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Abstract
As the number of devices connected to internet has increased, the demand for
capacity in cellular networks has increased as well. One attractive method to increase
the capacity is to employ beamforming. In beamforming, the relative phases and
amplitudes of an antenna array are adjusted to control the transmitted power in
some geometrical directions.

In frequency division duplex cellular networks, the downlink channel matrix is
not exactly the same as that of uplink. However, the base station can only measure
the uplink channel matrix. As the downlink beamforming methods depend on the
downlink channel matrix, the difference must be accounted for. In this thesis we
present an open-loop beamforming method which manages to partially compensate
for the frequency gap. The method is based on uplink channel matrix measurement
and antenna array models for both uplink and downlink.

We review some antenna array models and propose a novel extension to one of
them. We then discuss how to implement the models in a computationally efficient
manner for our use case.

Performance evaluation of beamforming methods is carried out using a network-
level simulator. The simulator is designed around a ray traced channel model, and
we include the effects of e.g. antenna arrays, inter-cell interference, and multi-
user and MIMO scheduling. The new beamforming method is then compared to
eigen-beamforming in an extensive set of test scenarios.
Keywords Frequency division duplex, beamforming, massive MIMO, antenna model
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Tiivistelmä
Langattomien tietoverkkojen kapasiteettivaatimukset ovat kasvaneet yhä useampien
laitteiden ottaessa langattoman yhteyden internetiin. Vastauksena kapasiteetin tar-
peelle, nykyaikaisissa matkapuhelinverkoissa voidaan hyödyntää keilanmuodostustek-
niikkaa. Keilanmuodostuksessa antenniryhmän antennien vaihe-eroja ja amplitudeja
säädetään säteilytehon ohjaamiseksi haluttuihin geometrisiin suuntiin.

Taajuusjakoisessa dupleksi radioverkossa radiokanavan olosuhteet eroavat tukia-
semalta käyttäjälle, ja käyttäjältä tukiasemalle, koska suunnat toimivat eri radio-
taajuudella. Tukiasemalta voidaan kuitenkin mitata ainoastaan olosuhteita kuvaava
kanavamatriisi käyttäjältä tukiasemalle -suunnassa. Koska keilanmuodostuksessa vai-
heistuskertoimet riippuvat kuitenkin tukiasemalta käyttäjälle -suuntaisesta kanavasta,
täytyy ero taajuuksissa kompensoida. Tässä työssä esitellään keilanmuodostusmene-
telmä, joka kompensoi taajuuseron hyödyntäen ainoastaan käyttäjältä tukiasemalle
-kanavamatriisia, ja antenniryhmämalleja molemmissa suunnissa.

Tässä työssä katselmoidaan myös eri mallinnustapoja antenniryhmille, ja esittel-
lään laajennus yhteen näistä. Antennimallien laskennallisesti tehokkaalle toteutukselle
annetaan suosituksia.

Keilanmuodostusmenetelmien suorituskyvyn vertailemiseksi tässä diplomityössä
esitellään radioverkkotason simulaattori, joka perustuu säteenseurannasta johdetulle
radiokanavamallille. Simulaattorissa huomioidaan myös mm. antenniryhmien, interfe-
renssin ja monikäyttäjä- ja monitie-etenemistä hyödyntävän käyttäjien vuorottajan
vaikutukset verkon suorituskykyyn. Simulaattorilla osoitetaan esitellyn keilanmuo-
dostusmenetelmän olevan tehokkaampi kuin käyttäjältä tukiasemalle -suuntaisen
kanavamatriisin ominaisarvokeilanmuodostus useimmissa tilanteissa.
Avainsanat Taajuusjakoinen dupleksi, keilanmuodostus, massiivinen

moniantennitekniikka, antennimalli
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1 Introduction
Since the invention of radio communication, the amount of wireless data transmissions
has only been increasing. As the radio frequency spectrum is a finite resource, the
cellular network operators and users are constantly demanding more efficient trans-
mission methods. In modern 4G and upcoming 5G cellular networks beamforming is
one method with which the spectral efficiency of data communication is increased.

In beamforming, the transmitter and/or receiver have several antennas which are
phased to control the transmission/reception power to some geometrical directions.
The transmitted electromagnetic radiation is then strong only towards the intended
receiver, and thus more users can employ the same frequency spectrum band.

However, beamforming in frequency division duplex cellular networks is prob-
lematic. As the base station can only measure the transmissions from the uplink
frequency, but transmits at the downlink frequency, the frequency difference must be
compensated for. Furthermore, in upcoming 5G cellular networks, the transmission
frequency band can be so wide that similar problems occur even in time division
duplex mode. The main goal of this thesis is thus to develop a beamforming method
capable of tolerating a large gap between the uplink and the downlink frequencies.

This thesis extends the master’s thesis of Väisänen [1], which considers optimal
beamforming techniques within a cell of a single base-station with several users,
and a perfectly reciprocal channel model. Aforementioned thesis also contains an
excellent general introduction on beamforming in wireless communications.

This thesis is structured as follows. In Chapter 2, we review the problem domain
and introduce the terminology used in mobile networks engineering. We also briefly
discuss some technical details of how data is transmitted in a modern cellular network.

In Chapter 3 we review the classical Shannon’s theorem of channel capacity. The
review gives raise to mathematical formulation of beamforming, and introduces a
beamforming method which we later use as a baseline in our measurements. We
also construct a channel capacity measure which accounts for interference caused
by other transmitters, and includes the effects of multiple input-multiple output
transmissions.

In Chapter 4 we discuss how a measured radiation pattern of an antenna array
can be effectively modeled. We review the Effective Aperture Distribution Function,
and include a novel extension to it. We also briefly discuss the efficient computational
implementation of each antenna array model.

The main contribution of this thesis is introduced in Chapter 5. We formulate
Eigen-direction beamforming method, an open-loop beamforming method capable of
compensating for any frequency gap. The method is based on eigen-beamforming
combined with antenna array’s radiation pattern measurements.

Accurate evaluation and comparison of beamforming methods is a non-trivial
problem on its own. To that end, we developed a network-level simulator, based on
a ray-traced channel model. In Chapter 6 we first define the channel model, and
then describe our simulator in detail. We include the effects of different uplink- and
downlink frequencies, antenna arrays at both the transmitters and the receivers, the
interference caused by transmissions to other users and multi-user and MIMO trans-
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mission. Finally, we define a set of performance metrics to quantify the performance
of different beamforming methods.

In Chapter 7 we go through the simulation results and show that the Eigen-
direction beamforming is capable of partially compensating for the frequency gap
between uplink and downlink. To show the robustness of our method, we show the
results with several variations of the simulation environment.

Finally, in Chapter 8 we review our results and give some suggestions for future
research.

This thesis was written while working on a team, which was working on LTE (4G)
beamforming product at Nokia Networks. Therefore, we often refer to 4G networks
as the example environment, and base several design decisions on the LTE standard.
The upcoming 5G cellular network standards are largely based on 4G, and most of
the features of 4G are also there in 5G.
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2 Radio networks
In this section we review the main concepts of multi-user radio networks, and define
the terminology used in the field. First, in Section 2.1, we discuss radio propagation.
We then introduce the concept of radio channel, and review some of the most common
radio channel models in Section 2.2. Finally, in Section 2.3, the most important
technical aspects of a modern digital multi-user radio network are discussed. The
simplifications used in the simulation can then be justified based on these features.

2.1 Radio propagation
The term (radio) propagation is used to describe the effects of the environment on
radiowaves between two points in physical space. The most important factors in
propagation are the reflections, refractions and diffractions from obstacles in the
propagation path, and in the propagation medium. Especially in mobile networks, it
is also important to account for user mobility (movement), which causes frequency
shift via the Doppler effect.

In this thesis, we focus on propagation over relatively short distances, only up
to a few kilometers. As air is close to a vacuum from the radio wave propagation
perspective, the effects of propagation medium can be largely ignored. With longer
distance, atmospheric scattering becomes more relevant, especially when scattering
in the upper atmosphere has to be considered [2].

For cellular networks, line-of-sight (LoS) and indirect propagation are often
separated [3]. In LoS propagation, the receiver and the transmitter are within visual
range, and without (significant) obstacles between them. In indirect propagation
the radios are not in direct sight of each other, and the radio waves must reflect
or diffract in order to reach the other radio. In many situations, such as cellular
networks in urban environment, or especially indoors, only indirect propagation is
possible.

In real world situations radio communication is conducted over both LoS and
indirect propagation. However, when line of sight is available, the achievable signal
strength is several orders of magnitudes higher, and often indirect propagation can
be ignored.

It is worth noting that propagation can happen through several paths simulta-
neously. This is known as multipath propagation. In multipath propagation the
individual propagation paths interfere with each other at the receiver, thus changing
the amplitude and phase of the received signal. On one hand, multipath propagation
is problematic. The transmission protocol must support the same signal arriving
at slightly different times. On the other hand, if the transmitter and receiver have
multiple controllable antennas, it is possible to exploit multipath propagation to
send different data streams through different paths! This is known as Multiple-Input,
Multiple-Output or MIMO propagation. MIMO propagation is an essential part of
modern radio communications networks as it allows significantly higher frequency
band utilization. MIMO propagation is already used in LTE (4G) cellular networks
and will be used in a larger extent in the upcoming 5G networks [4]. Effective use of
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Figure 1: Some elements of a radio propagation. 1. Transmitter/Base station, 2. Re-
ceivers/Users, 3. Line-of-Sight propagation, 4. Scattering from environment, non-LoS
propagation, 5. Reflection from environment, non-LoS propagation. The left receiver can
employ MIMO propagation as two distinct paths are available.

MIMO communication is also still an active research area.
Exploiting multipath propagation requires beamforming. In beamforming the an-

tenna elements of an antenna array are phased so that the interference is constructive
in the desired direction and/or destructive in undesired directions. A mathematical
description of beamforming is included in Chapter 3.

The logical direction of transmission is discussed in terms of uplink and downlink.
In downlink communication, the base station is the transmitter and the user equipment
is the receiver. The roles are reversed in uplink communication. In this thesis the
focus is on the downlink, but it should be noted that similar techniques can be used
in either direction. Especially, beamforming at the base station can also be used to
amplify the uplink signal.

2.2 Radio channel models
In this section, we define the mathematical radio channel and review the channel
models commonly found in literature. We then discuss the classification of channel
models and the advantages and disadvantages for different purposes. We come back to
channel models in Section 6.1, where the model used for our simulations is described
in detail.

The term radio channel is commonly used in literature to characterize the complete
radio transmission system from the transmitter to the receiver. radio propagation
channel is sometimes used to emphasize only the part describing propagation between
the antenna arrays. The most important factors influencing the radio channel are
the effects of (multipath) propagation, the antenna arrays and the rest of the radio
equipment.

A MIMO radio channel can be compactly expressed using the notion of channel
matrix. The radio channel is defined by

y = Hx + n,
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where y ∈ CK is the received signal, x ∈ CM is the transmitted signal, H ∈ CK×M

is the channel matrix and n is Gaussian noise. The interference caused by other
transmitters in the same frequency band is often included in the noise term. The
channel matrix describes the amplitude and phase change over the whole propagation
channel between each pair of transmitter and receiver antennas. Each element of
the matrix comprise of the superposition of individual propagation paths, and the
effects of corresponding antenna elements and other radio equipment.

In real-world situations, the channel matrix also includes, for example, the coupling
between antenna elements. However, without further a priori information it does not
allow separation of different aspects of the propagation.

In modern digital radio communication the protocols often require knowledge
about the channel matrix, or some parameters of it, and therefore it is practically
always measured. The measurement of the channel matrix is called channel estimation,
and it is an entire field of research on its own. Typically, and especially in mobile
networks, channel estimation is based on reference symbols. Reference symbols are
data symbols whose values, transmit times and frequencies are known in advance by
the receiver. The simplest method for channel estimation is then to construct a least
squares problem out of these symbols. The channel estimate is a form of Channel
State Information (CSI) [5]. CSI can also consist of, for example, the rank of the
channel matrix, an indicator for preferred propagation direction from feedback, or
some other properties of the channel such as ambient noise level at the receiver.

The propagation paths are generally reciprocal, that is, the same propagation
paths can be used in either direction. However, although the propagation paths may
be the same, in frequency division duplex systems the uplink and downlink channel
matrices can differ significantly. We will see in Section 6.1 how the channel matrix
can be constructed, and observe the frequency dependency.

In order to theoretically analyze the propagation, there exist a wide array of
propagation models to construct the channel matrices H ∈ CK×M . Alternatively,
some models only allow the construction of the (channel) correlation matrix HHH ,
or HHH, depending on whether downlink or uplink direction is analyzed. Here, and
throughout this thesis, we use AH to denote the conjugate transpose of A.

The model choice is a tradeof between accuracy, computational complexity and
mathematical simplicity. Often less accurate models are sufficient for higher level
simulations. For example, it is not important to account for the complex reflections
in an indoor environment when the model is used in e.g. radio network control plane
protocol development.

The channel matrix is generally modelled as a zero-mean random matrix. Indeed
as the phases of its elements in most situations are essentially random, the zero-mean
assumption is well justified. Due to the zero-mean property, the channel matrix can
not be meaningfully averaged over time. However, this is not the case for the channel
correlation matrix, which is a positive semidefinite matrix.

In radio communications the communication link’s frequency band is usually
discussed using the terms baseband and carrier. The baseband is the low-frequency
signal that is modulated by the data symbols at the information transmission rate.



