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realization of this thesis.
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of said visits.
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my own path in life, and to my sister Katarina, who have provided me with a
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tormenting. I owe my work-life balance to Patricia, Peik, Yo, , ,
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that there is more to life than physics. I am also forever indebted to Fredrika for
her support throughout all these years.
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1. Introduction

Condensed-matter systems come in many different shapes and forms, and the
detailed microscopic structure of a material typically directly determines the
characteristics and observables of the system. Indeed, by for example altering
the lattice structure, replacing the constituent atoms with other atoms, or
inserting electromagnetic fields, it is intuitively clear that system features
such as energy dispersions and conductance should be affected. While this
is true in most situations, it turns out that some low-temperature quantum
systems have non-trivial properties that persist in the presence of alterations
and perturbations. Such properties are said to be topological and, accordingly,
a system possessing such a property is also said to be topologically non-trivial
or simply topological. Topological properties are usually characterized by a
mathematical object called a topological invariant, which can only take on a
discrete set of values. For physical systems, each possible value of the topological
invariant corresponds to a volume in parameter space in which all topologically
equivalent systems are found. Conversely, systems whose topological invariants
are different are said to belong to different topological phases.

The idea of quantum phases distinguished by non-trivial topology really came
into the consciousness of mainstream condensed-matter physicists in the early
1980s when the integer quantum Hall effect [1] was discovered; an electron gas
confined to a two-dimensional substrate pierced by a strong magnetic field will
have a vanishing longitudinal conductance, but a Hall conductance quantized to
integer multiples of e2

0/h, where e0 and h are the elementary charge and Planck’s
constant, respectively. Soon afterwards, several groups [2, 3, 4, 5, 6, 7] provided
the theoretical foundation for this observation. Notably, in the landmark paper
by Thouless, Kohomoto, Nightingale and den Nijs [6], an expression for the
Hall conductance was derived and argued to only be able to take on discrete
values. This mathematical expression has later been identified as a topological
invariant called the Chern number and can only take on integer values. For
an integer quantum Hall state, the Chern number can in theory be arbitrarily
large, but beyond a certain limit, successive phases become experimentally
indistinguishable as there is an inverse relationship between the magnitude
of the Chern number and the volume of the corresponding parameter region.
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For finite samples of integer quantum Hall systems, Halperin [7] showed that
the edges host one-dimensional edge modes that circulate the sample in one
direction. Furthermore, these edge modes are energetically within the bulk gap.
The number of edge modes is proportional to the quantized Hall conductance
and is hence also determined by the Chern number, which suggests that the
edge modes are a topological property of the system. This is further evidenced by
their robustness against disorder: as Halperin also showed, even in moderately
disordered samples, the edge modes will propagate without backscattering as
there are no modes propagating in the other direction into which they may
scatter. The only way to get rid of the edge modes is to introduce so much
disorder that edge modes at opposite edges can couple to each other via low-
energy impurity states within the bulk. This reveals an important feature of
gapped topological materials: the robust edge modes are manifestations of a
topologically non-trivial phase, and they are only protected as long as the bulk is
gapped. Conversely, transitions between different topological phases are always
accompanied by the gap of the bulk closing. The edge modes themselves can
then be seen as a consequence of this fact: since the vacuum can be thought
of as a trivial system with an infinite gap, the edge of the sample represents
a boundary between two different topological phases, so the gap must locally
close. We must therefore have states localized to the edges of the sample, to wit,
the edge modes. If we replace the surrounding vacuum by some other integer
quantum Hall system with a different Chern number, the number of edge modes
will simply be the difference between the Chern numbers of the two systems.
This relation between the topological invariant of the bulk and the number of
edge modes on the boundary of a finite sample is known as the bulk-boundary
correspondence.

The magnetic field in the integer quantum Hall effect explicitly breaks time-
reversal symmetry. It was later realized that one could construct a time-reversal
invariant system with topological features by simply combining two – one for
spin up and one for spin down – integer quantum Hall systems related by time-
reversal [8]. In this case, the edge modes of the different spin polarizations
traverse the edges in opposite directions, with no net electric current in the
absence of external bias. Instead, there is a spin current, since edge modes of
opposite spin flow in opposite directions. This type of system was thus coined
the quantum spin Hall insulator. Remarkably, even though there now are two
channels where the propagation is in opposite directions along the edge, the
spin current is still robust against disorder as long as the disorder preserves
time-reversal symmetry. Since the system has time-reversal symmetry, there
is no process which connects the two channels. However, if we add two more
channels related by time reversal, the edge modes in one channel pair can now
scatter into the other pair of channels creating localized states at energies away
from the Fermi energy. There can thus only exist one pair of robust channels
[9]. Initially, it was proposed that that graphene would realize a quantum spin
Hall effect [8]; however, the bulk gap of graphene turned out to be too low to
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experimentally observe the quantum spin Hall state [10, 11, 12]. Instead, the
quantum spin Hall effect was first observed in semiconductor quantum wells
[13] in accordance with theoretical predictions [14, 15] .

As was previously mentioned, the number of edge modes in an integer quan-
tum Hall state can in principle be any integer, but for the quantum spin Hall
effect, we can at most only have one robust pair of channels. It is said that
the topological invariant for the integer quantum Hall effect is Z valued, while
it is Z2 valued for the quantum spin Hall effect [9]. This discrepancy is ul-
timately tied to the fact that the latter has time-reversal symmetry and the
former does not. In general, there are three discrete non-spatial symmetries
important for topological classification: time-reversal, charge-conjugation, and
chiral symmetry. The Altland-Zirnbauer classification (alternatively, the ten-
fold way) [16, 17, 18] provides a comprehensive list of the possible values for
topological invariants in arbitrary spatial dimensions and symmetry classes
given the absence or presence of these three symmetries. These symmetries not
only tell us what values the topological invariants can have in different spatial
dimensions, they are also crucial for the topological robustness of the system;
breaking a symmetry crucial for the topological classification of the system typi-
cally destroys1 the topological phase. Accordingly, we refer to these phases as
symmetry-protected topological phases.2 For example, as was argued earlier, the
edge channel in the quantum spin Hall effect, while robust against disorder that
does not break time-reversal, is sensitive to any form of time-reversal symmetry
breaking. Breaking time-reversal symmetry (through disorder or otherwise)
allows for backscattering through the time-reversal partner which would localize
the edge states and lift them from the gap center.

The theory of symmetry-protected topological phases can also be extended
to superconductors [19, 20]. Topological superconductors have garnered a lot
of interest among researchers due to their prospective application potential
to quantum computing. The boundary modes in a topological superconductor
are so called Majorana zero modes, which follow neither bosonic nor fermionic
exchange statistics. In theory, exchanging Majorana zero modes can realize
logical gates [21, 22] meaning that topological superconductors can serve as a
platform for quantum computation. Majorana zero modes have one important
advantage over other proposals for quantum computation. A quantum computer
manipulates quantum states in order to perform calculations. If the computer
is not properly isolated from the outside world, the environment may interact
with the quantum states and affect the outcome of the computation. This
has presented a formidable challenge for most quantum-computer proposals;
however, the topological origin of Majorana zero modes grants them a degree of
robustness and Majorana-based computations would hence be less sensitive to

1In some cases, breaking a symmetry puts the system into a non-trivial phase of a
different topological class.
2Note that the integer quantum Hall effect does not rely on any symmetry. In the
Altland-Zirnbauer classification, it is said to belong to class A.
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perturbations from the environment. This has motivated substantial theoretical
and experimental effort in trying to find materials that can host topologically
superconducting phases. In this thesis, we have considered a popular candidate
for topological superconductivity where magnetic impurities are deposited on
an ordinary superconductor. In Publication I and Publication II, we extend the
theory beyond a very stringent limit imposed in earlier work by others [23, 24,
25, 26]. In Publication III, we investigated disorder effects in these systems
by introducing randomly distributed vacancies, and disorder in the coupling
between the impurities and the electrons in the superconductor, separately. In
Publication IV, we developed a similar theory as what we did in Publication
I, Publication II, and Publication III to a system with scalar impurities on an
intrinsic superconductor. Much like magnetic impurities on a conventional
superconductor are predicted to host topological superconductivity, an array
of scalar impurities on an intrinsic topological superconductor is expected to
host topological phases in addition to the topological phase of the underlying
superconductor itself.

As previously mentioned, the topology of symmetry-protected topological
phases hinges on the existence of a bulk gap. It turns out, however, that
there are also topologically non-trivial systems where the bulk spectrum is
gapless [27, 28, 29]. A well-known example of such a gapless material is the
Weyl semimetal, which was experimentally observed in 2015 [30, 31]. The
Weyl semimetal is a three-dimensional system where the bulk spectrum has an
even number of linearly dispersing nodes at which the conductance and valence
bands meet. The topological features arise from the nodal spectrum as any
small changes to the system parameters will typically not gap out these nodes
– they are merely shifted in position within the momentum space. There is an
intimate relationship between the low-energy excitations around the nodes of
a Weyl semimetal and certain theories in particle physics; systems with linear
dispersions such as graphene and Weyl semimetals have made analogues of
high-energy phenomena in condensed-matter physics a hot topic of research
[27, 32]. These endeavors not only allow us to gain new insights into physics that
is otherwise energetically beyond our current technological abilities, but also
provides us with novel transport properties potentially useful in future electron-
ics. In Publication V, we introduce and develop a mathematical framework for
Weyl metamaterials, that can be seen as generalizations of Weyl semimetals. In
Weyl metamaterials, the low-energy excitations experience an effective curved
space. This is in contrast to ordinary Weyl semimetals where the low-energy
theory is that of a flat spacetime. The curved space can be tuned by external
fields, and our framework provides a direct relation between these fields and
the curved space. Weyl metamaterials could then provide a platform in where
to study curved-space physics, reverse engineer non-trivial spaces, and, from
a technological perspective, potentially offer a route to manipulate the flow
of charge carriers in a sample by altering their trajectories through synthetic
geometries.
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The outline of this thesis is as follows: in Chap. 2, we present the basic mathe-
matical preliminaries for both topological superconductors and Weyl semimetals.
This is accomplished by studying the Dirac equation, which, as we will see, lies
at the heart of both gapped and gapless topological systems. In Chap. 3, we
turn to topological superconductivity, and explain its main features through a
well-known toy model. We also give a more in-depth account of the most intrigu-
ing properties of Majorana zero modes. The end of the chapter is dedicated to
explaining the candidate system for topological superconductivity that is the
basis for Publications I-IV. In Chap. 4, we shift focus to Weyl semimetals and
present their basic topological properties. The main results of the Publications
are then summarized in Chap. 5.
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2. The Dirac Equation

The research presented in this thesis can be divided into two parts: the first and
largest part concerns topological superconductors, whereas the second part is
related to extensions of the concept of Weyl semimetals. As mentioned in the
previous chapter, both topological superconductors and Weyl semimetals are
topological, but the way topology manifests in these is different. Topological
superconductors typically rely on the existence of an energy gap separating the
conductance and valence bands, while the bulk of Weyl semimetals are gapless.
Furthermore, while the focus of our work on topological superconductors has
explicitly been on their topological properties, it merely plays a secondary – albeit
important – role in our work related to Weyl semimetals, which primarily deals
with condensed-matter analogues of relativistic particles in curved geometries.1

Despite the conceptual disparities between these two topics, they can be placed
in a common context via their mathematical formalisms. The mathematics of
both topological superconductors and Weyl semimetals can be understood in
terms of the Dirac equation well-known from high-energy particle physics. The
purpose of this chapter is thus threefold:

1. To present the basic particle-physics background underpinning the theory of
topological superconductors and Weyl semimetals.

2. To provide a bridge between the two otherwise disconnected bodies of work
presented in this thesis.

3. To establish the background necessary to appreciate the deep connections
between condensed-matter systems and high-energy physics expounded upon
in later chapters.

This chapter, up until Sec. 2.2, is largely inspired by Ref. [33] where the author
discusses topological materials from the perspective of the Dirac equation.

1Geometry is in some sense diametrically opposed to topology: in geometry, one is
typically concerned with local properties of manifolds, while topology is mainly concerned
with their global characteristics.
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2.1 The Dirac Equation, Topology, and Symmetry

The time-independent Dirac equation [34] in d spatial dimensions can be written
as2 (

mβ− iv
d∑

n=1

αn∂rn

)
ψ(r, t)= i∂tψ(r, t), (2.1)

which is the relativistic wave equation for the spinor ψ describing a spin-1/2 par-
ticle with mass m and velocity v.3 In order to be consistent with the relativistic
energy dispersion E2 = m2 +v2 p2, β and αn must obey the Clifford algebra

{αn,αm}= δnm, {β,αn}= 0, β2 = 1, (2.2)

where δnm is the Kronecker delta, and {A,B}= AB+BA. This algebra requires
αn,β to be matrices, whose dimensionality depends on the number of spacetime
dimensions: in spatial dimensions below three, it is sufficient to employ the
Pauli spin matrices σ j ( j = 1,2,3), whereas three spatial dimensions require
4×4 matrices to satisfy the Clifford algebra.

