(Zn(8)) S Liomigr2 (€T Z1 (-, 50))
+/ £§<§_50)/25(6A(S7t)h7(-7t))dt+/ Lf(s—sm/ag(GA(SJ’)X(Ht))df/
J 80 7 S0

=T +1T +1Ts.

First we notice that (51) gives an estimate for the term 77. Then we split the integral
in T in two parts and use (52) and (53) to obtain

so+M s
TQ:/ 53(5,50)/2§(e’\<5*”hT(~7t))dt+/ M...dt
S0 so+
so+M s
<[ DIzl [ Cai—e L o)
S0 so+

S
< 05(]W) SBP HZT(/S)HL,Z, +/ Ny 02(1 - Ci(s*t))76‘65(:730)/2{(}17('7t))dt.
5250 50

Similar estimates for the term 735 imply

s

so+M
i< [T GONINOlde+ [ Call= e )L )

50 so+M
so+M s
< C(M) ( / e ldt + / (1- e<sf>)fetdt) < Cr(M)e™,
S0 so+M

which holds because we may assume that [e(!=50)/2¢| < e!/2R; /2 and since we have
that

LU (1) < Ce,

for every ¢ > 1 and |¢| < e/?Ry /2.
Therefore, we have proved that

Egu—so)/%(zr('v s))
< Cs(M) (S“p 1Z-(,8)z2 + ’> * / Co(l—e =)7L (he (£))dt.

L(t—sg)/2
5>50 o+ M ettme)%e
(55)
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Let B = max{C4(M),Cs(M)} > 1 and define, for every so > K (M),
5(s0)

= sup {S, 2 50 ¢ Ei(l@*s())ﬂg(z‘r('v S)) S 2B < < SuII:()'(M) HZ(7 s)”L?, + E_SD/2> )
§>50—

for every s € (sg,s) and 7 > 0}.

Notice that because of the inequality (54) we have 3(so) > sg + K(M). We want to
show that there exists Sy such that 5(sg) = oo whenever sy > 3j.
By the previous Proposition, we may assume that M is large enough such that

ﬁfufs[,)/zg(hT(t)) < Cy(M) (ef(t—so)/4/3+CQ(M)\/_tfsoﬁi(t_so_g)/zg(ZT(.7t _ 9))2
e L2y s (Ze (ot = 0)) + €7t (56)

for every so + M < t < 5(so) and /2Ry > 2 and for some 6 < M.
We may also choose K (M) to be such that all the previous inequalities in this proof

— K (M)

hold and in addition % < 1. Then we can use Holder’s inequality and (48) to

verify that, for ¢ € (5(so),5(s0) +6) and 6 € (0, 1), we have
" ly—e(t—50)/2¢2
Ll apngZe0)) = [ (2o el g
1/2
<2 (), e
- Ly RN
B 2 (F+1-s50)/2 1/2
< CooM)? (12t = KD z3 + ™) (/ e clvle dy)
P RN
B
< Cuo(0n)” (s 12:(.5)la +e ) (s = s0)”
s>sg

where the function g is defined by the last equality and 5 = 3(sp). Therefore,

5+6
[ (1— e*(s+67t))*6[:5(‘7_’,0)/25(Zf(t))dt

< Cro(M)6'g(5 — s0) <;1P 1Z:(,8)lez + Pfs”) . (57)

5250
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Now we use (56) to estimate the integral term in (55) with s =3+ 4, to get

S5+6 _
1= / (1 - 6_(6+6_t>)_E‘Cf(rfso)g(hr('vt))dt
so+M

S
< Cg / (1 . 67(§+5715))7567(t750)/4/3+C9\/tfso£3<t797m)/2€(ZT('7 t— 6))2dt
so+M

#C [ IO (2t - )
so+

S
n Cg/ (1— e G-ty —cotgy
so+M

+ Crod" (5 — 50) <sup 12 )z + e*so> .