12

The carrier is the signal at the communication system specific frequency, to which
the baseband signal is upmodulated. For example, LTE specification’s maximum
bandwidth is 20 MHz. That is, its baseband signal is 20 MHz wide. When transmitted,
the baseband signal is modulated to around 2 GHz carrier frequency.

Most channel models are intended only for narrowband transmissions. A channel
is considered narrowband if it is sufficiently narrow to have close to constant frequency
response over the whole transmission frequency band. This is usually the case if the
carrier frequency is orders of magnitude higher than the bandwidth. From beamform-
ing perspective, LTE networks can be analyzed using narrowband models. However,
data demodulation in LTE networks requires a separate channel estimation for each
resource block. A resource block is time-frequency unit consisting of 12 subcarriers
of 15kHz each. Several wideband extensions have been made to narroband models [6].

The authors in [7] classify radio propagation models to physical and analytical
models. The physical models are further divided into deterministic, geometry-based
stochastic models, and nongeometrical stochastic models. The analytical models
are divided into correlation-based, and propagation-motivated models. They also
mention "reference models"; models, parameter sets and environments specified by
organizations such as 3GPP, a collaboration between telecommunications standards
associations. The reference models are intended as representative references for
evaluation purposes of, for example, beamforming algorithms. However, they are not
necessarily the most accurate options for capacity simulation 1.

Perhaps the most frequently used correlation-based analytical model is the Kro-
necker model [8]. In the Kronecker model the transmitter and receiver correlation
matrices (HHH and HHH) are assumed to be separable to transmitter and receiver
components. The channel is then modelled as H = R

1
2
RxGR

1
2
T x, where RRx and

RT x are the receiver and transmitter correlation matrices, and G consists of i.i.d
zero-mean complex-Gaussian values. The square root is interpreted as a solution
of A

1
2 (A 1

2 )H = A. Although popular, this model has been found inaccurate in for
example indoor multipath propagation [9]. In [7], the lack of couplings between direc-
tion of arrival and direction of departure (DoA and DoD, respectively) is mentioned
to be the main drawback of the Kronecker model. These are significant problems
when modeling MIMO communications. Multipath propagation is usually result
of single- or multi-bounce scattering paths, and its existence is often exploited in
MIMO communications.

Another often used model is the Ricean MIMO channel model [10], which separates
the channel into LoS and random channel parts, modelled as HD and HR, respectively.
Then the complete channel is modeled as H = HR+

√
KrHD√

1+Kr
, where Kr > 0 is known

as the Rice factor. The LoS and random channel parts can be modeled by any other
model.

As an example of reference models, 3GPP defines a path loss model LTE for
network-level simulations in [3]. For urban and suburban macro cells the report

1According to confidential Nokia documentation.
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suggests to model the path loss L by

L = 40(1− 0.004H) log10(R)− 18 log10(H) + 21log10(f) + 80dB,

where H is the base station antenna height in metres above rooftop level, f is the
carrier frequency in MHz, and R is the distance between the user and the base station
in kilometers.

Physical models are usually based in the so called ray approximation, leading
to ray tracing (RT) models. The ray approximation assumes that the wavelength is
significantly smaller than the dimension of the obstacles in the environment [7, 11].
If this assumption holds, the propagation can be modeled by geometrical optics up
to significant accuracy. Propagation can then be modeled by independent rays and
paths. 2 Ray tracing is well known and widely researched topic also in e.g. computer
graphics, in which the methodology is essentially the same [12].

To give an intuition on the method, we give here a short description of ray’s
behaviour over its propagation path. In Section 6.1 we derive a more rigorous
mathematical model of the channel in terms of paths obtained using ray tracing.

The ray is emitted by the transmitter with amplitude, phase and direction based
on antenna parameters, and transmitter design. The propagation is modeled as
free-space line of sight propagation. Once the ray reaches an obstacle, i.e. a building
or ground, the ray is reflected, diffracted or scattered to a new direction. The reflected
ray is then again propagated in LoS fashion until another collision occurs. If the
ray reaches the receiver, the ray is terminated and its contribution is added to the
channel. For a more detailed description we refer to [13, 12].

In ray tracing the transmitter and receiver are often approximated as point
sources/sinks [13]. Using planar wave approximation, the antenna (array) gain
can then be modeled separately, based on the direction of departure/arrival. The
propagation can be described to consist of specular propagation and dense multipath
components (DMCs). The specular propagation is the contribution of the strongest
directions from which the radio signal is received. The DMCs contain the signal
contribution of the diffuse scattering, and is thus spread over wider angle. In [14] a
ray tracing method was shown to succesfully model both components. Furthermore,
the DMCs were confirmed to be strongly correlated with the strongest specular paths.

The propagation environment in which the ray tracing method is applied can be
either a fixed environment, or a randomly generated based on statistical properties
[7]. Fixed environments can be based on either real world or purpose made maps.
The simulations in this thesis use environments based on maps of real cities, with
base station locations of local service providers.

Geometry-based stochastic channel models are often constructed by placing
scatterers or reflectors randomly around the transmitter and/or the receiver. In
[1] a randomly generated environment consisting of planar reflectors placed uni-

2In this thesis, by ray we mean the linear path between two obstacles or terminals. By path we
mean the complete path between the transmitter and the receiver. Therefore a path consists of one
or more connected rays. The terminology varies in literature.



14

formly amongst the transmitter and receivers was used to model multi-user MIMO
communication.

The authors in [7] classify geometry-based stochastic channel model to single-
bounce and multi-bounce models. In single-bounce models the propagation paths are
assumed to have only (up to) a single scatterer, while in multi-bounce the paths may
have several. In single-bounce models the DoD, DoA and the channel delay remain
coupled, while in multi-bounce they are truly independent parameters. Modeling
multiple bounces is especially important if the model must be representative of urban
or indoor environment.

2.3 Digital radio communication
We will finish this section with some important concepts in modern digital wireless
communication, specifically in Long Term Evolution (LTE) and LTE-Advanced
protocols. For a more complete overlook we refer to [15] and [5].

LTE standard includes specification for both time-division duplex (LTE-TDD) and
frequency-division duplex (LTE-FDD) communications, both of which are deployed
in some areas of the world [16]. In this thesis our focus is in the FDD case.

The FDD-LTE duplex spacing, frequency gap between the up- and downlink
bands, varies between 10 and 400 MHz. The relative spacing is between 2% and
20%. As the relative frequency gap can be quite significant, from the beamforming
perspective, the up- and downlink directions can only be considered narrowband
separately.

LTE specifies several kinds of reference symbols from which the channel can
be estimated. For demodulation, the channel estimation is done independently for
each subframe, that is, a small time interval and specific frequency band within the
transmission bandwidth. However, for beamforming purposes, averaging over both
time and frequency can be used [5]. We emphasize the difference between channel
estimate for beamforming purposes and channel estimation for demodulation. In this
thesis when we talk about channel matrix and channel estimate, we mean the one
used for beamforming purposes. The CSI in beamforming is not directly applicable
for demodulation, as demodulation is significantly more sensitive to small errors in
the estimate.

LTE specification also includes multiple modulation schemes. The most relevant
ones are the various quadrature amplitude modulation (QAM) schemes [11, 5], which
are used for the actual data transmissions. In QAM, both amplitude and phase
of the subcarriers of the baseband signal are used to encode binary data into the
transmission.

The modulation scheme is chosen depending on the channel quality. The channel
quality is reported back by the users in LTE networks using Channel Quality Indicator.
This and certain other features of LTE protocol can be used to estimate the noise
level at users.

Modern mobile phones support MIMO communication with a single base station.
In literature the terms layer and rank are used to describe the number of data
streams in MIMO communication [5]. The rank directly refers to the rank of the
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channel matrix H , which indicates how many simultaneous streams are possible to
construct. Alternatively, a communication link can be called single- or multilayer
depending on the channel conditions and antenna counts. LTE specification has
support for up to 8 layers [17].

The rank of the channel covariance matrix HHH is the same as that of H.
Industry experience is that usually only one or two layers, and at most 4 layers
are actually usable. Additionally, averaging over time can increase the rank and
decrease the error of the (beamforming) channel covariance matrix estimate. However,
time-averaging is only viable on channels that are coherent over time. This is not
the case with fast moving users [15].

In real radio networks the transmissions are usually intended only for single
users. However, anyone with a suitable receiver can detect the transmissions. The
transmissions occupy time- and frequency blocks from the so-called time-frequency
grid [5]. The time-frequency grid is divided to users by the scheduler. Scheduler
design is a complicated topic and a research field on its own [18, 19]. The importance
of scheduler should not be understated as it has an immense effect of the network’s
total capacity. It is worth noting that if beamforming is used, it is often possible to
transmit to multiple users on the same frequency, at the same time. In this thesis
we describe two simple schedulers in Chapter 6. Instead of attempting to maximize
the data throughput, the schedulers were designed to pursue neutrality from the
perspective of beamforming method.
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3 Channel capacity
In this section the classical and often cited result of Shannon theorem is revised, and
an upper bound for the channel capacity of each user in a multi-user MIMO radio
network is derived.

Shannon theorem defines an upper bound for the achievable channel capacity
for any channel coding method [20]. Channel capacity is a measure which describes
how much information can be transmitted over some radio channel with some coding
method. In this thesis, we consider channel capacity of a narrow-band channel in
terms of bits per second per Hertz. Shannon theorem is based on a statistical model
of the channel, and a notion of entropy, amount of information.

By channel coding we mean the error-correction or mitigation scheme and al-
gorithms used in transmissions. In LTE communication both Cyclic Redundancy
Check (CRC) and Turbo Coding are employed [15]. These methods achieve close
to optimal channel capacity. In this thesis the coding method is generally ignored,
and instead we directly use the Shannon limit as the network capacity estimate as
described in in this chapter. Coding methods which are capable of the Shannon rate
are generally impractical to implement. However, such methods have been developed,
perhaps the best-known example being the dirty page coding [21].

The derivation presented here is based on a more recent article [22], in which
the channel capacity is derived using a modern definition of mutual information.
Similar derivation is also featured in [1], except for the interference caused by multiple
base-stations. The distribution of channel capacities is later used to measure the
performance of different beamforming methods in Chapter 6.

In Section 3.1 we first define the mathematical objects and identities required
for channel capacity calculations. Next, in Section 3.2 we derive a channel capacity
measure which accounts for inter-cell interference. Finally, in Section 3.3 we define
the concept of beamforming, and review the eigen-beamforming method.

3.1 Information theoretical channel capacity
In this section we provide the mathematical background for channel capacity cal-
culations. We define a handful of commonly used information theoretical concepts.
The Shannon’s theorem is then defined using this terminology.

Before looking into channel capacity, we include three useful matrix identities
without proof:

Lemma 3.1 (Sylvester’s determinant identity). For matrices A ∈ Cm×n and
B ∈ Cn×m, we have

det(I + AB) = det(I + BA),
where I is an identity matrix of applicable size.

Lemma 3.2 (Hadamard’s inequality for positive semi-definite matrices). Assume
that P ∈ Cm×m is a positive semi-definite matrix. Then the determinant is bound by

det(P ) ≤
∏

i

pii,
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where pii are the diagonal elements of P .
Lemma 3.3 (Trace of a matrix is invariant under cyclic permutations). Assume that
A, B, C, D are suitably sized complex matrices. Then the following trace identity
holds:

tr(ABCD) = tr(BCDA).
In order to tackle the channel capacity, a few preliminary definitions must be

introduced. These definitions follow the ones found in [22], but they are also found
in books on information theory and probability theory [23].
Definition 3.4 (Complex random vector). A complex random vector x : Ω→ Cn is
said to be a complex Gaussian random vector if the conjoined vector consisting of the
real and imaginary parts x̂ =

[
Re(xT) Im(x)T

]T
is a Gaussian random vector.

The expectation and covariance of complex Gaussian random vector x are:

E [x] ∈ Cn and Cov(x) = E
[
(x− E [x])(x− E [x])H

]
.

An often-needed special case is the circularly-symmetric complex Gaussian (CSCG)
random vector. A random vector x is called CSCG if E [x] = 0, and the covariance
of corresponding x̂ has the structure:

Cov(x̂) = 1
2

[
Re(Q) −Im(Q)
Im(Q) Re(Q)

]
,

for some Hermitian positive (semi-)definite matrix Q ∈ Cn×n. In this case the
covariance matrix of x is Cov(x) = Q. Such random vectors are often denoted
x ∼ CN (0, Q).

We will also state the following useful lemma and refer to [22] for proof.
Lemma 3.5 (The set of CSCG random vectors is closed under matrix product).
Assume that x ∈ Cn is a CSCG random vector, and A ∈ Cm×n is any matrix. Then
the product y = Ax is also a CSCG random vector.
Definition 3.6 (Differential entropy). The differential entropy (also known as con-
tinuous entropy) of a random variable x : Ω→ R, with probability density function
f(x) is defined as:

h(x) = −Ex [log f(x)] = −
∫

Ω
f(x) log f(x)dx.

In information theoretical applications, the logarithm is usually taken in the base
of 2, in which case the unit becomes bits [23].

From the definition of differential entropy, the joint- and the conditional differential
entropies of random variables x, y : Ω→ R can then be written. The joint differential
entropy h(x, y) is given by their joint probability distribution f(x, y):

h(x, y) = −Ex [log f(x, y)] .

The conditional differential entropy h(y|x) is defined using the joint differential
entropy as:

h(y|x) = h(x, y)− h(y).
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Definition 3.7 (Mutual information of a pair of random variables). The mutual
information of a pair of random variables y : Ω → R and x : Ω → R is defined in
terms of differential entropy as:

I(y; x) = h(y)− h(y|x) (1)
= −E(x,y) [log(f(x, y)] + Ey [log(f(y))] (2)
= h(x)− h(x|y) = I(x; y). (3)

Mutual information describes how much knowing one of the variables provides
information about the other one. Indeed, for independent random variables, the
mutual information is 0. If one variable deterministically defines the other (and vice
versa), the mutual information is equivalent to the entropy of either.