2.1.1 Bound-State Solutions

As was mentioned in Chap. 1, boundaries between topologically distinct gapped
phases typically host localized zero-energy bound states. In a similar manner, a
system described by the Dirac equation with a mass kink also supports localized
zero-energy bound states. In one dimension, the zero-energy solution of Eq. (2.1)
with a mass kink can be solved from

(m(x)σz − ivσx∂x)ψE=0(x)= 0, (2.3)

where the profile of m(x) is some function such that limx→−∞ m(x)/v < 0 and
limx→∞ m(x)/v > 0. The zero-energy solution is then exponentially localized to
the kink4

ψE=0(x)∝ e−
1
v

∫ x
0 dym(y). (2.4)

The existence of a boundary mode suggests that we are dealing with the bound-
ary region of two topologically distinct phases as per the bulk-boundary corre-
spondence mentioned in the introduction. These two phases can be distinguished
by the sign of their mass term. There is, however, an important subtlety here that
we must address: a system described by a positive-mass Hamiltonian is unitarily
equivalent to a Hamiltonian with negative mass – indeed, σxH(m)σx = H(−m).
In other words, we can not say which sign of the mass term corresponds to the

2From this point forward, we work in natural units, which for our purposes implies that
the speed of light c, the elementary charge e0, and Planck’s reduced constant ℏ are all
set to equal unity.
3In particle physics, this is the speed of light c, but we opt to call it v here, as it
corresponds to the Fermi velocity in condensed-matter systems.
4This soliton solution was initially discussed by Jackiw and Rebbi in 1976 [35].
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vacuum, i.e. trivial state. Without some further information, the topology of a
system described by the Dirac Hamiltonian can only be discussed relative to a
similar system with a mass with opposite sign.

2.1.2 The Modified Dirac Hamiltonian

In order to define a unique vacuum for the Dirac equation, the symmetry be-
tween positive and negative masses must be broken. This can be achieved by
regularizing the mass by adding a term quadratic in momentum to it, namely

H = (m− sp2)β+v
d∑

n=1

αn pn, (2.5)

where we now have switched to a momentum-space representation by replacing
−i∂x j → p j and writing p2 =∑ j p2

j . We have introduced a factor s that at the
level of the current discussion is just some constant that make the dimensions
consistent between all the terms. Later on, we will see how it relates to param-
eters in physical systems. Even though this Hamiltonian turns out to also be
topologically non-trivial in higher dimensions,5 let us again restrict ourselves to
the one-dimensional case,

H1D = (m− sp2)σz +vpσx, (2.6)

where we once again can solve for zero-energy bound states in the presence of
a mass kink as before. This time, however, we can define a unique vacuum,
since there is now no unitary transformation connecting H1D(m) and H1D(−m).
The topological nature can be gleaned from momentum space by writing the
Hamiltonian in the form H1D = dx(p)σx +dz(p)σz, and looking at the properties
of the two-dimensional unit vector d̂(p)=d(p)/|d(p)|. For any finite p, we have
some non-zero value for both components of the vector field, but if we look at the
limits of p → 0 and p →±∞, we find that

lim
p→0

d̂(p)= sgn(m)(0,1), lim
p→±∞ d̂(p)= sgn(s)(0,−1), (2.7)

from which we can conclude that the vector field at the origin and at infinity are
either parallel or antiparallel depending on the relative sign between m and s; for
ms > 0, the field points up (m > 0) or down (m < 0) at the origin, but eventually
starts to turn to the opposite direction for larger p, being completely antiparallel
to the origin at infinity – this corresponds to the topologically non-trivial system
and means that the vector d(p) draws out a circle as p goes from p = −∞ to
p =∞. In contrast, the second component for the ms < 0 configuration never
changes sign and d̂(p) always points into the same half-space. The topologically
non-trivial phase then corresponds to the vector making a full twist, i.e., when
ms > 0, while no twists indicate a trivial phase.6 For a fixed non-zero s, the

5An argument for this is shown in Sec. 2.3 for the unmodified Dirac Hamiltonian.
6The vacuum is topologically trivial and is easily understood to have a momentum-
independent d.

17



The Dirac Equation

only available parameter to vary is m, and as such we can not go from the
“twisted” configuration to the “non-twisted” (nor vice versa) unless d̂(p) becomes
ill-defined. This can only happen if |d(p)| goes to zero, or equivalently, when the
energy gap between the two bands closes, which happens precisely at m = 0. It
thus follows that as long as any perturbation m → m+δm to the mass term does
not exceed the gap size, the topology is protected – the bigger the energy gap,
the more robust the topology is.

2.1.3 Symmetry Protection and Classification

In the previous subsection, we saw that the topology of Dirac-like systems de-
scribed by Eq. (2.5) is related to the behavior of a two-component vector derived
from the Hamiltonian. This analysis assumes that the two-band Hamiltonian
can be completely described by using only two out of the three Pauli matrices –
adding the third matrix makes the vector three-dimensional, which now draws a
closed curve on a sphere instead of on a circle. In this case, we can continuously
shrink the curve to a point and all curves are hence equivalent. Put differently,
adding a term ∝σy to Eq. (2.5) will make it gapped regardless of the sign of ms.
This allows us to go between the two topological phases without closing the gap,
which is seemingly at odds with previous discussions where it was pointed out
that gap closings are necessary during topological phase transitions. The resolu-
tion to this problem is to note that including the remaining Pauli matrix breaks
the chiral symmetry of our Hamiltonian. As was also mentioned previously, the
topological phases are protected by symmetries, and in the case of Eq. (2.5), the
relevant symmetry is the chiral symmetry. This symmetry is mathematically
expressed by identifying a unitary operator C which anticommutes with the
Hamiltonian H, i.e.

C HC −1 =−H. (2.8)

According to the Altland-Zirnbauer classification, the Hamiltonian in Eq. (2.6)
then belongs to AIII [18]. However, the system can also be said to possess
both charge-conjugation symmetry and time-reversal symmetry if we restrict
the allowed types of perturbations further. These symmetries mean that the
Hamiltonian satisfies

P HP −1 =−H, T HT −1 = H, (2.9)

where the charge-conjugation operator P and time-reversal operator T – unlike
the aforementioned chiral operator C – are antiunitary operators. More specif-
ically, for Eq. (2.6), the operators are given by P = σxK and T = σzK , where
K is the complex-conjugation operator. Since both of these operators square to
unity, the topological class is now BDI. Due to the antiunitary nature of P and
T , the commutation relations in Eq. (2.9) become

P H(p)P −1 =−H(−p), T H(p)T −1 = H(−p) (2.10)
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in the momentum-space representation. From this we can then deduce that a
Hamiltonian H(p)=d(p) ·σ with charge-conjugation and time-reversal symme-
try must satisfy

dx(p)=−dx(−p), dy(p)= 0, dz(p)= dz(−p) (2.11)

if the symmetry operators are the same as for the one-dimensional Dirac Hamil-
tonians. As we saw before, the only relevant constraint for the chiral symmetry
in this case is that the y component vanishes. We can break charge-conjugation
and time-reversal symmetry by introducing terms that are even and odd in
momentum to the x and z components, respectively. Breaking these two symme-
tries does not affect the validity of the vectorial picture discussed in the previous
subsection, but as such symmetry-breaking terms change the topological clas-
sification of the system, they may turn the system trivial without closing the
gap.

2.1.4 The Winding Number

In both BDI and AIII, the topological invariant is generally Z valued in one
spatial dimension, but in this case, it seemingly only takes on two values,
since we already concluded that the phase transition occurs at m = 0. We
can surmise that the invariant characterizing these phases is simply given by
Q = −sgn(ms)7 for the modified Dirac Hamiltonian, and Q = −sgnm for the
Dirac Hamiltonian, although in the latter case we still have the ambiguity in
choosing which value corresponds to the trivial phase. The topological phases
of more complex Hamiltonians are generally not possible to deduce by the kind
of arguments we have employed here. In more involved situations, we must
often resort to calculating the topological invariants using more sophisticated
formulas if we want to extract any quantitative information about the topology
of the system of interest. It is therefore beneficial to discuss some basic theory
behind topological invariants in this comparatively simple setting. We do so
by sketching out a geometric derivation of a topological invariant for a one-
dimensional system in terms of the vector field from the above discussion on the
modified Dirac Hamiltonian. We will, however, for the sake of future discussion
consider a more general setting. We will only assume that our system has two
energy bands and a chiral symmetry with respect to C = σy. This forces our
Hamiltonian to be of the form

H = dx(p)σx +dz(p)σz. (2.12)

We additionally restrict ourselves to systems whose momentum space is topolog-
ically equivalent to a circle, i.e. S1.

In the topologically non-trivial regime, the vector d(p) for Eq. (2.5) was seen to
make a full revolution as we traversed the momentum space. We also concluded

7The overall sign is arbitrary.
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that we can not get rid of this twist and turn it into a trivial untwisted state
without closing the bulk gap. It then seems natural to try to construct an object
that measures how many twists the system has. Let us consider the angle d(p)
makes with the x axis, which satisfies

tanϕp = dz(p)
dx(p)

. (2.13)

We expect this angle to only be able to change by an integer multiple of 2π as
we go around the momentum space, since the continuity of d(p) by definition
prohibits sudden jumps, and with the assumption of periodicity in momentum
space p requires d(p) to end up pointing in the same direction after going once
around the momentum space. Therefore, it follows that

W = 1
2π

∫
BZ

dp
dϕp

dp
(2.14)

is a good candidate for a topological invariant in these one-dimensional systems
with chiral symmetry. Here, BZ denotes the momentum space, i.e. the Brillouin
zone. The invariant W is known as the winding number (the reason why we
denote the winding number by W and not Q will be evident soon), which is a
natural naming choice given the above discussion. Using the chain rule, we can
rewrite the winding number in the form

W = 1
2π

∫
BZ

dp
d tanϕp

dp

1+ tan2ϕp
= 1

2π

∫
BZ

dp
dx∂pdz −dz∂pdx

|d|2

= 1
2π

∫
BZ

dp
(
d̂x∂p d̂z − d̂z∂p d̂x

)
,

(2.15)

where we in the last expression have not written out the explicit momentum
dependence in d j, j = x, z for the sake of clarity.

We now wish to apply the above formula for the winding number to the
modified Dirac Hamiltonian. However, we must first point out that while the
assumption we made when deriving Eq. (2.15) was that the momentum space
is topologically S1, namely d(p) is periodic, we can still apply it to the modified
Dirac Hamiltonian even though its momentum space is infinite. This is because
the winding number only depends on the unit vector d̂(p); as we saw previously,
the unit vector for the modified Dirac Hamiltonian had the same limiting value
at both infinities, which allows us to interpret the infinite momentum space as a
circle. So if we now set dz = m− sp2 and dx = vp, an arduous calculation gives
us

W =− v
2π

∫ ∞

−∞
dp

m+ sp2

v2 p2 + (m− sp2)2 =−sgn(v)
2

(sgn(m)+sgn(s)). (2.16)

The winding number can clearly take on three possible values compared to
the two of our earlier conjecture Q =−sgn(ms). Going back to the vector-field
picture, the explanation for this discrepancy is that the winding number not only
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reveals if there is a twist or not, it also tells us whether the twist is “clockwise”
or “anticlockwise”, whereas Q = −sgn(ms) can only show the presence of the
twist and nothing else; Q can in other words be thought of as the parity of the
winding number, viz. Q = (−1)W .

There is an alternative expression for the winding number which follows from
rewriting the integrand of Eq. (2.15) in a basis-independent form:

dx∂pdz −dz∂pdx

|d|2 =− i
4

Tr
(
σy
[

d ·σ
|d|2 ,∂pd ·σ

])
=− i

4
Tr
(
C
[
H−1,∂pH

])
=− i

2
Tr
(
C H−1∂pH

)
,

(2.17)

where σ = (σx,σy,σz), of course, is a vector of Pauli matrices, and the last
equality follows from the cyclic property of the trace together with the anti-
commutation of the chiral operator C and the Hamiltonian H = d(k) ·σ. The
winding-number formula is thus

W =− i
4π

∫
BZ

dpTr
[
C H−1∂pH

]
. (2.18)

This formula turns out to be valid for any one-dimensional Hamiltonian with
chiral symmetry, and is employed extensively in Publications I-IV even for
systems with more than two bands.

As a final remark in this subsection, we note that setting s = 0 reduces the
modified Dirac Hamiltonian to the original Dirac Hamiltonian, which when
plugged into the winding number gives W = −sgn(mv)/2, which is half of our
initial guess Q. This extra factor of one half arises from the fact that the vector
field only makes half a turn within the momentum space which we as mentioned
previously prevents us from identifying p =−∞ with p =∞.

