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Preface

Ultimately, I ended up studying condensed-matter theory at Aalto University
largely by coincidence. In the spring of 2013, as I was looking for research
assistant positions for the summer, I happened to read a popular science article
written by my (then future) advisor, as part of a language course’s reading
requirements. It seemed interesting, so I applied, I got the job, and five years
later, I’m sitting here writing this preface to my dissertation. So it goes.

This thesis is a compilation of my research work performed during my time
at what was, when I started, known as the O.V. Lounasmaa Laboratory in
Otaniemi. Somewhat more abstractly, it also represents a major stepping block
in my development as a scientist, and the end of my formal education, although,
of course, that is more a consequence of how universities are set up, and I hope
does not mean I have to stop learning. Along the way, I have been aided by a
great number of people, without whom this thesis would certainly not have been
completed; as such, it is prudent to acknowledge at least some of them for their
help.

First and foremost, I wish to thank my thesis advisor, Dr. Teemu Ojanen, who
introduced me to the field of condensed-matter physics, and whose mentoring
has been critical at every stage of my development as a researcher. Without his
guidance, and the brief popular science article he wrote years ago, this thesis
would not have been completed. I would also like to thank my supervisor, Prof.
Christian Flindt, who was always there to answer questions and in general
made everything run smoothly.

The other members of the research group, of course, had a major role in
every part of my doctoral studies, both as co-authors and in providing a useful
distraction whenever research decided to stall. I wish to thank my colleague,
homework-solving team mate, and frequent co-author Alex Westström, who
through some implausible chain of events has happened to continuously be
present through both my studies and my work as a researcher. My thanks also
go to Dr. Joel Röntynen, for helpful discussions and support, and likewise to Isac
Sahlberg, who quickly found his place in the group after we managed to steal
him from the University of Helsinki.

I am grateful to Prof. Alexander Balatsky for the chance to make a research
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visit to Nordita, and to Dr. Sergey Pershoguba for many useful conversations
during the visit.

I must also thank my pre-examiners, Prof. Jian Li and Dr. Timo Hyart, for
providing useful feedback on my thesis and thus helping me improve its quality.

I also wish to acknowledge both the Finnish Cultural Foundation and the
Swedish Cultural Foundation in Finland for support through funding my studies.

There have been several people who, while not directly related to my research,
have nonetheless served to nudge me along this path, by spurring me academ-
ically or by helping me brainstorm along the way. I decided to study science
very late, and, I believe, largely because of the friendly competitive spirit en-
couraged by my friends in upper secondary, particularly Axi Holmström and
Henri Puttonen, who never let me slack off too much lest I fall behind. During
my first few years of university studies, interaction with the ambitious members
of the Researcher Education Program at the University of Helsinki served to set
the bar high and encourage interaction with the world of research. I was also
greatly helped by some fellow students with whom I occasionally cooperated to
tackle homework problems, notably Alex, but also Jia Qian Woo.

I would also like to thank the teachers I’ve had along the way, for doing their
best to encourage learning. In particular, I’d like to thank my high school
chemistry teacher Hannele Hagström for convincing me to do my homework, a
skill without which the first year of physics studies would probably have proved
insurmountable.

Finally, there are many of you who did not primarily engage with me academi-
cally, but who nevertheless were at least as invaluable in getting me to where
I am now. I owe a lot to my family, both my parents, Anja and Veikko, who
probably cemented my inclination towards the academic at an early phase, and
to my sister, Johanna. I am incredibly grateful to all of my friends for making
all these years more tolerable, and quite probably for making me more tolerable
as well. In a myriad subtle ways you helped more than any teacher or textbook.
In particular, I wish to thank Anni Lappalainen for her love and support, and
for always believing in me even when I did not.

Helsinki, September 5, 2018,

Kim Pöyhönen
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1. Topology in Condensed Matter

1.1 Introduction

The paradigm of phases in condensed-matter physics for much of its existence
as a field has been Landau’s theory of symmetry breaking [1]. In Landau theory,
phase transitions occur by a system spontaneously settling in a parameter
configuration that breaks some of the symmetries obeyed by the free energy of
the system; for instance, in a ferromagnetic material, the magnetic moments
of its constituent atoms tend to align in some direction, breaking the overall
rotational symmetry of the Hamiltonian. The breaking of symmetry in this
paradigm is related to a local order parameter, which is zero above some critical
temperature, and then takes a nonzero value as the symmetry is broken. This
approach has in general been extremely successful in explaining the character
of phase transitions, from magnetism to superconductivity.

Around 1980, this view of phase transitions was challenged by the discovery
of the integer quantum Hall effect (IQHE) [2, 3]. The transition to a quantum
Hall phase, including a sudden quantisation of the Hall conductance, displays
all other signs of a phase transition, yet does not arise as a result of broken
symmetries. An alternative explanation soon emerged [4, 5]: rather than being
purely local, the effect has a natural explanation if one considers the overall
topology of the system.

Topology is, in essence, the mathematical theory of spaces and continuous
functions. The topology of a space is defined as a collection of all of the open sets
in the space (or, usually, an open set is defined as en element of the topology of
its space); a continuous function is defined as a mapping for which the inverse
image of any open set is an open set. Two different spaces are then topologically
equivalent if one can define a continuous bijection between the spaces. The
aspect of topology that is of particular interest for the research presented here is
the concept of topological invariants – aspects of spaces that remain unchanged
by any continuous deformation of the space.

The canonical example of a topological invariant is the Euler characteristic,
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Topology in Condensed Matter

which was originally defined for polyhedra, but in general describes the shapes
of surfaces. In simple terms, it is obtained from the number of holes in the body
in question, such that the Euler characteristic of a torus (which has one hole)
is different from that of a sphere (which does not have holes). This leads to the
standard joke that a topologist cannot tell a donut from a coffee cup.

More generally, the spaces do not necessarily have to be interpreted as physical
coordinates, and the invariants can be more abstract. In condensed matter, these
range from the skyrmion charge, which directly concerns the shape of a magnetic
field [6, 7], to the above-mentioned quantum Hall conductance.

In the case of the IQHE, in particular, Thouless, Kohmoto, Nightingale and den
Nijs showed [5, 8] in 1982 that a topological invariant, soon denoted the TKNN
invariant, could be used to characterise the features of the system. Surprisingly,
the relatively abstract notion of topology as applied to a mapping T2 → S2 from
the first Brillouin zone to the unit sphere with coordinates defined by Pauli
matrix prefactors could have real, observable consequences – often rather exotic
ones, such as the quantised conductance, as well as gapless edge modes found in
the otherwise insulating IQHE system [9].

The discovery of the IQHE opened the doors to an array of early research in
topological condensed-matter theory. Only a few years after the discovery of
the IQHE, it was observed that some kinds of systems could instead feature a
conductance quantised to fractions of integers. The fractional quantum Hall
effect (FQHE), experimentally discovered by Tsui, Störmer and Gossard in
1982 [10], features a host of interesting properties that showcase how topology
can entirely change the paradigm introduced by Landau. Laughlin [11] first
explained the FQHE as a consequence of the presence of quasiparticles with a
fractional charge e∗ = νe0 = e0/n in terms of the elementary charge e0 and an
integer n; soon, these quasiparticles were shown [12] to be anyons, particles not
following either of Fermi-Dirac and Bose-Einstein statistics. Later discoveries
would show that the FQHE can support more general fractions than just ν= 1/n,
with some of the fractions being hypothesised to support quasiparticles whose
statistics are best described by a non-Abelian view, i.e., their exchanges do not
commute. The FQHE in general can be described by a non-local order parameter
– in contrast to the local parameter of Ginzburg-Landau theory – as a result of
the state inherently being a consequence of long-range entanglement between
the electrons in the system. This has sometimes been denoted topological order
[13] as a contrast to the symmetry-breaking order described by a local parameter.

These discoveries sparked renewed interest in condensed matter physics,
leading to a period of increased research in related concepts. The IQHE and
FQHE both attracted significant attention, including two Nobel prizes: the
1985 prize was awarded to von Klitzing for his discovery of the IQHE, and the
1998 prize was shared between Laughlin, Störmer and Tsui for the FQHE. In
addition, in particular in the Soviet Union, early research introduced many of
the concepts that would later prove to be crucial to topological material. For
instance, Volkov and Pankratov predicted that, in some cases, band inversions
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could lead to gapless, massless Dirac fermions [14, 15], mirroring later results
for topological insulators.1 Similarly, significant progress was made in studying
the topological properties of 3He – see e.g. Volovik [17] – predating many of the
concepts that are now core to the mainstream of the field. However, as far as
solid-state systems go, after the initial excitement, research in condensed-matter
topology quieted down for nearly two decades, remaining a fairly niche field
despite the promising results being produced.

Around the turn of the millennium, the behaviour of gapped edge modes
started attracting interest for different reasons, namely from researchers in
quantum computing. For some time, it had been known that vortices on chiral
superconductors support bound states [18, 19, 20]. However, in 2000, Read and
Green showed that they could be described by zero-energy Majorana states [21],
which was followed up by a paper by Ivanov [22] showing that in condensed mat-
ter, these vortex-bound Majorana modes follow anyonic rather than Fermi-Dirac
statistics, specifically being Ising anyons similar to those that had previously
been predicted for vortices in the FQHE [23]. Conveniently, these results came
only a few years after Kitaev had proposed a quantum computing scheme based
on anyonic systems [24]. These aspects came together in Kitaev proposing the
p-wave wire, where edge modes appear at the ends of a one-dimensional chain
[25]. At this point, it was already understood that the unusual properties of
the systems were explicitly topological in nature [19]; however, initially the
discussion of these topological superconductors was largely disconnected from
the research on the IQHE, coming mostly from the point of view of quantum
computing.

Another paradigm shift would come a few years later. In 2004, Kane and
Mele theoretically predicted [26, 27], followed soon after by an independent
proposal by Bernevig and Zhang [28], the existence of a quantum spin Hall effect
(QSHE), based on previous papers suggesting that spin-orbit coupling could lead
to preserved spin currents [29]. The QSHE is different from the previous Hall
effects in that it requires preserved rather than broken time reversal symmetry.
Moreover, it was shown that unlike the multiple phases of IQHE and FQHE, the
QSHE only has one topologically nontrivial phase as a result of the symmetries
of the system. Kane and Mele further suggested graphene as a candidate
material for an experimental discovery of the effect. While graphene proved to
be an unlikely candidate as a result of its low spin-orbit coupling, soon after,
Bernevig, Hughes and Zhang [30] proposed that the effect could instead be
realised in mercury telluride quantum wells. Directly afterwards, their proposal
was utilised in an experiment by König et al. [31], who found evidence of the
QSHE in HgCdTe quantum wells. Yet again, a topological material had been
discovered, but this time, the theoretical prediction preceded the experimental

1 Later, SnTe, one of their proposed materials, was discovered to be a crystalline topo-
logical insulator [16], meaning that the edge modes are protected by mirror symmetry;
Volkov and Pankratov may as such be viewed as early pioneers in crystalline topological
materials, although the requisite theory had at the time not yet been developed.
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discovery.
Around the same time, several theoretical groups pointed out that the QSHE

could be naturally extended to a three-dimensional topological system [32, 33,
34]. The papers related the proposed, three-dimensional topological insulator
to the newly-discovered QSHE, and showed how the same topological concepts
occurred in both systems; in particular, Fu, Kane and Mele [34] also showed how
the topological invariants of the three-dimensional system would correspond to
robust states at the edges. Fu and Kane followed this up with a second paper [35]
predicting that a number of materials, notably Bi1−xSbx, are topological insula-
tors; one year later, Hsieh et al. [36] confirmed this prediction experimentally,
marking the first discovery of a topological insulator in three dimensions. The
next few years saw an escalating number of theoretical and experimental papers
proposing and discovering new topological insulators [37, 38, 39], firmly estab-
lishing topological materials as an important growing field in condensed-matter
physics.

This new body of research led to the development of a field known as topological
band theory, which essentially takes the well-known band theory of solids and
applies topological concepts to extract new physics. Materials of this type do
not actually have topological order in the sense defined for the FQHE, as they
do not necessarily rely on long-range entanglement and can in fact largely be
understood from the point of view of single-particle physics. However, the new
phases still do not adhere to the Landau theory of symmetry breaking; among
other things, one must generally consider which symmetries are preserved by the
system, rather than just which ones are broken. With the benefit of hindsight,
previous discoveries such as the IQHE and Kitaev’s p-wave superconductor
fall under the umbrella of the new theory; for instance, the TKNN invariant is
interpreted as a Chern number of two-dimensional systems. The IQHE and the
QSHE are both examples of topological insulators, while the superconductors
with non-Abelian quasiparticles are known as topological superconductors.

In contemporary research, topological matter has taken center stage. One
of the main reasons is that while "traditional" quantum effects are often very
sensitive to perturbations, topological effects depend on global system properties,
and could hence be expected to provide solutions to problems such as quantum
decoherence. The robustness has already famously been put to use by appli-
cations of the integer quantum Hall effect [40], in which the quantisation of
the Hall conductance is so exact, even in the presence of disorder and imperfec-
tions, that it is now the most exact way known of determining the fine structure
constant [41, 42]. The potential for quantum systems resistant to decoherence
and perturbations have inspired researchers to envision a host of applications,
such as energy-saving technologies or, most prominently, potential use in novel
approaches to quantum computation. This latter field, in particular, is hampered
by the fact that most quantum states are very short-lived due to decoherence
effects and hence can only support a very limited number of operations before
the states need to be reinitialised, and topological phases of matter have been
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espoused as a possible solution to this problem.
While the field of topological condensed-matter theory is diverse, in this dis-

sertation, we will chiefly limit the scope to the subfield of topological supercon-
ductors and the properties thereof, which are the focus point of the original
research content. The structure of this overview is as follows. In this chapter,
we will discuss topology in condensed matter in general, beginning with an
overview of symmetry classification of materials and then moving on to consider
topological invariants. In Chapter 2, we introduce the concept of anyonic phases
in condensed matter, first as a general outline and then focusing on Majorana
fermions, which are of particular relevance to the research presented in this
thesis. The main topic of this dissertation is elucidated on in Chapter 3, where
the focus is on topological superconductors as a subset of topological materials,
and we show how the concepts of previous chapters are used together to examine
the properties of such materials. Finally, in Chapter 4, we present a summary of
the research contained in this dissertation.