Note that the definitions of differential entropy and mutual information are
directly applicable also on random vectors.

For complex random variables x : Ω→ C, differential entropy is interpreted as
for the random variables x̂ : Ω →

[
Re(x) Im(x)

]T
. Similarly for complex random

vectors x : Ω→ Cn, differential entropy is that of corresponding x̂.
Only the case in which x is a zero mean CSCG is considered here. For a more

complete discussion on differential entropy of complex Gaussian random vectors, see
[22].

Lemma 3.8 (The differential entropy of a complex Gaussian random vector). The
differential entropy of a zero-mean complex Gaussian random vector x with covariance
Q = Ex

[
xxH

]
satisfies

h(x) ≤ log det(πeQ),
with equality holding if and only if x is CSCG.

Proof. Consider zero-mean CSCG x, with covariance Q = Ex

[
xxH

]
.

The probability density function f(x) is given by

f(x) = 1
det(πQ)e−xHQ−1x.

The differential entropy h(x) can then be written

h(x) = −Ex [log(f(x))] (4)
= Ex

[
log

(
det(πQ)exHQ−1x

)]
(5)

= log det(πQ) + log(e)Ex

[
xHQ−1x

]
. (6)

Noticing that xHQ−1x = tr(xHQ−1x) = tr(xxHQ−1), the last expectation can be
expanded:

h(x) = log det(πQ) + log(e)tr
(
Ex

[
xxH

]
Q−1

)
= log det(πQ) + log(e)tr (I))
= log det(πeQ).
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Finally, the Shannon’s theorem is expressed in the continuous multivariate form
[1, 24].

Theorem 3.9 (Shannon theorem for multivariate continuous channel). Let a random
vector x be an input of a memoryless channel, and let a random vector y be its
output. Then, the channel capacity C of the channel satisfies

C ≤ sup
f(x)

I(y; x),

where f(x) is the probability density function of x. More precisely, for every ϵ > 0,
and R < C, there exists a block code of length N such that the data rate is at least
R, and the block error probability is at most ϵ. Moreover, a data rate strictly greater
than C cannot be achieved.

Here a memoryless channel is defined by the fact that the transmitted signal is
independent of earlier signals. We call a coding scheme in which each sequence of
N bits is coded separately a block code. Finally, block error means an erroneously
interpreted block of data [25]. The reader is referred to [20] for the proof of this
theorem.

3.2 Capacities of MIMO channels
In this section the single-user, single-cell MIMO noisy channel capacity is revised
based on derivations in [22, 1, 10]. Then the result is extended to multi-user, multi-
cell system, and the noise model is improved to account for signal interference and
static noise separately. The model is based on random complex Gaussian vectors as
is common in literature [23].

The derivation also motivates a well-known beamforming method called eigen-
beamforming. Eigen-beamforming is optimal in a single-cell network, and its variants
are later used as a reference method in Chapter 6.

Consider a noisy single-user MIMO channel with M transmitting antennas, and
K receiving antennas. The general channel can be written

y = Hx + n, (7)

where x ∈ CM is the transmitted signal, H ∈ CK×M is the channel matrix, y ∈ CK

is the received signal and n ∼ CN (0, σ2I) is Gaussian noise.
The noise and the signals can be seen as zero-mean CSCG random vectors.

Although in real digital networks the transmitted signal x is not CSCG (it is,
however, zero-mean), with modern high-order modulations this is close to truth.
This is also a standard assumption in literature [23].

For noise, assuming CSCG distribution can be motivated by the central limit
theorem. The noise is a composition of several sources, which are inseparable from
the receiver’s perspective. However, we will later see that it can be beneficial to sep-
arately consider the interference caused by other transmitters, and e.g. the thermal
noise.
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We next calculate the channel capacity using Shannon’s theorem 3.9, and following
the steps of [22]. The channel capacity C of the channel modelled by (7) is bound
from above by [1]

I(x; y) = h(y)− h(y|x) = h(y)− h(n). (8)

Thus, maximizing the channel capacity is equivalent to maximizing h(y).
By lemma 3.8, the entropy h(y) has maximum log det(πeQ), where Q is the

covariance of y. We can write the covariance:

Q = Ey

[
yyH

]
= E

[
(Hx + n)(Hx + n)H

]
= E

[
(Hx)(Hx)H

]
+ E

[
nnH

]
= σ2I + HRxHH,

where Rx = E
[
xxH

]
, and σ2 is the noise variance.

Then, applying lemma 3.8, we can write the maximum mutual information of (8)
as

I(x; y) = log det(πe(σ2I + HRxHH))− log det(πeσ2I).

= log det
(

I + 1
σ2 HRxHH

)
.

(9)

We summarize the result in the following lemma.

Lemma 3.10 (Capacity of a noisy SU-MIMO channel). Suppose that the additive
Gaussian noise SU-MIMO channel is given by

y = Hx + n,

y ∈ CM is the received signal, H ∈ CK×M is the channel matrix, x ∈ CK is the
transmitted signal and n ∼ CN (0, σ2I) is random noise. Then the channel capacity
C is bounded by

C ≤ log det
(

I + 1
σ2 HRxHH

)
.

Furthermore, the equality can only be achieved if x is CSCG.

We might observe that in the case of SISO channel, a channel with only one
transmitting and receiving antenna and thus C1×1 channel matrix, the previous
lemma reduces to the well known channel capacity formula from the signal-to-noise
ratio (SNR)

C ≤ log
(

1 + S

N

)
,

where S and N are the signal and noise powers, respectively.

We will next extend the channel model to account for the interference caused by
multiple transmitters. This is done by separating the interference from the other
noise sources.
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Consider a radio network consisting of a set of base stations {b1, ..., bB}, and a
set of users {u1, ...uU}. Denote the index set of users associated with base station b̃
as Ub̃. Each user is associated with exactly one base station. Especially, exactly one
base station bj may transmit to a specific user ui at a time. Each base station may
transmit to multiple users simultaneously, and we denote the set of active users of a
specific base station b̃ by the index set Ab̃. We can then write the interference and
noise experienced by user ũ as

Nũ =
B∑

i=1

⎛⎜⎝ ∑
v∈{u|u∈Abi

,u̸=ũ}
Hi,ũxv

⎞⎟⎠+ n,

where Hi,ũ is the channel matrix between base station bi and the user ũ, xv is the
signal transmitted to user v, and n is the noise caused by other sources such as
background radiation and amplifier noise at user ũ. In other words, the interference
is collected in the double summation as the received transmissions not intended for
the user ũ. Each signal is again assumed to be an independent CSCG random vector.

To shorten the notation, write the double summation as

B∑
i=1

⎛⎜⎝ ∑
v∈{u|u∈Abi

,u̸=ũ}
Hi,ũxv

⎞⎟⎠ =
∑
v∈A

Hiv ,ũxv.

We can then write the general channel of user ũ as

yũ = Hx + Nũ = Hx +
∑
v∈A

Hiv ,ũxv + n.

Noting that each signal and the noise are independent, we can apply lemma 3.8,
similarly as in (9)

I(x; y) = h(y)− h(y|x)

= h(y)− h

(∑
v∈A

Hiv ,ũxv + n

)
= log det(πe(σ2I + HRxHH))− log det(πe(σ2I +

∑
v∈A

Hiv ,ũxvHH
iv ,ũ))

= log det
(

I + HRxHH∑
v∈A Hiv ,ũRxvHH

iv ,ũ + σ2I

)
.

(10)

Remark: In this thesis the matrix division is interpreted as multiplication with the
inverse of the denominator from either side.
The second equality can be shown similarly as the case without interference in [1] by
remembering that the transmitted signals are independent of each other.

We summarize this result as a theorem
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Theorem 3.11 (Capacity of a MU-MIMO channel with noise and interference).
Suppose that a MU-MIMO channel with interference and noise, observed for a specific
user u, associated with base station b is given by

y = Hx +
∑
v∈A

Hiv ,uxv + n,

where H ∈ CK×M is the channel matrix between u and b. x ∈ CK is the transmitted
signal from b to u, the set A covers all active users except for u, Hiv ,u is the channel
matrix between base station associated with user v and user u, xv is the transmitted
signal to user v, and finally n ∼ CN (0, σ2I) is CSCG random vector of noise.

Then the channel capacity C is bounded by

C ≤ log det
(

I + HRxHH∑
v∈A Hiv ,uRxvHH

iv ,u + σ2I

)
.

Furthermore, the equality can only be achieved if all the transmitted signals x and
xv are CSCG.

Note that in case of no other active users, the previous theorem reduces to lemma
3.10. Additionally, in case of SISO transmissions between each base station and
user pair, the theorem reduces to the commonly used channel capacity formula with
signal-to-interference-plus-noise ratio (SINR)

C ≤ log
(

1 + S

I + N

)
,

where S is the signal power, and I and N are the interference and noise powers.
It is also worth mentioning that although the denumerator has the noise and the

interference separated, the receiver can not separate them. Therefore, it is vital to
minimize the transmissions towards wrong users. In case of low (i.e. < 6GHz) carrier
frequencies, the industry experience is that the interference also dominates the noise
by several orders of magnitude [26].

3.3 Eigen-beamforming
In this section we first mathematically define the beamforming of a data stream.
Then we revise the well known eigen-based beamforming method. It also provides
us with a notation that can be applied on the channel capacity theorem. This also
leads to a channel capacity measure which is later used in the simulations.

The name eigen-beamforming hints on how the method works. We will observe
that single-cell optimal beamforming weights are provided by the right singular
vectors of the channel H . These naturally correspond to the eigenvectors of the so
called channel-correlation matrix HHH .

First we will introduce the notation and terminology of beamforming.
Consider a single-cell, single-user MIMO channel model given by

y = Hx + n, (11)
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where H ∈ CK×M , x ∈ CM and y ∈ CK , and n is CSCG noise, as in the previous
section. We introduce beamforming into this model by expressing the transmitted
signal as

x = W s,

where W ∈ CM×J is a precoding matrix, and s ∈ CJ is a vector of complex data
symbols. The precoding matrix W , also known as beamforming matrix, is a collection
of (column) vectors which map the data symbols to the phases and amplitudes of
the transmitting antennas. The data symbols are directly given by the modulation
scheme. The number of columns J also defines the MIMO rank of the transmission.

We can then write the received signal as

y = HW s + n.

In order to interpret the received signal as data symbols, the receiver uses a
decoding matrix M ∈ CK×J . The signal is decoded by taking the inner product of
the received signal with the precoding vectors, or by multiplying with the conjugate
transpose of the decoding matrix. The received data symbols ŝ are then given by

ŝ = MHHW s + MHn. (12)

Note that in order to keep the signal and noise powers constant, we require that M
is semi-orthogonal. 3

We will briefly state the covariance of ŝ and the entropy h(ŝ) in order to justify
the next derivation.

E
[
ŝŝH

]
= E

[
MHHW ssHW HHHM

]
+ E

[
MHnnHM

]
= MHHW RsW

HHHM + σ2MHIM ,

where the cross terms vanish because the noise n is independent of the signal s.
As the elements of s are independent, and s is (close to) CSCG, we have by

lemma 3.8

h(ŝ) = log det
(
πe
(
MHHW RsW

HHHM + σ2MHIM
))

,

with Rs a diagonal matrix.
Additionally, without full expansion in here, we state the mutual information:

I(s; ŝ) = log det
(

I + MHHW RsW
HHHM

MHσ2IM

)

= log det
(

I + 1
σ2 HW RsW

HHH
)

.

(13)

The division is again interpreted as multiplication by inverse from either left or right
hand side. Observe that by lemma 3.1, the decoding matrix M disappears. Indeed

3We define semi-orthogonal matrices A ∈ Cm×n by requiring the property that either AHA = I,
or AAH = I.
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if we assume perfect channel estimation at the receiver, there exist coding methods
which can approach this capacity [21].

Repeating the calculation for the multi-cell, multi-user system as in theorem 3.11,
we can express the capacity in this case as

C ≤ log det
⎛⎝I + MHHW RsW

HHHM

MH
(∑

v∈A Hiv ,uWivRsv
W H

iv
HH

iv ,u

)
M + MHσ2IM

⎞⎠
= log det

(
I + HW RsW

HHH∑
v∈A Hiv ,uWivRsv

W H
iv

HH
iv ,u + σ2I

)
,

(14)

with Wiv the beamforming vectors used by the base station iv to communicate with
user v. The outer decoding matrices disappear by again applying the lemma 3.1.
This is also the formulation whose statistics are used as the measure for the system
performance in simulations.

Next we will observe that the set of eigenvectors of HHH form a set of precoding
vectors that provide optimal capacity. This derivation is based on [22], but similar
approach is also found in other sources such as [10].

Recalling lemma 3.10, the capacity of channel given by (11) is bound by

C ≤ log det
(

I + 1
σ2 HRxHH

)
.

Applying lemma 3.1, we may write previous as

C ≤ log det
(

I + 1
σ2 RxHHH

)
.

Since HHH is Hermitian, it is also unitarily diagonalizable: HHH = P −1LP = P HLP ,
where L is a diagonal matrix with non-negative entries, and P is unitary. Applying
this, and reordering the determinant using lemma 3.1 again we can write

C ≤ log det
(

I + 1
σ2 P RxP HL

)
. (15)

Setting P RxP H = R̂:

log det
(

I + 1
σ2 P RxP HL

)
= log det

(
I + 1

σ2 R̂L
)

.