2.1.5 The Chern Number

Even though the research for this thesis does not involve two-dimensional
topological systems, it will turn out to be beneficial to also discuss a topological
invariant of two-dimensional systems. This invariant is commonly referred to
as the Chern number and was briefly mentioned in Chap. 1 in the context of
the integer quantum Hall effect. Despite being a topological invariant most
commonly associated with gapped systems, it, as we will see in Chap. 4, is also
crucial in understanding certain topological aspects of Weyl semimetals.

We again consider a two-band Hamiltonian, except that we this time do not
assume the presence of any symmetries other than translational. Ignoring any
inconsequential identity-matrix terms, the Hamiltonian can be written as

H =d(k) ·σ, (2.19)

where d(k) is periodic in momentum. In the spirit of the winding number, we
can also here define a vector field with unit magnitude via d̂(k)=d(k)/|d(k)|. As
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we vary kx and ky, the vector d̂(k) traces out a surface on a unit sphere, and
due to the assumed periodicity of d(k), the unit vector must cover a solid angle
equivalent to an integer number of surface areas of the unit sphere (4π) after
scanning through the whole Brillouin zone. The Chern number can then be
written as

C = 1
4π

∫
BZ

dΩk, (2.20)

where dΩk is the differential solid angle that d̂(k) covers for infinitesimal
increments of kx and ky. An area element is given by (d̂(k+δkx)− d̂(k))× (d̂(k+
δky)− d̂(k))= δkxδky(∂kx d̂(k)×∂kyd̂(k))+O (δk3), which is a vector pointing in
the radial direction when ignoring higher-order terms. The differential area
then becomes dΩk = d̂(k) · (∂kx d̂(k)×∂kyd̂(k))dkxdky, from which it follows that

C = 1
4π

∫
BZ

dkxdkyd̂ · (∂kx d̂×∂kyd̂)= 1
4π

∫
BZ

dkxdky
d · (∂kxd×∂kyd)

|d|3 , (2.21)

where we again omitted the k dependence of d(k) for ease of reading. This is
well-defined for non-vanishing d(k); in other words, it is well-defined for gapped
systems. As long as the gap is non-zero, the value of C can not change.

As a concrete example, let us look at the modified Dirac Hamiltonian in two
dimensions

H =d(p) ·σ= vpxσ
x +vpyσ

y + (m− sp2)σz, (2.22)

where p2 = p2
x + p2

y. The momentum space is a priori R2, but d̂ has the same
limit, namely −sgn(s), when |k| →∞ regardless of the direction. Much in the
same way as we did in the case of the winding number, we can hence view
the system as periodic in momentum by identifying the negative and positive
infinities with each other along both axes. The Chern number can then be
analytically calculated, yielding

C = v2

4π

∫
dp

m+ sp2[
v2 p2 + (m− sp2)2

]3/2 = 1
2

[sgn(m)+sgn(s)] . (2.23)

2.2 Majorana Fermions

Up to now, we have introduced some basic aspects of topology in physics by
studying the topology of the Dirac equation. The remainder of this chapter we
devote to introducing two famous solutions to the Dirac equation, to wit, the
Majorana and the Weyl fermion, which have found their way into condensed-
matter physics via topology.

Historically, both have been proposed as candidate descriptions of neutrinos.
The Majorana fermion – a charge-conjugation symmetric fermion – is not yet
ruled out, and predicts neutrinoless double beta decay [36] which so far have
not been observed [37, 38, 39, 40, 41]. Before the discovery of the neutrino
mass [42, 43], neutrinos were thought to be massless fermions, and could thus
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potentially fit into the theory of Weyl fermions as it describes massless spin-1/2
particles. While neither Majorana fermions nor Weyl fermions have yet been
observed as elementary particles, they still serve important roles in the theory
of particle physics. However, more importantly for the work in this thesis, there
is evidence for both of them in solid-state systems in the form of low-energy
excitations – that is to say as quasiparticles.

2.2.1 The Gamma Matrices

As we in this section and the next will discuss the Dirac equation from a particle-
physics perspective, it is beneficial to recast the Dirac equation in Eq. (2.1) in
terms of the so-called gamma matrices, namely(

i
3∑

µ=0

γµ∂µ−m

)
ψ(r, t)= 0, (2.24)

where we for now fix the number of spatial dimensions to three, define ∂0 = ∂t

and ∂n = ∂rn ,8 and set v = c = 1. The gamma matrices are defined in terms of β
and αn as

γn =βαn, γ0 =β. (2.25)

From these definitions together with Eq. (2.2), it is trivial to see that the algebra
of the Dirac gamma matrices is

{γµ,γν}= 2ηµν, (2.26)

where µ,ν= 0, ...,3 and ηµν is the Minkowski metric with signature η00 = 1, ηnn =
−1.9 The gamma matrices also satisfy

(γµ)† = γ0γµγ0, (2.27)

which is an immediate consequence of writing the Dirac equation as a Schrödinger-
type equation Hψ(r, t) = i∂tψ(r, t), and requiring that the Dirac Hamiltonian

H = γ0(−iγn∂n +m) (2.28)

is Hermitian. Here we have omitted the summation symbol as we from now on
adopt the Einstein summation convention.

We are free to choose our gamma matrices to be any set of four 4×4 matrices
we like as long as they satisfy the algebra in Eq. (2.26). One possible choice is

γ0 = τz ⊗σy, γ1 = iτz ⊗σx

γ2 = iτz ⊗σz, γ3 = iτx ⊗ I2×2,
(2.29)

8Latin characters (1,2,3) denote spatial indices whereas indices denoted by Greek
characters also include the temporal index (0).
9Especially in condensed-matter physics, one often considers the Euclidean gamma
matrices that satisfy {γµ,γν} = 2δµν. They can be obtained from the original gamma
matrices via the substitution γn → iγn. For example, the Euclidean gamma matrices lie
at the heart of the mathematical framework of Publication V.
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where τn and σn are Pauli matrices, ⊗ denotes the tensor product, and I2×2 is
the 2×2 identity matrix. In the interest of brevity, we do not explicitly write
out the symbols for the tensor product and identity matrices in the remaining
parts of this thesis. This choice of gamma matrices is one of many so called
Majorana bases which are characterized by making the Dirac equation fully
real, implying that we can find real-valued solutions in these bases. These real
spinors represent particles known in the literature as Majorana fermions, and
their basic theory was first presented in the seminal paper by Majorana in 1937
[44].

On the face of it, Majorana fermions seem to be a quirk of our choice of basis,
so if the concept of Majorana fermions is to be considered meaningfully distinct
from regular Dirac fermions, they ought to possess properties that do not depend
on which basis we choose. To understand what these features that set Majorana
fermions apart are, we need to review some basics regarding the concept of
charge conjugation.

2.2.2 Charge Conjugation

Charge conjugation, as the name suggests, involves the charge of a particle. As
the charge of particle gives the coupling between the particle and the electro-
magnetic field, it behooves us to consider the Dirac equation in the presence of
an external electromagnetic field. The minimal substitution is to replace the mo-
mentum terms by the canonical momentum, viz. including the electromagnetic
vector potential Aµ into the momentum pµ→ pµ− qAµ so that we can write the
Dirac equation as

[iγµ(∂µ− iqAµ)−m]ψ(r, t)= 0. (2.30)

Let us now do some formal manipulations. First, we complex conjugate the
expression such that we get [−i(γµ)∗(∂µ+ iqAµ)−m]ψ∗(r, t)= 0. If γµ is a valid
set of gamma matrices, so is −(γµ)∗. This means that there exists a similarity
transformation S such that

S−1γµS =−(γµ)∗. (2.31)

This similarity transformation is typically written in the form S = Cγ0, for
some matrix C. If we now define ψc = Cγ0ψ∗, we see that it satisfies the same
equation as ψ but with the sign of the charge flipped, namely

[iγµ(∂µ+ iqAµ)−m]ψc(r, t)= 0. (2.32)

The spinor ψc represents a particle with the same mass as ψ but with opposite
charge – ψc is the charge conjugate of ψ, in other words the antimatter partner
to the particle corresponding to ψ. It can be proved (see for example Ref. [45])
that the charge-conjugated spinor is also Lorentz covariant, something which
can be intuited by the fact that if ψc represents the antimatter partner for ψ in
one inertial frame, it should do so in every other inertial frame.
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In the Majorana basis, it turns out that C takes on a particularly simple form.
We first note that due to the structure of the Dirac equation and the properties
of the gamma matrices, a Majorana basis requires that γ0 is purely imaginary
and Hermitian, while γn are imaginary and anti-Hermitian. Second, we use
these facts together with the complex conjugate of Eq. (2.27) and insert it into
the defining equation (2.31) for C:

(Cγ0)−1γµCγ0 =−(γµ)∗

→ γµ =−C(γµ)TC−1.
(2.33)

In the Majorana basis, γ0 is antisymmetric while γn are symmetric meaning
that C commutes with γ0 but anticommutes with γn. It immediately follows that
C = γ0 up to an arbitrary phase. The charge conjugation thus reduces to ψc =ψ∗.
From this, we can conclude that Majorana fermions, having real-valued spinors
in this basis, are spin-1/2 particles that are their own antiparticle. This, in
turn, means that they are charge neutral. Since the charge conjugation relation
ψc = Cγ0ψ∗ is representation independent, the realness of a Majorana fermion
can be written in a representation-free way as

ψM = Cγ0ψ∗
M , (2.34)

i.e. it is an eigenvector of the charge-conjugation operator defined as C = Cγ0K ,
where K is the complex-conjugation operator. This Majorana condition causes
the Majorana fermion to have one degree of freedom less compared to an ordinary
fermion. From this follows that if we wish to express an electron in terms of
Majorana fermions, we need at least two Majorana fermions to do so. This is
perhaps most easily seen in the Majorana basis, where the Dirac equation is
real, decoupling the real and imaginary parts of the complex fermion into two
components that both individually satisfy the Majorana condition.

2.3 Weyl Fermions

Weyl fermions emerge from the Dirac equation in the limit of zero mass. In
other words, they represent massless spin-1/2 particles. The theory behind Weyl
fermions has a rich mathematical structure with roots in representation theory,
but we shall keep the discussion superficial and only present a few key features
of their theory.

2.3.1 Chirality

Let us define a matrix in the following way:

γ5 = iγ0γ1γ2γ3. (2.35)

25



The Dirac Equation

We refer to this matrix as the fifth gamma matrix, and from this definition, we
can easily show that it satisfies

{γ5,γµ}= 0,
(
γ5)† = γ5,

(
γ5)2 = 1, (2.36)

where the last property fixes the eigenvalues of γ5 to be ±1. This means that we
can write our spinors in terms of projections to different eigenvalue sectors of γ5

– in other words, we can define

ψL = 1
2

(
1−γ5)ψ, ψR = 1

2

(
1+γ5)ψ. (2.37)

In the literature, ψL/R are known as Weyl spinors, and γ5 is known as the chiral
operator.10 We refer to spinors that satisfy γ5ψR =ψR and γ5ψL =−ψL as right-
and left-handed, respectively. If we apply the projection operators P± = (1±γ5)/2
to the Dirac equation, we get that

iγµ∂µψL/R +mψR/L = 0. (2.38)

There are no mass-terms for the Weyl spinors, and they thus represent massless
fermions. However, Weyl fermions of different chiralities couple to each other
via the mass of the parent fermion. If the mass is zero, the equations for the
two chiralities decouple, and the elementary particles of our theory are Weyl
fermions.

To be less abstract, if we choose the representation γ0 = τy, γn = τxσn, the fifth
gamma matrix becomes γ5 = τz, meaning that we are in the diagonal basis of γ5

with each of the two 2×2 blocks in the diagonal corresponding to one chirality.
Setting the mass to zero in Eq. (2.38) and multiplying by γ0 now gives us

EpψL/R =∓(p ·σ)ψL/R . (2.39)

We have expressed the above equation in momentum space and employed the
time-independent formulation. This was done to recast the equation as a simple
matrix eigenvalue equation primarily because this is the form it is usually
written in within condensed-matter physics literature, but also to highlight one
additional feature of Weyl fermions: the Weyl equation necessitates that its
eigenstates are also eigenstates of the helicity operator J = (p ·σ)/|p|. In fact,
the eigenvalue equation for J is completely equivalent to the Weyl equation,
since the Weyl equation is consistent with the relativistic dispersion E2

p = |p|2.
The spin and momentum of a Weyl fermion are always parallel.