1.2 Symmetry-protected Topological Matter

The field of topology in condensed matter is vast and, to a large extent, divided
into subfields that rarely overlap. In broad terms, however, gapped topological
phases can be divided into two major categories. Some interacting systems fea-
ture intrinsic topological order due to strong long-range entanglement, resulting
in very robust topological effects as seen in e.g. the FQHE. Another type of
topology, sometimes known as symmetry-protected topological (SPT) order [43],
can be present even in weakly interacting or even noninteracting systems, and
can in the latter case to a large extent be described through topological band
theory, which is essentially the band theory of solids with added topological
flavour. In this thesis, we will exclusively focus on noninteracting SPT systems.

A symmetry-protected topological phase is associated with a symmetry group
corresponding to a specific set of (discrete) symmetries. The phase is only
distinct from the trivial phase as long as these symmetries are preserved. If
a perturbation to a system breaks one of the relevant symmetries, the system
can be continuously transformed into the trivial phase without undergoing a
proper phase transition. In that sense, these phases are less robust than those
featuring intrinsic topological order, which do not rely on any symmetries to
remain topologically nontrivial. Nevertheless, SPT phases are qualitatively
different from usual solid-state systems; significantly, they cannot be described
by the Landau theory of symmetry breaking, as both the trivial and nontrivial
topological phases feature the same symmetries, and the system wavefunctions
of each tend to obey the same symmetries as the overall Hamiltonian, in contrast
to the situation in symmetry breaking theory.

An important part of the work on SPT phases is enumerating and classifying
the different phases available given some general facts about the Hamiltonian.

13



Topology in Condensed Matter

Since this type of topology is directly dependent on symmetries, it is natural to
attempt a classification scheme working from the symmetries satisfied by the
Hamiltonian. In principle, this could result in an almost unlimited amount of
different classes, depending on what symmetries are of interest; for instance,
lattice symmetries can generate something known as crystalline topological
insulators. However, the most well-known approach is to use the Altland-
Zirnbauer symmetry classes, which makes use of three discrete symmetries:
time-reversal symmetry, particle-hole (charge conjugation) symmetry, and chiral
(sublattice) symmetry. Of note is that these three are all non-spatial symmetries
[44]; they act on the non-spatial subspaces of the Hamiltonian, and should as
such in principle largely be robust against spatial disorder. This scheme is
largely based on a paper by Schnyder, Ryu, Furusaki and Ludwig [45] who
extended the random matrix approach of Altland and Zirnbauer [46, 47] to all
materials for dimensions d ≤ 3. A year later, Alexey Kitaev generalised [48]
the results to materials of arbitrary dimensions, noting a periodicity of 8 in
d, which resulted in the so-called periodic table of topological insulators and
superconductors.

The effect of the three symmetries – time-reversal (TRS), particle-hole (PHS)
and chiral (CS) symmetry – can be expressed as below

TRS : T HT −1 = H T =UT K̂ T 2 =±1 (1.1)

PHS : P HP −1 =−H P =UP K̂ P 2 =±1 (1.2)

CS : C HC −1 =−H C =UC U2
C = 1 (1.3)

where K̂ is the complex conjugation operator, and U{T,P,C} are unitary matrices
of the dimension of the Hamiltonian. It is immediately clear that none of the
three are “ordinary" unitary symmetries, the effect of which would largely be
allowing the Hamiltonian to be block diagonalised; in fact, TRS and PHS both are
anti-unitary symmetries, while CS describes a unitary matrix that anticommutes
with the Hamiltonian. The three symmetries are not fully independent: a system
with both TRS and PHS must always have chiral symmetry as well, with the
chiral symmetry operator C =T P , and a system with only one of them does not
have chiral symmetry. Because the cases U2 =±1 are viewed as different, this
results in ten different symmetry classes [47], as seen in Table 1.1. It must again
be emphasised that Table 1.1 specifically covers the three symmetries mentioned.
It is also possible to construct SPT phases with some combination of the above
and other symmetries; see, for instance, topological crystalline insulators, which
in addition to the three here depend on some point group symmetries, allowing
for more phases. Compared to the three generic symmetries, however, spatial
symmetries, e.g. reflection and translation, are not very robust, being inherently
broken by the presence of disorder. For that reason, we will largely contain the
discussion in this thesis to the Altland-Zirnbauer symmetry classes.

One way of viewing different topological phases is as equivalence classes
between Hamiltonians, in the sense that two Hamiltonians are in the same
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Class TRS PHS SLS d = 1 d = 2 d = 3

A 0 0 0 - Z -

AI +1 0 0 - - -

AII –1 0 0 - Z2 Z2

AIII 0 0 1 Z - Z

BDI +1 +1 1 Z - -

CII –1 –1 1 Z - Z2

-

D 0 +1 0 Z2 Z -

C 0 –1 0 - Z -

DIII –1 +1 1 Z2 Z2 Z

CI +1 –1 1 - - Z

Table 1.1. Classification of topological insulators and superconductors in one to three dimensions.
In the symmetries column, a 0 indicates absence of the symmetry, whereas a ±1
indicates presence of a symmetry with the symmetry operator squaring to ±1. In
the dimensions column, the symbol indicates the (possible) number of topologically
distinct phases; a dash indicates a trivial system, whereas Z2 allows two different
phases and Z any integer number.

equivalence class if and only if one can be smoothly deformed into the other
without closing the bulk gap or breaking the symmetries the topology depends
on. This gives a natural interpretation of Table 1.1: the entries represent
the number of possible equivalence classes a matrix can have given that it
follows certain symmetries and describes a d-dimensional system. For example,
there is a countably infinite amount of equivalence classes of two-dimensional
Hamiltonians in symmetry class D. A Hamiltonian being in a certain symmetry
class is identified with the system being in a certain topological phase. One
of the equivalence classes in each symmetry class will be that of the vacuum,
which is then denoted the trivial phase. All other phases, or equivalence classes,
in the same symmetry class are denoted topologically nontrivial (or simply
"topological").

In general, the different equivalence classes available can be derived through
K-theory, as done by Kitaev [48], but an interesting alternative route is via
the physical properties of topological materials, namely making use of the so-
called bulk-boundary correspondence. In essence, SPT systems are inherently
"holographic": the topological properties of the bulk system are in a one-to-
one correspondence with the properties of the boundary of the system. Any
boundary between a topologically nontrivial and a topologically trivial phase is
characterised by the presence of gapless topological edge modes, which can be
taken as a defining property of nontrivial phases. Further, the boundary between
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two different nontrivial topological phases in the same symmetry class will also
feature gapless edge modes. For a system of dimension d, these edge modes
are d−1-dimensional; as such, a one-dimensional system will feature localised
bound states at the ends, while a two-dimensional system features propagating
edge modes generally described by a 1D Dirac Hamiltonian. One way of finding
the possible topological phases in a symmetry class is then through examining
the systems of dimension d−1 that support this type of edge modes, which is
the approach used in Ref. [45].

1.3 Topological invariants

As has been mentioned previously, topological phases are characterised by the
presence of some integer that remains invariant as long as the topology of the
system does not change. In this section, we will take a closer look at how these
invariants appear in condensed-matter systems, and what they tell us about the
system. As a general rule, the topological invariant in an SPT system depends
first and foremost on the properties of the occupied states of the bulk system,
and everything else follows from that; at topological phase transitions, as the
bulk gap closes, the occupied state is not unique due to ground state degeneracy,
and the topological invariant is not necessarily well-defined. Conveniently, often
a phase transition will only directly involve the valence band and the conduction
band, and as such, a two-band model will capture the details of the topology to
a good approximation; for this reason, throughout this section we will use two-
band models as our go-to systems for providing concrete examples of calculations
where convenient. The focus throughout will be on systems with dimension
d = 1,2, as those are the most relevant for the research part of this thesis.

1.3.1 Berry Phase

One of the most important concepts in topological band theory is the Berry
phase [49], which was originally developed to describe the phase picked up
by an eigenstate under adiabatic time evolution. As is known, in addition to
the typical dynamic phase factor which depends on the energy of the system,
an additional, geometric phase can be obtained depending on the details of
the system and the path in parameter space taken during the time evolution;
the important discovery by Berry was that for closed parameter paths, this
phase cannot generically be removed by a gauge transformation. The Berry
phase provides a route to understanding many of the most important topological
concepts, explaining the presence of non-Abelian statistics as well as being
useful for calculating topological invariants.

Consider a Hamiltonian H(R(t)) where R is some set of parameters that varies
smoothly as a function of t. At all points of the time evolution, the Hamiltonian
has an orthonormal basis |n,R(t)〉 so that H|n,R(t)〉 = En(R(t))|n,R(t)〉. We will
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assume that the parameters R change slowly, and that the energies En(R(t))
are nondegenerate, so that a system prepared in a set of eigenstates |n,R(t)〉
will remain in those instantaneous eigenstates during the whole process. For
any state |ψ(t)〉, we have by the Schrödinger equation

H(R(t))|ψ(t)〉 = i�∂t|ψ(t)〉. (1.4)

If we assume |ψ(t)〉 is initialised so that |ψ(0)〉 = |n,R(0)〉, and change the pa-
rameters R adiabatically, we must have |ψ(t)〉 = e−iθ(t)|n,R(t)〉. Inserting this
into the Schrödinger equation and taking the scalar product with 〈n,R(t)| yields
an equation for the phase:

θ(t)= 1
�

∫ t

0
En(R(τ))dτ− i

∫ t

0
〈n,R(τ)|∂τ|n,R(τ)〉dτ, (1.5)

or, in other words,

|ψ(t)〉 = e−
i
�

∫ t
0 En(R(τ))dτ−∫ t

0 〈n,R(τ)|∂τ|n,R(τ)〉dτ|n,R(t)〉

≡ e−
i
�

∫ t
0 En(R(τ))dτ+iγn |n,R(t)〉. (1.6)

The integral is what is conventionally known as the dynamical phase factor and
will also appear in time-independent systems. The second part constitutes the
Berry phase γn, which is defined

γn = i
∫ t

0
〈n,R(τ)|∂τ|n,R(τ)〉|n,R(t)〉dτ. (1.7)

At this point, it is possible to remove the explicit time dependence and get

γn = i
∫

C

dR · 〈n,R|∇R|n,R〉|n,R〉 ≡
∫

C

dR ·An(R), (1.8)

where C represents the path taken in R-space, and we have defined the Berry
connection

An(R)= i〈n,R|∇R|n,R〉, (1.9)

in analogy to the vector fields of electromagnetics.
One thing to note is that the Berry connection, and generically the Berry

phase, are gauge dependent. However, as mentioned, Berry discovered that
for a closed path C , the phase γn is gauge invariant, and is in fact a physical
observable [49].

Because the Berry connection is gauge dependent, it may at times be more
prudent to consider a different quantity, known as the Berry curvature tensor.
If the connection An is analogous to the vector potential of electrodynamics, the
Berry curvature

Ωn
μν ≡ ∂Rμ

An
ν −∂Rν

An
μ (1.10)

is analogous to the magnetic field, and is gauge invariant. If the parameter space
is three-dimensional, we can use the curvature to obtain a different formula for
the Berry phase:

γn =
∫

S

dS ·Ωn(R) (1.11)
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where Ω is a vector such that Ωn
μν = εμνλΩ

n
λ; this immediately follows from

applying Stokes’ theorem to Eq. (1.8).
The Berry curvature has several properties that make it particularly useful.

Firstly, while the Berry phase in itself is associated with a certain path, the
curvature is a local quantity, containing information about how the states depend
on R instead of the topology of some specific curve in parameter space. Secondly,
as mentioned previously, unlike the Berry connection An, the Berry curvature
is gauge independent, and does not require careful choice of gauge in order to
be well-defined globally. It is also possible to state the Berry curvature in the
manifestly gauge invariant form

Ωn
μν = i

∑
m 	=n

〈n,R|∇μH(R)|m,R〉〈m,R|∇νH(R)|n,R〉− (μ↔μ)

[En(R)−Em(R)]2
. (1.12)

This expression makes it clear that the Berry curvature diverges at degeneracy
points Em(R) = En(R). As was stated previously, we have in this derivation
assumed that energy levels are nondegenerate. However, from the above we see
that the presence of degeneracies in parameter space in general is crucial when
considering the Berry curvature.

The typical example that is used to illustrate this is the case of a spin-1
2

particle in a magnetic field. Neglecting simple additive terms proportional to
the identity, the Hamiltonian of such a system is

H =d(R) ·σ (1.13)

where d is the direction of the magnetic field, and R is a set of parameters. For
the purposes of this example, it is convenient to phrase the problem in polar
coordinates, i.e.,

d(R)= d(sinθ cosφ, sinθsinφ,cosθ), (1.14)

where (d,θ,φ) may depend on other parameters in R in some manner. The
system has two eigenstates, which for θ 	= 0 can be written

|+〉 =
(

cos θ
2

sin θ
2 eiφ

)
|−〉 =

(
sin θ

2 e−iφ

cos θ
2

)
(1.15)

with corresponding energies E± = ±|d|. For θ = 0, the above are not single-
valued; the gauge can be chosen to avoid this, but there will always be one
value for the angles requiring a change of gauge to be well-defined. The Berry
curvature, being gauge invariant, always yields the result

Ω−
θφ = 1

2
sinθ, (1.16)

which is defined as long as |d| > 0. It is appropriate to note here that Ω+
θφ =−Ω−

θφ;
in general, the sum over the Berry curvatures of all states

∑
nΩ

n
μν will vanish.