Note that this amounts to a similarity transformation of Rx and thus does not affect
the eigenvalues.

We can then apply lemma 3.2, and noting that L is diagonal, we can finally write

log det
(

I + 1
σ2 R̂L

)
≤ log

∏
i

(1 + 1
σ2 R̂iiLii), (16)

with equality holding only when R̂ is diagonal. The required positive semi-definiteness
of
(
I + 1

σ2 R̂L
)

follows from the fact that both Rx and L are positive semi-definite.
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Note that L is the diagonal entries of the diagonalization of HHH , and therefore
also the eigenvalues λi of HHH. Therefore, the maximal capacity C is also found
exactly when R̂ is diagonal.

Remembering that R̂ = P RxP H, where P consists of the eigenvectors of
HHH, we note that they lead to maximization of (16). Then, writing (15) as
log det

(
I + 1

σ2 L
1
2 P RxP HL

1
2
)

and comparing to (13), we observe that columns of
P are also the optimal beamforming vectors in this setup. These are naturally also
the right singular vectors of H .

The only thing remaining is to choose the optimal values for the diagonal entries
of R̂. These can be found by using Lagrangian multiplier method to maximize∏

i(1 + 1
σ2 R̂iiLii) = ∏

i(1 + 1
σ2 R̂iiλi). The optimal values also correspond to the

power allocation, in Watts, of each precoding vector. This solution is often called
water-filling in literature [22, 23].

Denote the power allocations of each transmission channel by pi, and the eigen-
values of HHH by λi. We can write the maximization problem as

arg max
pi

log
∏

i

(
1 + 1

σ2 piλi

)

such that
∑

i

pi = P.

(17)

The first boundary function introduces a limit on the total power allocation for the
whole antenna array. As the objective function is increasing as a function of pi, we
know that the whole power allocation should be in use at the maximum. Note that
we only take into account the power allocations with positive value.

As the change of basis of logarithm only introduces a constant multiplier we
can ignore it and switch to natural base. We rewrite the objective function as∑

i ln
(
1 + piλi

σ2

)
.

The problem is solved using Lagrange multipliers. We write the Lagrange function
L(pi, µ) as

L(p1, ..., pK , µ) =
∑

i

ln
(

1 + piλi

σ2

)
+ µ

(∑
i

(pi)− P

)
.

The first order optimality conditions are then

λi

σ2 + piλi

+ µ = 0 ∀i,∑
i

(pi) = P.

Solving for pi, we get
pi = −1

µ
− σ2

λi

.
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As all λi and σ2 are positive, and we restricted the powers to be non-negative,
we get that µ < 0. Therefore, we can write the second optimality condition as

∑
i

(
−1
µ
− σ2

λi

)
= P.

As power allocation must be non-negative, the pi vanishes from the objective function
if it is 0. As also the power allocation increases with increasing λi, µ can be solved
from the previous equation for each stream count separately. The maximum is then
reached with the stream count and solved power allocations that get the highest
value in the objective function.

The name water-filling comes from the graphical interpretation of this problem.
Consider a water container with a stepped base, each step at height σ2

λi
. Water with

volume P is poured in the container, raising the water level to height −µ. Then the
water depth above each step is the optimal power allocation for each data stream.
The optimization is illustrated in Figure 2.

Figure 2: Waterfilling, note that the third singular value gets allocated no power.

An alternative option for the boundary functions in (17) would be to limit each
antenna element to some maximum power. This kind of limitation is introduced
by the fact that the linear range of the power amplifiers of the antenna elements is
limited. However, running a base station at full power is economically prohibitive due
to power expenses. Furthermore, running all the base stations at full power causes a
lot of interference in the radio network. Therefore, we employed a fixed power limit
for the whole antenna array throughout this thesis. Still, in some situations it may
be necessary to consider this alternative limit.

We summarize the eigen-beamforming and waterfilling results as a theorem:

Theorem 3.12 (Eigen-beamforming in single-cell, SU-MIMO). Assume that a single-
cell, single-user MIMO channel model given by

y = Hx + n,
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where H ∈ CK×M is the channel matrix, x ∈ CM and y ∈ CK are the transmitted
and received signals, respectively, and n is CSCG noise. Furthermore, assume that
the transmitted signal is constructed out of data symbols s ∈ CJ by

x = W s,

where W ∈ CM×J contains the beamforming vectors.
Then the optimal beamforming vectors are given as the right singular vectors wi

of H, with each vector weighted by water-filling as a function of the singular values
λi and the power budget of the transmitter.

The channel capacity is then given by

C =
∑

i

(
log

(
µλi

σ2

))
,

where the summation is over active data streams, µ is the water-filling Lagrange
multiplier, and σ2 is the noise variance.

Although this provides the maximal capacity in a single-cell setup, we will later
on, in Chapter 6, find that it is not the optimal method in multi-cell radio networks.
The suboptimality in multi-cell setup results from only accounting for Gaussian noise
in the channel model. Although the noise level includes the interference, and it is
in that sense accounted for, the method does not make an attempt to minimize the
interference caused to other cells. Therefore, each transmitter disturbs users in other
cells, and the total system throughput is suboptimal. Furthermore, the eigenbeams
are often rather wide and thus occupy a large sector from the base station. Therefore,
the antenna can not serve as many simultaneous beams as with other methods.

Finally, when employing eigen-beamforming, we must note that the base station
only has information on the uplink channel. The downlink channel is only possible
to construct if the users deliver the channel information separately. This naturally
causes overhead, and therefore reduces the effective channel capacity. Furthermore,
the feedback introduces delay, thus decreasing the channel estimation quality.

In Figure 3 we present some examples of beams constructed with eigen-beamforming.
The beams 3a and 3b are for the same user. The strongest directions are obviously
non-overlapping. Observe that although the 3b has two main directions, it is still
usable only for a single data stream. The beam in 3c displays a typical problematic
eigen-beam, occupying a wide sector. Finally, the beam in 3d has a significant grating
lobe, which is caused by spatial aliasing of the antenna array and not an artifact of
eigen-beamforming. In all examples eigen-beamforming manages to cover the most
important propagation paths.



28

(a) Singular beam (b) Dual beam

(c) Wide beam (d) Extreme beam

Figure 3: Some examples of beams constructed using eigenbeamforming with perfect
channel information. Note that the beams are three-dimensional.
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4 Antenna array modeling
A data model to describe the antenna array is a vital part of radio network simulation.
Most importantly, the model should define the antenna gain pattern, in other words,
how effectively the antenna can receive from each direction. As antennas are reciprocal
[27], the transmission gain is the same as the reception gain, assuming the same
frequency in both directions. As the frequency gap in FDD-LTE can be significant,
we must consider the up- and downlink frequencies separately, although the same
physical antenna array can be used for both of them.

The antenna models are later used in the simulations in Chapter 6. Furthermore,
it allows us to construct an effective beamforming method in Chapter 5.

The gain pattern is usually only considered in the far field. The propagation
distance is assumed to be significantly longer than the wave length, and thus the
planar wave approximation holds. The gain pattern must also be defined for horizontal
and vertical polarizations separately.

The antenna gain pattern is mostly dependent on the shape of the antenna.
However, inductive coupling with other antennas and metal structures near the an-
tenna also have an effect. Generally speaking, accurate computational or analytical
estimation of the radiation pattern of a complete antenna structure is difficult. The
complexity is further aggravated by antenna arrays. Therefore the radiation patterns
of real antennas are often measured.

A straightforward antenna data model is to store samples of the measured data.
Typically the measurements are made in a grid of azimuth- and elevation samples.
The measurements can then be stored in a matrix in which each element contains
the antenna response towards a specific direction, and specific polarization. However,
this model only defines the antenna gain function b(φ, θ) on a discrete set of azimuth
φ- elevation θ pairs, at a point frequency. It is therefore inherently discontinuous.

In order to extend this model to a continuous form, the data can be interpolated.
Unfortunately accurate interpolation still requires a significant number of samples.
This becomes problematic especially with antenna arrays with a large number of
antenna elements, as each element requires its own measurement data. Even if the
elements are physically similar to each other, their mutual coupling is dependent on
their relative positioning and external structures, which affects the radiation patterns
[28, 29]. In case derivatives of the antenna pattern are also needed, non-trivial
interpolation methods must be used to avoid artifacts from noise. Derivatives may
be desirable for e.g. DoA estimation. In this thesis we find them useful in Chapter 5.

In literature and in tandem with purely computational channel models, the
antenna (array) is often defined as a function with support only within a limited
sector, e.g. 60◦ in the azimuth [3, 30]. This is quite well justified as antennas,
especially on metal support structure, have high gain only in a limited sector. Still,
a beamformed antenna array will be able to detect signals from all directions.

If beamforming is employed, the gain pattern should include also the side lobes.
Tapering, which is shortly discussed in Section 5.3, can be used to limit the gain of
most of side lobes. However, in phased array antennas, such as the antenna array used
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Figure 4: Main lobe M , major sidelobes S1 and S2, and a grating lobe G on Proto8 antenna
with conventional beamforming. Theta slice at φ = 0.

in this thesis, also so called grating lobes are generated [29]. These lobes are caused by
spatial aliasing, and are not significantly affected by tapering. They become especially
problematic on wide sector sizes. Antenna arrays are usually designed taking grat-
ing lobes into account, which usually also implies a limitation of the usable sector size.

In the following Sections 4.1-4.2 we describe two advanced antenna array models
which are used to evaluate the direction dependent complex antenna gain of the
antenna array. The models described are the Effective Aperture Distribution Function,
first formulated in [31], and a modification to previous to support large antenna
arrays. Then, in Section 4.3 we discuss the computational efficiency of these models,
and compare them to simply storing the antenna array measurements.

Both models are inherently continuous and have algebraic forms for derivatives.
They also have much more modest data storage requirements than storing the com-
plete antenna response. This comes with a price in higher computational complexity
than straightforward interpolation.

4.1 Effective Aperture Distribution Function
In Figure 5, we define the spherical coordinate system used throughout this thesis.

The Effective Aperture Distribution Function (EADF) is a formulation of the
complex antenna gain pattern based on the two-dimensional Fourier expansion of a
measured gain pattern [31]. The Fourier expansion can then be clamped, introducing
a kind of a low pass filtering. This model has been found accurate in [31, 32], and
it has been successfully used in for example radio channel parameter estimation
[33]. As in this thesis, EADF has also been used specifically for DoA estimation
[34, 35, 36]. In the following we review the model in detail based on the original
article [31].

Assume that an antenna is measured for one polarization on a grid of spherical
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Figure 5: The spherical coordinate system used throughout this thesis.

coordinates φ ∈ RNφ , and θ ∈ RNθ , each φi ∈ [0, π) and θi ∈ [−π, π). 4 We store the
measurement in matrix Bl ∈ CNθ×Nφ .

In order to use Fourier transform on the measurement data, the data must be
periodic in both azimuth and elevation ranges. In this case, the data is already
periodic in the elevation, but must be periodicized in the azimuth. Therefore we
construct a periodic duplicate B using the following steps:

1: Shift Bl by π in elevation.
2: Set Br = Bl.
3: Flip rows of Br.
4: Set B =

[
Bl Br

]
5: Negate the elements in B corresponding to elevations π > θ ≥ 2π.

Care must be taken to correctly remove possible duplicate data in the poles.
Correct processing results in a continuous, smooth antenna pattern, as illustrated

in Figure 6. In the processed figure the arrows indicate the mutually corresponding
measurement elements. Note the flipping of the elements and the π shift in phase.

We can then take the two-dimensional Discrete Fourier Transform (DFT) from
B. We denote the resulting complete DFT matrix by Gf ∈ CNθ×2Nφ and call it the
EADF. The elements of Gf represent amplitudes and phases of wave patterns in the
complex antenna gain’s parallels and meridians.

In the Figure 7 we may observe that most of the weight of the EADF is in
the center of the matrix. These elements correspond to the low spatial frequency
components of the antenna gain pattern. This non-uniformity can be exploited to
reduce the computational cost of gain evaluation.

Assume that most of the support of Gf is contained within the centered block
G ∈ CLθ×Lφ , that is, the elements not contained in G are close to zero in magnitude.

4The choice of range follows from antenna measurement system used for this thesis. In [31] the
more conventional φi ∈ [0, 2π) and θi ∈ [0, π] is used.
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Figure 6: The argument of the complex antenna measurement and its periodic extension.

Figure 7: Central block of the EADF of the antenna gain pattern in Figure 6. Note that
the vast majority of the weight is in the central elements, outlined by the red rectangle.
The magnitude has been clamped from below to 0 for clarity.

5 Sufficient block size can be estimated by e.g. comparing the operator norms of
G and B. By taking as small a section of the DFT as possible, the EADF can

5It is worth noting that this is close to low-pass filtering the original antenna gain pattern, or
constructing an inversion function using Fourier transform. Clamping eliminates some of the noise
in the antenna measurement. However, being rectangular in shape, the filter also introduces some
artifacts. [37]
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decrease the number of saved samples significantly, when compared to storing the
whole antenna measurement.

We can then evaluate the beam pattern function b(φ, θ) : [0, 2π)× [0, π]→ C at
arbitrary direction

Remark: We follow the convention of electrical engineering and denote the complex
unit by j throughout this thesis.

b(φ, θ) = aT
θ (θ)Gaφ(φ), (18)

where

aφ(φ) = exp (jφµφ)T

aθ(θ) = exp (jθµθ)T ,

and

µφ =
[

−Lφ+1
2 , ...,

Lφ−1
2

]
,

µθ =
[

−Lθ+1
2 , ..., Lθ−1

2

]
.

