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1. Introduction

Collective behavior of particles obeying the laws of quantum mechanics is at
the heart of a number of intriguing phenomena such as superfluidity, super-
conductivity, and Bose–Einstein condensation. Being purely quantum in their
nature, these effects are nevertheless observable on macroscopic length scales,
providing an opportunity to directly control and probe the properties of an es-
sentially quantum-mechanical system. In particular, all these phenomena are
intimately related to the macroscopic occupation of a single-particle quantum
state, a peculiarity that occurs in the context of atomic, condensed-matter, and
nuclear physics, as well as quantum optics, thus unifying many different sub-
fields of physics. Among these systems, gaseous Bose–Einstein condensates
(BECs) are exceptionally flexible, robust, and versatile, and hence enable the
study of many-body quantum phenomena in a well-controlled manner.

1.1 Historical overview of Bose–Einstein condensation

The elementary theory of Bose–Einstein condensation arises from the 1924 work
of the Indian physicist Satyendra Nath Bose, who was originally investigat-
ing the photon statistics, particularly, the black-body radiation spectrum [1].
Extension of his ideas to a system of massive bosons led Albert Einstein to
a prediction of macroscopic occupation of a single-particle quantum state at
sufficiently low temperatures [2, 3]. At that time, however, the Bose–Einstein
condensation was merely assumed to be an anomaly of the ideal-gas approxima-
tion and speculatively believed to be elusive in real systems with non-vanishing
interactions. This view changed in 1938, when Pyotr Kapitza, John Allen, and
Don Misener discovered superfluid properties of 4He at 4 K [4, 5, 6]. In the same
year, Fritz London proposed that superfluidity in liquid helium-4 would be a
manifestation of Bose–Einstein condensation [7, 8]. This suggestion has later
been supported by theoretical calculations [9] as well as experiments on neutron
scattering and evaporation from the surface [10, 9, 11]. However, the strong
interparticle correlations in this system limit the condensate to to be only about
10 % even at the lowest achievable temperatures, rendering liquid 4He to be far
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from a pure BEC [12]. Moreover, a mechanism of the transition to the superfluid
phase in liquid helium is yet not fully understood due to the lack of transparent
microscopic theory of strongly interacting atoms.

Bose–Einstein condensation is also closely related to superconductivity in
fermionic systems. Observed by Heike Kamerlingh Onnes already in 1911,
the phase transition to the superconducting state manifests itself in vanishing
electrical resistance in metals cooled down below their critical temperature [13].
Almost 50 years after the first observation, a microscopic theory of supercon-
ductivity was developed by John Bardeen, Leon Cooper, and Robert Schrieffer
(BCS) [14]. According to the BCS theory, superconductivity is caused by a Bose–
Einstein condensation of weakly bound electron pairs, Cooper pairs [15]. A
similar mechanism is responsible for superfluidity in ultracold Fermi gases [16].
Hence, the BEC of composite bosons and the condensate of Cooper pairs are
in fact two extreme cases differing only by the strength of the interactions be-
tween the atoms. A crossover between these two regimes is a field of intensive
research [17].

These early experiments launched a long and rigorous search for a system
closely obeying the Bose–Einstein statistics: an ideal candidate would consist of
weakly interacting and highly dilute atoms which remain in a gaseous phase
even at extremely low temperatures. The path that led to the first realization of
a BEC exploited the unique properties of alkali-metal atoms. The extreme dilute-
ness of trapped alkali atoms is responsible for the weak interactions, leading to
a long-lived metastable gas phase. On the other hand, the condensation in these
systems requires ultralow critical temperatures, which are typically below 1 μK.
In 1995, Eric Cornell, Wolfgang Ketterle, and Carl Wieman realized BECs by
magnetically trapping the vapours of Rb [18] and Na [19] atoms. This pioneering
work, which received a Nobel prize in 2001 [20], has sparked an avalanche of
studies and given a birth to a field known today as ultracold quantum gases.

1.2 Properties of Bose–Einstein condensates

Gaseous condensates have proven themselves to be exceptional among other
systems exhibiting quantum phenomena at the macroscopic scale. On one hand,
the interactions between the atoms give rise to nonlinear phenomena that are not
present in laser fields. On the other hand, the weakness of the interactions allows
for high condensate fraction and simple mean-field theoretical approach yielding
predictions in excellent agreement with experimental observations. The low
atomic densities provide the characteristic length scales in system to be relatively
large, allowing for the direct measurements of density fluctuations using optical
imaging [21]. The diluteness also suppresses the three-body recombination
responsible for molecules formation and consequent collapse of the condensate.
Owing to the magnetic moment associated with upaired electron, neutral alkali
atoms are well suited for magnetic trapping [22, 23] and evaporative cooling [24,
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Figure 1.1. Successive occurrence of Bose–Einstein condensation in rubidium. Images show the
particle density prior to the appearance (left), at the beginning of the condensation
(middle), and after nearly full condensation (right). The sharp peak appearing at
the trap center is a signature of macroscopic occupation of a single quantum state,
i.e., Bose–Einstein condensation. Reprinted from The Nobel Foundation 9th October
2001 Press Release.

25, 26, 27], as well as for optical confinement and manipulation [28, 29, 30] since
their internal transitions can be excited with available lasers. These unique
properties of gaseous condensates render them ideal test-beds for the study of
interacting many-body quantum systems.

A hallmark of macroscopically occupied quantum state is the presence of long-
range phase coherence, which appears as superfluidity in a condensed Bose gas
and as superconductivity of Cooper pairs in fermionic systems. Superfluidity
is manifested in the formation of quantum vortices—topological defects char-
acterized by the quantized phase winding about the vortex core. Conventional
scalar condensates may host singular vortices, for which the superfluid velocity
diverges and, consequently, particle density vanishes at the vortex core [31].
Multiple techniques have been developed to induce and observe such vortices
in experiments. They can be created by dynamical phase imprinting [32, 33],
transfer of angular momentum using Laguerre–Gaussian beams [34, 35, 36],
stirring with optical spoon [37, 38], or rotating asymmetric trap [39]. The cre-
ation, dynamics, and stability of quantized vortices in gaseous condensates have
attracted increasing attention since their first observation by Matthews et al. in
1999 [33].

Experimentally, Bose–Einstein condensation utilizes sophisticated methods
combining magnetic and optical fields. The usual BEC experiment starts with a
high-temperature evaporation of atoms from a solid sample. The atomic vapours
are then processed by a sequence of apparata used to cool down and confine the
atoms. The first step is referred to as a Zeeman slower, which is used to slow
down the high-energy atoms to temperatures, at which they can be captured in
a magneto-optical trap (MOT) and cooled down to sub-μK temperatures. The
ultralow temperatures are achieved by subsequent evaporative cooling, in which
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the highest-energy atoms are removed from the trap, thus removing excess
energy from the system and cooling the remaining atoms. With the development
of the cooling techniques, the Bose–Einstein condensation has been realized in
Rb [40], Cr [41, 42], K [43], Cs [44], H [45], He [46], and Yb [47] atoms, and in
mixtures of different species [48].