However, not all states are necessarily occupied, and with that in mind we focus
here on the ground state. It may be more illuminating to here look at a different
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parameter set R. Because the Berry curvature is obtained from an integral,
the transformation between parameters R is obtained through the Jacobian.
Using the Cartesian parameter set R′ = (dx,dy,dz), the curvature takes the
more suggestive form

Ω−
i j = εi jk

dk

2d3 , (1.17)

which clearly diverges at the degeneracy point |d| = 0 where the energies E+ =
E−. The Berry curvature vector, as described in Eq. (1.11), can immediately be
seen from the above: it describes the monopole field

Ω− = 1
2

d̂
d2 . (1.18)

The integral of the Berry curvature vector over a closed manifold in the parame-
ter space can then be seen to simply give the number of monopoles enclosed by
the manifold, which is an integer. The exception is, of course, when one of the
monopoles lies on the manifold, but that violates the initial assumption that the
states be well separated in energy.

In the case of a degenerate ground state, the treatment above needs to be
amended, as the assumption of adiabaticity no longer guarantees that the system
remains in the same ground state. Where above the Berry phase was a scalar,
in general it will take the form of a U(N) matrix, with N being the number of
degenerate bands [50]. This in turn means that its effect on the original state is
not merely in the form of a scalar phase, but rather a transformation between
degenerate states, resulting in non-Abelian physics. This can be understood e.g
through the approach of Pachos [51]:

Consider a time-dependent Hamiltonian of the form

H(t)=U†(R(t))H0U(R(t)), (1.19)

where R is a vector of time-dependent parameters. This corresponds to an
isospectrally evolving Hamiltonian, i.e., with the magnitudes of the eigenvalues
not depending on R(t).2 It can be shown that the magnitude is not of topological
consequence as long as it is nonzero3, and hence choosing this form of Hamilto-
nian for the derivation does not lose generality. Now, care must be taken when
constructing the time evolution operator for the system, as the matrix structure
of the time dependence means the infinitesimal time evolution increments do
not commute. Hence for the time evolution operator at time t the time ordering
must be taken into account:

U(0, t)= T̂ e−i
∫ t

0 U†(R(τ))H0U(R(τ))dτ (1.20)

2 For instance, the two-band Hamiltonian d(t) ·σ can be rewritten in the given form
using the fact that SU(2) and SO(3) are homomorphic
3 Indeed, a typical technique in topological CMT is to construct a "flat-band" Hamilto-
nian H = P̂+ − P̂− out of the eigenstate projectors of the original Hamiltonian, which
is manifestly independent of the magnitudes of the eigenvalues of H but contains the
same topological information.
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with T̂ being the time-ordering operator. When this is rewritten to remove
explicit time dependence in favour of the parameters R, for a loop C in parameter
space, the wavefunction transforms as [51]

|Ψ(C)〉 = P̂ exp
[∮

C
A ·dR

]
, (1.21)

where the components Ai of the non-Abelian Berry connection are defined as

(Ai)mn(R)= 〈Ψm|U(R)† ∂U(R)
∂Ri |Ψn〉. (1.22)

Here, m and n take values 1. . . N for N degenerate bands. In terms of our
previous notation, this can be written

(Ai)mn(R)= 〈Ψm|∂Ri |Ψn〉, (1.23)

which in the case N = 1 reduces to the Abelian expression. The degeneracies
also result in changes to the non-Abelian Berry curvature tensor, which from
gauge invariance can be seen to be

Fμν = ∂μAν−∂νAμ− [Aμ, Aν]. (1.24)

We see that for N = 1 the commutator vanishes and the Abelian case is restored.
Finally, it must be noted that – unlike the Abelian case – the non-Abelian

Berry phase is not gauge invariant, and hence not directly observable. However,
the trace of the phase matrix can be seen to be gauge invariant, and is in fact
observable; again, in the case of a nondegenerate system, the trace simply
reduces to the previous result. Any physical observables will naturally only
depend on gauge invariant quantities.

In the above treatment of Berry phases, we have at no point made any reference
to condensed-matter concepts in general; the discussion generally concerns
time-dependent single-particle systems that could arise, in principle, anywhere.
However, soon after the introduction of the Berry phase, Zak [52] realised that
there was an immediate application of the concept within the theory of Bloch
states. If one starts with a system of the type

H(r)= p2

2m
+V (r) (1.25)

with a lattice periodic potential V (r+a) = V (r), by Bloch’s theorem the eigen-
states will be of the form ψn,k(r) = eikrun(r), where k is a preserved crystal
momentum, and un(r) a function periodic in the lattice. A basis transformation
to the functions un(r) will introduce a k dependence in the Hamiltonian:

H′(r,k)= (p−k)2

2m
+V (r). (1.26)

This can be immediately interpreted as a parameter dependent Hamiltonian of
the type described above, with the parameter vector R= k. A perturbation that
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introduces a periodic, adiabatic shift in k will then effectively give each wave
function a Berry phase. Importantly, a change linear in time Δk ∝ t, such as
might be obtained from an applied electric field, will automatically produce a
loop in the parameter space due to the boundary conditions of the first Brillouin
zone. In this manner, the Zak phase – the Berry phase as applied to Bloch bands
– will produce observable consequences in a system based on the topological
structure of its Brillouin zone. The relevant quantities can immediately be
obtained by simply using the Brillouin zone as the parameter space in the Berry
phase, obtaining the connection

An(k)= i〈n,k|∇k|n,k〉, (1.27)

and curvature vector
Ωn ≡∇k × An. (1.28)

Interestingly, the Zak phase has an immediate connection to symmetries and
topology: in general, it can take any value, but in the presence of certain
symmetries (e.g. inversion) the phase will be quantised.

1.3.2 Condensed Matter Applications

While the concept of the Berry phase is one of the most important ideas within
topological band theory, it is not always immediately obvious to what extent
it applies to any particular system. In practice, when examining the topology
of a system, it is convenient to first consider the relevant Altland-Zirnbauer
classification, and make use of the particular topological invariant that applies
to the class the system is in. The invariants may in some cases be closely related
to the Berry phase, but in general the approach used will depend strongly on
the dimensionality and class. To that purpose, in this section we will give a brief
overview of those topological invariants that are relevant for understanding the
original research work in this thesis, namely the Chern number and the winding
number. Other invariants, such as the Z2 invariant important for topological
insulators [26], will not be discussed here.

Chern number
The Chern number is a topological invariant defined in time-reversal symmetry
breaking systems of even dimensionality.4 In the context of this thesis, focusing
on dimensions 1 ≤ d ≤ 3, the relevant Altland-Zirnbauer symmetry class is
in particular D in two dimensions, as exemplified by the systems studied in
Publications V and VI in this thesis. The below explanation will then exclusively
focus on two-dimensional systems; a more general treatment can be found in e.g.
Stanescu [53].
4 In case of preserved time reversal symmetry in two dimensions, the Chern number
vanishes trivially, and one must instead consider a Z2 invariant which inherently
depends on Kramers’ pairs for nontrivial topology; this is important in the context of for
example the quantum spin Hall effect, but not relevant for topological superconductors
without time reversal.
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In what is perhaps the most well-known example of physically observable
topology in condensed matter, the Chern number appears when computing the
Hall conductivity σxy of a two-dimensional insulator under a magnetic field
at zero temperature. From the zero-frequency linear response to an applied
magnetic field, it can be shown [5, 54, 53] that the conductivity of an insulator
takes the form

σxy = e2

h

∫
dk

(2π)2

∑
n

−i
(
∂kx〈(n,k)|)∂ky |(n,k〉+ i

(
∂ky〈(n,k)|)∂kx |(n,k〉 (1.29)

where the sum over n is taken over all the occupied states of the Hamiltonian,
and the k integral is over the first Brillouin zone. Comparison with Eq. (1.10)
shows that the above is simply equal to the integral over the Berry curvature,
with k identified as the parameter vector R. Notably, it can be shown that the
integral for a gapped system is an integer:

σxy = n
e2

h
, (1.30)

with n ∈Z.This integer was, as mentioned in the introduction, originally known
as the TKNN invariant [5, 8], and is now recognised to correspond to the two-
dimensional Chern number. As a topological invariant of the system it, and
hence the associated Hall conductance, are robust against perturbations.

One consideration that must be made is that the Brillouin zone is, in general,
topologically a torus. The integral in Eq. (1.29) is a surface integral, and could
by Stokes’ theorem be converted to a surface integral, which would ordinarily
vanish on a torus given that no boundary exists. Indeed, in the cases where
Stokes’ theorem applies, notably topologically trivial insulators, the Hall con-
ductance does vanish. However, as noted in the previous case, it is not always
possible to define a consistent gauge over the entirety of the parameter space. A
topologically nontrivial insulator is distinguished by the fact that the gauge of
the eigenstates of H(k) cannot be smoothly defined for all points in the Brillouin
zone. In fact, the Chern number is simply equal to the sum of (signed) singular-
ities in the Berry curvature enclosed by the map H(k). It is, again, easiest to
consider a two-level system of the type

H =d(k) ·σ, (1.31)

which (topologically) describes a map H : T2 → S2, H(k)= d̂(k). In a topologically
nontrivial state, the degeneracy point d= 0 is enclosed by the surface covered
by the vector d(k). Conversely, when d(k) does not enclose the degeneracy
point, this system is topologically trivial. This also allows an easy way of seeing
how the concept of gap closings arises: when smoothly transforming a surface
enclosing the origin into one which does not, at some point during the transition
the origin will lie exactly on the surface, resulting in the gap closing at that
point.

There is also a secondary notable consequence of this view: the surface spanned
by d(k) may in fact encircle the degeneracy point more than once. This allows
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the singularity of the Berry curvature to count more than once through solving
the integral, and the total Chern number is then given by the winding number
of the map T2 → S2.

In the above, we considered the Chern number as something arising when
calculating the Hall conductance of an insulator. It must be noted here, however,
that the Chern number can carry different physical meaning in other systems
such as superconductors. First and foremost, the Chern number is a topological
property of a system and, while the topology it represents is a physical observ-
able, it is not necessarily connected to the Hall conductance or magnetic fields.
It is instead to be viewed as something inherent to gapped even-dimensional
systems5. In fact, to calculate the invariant, it is not always even necessary to,
as we did above, make explicit reference to the eigenstates of the system; often,
it it sufficient to use the Green’s function. As an example, the Chern number for
two-dimensional systems can be obtained [17] from the spectral integral

ν= 1
24π2 εμνλ

∫
d2 pdp0Tr

[
G∂μG−1G∂νG−1G∂λG−1] (1.32)

where p0 = iE and summation over repeated indices is implied. In cases where
there is no self energy, i.e, G = (E−H)−1, this can be rewritten in the simpler
form

ν= iε0μν

8π2

∫
d2 pdp0Tr

[
G−1∂pμ

G∂pν
G
]
. (1.33)

For two-band systems of the type H = d ·σ, the picture is simplified signifi-
cantly; the Green’s function G = (E−d ·σ)−1 can immediately be rewritten as
(E+d ·σ)(E2−d2)−1, allowing straightforward calculation of the energy integral
with the aid of residue integration. The expression then reduces to

ν= 1
4π

∫
d2kd̂ ·[∂kx d̂×∂kyd̂

]
, (1.34)

which has an intuitive geometric interpretation in terms of the unit vector d̂: the
integrand is essentially the (oriented) differential area of the surface described
by d̂(kx,ky). Due to the periodicity in (kx,ky), and the fact that d̂ is a unit vector,
the area of this surface must be an integer multiple of that of a unit sphere. This
allows us to connect back to the discussion on the conductance formula approach
to the Chern number: again, the Chern number simply yields the number of
enclosed degeneracy points, with higher Chern numbers just counting |d| = 0
several times as the map d(k) wraps around the unit sphere. The topological
invariant is a fundamental property of the band structure of the system, and
the two seemingly different approaches yield the same invariant [17, 56].

Winding number
As noted previously, the topological Chern number is only defined for systems
of even dimensionality, and in symmetry classes with a Z-valued invariant. In

5 It is in fact possible to define a Chern number for some types of gapless systems as
well, as was recently argued by Ref. [55], though this requires additional considerations.
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other systems, the topology arises in a different manner, and consequently a
different topological invariant must be used.

In chiral-symmetric systems of dimensionality 2d+1, the topological invariant
is simply known as the winding number.6 This is relevant, for instance, for the
one-dimensional BDI systems of Publications I-III and V. The Hamiltonian in
systems with chiral symmetry anticommutes with a unitary Hermitian matrix
C , from which we get that the eigenvalues of H and C both are symmetric
around 0.7 As a consequence, the Hamiltonian for a 2N-band system is of the
form

H =
n−1∑
n=0

En [|n,+〉〈n,+|−|n,−〉〈n,−|] , (1.35)

where |n,±〉 is the eigenstate with energy ±En, and En ≥ 0. Then, using the
projectors P+ (P−) to the positive (negative) bands, the flat-band Hamiltonian

H̃ = P+−P−, (1.36)

is a unitary matrix which squares to the identity and also anticommutes with C .
Most importantly, when transformed to the eigenbasis of the chiral symmetry
matrix, H̃ becomes the block off-diagonal matrix

Q =
(

0 q(k)

q†(k) 0,

)
(1.37)

where q(k) ∈U(N). In terms of the submatrix q(k), we then define the winding
number in 2d+1 dimensions as an integral over the first Brillouin zone: [56]

ν= (−1)dd!
(2d+1)!