(19)

The square brackets indicate row vectors containing Lφ or Lθ elements at 1
2 intervals.

Note that this defines a continuous and smooth formulation for the whole range of
directions! We can calculate the derivative functions

∂b(φ, θ)
∂φ

= jaT
θ G (aφ ⊙ µφ) ,

∂b(φ, θ)
∂θ

= j (aθ ⊙ µθ)T Gaφ,

where we denote elementwise multiplication by ⊙.
We use b(φ, θ) for the set of antenna gains of the whole array. The whole antenna

array gain can then be calculated as a sum of the elements in b(φ, θ). The beamformed
gain can be calculated as an inner product wHb(φ, θ), where w is the beamforming
weight vector. In Section 4.3 we briefly discuss some methods for efficient calculation
of the gain pattern.

The authors in [31] already recognize the problematic singularities on the poles
of the coordinate system. Indeed, the Fourier basis can not correctly represent these
areas. This also causes dependency in the orientation of antenna during measurement.

A better option would be to use spherically harmonic functions, as was investigated
in e.g. [38, 39]. Although the EADF has been shown to be equivalent with a spherical
harmonic representation of the radiation pattern, the required sample count for the
spherical harmonic representation is significantly lower. The EADF has been shown
to require exactly F (3E2 − 2E) more coefficients to achieve the same accuracy as
a spherical harmonic with FE coefficients, where E = E2 + 2E + 1 [40]. However,
using spherical harmonics is significantly more complicated and therefore, in this
thesis, we only used a variation of the EADF.
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Figure 8: The magnitude of EADF in dB of an isotropic antenna located 0.5 or 4 wavelengths
from radiation center.

Figure 9: The argument of the complex gain of an isotropic antenna located 4 wavelengths
from radiation center.

4.2 EADF for large antenna arrays
Despite the problem at singularities, EADF is a useful compression technique. How-
ever, in Figure 8 we may observe that antenna elements far away from the array’s
center of radiation have also high (spatial) frequency components in their radiation
pattern. These increase the required size of the EADF matrix.

The high frequency components are a direct result of the fast phase shift as the
complex gain is measured around the antenna, as illustrated in Figure 9. The phase
shift ρ caused by the antenna position of an ideal antenna can be calculated

ρ(φ, θ) = sTe(φ, θ)
(2π

λ

)
, (20)
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where s is the three-dimensional distance between the radiation center of the antenna
element, and the radiation center of the whole array. λ is the wavelength of the
transmission, and e is defined as:

e(φ, θ) =

⎡⎢⎣sin θ cos φ
sin θ cos φ

cos θ

⎤⎥⎦ .

The phase change can be compensated for from the measurement data Bl:

B̃ = e−jP (φ,θ) ⊙Bl, (21)

where P (φ, θ) is interpreted as a matrix with evaluations of ρ(φ, θ) at angles corre-
sponding to the measurement data Bl, and the exponentiation is taken elementwise.

Then, the EADF can be calculated as in the previous section, resulting in a matrix
G̃f . The central block can be extracted and we denote it by G̃. The required block
size is significantly reduced, especially for antenna elements far from the radiation
center.

With this modification, the compensated shift must be restored in the beam
pattern function:

b̃(φ, θ) = eρ(φ,θ)aT
θ (θ)G̃aφ(φ). (22)

We can observe that this, too, is a continuous and smooth function. Therefore,
the derivatives are well defined:

∂b̃(φ, θ)
∂φ

=
(

jaT
θ G̃ (aφ ⊙ µφ) + aT

θ (θ)G̃aφ(φ)∂ρ(φ, θ)
∂φ

)
eρ(φ,θ),

∂b̃(φ, θ)
∂θ

=
(

j (aθ ⊙ µθ)T G̃aφ + aθ(θ)G̃aφ(φ)∂ρ(φ, θ)
∂θ

)
eρ(φ,θ),

(23)

in which
∂ρ(φ, θ)

∂φ
= sT ∂e(φ, θ)

∂φ

2π

λ
,

∂ρ(φ, θ)
∂θ

= sT ∂e(φ, θ)
∂θ

2π

λ
,

and
∂e(φ, θ)

∂φ
=

⎡⎢⎣− sin θ sin φ
sin θ cos φ

0

⎤⎥⎦ , and ∂e(φ, θ)
∂θ

=

⎡⎢⎣cos θ cos φ
cos θ sin φ
− sin θ

⎤⎥⎦ .

As the shift operation is used symmetrically in the preprocessing of antenna
measurement and when evaluating the response, it does not influence the accuracy
of the model. However, it may be possible to use smaller section of the complete
EADF matrix, and thus decrease the computational cost.

This method begs the question whether only a single antenna element could be
measured from its radiation center, and then, using (22), replicated and algebraically
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shifted to other positions in the antenna array. Internal evaluations with a stored
antenna array model suggest that this leads to an error of a few decibels, and therefore
it is not advisable 6. The error is speculated to originate from incorrect coupling
effects due to the asymmetric positioning of the antenna elements. Therefore, we
suggest that the whole array is measured, and this method is used as is, if the array
is large.

Further evaluation for massive antenna arrays composed of smaller subarrays
should be made.

4.3 Computational considerations
In Chapter 5 we use the maximum gain direction in the upstream as a basis for an
efficient beamforming method. Therefore we must consider which antenna model is
most suitable for evaluating several directions. Computational efficiency is a relevant
factor, as both low latency and high capacity are important measures for both the
users and service providers of a cellular network.

In the following we denote a beamforming vector by w, and its elements by wi.
If the simple method of storing antenna measurements, as a set of matrices

{B1, ...BM}, is used, it is possible to evaluate the beamformed array response
B(φ, θ) as

B(φ, θ) =
∑

i

(Bi(φ, θ)wi) .

This results in a complete beamformed antenna response. It is also possible to store
downsampled subsets of each Bi, further reducing the computational load.

Note that in this case the samples are not necessary to be stored in a grid. Instead
the measurement samples can be chosen in a fashion that spaces them more evenly
on a sphere.

If a collection of antenna measurement sets can be stored, it is also possible
to hierarchically search for the maximum gain direction. The evaluation can then
start at lower resolution, from which the maximum gain direction is chosen. The
direction can then be refined with a higher resolution recalculation in a subset of the
array response. This technique is similar to mipmapping in computer graphics. The
optimal set of antenna response calculations is highly antenna dependent.

With EADF, somewhat similar method can be used. Observing from (18) that
either aT

θ (θ)G, or Gaφ(φ) must be computed at first, resulting in either a row-
or column vector, further evaluations can be accelerated by storing these vectors.
Multiple directions on a single azimuth or elevation can then be evaluated for the
price of an inner product each.

A complete grid of directions of a beamformed antenna response can also be
evaluated as

B(φ, θ) =
∑

i

(
wiAθ(θ)TGiAφ(φ)

)
= Aθ(θ)T

(∑
i

wiGi

)
Aφ(φ),

6According to confidential Nokia documentation.
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where Gi is the EADF of i:th antenna element. φ and θ are the azimuth and
elevation sets whose all pairwise evaluations are calculated, and finally

A(φ) =
[
exp (jφ1µφ)T . . . exp (jφnµφ)T

]
,

A(θ) =
[
exp (jθ1µθ)T . . . exp (jθmµθ)T

]
,

where µφ and µθ are defined as in (19), and φi and θi are azimuth and elevation
elements of φ and θ, respectively. It is also possible to precompute the matrices
A(φ) and A(θ). Therefore evaluation of a grid of directions becomes a weighted
sum of the EADF matrices and two matrix products.

Similar hierarchical method as explained for stored antenna measurement can also
be used. Alternatively, if the whole beam pattern is needed, we can simply calculate
the inverse discrete Fourier transform of ∑i wiGi. Another optimization could be
to decrease the number of elements by using e.g. compressed sensing formulation
instead of a direct 2D discrete Fourier transform of the measurement.

In the EADF for large arrays, we have the non-linear component eρ(φ,θ) in the
evaluation function (22). As it depends on both the radiation direction, and the
relative position of the antenna element, it can’t be included in either vector, nor can
the G̃i matrices be summed together. Therefore, the best we can do is to compute
the total antenna response B(φ, θ) for each direction separately:

B(φ, θ) =
∑

i

(
eρi(φ,θ)aT

θ (θ)G̃iaφ(φ)
)

.

Therefore, this antenna model is not a good option for high resolution, large sector
gain pattern evaluation.

It may still be beneficial to use this antenna model for the evaluation of the
derivative, especially in case of large arrays. As the typical EADF matrix grows
significantly for antenna elements far from the radiation center, the formulas in (23)
may outperform those of EADF.
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5 Eigen-direction beamforming
The eigen-beamforming method described in Chapter 3 is optimal for the single cell,
single user at a time case. For the multi-user, single-cell case we refer to [1], in which
a similar result is derived using the so-called block diagonalization method. However,
the computational complexity of the multi-user, single-cell case is significantly higher,
requiring a singular value decomposition of increasing size for each user. It is also
difficult to apply water-filling in a fair fashion if some of the active users have
significantly worse channels than the others, which is often the case in real world.

In Section 5.1 we first review some of the methods proposed in literature for
FDD downlink beamforming. Then, in Section 5.2, we describe a novel method to
construct beams that, according to our simulations, provide higher channel capacity
than uplink eigen-beamforming for a majority of users. In Sections 5.3 and 5.4 we
describe a few implementation options for the new beamforming method.

5.1 Previous work
A handful of significantly different approaches for FDD multi-user MIMO have been
proposed. In the following we focus on the methods for uplink-to-downlink frequency
conversion. As many of the methods are based on direction-of-arrival estimation, we
also briefly review some of the commonly used methods for it.

In [30] a direct method to transform the uplink channel covariance matrix to the
downlink channel covariance matrix is constructed. Remarkably the method does
not require direction-of-arrival estimation. The approach is based on construction
of antenna responses for both up- and downlink frequencies on specific kinds of
propagation paths. The propagation paths are assumed to lie on small sectors, each
of which can be expressed as a Fourier expansion. The up- and downlink responses
are then calculated for a collection of such sectors, and a quadratic problem solution
is constructed out of the corresponding sectors. This leads to a transformation matrix
with m2 ×m2 elements, where m is the number of antenna elements. We extended
this method for two-dimensional antenna arrays but found the performance under-
whelming, only comparable to random beamforming weights. The bad performance
may be due to lack of available information for full 2D spatial channel conversion in
the channel matrix, or too wide angular spread of propagation paths [41].

Another uplink- to downlink channel covariance matrix conversion method for
1D-beamforming was described in [42]. First, the main directions of each eigen-beam
pattern in the uplink frequency are searched. Then the downlink covariance matrix
is calculated as Ř = ∑

i Piv(θi)v(θi)H. The summation goes over the peaks of all
eigenbeams, Pi is the power of the peak and v(θi) is the antenna array response in
the direction of the peak. Finally, the downlink beamforming vectors are calculated
as the eigenvectors of Ř.

Both methods are examples of open-loop beamforming. The user does not report
back to the base station information specifically about the downlink channel. Methods
in which the user reports either the whole downlink channel estimate or an indicator
which corresponds to some beamforming vector are called closed-loop methods. An
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obvious disadvantage is the overhead of the feedback transmissions.
The most important example of closed-loop beamforming is known as codebook-

based beamforming, or Grid-of-Beams (GoB) beamforming. In codebook-based
beamforming the user equipment reports its preferred beams to the base station,
which then streams data over that beam. Several kinds of codebook-based methods
have been developed [43, 5], but only few real-world experiments have been carried
out [44]. Typically the beams correspond to a geometrical direction from the base
station, and are chosen to be orthogonal with each other. With these methods the
feedback information can consist only of the preferred beam indices.

In some other methods the whole downlink channel (covariance) matrix is reported
back to the base station. Then the base station can use e.g. eigen-beamforming
to construct the beamforming vectors [45]. The disadvantage of this method is the
amount of feedback information needed, especially with large base-station antenna ar-
rays. Furthermore, the received matrix is always outdated, which can be problematic
for mobile users.

The very latest research is mostly focused on millimeter wave beamforming, i.e.
beamforming in the 30− 100 GHz range. In this range digital processing is no longer
viable, and instead analog phase-shifters are used. The methods are usually based
on the direction-of-arrival estimation [46, 47, 48].

In the following section we present a certain kind of DoA-based beamforming
method. Therefore, it is appropriate to also review the best known direction-of-
arrival algorithms. The following algorithms have found use in phased array radar
applications, where the exact direction of the refractor is often the primary interest.

Both methods described here are based on dividing the observed covariance matrix
into two subspaces. The first subspace consists of the signal, and the second of the
noise. In both cases the basis is constructed via eigenvalue decomposition, and the
division is chosen based on e.g. the rank of the covariance matrix.

The first method is the MUSIC algorithm (Multiple signal classification) [49]. In
MUSIC the DoA is found via exhaustive search of the direction space. The received
signal y is interpreted as y = As+n, where A contains the phase shifts of the signal
measured by each antenna element, s is the set of transmitters (or refractors), and
n is noise. The directions of arrival are then found as the maximums of 1

|a(φ,θ)HE|2 ,
where E consists of the noise subspace basis vectors, and a(φ, θ) is a directional
phase shift vector:

a =
[
e−jρ1(φ,θ), ..., e−jρM (φ,θ)

]T
,

with ρi the phase shift defined as in (20) for the i:th antenna element. The locally
maximal values are then found on directions that are most orthogonal to the noise
subspace. The disadvantage of this method is the requirement of knowing the number
of relevant directions in advance. It is also known to require careful calibration of
the antenna array.