2.3.2 Massless Boundary Modes

To again return to the topic of topology, the above discussion of Weyl fermions
allow us to understand the boundary modes between different topological phases

10One should distinguish between this type of chirality and the previously mentioned
chiral symmetry; here, chirality is a continuous symmetry, but in the topological context
it is discrete.
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in Dirac-type systems. Consider for simplicity an ordinary non-modified Dirac
Hamiltonian in d dimensions:11

H = γ0

[
−i

d∑
n=1

γn∂n +m

]
. (2.40)

A topological phase can only change when the gap closes, which for this Hamilto-
nian happens when m = 0. If we again then consider a domain wall sgn[m(x1)]=
sgn[x1], the translation symmetry is only broken in the x1 direction, meaning
that the momentum components in all other directions are still good quantum
numbers. The eigenvalue equation is then

γ0

[
−iγ1∂1 +

d∑
n=2

γn pn +m(x1)

]
ψ(x1,p)= Epψ(x1,p), (2.41)

where p is a d −1-dimensional vector containing all the aforementioned mo-
mentum components pn>1. We can eliminate the x1 dependence by writing our
solution in the form

ψ(x1,p)= e−iγ1
∫ x1

0 dxm(x)φ(p), (2.42)

yielding the eigenvalue equation

d∑
n=2

γ0γn pnφ(p)= Epφ(p). (2.43)

First of all, from Eq. (2.26), we know that (iγ1)2 = 1, meaning that the eigen-
values of iγ1 must be ±1. Second, to get solutions localized to the interface,
φ(p) must also satisfy the auxiliary equation iγ1φ(p)=φ(p), in addition to the
above eigenvalue equation. This is always possible, since γ1 commutes with
γ0γn for all n > 1. We thus see that at the d−1-dimensional interface between
two Dirac-like systems with masses of opposite sign live linearly dispersing
fermions.

One would then be inclined to assume that these edge modes are equivalent to
Weyl fermions. This turns out to only be valid for even spatial dimensions. To
see this, we note that the chiral operator in Eq. (2.35) can be generalized to d
dimensions as γd+1 = iγ0γ1 · · ·γd, which for the edge theory becomes

Γedge = iγ0γ2γ3 · · ·γd. (2.44)

This operator always commutes with the Hamiltonian on the left-hand side of
Eq. (2.43); however, it commutes with γ1 only for even d, meaning that any
eigenstate of Γedge for odd d can not satisfy the auxiliary condition. The edge
modes can hence be chiral only for even spatial dimensions. This is not an

11The same ideas and similar arguments as presented for the ordinary Dirac Hamilto-
nian can be applied to the modified Dirac Hamiltonian too, but the calculations become
more cumbersome.
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artefact of the edge modes; Weyl fermions, in general, can not be defined in even
spacetime dimensions [46].

Additional symmetries of the system may further affect the number and
character of these edge modes. For example, in a two-dimensional system with
broken time-reversal symmetry, the edge can only host a boundary mode of one
chirality. To see this, let us again consider the Hamiltonian in Eq. (2.22) but
with s = 0. The edge-mode Weyl equation and auxiliary equation reduce to

vpyσ
yφ(py)= Epyφ(py), and σyφ(py)=−φ(py), (2.45)

respectively. The auxiliary condition limits us to only one species of Weyl fermion.
This can be understood from the fact that time-reversal symmetry acts locally, so
if it is broken, it is also broken at the edges. In order to preserve time-reversal
symmetry, we need to have another mode dispersing in the opposite direction
with opposite spin. The simplest way to create a time-reversal symmetric system
is by making a time-reversed copy of our 2×2 Hamiltonian and then combining
the original and the copy12

HTR =
(

H 0

0 THT−1

)
. (2.46)

This approach is similar to the quantum spin Hall effect discussed in Chap. 1.
In this case, the Weyl equation on the boundary is again given by vpyσ

yφ(py)=
Epyφ(py), but the auxiliary equation changes to τzσyφ(py)=−φ(py). This now
allows for two edge modes dispersing in opposite directions.13

12Note that although we said before that the dimensionality of the Dirac matrices
depended on the number of spatial dimensions, it is strictly not true in the presence of
orbital degrees of freedom, but merely provides a lower limit.
13In the condensed-matter community, systems with one linearly dispersing edge mode
and systems with two linearly but oppositely dispersing edge modes are said to possess
chiral and helical edge modes, respectively.

28



3. Topological Superconductivity

In this chapter, we review some basic facts and theory on topological supercon-
ductivity. As is customary, we begin by introducing Kitaev’s toy model for a
p-wave topological superconductor [47] which has guided the bulk of research on
topological superconductivity. The p-wave superconductor, despite its simplicity,
provides us with all the necessary ingredients and features of these systems.

3.1 The p-wave Superconductor

The second-quantized Hamiltonian for the one-dimensional p-wave supercon-
ductor is given by

H =−t
∑

j

(
c†

j c j+1 +h.c.
)
−µ
∑

j

c†
j c j +∆

∑
j

(
c†

j c
†
j+1 +h.c.

)
, (3.1)

where t is the hopping parameter, µ is the chemical potential, ∆ is the super-
conducting pairing, and h.c. denotes the Hermitian conjugate. Furthermore, c j

(c†
j) is an operator that annihilates (creates) a fermion at the site labeled j. The

creation and annihilation operators obey the usual fermionic anticommutation
relations

{ci, c j}= {c†
i , c†

j}= 0, {c†
i , c j}= δi j. (3.2)

To set the stage for the coming discussion, we consider an infinite chain with
lattice constant a, Fourier transform the Hamiltonian using

c j =
∑

k

e−ika j ck, (3.3)

and introduce the Nambu spinor Ψk = (ck,−c†
−k)T . Our Hamiltonian then be-

comes
H = 1

2

∑
k

Ψ†
k

[−(µ+2tcoska)σz −2∆sinkaσy)]Ψk. (3.4)

We recognize that the Bogoliubov-de Gennes (BdG) Hamiltonian

HBdG =−(µ+2tcoska)σz −2∆sinkaσy (3.5)
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has a form similar to the modified Dirac Hamiltonian from Eq. (2.6) with the
main difference being that the Brillouin zone is now finite with momentum
terms sinka and coska instead of p and p2. Regardless, it still has a chiral
symmetry whose corresponding chiral operator in this basis is given by C =σx.
The topological phases of this system can again be calculated from the winding
number formula in Eq. (2.15). However, we shall instead attempt to understand
the topological phase diagram in terms of effective Dirac Hamiltonians emerging
in the low-energy limit of the BdG Hamiltonian.

First, suppose that we have a p-wave superconductor where |µ|≫ |t|, |∆| such
that HBdG ≈−µσz. This system ought to be trivial as it only contains two flat
bands at energies ±µ with no winding. Starting from some large negative µ, we
increase the value until we reach the first point in which the bulk gap closes, viz.
µ=−2|t|. At this point, the gap closes at either ka = 0 (t > 0) or ka = π (t < 0).
The minimum of the BdG Hamiltonian is located at the point where the gap
closes when |µ| = 2|t|. Expanding to second order around this point yields the
long-wavelength Hamiltonian

HBdG =−
[
−|µ|+2|t|

(
1− δk2a2

2

)]
σz −2sgn(t)∆δkaσy, (3.6)

where δk = k or δk = k−π depending on which momentum point we expand
around. This Hamiltonian is formally equivalent to the modified Dirac equation
in Eq. (2.6) with the identifications m =−|µ|+2|t|, s = |t|a2 , and v = 2sgn(t)∆a.
We can immediately conclude that the topological invariant of this Hamiltonian
is given by

W0 = sgn(2sgn(t)∆a)
2

(sgn(−|µ|+2|t|)+sgn(|t|a2))= sgn(t∆)
2

(sgn(−|µ|+2|t|)+1),
(3.7)

which is zero when µ < −2|t| and sgn(t∆) otherwise. From the difference
Wµ>−2|t|−Wµ<−2|t| = sgn(t∆) follows that the winding number of the BdG Hamil-
tonian (3.5) jumps from 0 to sgn(t∆) as we pass the point where the two bands
touch.

Continuing on to the next gap closing which occurs at µ= 2|t|, we can make
the same arguments as above except that if the gap closed at ka = 0 before, it
now closes at ka =π and vice versa. The low-energy Hamiltonian now gives us

W1 =−sgn(t∆)
2

(sgn(|µ|−2|t|)−1), (3.8)

which switches from sgn(t∆) to 0 as we traverse the gap-closing point in the
direction of increasing µ. The change is hence Wµ>2|t|−Wµ<2|t| =−sgn(t∆), so the
winding number goes back to zero as we expect since in the limit µ→∞, the
system must be trivial and the energy spectrum remains gapped beyond µ> 2|t|.

In summary, we get that the topological phase for a p-wave superconductor
described by Eq. (3.5) is given by

W = sgn(t∆)
2

(
sgn(2|t|− |µ|)+1

)
, (3.9)
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where the parity can easily be seen to be

Q = sgn(2|t|− |µ|). (3.10)

The same argument can also be made if we only approximate to linear order in δk
with the same conclusions. In this case, the long-wavelength approximations are
Dirac Hamiltonians with half-quantized winding numbers; while the invariants
are half-quantized, the differences are still quantized to integers, which means
that starting from W (µ→−∞)= 0, we can recover the actual winding numbers
by simply keeping track of the jumps in the winding number as we increase µ.

3.2 Majorana Zero Modes

The edge modes of this system can be straightforwardly calculated in a contin-
uum limit by considering a wire along the x axis where the chemical potential has
a domain wall such that −2|t| <µ(x < 0)< 2|t| <µ(x > 0). The continuum Hamil-
tonian follows from the long-wavelength limit with the substitution δk =−i∂x.
To reduce our burden, we expand the Hamiltonian only up to linear order in δk
such that the mass term has no momentum dependence. The equation for the
topological zero-mode is hence given by[−(µ−2|t|)σz +2i∆∂xσ

y] |γ0〉 = 0 (3.11)

This equation admits a bound-state solution

|γ0〉 = eiϑ

N
exp

(
−
∫ x

0
dx′

µ(x′)−2|t|
2∆

)
|−sgn∆〉x, (3.12)

where |±〉x = (1,±1)T is the eigenstate of σx with eigenvalue ±1, ϑ is an arbitrary
overall phase, and N is a normalization factor. This solution is exponentially
localized to the domain wall and is a Majorana-type excitation. Since Eq. (3.11)
is mathematically equivalent to Eq. (2.6), the charge-conjugation operator in
this case is P =σxK and we have that P |±〉x =±|±〉x from which it follows that
|γ0〉 is its own “antiparticle”. This means that the edge modes are not regular
Dirac fermions but instead Majorana-like. The zero modes in a topological
superconductor are thus referred to as Majorana zero modes.

Since our problem was formulated in a Nambu basis, one element of the spinor
corresponds to the particle component while the other element corresponds to
the hole component, and P takes particles to holes and holes to particles; in this
context, the edge modes can be understood as equal superpositions of particles
and holes. In terms of second-quantized operators, this mode becomes

γ0(x)= eiϑ

N

∫
dxexp

(
−
∫ x

0
dx′

µ(x′)−2|t|
2∆

)
(c(x)+sgn∆c†(x)), (3.13)

from which we see that the Majorana condition in terms of creation and anni-
hilation operators is expressed as γ† = eiθγ for some phase θ. This phase can
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be chosen to be θ = 0, which in Eq. (3.12) translates to ϑ= 0 for sgn∆> 0 and
ϑ= π/2 for sgn∆< 0. As is evident from Eq. (3.13), Majorana operators can be
constructed from ordinary fermionic operators. However, as mentioned in 2.2,
as a consequence of the reality condition for Majorana fermions, we need two of
them to express a single complex fermion. Each fermionic operator can then be
decomposed into the two Majorana operators

γ= 1p
2

(c+ c†), γ′ = ip
2

(c− c†). (3.14)

From the anticommutation relations for the parent fermionic operators and the
Majorana condition, the Majorana operators satisfy

{γa,γb}= δab. (3.15)

Importantly, these relations imply that these operators individually do not corre-
spond to physical states. Notably, the occupation number operator γ†γ= γ2 = 1/2,
regardless of the state it operates on. Because of this, we refrain from using
the term Majorana fermion in condensed-matter physics and instead refer to
them as Majorana modes. The only way to construct creation and annihilation
operators corresponding to physical states is by combining Majorana operators.
In this sense, the bound state we derived in the long-wavelength limit is some-
what pathological, in that there must be another Majorana mode at some other
domain wall. The considered situation can be thought of as the limit in which
the the other domain wall is moved to infinity. For any finite distance, there is
an exponentially suppressed overlap between the two Majorana modes which
give them some small non-zero energy.

3.2.1 The Z2 Anomaly

In the previous section, we studied the topology of the p-wave superconductor
primarily through the properties of the bulk. Moreover, we saw that the topolog-
ically protected edge modes have Majorana character. The conventional s-wave
superconductor without any extra features, on the other hand, is topologically
trivial according to our notion of topology. An important difference between the
p-wave superconductor in Eq. (3.1) and the basic s-wave superconductor is that
the former consists of one fermion band while the latter has two.1 The evenness
of the number of fermion bands is an immediate consequence of the pairing
mechanism for the superconductor: in s-wave superconductors, Cooper pairs
consist of electrons with opposite spin, whereas the p-wave superconductor was
spinless. The spinful nature of the s-wave thus already doubles the degrees of
freedom and in the simplest models we end up with two fermion bands. We
will now give an argument why a superconducting system with an odd number
of fermion bands can not have normal fermions as its edge modes, but must
necessarily be Majorana modes.