(
i

2π

)d+1

εα1α2...α2d+1

∫
1BZ

Tr
[
q−1 (∂α1 q

)
. . . q−1 (∂α2d+1q

)]
. (1.38)

In the research part of this thesis, the chiral-symmetric systems considered are
chiefly one-dimensional, in which case the above takes the simpler form

ν= i
2π

∫ 2π

0
Tr
[
q−1∂kq

]
. (1.39)

In general, it may be more expedient to calculate the winding number without
relying on a particular basis or on the explicit form of the projectors. For that
purpose, the above equation can simply be expressed as

ν=
∫

dk
4πi

Tr
[
C H(k)−1∂kH(k)

]
. (1.40)

In Publications III and V, when the winding number for one-dimensional systems
is calculated, this equation is used as a starting point.

6 In a sense, the Chern number can be viewed as a type of winding number as well,
exemplified by Eq. (1.34).
7 This can be seen easily from HC |n〉 =−C H|n〉 =−EC |n〉
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The winding number invariant can not be put in a direct relation to Berry
phases as easily as could the Chern number. However, for two-band models
there is a quite intuitive interpretation. Consider the simple one-dimensional
Hamiltonian

H = dy(k)σy +dz(k)σz, (1.41)

which, if dy(k) is an odd function and dz(k) even, is in class BDI with UT = 1,
UP =σx and C =σx. This can be viewed as a mapping from k to the curve de-
scribed by the two-dimensional vector d(k). The winding number then describes
the number of times the vector d loops around the origin as k takes values
within the first Brillouin zone. The quantisation of the winding number follows
trivially from this argument, as naturally d(0)=d(2π/a) for a lattice constant
a. This is well-defined only as long as the vector d stays in the plane, i.e., as
long as there is no σx component to the Hamiltonian; however, the presence of
such a component would change the symmetry class of the Hamiltonian in the
first place, in which case the winding number is no longer a useful topological
invariant.8 The winding number may be calculated using Eq. (1.40), but in
many cases it is simpler to count the number times d winds as k goes from 0 to
2π/a. For example, it is trivial to see that with dy = cosnka, dz = sinnka, the
winding number is n. More complicated models can be done by integrating over
the angle spanned by d and dividing by 2π/a, which is simply

ν= a
2π

∫
dk∂k

[
tan−1 dy

dz

]
=− 1

2π

∫
dk

[d×∂kd]x

d2 , (1.42)

which can be shown to yield the same result as Eq. (1.40), but has the immediate
intuitive interpretation of simply adding together angles. For systems with more
than two bands, however, the procedure is not as straightforward due to lacking
an immediate formulation in terms of a two-dimensional vector d, and one must
refer to the more general formula.

8 As seen in Table 1.1, all symmetry classes in 1d with a Z-valued invariant require
chiral symmetry, but there is no U(2) matrix that anticommutes with all three Pauli
matrices
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2. Anyons

It is a well known fact that, in three-dimensional space, there are two different
types of (pointlike) particles: bosons and fermions, adhering to Bose-Einstein
and Fermi-Dirac statistics, respectively. All other options are automatically
excluded through the space topology. This can be understood by considering
homotopy groups. As one particle is moved one lap around the other, the path
traces out a closed loop. The homotopy group for R3 punctured by the position
of the second particle, which we can without loss of generality assume is the
origin, is trivial, π1(R3\{0,0})= 0. Hence, the loop can be continuously deformed
into a trivial loop, i.e., the end situation is identical to that if the particle were
never moved at all. The action of moving one particle around the other can
equivalently be understood as exchanging the positions of the particles twice, so
we have for the particle exchange operator Ô and the system state vector Ψd=3

that
Ô2Ψd=3 =Ψd=3. (2.1)

As a single application of the particle exchange operator results in a system with
two identical particles in the same position as the initial, its state vector must
differ from the initial state by at most a unitary phase

ÔΨd=3 =UΨd=3, (2.2)

with U being a matrix that squares to the identity. This corresponds to repre-
sentations of the permutation group [57], which in the end leaves us with two
different types of particle, namely bosons and fermions.

In systems restricted to only two spatial dimensions, the situation changes [58].
Namely, the homotopy group of the punctured plane is nontrivial: π1(R2\{0,0})=
Z. Based on this, the closed loop traced as one particle is moved around the
other cannot be deformed into a trivial path at all, and we have no reason to
assume the final state is identical to the initial one. In fact, in general we have

ÔΨd=2 =UΨd=2, (2.3)

where U is a phase factor, which depending on the particles in question can also
be a unitary matrix. For fermions and bosons, U =−1 and +1, respectively. In
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other cases, we say that the particles concerned are anyons. If U is proportional
to the identity matrix, we further specify that the particles in question are
Abelian anyons, and otherwise they are known as non-Abelian anyons.

In condensed matter, both Abelian and non-Abelian anyons are possible.
Heuristically, this could be understood through the concepts introduced in the
previous sections, by treating the particles as point charges with an attached
flux; then, letting one trace a circular loop around the other would result in the
system gaining an overall Berry phase. Complicating matters, of course, the
building blocks of condensed matter are, fundamentally, fermions and bosons;
the anyons in condensed matter appear not as elementary particles, but as
quasiparticles consisting of some combination of elementary particles.1

2.1 Fusion rules

While the statistical properties of anyons differ from those of bosons and
fermions, it is important to keep in mind that we are still discussing iden-
tical particles. For this reason, a local measurement of a single anyon should
give the same result regardless of any exchanges made. Due to this statistical
restriction, these measurements can at most reveal information that is the same
for all identical particles, such as anyonic charge – in short, the type of anyon it
is – and some quantum numbers, such as spin. Information about the exchange
statistics is instead encoded in measurements that take into account more than
one anyon.

One approach to examining multiparticle measurements is to consider the
behaviour of the system when you bring two particles close together. First,
one needs to establish the set of different possible particles in the system. For
instance, this can be done by enumerating a list of particles

1, a, b, c, . . . (2.4)

where 1 represents the vacuum, which in condensed matter is often identified
with the system ground state, and a,b, c, . . . different possible particles. The set
must also include the antiparticles ā, b̄, c̄, . . . to allow pair creation of particles
from the vacuum; for example, trivially, the vacuum is its own antiparticle: 1̄= 1.
As noted above, local measurement of a particle p allows detecting its anyonic
charge, which is treated as a conserved quantum number, in the sense that its
antiparticle has the same charge with opposite sign.

A fusion rule for the particles a and b is then written as

a×b = 1+Nab
a a+Nab

b b+Nab
c c+ . . .=

∑
c

Nab
c c (2.5)

1 In fact, for this reason, some condensed-matter systems can support non-Abelian
statistics in three dimensions, through use of non-pointlike quasiparticles that hence
have different homotopy groups [59, 57].
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where the operation × represents bringing the particles together and combining
them, and the terms on the right hand side enumerate the different possible
results of the fusion; in general, which result is obtained depends on the state of
the system, and this encodes the nonlocal character of the exchange statistics.
For example, in a condensed matter system we could have the fusion rule
e×h = 1, that is, an electron and a hole combine to form the ground state; or, in
particle physics, e−× e+ = 2γ, in which case Ne−e+

γ = 2. There are some general
rules that fusion rules follow:

a×b = b×a a×1= a (2.6)

and finally, for all Abelian particles a and b, we have∑
c

Nab
c c = 1, (2.7)

where for some c0 we have Nab
c0

= 1, and the others vanish. This means that, for
Abelian particles, including fermions, bosons and Abelian anyons, the result of
a fusion is unique; the terminology is that they have a single fusion channel.
Conversely, non-Abelian anyons f , g are characterised by the fact that they
have multiple fusion channels. With full knowledge of the system, however, it
is possible to prepare an initial state so that the fusion outcome is fixed. One
thing to note is that we do not consider fusions between more than two particles
at once. For example, when fusing three particles a,b, c, this is a two-step
process where two anyons first fuse and the resultant anyon then fuses with
the remaining initial anyon; the end state of the system may or may not depend
on which one is picked, as at least one of the three above will necessitate an
exchange of two of the initial anyons.

Finally, it is important to point out that exchanging two anyons a and b will not
change the fusion channel of the pair, as it can be shown this merely corresponds
to a rotation of the resultant anyon. In order to change the fusion channel, it is
necessary to involve more than one pair of anyons, so that, for example, given
four anyons a,b, c,d, a clockwise rotation of b around c may change the fusion
channel of a×b and c×d.

2.2 Majorana Fermions and braiding

In 1937, Ettore Majorana showed [60] that the Dirac equation admits solutions
that are real-valued charge-neutral spinors. These hypothetical particles, later
designated Majorana fermions, have the unusual property of being their own
antiparticles, which is usually a property reserved for bosons. While elementary
Majorana fermions are not yet known to exist, some theories do include such
particles; for instance, it is sometimes hypothesised that neutrinos may be
Majorana fermions [61].

Parallels can now be drawn to condensed matter, where, in BCS theory, su-
perconducting systems can sometimes give rise to equations that look like a
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Dirac equation for a spinor [21]. Analogously, in some situations these allow
solutions that in many senses correspond to the Majorana solutions of particle
physics. However, the condensed-matter Majorana fermions are quasiparticle
excitations rather than elementary particles, and have several properties that
do not directly relate to the elementary Majorana fermions.

At its most simple, the creation operator for a pair of Majorana excitations in
condensed matter can be written in terms of fermionic creation and annihilation
operators ĉ†, ĉ:

γ1 = ĉ† + c γ2 = i(ĉ† − ĉ). (2.8)

As seen above, Majorana states are in a sense their own anti-quasiparticles,
in that γ† = γ, which motivates the nomenclature. On the face of it, this is
a simple Bogoliubov transformation, and as such a fermionic operator can
always be written in terms of two Majorana operators. However, in certain
systems, as discussed in the next section, these quasiparticles can take a special
role, and for this reason it is relevant to consider where their properties differ.
Most importantly, unlike elementary Majorana fermions, the condensed-matter
analogues do not follow Fermi-Dirac statistics. Rather, they are governed by a
specific type of anyonic statistics:

γ2
i = 1 γiγ j +γ jγi = 2δi j. (2.9)

For this reason, a more accurate terminology would be Majorana modes, Majo-
rana zero modes or Majorana bound states, although the term Majorana fermion
is frequently used interchangeably in the literature.

Notably, we see from the above that there is no straightforward analogy to
the number operator for Majorana states, since γ

†
iγi = γiγ

†
i = 1. Instead, we

consider the occupancy of the underlying fermionic states. Any two Majorana
modes can be defined to constitute a fermionic state, and the fermion number n
of that state is the physical observable of the system. As such, Majorana states
should not be considered in isolation, but rather in terms of pairs of Majorana
quasiparticles excitations combined into fermions. We can thus obtain a number
state |n1, . . . ,nN〉, with ni = 0 or ni = 1 as appropriate, with each occupation
number corresponding to a given pair of Majoranas. Note that the choice of
which Majorana operators to pair up is arbitrary, and mainly constitutes a choice
of basis for the system. The total sum of fermionic occupation numbers

∑N
i ni

can then be measured; the quantity is only conserved mod 2, as standard BCS
theory allows for electrons to be created in pairs. The parity of the sum, however,
will only change if the number of electrons in the superconductor is physically
changed through interaction with an outside system.

From the point of view of condensed-matter experiments, the properties of
Majorana operators can at times cause complications. As alluded to above,
a Majorana state cannot directly be defined as occupied or unoccupied; the
standard occupation number operator for fermions and bosons, ĉ†c, translated
to Majorana operators is γ2

i , which as previously established is always equal to 1.
Observable quantities can instead be found by making use of fermionic number
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Figure 2.1. Left: Simple exchange of two Majorana bound states γ1 and γ2. The branch cuts have
been chosen along the direction indicated by the dashed lines. Right: A diagrammatic
representation of the operation, where the time direction is upwards.

operators which can be constructed by a suitable transformation of Majorana
operators. In a sense, then, we make use of the fusion rules of Majorana
quasiparticles:

γ×γ= 1+ f (2.10)

where f represents a fermion. Together with the commutation rules mentioned
above, this means that the Majorana states in condensed matter are so-called
Ising anyons [21, 51]. The commutation and fusion properties of Majorana states
are critical for many proposed applications of the quasiparticles; the potential for
use in topological quantum computation is an underlying motivation for much
of the research into condensed-matter systems that support Majorana states.

An important property obtainable from Eq (2.9), and evident in the fact that
the particles have more than one fusion channel, is that Majorana exchanges
are non-Abelian. Potentially, this of course enables manipulation of the state
of the system through something known as braiding, which simply means
making use of non-Abelian particle exchanges2. Due to the non-Abelian anyonic
statistics, Majorana modes have been envisioned as building blocks in topological
quantum computers, where exchange operations take the role of quantum gates;
this has served as one of the major motivations for research in topological
superconductors, including that of this dissertation.

The exchange properties of Majorana bound states are convenient to explore
in the context of Majorana states bound to vortices on a two-dimensional surface
[22], where the vortices can be moved around to enact braiding of the quasipar-
ticles. Exchanges are defined by introducing branch cuts emanating from the
vortices, so that a switch of two Majoranas occurs when one crosses the branch
cut of another, as seen in Fig. 2.1. The actual direction of the branch cuts is
completely arbitrary, though once a choice has been made it must be held to
consistently throughout the calculation. In general, the result of a braiding
operation – a sequential pairwise exchange of Majorana bound states – can be
expressed by transforming the Majorana operators by the braiding operator cor-

2 When the quasiparticle positions over time on a 2D surface are plotted as curves in a
coordinate system, the result forms a braid in 2+1 dimensions, and does in fact realise
a representation of the braid group [22]
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responding to the exchange: for example, exchanging Majorana states indexed i
and j would result in the following effect on γk, where k may or may not be one
of i, j:

γk → B̂†
i jγkB̂i j. (2.11)

The exact form of the braiding operator Bi j depends on the topology of the path
taken during exchange, particularly whether the path encloses other Majorana
states.