In conventional magnetic traps the hyperfine spins of the confined atoms are
frozen in the direction of the magnetic field, and therefore the atoms behave
like scalar particles with no internal degree of freedom. In 1998, major ad-
vances in laser cooling allowed an experimental group at the Massachusetts
Institute of Technology to succeed in trapping a 23Na condensate by purely opti-
cal means [49]. The trapping potential of such an optical trap is independent of
the magnetic substate, and therefore the spins are essentially free to evolve [50].
The resulting access to the internal degrees of freedom in alkali condensates
provides a further advantage in comparison to superfluid 4He. The interaction
strength may be controlled using Feshbach resonances [51, 52, 53, 54, 55], and
even the sign of the interaction can be reversed: a repulsion can be changed
into an attraction. Moreover, this technique is exploited to compose ultracold
molecules in atomic condensates [56, 57]. In this dissertation, we restrict our
attention exclusively to the Bose gases with hyperfine spin f = 1, which we refer
to as spin-1 BECs.

Access to the atomic spin degree of freedom greatly broadens the spectrum
of available topological defects and methods for creating them [58, 59, 60, 61,
62, 63, 64]. In particular, topological phase imprinting [65, 66, 67, 68, 69, 70]
is a technique that utilizes the adiabatic control of external spatially varying
magnetic fields. In the context of vortex physics, it provides the ability to create
unconventional configurations such as multiply quantized [71, 33, 37, 38, 66, 72],
fractional [73, 74], coreless [75, 76], and solitonic vortices [77]. In addition to
the line defects, spinor BECs support more exotic topological configurations:
monopoles [78], two- and three-dimensional skyrmions [79, 80, 81, 82, 83, 76],
and quantum knots [84, 85].

The variety of possible topological defects is determined by the underlying
symmetries of the order parameter and classified using homotopy group the-
ory [60, 61, 86, 87]. Importantly, a number of topologically distinct phases
increases with the hyperfine spin, paving the way to a vast range of achievable
nontrivial configurations [88, 59]. Topological defects are persistent objects ap-
pearing in many fields of modern quantum physics including cosmology [63, 62],
particle [89], high-energy, and condensed-matter physics [60, 90]. Some of these
defects are observed routinely in nature and experiments, while others remain
elusive and so far evade any experimental evidence in their original contexts.

The ability to accurately control many characteristic parameters and to directly
image the quantum-mechanical order parameter field renders gaseous Bose–
Einstein condensates ideal platforms to create and observe various types of
topological defects. More generally, degenerate quantum gases may serve as
quantum simulators of many different complex phenomena elusive in other
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subfields of physics. For example, the spinor condensates have been suggested to
simulate the physics of black holes [91, 92], cosmic strings [93], self-gravitating
gases [94], and exotic particles, such as the magnetic monopoles [95, 96, 97, 98].
Moreover, the application of suitably designed laser fields provides an access
to artificial crystals [99, 100], effective spin-orbit coupling [101, 102], and the
physics of the quantum Hall effect [103, 104, 105].

1.3 Objectives of this dissertation

The objective of this dissertation is to study the creation, stability, and dynamical
properties of exotic topological defects in BECs with spin degree of freedom.
Varying the spatial geometry and temporal dependence of external magnetic
fields in both adiabatic and highly nonadiabatic regimes, the creation of various
novel topological structures is achieved.

In Publication I, we experimentally create a topological point defect in the polar
order parameter of a spin-1 condensate. We employ the technique, reminiscent
to the topological phase imprinting method proposed in Ref. [67] and used in
Ref. [96] to create a Dirac monopole in the superfluid. Our discovery provides the
first observation of a topological monopole in a system governed by a quantum
field and calls for future studies of the stability and dynamics of these exotic
objects.

In Publication III, we investigate the fine structure of such a monopole and
numerically simulate its decay dynamics in the presence of the quadrupole mag-
netic field used to create it. The isolated monopole is gradually destroyed during
the quantum polar-to-ferromagnetic phase transition driven by the Zeeman
interactions. Strikingly, this phase transition is accompanied by a spontaneous
emergence of a Dirac monopole in the synthetic magnetic field. Subsequently, we
confirm our theoretical predictions by the matching experimental observations
reported in Publication V.

In Publication IV, we numerically simulate the temporal evolution of an iso-
lated monopole in the absence of external magnetic fields. This transition is
therefore driven principally by the dynamical instability due to the ferromag-
netic spin–exchange interactions. An initial isolated monopole is observed to
relax into a polar-core spin vortex, thus demonstrating the spontaneous trans-
formation of a point defect in the polar order parameter to a line defect in the
ferromagnetic phase.

In Publication II, we demonstrate the experimental creation and detection
of nonsingular three-dimensional knot solitons in the order parameter of a
polar-phase condensate.
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Introduction

1.4 Organization of this dissertation

The content of this thesis is organized as follows. Chapter 2 describes the system
under consideration and the theoretical methods used in this thesis. The many-
body Hamiltonian is obtained from the first principles and simplified within
the mean-field approximation to obtain the equation of motion for the order
parameter. Chapters 3 and 4 review the research reported in Publications I–V. In
Chapter 3, we briefly discuss the symmetry properties of spin-1 order parameters
and classify the topological defects by employing the homotopy group theory. We
introduce the method to induce topological defects by steering external magnetic
fields and apply it to create a topological point defect and a knot soliton, the
topics of Publications I and II, respectively. Chapter 4 is devoted to the study of
the fine structure and decay dynamics of a topological point defect, which are
reported in Publications III–V.
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2. Mean-field theory

In this Chapter, we introduce the mean-field theory of ultracold dilute Bose
gases [106, 107, 108]. In Sec. 2.1, a formal definition of Bose–Einstein condensa-
tion through the Penrose–Onsager criterion is given. In Sec. 2.2, the many-body
Hamiltonian of an interacting Bose gas is constructed using the formalism of
second quantization. In Sec. 2.3, we apply the mean-field approximation to
derive the Gross–Pitaevskii equation governing the temporal evolution of the
condensate.