1Note that a system with one fermion band also has a corresponding hole band for
superconductors.
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For the sake of this argument, we need to first provide the basic ingredients.
We consider a one-dimensional system in a ring geometry with N ≫ 1 sites
and lattice constant a as depicted in Fig. 3.1(a). The system then has periodic
boundary conditions and energy bands En(k j), where n is the band index, and
the allowed momenta are k j = 2 jπ/Na, j = 0, . . . , N − 1. The system is also
completely symmetric from which we have that En(−k)= En(k). With this setup,
we are in position to make a few necessary observations and statements:

• The number of occupied states can not change as long as the Fermi energy
does not lie within a band.

• Due to the symmetry of the bands and the positions of the allowed momenta,
the parity of the number of particles can not change when tuning the Fermi
energy unless it crosses En(ka = 0,π) for some band. This point is illustrated
in Fig. 3.1(b) where we have plotted the band E(k) = 2tcoska which is the
most basic non-trivial band structure one can have and also represents the
normal state of the p-wave superconductor (3.1). In this case, the partially
filled band can be seen to have odd parity.

• In the absence of superconductivity, the system has a U(1) symmetry c →
eiθc, which translates to the number of particles being conserved. When
superconductivity is switched on, this symmetry breaks down to a Z2 symmetry
c → −c, and particle number is no longer conserved, but the parity of the
particle number remains invariant.

These three points together imply that whatever parity we have in the normal
state, it can not change as we turn on the superconducting pairing. This is
important when we now consider the effect of adiabatically inserting a magnetic
flux through the ring. Adiabatically increasing the magnetic flux φ manifests as
changing the boundary conditions to become twisted, namely cn+N = eiφcn. As
we then go from φ= 0 to φ= π, the boundary condition changes from periodic
to antiperiodic. In reciprocal space, this changes the allowed momenta to k j =
2 jπ/Na+π/Na, i.e. they are shifted by half a step, and the parity also changes.
For periodic boundary conditions, the parity depends on the occupation of states
at ka = 0 and ka =π, but for antiperiodic boundary conditions, the shift either
adds or removes the states at these points meaning that the parity changes –
this can be understood by comparing Figs. 3.1(b) and (c). We again emphasize
that the crucial point here is that the number of bands must be odd; if the
number of bands is even, the number of occupied states in each band undergoes
a parity change resulting in an overall conservation of parity, and the following
argument fails.

As we already mentioned, superconductivity can not affect the parity, so when
we turn on the superconductivity ∆ ̸= 0, the groundstate parity will still change
upon inserting a flux φ=π. Now the system opens up a gap around the Fermi
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Figure 3.1. (a) A ring geometry with lattice constant a. Electrons can hop between different
sites which each possess a set of electronic orbitals. A magnetic flux φ is threaded
through the ring. (b) and (c) The energy dispersion E(k) = 2tcoska where the
allowed momenta are marked with filled circles. Here, (b) corresponds to periodic
boundary conditions (φ= 0), where we see that all momenta come in (k,−k)-pairs
except at k = 0 and k = π/a (marked in red), while (c) corresponds to antiperiodic
boundary conditions (φ = π), where the allowed momenta are shifted by half the
separation between successive allowed momenta. In this case, all momenta come in
(k,−k)-pairs.

energy, separating the occupied bands from the unoccupied. If the parity is then
to be able to change as we adiabatically increase the flux from 0 to π, there must
be a single fermionic state that traverses the gap and at some value φ0, crosses
the Fermi energy.
For the remainder of this argument, we go back to real space. The phase

on the hopping induced by the flux through the ring can through a gauge
transformation be placed on one hopping only. Peierls’ substitution gives us
tm → eimϕ/N tm for the hopping parameter between site n and n+m, but through
the gauge transformation cn → einϕ/N cn, the phase acquired from the magnetic
flux localizes to only the hopping terms crossing the “branch cut” lying between
the sites labeled by n = 1 and n = N – the rest of the chain is then identical to a
system without magnetic flux.
Going from periodic to antiperiodic boundary conditions is then equivalent

to changing the hopping parameters crossing the branch cut from t′m = tm to
t′m =−tm. With magnetic flux, this interpolation is achieved by tuning a complex
phase. Now, we instead consider the situation where the magnitude of the t′m:s
can be tuned separately from the bulk. Even though the interpolation process is
now different, we know that the groundstate parity must differ between t′m = tm

and t′m =−tm. With superconductivity switched on, we have a gap throughout
the bulk and the only place where the state traversing the gap can be is at the
branch cut. Furthermore, around the transition |t′m|/|tm| � 1, the state must
be sufficiently deep in the gap so that we can consider the state separately
from the bulk and any corrections to this from the bulk states are exponentially
suppressed. This means that we can consider the part of the Hamiltonian
coupling the two sides of the branch cut separately from the rest of the system.
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We have two possibilities for coupling the two sides of the branch cut: either via
some complex fermions or (real) Majorana modes.

First we consider coupling ordinary complex fermions represented by the anni-
hilation operators2 c̃L and c̃R , where L/R stands for left and right, indicating
which side of the branch cut they are on. They can then couple to each other as
t′(c̃†

L c̃R+ c̃†
R c̃L), where t′ naturally changes sign as the t′ms change sign. The cou-

pling Hamiltonian has the eigenvalues ±t′ with the corresponding eigenstates
(c†

L ± c†
R)|0〉. Here |0〉 is the vacuum state which satisfies cL/R |0〉 = 0. However,

no matter the sign of t′, the parity of the groundstate can not change, which
means that the two sides around the branch cut are not coupled via complex
fermions.

We are then only left with the choice that they couple through some Majorana
operators γL and γR . The only Hermitian way to couple these two is by a term
it′γLγR . We can construct the fermionic operator f = (γL+ iγR)/

p
2, which allows

us to re-express the coupling term as

it′γLγR = t′( f † f − 1
2

). (3.16)

The eigevalues are t′/2 and −t′/2 with the corresponding eigenstates f †|0〉 and
|0〉, where the vacuum |0〉 is annihilated by f . When t′ goes from positive to
negative, the groundstate changes from |0〉 to f †|0〉 and thus changes parity,
which is consistent with the preceding discussion. The transition point, i.e.
t′ = 0, is when the sides around the branch cut are decoupled and the two states
become degenerate. An open chain thus has a Majorana mode at each end which
together comprise a fermionic state that can be either occupied or unoccupied
with no difference in energy.

The lesson of this section is thus that the parity difference between the ground-
states for periodic and antiperiodic boundary conditions in a superconductor
with an odd number of occupied bands necessitates Majorana zero modes in an
open chain.

3.2.2 Braiding of Majorana Zero Modes

Majorana modes incorporate a lot of interesting physics [19], and one of the
most striking phenomena is their non-Abelian exchange statistics. In a world
with three spatial dimensions, exchanging two identical particles only gives us
Ψ(x1, x2)=±Ψ(x2, x1), where the positions x1, x2 denote the positions of the two
particles. The sign is determined by whether the exchange is between bosons
(+) or fermions (−). In two dimensions, this picture can radically change [48]:
we can now have anyons, which are characterized by not conforming to neither
bosonic nor fermionic exchange statistics. For Abelian anyons, the ± of the
particle exchange relaxes to Ψ(x1, x2)= eiθΨ(x2, x1) for some angle θ = [0,π]. For

2Note that we do not necessarily assume it is just the operators corresponding to the
two sites closest to the branch cut, but can be some non-trivial localized superpositions
of the original fermionic operators.
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non-Abelian anyons, the exchange has a more drastic effect in that the entire
wavefunction changes upon switching the positions of two anyons. This property
has been proposed as a potential way of performing quantum computations [21].
With this in mind, Majorana modes are interesting both from a fundamental
physics perspective and also from a technological point of view.

The non-Abelian nature of Majorana modes can be understood with fairly min-
imal arguments. The assumptions we need are that there is a two-dimensional
surface hosting a set of localized Majorana modes corresponding to physical
states separated from the bulk states via an energy gap. In the simplest case,
we have two Majorana modes γ1 and γ2 corresponding to a single fermionic
state with annihilation operator f = (γ1 − iγ2)/

p
2 in the middle of the bulk gap.

Adiabatically moving the Majorana modes will then not involve any bulk states
since they are energetically separated from each other. Exchanging the two
Majorana modes gives us γ1 → eiθ1γ2 and γ2 → eiθ2γ1 for some angles θ1,2. Since
they must satisfy γ2 = 1/2, it follows that θ1,2 can only take on the values 0 or
π. Furthermore, assuming that the system is isolated, the gap prevents the
parity of the groundstate from changing. This implies that, had we started in
the groundstate |0〉, we could at most have acquired a U(1) phase upon adiabatic
transport. The same applies to the the other groundstate f †|0〉 = (γ1+ iγ2)|0〉/p2.
In that case, parity conservation requires that

1p
2

(eiθ1γ2 + ieiθ2γ1)|0〉 = eiθ f †|0〉 = eiθ
p

2
(γ1 + iγ2)|0〉 (3.17)

for some angle θ. From this immediately follows that θ2 −θ1 =±π. The sign am-
biguity comes from the fact that clockwise and counter-clockwise exchanges have
an overall difference in sign. The exchange statistics can thus be summarized
as

γ1 =∓γ2, γ2 =±γ1. (3.18)

The exchange corresponding to the upper sign is effected by the unitary trans-
formation

B12 = e
π
2 γ1γ2 = 1p

2
(1+2γ1γ2) (3.19)

commonly referred to as the braiding operator.3 If B12 represents a clockwise
exchange, then B†

12 is the counter-clockwise exchange corresponding to the lower
signs in Eq. (3.18).

With two Majorana modes, the groundstate is only doubly degenerate, where
the two degenerate groundstates have different parity. Since an adiabatic
exchange can not change the parity, the two groundstates can not transform into
one another when we exchange Majorana modes. In order to expose the non-
Abelian nature and achieve proper braiding, we need a larger set of degenerate
groundstates. For each pair of Majorana modes, we double the number of

3In the literature, the Majorana operators are often defined without the
p

2 in the
denominator in Eq. (3.14), so the braiding operator is more commonly written as
B12 = e±

π
4 γ1γ2 which has an extra factor of 1/2 in the exponent.
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groundstates; with N pairs of Majorana modes, we have a 2N -fold degeneracy,
with 2N−1 groundstates for each parity.

The simplest non-trivial example is the case of four Majorana modes, γ1,2,3,4.
With these, we can construct a basis for the groundstate subspace by defining the
fermionic operators f = (γ1 − iγ2)/

p
2 and g = (γ3 − iγ4)/

p
2. Using the vacuum

|0〉 (annihilated by f and g), the basis is then written as

|10〉 = f † |0〉 |00〉 = |0〉

|01〉 = g† |0〉 |11〉 = f † g† |0〉 ,
(3.20)

where we have divided the states with different parities into separate columns.
Each exchange can only involve adjacent Majorana modes, as swapping non-
adjacent Majorana modes is equivalent to a finite number of nearest-neighbor
exchanges. For the concept of adjacency to make sense, we need to define an order
for the Majorana modes. This is always possible for a finite number of points
on a two-dimensional plane by choosing an appropriate axis and ordering them
according to their coordinates along this axis. Swapping Majorana modes that
are not adjacent to each other is equivalent to two or more swaps of adjacent
Majorana modes. If the initial order is given by the index of the Majorana
operator, the possible braiding operators we have are B12, B23, and B34, where
the lower indices indicate which two Majorana modes are swapped. They are
all of the form Bi j = ei π2 γiγ j and we can calculate their effect on the creation
operators f † and g†. When the exchange involves Majorana modes corresponding
to the same fermionic state, we can apply the transformation from Eq. (3.18),
from which we find that B12 f †B†

12 = i f † and B34 g†B†
34 = ig†. If they act on

operators which do not share any Majorana operator with the braiding operator,
they act trivially. For example, for B12 we get

B12 |10〉 = i |10〉 B12 |00〉 = |00〉

B12 |01〉 = |01〉 B12 |11〉 = i |11〉 .
(3.21)

The more interesting situation is when we exchange two Majorana modes from
different fermionic operators. We get that

B†
23 f †B†

23 =
1
2

( f + f † − ig− ig†)

B†
23 g†B†

23 =
1
2

(i f − i f † − g+ g†)

B23 |0〉 =B23 |00〉 = 1p
2

(|00〉− i |11〉),

(3.22)

from which we can calculate the transformations of the groundstate basis –
the last equation already shows us a non-trivial transformation of one of the
basis states. In the even-parity (odd-parity) sector, we can write |00〉 = (1,0)T

and |11〉 = (0,1)T (|10〉 = (1,0)T and |01〉 = (0,1)T ). In this basis, the braiding
operators become

B12 = ei π4 e−i π4σ
z
, B34 = ei π4 e∓i π4σ

z
B23 = ei π4σ

x
, (3.23)
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where the sign in the matrix exponent of B34 is − (+) for even (odd) parity. These
braiding operations can be thought of as gates that can be used for quantum
computations; however, they are not universal in that we can not recreate all
possible gates with arbitrary precision and any topologically protected compu-
tations with Majorana modes need to be supplemented with other hardware
solutions [49].