Consider at first a clockwise exchange of two Majorana bound states, denoted
γ1 and γ2. If no other quasiparticles are involved in the exchange, it can be
represented (in a suitable gauge) [62] by the braiding operator

B̂12 = 1�
2

(1+γ1γ2), (2.12)

which transforms γ1 →−γ2 and γ2 → γ1. We note that any other Majorana bound
state in the system, say γ3, will commute with this operator, and hence remain
unaffected by the exchange. Two exchanges, corresponding to repeat application
of this operator, will bring the system back to its initial state, but with an
overall minus sign applied to the two Majorana operators. These exchanges,
however, are not very interesting; at most, a single exchange of two Majoranas
amounts to a U(1) phase factor multiplying the state of the system. The physical
observable – the occupation number of the fermion formed by combining the
two Majorana operators – does not change, as would be expected from what
was discussed previously; the fusion channel does not change upon braiding two
anyons. However, this can also be understood from another point of view: the
eigenvalue of the fermionic operator n̂ cannot be changed from 0 to 1 or vice
versa by braiding, as that would violate particle conservation laws: braiding two
quasiparticles cannot suddenly add or remove an electron from the system.

However, the above changes if we consider processes involving higher numbers
of Majorana bound states. In BCS superconductors, it is only the parity of
the fermions that is conserved, as Cooper pairs allow pairwise creation and
annihilation of fermions. Hence, while braiding does not allow changing the
occupation number of a single fermionic state, processes that change an even
number of states at once are allowed. This is exemplified by a system containing
four Majorana bound states that can be moved around, denoted by γi for i = 1. . .4.
We choose the directions of the branch cuts so that when Majoranas γi,γi+1

are exchanged, only γi+1 crosses a branch cut and all other Majorana modes
are left unchanged. We define a fermionic basis by choosing which Majorana
states to combine to form fermions; in this case, we choose f̂1 = 1

2 (γ1 + iγ2) and
f̂2 = 1

2 (γ3 + iγ4). We initalise the system so that both fermionic systems are
unoccupied, i.e. we start in the state |00〉 ≡ |0〉 f̂1

⊗ |0〉 f̂2
. Occupied states are

defined through e.g. |11〉 = f̂ †
2 f̂ †

1 |00〉.
Due to the way the branch cuts are set up, braiding two Majorana states leaves

the others unaffected, and the braiding operators are defined as before, i.e.,
B̂i,i+1 = 1�

2
(1+γ1γ2). In this way, braiding operators involving entirely different
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Figure 2.2. Braiding using a system of four Majorana bound states on vortices. (a) Schematic
figure, with branch cuts depicted as dashed red lines. As explained by the text,
the exchange performs a nontrivial operation on the fermionic basis defined by
f̂1 = 1

2 (γ1 + iγ2) and f̂2 = 1
2 (γ3 + iγ4). However, with only one application of the

operation, it is easy to see that γ1 and γ2 are not adjacent: in order to measure
the fermionic state f̂1, the exchange needs to be performed twice, so that γ2 and γ3
cross each others’ branch cut exactly once. (b) Diagrammatic representation of the
braiding operation by which the base state. Colours indicate which Majorana bound
states are part of which fermion in the chosen basis. |00〉 is transformed to |11〉.

Majorana bound states commute, so that [Bi,i+1,B j, j+1] = 0 when |i − j| > 1,
and exchanges involving nonadjacent Majoranas are made through successive
exchanges of adjacent vortices. Now we move on to consider the effect of braiding
operators on the state |00〉:

B̂12|00〉 = 1�
2

(1+γ1γ2)|00〉 = 1+ i�
2
|00〉 (2.13)

B̂34|00〉 = 1+ i�
2
|00〉 (2.14)

B̂23|00〉 = 1�
2

(|00〉− i|11〉). (2.15)

The operators "inside" each fermion act trivially on the basis, but as we can
see, the exchange of γ2 and γ3, who are from different fermions, introduces
complications. In order to bring the vortices to the initial superposition so that
the fermion numbers can be measured again in the initial basis of f̂1 and f̂2, we
must exchange γ2,γ3 again, yielding

B̂2
23|00〉 =−i|11〉. (2.16)

This braiding operation is depicted in Fig. 2.2. What has happened here is
that the fusion channel of each pair of Majorana bound states in this basis has
changed, and instead of fusing to the vacuum, they each fuse to create a fermion,
with charge parity conserved as required by BCS theory. Thus, we could define a
qubit by identifying |0〉qubit ≡ |00〉 and |1〉qubit ≡ |11〉, so that one qubit consists of
a total of four Majorana bound states. In this qubit basis, the braiding operation
detailed above corresponds to what is known as a σx gate, which takes |0〉→ |1〉
and |1〉→ |0〉.

In the above, we have discussed the exchange of vortices on a two-dimensional
plane, as that is the required dimensionality for realising non-Abelian rep-
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resentations of the braid group [62]. However, in practice, much of the re-
search on Majorana-based computing centers on Majorana bound states in
one-dimensional systems rather than the vortices in two-dimensional systems
discussed here [63]. It is not immediately obvious that one-dimensional systems
can even exhibit well-defined exchange statistics, as in most simple cases the
particles considered must pass through each other in order to exchange positions.
However, it can be shown that using networks of 1D wires, on which Majorana
bound states are moved by adiabatic changes of the system parameters, can
result in exactly the same statistics as the pure 2D system [64, 65], as the
system is then effectively 2D; however, the exact statistics may depend on the
wire setup [65]. While less straightforward from a purely exchange-statistical
point of view, this approach has some advantages for experimental realisations,
as there is a dearth of straightforward candidates systems in which vortices
with Majorana bound states could be exchanged experimentally.

As a final remark, it must be said that Majorana braiding operations are not
sufficient to implement universal quantum computing. There are suggestions on
how to circumvent this by including operations that lack topological protection,
or by using the available gates to approximate the operations needed for univer-
sal computing. In both cases, this would require a large amount of additional
qubits, and increase the chances of obtaining an erroneous answer. Because of
this, Majorana exchanges have often been proposed as a complementary system
to some other type of operation in order to support a full set of gates.3 The chief
reason why there is still interest in Majorana-based computing despite the prob-
lems is that perturbations involving only single Majorana operators do not affect
the result of gate operations, which at minimum requires a perturbation of type
γiγ j. As Majorana bound states can in principle be kept well separated at most
times, this would result in qubits significantly more resistant to decoherence
than most other implementations.

3Several authors have presented suggestions for more involved, not topologically pro-
tected, operations using Majorana states that could complement the exchange statistics
to obtain a universal set of quantum gates. The loss of topological protection can
generally to good accuracy be compensated for by suitable error correction procedures
[66, 67, 68, 69].
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3. Topological Superconductivity

The previous sections took a somewhat general view on symmetry-protected
topological phases in condensed matter. The focus of this thesis is the application
of the previously discussed concepts specifically on superconducting systems, in
which all the concepts of SPT phases combine to give rise to new and interesting
physics. In this section, we will focus on these topological superconductors and
their properties, with the narrower focus enabling use of concrete examples that
show how the outlined techniques can be used in practice.

Generically, topological superconductors are simply superconducting systems
with appropriate symmetries for nontrivial phases as outlined in Table. 1.1.
When written in Bogoliubov-de Gennes (BdG) formalism, the Hamiltonians of
superconducting systems are manifestly particle-hole symmetric1, generally
with PHS operator squaring to +1, which limits the number of symmetry classes.
While most standard systems can trivially be written in BdG form, this con-
struction is usually not very interesting, and the topology obtained from the
artificially added degrees of freedom will be trivial. The interesting quality added
by superconductivity is terms coupling the electron and hole degrees of freedom,
making the BdG approach into more than just a trivial subspace duplication and
further resulting in different physics than that of non-superconducting systems.
Most notably, the edge modes of topological superconductors are described by
Majorana modes rather than standard fermions, potentially resulting in the
non-Abelian statistics discussed in the previous section.

3.1 Simple models of Topological Superconductors

In this section, we aim to introduce topological superconductivity in one- and
two-dimensional systems through two simple models, and show how the concepts
introduced in previous sections come together to form a useful way of thinking

1 Strictly speaking, as the particle-hole structure arises directly from the construction
of the BdG formalism – as a consequence of the Fermi-Dirac statistics of the operators –
this is not an imposed symmetry, but a particle-hole constraint [70]. However, for the
purposes of this discussion, the distinction can largely be ignored.
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about this type of material.

3.1.1 Kitaev Model

Perhaps the most well-known example of a topological superconductor is the
one-dimensional p-wave chain [25], often called Kitaev’s toy model after the
physicist who proposed it. In the original 2001 paper, he set out to construct a
simple system, using a nearest-neighbour quadratic Hamiltonian, which would
allow for topological superconductivity. While the model does not correspond
to any immediately realisable physical system, it has since been shown that
several more realistic systems [71, 72, 73] can be mapped to this toy model in
some limit, and as such it remains to be studied as a clear and tractable example
of a one-dimensional topological superconductor.

The Hamiltonian for a one-dimensional Kitaev chain of L sites is

H = t
L∑

j=1

[
ĉ†

j ĉ j+1 +h.c.
]
−μ

L∑
j=1

ĉ†
j ĉ j +Δ

L−1∑
j=1

[
ĉ†

j ĉ
†
j+1 +h.c.

]
(3.1)

where h.c. denotes the Hermitian conjugate of the preceding term. Here t is
identified with the hopping amplitude, μ the on-site chemical potential, and Δ

the superconducting pairing, which we will here for simplicity assume is real.
Because topology is a bulk property, it is convenient to consider the case of an

infinite chain, in which case the Hamiltonian is translationally invariant and a
momentum-space treatment is straightforward. By transforming the operators
and introducing the spinor Ψk = (ck c†

−k)T , we obtain the Bogoliubov-de Gennes
Hamiltonian

H = 1
2

∑
k

Ψ†
kHkΨk (3.2)

where
Hk = (2tcosk−μ)σz +2Δsinkσy. (3.3)

From the expression for Hk, we can see that the system supports particle-hole
symmetry under the particle-hole operator P = σxK , a type of spinless time-
reversal symmetry with T = K̂ , and chiral symmetry C =σx, and is hence in
Altland-Zirnbauer symmetry class BDI. As seen in Table 1.1, in one dimesion
this symmetry class supports a Z-valued topological invariant, in principle. As
we expect the different phases to be separated by a gap closing2, we examine
the expression for the dispersion of the system:

Ek =±
√

(2tcosk−μ)2 +4Δ2 sin2 k. (3.4)

In the above, we notice that the positive and negative energy bands touch when
2|t| = |μ|. This occurs at either k = 0 or at k = π, which is, in fact, generically
the case when the parity of the invariant in 1D systems changes [25], and

2 Assuming the relevant symmetries are protected.
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Figure 3.1. (a) Energy spectrum of a 50-site Kitaev chain as a function of μ, at t =Δ= 1. At μ= 2t,
the bulk gap can be seen to close in a topological phase transition. (b) Amplitude of
the lowest-lying positive-energy eigenstates as a function of μ, at t =Δ= 1. In the
topological phase, there are bound states at the edges, which from (a) can be seen to
be at zero energy; after the transition, the trivial ground state is delocalised in the
chain.

indicates that the possible nontrivial phases3 have winding numbers |ν| = 1. The
nontrivial phase occurs when |μ| < 2|t|. This can easily be seen by comparing to
Eq. (1.41), as the Kitaev Hamiltonian is of the same form with dy(k)= 2Δsink
and σz = 2tcosk−μ; as a function of k, the vector describes an ellipse in the
(y, z) plane with its center shifted by μ in the z direction, and as such it will
loop exactly once around the degeneracy point d = 0 whenever |2t| > |μ|. The
sign of the winding number will change if one sets Δ→−Δ (or t →−t, which is
the same up to a gauge transformation); a domain wall between the two phases
will feature two Majorana modes, essentially being a topological π junction [74].
However, in the literature the two different topological phases are often not
considered separately, as in the presence of an anisotropic superconducting
phase, the system enters symmetry class D and the distinction between the two
topological phases is removed.

While it is, to an extent, easier to obtain many of the system properties in
momentum space, open boundary conditions are also of interest. Due to the
bulk-boundary correspondence, the edges of a chain in the topological phase will
support a robust zero-energy bound state. This can be seen in Fig. 3.1, where
the topologically nontrivial parameters are seen to correspond to the presence
of zero-energy bound states; as the bulk gap closes and reopens at μ = 2t,
the edge modes. In particular, however, as the Kitaev chain is a topological
superconductor, we have predicted that the edge modes should be Majorana
bound states. In the case of this toy model, this can be made intuitive through
an example: let us now assume L is finite, and return to Eq. (3.1). As we intend
to study Majorana bound states, it is appropriate to make a transformation to
Majorana basis, which is the local Bogoliubov transformation detailed in Eq. 2.8.

3 In general, a topological invariant can change by the number of a gap closings at a
parameter point [54]; at time-reversal invariant points in one dimension, the winding
number can hence change by one.
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Figure 3.2. Schematic figure of the Kitaev chain at the special parameter points outlined in (top)
Eq. (3.6), (middle) Eq. (3.7) and (bottom) a domain wall between the two. The blue
ellipses represent a fermionic operator, with the circles within representing the con-
stituent Majorana operators, and the black lines coupling terms in the Hamiltonian.
The zero-energy Majorana bound states have been highlighted in red.