2.1 Criterion of Bose–Einstein condensation

According to Einstein, a BEC manifests itself through the macroscopic occu-
pation of a certain single-particle quantum state. Penrose and Onsager sug-
gested [109] a convenient way to characterize the condensation phenomena by
the eigenvalue spectrum of the single-particle density matrix

ρ(1)(mr,nr′; t)= 〈ψ̂†
m(r, t)ψ̂n(r′, t)〉 , (2.1)

where ψ̂
†
m(r) and ψ̂m(r) are bosonic field operators, which create and annihilate

a particle in a spin state m at a position r, respectively. The density matrix ρ(1) is
Hermitian. Thus, it can be diagonalized in terms of single-particle eigenfunctions
Ψm with real eigenvalues as

∑
n

∫
dr′ρ(1)(mr,nr′)Ψn(r′)= NcΨm(r), (2.2)

where Nc is the largest eigenvalue and Ψ(r)= (Ψ− f , ..,Ψ f ) is the corresponding
(2 f+1)-component order parameter normalized such that

∑
m

∫
Ψ∗

m(r, t)Ψm(r, t)dr=
Nc. According to the Penrose–Onsager criterion, the condensation occurs if Nc

is of the order of total number of particles N, i.e., if

lim
N→∞

Nc

N
> 0. (2.3)

Thus, the existence of a condensate is quantitatively characterized through the
condensate fraction Nc/N. In this dissertation, we restrict our attention to a non-
fragmented condensate, i.e., to a case where the macroscopic occupation appears

7



Mean-field theory

in only one of the single-particle states. The notion of macroscopic occupation is
related to the appearance of off-diagonal long-range order (ODLRO) below the
condensation temperature [110] as

lim
|r−r′|→∞

ρ(1)(mr,nr′)= NcΨ
†
m(r)Ψn(r′). (2.4)

One, of course, has to consider an infinite system in order to employ ODLRO as
the condensation criterion.

2.2 Many-body Hamiltonian

In this thesis, we consider BECs of alkali-metal atoms. The atomic orbital
angular momentum vanishes, l = 0, and consequently, there is no related fine
structure. On the other hand, the addition of the electron total angular mo-
mentum ĵ = l̂ + ŝ and the nuclear spin î gives a rise to the hyperfine spin f .
Below, we exclusively assume a condensate of 87Rb in f = i− s = 3/2−1/2 = 1
hyperfine manifold. It serves as a good quantum number if Zeeman interaction
is much weaker than the energy gap to the f = 2 manifold. We therefore use a
z-quantized basis | f ,m〉 and describe the many-body Hamiltonian in the spirit
of second quantization, in terms of ψ̂†

m(r) and ψ̂m(r). The bosonic field operators
satisfy the canonical commutation relations

[ψ̂m(r),ψ̂†
n(r′)]= δmnδ(r−r′), [ψ̂m(r),ψ̂n(r′)]= [ψ̂†

m(r),ψ̂†
n(r′)]= 0, (2.5)

where δmn is the Kronecker delta which assumes the value 1 if m = n and 0
otherwise. Here and in what follows, the time dependence of operators and
observables is assumed but not shown explicitly if it is not of particular impor-
tance.

We start from the noninteracting part of many-body Hamiltonian, which in
the formalism of second quantization reads [50, 111]

Ĥ0 =
∫

dr
f∑

m,n=− f
ψ̂†

m(r)ĥmn(r)ψ̂n(r). (2.6)

The single-particle Hamiltonian ĥnm(r) comprises the kinetic energy, trapping
potential Utrap, and linear and quadratic Zeeman terms as

ĥmn(r)=
[
− �

2∇2

2M
+Utrap(r)

]
δmn +μB gfB(r) ·Fmn + q[B(r) ·F]2mn, (2.7)

where M is the mass of the atoms, μB is the Bohr magneton, and q is the strength
of the quadratic Zeeman shift. The atoms are manipulated with spatially and
temporally varying external magnetic field B(r, t) and confined in the optical
trap potential Utrap = M(ω2

xx2+ω2
y y2+ω2

z z2)/2, which we assume to be harmonic.
The Landé g-factor gf defines the strength of the linear Zeeman interaction and
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for atoms in f = 1 state is given by gf =−1/2. Moreover, F= Fxx̂+Fyŷ+Fzẑ is a
vector of the standard spin-1 matrices

Fx = 1	
2

⎛
⎜⎜⎜⎝

0 1 0

1 0 1

0 1 0

⎞
⎟⎟⎟⎠ ,Fy = i	

2

⎛
⎜⎜⎜⎝

0 −1 0

1 0 −1

0 1 0

⎞
⎟⎟⎟⎠ ,Fz =

⎛
⎜⎜⎜⎝

1 0 0

0 0 0

0 0 −1

⎞
⎟⎟⎟⎠ . (2.8)

Let us build the interaction Hamiltonian. In dilute gases, the interparticle sep-
aration is much longer than the effective range of the interactions, and therefore
the details of the short-range interaction become irrelevant in the scattering of
atoms at ultralow temperatures. These interactions are thus described exclu-
sively by the rotationally-symmetric s-wave scattering channel while the weaker
effects such as the dipole–dipole interactions are neglected [50, 111, 59]. The
binary interactions preserve the total hyperfine spin of the scattered atoms, and
the scattering potential can be conveniently divided according to the total spin
of colliding atoms as

V̂ (r,r′)= 1
2

4π�2

M
δ(r−r′)

2 f∑
F=0

aF P̂F , (2.9)

where aF is the scattering length of the scattering channel, in which the two
colliding atoms have total hyperfine spin F. The projection operator onto
the corresponding two-body state is given by P̂F = ∑F

M=−F Â†
FM ÂFM , where

ÂFM(r,r′) = ∑ f
m,n=− f 〈F, M| f ,m, f ,n〉ψ̂m(r)ψ̂n(r′). The rotational symmetry of

the s-wave scattering implies that only terms with even F appear in the sum of
Eq. (2.9). In terms of the operators ÂFM(r)� ÂFM(r,r), the interaction Hamilto-
nian assumes the simple form

Ĥ int =
2 f∑

F=0

vF

2

∫
dr

F∑
M=−F

Â†
FM(r)ÂFM(r), (2.10)

where vF = 4π�2

M aF . The explicit form of Eq. (2.10) for the atoms in f = 1 hyper-
fine state yields

Ĥ int =
v0

2

∫
drÂ†

00(r)Â00(r)+ v2

2

∫
dr

2∑
M=−2

Â†
2M(r)Â2M(r). (2.11)

Equation (2.11) can be further simplified using the completeness relation
∑

FM
|F, M〉〈F, M| =

1̂ and the angular momentum composition law (f1 + f2)2 = f 2
1 + f 2

2 + 2f1 · f2.
Acting on these relations with ψ̂

†
m1ψ̂

†
m2 〈 f ,m1, f ,m2| from the left, and with

ψ̂m′
1
ψ̂m′

2
| f ,m′

1, f ,m′
2〉 from the right, we arrive at

n̂2(r)= ψ̂†
m1

(r)ψ̂†
m2

(r)ψ̂m2 (r)ψ̂m1 (r)=

=∑
M

Â†
2M(r)Â2M(r)+ Â†

00(r)Â00(r) (2.12)

9
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and

Ŝ2(r)= ψ̂†
m1

(r)ψ̂†
m2

(r)
∑

ν=x,y,z
( fν)m1m′

1
( fν)m2m′

2
ψ̂m′

2
(r)ψ̂m′

1
(r)=

=
∑
M

Â†
2M(r)Â2M(r)−2Â†

00(r)Â00(r), (2.13)

respectively. Employment of Eqs. (2.12), (2.13) in Eq. (2.11) yields the total
many-body Hamiltonian assuming the transparent form

Ĥ =
∫

dr
[
ψ̂†

m(r)ĥmn(r)ψ̂n(r)+ c0

2
n̂2(r)+ c1

2
Ŝ2(r)

]
, (2.14)

with c0 = (v0 +2v2)/3 and c1 = (v2 −v0)/3 being the strength of density–density
and spin–spin interactions, respectively.

