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Data mining is the process of discovering 
structures and regularities in data. It has 
become increasingly important with the vast 
amounts of data that is gathered. However, 
without proper assessment for significance, 
the found patterns can be spurious and 
artifacts of mere chance. This thesis 
discusses the aspects of statistical 
significance testing in data mining by using 
randomization to create meaningful 
statistical tests. The focus is on the problem 
of multiple hypothesis testing, which is 
inherent to data mining where several 
patterns are tested simultaneously. A 
method to solve the problem is presented, 
which is very general and can be applied in 
various scenarios. Randomization methods 
are then presented, that can be used with the 
multiple hypothesis testing method. The 
utility and ease of use of the presented 
methods are displayed through practical 
applications. 
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Data mining methods seek to discover unexpected and interesting regularities, called patterns, 
in presented data sets. However, the methods often return a collection of patterns for any data 
set, even a random one. Statistical significance testing can be applied in these scenarios to 
select the surprising patterns that do not appear as clearly in random data. As each pattern is 
tested for significance, a set of statistical hypotheses are considered simultaneously. The 
multiple comparison of several hypotheses simultaneously is called multiple hypothesis 
testing, and special treatment is required to adequately control the probability of falsely 
declaring a pattern statistically significant. However, the traditional methods for multiple 
hypothesis testing can not be used in data mining scenarios, because these methods do not 
consider the problem of varying set of hypotheses, which is inherent in data mining. 

This thesis provides an introduction to the problem and reviews some published work on the 
subject. The focus is in multiple hypothesis testing and specifically in data mining. The 
problems with traditional multiple hypothesis testing methods in data mining scenarios are 
discussed, and a solution to these problems is presented. The solution uses randomization, 
which involves drawing samples of random data sets and using the data mining algorithm with 
them. The results on the random data sets are then compared with the results on the original 
data set. Randomization is introduced and discussed in general, and possible randomization 
schemes in different data mining scenarios are presented. The solution is applied in iterative 
data mining and biclustering scenarios. Experiments are carried out to display the utility in 
these applications. 
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1. Introduction

The rapid development of computing machinery has enabled the acquisi-

tion of vast amounts of data. Measuring devices have become more ac-

curate and able to gather numerous results simultaneously. The data

storage capability has also increased exponentially, making it possible to

collect and store vast amounts of data for future analysis. These aspects

have motivated the development of machine learning and data mining

methods. Users are no longer able to inspect and analyze the data by hand

but they need computer aided tools to present them with various aspects

of the data. Computers allow innumerable amount of calculations to be

carried out in no time at all, previously requiring years and years of man-

ual labor. With this development, the analysis methods have been trans-

ferred to computers, and new elaborate methods have been constructed

to utilize the vast computer power available to extract all the interesting

information in a data set.

Data mining methods [40, 107] include a multitude of different patterns

to discover, among which are itemset mining [17, 39, 99], frequent sub-

graph mining [38, 49, 101], biclustering [8, 10, 19, 57, 70], to name a few.

All of these methods take as input a data set and some parameters, and

produce a collection of results that contain patterns found in the data. Of-

ten the patterns are somehow optimal or at least good according to some

criteria. Such is the case in frequent itemset mining, where all the item-

sets have a frequency of at least the predefined threshold. Frequency can

be seen as a goodness measure and the algorithm finds all the good pat-

terns according to the measure. All of the mentioned data mining meth-

ods, as well as many other methods existing today [40], search and return

patterns that are good according to some measure.

However, a common and expected pattern may have a high value in

the goodness measure, and therefore, a high value in the measure may
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Introduction

mislead the user to think the corresponding pattern is necessarily excep-

tional. For example in frequent itemset mining, the frequency of an item-

set alone might not express how interesting the itemset is. The frequency

of a large itemset is always at most the frequency of a smaller itemset that

is a subset of the larger one. Even though the larger itemset may express

meaningful regularities in the data, all possible subsets of the larger item-

set would be ranked more interesting according to frequency, irrespective

of how interesting the itemsets truly are to the user. This problem arises

in many scenarios of data mining, where patterns are mined according

to some measure. The measure may not convey meaningful information

about the exceptionality of the pattern, but merely the fit to the defined

criteria. In an application perspective of data mining methods, the user

may want to have some guarantee that the patterns returned by the algo-

rithm are somehow surprising and exceptional, before the user commits

time and money to further analyze or use the results.

Statistical significance testing has long been used to find if the observed

result is surprising or only a consequence of mere chance [18, 30]. The

idea is to assume a distribution for the goodness measure when the re-

sult is caused by chance alone, i.e., the result is not significant, and find

how unexpected the observed value of the goodness measure is in that

distribution. A result is assigned with a p-value, which is the probability

of obtaining equal or more extreme value in the goodness measure in the

assumed distribution. It is calculated from the tails of the distribution. If

the p-value is large, the observed value for the goodness measure is likely

according to the distribution. In that case, it is evident that the found re-

sult is not statistically significant, and is likely caused by random effects.

Commonly, the p-value is compared to a user defined threshold, a confi-

dence level. If the probability is less than that level, the result is declared

statistically significant with the confidence determined by the set level.

For example, if the confidence level is 5%, then a result with at most 5%

p-value is considered statistically significant. The confidence level gives

the largest accepted probability that the result is falsely declared statis-

tically significant.

The use of significance testing to assess the results of data mining algo-

rithms has been studied extensively [7, 9, 14, 50, 54, 65, 68, 95, 105, 112].

There are two main approaches: analytical definition of the distribution

for the goodness of a pattern if the data were random, and sampling of

random data sets and testing how good the patterns are in random data.

2
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Analytical methods admit fast calculations but often require assumptions

about the distribution for the goodness measure. Randomization methods

make assumptions about the distribution of the data set instead, which

may be easier to define in some cases. However, randomization often re-

quires extensive calculations, as a large number of random data sets are

used with the data mining algorithm. Efforts have been made to con-

struct meaningful definitions of random data suitable for applied scenar-

ios [46, 48, 77, 89, 100, 110]. For example, Gionis et al. [32] considered

randomizing binary data matrices that had the same column and row

sums as the original matrix. Such a randomization procedure creates

data sets that, for example, have the same number of purchases for each

client and of each product as in the original data, but the knowledge of

which products clients have bought is purposefully lost.

While many methods for statistical significance testing have been pro-

posed in the data mining literature, a very important question has been

largely ignored. Data mining methods very often return a large collection

of results, and if all results are tested for statistical significance simulta-

neously, the user needs to correct for the multiple comparisons [9, 65, 104,

105]. With increasing number of simultaneous tests, the probability of

falsely declaring a result statistically significant will most likely increase.

For example, if a 6-sided die is thrown repeatedly, the probability of at

least one 6 among all thrown numbers increases with every throw. The

same applies in statistical significance testing: if the number of statisti-

cal tests, results or likewise hypotheses, increases, the probability that at

least one has a p-value less than the confidence threshold increases. This

is called the multiple hypothesis testing problem, which requires careful

consideration to limit the number of results that are falsely declared sta-

tistically significant.

Multiple hypothesis testing has been long studied in the statistics liter-

ature [11, 12, 25, 29, 45, 88, 93, 94]. A collection of methods to overcome

the problem have been proposed. Many of the methods are very good, if

not optimal, when the p-values can be calculated by either analytical or

randomization methods. These methods alter the p-values to obtain ad-

justed p-values. The adjusted values are often thresholded with a given

level, declaring all results statistically significant that have an adjusted p-

value of at most the level. The adjustment method controls the probability

or expected proportion of false declarations among all the results declared

statistically significant. Some methods do not adjust the p-values but di-

3
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rectly calculate them by means of randomization. Such procedures obtain

the flexibility of randomization but also suffers from the computational

cost.

Data mining scenarios have specific problems when each returned pat-

tern is tested for statistical significance. The methods often return a

varying number of patterns, depending on the data set and parameter

values. For example, in frequent itemset mining, only the itemsets with

high enough frequency will be returned. However, the traditional multi-

ple hypothesis testing methods require that the set of hypotheses is fixed

before the data is examined. Therefore, all the possible patterns the data

mining algorithm can return need to be considered as hypotheses. The

number of such pattern is often orders of magnitude larger than the num-

ber of patterns actually returned. If all of the possible patterns are as-

signed hypotheses and the corresponding p-values are corrected for mul-

tiple hypotheses, it is very likely that no pattern is declared statistically

significant. This is because the methods lose power when the number of

hypotheses increases as they try to limit the probability or expected pro-

portion of false declarations among patterns declared significant. There-

fore, data mining scenarios require special consideration when testing the

statistical significance of the patterns output by a data mining algorithm.

This thesis discusses the problem of multiple hypothesis testing in data

mining. The basic principles of data mining and statistical significance

testing are introduced next. Chapter 2 introduces the multiple hypothe-

sis testing problem and presents existing solutions to it. A randomization

framework is reviewed in Chapter 3, which is an important part of the

solution. Chapters 4 and 5 introduce two data mining scenarios that ben-

efit from multiple hypothesis testing methods in data mining. Finally,

Chapter 6 concludes the thesis with discussion.

1.1 Data mining

Data mining is the process of discovering reoccurring events, or patterns,

in a given data set . A pattern may be, for instance, an association rule

for Boolean data explaining that if all the variables in the antecedent

are true, then the variable in the consequent is often true as well [1, 2,

59, 60]. An example of such a case is the market basket data, where

buying milk and bread often implies that the customer will buy cheese.

Another example is a reoccurring episode in an event sequence, which

4
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expresses that a group of events often occur close to one other [22, 61, 62].

Finding such patterns reveals interesting structures and laws behind the

data generation process.

Consider the problem of frequent itemset mining, which is used here

as an example to introduce the notation. A data set given to be mined

is denoted by D, which can be, for instance, a matrix, a graph or a time

series. In frequent itemset mining, D is a binary matrix of size N × M,

where the [M ] columns are items and the [N ] rows are instances, and

[M ] = {1, . . . ,M}. A 1 in the matrix represents that the item is present

for the respective instance. In market basket data, an item is a product, or

a product class, and a row is a customer. A 1 represents that the customer

has bought the respective product.

A pattern is denoted by x. In frequent itemset mining, a pattern is an

itemset x ⊆ [M ], a collection of items. A frequent itemset is an itemset

for which sufficiently many rows have 1’s on all of the itemset’s items. In

other words, the frequency of an itemset satisfies freq(x,D) ≥ σ, where

freq(x,D) = |{i ∈ [N ]|∀j ∈ x : Dij = 1}|

is the number of rows where all the items of the itemset x have 1’s, and

σ is the minimum frequency threshold. The term Dij returns the value of

D on the ith row and jth column.

A data mining algorithm is denoted by a function A, which takes a data

set as an input. All other inputs, such as parameters, are considered

invariant and contained in the definition of A. They are later assumed to

be constant between repeated calls to the algorithm. In the example, A is

the algorithm that finds all itemsets that are frequent,

A(D) = {x ⊆ [M ] | freq(x,D) ≥ σ}

The minimum frequency threshold σ is considered to be hard coded to A,

and is therefore not an input parameter of A in this setting.

An algorithm A outputs a set of patterns A(D) = P , which is a subset of

all the possible patterns the algorithm can output, P ∈ P. The cardinality

of the output set is denoted by m = |P | = |A(D)|. In the example, P is the

collection of frequent itemsets that are found from the data set D. The

space of all possible patterns P contains all the subsets of the items [M ],

including [M ] but excluding the empty set.

5
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1.2 Statistical significance testing

Statistical significance testing is the foundation of experimental science.