$>80

Then use the definition of 5 in the two first integrals above to estimate

I1<2B < sup || Z(,5)llrz + es(’/2>

s>so—K (M)

. 2093/5 (1_6*(54”57”)7567<t75")/45+cg‘/t78”dt sup HZ(~7S)HL2 _'_efso/z
so+M s>s0—K (M) i

s0+s
-+ Cg / (1 - 67(§+67t))7667tdt + Clo(M)517€g(§ - 80)}
so+M

+ CQ/ (1 _ 6_<§+6_t))_56_tdt.
so+M

Defining the constant Cy; through

/s (1 B 67(§+67t))7cef(tfsq)/4B+Cg\/tfsodt
so+M

s "5+0—1
(1 _ 67§+67t)7edt + (1 _ 671)75/ ef(tf,so)/4ﬁ+Cgﬂdt
so+M

<oy [

S+o-1
< Cn(M),

and similarly

5
/ (1 _ ef<§+67t))feeftdt < C126730,
so+M

we get that

I<2B ( sup [ Z()llz + es"”)

s>so—K (M)
. {209B011 < sup HZ('73)”L2 +€SO/2> +CgC12€S°+C10(]\/[)51Eg(g—SO)}
s>s0—K (M) v
+ CoChae™ %0, (58)
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By the assumption (44) we may take 3¢ such that

1
2C5CyBC1y sup  ||Z(-,8)|lpz +e70? ) < =,
s>s0—K (M) ? 16
and 1
CrC0yCrae™*0/2 < 16’ (59)

for every sgp > Sp. Then, by (55) and (58), one has that

£z<:+6>/2g(zr(§+ d)) <2B < sup [ Z(,s)llr2 + 65“/2>
s>s0—K (M) ?

1
. {5 +2C,CyBCy ( sup [ Z(,s)||r2 + 6_8“/2>

s>so—K (M)
+ 02090126780 + 02010(5176‘9(5 — 80)}

+ C5CyCrae™ 0.

<2B sup [ Z(,)llzz + e/
s>s0—K (M) ’

Lo s a2 CoCCi2
{2+16+16+020106 g(5 —s0) + 55 © . (60)

Assuming that 5(sg) < oo for some sy > 5y and defining § = §(5(sp)) to be small
enough such that
CyCro6 ™ g(5 — s —
2C10 9(5 = s0) < 5
inequalities (59) and (60) yield that

3
Llaipe(Z(5+08) <2B|  sup [ Z(-8)|ez+e | -5
s>s0— K (M) ! 4

for every 7 > 0. This is in contradiction with the definition of 5 = 5(sp). We have
thus proved the claim and reached the end of the proof of Proposition 3.4. O
Proof of Theorem 3.
Proposition 3.2 with = 0 gives us that, for e=*0/2|¢| < &,

Z2(e0/2%,8) < € (Limsgvyag (25 = 1) +e7°)

for every s — 1 > sg. Therefore, Proposition 3.4 states that

zwswﬂa@<c< sup |wu@uwwsﬂ7

s>s0—K (M)

whenever sy > 3y, for some 5, large enough.
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So, for s large, sg > 5o and e’s"/2|§| < R;/2, we have

Z(elm02E 5) = | — s+ ule /%, T — ™) — p(els*0)/%¢)]
== s+ule™2E T — ) + 2log(el**2E) — Oy + 055500 (1)]
= |u(e*5”/2§7T —e )+ 210g(e*50/2£) — Co + 055500(1)]

<C < sup [ Z()ll2 +e““°> ,

s>s0—K (M)

where C,, is as in Theorem 1.

By the above inequality, origin is the only blow-up point in the ball B.-s,(0).
Thereby, u(x,t) is bounded in every set B,,(0)\ B, (0) for 0 < r; < ry < e and
parabolic estimates imply that also u;(z,t) is bounded in every such set. This gives
us the existence of the limit lim; 7 u(z,t) for x € B, (0) \ {0}.