2.3 Mean-field approximation

The field operators can be expanded using a complete set of orthonormal basis
functions {φmi(r)} as

ψ̂m(r)=∑
i
φmi(r)âmi, (2.15)

where m = − f , ..., f is the magnetic quantum number in the z-quantized ba-
sis and i denotes the spatial modes. The bosonic creation and annihilations
operators, â†

mi and âmi, respectively, satisfy the usual commutation relations

[âmi, ân j]= [â†
miâ

†
n j]= 0, [â†

mi, ân j]= δmnδi j,

which guarantee the relations (2.5). As for any operator in quantum mechanics,
the temporal evolution of the field operator ψ̂(r, t) is governed by

i�
∂

∂t
ψ̂m(r, t)= [Ĥ (r, t),ψ̂m(r, t)]= δĤ (r, t)

δψ̂
†
m(r, t)

, (2.16)

where the last equality is derived, e.g., in Ref. [112].
In order to develop the mean-field theory of weakly interacting bosons, let

us consider a system condensed according to the Penrose–Onsager criterion
discussed in Sec. 2.1. In this dissertation, we will exclusively work in the
limit of zero temperature when all atoms occupy the same quantum state, and
hence the field operator ψ̂(r) in Eq. (2.15) can be replaced with Ψ(r), the order
parameter describing atoms in a condensed state [113]. The Bose–Einstein
condensation is therefore manifested through the finite expectation value of
the field operator 〈ψ̂(r)〉 =Ψ(r). The spin-1 mean-field order parameter can be
conveniently written as

Ψ(r)= eiφ(r)
√

n(r)

⎛
⎜⎜⎜⎝
ξ1

ξ0

ξ−1

⎞
⎟⎟⎟⎠

z

, (2.17)
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where n(r) is a density of the atoms, φ(r) is the condensate scalar phase, and
ξ(r) is a normalized spinor such that ξ†ξ= 1.

The expectation value of the Hamiltonian (2.14) in the condensed state yields
the mean-field energy functional

E[Ψ]= 〈ψ|Ĥ |ψ〉 =
∫

dr
{
Ψ†(r)

[
− �

2∇2

2M
+Utrap(r)+

μB gfB(r) · F̂+ q[B(r) · F̂]2
]
Ψ(r)+n2

( c0

2
+ c1

2
|s|2

)}
, (2.18)

where n = Ψ†Ψ and s = ξ†Fξ. Inserting Hamiltonian Ĥ into Eq. (2.16) and
rewriting it in terms of the mean-field values, we arrive at equation

i�
∂

∂t
Ψ(r, t)= δE

δΨ† . (2.19)

With Eq. (2.18), this yields the time-dependent Gross–Pitaevskii equation (GPE)

i�
∂

∂t
Ψ(r, t)= Ĥ(r, t)Ψ(r, t), (2.20)

where

Ĥ(r, t)=−�
2∇2

2M
+Utrap(r, t)+μB gfB(r, t) ·F+ q[B(r, t) ·F]2+

n(r)
[
c0 + c1s(r, t) ·F

]
. (2.21)

The stationary solutions of Eq. (2.20) are of the form Ψ(r, t)=Ψ(r)e−iμt/�, where
μ is a real parameter. Thus Ψ(r) is also a solution of the time-independent
Gross–Pitaevskii equation

ĤΨ(r)=μΨ(r). (2.22)

In this thesis, we analyze the mean-field Eqs. (2.20) and (2.22) to predict ground-
state phases and temporal dynamics of the condensate. They are solved numer-
ically using finite-difference and operator splitting methods employing high-
performance graphical processing units (GPUs) [114, 115, 116].

It is straightforward to identify the ground-state magnetic phases of spin-1
BECs. In the absence of external magnetic fields, the only spin-dependent term
in the energy functional (2.18) is proportional to c1|s|2. Therefore, the strength
of the spin–spin interactions c1 uniquely defines the magnetization, resulting in
two possible ground states:

• Ferromagnetic phase, which maximizes the spin length |s| and corresponds to
the ground state with c1 < 0.

• Polar phase, which minimizes the spin length |s| and corresponds to the
ground state with c1 > 0.
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3. Topological defects in spinor
Bose–Einstein condensates

Topological defects can exist in a system if the state is not topologically equiv-
alent to its ground state. They arise or disappear only as a result of globally
nontrivial transformations, rendering them to be long-lived and robust against
perturbations. Topological defects play important roles in various fields of
physics including cosmology, particle physics, and string theory. The rest of this
thesis is devoted to the experimental realization and theoretical study of topo-
logical excitations which have never been observed before in systems described
by a quantum order parameter.

The types of topological defects that can occur in a system depend naturally
on the symmetries of the corresponding order parameter space and the dimen-
sionality of the physical space. Typically, the more possible phases, the richer
the variety of topological defects. Thus, in Sec. 3.1, we begin by discussing the
order parameter spaces of the spin-1 condensates. In Sec. 3.2, we introduce the
basics of homotopy group theory, which is a convenient tool for investigating the
topological properties of the order parameter space and classifying the possible
defects. In Secs. 3.3 and 3.4, we present our results on the experimental creation
of isolated monopoles and knot solitons in the order parameter of a spin-1 BEC.

3.1 Order parameter space

The symmetries of the order parameter space and the dimensionality of the
physical space dictate what kind of topological defects the condensate may host.
We are interested in symmetry rendered by the spin-dependent part of the
order parameter, thus the density n(r) is assumed to be uniform outside of
singularities in further discussion and we treat spinor ξ=Ψ/

	
Ψ†Ψ as our order

parameter.
Let us introduce a set of definitions which will allow us to classify the sym-

metries of the order parameter in a convenient way [61, 60, 117, 118, 119].
Mathematically, the order parameter ξ is a continuous mapping from the region
in a real space, Rn, to the order parameter space M =C2 f+1:

ξ :Rn → M. (3.1)
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Consider the group G of transformations g acting on the order parameter space
M, leaving the particle number, the spin length, and the mean-field energy
invariant. The subgroup Hξ of G is called an isotropy group of ξ ∈ M if it leaves
ξ invariant, i.e.