As a last point concerning braiding Majorana modes is the issue of implemen-
tation. The p-wave model for topological superconductivity that we presented
was distinctly one-dimensional. Contrary to three dimensions, where the parti-
cles in some sense have too much room to have non-trivial exchange statistics,
a single dimension constrains the particles too much to have any interesting
exchange statistics. Some schemes for implementing Majorana braiding using
one-dimensional systems have been proposed, most prominently the T-junction
[50, 51, 52], but also more complex structures [53, 54] but there are also in-
trinsically two-dimensional systems where one could perform these braidings;
for example, a two-dimensional p-wave superconductor would have Majorana
modes bound to vortices which could then be moved around [55]. Regardless, we
stress that the discussion on braiding did not depend on any specific realization
of a system with Majorana modes, and only relied on the assumption that we
have Majorana modes isolated from the bulk via a gap.

3.3 Impurities on Superconductors

The ultimate goal on the experimental side of condensed-matter Majorana
physics is to achieve and observe non-Abelian braiding between Majorana modes.
Currently, experimental efforts have focused on looking for technologically less
complex signatures of the existence of Majorana modes. Almost exclusively,
experiments have studied the local conductance in wire architectures expected
to host Majorana modes. In such setups, Majorana modes are predicted to give
rise to peaks quantized to 2e2/h at zero energy in the conductance spectrum
[56, 57, 58, 59].

Despite their topological nature, which promises a certain amount of robust-
ness against imperfections in the system, it is a challenge to construct systems
that can theoretically host Majorana modes. A major hurdle is nature having a
predisposition towards s-wave superconductivity – so far, no system has been
experimentally shown to have a dominant p-wave contribution to the pairing
mechanism. With virtually only s-wave superconductors at our disposal,4 it
would be beneficial to find ways to create topological superconductors using
ordinary s-wave superconductors. To this end, we must get rid of the spin degen-
eracy of the system in order to have an odd number of bands. Naively, it would
then simply be a matter of adding a Zeeman field to an s-wave superconductor

4To date, the most prominent candidates for p-wave superconductivity are Sr2RuO4
[60], 3He [27], and the ν= 5/2 fractional quantum Hall state [61].
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to solve this problem. While the Zeeman field does break the spin-degeneracy
of the bands, the bands are still spin-polarized. Since s-wave pairing couples
particles of opposite spin, it can not gap a spin-polarized band. To remove the
spin-polarization of the bands, we need to introduce a term to our Hamiltonian
which breaks spin-conservation. Typically, this term is spin-orbit coupling –
this is a popular approach in semiconductor nanowire proposals [62, 63, 64, 65],
in which the first hints of Majorana physics were observed via the aforemen-
tioned conductance measurements [66, 67, 68, 69, 70, 71, 72]. The initial results
did show the presence of a zero-bias peak, but the peak height was always
significantly below the expected 2e2/h. Concurrently, several proposals have
been presented for non-Majorana mechanisms that also give rise to zero-bias
peaks [73, 74, 75, 76, 77, 78, 79, 80], casting more doubt on the conclusions of
these experiments. More recently, however, two groups have seen evidence of a
2e2/h-quantized plateau in these nanowire systems [81, 82].

Another recent candidate [83, 84, 23, 24, 85, 86, 87, 88, 89, 90] employs impu-
rities to engineer topologically superconducting phases. These impurities induce
electronic bound states which hybridize and form bands. Following the theoreti-
cal proposals, the research interest in these types of systems rose dramatically
after an experiment performed on a lead superconductor with ferromagnetic
iron chains, similarly to the semiconductor nanowires, revealed peaks in the
conductance at zero bias which, consistent with Majorana physics, were only
present at the ends of the wires [91]. Scanning tunnelling microscopes allow for
atomic-scale manipulation, from which it follows that these kinds of setups may
provide a versatile platform to study Majorana physics by considering different
arrays of impurities. This background motivated a large part of the research
done in this thesis where impurity-induced topological superconductivity has
been studied – see Publications I-IV.

A magnetic field separates spin up and spin down from each other. In this
sense, if we deposit magnetic impurities on an s-wave superconductor, we are
already half-way towards topological superconductivity. From a heuristic stand-
point, all that is left now is to break spin conservation. This can be done
intrinsically by the impurities themselves if their collective magnetic texture is
not ferromagnetic. For example, it has been proposed that in a one-dimensional
chain of magnetic impurities, a Ruderman-Kittel-Kasuya-Yosida interaction [92]
between different impurities can give rise to a helical texture [93, 85, 86, 87, 88]
where the magnetic moment of each successive impurity makes some angle ϕ ̸= 0
with the magnetic moment of the previous impurity. We have studied a system
with this kind of texture in Publication I. If the texture is ferromagnetic, we need
some other mechanism to mix the spins. In the experiment of Ref. [91], this spin
mixing was again provided by the spin-orbit interaction. This type of system
has been theoretically studied for linear chains in this thesis in Publication
II and Publication III and elsewhere [90, 25, 94, 95, 26, 96, 97], but also for
two-dimensional impurity superstructures [94, 98, 99, 100, 101, 102].

In the discussion in the previous paragraph, we have implicitly assumed that
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placing these impurities on a superconductor gives rise to a system which in-
herits the superconducting pairing from the background superconductor but
otherwise has independent electronic excitations that can only jump between
impurity sites and not get absorbed into the surrounding superconductor. This
assumption is justified whenever the magnetic impurities can be treated as
classical degrees of freedom. From early works in superconductivity, we know
that a single magnetic impurity on an s-wave superconductor induces an elec-
tronic bound state at the impurity site with an energy within the gap of the
superconductor [103, 104, 105]. These bound states are known as Yu-Shiba-
Rusinov states and decay asymptotically as e−r/ξ/(kF r)β. Here r, ξ, and kF

denote the distance from the impurity, the superconducting coherence length,
and the Fermi wavenumber of the bulk superconductor. The exponent β depends
on the dimension of the bulk superconductor and is 1/2 for two dimensions and
unity for three dimensions. In an array of impurities, the finite overlap between
different Yu-Shiba-Rusinov states allow electrons to jump between sites.

As a final note on impurities, we must mention that two-dimensional intrinsic
p-wave superconductors with impurities have also been studied for this thesis in
Publication IV and by other groups [106, 107, 108]. Since a p-wave superconduc-
tor already provides an odd-number of bands, the impurities do not necessarily
have to be magnetic. Instead, we can use scalar impurities, which similarly to
magnetic impurities in s-wave superconductors give rise to electronic bound
states within the gap of the superconductor.
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4. Weyl Semimetals

As mentioned before, Weyl semimetals are a class of three-dimensional topologi-
cally non-trivial gapless materials. In Publication V, we introduce Weyl metama-
terials as a platform for simulating curved-space systems in a condensed-matter
setting. Weyl metamaterials are in a sense an extension to the notion of Weyl
semimetals and in order to understand the former, it is imperative to first study
the latter.

The conduction and valence band in a Weyl semimetal touch at isolated points
within the Brillouin zone. Around these points, the low-energy Hamiltonian is
mathematically equivalent to the Hamiltonian for Weyl fermions in Eq. (2.39)
– the excitations in a Weyl semimetal consist of chiral fermions. Despite the
absence of a bulk gap, there still exists a notion of topology which relates to the
stability of the band-touching points. We can get a first taste of this stability by
considering the Weyl Hamiltonian in Eq. (2.39). If we add a term δ ·σ to it, we
get

H =p ·σ−δ ·σ= (p−δ) ·σ, (4.1)

from which we see that the perturbation can not remove the node of the linear
dispersion but merely shifts it to some other point away from p0 = 0, to wit
p′

0 =δ.
The natural question to ask is then what kind of systems possess these Weyl-

like excitations. This question was investigated as early as 1937 [109] and the
answer lies in the dimensionality of the system combined with some specific
symmetries – or rather lack of these symmetries.

4.1 Band Crossings in Three Dimensions

Given complete control of all parameters present in a Hamiltonian, it is a
trivial matter to tune the parameters to values such that the energy gap closes.
However, we are interested in generically gapless systems where no tuning
is required. This happens in systems where the so-called codimenson of the
Hamiltonian is equal to or smaller than the dimension of the Brillouin zone. The
codimension D of the Hamiltonian is the number of independent parameters
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one needs to tune in order to achieve a gap closing. Since a Brillouin zone
of dimension d already provides us with d parameters taking on a range of
values, the number of parameters we need to externally tune reduce to D−d.
If D − d ≤ 0, the system is generically gapless; for D − d = 0, the system has
gap-closing points, whereas for D−d < 0, the gap closing extends to lines and
surfaces. The codimension depends on the symmetries of the system. A trivial
example is the one-dimensional Dirac (modified or not) Hamiltonian. The chiral
symmetry restricts the Hamiltonian to be of the form

H = dx(k)σx +dz(k)σz. (4.2)

We thus see that the gap can only close when both dx and dy are tuned individ-
ually to zero – the codimension is thus D = 2. Since we have one momentum
component, it follows that we are left with one parameter (namely the mass m)
to tune to achieve a gap closing.

4.1.1 No Symmetries

Let us now look at a system without any specific symmetries apart from trans-
lational symmetry. Tautologically, in the absence of symmetries, there are no
symmetries enforcing degeneracies at any momenta within the Brillouin zone.
This means that it is sufficient to consider only two bands when studying band
crossings. A two-band Hamiltonian can always be expanded in terms of the
three Pauli matrices and the identity matrix1 which means that the codimension
is three, since the gap can only close if all components corresponding to each
Pauli matrix simultaneously go to zero. With a three-dimensional Brillouin zone,
we get D−d = 0 and we can thus expect generic gap closings to occur in systems
without symmetries.

4.1.2 Time-reversal Symmetry

The picture is slightly more complicated if we introduce time-reversal symmetry
as this symmetry relates states at momentum k to states at momentum −k. In
a system with time-reversal symmetry, we can identify a set of special points in
the Brillouin zone called time-reversal invariant momenta kTR . At these points,
we have −kTR = kTR +G, where G is a reciprocal lattice vector such that the
time-reversal operator T maps kTR onto itself.

Since a time-reversal symmetric system with a Hamiltonian H obeys

T H(k)T −1 = H(−k), (4.3)

it follows that

T H(kTR)T −1 = H(−kTR)= H(kTR +G)= H(kTR). (4.4)

1We do not concern ourselves with identity matrices in this section as they merely shift
the energies and can not affect band crossings.
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If the time-reversal symmetry is spinful (T 2 =−1) the Kramers theorem says
that states related by time-reversal symmetry belong to different bands, meaning
that bands must touch at kTR , since the states related by time-reversal sit at
the same momentum and energy but belong to different bands. This implies
that studying the gap closing of an initially gapped system with time-reversal
symmetry requires at least a four-band description. Note that this is not the
case for spinless time-reversal symmetry (T 2 = 1) where the Kramers theorem
does not apply. In that case, the discussion follows along the same lines as for a
system without any symmetries. Our discussion here will hence only concern
spinful time-reversal symmetry unless otherwise stated.

Without taking any other symmetries into account, the Hamiltonian must
then be at least 4×4, which implies that we can write it in terms of gamma
matrices. Now, it turns out that we can only have five gamma matrices that
are symmetric with respect to T . This can be argued from the observation that
all 4×4 Hermitian matrices can be written in terms of tensor products of Pauli
matrices and 2×2 identity matrices. The possible combinations are then I, τ j,
σ j, and τ jσ j. In the basis where σ j represent spin, the time-reversal operator is
given by T =−iσyK . In order for a gamma matrix to satisfy T γνT −1 = γν it
must either be real and commute with σy or imaginary and anticommute with
σy. It is easy to see that the only combinations of Pauli matrices satisfying this
are τx, τz, τyσy, τyσx, and τyσz. We can thus deduce that the codimension at
kTR is D = 5, and since we are only looking at a specific point in the Brillouin
zone, we can not make use of momenta to reduce the number of independent
parameters. The conclusion is that the gap cannot generically close at momenta
invariant under time reversal.

In contrast, for generic momenta k ̸= kTR , the time-reversal partners are
located at different momenta, and any band crossing away from kTR – again
assuming no other symmetries present – only involves two bands, fixing the
codimension to D = 3, much like the symmetry-free case.