The idea is to formulate a theory and experimentally gather statistical ev-

idence that will suggest if theory is true or not. For example in medicine,

an experimenter tests a drug on multiple subjects to find out if the drug is

effective. Statistical tests are structured in the form of hypothesis tests,

where there are two hypotheses: null and alternative [24, 73, 30]. The

null hypothesis, denoted by H0, represents the case when the theory does

not hold and which is the assumed outcome of the experiments if the

tested theory is false. If H0 is true, no new information has been gained,

other than the negative result of the theory being false. The alternative

hypothesis, denoted by H1, is the opposite, complementing H0. Thus the

statistical test is to gather evidence to find out if the null hypothesis H0

should be rejected and the alternative hypothesis H1 accepted, or not. As

an example, consider the very simple case of testing whether a coin is bi-

ased or not. Each coin toss is assumed to be independent and Bernoulli

distributed with the common parameter θ, which states, for instance, the

probability of heads. The theory is that the coin is biased, and thus a null

hypothesis corresponds to the case that both outcomes of a coin toss are

equally probable, θ = ½, landing heads or tails with equal probability.

The alternative hypothesis is then the complement of this, stating that

the coin is biased and either heads or tails is favored. The alternative hy-

pothesis does not state which side is favored and how much. It only states

that the coin is biased.

Statistical evidence is gathered to be able to decide between the two

hypotheses. This is done by defining a test statistic that can show the

difference between these two cases. In the coin example, a proper test

statistic is the number of heads (or tails) z after k tosses. If the coin is

fair, the test statistic follows the binomial distribution B(k, θ) with the

success probability θ = ½. If it is not, the test statistic still follows the

binomial distribution, but with some other success probability, θ �= ½.

The null hypotheses can therefore be explicitly defined as H0 : θ = ½,

meaning that the alternative hypothesis is H1 : θ �= ½. In this example,

the binomial distribution is the null distribution, which is the distribution

the test statistic follows if the null hypothesis is true. The next thing to

do is to throw the coin k times and calculate the number of heads z.

The statistical evidence is represented by a p-value, which expresses
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the probability of obtaining the observed or more extreme result if the

null hypothesis is true,

p = Pr(T ≤ t|H0),

where T represents the random variable of the test statistic and t is its

realization. In the coin example,

p = Pr (|Z − ½k| ≥ |z − ½k| | H0) ,

where Z ∼ B(k,½) and the test statistic is centered around the expected

number ½k. The actual number for the p-value is calculated from the null

distribution. In the coin example, p is the two-tailed cumulative probabil-

ity of the binomial distribution.

In some cases, the null distribution may be unknown or it can be im-

possible to integrate over it, but samples can be drawn from it. Then

an empirical p-value can be calculated by drawing samples of test statis-

tic and comparing them to the original test statistic value. Assume that

there are n samples of the test statistic tj , j ∈ [n], from the null distri-

bution. Given that a smaller value is more interesting, the conventional

empirical p-value calculation method, as discussed in [74], is defined as

p =
|{j ∈ [n]|tj ≤ t}|+ 1

n+ 1
. (1.1)

The added ones ensure a p-value is always larger than zero, which results

in a conservative hypothesis test. A conservative test is less likely to reject

the null hypothesis than a test with the true p-value, and thus is less

likely to falsely declare a result statistically significant. The added ones

can also be viewed as including the original test statistic value in the set of

random samples of test statistic values. As the null hypothesis is assumed

to be true when calculating the p-value, the original test statistic value is

correspondingly considered to be drawn from the null distribution, and

therefore it is reasonable to add it to the set of random samples [74].

The p-value is either returned as is or thresholded with a confidence

threshold α, where the null hypothesis H0 is rejected if the p-value is

equal or less than the α threshold. If H0 is rejected, the result is said to

be statistically significant with the confidence level α. Typical values for

α are {0.001, 0.01, 0.05}.

This thesis introduces statistical significance testing in data mining sce-

narios. Therefore, the basic notation is defined by using the example of

frequent itemset mining from the previous section.
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For the purposes of statistical significance testing, the patterns are as-

signed with goodness measures f(x,D), where x ∈ A(D) and f is a the

function that measures the fit of pattern x in data set D. A smaller value

is assumed to be more interesting to the user. In the frequent itemset

mining example, f(x,D) could be defined as negative of the number rows

the pattern x fits in the data set D, or −freq(x). The measures of fit are

used as test statistics, and therefore, the function f(x,D) is later called

the test statistic function. Each pattern is tested for statistical signifi-

cance, and a p-value px(D) is calculated for each pattern. If the p-values

px(D), ∀x ∈ A(D), are sorted, they are denoted by pi, i ∈ [m], where

p1 ≤ p2 ≤ · · · ≤ pm.
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2. Multiple hypothesis testing

The problem of multiple hypothesis testing arises in situations where a

collection of hypotheses are tested simultaneously. Traditional methods

designed for a single hypothesis can not be used as is, since the prob-

ability of false positives is likely to increase with increasing number of

hypotheses. This situation is natural in data mining scenarios, where the

statistical significance of a collection of patterns is assessed simultane-

ously. The chapter discusses the problem of multiple hypothesis testing

(MHT) in data mining scenarios.

2.1 Introduction

Consider a fixed set of m null hypotheses H0i to be tested simultaneously,

i ∈ [m]. The hypotheses are coupled with their respective p-values, which

are calculated the same way as for a single null hypothesis. These p-

values are called the unadjusted or raw p-values. If all the null hypothe-

ses are true and independent, and the p-values are simply thresholded

with α, as was done in the case of only one null hypothesis, the expected

number of false positives is αm. This is because each test can be seen as

a Bernoulli trial with success probability α, and the expected number of

successes among m tests is αm. The α confidence level no longer expresses

the maximum allowed probability of a false positive, and is less than the

true probability of falsely rejecting any true null hypothesis H0i. This is

the problem of multiple hypothesis testing.

In the traditional setting of multiple hypothesis testing, the number of

null hypotheses, m, is known in advance. However, the number of true

and false null hypotheses, m0 and m1 respectively, m = m0 +m1, are un-

known. Using these, and following the common definitions [25, 106], the

errors of statistical significance testing are categorized as follows. A false
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Not declared Declared

significant significant

True null hypotheses U V m0

Non-true null hypotheses T S m1

m−R R m

Table 2.1. Multiple hypothesis testing. m and R are observed numbers, while all others

are unknown. V is the number of Type I errors, and T is the number of Type

II errors.

positive occurs when a null hypothesis is falsely rejected, declaring the al-

ternative hypotheses true. It is also called a Type I error and the number

of such errors is denoted by V . A false negative is a falsely accepted null

hypothesis, or the failure to reject the null hypothesis. This error is also

called a Type II error and their number is denoted by T . A summary of

the errors, with the numbers for correct choices, is listed in Table 2.1. Tra-

ditionally the methods that correct for MHT control the number of Type I

errors while minimizing the number of Type II errors, or in other words,

maximizing the power of the test. Only such methods are considered in

this thesis.

One of the most common errors to be controlled is the Family-wise Error

Rate (FWER), which is defined as the probability of at least one Type I

error,

FWER = Pr(V > 0).

The error rate is very intuitive and easy to understand. The most suitable

applications for FWER are situations were Type II errors are not as disas-

trous as a Type I error. In other words, falsely rejecting a null hypothesis

has much more adverse effect than failing to reject a non-true null hypoth-

esis. Such an example is in medicine, where the condition of a patient is

measured with several tests. Failing to correct for MHT may cause a false

diagnose, and result in unnecessary and dangerous treatments.

FWER error has the drawback of losing power when m increases, be-

cause the probability of at least one V increases. Therefore, the methods

that control FWER do not have great power with large m. A completely

different error to control is the False Discovery Rate (FDR) introduced by

Benjamini and Hochberg [11]. The error is the expected portion of false

positives,

FDR = E

[
V

R

∣∣∣R > 0

]
Pr(R > 0).

This error rate is appropriate in cases where improved power is more im-
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portant than few Type I errors. Such is the case when important decisions

are not made based on the results of the statistical significance tests, but,

for instance, the results are used to guide further studies. As such, FDR

is likely to be a good error measure in data mining scenarios. For further

information and a comprehensive list of common error rates, see [25].

Methods that control the Type I errors have either strong or weak con-

trol over the error. Some of the earlier works on MHT [11, 91] considered

only weak control, where the Type I error is only controlled if all of the

null hypotheses are true, m = m0. Such a case is called complete null hy-

pothesis and denoted by HC
0 . While yielding reasonable results in some

cases, weak control fails to provide any guarantee for the amount of Type

I errors in real situations, where both true and false null hypotheses exist,

m0 > 0 and m1 > 0, which is called the case of composite null hypothesis.

If a method does provide a provable guarantee for Type I error in all situa-

tions, the method is said to have strong control of the corresponding error

measure. Naturally, strong control is desirable, but often very difficult to

prove without assumptions about the joint distribution of the p-values.

The existing methods to control for the multiple hypothesis testing prob-

lem can be roughly categorized into two groups: adjusting p-values and

resampling. The two categories are discussed next.

2.1.1 Adjusting p-values

The p-value adjustment methods assume given a set of unadjusted p-

values, which are the p-values of each null hypothesis without considering

the MHT problem. These p-values are then adjusted such that the user

can reject all null hypothesis with an adjusted p-value of at most a given

threshold. The MHT method guarantees that the corresponding MHT er-

ror is controlled at the level of the threshold.

Perhaps the most well known solution to MHT problem is the Bonfer-

roni method, which is proven to obtain strong control of FWER [25]. The

unadjusted p-values are multiplied by the number of null hypotheses,

p̃Bi = min(mpi, 1). (2.1)

The resulting p-values, p̃i, are the adjusted p-values. In addition to be-

ing very simple, the method can be used with any dependency structure

between the unadjusted p-values.

However, the Bonferroni method often lacks power because it is exces-

sively conservative. Holm [45] proposed a sequential p-value adjustment
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method that is also proven to have strong control of FWER for any depen-

dency structure, while obtaining improved power. It is defined as

p̃HB
i =

⎧⎪⎨⎪⎩min (mp1, 1) i = 1

max
(
p̃HB
i−1 ,min((m− i+ 1)pi, 1)

)
i > 1

, (2.2)

where p1 ≤ · · · ≤ pm. This definition can also be derived using the closed

testing procedure [63].

Both of the former methods have strong control of FWER. Benjamini

and Yekutieli [12] proposed a method to control FDR,

p̃BY
i = min

k=i,...,m

{
min

(
m
∑m

j=1 1/j

k
pk, 1

)}
.

This method has strong control of FDR for any dependency structure

between p-values. A fairly recent review of other methods is available

at [25].

2.1.2 Resampling

All p-value adjustment methods either ignore the dependency structure

between p-values, or assume some properties of it [25]. The former meth-

ods have less power, and the requirements of the latter may be difficult

to prove. Resampling methods for MHT, as presented by Westfall and

Young [106], implicitly consider almost any dependency structure and di-

rectly calculate the empirical adjusted p-values. The idea is to draw sam-

ples of test statistics from their joint distribution, and calculate empirical

adjusted p-values from these test statistic values.

Resampling methods often draw samples from the joint distribution of

test statistics where all null hypotheses are true, which is the case of com-

plete null hypothesis HC
0 . It is often very difficult to consider the joint dis-

tribution of test statistics when some of the null hypotheses are true and

some are false, which corresponds to the case of composite null hypoth-

esis. However, if no assumptions are made about the joint distribution,

these resampling methods have only weak control of the respective error

measure, as only the case of complete null hypothesis is considered.