Hξ = {g ∈G|gξ= ξ}⊂G. (3.2)

We also define the orbit Mo(ξ) of ξ as a subset of M, which is derived from ξ by
all possible transformations g ∈G:

Mo(ξ)= {gξ|g ∈G}⊂ M. (3.3)

For a subgroup H ⊂ G, the set of left cosets of H is defined as G/H = {gH|g ∈
G}. The coset spaces G/H and G/H′ are identical if and only if H and H′ are
conjugate, H′ = gH g−1. Since the isotropy groups of all points on the same orbit
are conjugate to each other, Hgξ = gHξg−1, we can use Hξ as a representative
of the conjugate class of the isotropy groups gHξg−1, and define the order
parameter manifold as

R =G/H = {gHξ|g ∈G}. (3.4)

The interpretation of this manifold is straightforward: G is a set of all transfor-
mations which act on M and leave the mean-field energy invariant. Isotropy
group H represents the excess symmetry, and therefore, R represents the physi-
cally distinct elements of the order parameter. Moreover, as proven in Ref. [120],
the coset G/H divides the group G into disjoint unions.

3.1.1 Order parameters of spin-1 ground-state phases

Let us discuss the symmetry properties of the order parameter in different
ground states of spin-1 condensate. The energy functional (2.18) in the absence
of external fields is invariant under both the U(1) gauge transformations de-
noted by U(1)φ and the SO(3) rotations in the spin space denoted by SO(3)f.
The total symmetry of the Hamiltonian is therefore given the by the group of
transformations

G =SO(3)f ×U(1)φ. (3.5)

Each element g of G can be represented as

eiφe−iFzαe−iFyβe−iFzγ = eiφU ( f=1)(α,β,γ), (3.6)

where φ is a gauge angle, (α,β,γ) is a trio of Euler angles, and Fy and Fz are the
standard spin-1 matrices introduced in Eq. (2.8).

In the case of the ferromagnetic spin-1 condensate, the representative spinor
which maximizes the spin length is given by ξ= (1,0,0)T . The general form of
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the ferromagnetic spinor in the z-quantized basis is therefore obtained by the
arbitrary transformation g ∈G and reads

ξf = eiφU ( f=1)(α,β,γ)

⎛
⎜⎜⎜⎝

1

0

0

⎞
⎟⎟⎟⎠

z

= ei(φ−γ)

⎛
⎜⎜⎜⎝

e−iα cos2 β
2

1	
2

sinβ

eiα sin2 β
2

⎞
⎟⎟⎟⎠

z

. (3.7)

Similarly, the general spinor belonging to the polar phase is expressed as

ξp = eiφU ( f=1)(α,β,γ)

⎛
⎜⎜⎜⎝

0

1

0

⎞
⎟⎟⎟⎠

z

= eiφ

⎛
⎜⎜⎜⎝
− 1	

2
e−iα sinβ

cosβ
1	
2

eiα sinβ

⎞
⎟⎟⎟⎠

z

. (3.8)

For an arbitrary choice of parameters, the spin length for polar and ferromag-
netic case are |ξ†

pFξp| = 0 and |ξ†
f Fξf| = 1, respectively.

The linear combination φ−γ in the spinor (3.7) implies the spin–gauge symme-
try of the ferromagnetic state. In other words, the ferromagnetic order parameter
is invariant under simultaneous spin rotation and gauge transformation by the
same amount. The gauge degree of freedom thus may be removed and the fer-
romagnetic state is fully specified by three Euler angles (α′,β′,γ′)= (α,β,γ−φ)
rendering the order parameter manifold [121]

Rf =SO(3)f,φ, (3.9)

where subscript f,φ denotes the composite spin–gauge symmetry. So far, we only
utilized the z-quantized representation for the spin degree of freedom. However,
it is sometimes convenient to employ the Cartesian basis, which is related to the
Zeeman basis by the unitary transformation⎛

⎜⎜⎜⎝
ξ1

ξ0

ξ−1

⎞
⎟⎟⎟⎠

z

= 1	
2

⎛
⎜⎜⎜⎝
−1 i 0

0 0
	

2

1 i 0

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝
ξx

ξy

ξz

⎞
⎟⎟⎟⎠

z

. (3.10)

With the help of the Cartesian basis, we can express the local spin as the vector
product s = l×m, where l,m,∈ R3 are given by the decomposition ξa = (la +
ima)/

	
2, a ∈ {x, y, z}. Since |s(r)| = 1 in the ferromagnetic phase, the triad (s, l,m)

forms an orthonormal basis and serves as a convenient graphical representation
of the ferromagnetic order parameter. Here, the elements of SO(3) play a role of
rotations of a rigid body characterized by the triad (s,l,m).

The pure polar state with |s(r)| = 0 can be conveniently parametrized by
introducing a nematic vector d̂= (sinβcosα,sinβsinα,cosβ), which by definition
is a real-valued three-dimensional vector field. The manifold of d̂ is therefore a
two-dimensional unit sphere which we denote by S2

f . In terms of the nematic
vector, the z-quantized polar-phase spinor reads [50]

ξp = eiφ
	

2

⎛
⎜⎜⎜⎝
−dx + idy	

2dz

dx + idy

⎞
⎟⎟⎟⎠

z

, (3.11)
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or, equivalently, in Cartesian basis

ξp = eiφd̂. (3.12)

The polar spinor is invariant under rotations about d̂. Although the spin-gauge
coupling does not enter the spinor explicitly as it does in the ferromagnetic
case, the polar state, however, possess a discrete spin-gauge symmetry since the
spinor is invariant under the transformation

(φ, d̂)→ (φ+π,−d̂). (3.13)

The correct polar order parameter manifold is therefore given by [122]

Rp =
S2

f ×U(1)φ
(Z2)f,φ

. (3.14)

3.2 Classification of topological defects

A basis for mathematical classification of topological excitations is provided
by the homotopy group theory. With this tool, one can predict what types of
defects can exist in different order parameter spaces, what happens if two defects
coexist, and how they coalesce or disintegrate.

The key idea is to study the behaviour of the order parameter on closed loops,
spheres, and in general any closed manifolds in spaces of any dimension. For sim-
plicity, let us begin with a one-dimensional loop as an example. Mathematically,
a loop l : I → M is defined as a mapping from I = [0,1] to the order parameter
space M such that l(0) = l(1) = x0, where x0 is a base point. If two loops l1

and l2 can be continuously deformed into one another, they are defined to be
homotopic and denoted as l1 ∼ l2. The relation ∼ satisfies the following three
conditions required for the equivalence relation: it is reflexive (l ∼ l), symmetric
(l1 ∼ l2 ⇔ l2 ∼ l1), and transitive (l1 ∼ l2 and l2 ∼ l3 ⇒ l1 ∼ l3), and therefore
constitutes a homotopy class [l]. We also define a product of two loops l1 and l2

sharing the same base point as

l3 = l1 · l2 =
⎧⎨
⎩

l1(2s), 0≤ s ≤ 1
2 ,

l2(2s−1), 1
2 ≤ s ≤ 1.