4.1.3 Inversion Symmetry

Time-reversal symmetry implies that for every gap closing at some k0 the
gap also closes at −k0. This observation also suggests that in the presence of
some additional symmetry that maps the system at k to −k without mixing
between conductance and valence bands, the codimension of the Hamiltonian at
any momenta must be D = 5. In the absence of charge-conjugation symmetry
(since we are here only concerned with non-superconducting systems), the only
available such symmetry is inversion symmetry:

IH(k)I−1 = H(−k), (4.5)

where the inversion operator I is a unitary matrix. If our Hamiltonian possesses
both time-reversal and inversion symmetry, the bands related by time-reversal
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symmetry lie on top of each other, and we can not generically have gap closings.2

Without time-reversal symmetry, but in the presence of inversion symmetry,
the situation is effectively the same as for the case of spinless time-reversal
symmetry. We can conclude that in order to have generic band-touching points,
we must break at least inversion or (spinful) time-reversal symmetry.

4.2 Topological Protection and Fermi Arcs

The breaking of either time-reversal or inversion symmetry (or both) is the
necessary criterion for generic gap-closings in three-dimensional systems. This,
however, is not the entire story. A famous theorem by Nielsen and Ninomiya
[110] states that free chiral fermions on a lattice must come in pairs, i.e., we
must have an even number of Weyl nodes in our system. To understand this, we
again employ more topological arguments.

4.2.1 Berry Curvature

It turns out that each Weyl node can be associated with a topological charge that
is either 1/2 or −1/2. This charge is directly related to the chirality of the Weyl
node and can be calculated from the Berry curvature. Let us thus briefly review
the mathematical preliminaries regarding Berry phases before applying it to
Weyl semimetals.

Originally, the Berry phase was understood as a geometric phase brought
about by adiabatically changing the parameters of the Hamiltonian. Since
the parameter space we are interested in is the momentum space of a three-
dimensional system, we shall assume that the number of parameters is three
unless otherwise stated. Our Hamiltonian can then be written as H(λ(t)), where
λ(t) is a vector whose components are the parameters which change over time.
At each point in time, we can define an instantaneous set of eigenstates |n(t)〉
that satisfy H(λ(t)) |n(t)〉 = En(t) |n(t)〉. If there is an eigenstate |n0(t)〉 that is
energetically separated from the rest of the states for all times, adiabatically
changing the parameters will keep a state ψ initially in

⏐⏐ψ(t = 0)
⟩= |n0(t = 0)〉

in the instantaneous eigenstates for later times as well. For some time T > 0,
we have ⏐⏐ψ(T)

⟩= eiγ(T)e−i
∫ T

0 dtEm(t) |m(T)〉 . (4.6)

Here γ(T) is a phase arising from the varying of the eigenstate itself during the
time evolution. From the time-dependent Schrödinger equation, we can show

2Interestingly, since applying the inversion operator twice should take us back to the
starting point, it can only have eigenvalues ±1. As such, in the diagonal basis of the
inversion operator, it can either be I = I or I = τz (σz and τzσz do not appear since
inversion acts trivially on spin). In the latter case, the Hamiltonian at kTR is further
reduced to H ∝ I and the codimension is hence one at these momenta, meaning that it
suffices to tune only one parameter to achieve a gap closing.

44



Weyl Semimetals

that

γ(T)= i
∫ T

0
dt〈n(t)|∂t|n(t)〉 = i

∫
C

dλ · 〈n(λ)|∇λ|n(λ)〉 (4.7)

where C denotes the path through the parameter space from t = 0 to t = T. This
phase can typically be gauged away, unless the evolution makes a closed loop in
parameter space. In that case, the phase γC is known as the Berry phase and

A(λ)= i 〈n(λ)|∇λ|n(λ)〉 (4.8)

is known as the Berry potential. Under a gauge transformation |nλ〉→ e−iφλ |nλ〉,
the Berry potential transforms as A(λ)→A(λ)+∇ϕλ. The Berry phase can then
be seen to be invariant:

γC =
∮

C
dλ ·A(λ)=

∮
C

dλ ·(A′(λ)−∇ϕλ
)= ∮

C
dλ ·A′(λ), (4.9)

where in the last step we applied Stokes theorem on ∇λϕλ and used ∇×∇ f = 0,
which holds for any smooth function f .

We can also express the Berry phase in terms of the Berry curvature

B(λ)=∇λ×A(λ) (4.10)

by employing Stokes’ theorem on the integral in the Berry phase. This gives us

γC =
∫

da ·B(λ), (4.11)

where the integral is now a surface with C as its boundary and the surface
element da is locally perpendicular to the surface. Note that for any given loop,
we are free to choose any arbitrary surface as long as its boundary is given by
C. If we now imagine creating a closed surface, it must then follow that the
integral of the Berry curvature over this surface vanishes. Naively this must be
true by the observation that a closed surface can be thought of as the surface of
a loop consisting of an infinitesimal closed curve; however, if we pick a surface
that encloses a band-touching of the Hamiltonian, Stokes’ theorem breaks down.
Indeed, we can expect something strange to happen with the Berry potential
whenever bands start to mix since the Berry potential is defined in terms of
isolated bands.

This is what happens in a system with Weyl nodes. A Hamiltonian with Weyl
nodes can in a small neighborhood around the node kW be approximated to
linear order in δk=k−kW as

H =
3∑

j=1

v jδk jσ
j =
√ 3∑

j=1

[v jδk j]2

(
cosθ sinθe−iϕ

sinθeiϕ −cosθ

)
, (4.12)

where we have expressed the components of the vector (v1δk1,v2δk2,v3δk3) in
spherical coordinates with azimuthal and polar angles ϕ and θ.3 The parameter

3Note that we do not assume the system to generally be isotropic around the Weyl nodes,
but we can always rescale our momentum space to mathematically recover an isotropic
spectrum.
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space is now the momentum space, and the negative and positive eigenstates are
separated everywhere but at the Weyl nodes where they touch. The Berry poten-
tial for the negative band |−〉 = [e−iϕ sin(θ/2),−cos(θ/2)]T only has an azimuthal
component Ãϕ = sin2θ/2, which translates into a Berry curvature

B̃= 1
2

sinθk̂, (4.13)

where k̂ is the unit vector in the radial direction. Under a coordinate transfor-
mation x→ y, the Berry curvature can be shown to transform as

Bi(x)= 1
2
εi jk ∂ys

∂x j
∂yt

∂xk εstuB̃u(y), (4.14)

where εi jk and εstu are both the Levi-Civita symbol. From this relation it can
then be shown that the Berry curvature in Cartesian coordinates is

B(k)= 1
2

k
k3 , (4.15)

which is the field of a monopole with charge 1/2. Observe that if we had flipped
the sign on every v j, the occupied and unoccupied bands would switch places,
giving us a Berry curvature with opposite charge. More generally, the charge is
given by sgn(v1v2v3)/2.

As long as the surface encloses the monopole, the flux through the surface
is equal to the monopole charge up to a normalization of 4π. However, if we
now expand this surface to cover the entire Brillouin zone, the periodicity of
the Brillouin zone requires the flux integral to be identically zero. To reconcile
this fact with the presence of the monopole, there must be an oppositely charged
monopole somewhere else in the Brillouin zone – this argument tells us that
Weyl nodes always come in pairs.

The topological robustness of Weyl semimetals can then be understood in the
following way: in order to have a gap at a point k in the Brillouin zone, the local
charge must be zero. In the presence of monopoles, the only way to achieve this
is by combining monopoles of opposite charge such that the net charge is zero.
Ergo, as long as the Weyl nodes remain separated, they can not be gapped out.

4.2.2 Monopoles and Symmetry

We have so far seen that the absence and presence of time-reversal and inversion
symmetry play a crucial role in Weyl semimetals. An important question to
then ask is what these symmetries imply for the Berry curvature. As they both
relate k to −k, we know that if there is a node at k, there must be one at −k
as well. However, through the arguments below, we will see that the charge of
these symmetry-related nodes depend on which symmetry is present, and in
turn affects the minimum number of Weyl nodes in the Weyl semimetal.

Let us first consider the what the consequence of time-reversal has on the
Berry curvature. The sth component of the curvature vector in Eq. (4.10) can be
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written as
Bs(k)= iεstu∂t〈n0,k|∂u|n0,k〉. (4.16)

With time-reversal, for each state |nk〉, we have the time-reversed partner state
defined via |nT

−k〉 =T |nk〉. We thus get

Bs(k)= iεstu∂t〈n0,k|∂u|n0,k〉 = iεstu∂u〈nT
0,−k|∂t|nT

0,−k〉

=−iεstu∂t〈nT
0,−k|∂u|nT

0,−k〉 =−(BT )s(−k),
(4.17)

where we used the antiunitarity of T in the first line, and relabeled some dummy
indices. Here BT denotes the Berry curvature vector of the time-reversed states.
The flux through an infinitesimal loop at k can then be seen to be opposite to that
of the flux through the time-reversed partner loop at −k for the time-reversed
states. This means that the flux from a node at k0 through an infinitesimal
surface element bounded by such a loop at k0 +δk0 is the same as the flux from
the time-reversed partner node at −k0 through an infinitesimal surface element
at −k0−δk0. The net flux (4.10) through a sphere can be calculated by summing
over the flux of all these surface elements of the sphere, and it immediately
follows that the net flux emanating from both nodes (i.e. the charges of the
nodes) must be equal. The charges of the two nodes must then be the same.
Note that this relies entirely on the antiunitarity of the time-reversal operator
and the fact that it does not mix occupied and unoccupied bands.

Inversion symmetry, on the other hand, involves a unitary operator, which
means that we do not get the extra sign change when writing the sum in terms
of the symmetry partners. Therefore,

Bs(k)= Bs(−k) (4.18)

in the presence of inversion symmetry and the nodes related by this symmetry
must have opposite charge.

In conclusion, in time-reversal symmetric systems, the minimum non-zero
number of Weyl nodes is four, since the existence of one node implies the ex-
istence of another node of the same charge.4 In inversion-symmetric systems,
on the other hand, it is possible to have only two nodes, since one node already
implies the existence of an oppositely charged node.

4.2.3 Fermi Arcs

An important point to note is that if we only consider a two-band model H =
d(k) ·σ and choose a plane in the Brillouin zone as the surface to integrate over;

4There are some technicalities that have been glossed over here. In Sec. 4.1, we assumed
that the Kramers’ pairs both belonged to either valence or conductance bands such that
the band-touchings at time-reversal momenta did not mix valence and conductance
bands. However, we can for example write down a two-band Hamiltonian with time-
reversal symmetry H =∑ j sink jσ

j (here the Pauli matrices represent real spin), which
does have Weyl nodes at time-reversal invariant momenta. This means that each node
is its own Kramers’ pair. The minimum number of nodes is still four, since there are
eight time-reversal invariant momenta in this case.
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for example the plane defined by kz = m for some m such that the plane contains
no band-touching points, we get

γ=
∮

da ·B(k)=
∫

dkxky
(
∂kx〈−|i∂ky |−〉−∂ky〈−|i∂kx |−〉

)
= 1

2

∫
dkxdkyd̂ · (∂kx d̂×∂kyd̂),

(4.19)

where the last equality can be derived from the identity

d̂ · (∂kx d̂×∂kyd̂)=− i
4

Tr
(
d̂ ·σ[∂kx d̂ ·σ,∂kyd̂ ·σ]) (4.20)

together with the identity d̂ ·σ = I−2|−〉〈−|. This establishes an immediate
connection between the Berry curvature and the Chern number familiar from
Eq. (2.21).

This furthermore suggests that we can interpret each plane in the Brillouin
zone as a gapped topological system in two dimensions. As we traverse the
Brillouin zone along kz, we encounter gapless points, i.e. the Weyl nodes, which
separate planes with different Chern numbers. This means that between nodes
of opposite chirality, the planes are topologically non-trivial. If we then, for exam-
ple, cut our originally infinite system such that we are left with a semi-infinite
bulk covering the half-space x < 0, we still have well-defined momenta parallel
to the surface. Having an open boundary, the topologically non-trivial planes
will now all have edge modes living on the surface Brillouin zone, from which it
by continuity follows that there will be arcs of zero modes connecting surface
projections of Weyl nodes of opposite chirality. These line segments of Fermi
surface are called Fermi arcs and are one of the hallmarks of Weyl semimetals
[29]. These Fermi arcs along with the Weyl nodes were experimentally observed
in 2015 through angle-resolved photoemission spectroscopy [30, 31].
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5. Summary

In this thesis, we have presented a general overview of topological supercon-
ductivity and Weyl semimetals. In terms of theory, we tried to emphasize their
connections to particle physics and through this put them into one mathematical
framework in terms of the Dirac equation. The theory has been complemented
by some discussion on research developments where we also strived to highlight
where the research of this thesis enters. The goal of this last chapter is to go
into slightly more detail and present the specific findings of our research, and
discuss their role and relevance within the larger body of research of the field of
topological materials.