Strong control can be achieved if subset pivotality is assumed. The prop-

erty is required for any resampling method that draws samples under HC
0

to achieve strong control of the respective MHT error. Let J0 be the set

of true null hypotheses, where for all i ∈ J0 the null hypotheses H0i are

true and for all i /∈ J0 the null hypotheses H0i are false. Subset pivotality

states that for any J0 ⊆ [m], the joint distribution of the test statistics of
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the true null hypotheses J0 is unaffected by the truth or falsehood of the

other null hypotheses [106].

Definition 1. Subset pivotality. The joint distribution of test statistics

has the subset pivotality property if the distribution Pr({Ti}i∈J0) is iden-

tical between the complete and composite null hypotheses, for any set

J0 ⊆ [m] of the true null hypotheses.

Subset pivotality is an assumption about the dependency structure be-

tween the test statistics of the true null hypotheses. It states that the

joint distribution of the test statistics for any set of true null hypotheses

should not be affected by the truth or falsehood of the other hypotheses.

In special situations, this assumption is automatically satisfied [81].

2.1.3 Resampling by randomization

Resampling approaches have been proposed in specific data mining sce-

narios. Lallich et al. [50] considered assessing the statistical significance

of association rules. They proposed a MHT method, which is based on

bootstrapping the original data set. The test statistics of the association

rules in the original data set are compared to the test statistics of those

association rules in the bootstrapped data sets. Finally, specific calcula-

tions are made to find out which of the association rules are statistically

significant. Other authors [54, 65, 112] also use resampling and random-

ization of the original data set in the context of association rule mining

(or similar) to adjust for multiple hypothesis testing.

The common factor of all of these is that the test statistics are not sam-

pled directly from a distribution, as is done in traditional resampling

methods, but random data sets are used and the test statistic values are

calculated from the random data sets. This approach is called resampling

by randomization in this thesis. Let Π0 be the distribution of random

data sets. The definition of Π0 together with the definition of test statistic

function f implicitly define the distribution for the test statistics. To draw

samples of test statistics, it is sufficient to draw samples of data sets and

calculate test statistic values from the random data sets. Therefore, Π0 is

later called the null distribution of data sets.

A benefit of resampling by randomization is that the user does not have

to define a distribution for the test statistic, but can instead define a null

distribution of data sets and use virtually any definition for a test statis-

tic. This is often desirable, since in data mining scenarios, patterns are
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often sought according to some goodness measure, and this measure is

a natural choice for a test statistic. These measures vary greatly in dif-

ferent data mining scenarios, and it is a clear benefit if a MHT method

allows for any test statistic function to be used in the statistical signifi-

cance testing. Therefore, the user does not have to find a distribution for

the test statistic when the null hypothesis is true. However, the user still

needs to define the null distribution of data sets. Studies have been made

to define meaningful null distributions [15, 31, 36, 46, 77, 86, 100]. These

and other definitions, as well as randomization in general, are discussed

in Chapter 3.

The biggest drawback of resampling by randomization is the added com-

putational cost. Drawing many samples of data sets and calculating test

statistic values from each may be infeasible for large data sets. However,

this process is easily parallelized to be done on separate processes, and

with modern multicore processors and clusters of computers, increasingly

large data sets can be randomized in a reasonable time.

2.1.4 Bonferroni-style resampling

One of the simplest resampling methods is the Bonferroni-style resam-

pling method presented in Westfall and Young [106]. The method cal-

culates the empirical adjusted p-values, and provides a strong control of

FWER if subset pivotality is assumed. The method can be used in the

context of resampling by randomization, and is therefore presented here

as a reference method from the existing literature.

The Bonferroni-style resampling method calculates for each pattern an

empirical adjusted p-value, where the adjusted p-value is the fraction of

data sets that have a pattern with an equal or smaller raw p-value,

p̃Bx (D) =
|{i ∈ [n+ 1] |miny∈P py(Di) ≤ px(D)}|

n+ 1
, (2.3)

where Di is the ith random data set and px(D) is the raw p-value of pat-

tern x in dataset D. The raw p-values can be defined analytically or calcu-

lated with Equation (1.1). The random data sets i ∈ [n] are sampled from

Π0. The original data set is denoted by Dn+1, and is included as a sample

from the null distribution. This guarantees that the p-values will always

be strictly larger than 0. The choice is discussed in Publication 1, which

follows the reasoning of North et al. [74].

Westfall and Young [106] assume the set of hypotheses is fixed before

testing, which means that A(Di) = A(D) for all i ∈ [n], i.e., the algorithm
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always outputs all the possible patterns A(D) = P. Note that in [106],

Westfall and Young also consider using the test statistics f(x,D) in the

calculations.

2.1.5 Varying set of hypotheses

A data mining algorithm outputs a set of patterns P for an input data

set D, where P is a subset of all the possible patterns P ⊆ P. The algo-

rithm actually considers all possible patterns P, but only returns some of

them that meet the predefined criteria. For example, in frequent item-

set mining, only the itemsets that have a frequency above a user-defined

threshold are returned. However, all of the patterns in P are hypothe-

ses [9, 65, 103, 104, 105], but are not taken into account in the statis-

tical significance testing because they are not returned by the algorithm.

The significance testing is biased towards interesting patterns, which also

most likely have smaller p-values. If only the hypotheses corresponding

to patterns in P were adjusted for MHT, the respective MHT error would

not be controlled because the p-values do not marginally follow the uni-

form distribution over [0, 1], which is an assumption of most of the existing

MHT methods. If, on the other hand, all the patterns in P would be con-

sidered in the MHT adjustment, the test would be very conservative and

most likely no pattern would be declared statistically significant due to

the extremely large number of hypotheses. For example in frequent item-

set mining, the set P is of size 2m − 1, where m is the number of items.

The problem is caused by the fact that the set of hypotheses is not fixed

before the data is mined for patterns. If only the output patterns are

tested for significance, the set of hypotheses is a random variable and this

needs to be accounted for in the significance testing. This is called the

problem of varying set of hypotheses in this thesis. However, if the user

defines the set of hypotheses before looking at the data, the existing MHT

methods can be used for that set of hypotheses. Webb [104] solves the

problem of varying set of hypotheses by simulating this latter approach.

He proposes to split the data into two. The first half is mined for patterns

that define the set of hypotheses. Then, the second half is used to assess

their statistical significance. With this, the problem is resolved and ex-

isting methods can be used to control for MHT error. However, Webb’s

method can only be used if the data set can be split into two independent

parts, and there is enough data to split it. For example, a binary data set

in frequent itemset mining can often be split into two parts, but splitting
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a graph in frequent subgraph mining is more difficult.

Another approach by Webb [103], called layered critical values, is to stop

the data mining at a certain level, which can greatly reduce the size of

P. For example in frequent itemset mining, only itemsets of at most a

given size would be returned. The justification is that at least in frequent

itemset mining, only fairly small itemsets are returned and itemsets that

contain almost all items are virtually never returned. The existing MHT

methods can be used with the returned patterns to control for the respec-

tive MHT error. While the method can be used in a variety of settings, it

is still limited to level-wise search and the interesting patterns need to be

located in the lower levels.

2.2 Multiple hypothesis testing in data mining (Publication 1)

Publication 1 extended the Bonferroni-style resampling to settings with

varying set of hypotheses and proved strong control of FWER when the

subset pivotality is satisfied. The contributions of the publication are dis-

cussed next in detail.

2.2.1 Resampling with varying set of hypotheses

The original Bonferroni-style resampling method in Equation (2.3) is de-

fined for a fixed set of hypotheses and it only uses the raw p-values of the

patterns in the calculations. These requirements were lifted by extending

the method as follows.

Definition 2. Let D be the original dataset, Di, i ∈ [n], be the datasets

sampled from the null distribution Π0 and Dn+1 = D. Let f(x,Di) be the

test statistic associated to an input pattern x ∈ P returned by algorithm

A for dataset Di. The FWER-adjusted p-values are defined as

p̃x(D) =

∣∣{i ∈ [n+ 1]
∣∣(A(Di) �= ∅) ∩ (miny∈A(Di) f(y,Di) ≤ f(x,D)

)}∣∣
n+ 1

.

(2.4)

The adjusted p-value is the fraction of datasets for which the algorithm

returned a pattern with equal or smaller test statistic value. If no pat-

terns were returned, no pattern had an equal or smaller test statistic

value for that dataset.

Using these adjusted p-values, strong control of FWER is obtained.

Theorem 3. Given that subset pivotality holds, the null hypotheses H0x
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of any pattern x ∈ A(D) with p̃x(D) ≤ α can be rejected with the certainty

that FWER is controlled at level α.

The theorem is proven in the publication.

The user is allowed to freely choose everything in the data mining set-

ting, namely, the algorithm A, test statistic f , null distribution Π0, which

include the definitions for possible patterns P. However, the combina-

tion of all of these definitions is required to satisfy the subset pivotality

requirement.

2.2.2 Marginal probabilities as test statistic

The calculations in Equation (2.4) ignore the identity of patterns and only

consider the distribution of the smallest test statistic value among re-

turned patterns. If the marginal distributions of the test statistic are

very different for different patterns, one can consider transforming the

test statistic values to a common marginal distribution. One possibility is

to use a variant of Equation (1.1),

f(x,Dj) =
|{i ∈ [n+ 1] |(x ∈ A(Di)) ∩ (g(x,Di) ≤ g(x,Dj))}|

n+ 1
, (2.5)

where g(x,D) is the original test statistic function. Consider this transfor-

mation for a pattern x. If the pattern was not output by the algorithm, it

is assumed to have a larger test statistic value than with any dataset for

which the pattern was output. In other words, the transformation acts as

if the pattern is only output when the test statistic value is less than some

unknown threshold value. This is called the threshold transformation.

Another possibility is to define f(x,D) as the marginal probability of

the pattern having equal or smaller test statistic value with the condition

that the pattern is output by the algorithm,

f(x,Dj) =
|{i ∈ [n+ 1] |(x ∈ A(Di)) ∩ (g(x,Di) ≤ g(x,Dj))}|

|{i ∈ [n+ 1] |(x ∈ A(Di))}| , (2.6)

Conversely to the threshold transformation, in here nothing is assumed

about the test statistic value of a pattern if it is not output by the algo-

rithm. This transformation is called the conditional transformation. The

publication considers both of these and compares them with the original

version.
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2.3 Summary

Multiple hypothesis testing is a problem faced when several statistical

significance tests are carried out simultaneously. If the tests are not cor-

rected for multiplicity, the number of outcomes that are falsely declared

significant is not controlled.

The existing methods to control the MHT errors are divided into two cat-

egories: adjusting p-values and resampling. The adjustment methods ob-

tain adjusted p-values by changing the original p-values. The resampling

methods directly calculate the adjusted p-values without calculating the

original p-values. The adjusted p-values express the error measure that

is controlled by the used MHT method.

The traditional methods can not be used in data mining scenarios, be-

cause the set of hypotheses to be tested is unknown before the data is

mined and can change for different data sets. Publication 1 extends a

known resampling method by allowing the set of hypotheses to vary and

enabling the user to freely define the statistical test. Strong control of

Family-wise Error Rate is proven if the significance test setting satisfies

a general property.
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Resampling by randomization is a part of the solution to multiple hypoth-

esis testing in data mining scenarios. In this chapter, randomization is

introduced and discussed in the context of data mining.

3.1 Introduction

Randomization is the process of drawing samples of random data sets

from a null distribution of data sets Π0. The drawn random data sets usu-

ally share some properties with the original data, such as the size and

type, but are otherwise completely random. The random data sets can

be used, for example, to carry out statistical significance testing as was

done in the previous chapter. Other applications include assessing the ro-

bustness of an algorithm [75], guaranteeing performance in randomized

algorithms [69], and privacy preservation [3, 28, 47]. Randomization pro-

vides information about the surprisal of the results with the original data

set when compared to results with random data from Π0.