(3.15)

The loop l3 thus traverses first l1 and thereafter l2. The product of two
equivalence classes [l1] · [l2] is therefore defined as the equivalence class to
which element l1 · l2 belongs. We define the identity element [c] as a con-
stant loop c such that [c] · [l] = [l] · [c] = [l] and the inverse [l−1] of [l] such
that [l−1] · [l] = [l] · [l−1] = [c]. With these relations and the associative law,
([l1] · [l2]) · [l3]= [l1] · ([l2] · [l3]), the set of all homotopy classes attains a group
structure and it is referred to as the first homotopy group, or the fundamental
group π1(M). The group is said to be Abelian if any two elements commute,
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[l1] · [l2] = [l2] · [l1], and non-Abelian otherwise. For example, all topological
defects in spin-1 BECs correspond to Abelian groups, and therefore their recon-
nection dynamics is trivial [123].

Generalization of the above discussion for the higher homotopy groups is
straightforward. We define the loop as a map from the n-dimensional cube
In =

{
(t1, t2, .., tn)|0≤ ti ≤ 1,(1≤ i ≤ n)

}
to a manifold M:

α : In → M, (3.16)

such that the whole boundary of I denoted by ∂I =
{
(t1, t2, ..tn)| some ti = 1 or 0

}
is mapped to the base point x0. The nth homotopy group πn(M) is then de-
fined as a group of homotopy equivalent classes of maps α. Each homotopy
group corresponds to one family of topological objects which transform into each
other within the same homotopy class by continuous deformations of the order
parameter.

The fundamental group π1 characterizes quantized vortices in three dimen-
sions and monopoles in two dimensions by considering the behavior of the order
parameter on closed loops encircling the defect core. The simplest example is
a scalar BEC, which can host so-called U(1) vortices. Because the order pa-
rameter must be single valued, the particle density vanishes along the vortex
core, about which the gauge angle winds an integer multiple of 2π when we
make a complete circuit of a vortex. This integer number shows how many
times the order parameter space is covered and plays a role of a topological
invariant characterizing the vortex. Vortices in spin-1 polar phase are similar,
however, they can carry also half-integer quanta of gauge angle winding due
to the Z2 symmetry of the order parameter (3.13). The situation is different
in the ferromagnetic phase, where the spin-gauge symmetry limits quantum
vortices to only two topologically distinct objects: the ones that are continuously
deformable into the trivial configuration and the ones that are not. The former
are often referred to as non-singular, or coreless vortices, whereas the latter are
called singular vortices.

Point defects in three dimensions correspond to nontrivial elements of the
second homotopy group, π2(S2) = Z, and are characterized by winding of the
order parameter on a closed surface that encloses the object. Nontrivial monopole
configurations can exist in the nematic vector field d̂ which fully describes the
magnetic order in the polar phase. The corresponding topological invariant is
given by

Q2D = 1
8π

∫
Ω

dωiεi jkd̂ ·
( ∂d̂
∂r j

× ∂d̂
∂rk

)
, (3.17)

where εi jk denotes a totally antisymmetric Levi-Civita tensor and dωi is an
element of the surface Ω enclosing the defect.

The third homotopy group characterizes three-dimensional topological configu-
rations with identical boundary condition far from a given point. An example
of such topological object is the Shankar skyrmion in the spin-1 ferromagnetic
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Spin-1 polar Spin-1 ferromagnetic

Order parameter
manifold

S2
f ×U(1)φ SO(3)f,φ

π1 Z, vortices [111], frac-
tional vortices [74, 73],
1D solitons [77]

Z2, vortices [111], 1D
solitons [77]

π2 Z, monopoles [98, 78],
2D skyrmions [80, 76,
83, 79]

0

π3 Z, knot solitons [84] Z, 3D skyrmions [59]

Table 3.1. Relevant homotopy groups and possible topological defects for ferromagnetic and polar
phases of spin-1 Bose gas.

condensate [59]. As mentioned above, its local order parameter can be repre-
sented as an orthonormal triad (l,m,s). The skyrmion texture can be generated
by the rotation of this triad by angle θ(r) about r, such that θ(0) = 2πn, n ∈Z,
and θ(r) = 0 at the spatial infinity. The topological invariant that yields the
coverage of the order parameter space reads

Q3D = 1
12π2

∫
dr

∑
α,β,γ,δ

∑
i, j,k

εαβγδεi jknα

∂nβ

∂ri

∂nγ

∂r j

∂nδ

∂rk
, (3.18)

where εi jk and εαβγδ are the completely antisymmetric tensors of rank 3 and 4,
respectively, and the four-dimensional vector n(r) is defined through the rotation
angle θ(r) as

n(r)=
( x

r
sin

θ(r)
2

,
y
r

sin
θ(r)

2
,
z
r

sin
θ(r)

2
,cos

θ(r)
2

)
. (3.19)

The third homotopy group also classifies knot solitons—three-dimensional config-
urations, characterized by a linking number. Unlike monopoles and Skyrmions,
in a knot soliton, the preimage of each point of the order parameter space is a
circle in the real space. These circles link in a nontrivial way, thus rendering
a topologically protected configuration. The topological charge, or the Hopf
invariant QH, equals to the number of times each band is linked to all the others
and can be calculated by evaluating the integral

QH = 1
16π2

∫
dr

∑
i, j,k

εi jkFi j Ak, (3.20)

where Fi j = d̂ · (∂id̂×∂ jd̂). Vector field A is constructed such that ∂i A j −∂ j Ai =
Fi j, and thus it is defined up to a gauge transformation Ai → Ai + ∂iΦ. We
can therefore choose Az = 0 as a convenient gauge to calculate topological
charge (3.20).

Table 3.1 summarizes the relevant homotopy groups for the spin-1 condensates
and defects they classify.
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3.3 Creation of isolated monopoles in spin-1 BEC

The existence of magnetic monopoles—stable elementary particles carrying
magnetic charges—has been a subject of speculation since the first detailed
observations of magnetism several hundred years ago [98]. A theory of magnetic
monopoles, consistent with both quantum mechanics and the gauge invari-
ance of the electromagnetic field, was first put forward by Dirac in 1931 [97].
He also noted that, if monopoles exist, all electric charges must be quantized,
that is, all electric charges must be integer multiples of a fundamental unit.
Decades later, ’t Hooft and Polyakov discovered that the existence of monopoles
as quantum-mechanical particle excitations necessarily follows from quite gen-
eral principles about the unification of the fundamental interactions in a grand
unified theory [124, 125].

Despite extensive experimental attempts, confirmed observations of magnetic
monopoles in the natural electromagnetic field are still lacking. Therefore
considerable research has been devoted to the search of analogous entities in
various condensed matter systems. Analogues of magnetic monopoles have been
found in a number of classical systems, including exotic spin ices and liquid
crystals [126]. Recently, a major development has been achieved by imprinting
a Dirac monopole in the synthetic magnetic field of a ferromagnetic spin-1
BEC [96].