5.1 Beyond the Deep-Dilute Limit

Following the works on simple toy models of magnetic impurities on supercon-
ductors in [83, 84], Pientka et al. [23, 24] derived a two-band Hamiltonian
describing the low-energy theory of the subgap bands induced by a linear chain
of Yu-Shiba-Rusinov states where the magnetic moments of the impurities form
a spin helix. This model is valid in the regime where the energy ε of an in-
dividual Yu-Shiba-Rusinov state is very close to the gap center, i.e. ε/∆≪ 1,
where ∆ is the gap of the superconductor. Furthermore, the impurities were
assumed to be spaced sufficiently far apart such that kF a ≫ 1, where kF and
a are the Fermi wavevector of underlying superconductor and the lattice pa-
rameter of the chain. This limit, where ε/∆≪ 1 and kF a ≫ 1 is known as the
deep-dilute limit. Subsequently, similar models were put forth by other groups
for both helical magnetic order [85, 86, 87] as well as other magnetic textures
[90, 25, 26, 94, 95, 96, 97], most prominently ferromagnetic order. This theo-
retical work was further fuelled by the experiment discussed in Sec. 3.3 where
signatures of Majorana modes at the ends of ferromagnetic chains deposited on
the surface of a bulk superconductor were observed [91].

Inspired by these developments, we developed a method of calculating the
topological phase diagram, the subgap spectrum, and Majorana modes valid
away from the deep-dilute limit both in terms of ε and kF a. This was first done
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Figure 5.1. (a) Comparison between the topological phase diagrams for a chain of magnetic
impurities with a helical texture embedded in a three-dimensional superconducting
substrate in the deep-dilute limit (referred to as the two-band model) and our more
general approach (referred to as the four-band model). Image taken from Publication
I. (b) Similar comparison as in (a) but for a ferromagnetic chain deposited on a
two-dimensional surface. Here blue corresponds to the deep-dilute approximation
and red is calculated via our method. Note that this diagram only displays the parity
of the winding number, which in the ferromagnetic case does not reveal the complete
set of phases present. Image taken from Publication II. In both figures, α determines
the single-impurity energy via ε=Δ(1−α2)/(1+α2) where Δ is the superconducting
gap of the host superconductor. Evidently, α= 1 corresponds to ε being in the middle
of the gap.

for helical textures in Publication I but immediately extended to the case of
ferromagnetic textures in Publication II. This framework relied on solving a
four-band model written in terms of a non-linear eigenvalue problem of the form

(
λ(E)2M2+λ(E)M1+M0)

)
Ψ= 0, (5.1)

where λ(E) = (|Δ| +E)/
�
Δ2−E2. The matrices M0,1,2 also have a non-trivial

dependence on the energy E, but this typically had a negligible effect on the
eigenvalues, meaning that M0,1,2(E = 0) already gives a good approximation to
the eigenvalues and -states.
The obvious advantages of this approach are that we can check where the

Hamiltonian formulation of the deep-dilute limit fails, but also simultaneously
extend the theory to domains where the deep-dilute limit is no longer valid.
In Fig. 5.1, we see comparisons between the topological phase diagrams for
the deep-dilute model and the exact solution provided by our formalism. The
helical texture generally has better convergence between the two models in the
appropriate limit, whereas it is slower in the ferromagnetic case.1 As was already
mentioned in Sec. 3.3, the non-exponential part of the decay of Yu-Shiba-Rusinov
states only goes as ∝ 1/

�
r as a function of distance to the impurity in two

dimensions compared to ∝ 1/r in three dimensions. The slower decay rate also
gives rise to higher winding numbers for the ferromagnetic case. In Publication

1This most likely has to do with the fact that the helical system is embedded in a
three-dimensional superconductor, but the ferromagnetic system is placed on a two-
dimensional surface because a ferromagnetic order requires a spin-orbit coupling
for topological superconductivity and such effects arise for example in quasi-two-
dimensional systems [111, 112].
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Figure 5.2. A topological phase diagram calculated via the winding number for the ferromagnetic
chain. We find large regions where the winding number N =±2, which are not visible
in Fig. 5.1(b). Figure taken from Publication II

I, we only find two topologically inequivalent phases for the helical texture,2

but as the topological phase diagram in Fig. 5.2 reveals, we find non-negligible
domains for five distinct topological phases in the ferromagnetic case.

5.1.1 Disordered Chains

There has been some concern on whether or not disorder in the superconductor
can shift the energies of the individual Yu-Shiba-Rusinov states away from the
gap center [113]. However, we already saw in Figs. 5.1 and 5.2 that there are
topologically non-trivial regions for single-impurity energies away from the gap
center. Otherwise disorder has not been studied to any larger extent in these
systems, with the notable exceptions being the aforementioned work, Ref. [114],
and our work in Publication III. In Ref. [114], they studied the stability of the
helical texture, whereas we consider vacancy disorder – meaning randomly
removing a subset of sites in a chain – and disorder in the coupling between the
electron spins and the magnetic impurities.

Vacancies in a chain of magnetic impurities can in some sense be seen as
playing a similar role as the magnetic impurities themselves when placed on a
superconductor; a single vacancy in a chain induces a state energetically within
the gap of the Yu-Shiba-Rusinov chain. The mechanism for why this happens in
these chains is topological in nature, since this low-energy state is only within
the Yu-Shiba-Rusinov bandgap in the topologically non-trivial phase. Because of
the long-range hopping, a vacancy in a single chain can be seen as two coupled
chains with a coupling that gets weaker as we add more vacancies around the

2In principle there exists three if the magnetic moments all lie in the same plane. Any
deviation from this changes the topological classification of the system, and immediately
reduces the number of distinct phases to two.
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Figure 5.3. (a) Ratio between bound-state energy of a single vacancy and the gap of a clean
ferromagnetic chain. (b) The same ratio plotted along the black line in (a). (c) A
disorder-averaged system with a low concentration of vacancies. The topological
phase can be seen to split into two along the line where the single-vacancy energy is
the lowest. (d) Same as (c) but for a higher concentration of vacancies. In figures
(a), (c), and (d), the boundaries between topological phases of different parity are
shown as red lines. The trivial phase corresponds to ν= 1. All figures are taken from
Publication III.

first vacancy. In the topological regime, as both of the chains otherwise have the
same parameters, boundary states start to form at the interface. As the number
of vacancies increases, the energy of these boundary states decrease towards
zero, converging towards genuine Majorana modes. The specific energy of the
single vacancy depends non-trivially on the system parameters and there is no
principle saying that their lowest energy must coincide with the boundaries
of different topological phases. In fact, as can be seen in Figs. 5.3(a) and (b),
where we plot the ratio between the single-vacancy energy and the clean-system
gap for both magnetic orders, the lowest energy typically goes right through
the non-trivial phase. Because of this, a random distribution of vacancies will
generally kill the topological phase not primarily from the phase boundaries, but
from within the phase itself as the disorder-averaged topological phase diagram
in Figs. 5.3(c) and (d) show. This is in stark contrast to disorder in for example
the coupling strength to the impurities, in which case the topological phase
shrinks from the phase boundaries as illustrated in Fig. 5.4.
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Figure 5.4. (a) Disorder-averaged topological phase diagram for the ferromagnetic chain for
disorder in the coupling strength between substrate electrons and the magnetic
impurities. (b) Same as (a) but for stronger disorder. The trivial phase replaces the
non-trivial phase only from the boundaries, moving inward with increasing disorder.
The trivial phase corresponds to ν= 1. Figures taken from Publication III

5.1.2 Scalar Impurities on an Intrinsic Superconductor

In Publication IV, we adapted the non-linear eigenvalue method from Publi-
cation I and Publication II to scalar impurities on a two-dimensional p-wave
superconductor. Previous works by other groups [106, 107, 108] had already
established that this kind of system may host an induced topological phase on
the impurity array, but our work was the first to provide the necessary spec-
tral information to show that these phases have robust gaps. By comparing
Figs. 5.5(a) and 5.5(b), we can see that the gap of the impurity band is a sub-
stantial percentage of the gap of the underlying superconductor even within the
topological phase. Furthermore, our work corrected an inconsistency in [107],
where they found no non-trivial phases in the limit of large impurity strength.
This is at odds with the prevailing wisdom regarding impurity engineered topo-
logical phases: a large impurity strength sends the bound state deep into the
superconducting gap which is when we expect the system to be most prone to
host topological superconductivity since hybridization between the impurities in
this case have a greater chance to induce a topological phase transition. This
understanding is consistent with the topological phase diagram in Fig. 5.5(b),
which is calculated using our non-linear eigenvalue formulation.

5.2 Weyl Metamaterials

The intimate relationship between the low-energy theory of Weyl semimetals
and the Weyl fermions presented in Sec. 2.3 have made Weyl semimetals an
attractive tool in investigating high-energy phenomena in a low-energy setting.
One of the most prominent examples of such a phenomenon is the chiral anomaly
[115, 116] in which a parallel magnetic and electric fields give rise to a chiral
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Figure 5.5. (a) The energy gap of a chain of scalar impurities placed on top of a two-dimensional
intrinsic topological superconductor. Here, ∆kF characterizes the size of the gap in
the superconductor. (b) Winding number of the same system. In accordance with
Publication IV, the winding number is now denoted ν. The trivial phase corresponds
to ν= 0. In both figures, α= πdFU, where dF is the density of states at the Fermi
energy, and U is the strength of the scalar impurity. Small values of α−1, i.e., large
impurity strengths correspond to single-impurity energies lying deep within the
superconducting gap. Both figures are taken from Publication IV.

current in Weyl-type systems: the number of particles of one chirality seemingly
goes down as the number of particles with opposite chirality increases. In Weyl
semimetals, this was predicted to give rise to a large negative magnetoresistance
[117] – a prediction which several groups claim to have observed [118, 119, 120,
121].

The connection to high-energy physics has also motivated a substantial effort
to try to engineer artificial gauge fields and effective curved-space dynamics in
both graphene and three-dimensional semimetals through mechanical strain
[122, 123, 124, 125, 126, 127, 128, 129, 130]. While this is interesting from a
fundamental physics point of view as it brings general relativity to the labo-
ratory, the interest also goes in the other direction: as have been seen with
electromagnetic metamaterials and optics [131, 132, 133], the curved-space pic-
ture has great potential for technological applications. In electronic systems
such as Weyl semimetals, we can imagine guiding the flow of charge carriers via
an effective curved space.

In Publication V, we introduce the concept of a Weyl metamaterial. Weyl meta-
materials can be considered extensions of Weyl semimetals in that the dispersion
of a Weyl semimetal is mathematically equivalent to massless fermions moving
in a flat spacetime, but in Weyl metamaterials the spacetime is curved. Starting
from a four-band description of a three-dimensional insulator or Dirac semimetal,
we add non-dynamical smooth inhomogeneous fields that break time-reversal
and/or inversion symmetry. We show that the low-energy description of this
system is that of Weyl fermions moving in a curved spacetime in the presence
of an external magnetic field. The vierbein3 and metric tensor corresponding
to the effective curved space are derived for two vectorial symmetry-breaking
fields (one breaks time-reversal and the other breaks inversion) and allows for
arbitrary orientations between the two. This derivation is independent of the
basis of the Hamiltonian and provides a direct route between the textures of the

3Without going into too much detail, the vierbein e locally diagonalizes the metric tensor
g, i.e. gµν = eµaeνbη

ab, where η is the Minkowski metric.
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symmetry-breaking fields and the curved space description for a large class of
Weyl semimetals. We also solved for the emergent gauge field which can be seen
to arise as a consequence of spatially varying Weyl nodes.

Figure 5.6. (a) A schematic image of a radially symmetric texture and the trajectories. (b) A
numerical calculation of the trajectories for charge carriers of one chirality with
parallel initial momenta, but at different radii. (c) Trajectories emanating from the
same initial point and same magnitude for the momenta. (d) The trajectories for the
opposite chirality. Figures taken from Publication V.

For static symmetry-breaking fields, the ballistic motion at the semiclassical
level is governed by the equation of motion for a charged particle in a curved
spacetime [134], where the electromagnetic field only has a magnetic component
that precisely corresponds to the emergent gauge field. To illustrate one possible
non-trivial geometry, in Fig. 5.6, we plot the trajectories of charge carriers in
the presence of a radially symmetric time-reversal symmetry breaking texture –
which could for example be magnetization – and observe that the charge carriers
of one chirality oscillate such that carriers with different initial conditions
converge at the same focus. Charge carriers at the other chirality, however, do
not conform to similar behavior. This is a consequence of the emergent gauge
field acting with different signs on both chiralities and the effect of the gauge
field is much stronger than the that of the curved space.
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