In this basis, the Hamiltonian takes the form

H =− i
2
μ

L∑
n=1

γ2n−1γ2n + i
2

L−1∑
n=1

[
(Δ+ t)γ2nγ2n+1 + (Δ− t)γ2n−1γ2n+2

]
. (3.5)

Now consider two different sets of parameters, to contrast the trivial phase with
the nontrivial phase. First, when Δ= t = 0, the Hamiltonian reduces to

H =− i
2
μ

L∑
n=1

γ2n−1γ2n, (3.6)

which is a simple next-nearest neighbour hopping chain of Majorana modes.
Because |μ| > 2|t|, the parameter set here is trivial. Next consider the case where
μ= 0, Δ= t, which yields instead

H = it
L−1∑
n=1

γ2nγ2n+1. (3.7)

The equation is otherwise very similar to the trivial parameter point considered
above, with one significant difference in the site indices. In this case, there is
no term in the Hamiltonian corresponding to the Majorana operators γ1 and
γ2L. The two can be coupled to form a delocalised fermion operator ĉ = γ1 + iγ2L,
and as such there are degenerate zero-energy states where the fermion number
operators for this fermion returns either 0 or 1. The emergence of these edge
modes is illustrated in Fig. 3.2

Beyond these two special points, we find that whenever the system is topologi-
cally trivial, i.e., |μ| > 2|t|, the Hamiltonian can be adiabatically transformed into
that of Eq. (3.6) without closing the bulk gap. Similarly, whenever the system is
topologically nontrivial, it can be transformed into Eq. (3.7). The energy of the
edge modes will in such cases no longer be restricted to exactly E = 0, and are
as such only approximately Majorana modes, but the energy and wavefunction
envelope will nevertheless be suppressed exponentially as a function of L. This
is clear from Fig. 3.1(b), but in order to show how it occurs, we can consider, for
instance, the bound states on a domain wall in an infinite Kitaev chain. Let us
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assume, for instance, that μ= μTθ(x)+μNθ(−x) so that |μN | > |2t| > |μT |. Gap
closings will occur at momenta k = 0 or k =π, so for a low-energy theory we can
expand the Hamiltonian around these points:

H ≈ (±2t−μ(x))σz ±2Δkσy, (3.8)

where the upper sign corresponds to k ≈ 0 and the minus sign to k ≈π. In real
space we have k = −i∂x, which yields a differential equation for zero-energy
bound states: [

(±2t−μ(x))σz ∓2iΔσy∂x
]
Ψ= 0. (3.9)

By isolating the term containing the derivative, by inspection it can be seen that
the solution is

Ψ(x)= exp
[
−
∫ x

0

2t∓μ

2Δ
σxdx′

]
Ψ(0). (3.10)

For the above equation to hold in the limit x = 0, we must have Ψ(0) an eigenstate
of σx. In this case, the solutions can be written

Ψ=
⎧⎨
⎩

exp
[
−ν2t∓μT

2Δ x
]
|ν〉, x > 0

exp
[
ν

2t∓μN
2Δ x

]
|ν〉, x < 0

(3.11)

where ν labels eigenstates of σx so that ν=±1. As the signs of ν and ± must be
equal in the two regimes, it can be seen that a bound state exists if and only if
the signs of 2t±μT and 2t±μN are different. This zero-energy bound state is
identified as a Majorana mode. If the two domains of the chain use the special
parameter points of Eqs. (3.6) and (3.7), the state will be exactly localised, which
is schematically illustrated in the bottom part of Fig. 3.2.

3.1.2 Chiral superconductors

Analogously to the Kitaev chain, it is illustrative to consider a simple two-
dimensional topological superconductor in order to highlight the features that
appear in 2D systems. The archetype system here is known as the spinless
chiral px + ipy superconductor, which on a square lattice has the tight-binding
Hamiltonian [54]

H =−
∑
m,n

(tĉ†
m+1,n ĉm,n + tĉ†

m,n+1 ĉm,n +h.c.)−
∑
m,n

μĉ†
m,n ĉm,n

+
∑
m,n

(Δĉ†
m+1,n ĉ†

m,n + iΔĉ†
m,n+1 ĉm,n +h.c.)

(3.12)

where the indices m,n correspond to x and y directions, respectively; t is the
hopping amplitude, μ the chemical potential, and Δ is the superconducting
pairing. In the case where n only takes one value, i.e., the system is one-
dimensional, this reduces to the Kitaev model discussed previously. If we assume
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that the system is translationally invariant, we can write the Hamiltonian in
reciprocal space as

H = 1
2

∑
k

Ψ†
kHkΨk (3.13)

in terms of Ψk = (ĉk ĉ†
−k) and

Hk =
(
−[2tcoskx +2tcosky +μ

]
2iΔsin px +−2Δsin py

2iΔ∗ sin px +−2Δ∗ sin py 2tcoskx +2tcosky +μ.

)
(3.14)

In the limit |k| → 0, which is generally identified with the continuum limit
of the system, the off-diagonal terms reduce to the characteristic chiral form
px + ipy. The complex phase of Δ can essentially be gauged away from the BdG
Hamiltonian by a suitable transformation, allowing use of the simpler form

Hk =−[2t(coskx +cosky −2)+μ
]
σz −2|Δ|sin pxσy −2|Δ|sin pyσx (3.15)

where we have shifted μ→μ−2t as conventional in the field.
From the above, we can obtain the dispersion relation of the Hamiltonian,

which is

E =±
√[

2t(coskx +cosky −2)+μ
]2 +4Δ2(sin2 px +sin2 py). (3.16)

If we keep t and Δ fixed, we see that there are gap closings for three different
values of μ: one at μ = 0 when kx = ky = 0, one at μ = 8t for kx = ky = π, and
finally a double gap closing at μ= 4t when k= (0,π) or (π,0). These gap closings
correspond to topological phase changes, where the topological invariant – the
Chern number – changes by one at μ= 0 and μ= 8t, and by two at μ= 4t. By
calculation of the Chern number using the techniques obtained previously, we
find that the system is trivial when μ < 0 or μ > 8t, and otherwise the Chern
number is ν= sgn(4t−μ), yielding two nontrivial topological phases. Again, like
the Kitaev chain, this is essentially a toy model not corresponding to known
real systems; however, again, several more realistic systems can be seen to
correspond to this in some limit [75, 76, 77].

Here we must make a note on the physical features of the system. By inspec-
tion, it can be seen that Eq. (3.15) is exactly identical to the Hamiltonian of a
two-dimensional Chern insulator, a (non-superconducting) insulator which in
its topological phases exhibits a quantised Hall conductance proportional to the
Chern number. In contrast, the chiral superconductor does not support a quan-
tised Hall conductance, not least because BCS superconductors do not conserve
charge. The difference here lies in the subspace corresponding to blocks in the
Hamiltonian; in the Chern insulator, the Hamiltonian operates on a normal
spinor of the type (ĉk↑ ĉk↓)T whereas in the chiral superconductor, the basis is
(ĉk ĉ†

−k)T . Hence, where in the Chern insulator the Chern number corresponds
to conductance of spin up and spin down electrons, in the chiral superconductor
it corresponds to the number of chiral edge modes. In the superconductor, these
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edge modes are chiral Majorana states, and a current consisting of such does
not result in a quantised charge transfer. Instead, the quasiparticle current in
chiral superconductors corresponds to a quantised thermal conductance. This
illustrates how an essentially identical matrix structure and symmetry classifi-
cation can result in significantly different physics depending on how the basis
vector is interpreted.

Finally, we address the case of chiral superconductors with open boundary
conditions. Contrary to what might be expected based on the discussion above,
a finite simply connected chiral superconductor will not have any edge modes
at zero energy, essentially due to the edge properties of the system. This can
be most easily seen by considering the case of a system in the shape of a round
disc, with parameters corresponding to a topological phase with Chern number
|ν| = 1. If there were a Majorana bound state at the edge, it would lead to
problems due to an odd number of Majorana modes, as these only appear in
pairs that can be combined into fermions. As we will see, however, there are
no bound states at zero energy initially. The edge modes of this system obey a
Dirac-like dispersion of En = vkn where kn is an allowed momentum around the
disc. The separation between two momenta is |kn+1 −kn| = 2π�

L , where L is the
circumference of the disc, due to the states being standing waves. Now if we
create a vortex by threading a magnetic flux through the center of the disc, it can
be shown that the allowed momenta shift by π�

L
4. Due to particle-hole symmetry,

the energy must be symmetric around 0, allowing only for two cases: En = 2πn
L �v

or En = 2π(n+ 1
2 )

L �v, with one corresponding to the system with a vortex and the
other to the clean system. As would be expected, the latter case – without a
zero-energy solution – corresponds to the defect-less system, whereas the system
with a vortex supports one zero-energy edge mode, and an additional zero-energy
bound state localised at the vortex core. In fact, every additional vortex will act
to shift the allowed energies by the same amount again, and hence a px + ipy

superconductor with open boundary conditions will support zero-energy modes
if and only if it features an odd amount of vortices. For an even amount of
vortices, the vortices will instead each support Majorana bound states which
can be paired up to form fermionic operators as was already discussed in the
section on braiding.

3.2 Topological superconductivity in experiments

The models covered in the previous section, while illustrative examples to show-
case the theory of topological superconductivity, do not necessarily correspond to
any real system. Both of the models utilise spinless p-wave superconductivity,
facing the issue that p-wave superconductivity is exceedingly rare, with two
candidates – Sr2RuO4 and the ν = 5

2 fractional quantum Hall state – lacking

4 This occurs by giving states an additional Aharonov-Bohm phase of π, switching from
periodic to antiperiodic boundary conditions and vice versa [54].
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experimental confirmation [78, 79]. In fact, despite some promising results, it is
generally argued that conclusive experimental evidence for topological supercon-
ductivity has not yet been found [79]. For this reason, experiments have in the
past decade focused on finding evidence that the studied system is a topological
superconductor [80]. In this section, we will attempt to give a brief overview of
the current state of experimental research in topological superconductivity.

Due to the lack of known p-wave materials, other approaches to realising
topological superconductivity have been suggested, moving away from intrinsic
topological superconductivity in favour of engineered topological phases. Addi-
tionally, it has largely focused on one-dimensional systems, as two-dimensional
systems tend to be equally difficult to construct, but have fewer characteristics
that would reliably allow identification of the topological phases. One inter-
esting observation is that otherwise non-superconducting systems can obtain
terms similar to superconducting pairing through proximity coupling to a su-
perconductor. Due to this, in 2010 Fu and Kane suggested that a topological
superconductor could be brought about by coupling a topological insulator to
an s-wave superconductor [81, 80], hypothetically enabling both 1D and 2D
topological superconductors to be formed through suitable interfaces. This has,
however been hampered by the lack of easily available 2D topological insulators,
other than HgTe. Soon after, two groups independently realised [73, 82] that
semiconductor wires with strong spin-orbit coupling, when coupled to an s-wave
superconductor, would have all the ingredients necessary for 1D topological
superconductivity. This led to a whole host of proposals combining magnetism
and s-wave superconductivity, from multi-channel nanowires [83, 84] to mag-
netic impurities without spin-orbit coupling [71], as well as some proposals for
two-dimensional topological superconductors [76, 77, 85]. Much of the original
research in this thesis can be placed in this context, as theoretical proposals for
potentially realisable engineered topological superconductors.

Concurrently with the expending theoretical proposals for 1D topological
superconducors, experimental groups have tackled the problem of engineering
them in practice [78]. This led to a series of experiments attempting to observe
the differential conductance in proximity-coupled nanowires [86, 87] and on
magnetic chains on superconductors [88]. This is based on the idea that the
presence of a Majorana bound state should correspond to a quantised zero-
energy bias peak of 2e2/h at zero temperature [89]. These early experiments
did not in general observe a quantised response, but nevertheless observed a
zero-energy peak, with the lack of quantisation explained as a consequence of
thermal broadening. In general, this zero-energy peak also disappeared when
the magnetic field was shifted so that the system was not in the topological
phase, consistent with topological superconductivity. Still, there were also
significant problems, with the experiments showcasing a soft gap leading to a
subgap density of states muddying the waters [78]. Alternative explanations for
the observed results in these were also suggested, finding that (non-quantised)
zero-bias peaks may appear generically due to e.g. the Kondo effect or disorder-
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Figure 3.3. Schematic representation of a Yu-Shiba-Rusinov system: pointlike classical spins
embedded in an – in this case three-dimensional – s-wave superconductor.

induced Andreev peaks [90, 91, 92, 93], and as such the results were not deemed
conclusive.

Nevertheless, the results were at least consistent with topological supercon-
ductivity, motivating further research with improved methods. New results
managed to find more accurate signatures, including not only measuring how
the band gap closing results in zero-energy modes [94], but also observing a
well-quantised zero-energy bias peak [95, 96]. Here, attempts were made to
exclude the previously mentioned alternative explanations, such as ballistic
transport ruling out disorder effects, so that the observed effects could safely
be attributed to Majorana zero modes [78, 97]. Approaches not based on the
differential conductance have also begun to yield interesting results: recently,
experiments [98, 99] have also reported observations of the 4π periodic Joseph-
son effect, another signature of topological superconductivity [100, 101, 102], in
a nanowire setup. Finally, experiments on two-dimensional systems, attempting
to detect the existence of chiral edge modes, have also begun to bear some fruit
[103].

Even these second-generation experiments have had some doubts raised as to
how reliable the claimed results are, whether because of the used measurement
devices [104] or because the measured observables cannot properly distinguish
Majorana quasiparticles from trivial bound states [105, 106]. While the collec-
tion of experiments is often viewed as mounting evidence for the existence of
topological superconductors [78], no single experiment has yet been conclusive
enough to finally put the matter to rest. As the topological properties of the
system are explicitly a feature of the bulk material, some recent proposals focus
on nonlocal measurements as a test of the topological properties of the system
[107], particularly in order to distinguish Majorana bound states from partially-
separated Andreev bound states [108], which in local measurements tend to
display many of the same characteristics.
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3.3 Yu-Shiba-Rusinov states

A pointlike magnetic impurity embedded in an s-wave superconducting substrate
will support a subgap bound state [109, 110, 111, 112]. This type of state is
commonly known as a Yu-Shiba-Rusinov (YSR) state, or sometimes simply
as a Shiba state. While known since the late 1960s, in recent years YSR
states have been the subject of new research due to suggestions that they could
be used to induce topological superconductivity on s-wave superconductors5

[115, 116, 117]. As such, YSR-based systems could act as an alternative approach
to the nanowire systems, mentioned in the previous sections, that have so
far dominated experimental research. While experimental realisations of the
nanowires are much further developed, experiments on isolated [118, 119, 120]
and coupled [121] magnetic impurities have produced promising results, and
the setup in Ref. [88] is in execution not far from a somewhat disordered, dense
YSR-type chain. This subfield of topological superconductors is of particular
importance to the original research in this dissertation, and hence merits a
closer examination in this section.