The models for random data can be roughly categorized into two groups:

exact and property models. An exact model is an explicit definition of

the null distribution Π0. The distribution is completely user-defined and

usually admits an easy method to draw samples from it. An example is

the uniform distribution over all binary matrices of size N ×M with each

cell independently having a 1 with probability θ. The probability θ can

be arbitrarily defined by the user, and drawing samples from the final

distribution is very simple. Another example is the forest fire model [51]

for graphs, which defines an intuitive way of constructing graphs that

are similar to ones found in social networks. The model has few parame-

ters that need to be set, and then the procedure of randomization starts

from an empty graph and continues by adding nodes and edges in a pre-
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defined way. Popular exact models include the Rasch model for binary

matrices [82], and the Erdös-Renyi model for graphs [72].

A property model is the uniform distribution over all data sets that

share a set of predefined properties with the original data set. The data

sets are sampled by randomizing the original data set. The randomiza-

tion process starts from the original data set and randomly changes it

many times to finally obtain a random data set. The changes maintain

the predefined properties, and therefore, all the sampled data sets share

those properties. This procedure implicitly defines the null distribution

Π0. An example property model is the set of binary matrices that have the

same size, column sums, and row sums as the original binary matrix. The

next section discusses how to draw samples of random matrices from the

model. Other meaningful property models have been defined, for example,

for real matrices [77], graphs [64, 111], and time series [15, 55, 86].

Randomization is one of many general resampling methods, and it is

closely related to permutation tests [33]. The idea in permutation tests is

to calculate the value of the test statistic for all possible rearrangements

of labels on the observed data points. The aim is to find out if the effect

of a treatment is statistically significantly different between treatment

and control groups. Other related resampling methods include bootstrap-

ping [27], jackknife [26], and cross-validation [80].

3.2 Property models

In a property model, a set of properties are defined that are shared by

the random data sets with the original data set. Let r(D) be a function

that measures these properties for a data set D, and returns a real valued

vector. The general problem for property models can then be defined as

follows.

Problem 4. Given a data set D and a property function r(D), generate a

data set Di chosen independently and uniformly from the set of data sets

that satisfy r(D) = r(Di).

The problem states that the null distribution of data sets is the uniform

distribution over all data sets Di for which r(D) = r(Di).

The problem statement is very general as the definition of r can contain

a variety of properties. If, for example, all the data sets should be binary

matrices and of the same size as the original, r may be constructed to re-
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turn a vector of size three, where the first element is 1 if the input matrix

is binary and 0 otherwise, and the latter two elements contain the num-

ber of rows and columns of the matrix. With this, the null distribution can

be narrowed down to contain a reasonable space of data sets. However,

type and size are often not explicitly encoded as properties in r, as they

are maintained by other means discussed later.

The choice for r depends on the context, since it defines the knowledge

that is assumed known. For example, if the elements of r are the column

sums and row sums of a binary matrix D, also called the column and row

margins, then all Di will have the same column and row margins. The test

for significance then asks if the results are surprising even if the column

and row margins are known. Therefore, when choosing the properties to

maintain, one is also defining what is the null hypothesis to be tested.

3.3 Markov-chain Monte Carlo

The choice of r(D) affects the difficulty faced when sampling data sets. If

D is a binary matrix and r(D) only contains the type and size of the di-

mensions of D, Problem 4 can be solved easily by sampling each element

independently and uniformly from {0, 1}. However, if r(D) introduces high

correlation between elements in the data set, the problem does not admit

as simple an algorithm. Consider, for example, drawing samples of binary

matrices with the same size, and column and row margins, as the original

matrix. Disregarding either of the margins would result in a simple ran-

domization scheme: just shuffle the values within rows or columns of the

original matrix. However, since both are required to have certain values,

all elements in the matrix are correlated through the margins.

This problem can be solved by Markov-chain Monte Carlo (MCMC) sam-

pling [5]. The procedure starts from the original data set and changes it

randomly while maintaining the margins. Such a method has been pro-

posed [13, 32] for this example, and it involves repeatedly carrying out

small changes, swaps, to the matrix. A swap is illustrated in Figure 3.1.

When enough swaps have been done, the resulting matrix is a random

sample from Π0.

The idea in MCMC sampling is to consider each data set as a state in

a Markov-chain and a small change to the data set as a transition from

a state to another. The small change is defined so that it guarantees to

maintain the desired properties in the data set, r(D) = r(Di), but makes
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x y
...

...

s · · · 1 · · · 0 · · ·
...

...

t · · · 0 · · · 1 · · ·
...

...

⇐⇒

x y
...

...

s · · · 0 · · · 1 · · ·
...

...

t · · · 1 · · · 0 · · ·
...

...

Figure 3.1. A swap in a 0–1 matrix.

it otherwise completely random. When random small changes are repeat-

edly made to the data set for the Markov-chain to have converged, the

remaining data set is a random sample from Π0, solving Problem 4.

In the binary matrix example, as the swap maintains the column and

row margins, each state reachable from another state is a valid data set

from the space of all data sets. However, the degree of each state might

not be the same for all states, as the number of possible swaps might not

be the same for each data set. This leads to non-uniform Π0. To solve the

problem, swaps are chosen by randomly choosing two 1’s in the matrix,

which correspond to (s, x) and (t, y) in Figure 3.1. Then, if a swap would

result in an invalid data set, i.e., (s, y) or (t, x) are not 0, the swap is not

performed. This corresponds to a self-loop in the Markov-chain, resulting

in equal degrees for each state and a uniform Π0.

It is shown that, using the swaps, all binary matrices of the same size

and with the same column and row margins can be reached. If the chain

is run long enough for it to converge, the resulting state, a data set, is a

uniformly random sample from the space of data sets with the same size,

and column and row margins as the original data set.

3.4 Metropolis-Hastings

The above solution to Problem 4 depends on finding an appropriate small

change that maintains all the properties in r(D), and otherwise mixes

the data set. Swap is an example of a small change that maintains ex-

actly the row and column margins, but otherwise makes the data random.

However, the existence of a small change is context specific, and a small

change that maintains all r(D) most likely does not exist for all but few

cases. Furthermore, if several different sets of properties, different func-

tions r, are used in several statistical significance tests, finding a small

change to each may be prohibitively difficult, if not impossible. In the ex-
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ample, if r also contained a requirement that frequencies of some itemsets

should be maintained, the swap would not be appropriate alone. There-

fore, another problem has been proposed that alleviates the requirement

of maintaining the properties exactly.

Problem 5. Given a data set D, a property function r(D), and a scaling

constant ω, generate a data set Di chosen with a probability

ρ(Di) ∝ exp(−ω||r(D)− r(Di)||).

The scaling constant ω in the exponent controls how accurately the prop-

erties are maintained. The sampled data sets only approximately have

the same properties as the original data set Di. In the example, r(D) could

be the vector of frequencies of a given set of itemsets, thus introducing cor-

relation constraints to the columns.

Problem 5 can be solved with the Metropolis-Hastings algorithm [5, 43,

66], that defines transition probabilities for the small changes when ran-

domizing a data set. A small change still needs to be defined, but it does

not have to maintain all the properties in r(D). However, it should not

maintain any other properties that are not included in r(D), as then

the randomization method would not solve Problem 5. The Metropolis-

Hastings algorithm allows for a Markov-chain to converge to a chosen

non-uniform distribution over all the states. This solution has been used

in Publications 2 and 3 as well as in the literature [77].

The Markov-chain randomization process is altered in the Metropolis-

Hastings algorithm by defining the probability

Pr(D′
i|Dj

i ) = min

{
ρ(D′

i)Q(Dj
i , D

′
i)

ρ(Dj
i )Q(D′

i, D
j
i )
, 1

}
for accepting the small change that would be made to the current data set

Dj
i to arrive to the data set D′

i, where Q is a proposal density discussed

later. If the random test with probability Pr(D′
i|Dj

i ) succeeds, Dj+1
i = D′

i.

If it fails, the small change is not made Dj+1
i = Dj

i , but the iteration is

continued, randomizing a new small change.

If the proposal density Q is symmetric, in that for all D′ and Dj it holds

that Q(D′, Dj) = Q(Dj , D′), it vanishes from the probability Pr(D′
i|Dj

i ).

This is the case if the small change is reversible, in that for any legal

small change from Dj
i to Dj+1

i , a small change exists that transforms Dj+1
i

back to Dj
i , D

j+2
i = Dj

i , and their probabilities are equal. The transition

probability Pr(D′
i|Dj

i ) only depends on the change in error

Pr(D′
i|Dj

i ) = min
{
exp
(
ω(||r(D)− r(Dj

i )|| − ||r(D)− r(D′
i)||)
)
, 1
}
.
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It is thus beneficial to define a small change that is reversible and has a

symmetric proposal density. The swap in the example meets these crite-

ria.

However, in some contexts, the distribution of Di may not strictly fol-

low ρ(Di). Let Pr0(r(Di)) be the distribution of the properties when the

data set is randomized with the small change without the constraints,

i.e., when ω = 0. If Pr0(r(Di)) is uniform, Di will follow ρ(Di) with this

procedure. If, however, Pr0(r(Di)) is not uniform, the distribution for Di

will have the form ρ(Di) ∝ Pr0(r(Di)) exp(−ω||r(D) − r(Di)||). The effect

of Pr0(r(Di)) can be reduced by adaptively shrinking ω in the Metropolis-

Hastings process, or to define Pr0(r(Di)) and calculate the transition prob-

abilities such that the distribution is canceled out.

3.5 Maintaining itemset frequencies (Publication 2)

Publication 2 considered randomizing binary matrices while maintaining

the frequencies of a family of given itemsets, F . The frequency constraints

can be encoded as properties to preserve, and therefore, the following

problem was considered.

Problem 6. Given a 0–1 matrix D and a family of itemsets F , gener-

ate a matrix Di chosen independently and uniformly from the set of 0–1

matrices having the same row and column margins as well as the same

frequencies for the itemsets in F as the dataset D.

This is a special case of Problem 4, where the property function r(D)

outputs the frequencies of the itemsets in F for the matrix D. The size

and margins are maintained by using the swap as a small change.

However, it was proven that the solution to this problem is NP-hard by

providing a reduction from Hamiltonian cycle to Problem 6. Therefore,

solving the problem is infeasible in general as randomization involves

drawing several samples of data sets to obtain reasonable accuracy for

the empirical p-values. The strict constraints on itemset frequencies were

proposed to be relaxed and, instead, the frequencies are maintained ap-

proximately. The relaxed problem is a special case of Problem 5 with the

same definition for r(D), and again the swap is used as the small change

in randomization.
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3.6 Maintaining cluster structure (Publication 2)

Publication 2 also considered randomizing binary data sets while main-

taining the cluster structure on rows. A clustering of a binary matrix

is a grouping of rows to a specific number of groups, where rows within

a group are similar and rows in different groups are dissimilar. The

randomization procedure proposed uses the same swap as used before.

However, the admissible swaps are restricted to within a cluster: only

swaps that involve rows in a cluster are made. No swap is performed that

would exchange values between clusters. The randomization of a swap

was slightly modified by first randomizing a cluster in which a swap is

performed, and then performing a random swap in that cluster. This pro-

cedure maintains the within-cluster margins, and therefore, maintains

the overall cluster structure in that sense.

Maintaining the cluster structure has been studied recently by Vuokko

and Kaski [100].

3.7 Randomizing graphs (Publication 3)

Publication 3 considered the following problem of sampling from property

models, which is a special case of Problem 5.