A computationally less expensive method is the ESPRIT algorithm [50]. In
ESPRIT the problem is simplified by using an assumption that the antenna array
has sets of identical subarrays whose elements are spatially displaced by a constant
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distance. The problem can then be reduced to a relatively small matrix inversion, or
a least squares problem, which are computationally more efficient than exhaustive
search of the direction space. However, ESPRIT requires twice as many antennas as
MUSIC for similar performance.

5.2 Eigen-direction based beamforming
In this section we describe the most important product of this thesis. We first
describe the high level intuition behind the method and then define the method’s
steps in detail.

The beamforming method described here is based on manipulating the subspaces
generated by eigen-beamforming. In Figure 3 we observed that in many cases the
eigenbeams are strong in only one direction. In a smaller number of cases the
eigenbeams have a wider lobe, or a pattern consisting of multiple lobes. Although the
wide beams are optimal for the user they are generated for, they are also significant
interference sources. If single-user MIMO is employed, the eigen-beams are also
orthogonal by construction.

In both cases it is intuitive that the strongest signal is towards a (set of) strong
propagation path between the transmitter and the receiver. Therefore, it is attractive
to attempt to construct a beam that is more narrow than the eigenbeam, but also
uses the propagation path indicated by the eigenbeam.

The propagation paths are (nearly) frequency independent. Therefore, the ge-
ometrical paths should be equally good in both up- and downlink. Intuitively, we
can search for the main directions employed by uplink eigen-beamforming, and then
use those directions for downlink beamforming. With the downlink antenna model
we can then construct a downlink beamforming vector for each direction. Using
the downlink frequency antenna model also overcomes the problematic frequency
conversion between uplink and downlink channels!

We define the steps of the algorithm as follows

1: Compute the singular value decomposition of the uplink channel matrix
2: Calculate the power allocation per singular vector using waterfilling
3: Find the maximum antenna gain directions corresponding to the right singular

vectors using the uplink frequency antenna model
4: For each maximum gain direction, calculate the downlink antenna beamforming

vector, and taper it
5: Orthogonalize the downlink beamforming vectors

Algorithm 1: Eigen-direction based beamforming method

After beamforming each user’s all streams, the active users and streams must
still be chosen. We constructed two simple schedulers for user grouping, which are
discussed in Chapter 6. Scheduling is a complex problem and a research topic on its
own, thus not a focus on this thesis.
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The first and second step of Algorithm 1 are defined exactly as in Section 3.3.
The third step is generally hard and computationally heavy, and we have several

approaches to it. The general problem is to solve the maximization problem

arg max
φ,θ

|wTbUL(φ, θ)|, (24)

where bUL(φ, θ) is a vector containing antenna responses of each antenna element
from the uplink antenna model at the direction (φ, θ), and w is the beamforming
vector from step 1. The formulation of bUL(φ, θ) can be chosen as any of the antenna
models defined in Chapter 4.

The target function is unfortunate. It is non-linear and non-convex. However, it
is smooth as long as elements of bUL(φ, θ) are smooth. We take a closer look into
the computation options of this step in Section 5.4.

The fourth step can be simply evaluated. Assume that the maximum gain
direction for one eigen-beam is found in (φ̃, θ̃). Then the beamforming vector wDL

which achieves maximum transmission power in that direction can be constructed as

wDL = |rDL|
||rDL||2

e−j arg(rDL), (25)

where
rDL = bDL(φ̃, θ̃),

and the absolute value and argument are taken elementwise. e−j arg(rDL) phases the
antenna array’s elements to be perfectly in phase in the direction defined by φ̃ and θ̃.
This is similar to what is known as conventional beamforming in literature, except
for the array gain parameter. The downlink antenna gain function bDL(φ̃, θ̃) can
again be taken as any of the models presented in Chapter 4.

The maximum gain is achieved by phasing the antenna elements so that they are
all in the same phase towards the maximum gain direction. The elements are also
weighted so that the antenna elements with largest gain towards that direction are
given more weight than the others. At this stage the beamforming vector can also
be tapered, which is briefly discussed in Section 5.3.

The last step is to orthogonalize the beamforming vectors. Although the eigen-
beams were initially orthogonal, the manipulated beamforming vectors are generally
not. Therefore, they cause interference to each other unless they are orthogonalized.
The orthogonalization can be done via the Gram-Schmidt process. 78

7The Euclidean scalar product can be used in the Gram-Schmidt process. If the downlink
channel was known, and it was used to induce a degenerate inner product space, the process would
be equivalent to zero-forcing, see e.g. [1].

8The scalar product induced by the uplink channel matrix was found to behave worse than
the Euclidean scalar product. The reason behind this is conjectured to be the degeneracy of the
induced inner product space, and discrepancy to the downlink channel. Another option would be
to regularize the uplink channel matrix.
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5.3 Tapering
In Chapter 4 we briefly mentioned that tapering can be employed to decrease the
power of sidelobes. In this section we provide the mathematical formulation of
tapering and discuss its effect both on a single beam and at the network level.

The beam construction method in (25) indeed constructs the beam with maximum
gain towards a chosen direction. Unfortunately, such beams have a tendency to have
strong sidelobes. As sidelobes are not aimed towards the intended recipient, they only
amount to generating interference to other users. The radio network performance
measure defined in theorem 3.11 is decreased by interference, and therefore it is
attractive to consider methods to decrease the side lobe powers.

In order to reduce the sidelobes of a beamformed radiation pattern, amplitude
tapering 9 can be employed. In amplitude tapering the central antenna elements are
excited more than the elements on the sides [29]. However, in addition to decreasing
side lobes, amplitude tapering also widens the main beam. The effect is similar to
windowing in Fourier analysis.

The choice of tapering multipliers is typically formulated as an optimization
problem.

arg min
t∈RM

∫
Ω

⏐⏐⏐(t⊙w)Tb(u)
⏐⏐⏐2 p(u)du,

such that (t⊙w)Tb(φ̃, θ̃) = 1,

(26)

where the integral is taken over the region of interest (i.e. the whole sphere), t is the
tapering vector, and p(u) is a weighting function for different regions on the sphere.
A multitude of criteria can be chosen, and variants of the formulation can be easily
constructed.

One simple option is to set p(u) positive in the range outside of the desired
direction, and negative near the main direction. We found that gradient descent
algorithm was able to find good solutions for such criteria reasonably quickly. Similar
formulation can also be used to directly construct the whole beamforming weight
vector instead of just the tapering.

A common and extensively studied simplification is to assume that the antenna is
an array of isotropic radiators. In [29] several pattern synthesis methods are reviewed
and evaluated for this case. The most important result with isotropic antennas is
that the tapering window can be the same for all directions. This is not the case
in the formulation with the antenna response function in (26). In simulations we
found that the benefit of accounting for the antenna response is not very significant
when it comes to tapering. Constant tapering window was found to work essentially
equally well.

The widening of the main beam when the side lobes are reduced is a natural
result as the radiated power is kept constant. Wider main beams can be undesirable
in situations where most of the main propagation paths between a single base
station and its users are in the same general direction. As the wider beams requires
more spatial separation to maintain orthogonality, they may reduce the number of

9Also known as aperture tapering in literature.
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simultaneous users. This is especially important in urban environments where street
canyons are significant factors in the propagation environment.

As the propagation environment is usually unknown in advance, the choice
of optimal tapering method is generally an experimental process. It can even be
beneficial to use different tapering strategies for different base stations.

5.4 Maximum gain direction
Like some other FDD-capable beamforming methods, our method is based on a kind of
direction-of-arrival estimation. As this is a difficult problem, we next discuss efficient
implementation of solving it. We first explain how our formulation differs from e.g.
the one used in MUSIC, and then continue with computational considerations on
this problem.

In the Section 5.1 we mentioned some options for the direction-of-arrival esti-
mation. However, in (24) we formulated the maximum gain direction problem as
the maximization of |wTb(φ, θ)|, where the beamforming vector w is known. This
is an important distinction to the general DoA algorithms which operate directly
on the channel matrix. We are not explicitly interested in the directions of most
important propagation paths, but instead look for directions which are employed by
each individual eigen-beamformed beam. The distinction is subtle but a key part
of this method. By using the main direction of eigen-beamformed beams, we can
construct downlink beams that are well separable at the user. The eigenbeams are
already orthogonal by construction, and therefore usually distinguishable reception
directions at the user.

We can observe from Figure 3 that the eigen-beamformed beams occasionally
have complex beam patterns. Still, the lobe containing the maximum gain point is
generally not extremely narrow.

We will next discuss the implementation options for maximum gain direction
search. The simplest approach for maximum gain direction search is to directly
evaluate the objective function on a sufficient grid of locations, and choosing the
maximum. We discussed the exact formulation of such implementation for different
antenna models in Section 4.3.

The total length of antenna array defines a limit for the beamwidth of an antenna
array. Beamwidth is the minimal width of the main lobe that the antenna array can
radiate. The half-power beamwidth is an often used measure of an antenna array
and beamforming method. Half-power beamwidth is defined as the angle between
directions where the gain is half of that at the center of the beam. Although an
antenna with just two antenna elements spaced far apart has as narrow beamwidth as
similarly sized array with several antenna elements, the former will have significantly
stronger grating lobes than the latter.

On a uniform array of ideal isotropic antenna elements with conventional beam-
forming, the beamwidth can be calculated analytically. In [29], assuming antenna
elements spaced on half-wavelength intervals, the half-power beamwidth α is derived
to be

α ≈ 0.886λ

L
,
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where L is the effective array length in either azimuth or elevation. To solve the
maximum gain direction, we can use e.g. half of this as the sample spacing.

A natural extension to direct sampling is to also employ some local optimization
scheme, such as gradient descent or Newton’s method. If such method is used, the
beam pattern can be evaluated on a coarser grid, after which each sample can be
locally maximized.

Local optimization schemes usually require some form of continuous derivative,
and therefore it might be attractive to use e.g. EADF as the antenna model. It is
also reasonable to only optimize the largest n samples.

In Section 4.2 we mentioned that antenna elements far from the radiation center
have high spatial frequency components. This also emerges in the curvature of the
antenna array’s directional gain. The directional interference of the distant antenna
elements cause quickly oscillating gain patterns, as was seen in Figure 9. The effect
is further increased by multiple far elements. Therefore, gradient methods must be
carefully tuned to the specific antenna array.

Alternatively, as the highly oscillating radiation pattern is caused by the far
antenna elements, tapering can be used to decrease the oscillations. Specifically,
we experimented with using only the central elements to find the maximum gain
direction. This is equivalent to tapering with a windowing function that is zero for
the boundary elements and one for the central ones. This choice has the additional
benefit of decreasing the computational cost of the search.

We found using only the central elements especially useful for initial pruning of
the search space. We first searched for the maximum gain direction using only the
central elements. Then these directions could be used as initial guesses for gradient
descent on the whole array.

Although it is possible to construct pathological channel matrices in which the
maximum gain direction of the central elements is not near that of the whole antenna,
in our simulations we found few such cases.
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6 Simulations
In this section we discuss the methodology used to measure the performance of
beamforming methods. In Section 6.1 we first construct the channel model based on
ray traced propagation paths. Then, in Section 6.2 we describe the cellular network
simulator constructed for the performance measurements. Finally, in Section 6.3
we define some performance metrics which were used to evaluate the network level
performance of the considered beamforming methods.

6.1 Ray-tracing channel model
In Section 2.2 we briefly described the general ideas behind ray traced channel model.
In this section we construct a MIMO channel matrix based on ray traced propagation
paths. We first describe the channel in the single path case. Then we include the
effect of antenna arrays of both the transmitter and the receiver. The model is then
simple to extend to the multipath case.

We write the contribution of a single path in time domain as

y(t) = γpgT x(t) ∗ gRx(t) ∗ x

(
t− lp

c

)
e−j2πfc

lp
c ,

where by ∗ we denote convolution in time domain, y(t) is the received signal, γp

contains the (frequency independent) effect of the path such as path loss, gRx and
gT x describe the impulse responses of the receiver and transmitter, respectively, x(t)
is the transmitted signal, and lp

c
is the time delay introduced by the channel, i.e. lp is

the electrical length of the path and c is the speed of light. The final term e−j2πfc
lp
c

describes the phase of the transmission at frequency fc. The minus in the phase
term occurs because the channel is modeled from the receivers perspective.

Writing the previous in frequency domain, we get

Y (f) = γpGT x(f)GRx(f)X(f)e−j2πf
lp
c e−j2πfc

lp
c ,

where GT x and GRx are the frequency responses of the transmitter and receiver,
respectively. This is often expressed as

Y (f) = H(f)X(f),

where H(f) contains the frequency response of the SISO system.
Note that in the previous system the time variance of the channel is ignored.

This also means that the transmitter and receiver are stationary, as we have assumed
throughout this thesis. Accounting for movement would introduce a Doppler shift
term in the system, in addition to making γp time variant.

Next we introduce the effect of the antenna array. Consider a MIMO system
with M transmitting antennas, and K receiving antennas. We define the antenna
responses of the transmitting and receiving antenna arrays as functions

bT x(φ, θ) : ([0, 2π)× [0, π])→ CM

bRx(φ, θ) : ([0, 2π)× [0, π])→ CM .
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As the antenna response is also frequency dependent, we indicate the frequency with
an upper index; bu for uplink and bd for downlink. However, antennas are generally
considered to be reciprocal in both up- and downlink. That is, the complex gain of
an antenna is the same in both up- and downlink if the frequency is the same.[27]

Note that with this formulation we effectively ignored the polarization of the
signal.