Consider an s-wave superconductor with the Hamiltonian

H0 =
[

p2

2m
−μ

]
τz +Δτx (3.17)

acting on the Bogoliubov-de Gennes wavevector Ψ= (ψ↑,ψ↓,ψ†
↓,−ψ†

↑)
T , where τ j

are Pauli matrices in particle-hole space, e.g. in this basis τz =σz ⊗ I2×2. We will
hereinafter assume �= 1. A pointlike classical spin at the position r0 will add a
potential term to the Hamiltonian,

Himp(r)= J(S ·σ)δ(r−r0), (3.18)

where J is the coupling strength , S is the spin vector of the impurity, and σ is
a vector of Pauli matrices acting on the spin subspace; δ(r) is the Dirac delta
function. The BdG equation for this system is then

[
H0 +Himp

]
Ψ(r)= EΨ(r). (3.19)

As is known, if the impurity strength JS = 0, the system is translation invari-
ant with a bulk energy gap of |Δ|, as typical for s-wave superconductors. For
nonvanishing impurities, however, an eigenvalue equation for the energy and
the wave vector is obtained:

Ψ(r)=
∫

ddk
(2π)d eik·(r−r0)G0(k)HimpΨ(r0), (3.20)

where G0 = [E−H0]−1 is the Green’s function of the s-wave superconductor, and
d is the dimension of the superconducting substrate. Notably the right-hand

5A comparable mechanism, with qualitatively similar results, can be obtained for
p-wave systems with scalar potential impurities [113, 114].
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side of the equation only depends on the wave vector at position r0, making the
position of the impurity a good starting point for solutions. Solving for energies
E < |Δ| yields an equation for the bound states:[

Ŝ ·σ+α
E+Δτx�
Δ2 −E2

]
Ψ(r0)= 0, (3.21)

with α = JSν0π, with ν0 being the density of states for the system without
superconductivity.6 Note that the hat above Ŝ here signifies a unit vector rather
than an operator. From the above equation, it can be seen that there is a subgap
bound state at the energy

ε0 =Δ
1−α2

1+α2 , (3.22)

as well as its particle-hole conjugated partner at −ε0.
It is interesting to note that at α= 1 the bound state energy ε0 crosses zero

energy. This parameter region is generally termed the deep impurity limit, and
corresponds to the case where the bound state is well separated from the bulk
energies. For α� 1 or α� 1 the bound state energies will instead approach ±Δ.

The behaviour of the wavefunction can also be solved for |r− r0| > 0. By
examining Eq. (3.20), it is found that the envelope of the wavefunction decays
approximately as

Ψ(r)∝ e−|r−r0|/ξE

(kF |r−r0|)
d−1

2
, (3.23)

in terms of the Fermi wavevector kF and the superconducting coherence length
ξE = kF /(m

�
Δ2 −E2). As the coherence length of superconductors is gener-

ally large, we note that at distances r � ξE the decay is slow, ∝ r−1 in three-
dimensional superconductors and ∝ r−

1
2 in two-dimensional superconductors.

This slow decay is a typical feature of YSR bound states and has been experi-
mentally observed [122].

3.3.1 Multiple-impurity systems

As discussed in the previous section, single magnetic impurities placed on a
superconducting substrate support subgap bound states that decay slowly over
distances shorter than the superconducting coherence length. If more than one
impurity is placed, the states bound to each overlap and hybridise, eventually
forming an energy band within the superconducting gap, as illustrated in Fig. 3.4.
In the original research part of this thesis, we show that this multiple-YSR
platform is remarkably versatile as a platform for topological superconductivity,
allowing for several different topological phases in both one and two dimensions
(II,V), in the latter case even when the impurities are randomly distributed
(VI). This subsection will focus on discussing how to construct a framework for
solving for the properties of this type of system.

6 For instance, in two dimensions ν0 = m/(2π�2) in terms of the electron mass m.
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Figure 3.4. As more point impurities are added to the superconductors, their bound states
overlap and hybridise into a subgap band. The top row shows pictorially how the
wave functions bound to the magnetic impurities overlap and hybridise, the bottom
row shows the energy spectrum, with a continuous gapped superconducting bulk and
the bound state energies visible within the gap. The energy bands are symmetric
around E = 0 due to Bogoliubov-de Gennes redundancy.

The basic Hamiltonian density of a superconductor with multiple magnetic
impurities is

H = H0 +
∑

j

J(S j ·σ)δ(r−r j), (3.24)

where H0 is the (translation invariant) Hamiltonian of the underlying supercon-
ducting substrate – for instance, that of Eq. (3.17), although, as discussed below,
additional terms such as spin-orbit coupling may appear.

Similarly to the single-impurity case, it is possible to obtain an eigenvalue
equation for the bound state energies and wavefunctions of the system, following
Pientka et al. [116]:

Ψ(r)= JS
∑

j

∫
ddk

(2π)d eik·(r−r j)G0(k)(Ŝ j ·σ)Ψ(r j). (3.25)

Choosing r= ri for some i on the left-hand side, we see that the wavefunction
at any given impurity couples only to the other impurity sites {r j} and to no
other positions r. Hence, the above constitutes an eigenvalue equation for the
impurity lattice. As was discussed previously, for symmetry-protected topological
states, the overall dimension of the system plays a crucial role. In this case, the
dimension of the original Hamiltonian only affects the topology indirectly: the
important dimension is that of the configuration of impurities. The equation
takes the form

Ψi =
∑

j

Mi jΨ j (3.26)

where Ψi ≡Ψ(r j) and

Mi j = JS
∑

j

∫
ddk

(2π)d eik·(ri−r j)G0(k)(Ŝ j ·σ)Ψ(r j). (3.27)

This will in general be the case for any translation invariant system with
point impurities, although in some cases the equation may of course not have
real solutions for E. For many YSR systems, however, such as those studied
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in Publications II and III, the nonlinear equation above can be analytically
tractable, to an extent. Further, many of the properties of the system can be
obtained without a full solution of the nonlinear eigenvalue problem, which will
be seen later.

The reason for our interest in multi-impurity YSR-based systems is that their
inherent symmetry properties are well suited to realising topological super-
conductivity. This is partly due to the particle-hole symmetry from the BdG
formalism, and partly due to how the magnetic impurities break spinful time
reversal symmetry. In order to obtain unpaired Majorana states in YSR systems,
an additional ingredient is required: the combination of magnetism and s-wave
superconductivity does not allow for Majorana bound states unless spin rotation
symmetry is broken. This can be achieved e.g. through a nonuniform spin
texture S j or through the inclusion of spin-orbit coupling in the substrate Hamil-
tonian H0. The latter will in general appear automatically for two-dimensional
substrates due to the broken translation symmetry in the direction perpendicu-
lar to the substrate. For the purposes of this discussion it is important to note
that the system described by the nonlinear equations above do not necessarily
retain the same symmetries as the original Hamiltonian of the base substrate,
particularly when the dimensionality of the impurity configuration is not the
same as that of the underlying lattice. This needs to be taken into account when
considering the topological properties of realisations of YSR systems. While the
generic symmetry relations of the Altland-Zirnbauer classes cannot immediately
be applied to the nonlinear eigenvalue equations as they are defined using a
standard Hamiltonian, there are similar methods of extracting the necessary
symmetry information regardless.

3.3.2 Topologically Equivalent Hamiltonian

On the face of it Eq. (3.25) is an inconvenient description of a system, as it is non-
linear in the energy and hence does not correspond to any typical Hamiltonian
of the type that would be seen in the time-independent Schrödinger equation.
Furthermore, standard approaches to considering the symmetries and topology
of many-body systems tend to explicitly require the use of a Hamiltonian oper-
ator, presenting additional complications. This could be solved by solving for
the projection operators of the YSR system, as these can generally replace the
Hamiltonian in most applications. In translation invariant systems with a low
amount of bands that allow for diagonalisation in k-space this angle of attack
can be fruitful, but in more general cases it is inefficient as it requires diago-
nalisation of the nonlinear eigenvalue problem in order to make any progress.
In this section, we will present a method of circumventing the problem entirely
and defining a Hamiltonian which, while not accurately describing the spectrial
properties of the system, does yield the correct topological properties, as we
demonstrated in Ref. [123].

We can rewrite Eq. (3.25) by multiplying both sides by the (unitary) onsite
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potential (Ŝ j ·σ) and moving everything to the left-hand side. This results in the
equation

∑
j

[
(Ŝi ·σ)δi j − (Ŝi ·σ)JS

∫
ddk

(2π)d eik·(r−r j)G0(k)(Ŝ j ·σ)
]
Ψ(r j)= 0. (3.28)

The terms in the sum constitute a 4×4 matrix function operating on the wave-
functions at each impurity position, so that by defining Ψ j ≡Ψ(r j) we get∑

j

A(E,ri,r j)Ψ̃ j = 0, (3.29)

where A is the matrix

A(E,ri,r j)= (Ŝi ·σ)δi j − (Ŝi ·σ)
[

JS
∫

ddk
(2π)d eik·(r−r j)G0(k)

]
(Ŝ j ·σ). (3.30)

More simply, this can be written as a 4×4 block matrix with N ×N subblocks,
with subspaces for spin, electron-hole, and position dependency, as seen in e.g.
Publications II and III. Importantly, we note that A(E,ri,r j), while featuring a
nonlinear energy dependence, is manifestly Hermitian. This allows a significant
shortcut to obtaining the topological properties of the system, as it can be seen
that the equation for zero-energy states∑

j

A(0,ri,r j)Ψ̃(r j)= 0 (3.31)

is exactly the same equation as that for the zero-energy modes of the linear
system ∑

j

H̃(ri,r j)Ψ̃(r j)= EΨ̃(r j) (3.32)

given that H̃(ri,r j) = A(0,ri,r j). In other words, in the zero-energy limit the
nonlinear eigenvalue equation has the same eigenvectors as the linear system
described by the Hamiltonian H̃ = A(0). Conveniently, zero-energy solutions are
rather important for the topology of the system: not only do topological phase
transitions occur only at gap closings (assuming symmetries are preserved), but
a topological phase will due to the bulk-boundary condition always feature zero-
energy modes. From this, it can be inferred that the (fictive) system described
by H̃ will be in the topological phase if and only if the (actual) system described
by A(E) is in the same phase – in other words, the two are equivalent for
the purposes of symmetry-protected topological phases. Information regarding
topology and symmetries can hence be derived using the topologically equivalent
Hamiltonian H̃, allowing use of all the standard methods that make reference
to a Hamiltonian. This approach has, with some modification, been used in
Publication V. However, care must be taken for properties that cannot be inferred
from the zero-energy states of the system; for one, H̃ will not give an accurate
description of the energy gap or the general eigenstates of the system, which
must be solved directly from the nonlinear problem.
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4. Summary of dissertation content

The research part of this thesis consists of six publications, with a common
theme of topology on systems with coupled magnets and superconductors.

4.1 Majorana states in helical Shiba chains and ladders

It has been suggested that the interaction between pointlike magnets positioned
in a chain on a superconductor may cause them to enter a helical configuration,
so that the moments of the atoms form a spiral in configuration space [124,
116]. The Hamiltonian of a single helical magnetic chain coupled to an s-wave
superconductor can, in the tight-binding formalism, be described by the nearest-
neighbour Hamiltonian

H0 = tx
∑
n,s

[
f̂ †
n,s f̂n+1,s +h.c.

]−μ
∑
n,s

f̂ †
n,s f̂n,s −

∑
n,s1,s2

(Bn ·σ)s1,s2 f̂ †
n,s1

f̂n,s2

+Δ
∑

n

[
f̂ †
n,↑ f †

n,↑ + f †
n,↓ f †

n,↓ +h.c.
]

,
(4.1)

where tx denotes the nearest-neighbour hopping, μ the onsite chemical potential,
and Δ the superconducting pairing strength; σ is a vector of Pauli matrices,
while Bn is a vector with constant magnitude B0 that describes the direction of
the magnetic field. It has been shown [115] that the Hamiltonian described by
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Figure 4.1. Coupled helical magnetic wires. (a) Schematic figure of a ladder system of three
coupled wires of length Lx = 5. (b) Topology of a two-wire coupled system as a
function of helix angle θ and onsite magnetic field strength B0/Δ. The color indicates
the number of Majorana pairs. We have used parameters tx = tz =Δ, μ= 4Δ, td = 0.
(c) Same as in (b), but with three coupled wires. Figures taken from Publication I.
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Figure 4.2. The four-band model of a helical Yu-Shiba-Rusinov chain. (a) Comparison of the
topological phase diagrams of our results and previously obtained results. The area
enclosed within the lines is topologically nontrivial. (b) The energy gap obtained of
the two-band Hamiltonian compared to the difference δE = |E4×4 −E2×2| between
the gaps of the four-band (nonlinear) and two-band (deep-dilute) Hamiltonians for a
planar chain at α= 1. The results converge for dilute chains, but for denser chains
the relative error δE /E2×2 grows rapidly. Figures from Publication II.

H0 can support topological superconductivity, featuring Majorana bound states
at the edges of a chain in the topological phase.