Problem 7. Given an unweighted undirected graph G with n nodes and

m edges and a property function r, generate a graph Gi chosen indepen-

dently and uniformly from the set of graphs with n nodes and m edges

and with the same degree distribution as G, which have approximately

the same properties r.

Three different small changes were proposed that maintain the number

of nodes and edges, and the degree distribution of the nodes. Using any of

the small changes, Problem 7 can be solved similarly as Problem 5.

Figure 3.2 depicts the three different small changes, of which XSWAP

has been previously used [64, 89]. Their corresponding interpretations

are as follows.

XSWAP The small change freely exchanges edges between nodes. It main-

tains the node degrees, the number of edges each node has, but

otherwise changes the graph completely. Given that these small

changes are randomized uniformly, the converged Markov-chain re-

sults in a sample from the space of graphs with the same number of
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(a) XSwap (b) LOCALSWAP (c) FLIP

Figure 3.2. Different swaps for randomization. The FLIP in c) is further conditioned with

δ(l)− δ(n) = 1, where δ returns the degree of the node.

nodes and edges as the original matrix, as well as the same individ-

ual node degrees.

LOCALSWAP The small change is very similar to XSWAP. The difference

is that changes are allowed only locally, and therefore, no edges are

exchanged between unconnected components.

FLIP When individual node degrees are not important, then FLIP can be

used. It maintains the overall node degree distribution.

Ying et al. [111] proposed and solved a very similar problem, with the dif-

ference that the graph statistics are allowed to change freely within strict

user-defined bounds. They used XSWAP in the solution. Problem 7 re-

quires that the expected value of the graph statistic in random graphs has

to be the same as in the original graph. In the work of Ying et al., the ex-

pected value need not be equal to that of the original graph. The expected

value can even be close to either of the bounds, which constraint the ad-

missible values for the graph statistic. Therefore, the solutions to the

different problems create slightly different null distributions of graphs1.

3.8 Convergence

An intrinsic question of Markov-chains is their convergence. A Markov-

chain is said to have converged, or mixed, when it loses all information

about the initial state and thus each state is equally likely to be the initial

state [52]. Only when a Markov-chain has converged does the final state

represent a sample from the steady state distribution, which is the null

distribution Π0. Before that, the sample is biased towards the initial state.

Knowing when a Markov-chain has converged is a difficult task, un-

solved in general [21, 52]. The approaches are divided into two main

1Both studies were published in the same conference.

26



Randomization

categories: estimating how many iterations are required for the chain

to converge, and iterating and diagnosing when has the chain converged.

The latter is simpler and it is used in present literature [32, 77].

One common way of approximating the needed number of transitions is

to measure when the distance to the original data set has converged [32,

77]. This can be achieved by trying different amount of transitions, ran-

domizing with each amount separately, and calculating the distance be-

tween the random matrix and the original one. When an increase in the

number of transitions has sufficiently small effect in the distance, that

number of transitions is chosen.

3.9 Drawing multiple samples

If the Markov-chain is always started from the original data set when

producing a new sample, all the samples are dependent on the initial

state [13]. This problem is solved by using Backward-Forward sampling.

The procedure is to first run the Markov-chain backwards for the specified

number of steps to arrive at D0, and then start each new Markov-chain

for each new sample from D0. The samples drawn this way are still not in-

dependent, but are exchangeable under the null hypothesis, which means

that the original data set and the random data sets are in theory sampled

from the same distribution.

If the small change is reversible, then running the Markov-chain back-

wards equals running it forwards. With this, the procedure is essentially

to first sample a single data set, and then use that sample as the initial

state from which to produce all the actual samples.

3.10 Experiments on graph randomization (Publication 3)

Publication 3 experimented with the solution to Problem 7 in the contexts

of graph clustering and frequent subgraph mining. In both, the statistical

significance of the found results was assessed with varying constraints in

randomization.

A multitude of graph statistics have been proposed in the literature [51,

71]. Two of these were chosen for consideration and it was shown how

they can be used as maintained graph properties in randomization.

Average clustering coefficient Clustering coefficient for a node is de-
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fined as the proportion of edges between the node’s neighbors of all

possible such edges,

CC(v) =
|{(u,w)|u,w ∈ Γ(v) ∧ (u,w) ∈ E(G)}|

|Γ(v)|(|Γ(v)| − 1)/2
,

where Γ(v) is the set of neighbors of the node v, and E is the col-

lection of edges, pairs of nodes, of graph G. The average clustering

coefficient is then defined as

ACC(G) =
1

|V (G)|
∑

v∈V (G)

CC(v),

where V (G) is the set of nodes in graph G.

Characteristic path length The path length, denoted by dG(u, v), be-

tween two nodes u and v is the shortest graph theoretic distance be-

tween the nodes, or equally, the minimum number of edges needed

to travel to get from u to w using edges in E(G). The characteris-

tic path length of a graph is then defined as the average of all the

pairwise path lengths

CPL(G) =
1

|V (G)|2
∑

u,v∈V (G)

dG(u, v).

The average clustering coefficient of a graph expresses its clusteredness.

Maintaining the average clustering coefficient may be reasonable in, for

example, social networks which are known to have a clustered struc-

ture [102]. The characteristic path length is also a reasonable statistic

in social networks, where distances between people tend to be short [67].

The uses do not limit to social networks, but many other applications can

be considered.

In the experiments with graph clustering, the statistical significance of

the clusterings of the original graph to different number of clusters was

assessed. The significance was tested with different null distributions Π0,

varying the small change to be used and the graph statistic to preserve.

Clustering error was used as the test statistic, since it naturally expresses

the goodness of the found clustering. The assessment was carried out

for different number of clusters, with the aim of discovering the relation

between empirical p-values and number of clusters for different Π0.

It was discovered that, with a graph of 34 nodes and 78 edges, increasing

the number of clusters to above some threshold increased the empirical p-

values from near zero to around one. Essentially, the correct number of

clusters in the graph was discovered. When this number is exceeded, the
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clustering algorithm has to cluster the existing clusters, which results in

a high clustering error. As the random graphs do not have such cluster-

ing structure, increasing the number of clusters will have only a small

increasing effect in the clustering error.

The graph clustering results with all of the used graphs and null distri-

butions Π0 showed that using different small changes and graph statistics

to preserve affected the empirical p-values. In essence, less constraints

produced smaller empirical p-values.

In frequent subgraph mining, a graph transaction data set was used

as input data and it was mined for frequent subgraphs. Each frequent

subgraph was calculated an empirical p-value, where the frequency of the

respective subgraph was used as a test statistic. The numbers of frequent

subgraphs with less than 0.05 empirical p-value were compared with dif-

ferent null distributions Π0, where the small change, graph statistics to

preserve and minimum frequency threshold was varied. FLIP produced

smaller p-values when compared to XSWAP and LOCALSWAP. However,

constraining with average clustering coefficient did not have a big effect

in the results.

3.11 Summary

Resampling by randomization is a statistical significance testing frame-

work that is based on drawing random samples of data sets and testing

the significance of the results against the random data sets. Randomiza-

tion is a general concept of creating random data sets from a null distri-

bution of data sets.

Models for random data can be divided into two groups: exact and prop-

erty models. In exact models, the null distribution of random data is ex-

plicitly defined. In a property model, the null distribution is defined as a

uniform distribution over all data sets that share some predefined prop-

erties with the original data sets.

Markov-chain Monte Carlo can be used to draw samples of data sets

from various null distributions that do not admit a simple constructive

randomization method. MCMC is based on repeatedly carrying out ran-

dom small changes to the original data set. When enough changes have

been made for the Markov-chain to have converged, the final data set is a

sample from the null distribution. Metropolis-Hastings algorithm can be

used to alter MCMC by defining a probability to perform a random small
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change. The probabilities guarantee that a random data set is a sample

from a desired null distribution.

Publication 2 introduced the problem of drawing samples of binary ma-

trices that have the same size, row and column margins, and frequencies

for a given family of itemsets as the original binary matrix. The problem

was proven to be NP-hard, and is, therefore, relaxed such that the fre-

quencies are only maintained approximately. The solution is based on the

Metropolis-Hastings algorithm. The publication also proposed to main-

tain the clustering of rows of a binary matrix during randomization, and

proposed a modified MCMC method to draw samples of such binary ma-

trices.

Publication 3 proposed a graph randomization framework for unweigh-

ted undirected graphs. All the random graphs share the number of nodes

and edges, and the degree distribution of nodes, with the original graph.

Such random graphs could be drawn by using one of the three small

changes defined in Publication 3. It was also shown how the random

graphs can be further constrained to have approximately same values for

user-defined graph statistics. The solution is based on the Metropolis-

Hastings algorithm to maintain the statistics. The proposed graph ran-

domization framework was used in experiments involving graph cluster-

ing and frequent subgraph mining.
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4. Iterative data mining application

Iterative data mining is the process of repeatedly carrying out statistical

significance tests on data mining results, where at each step, the test is

constrained with a part of the result previously found statistically signifi-

cant. As that, it is a good application for demonstrating the use of multiple

hypothesis testing in data mining. This chapter is based on Publication 2.

4.1 Iterative data mining (Publication 2)

Often in real data mining situations, the user applies several algorithms

on the data set at hand to obtain as much information of it as possible. The

different results express different aspects of the data, and may be based

on completely different theory. For instance, a user might first cluster

the data, then reduce its dimensionality with PCA to plot it, and finally

find all the frequent itemsets in it. While the combination of different

algorithms provide meaningful viewpoints to the data, the user may not

know if the results of different algorithms express the same phenomenon

in the data.

Data mining algorithms also often produce a large collection of patterns,

from which the user needs to decipher which of them represent true phe-

nomena and which are mere consequence of these other patterns. For

example in frequent itemset mining, a large pattern may be the effect of

a real phenomenon, while its subset becomes frequent only because its

superset is.

Iterative data mining process tackles this issue by assuming part of the

result to be known, and then finding out what is left in the data that is

not explained by what is known. The process starts from scratch, with no

result assumed, and iteratively builds up knowledge about the data, at

each step testing the results that are not explained by the already known
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knowledge.

The proposed solution is based on statistical significance testing. It is

used to assess the unexpectedness of the results at each iteration, while

constraining the test with the already known knowledge. Any pattern

that is declared statistically significant is not explained by the constraints

of the test. Conversely, if a pattern is not statistically significant, the

knowledge contained in the constraints of the significance test explain

the pattern. Therefore, at each iteration of the approach, the statistical

significance of the results is assessed and the significant results are exam-

ined. When some part of the significant results are considered understood

and chosen to be fixed, that part is added as constraints in the significance

test for the succeeding iterations. This idea has recently been extended

by Mampaey et al. [58].

As many hypotheses are considered at each step of the iterative data

mining process, the problem of multiple hypothesis testing needs to be

taken into account.

4.1.1 Iterative data mining with binary matrices

Iterative data mining can be applied, for example, in frequent itemset

mining and clustering in binary matrices. The underlying idea is that if

an itemset is statistically significant, it is not explained by the itemsets

in the constraints for randomization. Using this, the procedure is based

on incrementally adding itemsets as constraints to randomization and as-

sessing the statistical significance of the other itemsets.

First the input binary matrix is mined for frequent itemsets and their

statistical significance is assessed by randomizing the binary matrix while

maintaining the column and row margins. The randomization method is

presented in Section 3.3. The statistically significant itemsets are main-

tained for further study, and the rest are scrapped.