With slight abuse of notation, we can include the phase of transmission at the
carrier frequency term into γp = γpe−j2πfc

lp
c .

We can then write the channel response for a single path as

H(f, p) = GT x(f)bRx(φRx, θRx)γpbRx(φT x, θT x)TGRx(f)e−j2πf
lp
c .

Finally, taking multipath propagation into account simply adds a summation
over the collection of paths P

H(f) = GT x(f)GRx(f)
∑
p∈P

(
bRx(φRx,p, θRx,p)γpbT x(φT x,p, θT x,p)e−j2πf

lp
c

)
.

In the simulations we ignored the transmitter and receiver effects, except in the
noise term of channel capacity estimation. Therefore the channel matrices were
generated as follows

Ĥ =
∑
p∈P

bu
BS(φRx,p, θRx,p)γu

p bu
UE(φT x,p, θT x,p)T,

Ȟ =
∑
p∈P

bd
BS(φRx,p, θRx,p)γd

pbd
UE(φT x,p, θT x,p)T,

(27)

where Ĥ and Ȟ are the uplink and downlink frequency channel matrices, respectively.
The u and d indices indicate the uplink and downlink frequencies, and γp is the
path’s effect on the amplitude and phase. We define the uplink γu

p as

γu
p = Ape−j2π

tp
fu ,

where e−j2π
tp
fu is the phase of the received signal after the propagation time, and Ap

is the complex amplitude at the end of propagation path. The amplitude is mostly
dependent on the path length and the reflectivity of the obstacles in the path. The
downlink γd

p is defined similarly, except for using the downlink frequency.
This approach models the situation in which the rays correspond to narrow

propagation paths.
We also considered including a Rayleigh-fading term in γu

p and γd
p . In that case,

instead of narrow paths, the rays would correspond to propagation clusters scattered
from diffuse reflectors. However, in our simulations the effect of Rayleigh-fading
was found qualitatively insignificant. The SINR decreased for all methods roughly
equivalently, which is expected as the mean signal strength decreases.
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The ray traced data set describing paths between each user and base station was
constructed using Wireless Systems Engineering Tool (WiSE), initially published in
[51]. The simulator has been extended over years to also be better suited for urban
channel prediction, and has been shown to provide accurate propagation estimates
[52]. The data was pregenerated and the same paths were used for all evaluations.

For evaluations, we used two datasets, one of a district of Helsinki, Finland, and
the other of a larger part of Seattle, USA.

Table 1: Parameters of the two ray tracing datasets

Helsinki Seattle
Users 884 3869
Cells 24 32

Sectors per cell 2 2
Sector width 90◦ 90◦

The data sets consisted of DoDs, DoAs, path lengths, and path powers of collec-
tions of paths between each UE and BS pair. We could then construct the uplink
and downlink channel matrices between each UE-BS pair using (27). The statistical
characterizations of both datasets are included for repeatability in appendix A.

6.2 Simulator
To evaluate the performance of different beamforming methods, we developed a
cellular network simulator in MATLAB. As our performance measures were based
on the channel capacity, and interference plays a major role in its calculation, we put
a significant effort into accounting for it accurately. In the following we describe our
simulation model first with a high level overview, and then each component in detail.

The simulator consists of following components:

• Base stations: The transmitters in this simulation. Each communicate with a
number of users.
• User equipment: The receivers in this simulation. Each assigned to exactly one

base station.
• Beamformer : The method used by the base station to construct the beamform-

ing vectors for each user.
• Antenna models: Each base station and user equipment has an antenna model

which describes the gain and phase pattern of each antenna element to all
directions.
• Scheduler : The method to select a set of active users for each transmission

time period. The scheduler may also modify the beamforming vectors.

In the following we describe these components in further detail.

The base stations are the transmitters in this simulation. Considering the
MU-MIMO channel capacity theorem 3.11, the base stations are responsible of
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(a) Seattle (b) Helsinki

Figure 10: Assigned users per base station. In these figures we used the Proto8 antenna
for base stations and the four-element antenna for users.

both the signal component HRxHH, and, together, the interference component∑
v∈A Hiv ,ũRxvHH

iv ,ũ. Therefore the base station model must contain the downlink
channels of all users, including those which are not assigned to it.

In our ray tracing data sets the transmitter locations were specified as point-
locations, from which the paths started. As discussed in Chapter 4, antenna arrays
have a tendency of causing grating lobes if the beam direction is too far from the
array plane’s normal. This can also be considered as the sector width measurement
for the antenna.

The antenna model which we used in our evaluations had useful sector width of
approximately 90◦, and thus we set two base stations at each transmitter location,
with main directions 90◦ apart. We also made evaluations with narrower sector
widths, with more base stations at each location, and the results were similar.

The user equipments are the receivers. In the simulation they are responsible of
choosing the base station to which they are assigned, and evaluating the channel
capacity based on theorem 3.11.

The user assignment to base stations for user u is done by evaluating the operator
norm

arg max
i
||Ȟi,u||op = arg max

i
sup

x∈CM

||x||2=1

||Ȟi,ux||2,

where i is over the base stations. As the operator norm is equal to the magnitude of
the largest eigenvalue, and the singular values correspond to the eigenvalues, this
is equivalent to choosing the base station from which the best eigenbeam is the
strongest. As the channel model we used is deterministic, also the user assignment is
deterministic with this method.

We consider this choice justified as the users greedily choose the base station
they can receive from the best, although this leads to uneven distribution of users to
base stations. The assigned user count distributions are presented in Figure 10. In
real LTE networks the base station (or node) selection is more involved, and we refer
to [5] for details.

We chose to model background noise using the Johnson-Nyquist noise model.
The background noise is caused by e.g. thermal noise, spurious emissions and the
receiver. Notably we did not include the interference caused by transmissions to
other users, but considered it separately in the base station model. We assumed that
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all users have the same constant ambient noise. The noise level could be directly
calculated from the Johnson-Nyquist model as [11]

σ2 = kBTfbw,

where kB is the Boltzmann constant, fbw = 10MHz is the considered bandwidth, and
T = 293K is the background temperature.

This results in noise floor of −104dBm, which can be considered optimistic.
However, in tandem with the transmitter power of 1W at each base station, the
signal-to-noise ratio can be considered reasonable. Typical cellular network base
stations have transmitter powers in the range of tens of Watts. Therefore the chosen
noise floor corresponds to SNR of −91dBm, if the transmitters were set to transmit
at 20W instead.

For comparison, the extremely busy 2.4GHz band was measured in San Fransisco
Bay area in 2004 to be around −85dBm

MHz , or −75dBm for the whole 10MHz band [53].
As mobile networks typically operate in exclusive spectrum, and the measurements
in San Fransisco also included the interference, the 2.4GHz noise level is a high upper
bound for the noise floor.

The beamformer is an entity which constructs a beamforming matrix out of a
channel matrix. As the users in our simulations were stationary, the environment
was static, and thus the channel matrices were constant, we could generate all the
beamforming matrices in advance.

We considered three beamformer options.
The first two evaluated beamformers were straight forward eigen-beamformers,

based on the derivation in Section 3.3. The difference between them is the used
channel matrix. In Uplink eigen-beamformer (Ul-Ebf) the beamforming matrix is
constructed using the uplink frequency ray-tracing channel model described in Section
6.1. Similarly, the Downlink eigen-beamformer (Dl-Ebf) constructs the beamforming
matrices out of the downlink frequency channel matrices.

Unless complete channel information is fed back by the users, the downlink
channel matrix is unknown for the base stations. Therefore it should only be taken
as a reference level of what can be achieved if each base station attempts to greedily
maximize the channel capacity of each user.

The third evaluated beamforming method is the Eigen-direction based beamform-
ing (Edbf) detailed in Section 5.2.

The carrier frequencies in most simulations were 2600MHz for uplink, and
2800MHz for downlink. In initial evaluations we found that frequency gap of less than
5% doesn’t affect the uplink and downlink eigen-beamforming vectors significantly.
Therefore, with a small relative frequency gap, there is no need to consider methods
beyond Ul-Ebf.

The main shortcomings of our methodology are the lack of user mobility, and the
omission of the effects of polarization in propagation. Both of these were justified by
the lack of data.
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Figure 11: User equipment antenna positions for two and four antenna element configura-
tions. All dimensions in meters.

In order to construct ray-traced channels with user mobility, the propagation
paths should be traced for each time step individually. This was simply impossible
with our dataset and would have required development of an entirely new ray tracer.
With path construction after each time step, the simulation times would also increase
drastically.

The inclusion of polarization in the simulations would have required polarization
information in the ray tracer data set, which was not available. Furthermore, the
user equipment antenna models would need to be replaced with a measured antenna.

6.2.1 Antenna arrays

As the ray-tracing channel model requires information about the directional antenna
gain pattern, we included the antennas in the simulator.

For users we assumed an ideal omnidirectional antenna array, consisting of either
two or four antenna elements. The antenna elements were spaced as in Figure 11. In
all simulations, all users had the same antenna configurations. The user equipment
antenna did not have significant effect on the evaluated performance, other than on
the maximum rank of transmission. The users with best channel conditions benefited
the most of additional antennas as more data streams could be employed.

For base stations, we also simulated two antenna array options. The first option,
Proto8, is an antenna array of 4-by-2 double-antenna elements, with both polarizations
on top of each other, as shown in Figure 12. The antenna models were based on
measurements of such antenna array. The antenna construction and measurements
were conducted by Nokia Oyj.

The second base station antenna option, Quad-Proto8, consists of four Proto8
antenna arrays in a square pattern as illustrated in Figure 12. The antenna model
was constructed out of the same data as for the Proto8, with the shift computationally
compensated as in equation (21).

Note that the half-wavelength frequency for both base station antennas would
be 2360MHz. Therefore, we have more grating lobes in our simulations than if
the optimal frequencies were used. The frequency choices were limited by available
antenna measurement data.
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Figure 12: Base station antennas Proto8 and Quad-Proto8. All dimensions in meters.

6.2.2 Schedulers

We used two schedulers to select the active users at each time moment. The two
schedulers were needed for the two main performance metrics used.

Both measures are defined in terms of transmission groups, or Tx-groups. We
define Tx-groups as collections of beamforming vectors corresponding to beams of
users of a base station, over which the transmission occurs at the same time. That
is, a Tx-group corresponds to a beamforming matrix, which contains beamforming
vectors of one or more users.

Note that the user groups are constructed only out of the information available
at each base station separately. The base stations can not generally co-operate in
active user scheduling due to the physical distance and communication delay.

We denote the j:th beamforming vector associated with user u by au
j , and a

Tx-group of index i by Ai. We assume that the beams are ordered in a decreasing
order for reception quality. That is, au

1 corresponds to the largest singular value of
the channel matrix and thus provides the best reception.

Tx-groups are an ordered set of one or more beamforming vectors. We index the
k:th vector associated with Tx-group Ai by Ai

k. Each au
j may be assigned to any

number of Tx-groups, thus, the association is not unique.
In the following algorithm descriptions, we denote by Ai ← au

j the assignment
of beamforming vector au

j to the Tx-group Ai. The new vector is assigned to the
k + 1:th index in Ai.

The first scheduler option was to simply assign each user into its own Tx-group,
thus leading to single-user MIMO user assignment. Naturally, all beamforming
vectors with power allocated to them can be used. Writing this as an algorithm:
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1: for each user u assigned to base station s do
2: Au ← au

j ∀j.
3: end for

Algorithm 2: SU-MIMO Tx-group assignment

The second option defined in algorithm 3 is a true multi-user MIMO user allocation
scheme. The idea is to construct Tx-groups with a seed-user, and then to assign
sufficiently non-interfering beams of other users to it. Then we allocate power so
that the seed-user is always guaranteed a good allocation, and the remaining power
is divided equally to the rest of active users.

1: for each user u in the base station s do
2: Au ← au

j ∀ {j | ||au
j || > 0.1}

3: for each user v ̸= u assigned to the base station s, in a randomly permuted
order do

4: for each beam av
l , where l indexes the beamforming vectors of v do

5: if (av
l )HAu

i

||av
l
|| ||Au

i || < 0.1 ∀i then
6: Au ← av

l

7: end if
8: end for
9: end for

10: In the order of increasing index i, Orthogonalize the beams in Au
i .

11: if Au contains only beams of user u then
12: Assign all power to the beams by waterfilling, based on separately stored

singular values.
13: else
14: Assign 50% of power to the beams of user u by waterfilling.
15: Assign the remaining 50% divided equally between remaining users.

Allocate power via waterfilling each user’s beams separately.
16: end if
17: Normalize the total power to e.g. 1W.
18: end for

Algorithm 3: MU-MIMO Tx-group assignment

This results in Tx-groups where all users have relatively equal chance of being a
secondary user of other Tx-groups, and all users have at least one group with a large
power allocation.

The minimum power requirement in line 2 and maximum non-orthogonality in
line 6 were arbitrarily chosen to be 0.1. The split of power between seed user and
the rest of users is also arbitrary. No effort was put into searching more optimal
values, as the aim was to just have a reasonably fair group assignment between users,
and to have a scheduler which is independent of the beamforming method.

The final normalization step is necessary as the waterfilling at the end may set
some beamforming vectors to 0. This may occur if some users have multiple beams,
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as the power allocation is decreased from the initial 1W. Therefore in some cases
the seed-user’s beams have higher than 0.5 W total power allocation on them.

Scheduling over time domain was simply picking the active Tx-groups randomly
for each transmission time interval.

We chose to ignore scheduling in frequency domain as our main focus is in the
multi-user MIMO performance, which is orthogonal to subcarrier allocation. Instead
we assumed that the transmissions are always over the whole band allocation.