In Publication I, we considered the problem of multiple coupled chains running
in parallel, forming a ladder structure as shown in Fig. 4.1(a), by adding a
nearest-neighbour coupling tz and a second-nearest neighbour coupling td be-
tween chains. We found that through a change of basis states, the ladder system
can be reduced to a system of decoupled chains, each with shifted parameters
compared to those of the original system. In this manner, we obtained an analyt-
ical description of the topology of the system, and showed that similarly to the
single-chain system, suitable parameters bring the system into a topologically
nontrivial phase. Due to the reduction to decoupled chains, depending on system
parameters we showed that a ladder of Nz chains can support anywhere from
0 to Nz pairs of Majorana modes, as exemplified in Fig. 4.1(b-c). Moreover, the
system can enter a topological phase even when the parameters are such that a
single chain would be topologically trivial. These multiple-majorana phases are
protected by the presence of a chiral symmetry bringing the system into class
BDI; this is contingent on, among other things, the planarity of the helix, and as
such in a real system the symmetry may be approximate, leading to less robust
Majorana bound states.

4.2 Topological properties of helical Shiba chains with general
impurity strength and hybridization

A set of pointlike classical magnetic impurities placed on a superconducting
substrate form a Yu-Shiba-Rusinov system, where the bound states of the impu-
rities overlap to form a subgap band beneath the superconducting gap level. In
the mean-field limit, such a system can be described by a Hamiltonian density
of the form

H = ξkτz +Δτx + JS
∑

j

(Ŝ j ·σ)δ(r−r j) (4.2)
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Figure 4.3. Ferromagnetic Yu-Shiba-Rusinov chain. (a) Schematic representation of the system.
(b) Topological diagram displaying the winding number as a function of the Fermi
wavevector and the Yu-Shiba-Rusinov coupling parameter α. Phases with winding
numbers from −2 to 2 are observed. Figures from Publication III.

for impurities at sites r j, and where ξk = k2

2m −μ represents the kinetic energy
and chemical potential, Δ the superconducting pairing, and J,S the coupling
to the magnetic moments and the magnitude of the spins, respectively. The
Hamiltonian density above describes a four-band system with τi representing
Pauli matrices in electron-hole space and σi in spin space. The driving question
in our work in Publication II is whether a helical configuration of impurity spins
Ŝ j in this system would result in topological superconductivity, analogously to
how it occurred in the tight-binding chain discussed earlier.

As discussed in Section 3.3, for a system with only one impurity, one obtains a
single-impurity YSR energy ε0 =Δ1−α2

1+α2 in terms of α= 1
2 JSν0π where ν0 is the

normal-phase density of states of the substrate. In Ref. [116], it was shown that
in the limit where ε0 ≈ 0 (and so α≈ 1), one can obtain a two-band Hamiltonian
for the helical YSR chain on a 3D superconducting substrate, as long as the
chain is dilute, i.e., kf |ri −r j|� 1, and the energies considered are low, E/Δ≈ 0.
This two-band Hamiltonian describes a topological superconductor on a chain
with long-range hopping ti j ∝ exp(−ri j)/(kF ri j) dying exponentially at distances
larger than the superconducting coherence length ξ.

In our work, we extended the results beyond the deep-dilute limit by deriving
a four-band nonlinear eigenvalue problem describing the system. We showed
how the energies and topology of the system can be derived from the nonlin-
ear description, giving a reliable way to obtain system properties where the
approximation is not valid. To this end, we compared our findings to the ap-
proximation; as expected, the results differ more for denser chains or for higher
single-impurity energies ε0, which is illustrated in Fig. 4.2 Our work is especially
important in the light of results showing that it may be difficult to fine-tune the
single-impurity YSR energies [125].

4.3 Topological superconductivity in ferromagnetic atom chains
beyond the deep-impurity regime

In Publication III, we again examined a chain of magnetic impurities on a
superconducting substrate, but in this case working with a two-dimensional
superconductor with Rashba spin-orbit coupling. As shown previously by Brydon
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Figure 4.4. (a) Schematic figure of a magnetic Néel-type skyrmion. (b) Same, but for a Bloch-
type skyrmion. (c) Local density of states at a Bloch-type skyrmion on a p-wave
superconductor with out-of-plane superconducting d-vector. The green line is a fit
C exp(−2r/ξE)/r. Figures from Publication IV.

et al. [117], a ferromagnetic impurity configuration similar to that in Fig. 4.3
(a) can in this case produce topological superconductivity, as the spin-orbit
coupling breaks spin rotation symmetry in a similar manner to a helical magnetic
configuration. However, the previous research was again conducted in the low-
energy deep dilute limit. Using the approach we introduced in Publication II, we
obtained a nonlinear equation describing the system, from which we extracted
the properties of the ferromagnetic chain.

As a first result, we find that the deep impurity limit is significantly less
successful at describing YSR systems on two-dimensional substrates, likely
chiefly because the envelope of inter-impurity hopping amplitudes decay as
(kF ri j)−

1
2 rather than (kF ri j)−1 at ranges shorter than the superconducting

coherence length, and as such the requirement that the chain be dilute is much
harder to fulfil. This results in significant quantitative differences at most
parameter ranges, including those considered in previous works.

More significantly, however, we noted that the ferromagnetic YSR chain is in
symmetry class BDI and hence has a Z-valued topological invariant described by
the winding number1. This allowed us to explore its topology with the methods
described in Subsection 1.3.2. Thus, we were able to obtain a rich phase diagram
with four different topologically nontrivial phases, as seen in Fig 4.3(b), where
previous results had either only obtained one nontrivial phase [117] or explored
only a fraction of the parameter space [126]. Consequently, our results show
significant qualitative features not present in previous research on the system.
The ferromagnetic YSR chain can support anywhere from 0 to 2 Majorana bound
states at its edges, and domain walls between two different phases could in
principle feature up to four zero-energy modes.
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4.4 Skyrmion-induced subgap states in p-wave superconductors

A skyrmion is a topologically nontrivial configuration of a vector field, first
proposed in the context of particle physics but later becoming relevant in the
context of condensed-matter physics. For instance, a magnetic skyrmion is a
quasiparticle in the magnetic field which describes a certain configuration of the
spatial dependence of the field. As shown in Fig. 4.4(a)-(b), magnetic skyrmions
can either be achiral Néel-type ("hedgehog-type") skyrmions, or chiral Bloch-type
("spiral-type") skyrmions. It has previously been shown [127] that coupling an
s-wave superconductors to a magnetic skyrmion results in excitations embedded
in a bulk of opposite-spin states. In Publication IV, we examined how the
combination of a skyrmion in a magnetic field interacted with an underlying
two-dimensional p-wave superconductor.

As base, we used a Hamiltonian density of the type

H =
(
ξpI2×2 −B(r) ·σ Δd ·σ

(Δd ·σ)† −ξpI2×2 −B(r) ·σ

)
, (4.3)

where ξp = p2

2m −μ represents the kinetic energy and chemical potential, Δd ·σ
the superconducting pairing, and B the magnetic field. At |B| = 0 the Hamil-
tonian is quite similar to the s-wave systems considered earlier, apart from
the superconducting pairing term which is now dependent on a vector d which
depends linearly on the momentum p. In our work, we considered two differ-
ent configurations of the d-vector, namely out-of-plane d= (0, 0, px + ipy) and
in-plane d= (px, py, 0) configurations.2

We showed that in contrast to s-wave systems, a magnetic skyrmion coupled
to a p-wave superconductor can support in-gap bound states, but that the bound
states strongly depend on the relation between the type of skyrmion and the type
of p-wave superconductivity. Namely, while for an out-of-plane d-vector the two
types of skyrmions are equivalent and both host bound states, if the d-vector is
in-plane, only one of the skyrmions supports bound states; for a p·σ-type pairing,
bound states only occur with a Bloch-type skyrmion. In Fig. 4.4(c) we display
the local density of states for a bound state on an out-of-plane superconductor,
which at long ranges decays as ∝ exp(−2r/ξ)/r, a property shared with the usual
Yu-Shiba-Rusinov states on s-wave superconductors. The bound states are not
locked at zero energy and are not topological in the normal sense; however,
they are nevertheless generally well separated from the bulk of the system.
As such, we predict that density-of-state measurements of these states could
exhibit observable effects identifying the pairing vector of the underlying p-wave
superconductor.
1 This due to the effective chiral symmetry present in a real-valued Hamiltonian, which
is the case for a straight line of ferromagnetic YSR states; disorder in the position
perpendicular to the line will make this an approximate symmetry.
2 The nomenclature here is based on the fact that the z axis is orthogonal to the plane
of the superconductor. In practice, the behaviour of the d-vector will likely be more
complicated than these examples and depend on the magnetic field configuration [128].
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Figure 4.5. (a) Schematic figure of a square lattice of lattice of nanomagnets, with the red line
representing the topological edge modes. (b) Winding number diagram of a one-
dimensional array of nanomagnets with radius R, in terms of the Fermi momentum
and the coupling strength η = MπmR2/�2, where M is the magnetisation energy
scale of the nanomagnets and m is the effective electron mass. R has been kept
constant as η varies. (c) Chern number diagram of a square lattice of nanomagnets
in terms of the Fermi momentum and the coupling η to the magnets. Figures from
Publication V.

4.5 Superlattice platform for chiral superconductivity with tuneable
and high Chern numbers

Yu-Shiba-Rusinov systems have theoretically been proposed as platforms for
both both one-dimensional and two-dimensional topological superconductivity.
However, fabrication of a flawless lattice of magnetic atoms in a predetermined
spin configuration may be challenging in practice. Hence, in Publication V
we explored the possibility to move to a larger-scale variant using finite-sized
nanomagnets instead of pointlike classical spins. The nanomagnets would be
placed on a two-dimensional electron gas (2DEG) coupled to a two-dimensional
s-wave superconductor, as illustrated in Fig. 4.5(a).

Our approach made use of a similar Hamiltonian density as the Yu-Shiba-
Rusinov systems outlined earlier, but with the pointlike magnetic terms replaced
by the potential

V =
∑

j

M jσzθ(R−|r j − r|), (4.4)

representing a number of identical circular magnets. The shift to considering
nanomagnets instead of atomic spins means that the direction of the magnetic
field can be more reliably kept in the z direction, but also carries other physical
implications, such as the fact that the scale of the lattice must be larger, implying
a corresponding shift in parameters. Additionally, there is potential for post-
construction tuning of the system topology, for instance through changing the
magnetisation or the chemical potential of the 2DEG with external fields.

By modifying our framework for YSR systems to allow for expansions in
angular momentum, we derived an infinite nonlinear system of coupled matrix
equations describing the system. This allowed a solution of the single-magnet
bound states at arbitrary angular momenta. By using an angular momentum
cutoff motivated by this solution, we obtained a finite-dimensional nonlinear
eigenvalue problem, which could be used to define a topologically equivalent
Hamiltonian through the procedure we developed in our previous works, outlined
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Figure 4.6. (a) Local density of states zero energy for a Shiba glass in the topological phase. (b)
Chern number diagram for the Shiba glass in terms the Fermi momentum kF and
the single-impurity YSR energy ε0. Figures from Publication VI.

in Section. 3.3.2.
We found that for realistic parameter regimes, the nanomagnet lattice effec-

tively features similar topological phases as YSR systems. One-dimensional
arrays of nanomagnets are topological superconductors in class BDI, supporting
winding numbers between ±2, as shown in Fig. 4.5(b), as in the ferromagnetic
chain of Publication II. Further, a square lattice of magnets is a topological su-
perconductor in symmetry class D, featuring chiral topological superconductivity
with high Chern numbers, visible in Fig. 4.5(c), as has previously [129, 130] been
discovered in square YSR lattices. The nanomagnet lattice could then act as a
versatile platform for topological superconductivity analogously to YSR systems,
but one which is more feasible with current experimental technology.

4.6 Amorphous topological superconductivity in a Shiba glass

As an alternative route to making experimental progress in YSR-like systems
more tenable, one could simply forgo the need for an underlying spatial order
completely. Because the Altland-Zirnbauer symmetry classes do not directly
depend on spatial symmetries, there is no inherent reason for topological su-
perconductors to need a lattice-like system as a base; nontrivial topological
phases have been proposed in a toy model of topological insulators [131] and
even experimentally realised in fully classical systems [132], where systems of
interacting gyroscopes give rise to similar effects. In Publication VI, to extend
this to topological superconductivity, we introduce the concept of a Shiba glass.

By Shiba glass we refer to a two-dimensional Yu-Shiba-Rusinov system in
which the pointlike magnetic impurities are placed on the underlying substrate
in a uniformly random distribution. With a two-dimensional substrate, the
Hamiltonian is that of Publication III, but with randomly distributed impurity
positions ri as opposed to a regular one-dimensional chain. Most straightfor-
wardly, one may consider a uniform random distribution of the form 0< rx < Lx,
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0< r y < L y.
Naturally, for vanishing density the system is essentially a collection of de-

coupled single-impurity YSR moments. In our work, we showed that the Shiba
glass undergoes a phase transition as a function of the density of the magnetic
moments, such that at high densities it enters a topological phase. For nonzero
Chern numbers, a system with open boundary conditions features topological
modes along the edges of the (random) system, as seen in Fig. 4.6(a), as long as
Lx, L y are large enough compared to the impurity density ρ and the coherence
length ξ so that the notion of an edge is meaningful and the different edges well
separated. As the density decreases, the system enters a gapless phase where
the Chern number is not well-defined. The transition is shown in Fig. 4.6(b) in
terms of the characteristic distance r̄ = ρ− 1

2 .
In general, we find that the Shiba glass is gapless in the thermodynamic limit,

due to natural local density fluctuation arising from the random distribution.
However, we argue that, in general, these fluctuations will result in locally bound
states that do not affect the overall topology, and hence a more useful quantity is
the mobility gap, which remains nonzero for increasing system size. Calculating
the thermal conductance of the system, we show that in the topological phase,
there is a finite mobility gap within which the thermal conductance is quantised,
and the vanishing of which coincides with the topological phase transition.
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Errata

Publication II

The sign of JE(0) on the left-hand side of Equation
(2) should be positive.
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