Then the iterative procedure starts by selecting the itemset with the

smallest adjusted p-value and including that in the constraints in ran-

domization. Randomizing binary matrices while maintaining the column

and row margins, as well as the frequency of a given set of itemsets is

presented in Section 3.5. Randomization is used to assess the statistical

significance of the remaining itemsets while maintaining the frequencies

of the itemsets in the constraints. Then, all not statistically significant

itemsets are scrapped and the procedure is iterated. This is continued,

for example, until a certain number of itemsets is selected, or no statisti-
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cally significant itemsets remain.

The itemset with the smallest adjusted p-value is considered the most

interesting in this example, and when the user has examined it and un-

derstood its implications, it is considered as understood knowledge. There-

fore, the itemset with the smallest p-value is added to the constraints at

each iteration. When the iterative procedure has ended, the itemsets in

the constraints can be considered to be the most surprising itemsets in

the data, and which express different phenomena. Experiments with this

procedure were presented, which showed that the amount of statistically

significant itemsets almost always decreases with increasing number of

constraints in randomization.

Another example scenario is to compare the results of frequent item-

sets with clustering results. The intuition is that a good clustering result

may explain the frequencies of itemsets. To this end, the statistical signif-

icance of itemsets were assessed when maintaining the row and column

margins, as well as the cluster structure of rows. Such randomization was

presented in Section 3.6. Another significance test was also carried out,

where only the row and column margins were maintained. The number

of significant itemsets in the different cases showed that maintaining the

cluster structure in randomization is very restrictive. Many of the item-

sets found significant while maintaining only column and row margins

were not found significant when also maintaining the cluster structure.

The ability of itemsets to explain the clustering result was also tested.

Itemsets, that had the largest increase in their p-values between the cases

of not maintaining cluster structure and maintaining it, were selected as

constraints. These itemsets were thought to potentially explain the clus-

tering structure, because their p-values are most affected. In the experi-

ments, it turned out that maintaining these itemsets during randomiza-

tion did not explain the clustering structure, and therefore, the clustering

structure was found statistically significant when having the itemsets as

constraints in randomization.

4.2 Experiments (Applying Publication 1 in Publication 2)

Mining frequent itemsets iteratively provides a setting that can be easily

experimented with. The iterative data mining scenario of Publication 2,

where the most significant itemsets were incrementally added to the con-

straints in randomization, is used in this section. The purpose of this
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section is to display that the method from Publication 1 can be used to

carry out iterative data mining of Publication 2.

In contrast to Publication 2, here the p-values are calculated with the

method defined in Equation (2.4) to directly obtain FWER-adjusted p-

values. Publication 2 controlled FDR using the method by Webb [104]

in combination with the method by Benjamini-Yekutieli [12]. The test

statistics are also different. The contents of this section is new and un-

published.

The used data sets are Paleo and Courses. Paleo has 124 rows and 139

columns, and 11.5% density. It contains paleontological discoveries in Eu-

rope, where each column represents a species and each row represents a

cite of excavation. A 1 in a cell signifies that the species has been found

in the excavation site. Courses has 2404 rows and 41 columns, and 32%

density. The data consists of information about students taking courses,

each row corresponding to a student and a column to a course. A 1 in a

cell signifies that the student has taken the corresponding course.

At each step of the iteration, the convergence of the Markov chain is

assessed by using the method presented in Section 3.8. The scaling pa-

rameter ω was set to 4, which causes the probability of accepting a swap

that would increase the error in constrains by one to be close to 2%, when

L1 is used to measure the difference in the properties r(D). For each

null hypothesis, 1000 samples were drawn and the data set was mined

for frequent itemsets. For Paleo and for Courses, the minimum support

thresholds were set to 7 and 400, respectively, as was done in [32]. The

test statistic of an itemset was an approximation of the lift,

f(x) = − fr(x)∏
A∈x fr(A)

,

where fr(x) ∈ [0, 1] is the fractional frequency of the itemset x, fr(x) =
freq(x)

N . It removes the effect of monotonicity of frequency and focuses on

itemsets that have an exceptional frequency with respect to their indi-

vidual items. The set of test statistic values calculated for the frequent

itemsets found from a random data set are used in the method in Equa-

tion (2.4). A total of 10 iterations were run, and at each iteration, the num-

ber of statistically significant itemsets were calculated. Only the itemsets

of size 2 or 3 were considered, and any other itemset was discarded.

Figure 4.1 depicts for both of the data sets the number of itemsets found

significant with FWER≤0.05. The number of statistically significant item-

sets rapidly decreased for both data sets when the first few new con-
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Figure 4.1. Iterative data mining results. Number of itemsets found significant with

FWER≤5% in different iterations. The iteration number on the horizontal

axis signifies the number of itemsets in constraints.

straints were added. This was an expected result. However, after two

added constraints, the number significant itemsets did not change no-

tably. Clearly, while the itemsets restricted the null distribution of data

sets, it did not affect the fraction of high lift itemsets found in random

data.

These results differ from the results in Publication 2, where the number

of significant itemsets without constraints was around 50% higher and

the general trend in the numbers is decreasing. The differences are most

likely caused by the different MHT errors to control, since FDR was con-

trolled in Publication 2, but also the different test statistics and p-value

calculations contribute in the difference. This also makes the detailed

comparison of the results unmeaningful.

As a conclusion, the presented multiple hypothesis testing method can

also be used in iterative data mining.

4.3 Summary

Iterative data mining is a concept of applied data mining, where the goal

is to find a set of results that represent approximately disjoint phenom-

ena in the original data. In other words, the results are not explained by

one other, but express some structure of the data that is not expressed

by other results. One example scenario is the mining of statistically sig-

nificant frequent itemsets iteratively. The idea in that is to assess the

statistical significance of the frequent itemsets with varying set of con-

straints for the null distribution. The set of constraints is extended at
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each iteration, building the amount of information assumed to be known

of the data and discovering what else there is in the data.

Publication 2 presented experiments with such a procedure, and showed

that the number of significant itemsets generally decreases as the num-

ber of constraints increases. Another scenario in Publication 2 involved

testing the relation of clustering and frequent itemset results. The exper-

iments in the publication showed that maintaining the cluster structure

of a matrix may have a strong effect in the statistical significance of the

itemsets. Conversely, maintaining the frequency of many itemsets did not

have as strong effect in the clustering results.

Mining frequent itemsets was experimented with new and unpublished

tests using the method presented in Chapter 2. The experiments showed

that the method can be used in such a setting and it produces meaningful

results.
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Biclustering is a general application of data mining, where groups of rows

and columns are searched that express some local structure in the input

data matrix. Biclustering is introduced and the contributions of Publica-

tions 4 and 5 are discussed here, together with some previously unpub-

lished experiments.

5.1 Introduction

Several approaches exist to discover the structure between genes, among

which are the tasks to infer the gene regulatory network [23], and to dis-

cover protein functions [90], to name only two. To this end, bicluster-

ing [19] has been proposed, where groups of genes and experiments are

sought such that the genes behave similarly across the respective experi-

ments. The underlying idea is that the data set contains substructures of

genes and experiments, while the same genes for other experiments may

or may not behave similarly. However, the biclustering can also be used in

many other settings, where an interesting local structure in a data matrix

can be expressed by a subset of rows and a subset of columns [16].

Perhaps the simplest definition of a bicluster is that the submatrix, de-

fined by a group of rows and a group of columns of a data matrix, contains

as similar values as possible. Such a bicluster is called constant. All bi-

clusters can be divided into four major classes:

1. Constant values.

2. Constant values on rows or columns.

3. Coherent values.
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Figure 5.1. Examples of different types of biclusters. (a) Constant values, (b) constant

rows, (c) constant columns, (d) additively coherent values, (e) multiplicatively

coherent values, and (f) coherent evolution on the rows. The figure and ex-

amples follow the work of Madeira and Oliveira [57].

4. Coherent evolutions.

The first three directly consider the numeric values in the data matrix,

and try to identify the respective structure. The second class requires

that the values on each row (or column) are constant, but values between

rows (or columns) may be different. The third class requires that all of

the values are similar under either additive or multiplicative model. The

values within such a bicluster are explained by a row and a column vector,

which are either added or multiplied element-wise to create the bicluster.

The fourth class does not consider the numeric values as is, but views

them as symbols. An example of this is to find biclusters, where the order

of elements on rows are the same for all rows, as in Figure 5.1(f). Other

examples of bicluster structures are shown in Figure 5.1.

In addition to the definition of a bicluster, one also needs to know how

biclusters can be located in the matrix with respect to each other. One

definition is to partition the rows to groups and the columns to groups, ef-

fectively creating biclusters between all pairs of row and column groups.

Such orientation is called a checkerboard. Other definitions include, for

example, exclusive rows, non-overlapping nonexclusive biclusters, and ar-

bitrarily positioned, etc. Figure 5.2 lists all of the possible positions and

structures for biclusters.

A comprehensive review of biclustering is available in [57]. Since then,

new biclustering methods have been proposed [44, 87, 92, 108, 113].
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(a) (b) (c) (d) (e)

(f) (g) (h) (i)

Figure 5.2. Different structures and positions of biclusters. (a) Single bicluster, (b) ex-

clusive rows and columns, (c) checkerboard, (d) exclusive rows, (e) exclusive

columns, (f) non-overlapping with tree structure, (g) non-overlapping nonex-

clusive, (h) overlapping with hierarchical structure, and (i) arbitrary. The

figure and definitions follow the work of Madeira and Oliveira [57].

5.2 Finding constant biclusters approximately (Publication 4)

Among the first approaches for biclustering was to search for constant

biclusters [42]. The algorithm works top-down, at each iteration splitting

the data appropriately to form new biclusters, until a user-given number

of biclusters have been found. Later approaches for biclustering consider

more elaborate models, but contain the constant biclusters as a special

case.

Publication 4 proposed biclustering the input matrix to constant biclus-

ters by clustering the rows and columns of the input matrix indepen-

dently. The benefit of this is that the method is very simple and one

can use the existing clustering methods, which have been studied ex-

tensively [6, 37, 79]. An approximation ratio for such an algorithm was

proven for the cases of binary and real valued input matrices.

Clustering rows and columns independently produces groupings for the

rows and the columns. This produces a checkerboard positioning of the bi-

clusters, which can be seen in Figure 5.2(c). Furthermore, constant valued

biclusters were sought, an example of which can be seen in Figure 5.1(a).

The optimization criteria for such biclustering is defined as follows. Let

D be the data matrix to bicluster, and Kr and Kc the number of row and

column clusters, respectively. The submatrix induced by the set of rows

R ⊆ [N ] and the set of columns C ⊆ [M ] is denoted by D(R,C). For a

checkerboard type biclustering, the groups of rows Ri form the set R =

{Ri}Kr

i=1, and the groups of columns Ci form the set C = {Ci}Kc

i=1. The total
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Algorithm 1 Finding constant biclusters in checkerboard structure.

Input: data set D, number of clusters Kr and Kc, clustering algorithm

Acluster

Output: R = {Ri}Kr

i=1, C = {Ci}Kc

i=1

R = Acluster(D,Kr)

C = Acluster(D
�,Kc)

error of such a biclustering is

LD =
∑
R∈R

∑
C∈C

V(D(R,C)), (5.1)

where V() is a measure containing the norm-dependent part. For L1-

norm, V(Y ) =
∑

y∈Y |y −median(Y )|, and for L2-norm, V(Y ) =
∑

y∈Y (y −
mean(Y ))2. The optimal solution to Equation (5.1) is denoted by L∗

D. The

literature knows several algorithms to cluster rows and columns simulta-

neously to minimize LD [19, 20, 42].

Equation (5.1) is optimized by finding R and C independently. Algo-

rithm 1 illustrates the biclustering method in pseudocode.

The main contribution of Publication 4 was to prove the following ap-

proximation ratios for Algorithm 1.