In this section, we demonstrate the experimental observation of a topological
point defect reminiscent to the ’t Hooft–Polyakov monopole in the order parame-
ter of spinor Bose gas. In Publication I, we topologically imprinted such a point
defect by employing a method originally proposed in Ref. [67] and applied in
Ref. [96] to create the synthetic Dirac monopole in the ferromagnetic condensate.
In contrast to the ferromagnetic phase, the polar-phase BEC permits the exis-
tence of topological point defects in its order parameter owing to the nontrivial
second homotopy group, see Table 3.1.

The method we use to create a monopole utilizes adiabatic control of external
spatially and temporally varying magnetic fields. A similar method was proposed
and subsequently employed to generate a superfluid analogue of the magnetic
Dirac monopole in a ferromagnetic BEC [96].

We begin with the condensate of 87Rb atoms in the polar phase, that is, the
| f = 1,mz = 0〉 spin state corresponding to d̂= ẑ in Eq. (3.26). The magnetic field
used to manipulate the nematic vector is

B(r, t)= Bq(x′x̂′ + y′ŷ′ − z′ẑ′)+Bbẑ′, (3.21)

where Bq is the quadrupole field strength, Bb is a uniform bias field, and the
primed coordinates are related to original coordinates by x′ = x, y′ = y, and
z′ = 2z. In experiment, the bias field is created by a set of three mutually
orthogonal field coils, and the quadrupole field is generated by an additional pair
of coils with oppositely circulating currents. The magnetic field zero is initially
kept well outside the condensate by a strong bias field such that Bb � BqRTF,
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Figure 3.1. Structure of an isolated monopole and the method of its creation. (a–c) Control
sequence of the external quadrupole magnetic field (blue thin arrows) during the
creation process of an isolated monopole in the polar phase of the spin-1 BEC and (d)
the theoretical nematic vector field configuration generating a monopole. The zero
point of the quadrupole magnetic field, indicated by the black dot, is (a) well above,
(b) approaching, and (c) in the middle of the condensate (shaded ellipse). The dashed
arrow in (b–d) shows the path traced by the zero point as it is adiabatically brought
into the condensate. In (d), the directions of the thick arrows indicate the nematic
vector, aligned with the quadrupole field, at selected points in space.

where RTF is the axial Thomas–Fermi radius. As in the creation of the Dirac
monopole [96], we adiabatically reduce Bb to zero. This adiabatic creation ramp
is schematically depicted in Fig. 3.1. The adiabaticity here means that the spin
states remain in the instantaneous Zeeman eigenstate, with d̂(r) following the
direction of the local magnetic field. Therefore, the creation ramp results in
d̂(r)= (x′, y′,−z′)T /R′, which we refer to as an isolated monopole configuration.
In the z-quantized basis, this adiabatic rotation yields Euler angles of spin
orientation in Eq. (3.7) to change spatially as α=φ′ and β=π−θ′. The resulting
spinor in the z-quantized basis becomes

ξm′ = 1	
2

⎛
⎜⎜⎜⎝
−dx′ + idy′	

2dz′

dx′ + idy′

⎞
⎟⎟⎟⎠

z

= 1	
2

⎛
⎜⎜⎜⎝
−e−iφ′

sinθ′

−	2cosθ′

eiφ′
sinθ′

⎞
⎟⎟⎟⎠

z

. (3.22)

A radially symmetric nematic vector field d̂h =−r̂ corresponds to a z-quantized
spinor

ξh′ = 1	
2

⎛
⎜⎜⎜⎝
−dx′ + idy′	

2dz′

dx′ + idy′

⎞
⎟⎟⎟⎠

z

=− 1	
2

⎛
⎜⎜⎜⎝
−e−iφ′

sinθ′
	

2cosθ′

eiφ′
sinθ′

⎞
⎟⎟⎟⎠

z

. (3.23)

The topological equivalence between the radially-symmetric and our isolated
monopole configurations is established through a continuous rotation of the
nematic vector field by π about the z-axis, Rz′(π)ξh′ = ξm′ . After the monopole is
created, we apply a "projection ramp" in which the magnetic bias field is rapidly
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(a) (b) (c) (d)

Figure 3.2. Relation between the quadrupole and a radially symmetric hedgehog configuration
of an isolated monopole. Nematic vector field obtained from numerical simulations
(a, b) just before and (c, d) 12 μs after the beginning of the 50-μs projection ramp
with p̂=−ẑ. In panels (c) and (d), the Larmor precession has induced a π rotation
of the nematic vector about the z-axis. The colormap on the right defines the scale
for the column-integrated particle density which is shown on the background of the
vector field in each panel.

increased to Bb/Bq � RTF along a direction of our choice, p̂, leaving the nematic
vector essentially unchanged. In fact, after the projection ramp along p̂ =−ẑ,
the order parameter oscillates between the two monopole configurations owing
to the Larmor precession and thus also the hedgehog configuration is created in
this experiment. This is confirmed by the numerical simulations as shown in
Fig. 3.2.

After the projection ramp, the time-of-flight images are taken simultaneously
along horizontal and vertical axes to verify that the desired spin texture was
created. The experimental creation and imaging processes are simulated nu-
merically by solving the three-dimensional dynamics of the mean-field spinor
order parameter using the spin-1 Gross–Pitaevskii equation (2.20). In Fig 3.3,
we show one-to-one comparisons of the numerically obtained particle density
distributions to the experimental results without any free parameters. These
results constitute the first experimental observations of topological point defects
in a quantum order parameter.
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|1〉|−1〉
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|1〉
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x

y

Figure 3.3. Experiment compared with numerical simulations. (a, c) Experimentally obtained
images of the condensate taken along (a) the horizontal ŷ axis and (c) the vertical ẑ
axis. (b, d) Results of the corresponding numerical simulations. In each panel, the
top image gives a false color composite, in which the color and its intensity represent
the particle density of each spinor component integrated along the respective imaging
axis. The lower three sets of images show the densities for the individual components.
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3.4 Creation of a knot soliton

Two decades ago, Faddeev and Niemi suggested that knots may exist as sta-
ble solitons in a three-dimensional classical field theory [127]. Knotted struc-
tures have been identified experimentally in classical objects such as strands
of DNA [128] molecules and nontrivial orientations of liquid crystals [129, 130].
More recently, nontrivial vortex knots have been created experimentally in wa-
ter [85] and optical beams [131], and discussed theoretically in the context of
superfluid turbulence [132]. However, no experimental observations of knots
have previously been reported in quantum matter.