By taking the limit as s — oo, we get

lu(e™ /3¢, T) + 2log(e™*/%¢) — Ca| < C ( sup [ Z(8)llzz + 68“> -
s>so—K(M)

Using the assumption (44), we obtain

lim |u(z, T) + 2log |z| — Co| = lim |u(e™*0/2¢,T) + 2log(e™*/%¢) — Cu| = 0,
r—0 Sp—r00

and thus we have found the blow-up profile. d

4 Revisiting the case of constant selfsimilar profile

In this section we will briefly go through some results of the paper [FP| and notice that
the conclusions of Theorem 1 above hold by assuming only that ug is radially symmetric
and blow-up takes place at the origin with type I rate, thus verifying Theorem 2 above.
In [FP| we proved Theorem 1 by showing that if u is a radially symmetric and
radially nonincreasing L!-solution of equation (1) with f(u) = ¢* on [0, 7] that blows
up at t =T < T and
log(T' —t) + u(vT —ty,t) — 0,

uniformly on compact sets as ¢t — T', then either
lim |u(z,T) + 2log |z| — log |log|z||| = C (61)
z—0

or
lim [u(z, T) +mlog|z|| = C, (62)

for some constant C'. This will then imply that the blow-up is complete by Theorem
3.6 in [Val, thereby contradicting the assumption on u being an L!-solution on [0, T].
For an L'-solution such as in Theorem 1 the only possibility is thus a nonconstant
selfsimilar blow-up profile, see details in [FP)].

We will now demonstrate that we do not actually need to assume that u is radially
nonincreasing in order for this analysis to go through.

Let

u(x,t) = ((w)u(z,t) — (log(T — 1) + 1)(1 = ¢(x))
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be a continuation of u to the whole space RV, where ¢ € C*(RY) and ((z) = 1 for
|z] < Ri < Ry < R and ((z) = 0 for |x| > Rs. It is proved in Propositions 3.4 and 3.6
in |[FP] that the following is true.

Proposition 4.1 Let u be a radially symmetric solution of (1) that blows up with type
I rate at (x,t) = (0,T) and assume that the convergence (2) holds with ¢ = 0. Then

lim (log(T — 1) + u(Mt)y, 1)) = ~log [ 1+ Y cay® |,

|la|=m

uniformly for y in compact sets, for some m > 2 and constants c,,, where a is a multi-
index and || = aq+...4+an. The function X(t) is defined by A(t) = |log(T—t)|vVT — ¢
if m=2, and by \(t) = (T — )"/ if m > 2.

Notice that there is no assumption on w being radially nonincreasing in the above
Proposition.

We show that the above Proposition implies that either (61) or (62) holds. There-
fore the conclusion of Theorem 2 is obtained by using Theorem 3.4 in [Va] and an
energy argument as in [FP|. We will first define an auxiliary function W, and describe
some of its properties below. Then we prove Proposition 4.2 below, which gives that
the L2-norm of W,(+,s) is controlled by the L2-norm of W,(-,0). Profiles (61) and
(62) are obtained at the very end of this section.

For fixed & with |¢] < 1, define

Wr(y,s) =log(T — 1) + u(A(1)§ + VT —7vV1 —ty, 7+ (T —7)t)

+log [ 1—t+ Z ca&”

|a|=m

for y € RN and s > 0, where 7 € (0,T) and s = —log(1 —t). Then, by using the above
Proposition 4.1, W, satisfies

W-(,0)llzz =0 and  [[Wr(-,0)ll s =0, (63)
as 7 — T and, by (12), there exists a constant Ag > 0 such that
[VW:(y, s)| < Ao, (64)
for every (y, s) € RN x (0,00). It can be also verified that T, solves
(Wr)s = AW, — gVWT W, + fr = AW, + W, + £,
where A = A — £V and
g(s) = —s—log <e_s + Z caf").
la|=m
Above f; is a certain function, that we do not explicitly write out here, satisfying
Ifrl < W] and | fr| < Ao Wi 2, (65)
for some constants Ay, As > 0 and
ol < ¥ =1 W), (66)
for [\(1)é + /T — 74/T — ty| < R;. We have the following result.



Proposition 4.2 Let W, be as above. There exist constants C' and 7T > 0 such that
W= 9)llLz < ClIWZ(-,0)]| 2,
for every s >0 and 7 > T.