Theorem 8. There exists an approximation ratio of α such that LD ≤ αL∗
D,

where α = 1 +
√
2 ≈ 2.41 for L1-norm and D ∈ {0, 1}N×M , and α = 2 for

L2-norm and D ∈ R
N×M .

The approximation ratios hold if the algorithm Acluster(D,K) returns the

optimal clustering of the rows of D to K clusters, i.e., finds the optimal

minimum to Equation (5.1) with C = {[M ]} and |R| = K. If Acluster is

approximate, the approximation ratios of Theorem 8 have to be multiplied

by the approximation ratio of the used clustering algorithm. The proof of

the theorem is presented in the publication. A similar study was later

presented by Anagnostopoulos et al. [4].

5.2.1 Experiments (Applying Publication 1 in Publication 4)

The biclustering method locates a number of biclusters in the given data

matrix. If the statistical significance of the found biclusters is assessed,

multiple hypothesis testing has to be considered. The number of biclus-

ters is constant, but the biclusters are most likely different for different

data sets. Therefore, the context of biclustering is suitable for the MHT
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method presented in Equation (2.4) to be used. This section contains new

and unpublished experiments with the biclustering method and the MHT

method presented earlier.

The data sets are the same as was used in Section 4.2, Paleo and Courses.

In addition, an artificial data set of size 20× 20 is constructed by first set-

ting to ones the upper right and lower left parts of the matrix, i.e., the sub-

matrices ({1, . . . , 10}, {1, . . . , 10}) and ({11, . . . , 20}, {11, . . . , 20}), and then

introducing noise by randomly selecting 10% of the cells and flipping their

values. The artificial data therefore contains four clear biclusters with

equal size. The data set is named Artificial.

Different number of clusters Kr and Kc were used, and k-means was

used to cluster the rows and columns independently. Each bicluster was

considered as a single pattern, and the statistical significance of all the

biclusters were assessed. The test statistic of bicluster was f((R,C), D) =

|R||C| − V(D(R,C)), where V() was defined with the L1-norm. The test

statistic calculates the number of values in the majority group. This is

used because a large bicluster with a small error is chosen to be most

interesting.

Four different null distributions for data sets are used. The null distri-

butions always maintain the size and type of the data set, but may addi-

tionally have the same row or column margins as the original data. The

null distributions are named SHUFFLE, ROWSHUFFLE, COLSHUFFLE and

SWAP. The first shuffles all values within the matrix, and therefore, does

not maintain any margins. The middle two shuffle the values within each

row or column separately, respectively. The randomizations maintain the

row or column margins. The last null distribution, SWAP, was introduced

earlier in Section 3.3.

For each combination of original data set, null distribution of data sets

and number of row and column clusters, 100 random data sets are pro-

duced from the null distribution. Each of the random data sets is biclus-

tered and the test statistic values for each bicluster are calculated. The

obtained test statistics are used in Equation (2.4).

Table 5.1 illustrates the number of biclusters found statistically signifi-

cant with FWER≤0.05. There were four statistically significant biclusters

in Artificial for all randomizations. This is expected, since the data was

constructed to have four biclusters. Notice that the number of biclusters

searched is more than the number biclusters found significant. The two

biclusters in the original data that were not statistically significant were
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Artificial Paleo Courses

2× 3 3× 3 3× 3

SHUFFLE 4 0 0

ROWSHUFFLE 4 0 0

COLSHUFFLE 4 0 0

SWAP 4 0 0

Table 5.1. Number of statistically significant clusters with FWER≤ 0.05 for different

data sets and randomization methods. The numbers under the data set names

signify the number of clusters Kr ×Kc.

very small and contained mostly noise.

The results for Paleo and Courses are not as interesting. None of the

biclusters were statistically significant in any of the randomizations with

any number of clusters. Equally good biclusters could be found in random

data than could be found in the original data sets. Apparently the data

sets do not have clear biclustering structures that could be defined by

partitioning rows and columns.

5.3 Finding coherent biclusters with minimum description length

(Publication 5)

The previously used bicluster definition is adequate if constant biclusters

are sought and it is reasonable to obtain a global clustering. However,

the data may sometimes contain only local structures and not a global

one. Then it is better to find arbitrarily positioned biclusters, that only

express structure in a local environment. Furthermore, as the bicluster

structure expresses the relation between the rows and columns of the bi-

cluster, more elaborate structures may be sought than simple constant

values within the bicluster. Publication 5 considered finding arbitrarily

positioned biclusters, seen in Figure 5.2(i), that describe the local linear

structure, seen in Figure 5.1(e). The biclusters are searched using the

Minimum Description Length (MDL) principle [35, 83, 84, 85].

5.3.1 Minimum description length

MDL is used to find the best model among a family of models to describe

the data. It is based on Kolmogorov complexity: complex data requires

a long description and simple data requires only a short description. For

example, consider the following binary sequences:
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Figure 5.3. Complete model of a single bicluster for the data matrix. Areas A and B are

modeled as background, and separately from the bicluster C. The bicluster is

considered to comprise of vectors {xi}
n

i=1. The rows and columns are sorted

for clarity.

110111011101110111011101

101011100101010111011011

The first can be described with the sentence “1101 6 times”, which re-

quires 14 characters. As for the second, there is no obvious simple descrip-

tion of it except to write the sequence as is, which requires 24 characters.

The first sequence has clear structure and can be described easily, while

the latter has no obvious structure and is lengthy to describe.

However, only the length of the description is of interest, and not the

description itself. The idea is to calculate the number of bits required to

describe the data with a selected model, plus the number of bits required

to describe the model, which is the description length of the data using

the model. If the description length using a certain model is small, then

that model describes the structure in the data well. Conversely, if the

description length is large, the model is a poor model for the structure of

the data. The model that minimizes the description length is considered

the best model.

5.3.2 Bicluster model

The bicluster model is used to calculate how well a single bicluster de-

scribes the structure of a local neighborhood in the data matrix. The

complete model for a single bicluster is defined in two parts: a model

to describe the data in the bicluster and a model to describe the rest of

the data. An overview of the complete model is illustrated in Figure 5.3,

where area C is the data within the bicluster and areas A and B cover the

rest of the data. Each part of the data matrix is modeled such that the

rows are independent samples from some distribution.
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Figure 5.4. Example bicluster structure. Left, each line represents the values of a single

row over the columns of the bicluster. Top-right, strongest linear component

separated from the rows. Bottom-right, what is left after the strongest linear

component is removed from the rows, i.e., the residuals.

The complete model is such that a larger bicluster fits the data better,

and, therefore, the model for a larger bicluster is more complex. How-

ever, MDL takes this into account and penalizes complexity, since a more

complex model has more model parameters that also need to be encoded.

In the end, the description length of the complete model is used to calcu-

late a goodness of fit for a single bicluster, that requires no user-specified

parameter values.

The bicluster model for the rows in the area C in Figure 5.3 is as fol-

lows. Each row vector of the bicluster is normalized to unit length and

modeled with the strongest linear component among the unit row vectors,

and with a residual vector, that captures the deviance of a row vector from

the strongest linear component. Let the normalized rows of a bicluster be

a set of vectors {xi}ni=1. The strongest linear component of a set of vec-

tors is the eigenvector v1 of the covariance matrix Σ =
∑n

i=1 xix
�
i that

has the largest eigenvalue λ1. Using this, each vector is modeled with

xi = αiv1 + ri, where αi is a multiplier used to scale v1, and ri is the resid-

ual. Figure 5.4 illustrates this model and its different parts.

The rest of the data was modeled such that the matrix values do not

influence the search for biclusters, but only the goodness of the bicluster.

Likelihood was defined for these models and, in accordance with the MDL

methodology, the likelihood was normalized over all data matrices of the

same size. The normalization could not be carried out analytically, and

thus, it was approximated with sampling. The exact formula for the de-

scription length is not presented here, since it is complex and is derived

in Publication 5.

5.3.3 Biclustering algorithm

The actual biclustering algorithm, called BiMDL, first locates a set of bi-

cluster seeds, and then, for each seed, uses the description length to ex-
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tend the seed by alternating between selecting rows and columns of the

bicluster.

A single seed is a small bicluster that expresses a potentially interesting

region in the data matrix. The seeds are generated by first discretizing

the data matrix by setting to 1’s all the cells that have an absolute value

above a user-specified threshold. Then, all distinct triplets of columns are

iterated, and, for each triplet, a seed is generated if sufficiently many rows

have 1’s on all of the columns of the triplet. The threshold for sufficiently

many rows to generate a seed is defined by the user. The generated seeds

represent regions of extremely deviant expression levels, and therefore,

are thought to express interesting regions in the data matrix. Other seed-

ing methods are possible; for example, the biclusters of another method

can be used as seeds for BiMDL, or random 3 by 3 seeds could be used.

Each seed is extended by alternating between fixing the set of columns

and selecting the set of rows, and fixing the set of rows and selecting the

set of columns. To select rows, only the submatrix of the original matrix

that is covered by the fixed set of columns is considered. The row vectors

are normalized to unit length and sorted according to their concordance

to the other row vectors. Then the three best rows are set as the bicluster

rows and its description length is calculated. Rows are then added to the

bicluster one by one according to the order and the description length is

calculated for each set of rows. Finally, the set of rows that had the small-

est description length is selected as the new set of bicluster rows. This

procedure is the same when fixing the set of rows and selecting the set

of columns. However, the data matrix is transposed so that columns are

handled equally to rows. Alternating between selecting rows and columns

is continued until neither rows nor columns change, or the algorithm has

trapped into an infinite loop.

All the bicluster seeds are extended this way to produce a set of final bi-

clusters that express some local structure in the input data matrix. How-

ever, the seed generation system can create more seeds than there are

actual biclusters in the matrix, and hence, the extended biclusters may

be overlapping or even exactly the same. Overlap between biclusters is

removed by finding the pair of biclusters that have the largest Jaccard’s

index, and removing the bicluster with the larger description length. This

procedure is continued until no bicluster pair has a larger Jaccard’s index

than a user-specified threshold. In the end, the user is presented with a

set of biclusters that are guaranteed to have at most an allowed amount
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of overlap.

5.3.4 Statistical significance using Publication 1

Experiments were carried out in Publication 5 that utilize the method in

Publication 1. Testing the statistical significance of biclustering results

has been largely ignored and is thus new to the context. Furthermore, in

contrast to finding a constant number of biclusters, this time the number

of found biclusters is not known before the biclustering is carried out. It

was shown in the publication that the multiple hypothesis testing method

could be used in this context. This resulted in 6 statistically significant

biclusters out of 12 biclusters for BiMDL when bicluster seeds were found

as described above. When seeds were generated randomly, 51 out of 58 bi-

clusters were found statistically significant. The acceptable level of FWER

was 0.05. As a conclusion, the MHT method was able to distinguish the

statistically significant biclusters among the found biclusters, and thus,

provided meaningful results.

5.4 Summary

Biclustering is a method for locating areas of local structure in a data

matrix. A single bicluster is defined as a set of rows and columns of the

data matrix, and the cells within the bicluster behave somehow similarly.

Similarity can be defined in a variety of ways, for example, as constant

values or coherent evolution on columns. Biclusters can also be located

in different ways with respect to each other. For example, biclusters can

form a checkerboard structure, or can be arbitrarily located in the data

matrix.

Obtaining a biclustering involves considering simultaneously the rows

and columns of the data matrix. However, a biclustering can also be ob-

tained by separately clustering the rows and the columns of the data ma-

trix. Publication 4 provided an approximation ratio for such a biclustering

algorithm.