We also assumed that all users are constantly in need of maximal data throughput,
i.e. base station has full transmission buffer for all users.

6.3 Performance metrics
In this section we construct a couple of performance metrics to quantify the effect
of beamforming method’s impact on radio network’s performance. The metrics are
built around the channel capacity metric of users.

We consider the throughput distribution for users the most important measure
in radio network’s performance. As the channel conditions vary between users, it is
most informative to use the empirical cumulative distributions of the users’ channel
capacities. The performance differences between beamformers for users with worst,
mediocre and best channel conditions remains visible in the cumulative distributions.

The first metric is the active capacity, CAC , average throughput of each user
when the user is active. This metric is especially useful in combination with the
SU-MIMO scheduler, when evaluating the achievable data rate of users with worst
channel conditions. A good scheduler would detect which users have bad channel
conditions, and would assign the full transmission power to them. As this measure
only accounts for the active transmission times, the effect of uneven user assignment
to base stations is neutralized.

The second metric is the longterm capacity, CLC , average throughput of each
user over wall-clock time. This is a relevant metric especially in the MU-MIMO case.
However, as some base stations have significantly more assigned users than some
others, the users of such base stations also have significantly less active reception
time. As we chose the active transmission group randomly, this effectively divided
the throughput by number of active users in each base station. Furthermore, the
multi-user scheduler parameters should be optimized for each beamforming method
separately, or completely different schedulers should be used, thus causing difficulties
in interpreting the results.

We evaluated these metrics by randomly sampling active Tx-group sets for all
base stations. We denote the collection of such samples by A, where all A ∈ A
contain the Tx-group indices for all base stations.
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Therefore the metrics for user u were calculated as follows

Cu
AC =

∑
A∈A|u∈A

C(u, A)

Nu

Cu
LC =

∑
A∈A

C(u, A)

NA
,

where Nu is the number of samples where u is active, NA is the total number of
Tx-group set samples. C(u, A) is the channel capacity of user u, with active Tx-group
set A, and is defined by theorem 3.11.

We define the total system throughput as

Ctot =
∑
u∈U

Cu
LC ,

where U is the collection of users. Ctotal measures the spectral capacity of the whole
radio network, how many bits per second per hertz the base stations can transmit to
all the users in total.

To estimate the benefit of using Edbf over uplink-channel eigen-beamforming we
defined the proportional gain for mean active capacity GEdbf

AC

GDL
AC

and longterm capacity
GEdbf

LC

GDL
LC

, respectively, as

GEdbf
LC

GDL
LC

= CEdbf
tot − CUL

tot

CDL
tot − CUL

tot

,

GEdbf
AC

GDL
AC

=

∑
u∈U

Cu,Edbf
AC − ∑

u∈U
Cu,UL

AC∑
u∈U

Cu,DL
AC − ∑

u∈U
Cu,UL

AC

,

where upper indices denote the beamforming methods. Both measures indicate how
much of the gap between Ul-Ebf and Dl-Ebf has been closed by Edbf. At 0, Edbf
performs as well as Ul-Ebf, at 1, Edbf performs as well as Dl-Ebf.

In order to analyze the reasons behind the performance differences, we also
considered the distribution of interference power . We defined the interference power
as the l2 operator norm of the "interference-plus-noise" part of the channel capacity
defined in theorem 3.11. Thus, the instantaneous interference power Iins of user u is
defined

Iu
ins =

⏐⏐⏐⏐⏐
⏐⏐⏐⏐⏐∑
v∈A

Hiv ,uWivRsv
W H

iv
HH

iv ,u + σ2I

⏐⏐⏐⏐⏐
⏐⏐⏐⏐⏐
2

, (28)

where the variables are defined as in (14). The average over time was then used as
the interference power Iu. Although the norm ignores the effects of matrix inversion
on the capacity, we consider this a reasonable approximation. This can actually be
measured by the user equipment. Note that similar metric for the signal power would
be misleading as it would ignore the MIMO-capability.
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7 Results
In this section we look through the results of beamforming performance simulations.
We start by general measurements on both city datasets and all antenna model
configurations. We discuss the reasons behind the variations in different setups, and
improvements in performance. We then show the robustness of our beamforming
method with some variations on the simulation environment.

The Figures 13a-13d present the empirical cumulative distributions of users’
channel capacities in a representative case. We note immediately that the eigen-
direction beamformer outperforms the Ul-Ebf for most users.

The average throughputs and mean active capacities are presented in Table 2 for
all combinations of beamforming methods, datasets and antenna configurations. With
Quad-Proto8 antenna, Edbf manages to capture 14− 39% of the gap between uplink-
and downlink eigen-beamforming total system throughput. For Proto8 basestation
antenna Edbf performs worse, capturing only up to 12% of the difference, and even
losing to Ul-Ebf in the Seattle dataset. As the mean active capacity metric in

(a) Seattle, CLC , top 10% users

(b) Seattle, CLC , bottom 90% users

(c) Helsinki, CLC , top 20% users

(d) Helsinki, CLC , bottom 80% users

Figure 13: Longterm capacities with Quad-Proto8 BS-antenna, 2-element UE-antenna
and multi-user scheduling. Edbf manages to partially close the performance gap between
Ul-Ebf and Dl-Ebf. Note the different scales in the plots.
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(a) Seattle, multi-user scheduling

(b) Seattle, single-user scheduling

(c) Helsinki, multi-user scheduling

(d) Helsinki, single-user scheduling

Figure 14: Active capacities with Quad-Proto8 BS-antenna, 2-element UE-antenna with
both schedulers. In single-user scheduling cases Edbf manages to partially close the
performance gap between Ul-Ebf and Dl-Ebf. In multi-user cases the active capacity
decreases because the users often end up as secondary receivers, and thus with lower power
allocation.
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(a) Ul-Ebf (b) Edbf

Figure 15: Probability mass distribution for number of simultaneously active beams in the
Seattle dataset with multi-user scheduling, Quad-Proto8 BS antenna, and 2-element UE
antenna. With Dl-Ebf the distribution is essentially the same as with Ul-Ebf.

(a) Ul-Ebf (b) Edbf

Figure 16: Probability mass distribution for number of simultaneously active users in the
Seattle dataset with multi-user scheduling, Quad-Proto8 BS antenna, and 2-element UE
antenna. With Dl-Ebf the distribution is again essentially the same as with Ul-Ebf.

all single-user scheduling cases indicates improvement over Ul-Ebf, the loss in MU
Proto8-cases can be attributed to bad scheduling.

Reading the active capacity Figures 14a and 14c, we observe that the active
capacity, on average, decreases in multi-user cases. Therefore, the improvement in
longterm capacity can be attributed to increase in simultaneous active users. In
Figure 15 the difference in active beams between Ul-Ebf and Edbf is presented. The
increase is also obvious in the number of active users distribution in Figure 16.

In the interference power Figures 17a and 17c it is worth noting that the total
interference power actually increases in the Edbf multi-user cases, compared to
Ul-Ebf. We found the result surprising, as we expected the interference to decrease
with narrower beams. The reason behind the increase is probably the increase in
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(a) Seattle, multi-user scheduling

(b) Seattle, single-user scheduling

(c) Helsinki, multi-user scheduling

(d) Helsinki, single-user scheduling

Figure 17: Total interference power distributions for users with multi-user scheduling,
Quad-Proto8 BS antenna, and 2-element UE antenna.

number of active users and beams in multi-user cases. Although the eigen-beams
are generally wider than the Edbf beams, the larger number of simultaneous beams
more than compensates for that.

In the single-user scheduling case, we can read an improvement over Ul-Ebf in
all cases for both total system throughput, and mean active capacity. The active
capacities are presented in Figures 14b and 14d. In the interference power Figures
17b and 17d, we note that the interference power is essentially the same for all
beamforming methods. Therefore, we claim that the improvement in active capacity
results from improved beam steering towards the maximum gain directions, and not
from the reduction of interference. The beams manage to capture the geometrical
properties of the downlink channel better than direct use of uplink eigen-beams. As
the beam counts in single-user scheduling are the same for uplink eigen-beamforming
and Edbf, the improvement can not be attributed to higher rank transmissions. As
the interference power doesn’t decrease, and the only source of interference is the
other base stations, the narrowness of beams can not be behind the improvement.
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We also made runs with some variations of the simulation setup. In Figure 18 the
results in an environment with significantly higher ambient noise level are presented.
The increase in noise does not affect the qualitative improvement between Edbf and
Ul-Ebf, but the channel capacity decreases in all cases.

(a) CLC , top 10% of users

(b) CLC , bottom 90% of users (c) CAC

Figure 18: Channel capacities simulated in the Seattle dataset with Quad-Proto8 BS-
antenna, 2-element UE-antenna and noise floor set to −84dBm. Longterm capacity was
measured using the multi-user scheduler, while active capacity was measured using the
single-user scheduling. We find that Edbf outperforms uplink-eigenbeamforming even with
much higher noise floor.

Total system throughput Mean active capacity

Scheduler Ul-Ebf Dl-Ebf Edbf Prop.
gain Ul-Ebf Dl-Ebf Edbf Prop.

gain
MU 382.97 476.06 398.71 0.17 2.81 3.43 2.55 -0.42
SU 268.02 316.29 276.46 0.17 4.85 5.61 5.06 0.28

Table 3: Results with noise floor set at −84dBm.

In Figure 19 we show the improvement with varying FDD frequency gap. We



61

varied the uplink frequency between 2400MHz and 2800MHz. In the tested scenario,
Edbf provided increased performance with as low as 3.5% relative frequency gap.
As the frequency gap increases, the Ul-Ebf capacity decreases. However, the uplink
channel still contains valid information about the geometry of the channel, and thus
Edbf still works. The results are presented in Table 4.
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(a) Longterm capacities, top 20% users

(b) Longterm capacities, bottom 80% users

(c) Active capacities, top 20% users

(d) Active capacities, bottom 80% users

Figure 19: Channel capacities simulated in the Seattle dataset with Quad-Proto8 BS-
antenna, 2-element UE-antenna. Longterm capacity was measured using the multi-user
scheduler, while active capacity was measured using the single-user scheduling. Edbf
outperforms Ul-Ebf in all cases except for the matching uplink and downlink frequency
case.

Total system throughput Mean active capacity

Scheduler
Uplink
frequency
(MHz)

Ul-Ebf Dl-Ebf Edbf Prop.
gain Ul-Ebf Dl-Ebf Edbf Prop.

gain

MU

2400 384.63 587.32 463.94 0.39 3.09 4.42 3.13 0.03
2500 429.73 587.32 474.46 0.28 3.36 4.42 3.17 0.17
2600 449.21 587.32 468.78 0.14 3.48 4.42 3.21 0.28
2700 484.26 587.32 485.07 0.01 3.74 4.42 3.32 0.60
2800 587.32 # 529.59 # 4.42 # 3.58 #

SU

2400 276.82 370.23 312.69 0.39 5.23 6.71 5.83 0.41
2500 302.06 370.23 321.67 0.29 5.58 6.71 5.93 0.31
2600 310.70 370.23 318.92 0.14 5.63 6.71 5.86 0.22
2700 321.07 370.23 325.67 0.09 5.88 6.71 6.05 0.21
2800 370.23 # 346.67 # 6.71 # 6.40 #

Table 4: Results of frequency gap variations. With uplink frequency 2800MHz, the uplink
and downlink frequencies match and they get equivalent channel capacities.
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8 Conclusions
In this thesis the aim was to develop an open loop beamforming method which is
capable of compensating for the frequency gap in FDD cellular networks. For that
end, we constructed an eigen-direction based beamformer whose performance was
extensively evaluated in simulations. We managed to improve over eigen-beamforming
on the uplink channel in most of the simulated cases.

We reviewed the well-known eigen-beamforming method and discussed the prob-
lems of eigen-beamforming in multi-cell radio networks. We also derived a capacity
measure which accounts for inter-cell interference. The measure was then used to
measure the multi-cell system performance in simulations, and motivated parts of
our Edbf beamforming method.

As our proposed beamforming method required an antenna array model, we
reviewed some options. We also proposed an extension on the Effective Aperture
Distribution Function to allow its use with large antenna arrays. We included
several suggestions for effective implementation of the complex antenna gain pattern
computation.

A significant effort was put into constructing a network-level simulator for the
performance evaluations, and developing the metrics for beamforming performance
simulations. Our simulator was based on a ray-traced channel model, on top of
which we included the effect of MIMO-transmissions and antenna arrays at both the
transmitter and the receiver. The simulator was used successfully for evaluating the
performance of the beamformers.

We got promising results for the new eigen-direction based beamforming method
and suggest further evaluation of its performance. The method should be compared
to a grid-of-beams beamformer, considering the required extra CSI feedback trans-
missions, and to zero-forcing methods with either channel aging or the erroneous
channel estimate obtained from uplink. The effect of user mobility should also be
evaluated.

The most significant drawback of our proposed beamforming method is its high
computational cost. The maximum gain direction search for each eigen-beam is
inherently difficult as it belongs to the class of non-linear, non-convex optimization.

We believe that the eigen-beam main direction is a slowly varying feature of the
channel. Therefore, it could be possible to construct a computationally cheap method
to update the beam directions for mobile users. Furthermore, it might be possible
to predict the user movement relative to the base station which could improve the
channel capacity of even extremely fast users.
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Appendices
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A Environment dataset characteristics
These figures are provided for reproducibility. The coordinate system for azimuth and
elevation angles are global in all plots. We would like to acknowledge Olli Piirainen
for providing most of the scripts used to generate these images.
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