Proof. Let Z; = |W;|. Since ¢? is bounded and since |fr| < A1Z;, we have a
constant Cy > 0 such that for any s > sy > 0 it holds

Zr(y8) < eATCNG=s0) 7 (L), (67)
By (63) one has that || Z-(-,0)||zz < C, for some C' > 0 independent of 7, which implies
1Z( 8)llzz < €“*0)1Z7(-,0)| 2 < Ca(so), (68)

for every s < sp and 7 € (0,7) with Cs(so) independent of 7.
Now define

5(s0) = sup{s’ > 0 : || Z(, )| £z < 4e7 (| Z7(-,0)| 12 for every s € (0,5')}
and notice that (68) implies 5(sg) > so.
Using the representation (16) and (67) together with the definition of §(sg), we
obtain

Z.(0,5) < e Z,.(0,5 — 1)

_ 2
< /RN e 40-<"D|Z (A, s — 1)|dX

) 1/2 , ) 1/2
<y (/ |Z: (N, s — 1)) 2e™ N /4dy> (/ A /4g=IN /2d>\>
RN RN

< C3e*|| Z7(-,0)|| 12 < Ca(s0),  (69)

for every s € (1,5(s0)). For |y| < /5 we have that [\(7)€ + /T — re~%/%y| < Ry for 7
large enough, and for such y the inequalities (64), (66) and (69) thus imply

1 ~
|2y 9)| < 5P H 07, (y, 5)?
< Cse e/ OIMAVEZ (y,5)* < Co(so)e 4V Z1(y, )% (70)

Now we can estimate the L2-mnorm of f., by using (65), (70), Holder’s inequality,
Proposition 2.2 and the definition of $(sg), to obtain

HfT(vs)HQL% < 06(30)2/ e—25+2on/§Z_r(y7 S)4e*|y|2/4dy
lyl<vs

+/ A3Z.(y, s)4ef‘y|2/4dy
ly|>vs

< C(s0)?e 22403 2, )|

1/2
+ A3 (/ €_y2/4dy> 1Z-(-, 5)1 28
ly|>vs ’
< Crls0)e A0 Z, (5 — K)l[ds + Cae™/3 Ze 5 — Kl

< 09(50)2675/“%0‘5”2%'70)“%3‘,7
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for any s € (K,3(so)) and s > K.
Now, let Cg be such that e?(®) < Cjpe~* and take sy > K large enough to satisfy

. 1
Croe % < 1

and define 7 = 7(sp) to be such that

Co(so0) [ —t/16+A0VT L
o [ e 2,0z < 4,

for every 7 > 7.
Then by using the variation of constants formula together with the previous esti-
mates, we obtain

1225 12

< =20 Z, (-, s0)l| 23 + / e =950 7, (-, )] dt + / 1A £, (1)l zdt
S0 s

50

< 112+ (5013 + CrodeCroo / At 22 (- 0) 112

+C9(80)/ 67t/16+A“\/EdtHZT(',O)HZLﬁ

0
1 Cy(so) [ ;
Cis . - —5 9120 —t/16+ AoVt )
< 49150 Z,( 70)HLi <4 + Choe™*° + TeCis /SU e oV Z- ( 7O)HL£

< 3¢9 Z7 (-, 0) | 2,

for every s € (s0,3(s0)) and 7 > 7. This proves that 5(sp) = oo and the claim follows.
O
Using the previous Proposition and (69) we have that

W= (0, 8)] < Cl[Wr (-5 = 1)1z < CIIW2(,0)] 2,
for every 7 > 7 and s > 1, when 7 is close enough to T'. Rewriting this gives

< O W2 (. 0)] 2.

| 10g(T'—7) + u(A(P), 7+ (T = 7)(1—e~)) +log (7 + 3 cat?)

|a|=m

and by taking the limit as s — oo, one notices that

| 10g(T' ) + u(A(T)&,7) +log D cat”)

|la|=m

< CWo (- 0)]l 2z — 0,

as 7 — T. The desired blow-up profiles (61) and (62) are then obtained by a change
of variables as in [FP].
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