However, more elaborate algorithms are needed when the structure of

a bicluster is complex or the biclusters are not mutually exclusive and

do not have to cover the whole data matrix. Publication 5 proposed an

algorithm to locate biclusters that describe local structures in the data

matrix. The algorithm utilized the Minimum Description Length (MDL)
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principle, with which the model for a bicluster could be defined parameter-

free.

Assessing the statistical significance of all the found biclusters falls un-

der the multiple hypothesis testing scenario. The method in Publication 1

can be used to assess the statistical significance of the biclusters found

with the methods of Publications 4 and 5.
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6. Discussion

This work introduced multiple hypothesis testing in data mining with

specific applications to iterative data mining and biclustering. The ap-

plications were also introduced and discussed, and the presented MHT

method was used in the contexts of these applications. The MHT method

and applications are discussed next in general with possible future work.

6.1 Multiple hypothesis testing

Multiple hypothesis testing in data mining is an important question. If

statistical significance tests are not controlled for multiple comparisons,

the user may make false judgments about the validity of the results and

commit vast amounts of time and money to seemingly interesting results.

Only by careful consideration and treatment, can the data mining results

be tested for statistical significance and be trusted to represent excep-

tional phenomena in the data.

A method to solve the problem was reviewed and experimented with.

The method provides provable strong control over FWER in very general

scenarios, which is its main benefit. Another favorable aspect is the very

simple calculation of the p-values. This is important in randomization,

where the computational cost is large due to the large number of sam-

ples required. Thus minimizing the complexity of any part of the process

will reduce the overall cost. The experiments carried out on the method

provide evidence of its utility and power.

The presented method adds slight complexity to the selection of a test

statistic. As always in statistical significance testing, selecting an appro-

priate test statistic has to be done very carefully so that the statistical test

is able to answer the correct question. However, when using the presented

method, it should also be considered that the p-values are calculated by
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comparing the test statistics of all the patterns. If, for example, one would

like to use frequency as a test statistic in frequent itemset mining, the

comparison may not be reasonable. The frequency of a large itemset is al-

ways at most the smallest frequency among all of its subsets. Therefore,

larger itemsets tend to have smaller frequencies. If frequency is used as

a test statistic, smaller itemsets are favored because the test statistics of

different patterns are compared. However, this may not be a problem if

a better score of the optimized function is always more interesting, which

is common in data mining scenarios. Such is the case in the presented bi-

clustering application, BiMDL. Furthermore, some measures to translate

the test statistics to better comparable ones, as done in the presented pub-

lications, may be necessary. Specifically, the user may choose to use the

marginal probabilities as test statistics, and by that, translate the distri-

butions of the test statistic of all the patterns to the uniform distribution

between [0, 1].

A limitation of the presented method is that it controls the strict mea-

sure of FWER, while as other errors, such as FDR, may be more intu-

itive choices in some cases. It may be possible to provide similarly simple

method to control FDR. One possibility could be to consider extending

some of the existing work of resampling-based control of FDR [56, 109] to

data mining scenarios and proving their validity.

Comparing test statistics between all patterns is also a good candidate

for future work. It may not always be reasonable to compare all patterns

to all other patterns, but to somehow restrict the comparison meaning-

fully. One approach could be to divide all the patterns to different groups,

where all patterns within a group are known to have similar test statistic

values in random data. In the frequent itemset mining scenario, one could

consider grouping all itemsets of same size to one group and compare only

the test statistics of equal sized itemsets. While maybe not the optimal

solution, this approach could provide direction for future study.

6.2 Randomization

Randomization is a very general method to carry out statistical signifi-

cance testing. It may be much easier to define a reasonable randomization

process for the input data than to define the distribution for a test statis-

tic under the null hypothesis. Furthermore, in many data mining sce-

narios, assumptions are much easier to make about the data generation
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process than about some measures of the patterns produced by complex

data mining methods. However, randomization has its drawbacks. An-

alytical distributions for test statistics often admit very fast calculations

with arbitrary precision. Conversely, randomization methods require vast

computations that limit the size of the problem that can be considered.

Furthermore, to increase the precision of empirical p-values, the number

of randomized data sets has to be increased. This in turn requires more

computations, and therefore, takes more time to carry out the testing.

When the number of random data sets increases to thousands, even to

tens of thousands, the implementation has to be optimized for the ran-

domization and the data mining algorithm. Even small improvements

often accumulate to a significant amount of time saved in computations.

Another yet generally unsolved problem with randomization is the con-

vergence of the Markov chain. A method was presented to approximately

measure convergence. However, the determined number of steps for the

Markov chain may still be far too little for the chain to converge. If the

chain has not converged, the random data set is not a sample from the

null distribution of data sets, but is likely to resemble the original data

set more than is wanted. Therefore, the actual null distribution may be

different from the desired null distribution. This affects the conclusions

of the statistical significance test, since the null hypothesis is different

from what is wanted. Therefore, the user needs to be careful about con-

vergence, so that the conclusions from the statistical significance test are

correct.

Future work on randomization could include new and meaningful ways

to randomize other types of data. For example, Ojala et al. [76] show some

properties of the problem of randomizing relational databases that con-

sists of multiple tables. The tables are connected, or joined, by a query,

and the goal is to assess the significance of the query result. Their ap-

proach is to randomize the connections between tables, or to randomize

individual tables. The problem is more complex than randomizing a sin-

gle matrix, since one has the possibility, and burden, of choosing which

connections or tables to randomize, when a query involves multiple ta-

bles. Therefore, the randomization problem is yet unsolved in general.
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6.3 Iterative data mining

Iterative data mining was introduced in Publication 2 and the idea is to

use statistical significance testing to find a set of results that represent

approximately disjoint phenomena in the data set. The problem is very

meaningful, since often a data mining algorithm returns a collection of

patterns; too many for the user to analyze by hand. A collection of studies

have been published, where the aim is to choose the results that are inter-

esting to the user. For example, in frequent itemset mining, instead of re-

turning all the itemsets that have a frequency above some threshold, the

user could be presented with closed or maximal frequent itemsets [34, 78].

Both of these sets are a summary of all the frequent itemsets in the data,

and therefore, the number of closed or maximal frequent itemsets is much

smaller than the number of all the frequent itemsets. However, the meth-

ods that choose interesting patterns among a collection of patterns are

often problem specific and can not be applied in other scenarios. The it-

erative data mining setting can be used in a variety of settings, where a

part of the result can be fixed in the statistical significance testing.

A drawback of the method is that the selection of patterns to the con-

straints is yet quite arbitrary. Selecting the pattern with the smallest

adjusted p-value may be reasonable. However, it is possible that there are

many patterns that have the same adjusted p-value, and then it is not

straightforward which of these is selected. Should all of them be selected?

Future work on this problem could include finding new ways of select-

ing patterns as constraints in the iterative data mining process. A related

study, while for different approach, has been published as a technical re-

port [53]. The idea in the report is, instead of iterative data mining, to

select the subset of patterns that, when used as constraints in statistical

significance testing, will cause no pattern to be statistically significant.

This subset of patterns is then considered to be a set of patterns that com-

pletely explain the result. While the approach is very different from the

iterative data mining, they have similarities and thus the iterative data

mining approach was compared to in the report.

Another problem to be considered in the future is that if a pattern is

fixed and its statistical significance is tested with different null hypothe-

ses, does one have to correct for multiple hypotheses? The p-values for

both null hypotheses are completely dependent, and therefore, the degree

of freedom is 1. However, the p-values may still be different. This needs
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careful study.

6.4 Biclustering

Two biclustering algorithms were considered in this thesis. The first al-

gorithm was to cluster the rows and columns of the data matrix inde-

pendently. The algorithm was proven an approximation ratio for binary

and real valued matrices, which needs to be multiplied by the approxi-

mation ratio of the clustering algorithm if it is approximate. This simple

approach provides a very quick and easy way of obtaining a biclustering

result, when constant biclusters are sought. The approximation ratio also

suggests that a complex algorithm may not be required as such a simple

approach is guaranteed to produce reasonable results.

The second biclustering algorithm, BiMDL, was constructed together

with biologists to mine their gene expression data. The models of existing

algorithms did not suit their purposes, and therefore, a new biclustering

algorithm was constructed. The main benefit of the new algorithm is the

lack of parameters for the model. When extending the bicluster seeds,

MDL makes it possible to have no parameters in that step. Only the seed

generation and merging steps have parameters. And if the seeding is re-

placed with randomizing seeds, the number of parameters is reduced to 2:

the number of random seeds and maximum amount of overlap. Further-

more, these parameters are very easy to understand.

The normalization in the description length of a BiMDL bicluster could

not be calculated analytically. It is likely that no analytical solution exists,

as it involves the distribution of the largest eigenvalue under the solution

to the row selection in Section 5.3.3. Therefore, approximation might be

the only possibility. The current solution relies on sampling for each pos-

sible size of bicluster and height of data matrix, which limits the size of

the problem. One possible solution to this is to calculate the normaliza-

tion for a large number of different matrix and bicluster sizes, study the

values carefully and fit some well designed function to it. This way the

normalization could be approximated directly and no further sampling

would be needed.

Another future work on the BiMDL method could include improving the

seed generation algorithm. Now it is possible that a good bicluster with

not so high expression values is missed because a seed is not generated

that would be extended to that bicluster. Some experiments have been
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done on adaptive seeding, where at first a new matrix is generated that

has the absolute values of the original matrix. A seed is generated by

finding the 3 by 3 bicluster in that matrix with the highest sum of values

within the seed. This seed is extended and the cells covered by the result-

ing bicluster is set to 0. Then, a new seed is found the same way and the

procedure is continued. The iteration is stopped when no 3 by 3 seed is

found that does not have any 0’s in it. This way most of the data matrix is

searched for biclusters. However, it is left as future work to consider this

method further.

6.5 Future perspectives

Most of the current data mining methods operate only on homogeneous

types of data sets, such as matrices, graphs, or time series, and even re-

quire homogeneous data within a data set. However, homogeneous data

offers only a single viewpoint to the underlying processes or phenomena,

and is therefore quite restrictive. Combining different types of data and

using them together increases the amount of information and is likely to

reveal some of the underlying processes and phenomena that would not be

discovered by using homogeneous data alone. As an example, highly het-

erogeneous data have been used to discover modularity and organization

in gene interaction networks [96, 98]. However, the use of heterogeneous

data is negligible in comparison to the use of homogeneous data. Future

data mining methods are likely to focus on utilizing heterogeneous data.

A related theme is the combination of the results of different data min-

ing methods. This problem was discussed in Publication 2. This problem

is similar to using heterogeneous data. Only now the results are hetero-

geneous. It would be interesting to further study the similarities between

completely different approaches to data mining, and the relation between

their results. For example, how is the binary PCA projection of a data set

related to frequent itemsets? And in general, could the results of com-

pletely different data mining methods be combined to better capture all

the interesting phenomena and structure in the data? Some work has

been done on binary matrices [97], but the problem is still unsolved in

general.
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Data mining is the process of discovering 
structures and regularities in data. It has 
become increasingly important with the vast 
amounts of data that is gathered. However, 
without proper assessment for significance, 
the found patterns can be spurious and 
artifacts of mere chance. This thesis 
discusses the aspects of statistical 
significance testing in data mining by using 
randomization to create meaningful 
statistical tests. The focus is on the problem 
of multiple hypothesis testing, which is 
inherent to data mining where several 
patterns are tested simultaneously. A 
method to solve the problem is presented, 
which is very general and can be applied in 
various scenarios. Randomization methods 
are then presented, that can be used with the 
multiple hypothesis testing method. The 
utility and ease of use of the presented 
methods are displayed through practical 
applications. 
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