In the context of field theories, knots can appear as particle-like topological
solitons. Mathematically, they are defined as three-dimensional topological
excitations, which correspond to a nontrivial element of the third homotopy
group. Knots differ from other topological excitations such as vortices, monopoles,
and skyrmions in that they are classified by a linking number while others are
classified by winding numbers. A knot soliton consists of an infinite number
of rings, each linked with all of the others to generate a toroidal knotted field
structure. For example, Maxwells equations admit solutions that involve solitons
in which these linked rings are electric or magnetic field lines.

In Publication II, we demonstrate the experimental creation and detection
of knot solitons in the order parameter of a spin-1 condensate. In our exper-
iments, the created linked rings are associated with different orientations of
nematic vector field d̂ which characterizes the magnetic order in the polar-phase
condensate.

Figure 3.4. Knot soliton configuration in real space and its relation to the nematic vector d̂
in S2 (inset). The inner white ring (dz = −1) defines the core of the knot soliton.
The surrounding coloured bands (dz = 0) define the surface of a torus, with colours
representing the azimuthal angle of d̂ , which winds in both the toroidal and poloidal
directions. The outer dark grey rings (d̂≈ 1) indicate the approximate outer boundary
of the soliton, where the field assumes its initial direction

We begin with an optically trapped 87Rb condensate described by the nematic
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vector d̂0 = ẑ. The zero point of the external magnetic field B(r, t) = Bb(t)ẑ+
Bq(xx̂+ yŷ−2zẑ) is initially placed well outside the condensate. The starting
point is therefore essentially the same as in the creation on an isolated monopole.
However, the creation of the knot soliton is initiated by a sudden change of Bb,
which places the field zero at the centre of the condensate, ideally leaving the
state d̂= ẑ unchanged. The nematic vectors then precess about the direction of
the local magnetic field at their spatially dependent Larmor frequencies

ωL(r)= gfμB|B(r)|
�

. (3.24)

Therefore, both the frequency and the axis of precession varies nontrivially in
space, resulting in time-dependent nematic vector field

d̂(r, t)= e−iωL(r)B̂(r)·F̂t · d̂0. (3.25)

The precession time Tevolve can be chosen such that the order parameter assumes
its initial value on a closed surface surrounding the field zero, i.e. d̂(R,Tevolve)=
d̂0. The set of points R therefore establishes the boundary of volume V , which
consequently can be identified with S3, the surface of a four-dimensional ball.
Thus the nematic vector field d̂(r) maps points in real space r ∈ S3 to points on
the surface of the unit sphere d̂ ∈ S2. Nontrivial mapping d̂(r) from S3 to S2

rendered by the spin rotation in Eq. (3.25) leads to knotted field configurations
characterized by integer Hopf invariant QH defined in Eq. (3.20). In particular,
the structure achieved by a 2π rotation of the nematic vector, ωL(R)Tevolve = 2π,
corresponds to topological charge QH = 1 and is shown schematically in Fig. 3.4.

After the Larmor precession time, Tevolve, we choose the quantization axis
p̂ by rapidly applying the bias field Bb in this direction. By definition, the
nematic vector is aligned with the local spin quantization axis, along which the
condensate is fully in the mz′ = 0 component, given by the transformation

⎛
⎜⎜⎜⎝
ξ1

ξ0

ξ−1

⎞
⎟⎟⎟⎠

z′

= 1	
2

⎛
⎜⎜⎜⎝
−dx′ + idy′	

2dz′

dx′ + idy′

⎞
⎟⎟⎟⎠

z′

. (3.26)

Thus a projection ramp taken along an arbitrary direction ẑ′ populates the
mz′ = 0 component with the preimages of the antipodal points in S2 correspond-
ing to dz′ = ±1. Applying the projection ramp along x or y, for example, we
can observe the preimages of dx = ±1 or dy = ±1 in the mx,y = 0 component,
respectively, as shown in Fig. 3.5. The appearance of a knot during the Larmor
precession is shown in Fig. 3.6. The winding of the nematic vector in the inho-
mogeneous magnetic field generates the soliton core, which appears as a ring of
enhanced particle density that first emerges at the boundary of the condensate
and subsequently shrinks inwards.
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Figure 3.5. Linked preimages. (a) Experimental and (b) simulated top images of the mx = 0
spinor component for Tevolve = 508 μs and projections along −x. (c), Simulated top
image of the condensate in (b) before expansion. Projection along α ∈ {±x,±y} results
in a column density with pronounced intensity along the preimages of dα = 1 and
dα = −1. (d), Preimages of dx = ±1 from the simulation of panel (c), with colours
corresponding to those of Fig. 3.4. (e–h), same as (a–d), but for images taken from
the side. (i–l), same as (a–d), but for projection along y and preimages dy = ±1.
(m–p), same as (e–h), but for projection along y and preimages dy =±1.
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Figure 3.6. Tying the knot soliton by winding the nematic vector. Experimental (a) side and (b,
c) top images of the atomic column density of the (a, b) |mz = 0〉 and (c)|mz =−1〉
spinor components at the indicated evolution times. The continuous rotation of the
nematic vector brings the knot soliton into the condensate through its boundary. The
intensity peaks inside the circular intensity dips in (a) show the core of the knot
soliton.
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4. Evolution of an isolated monopole in
spin-1 Bose–Einstein condensate

In this Chapter, we investigate the fine structure and decay dynamics of an
isolated monopole defect created in Publication I. When the point defect is
let to evolve in time while the optical trap and the quadrupole magnetic field
are kept constant, we observe a dynamical quantum polar-to-ferromagnetic
phase transition driven mainly by the Zeeman energy. Strikingly, the result-
ing ferromagnetic order parameter exhibits a Dirac monopole in its synthetic
magnetic field. Previously, a Dirac monopole in a ferromagnetic BEC has been
implemented experimentally by adiabatic steering of external magnetic field,
providing the first known realization of Dirac’s celebrated theory of a charged
quantum particle interacting with a fixed magnetic monopole.

We begin this Chapter by briefly introducing the notion of gauge potentials and
synthetic electromagnetism in the context of superfluid Bose gas [121]. The spon-
taneous emergence of the Dirac monopole has first been predicted numerically
in Publication III and consequently observed in our recent experiment reported
in Publication V. The rest of this Section discusses the results of Publication IV,
where the decay of the monopole in the absence of external magnetic fields has
been numerically studied. This decay is driven principally by the dynamical
instability due to the ferromagnetic spin-exchange interactions and observed to
results in the spontaneous appearance of unconventional vortex configurations.

4.1 Dirac monopole in a synthetic magnetic field

In our system of charge-neutral alkali atoms, spatiotemporal variations of the
ferromagnetic spinor give rise to synthetic electromagnetism [133, 134, 135].
This is revealed by writing the mean-field Gross–Pitaevskii equation for the
spinor order parameter Ψ= ξψ in a form analogous to the Schrödinger equation
for a scalar charged particle [121]. In this representation, the scalar part of
the order parameter ψ(r, t) plays the role of the wave function of the charged
particle. The synthetic vector and scalar potentials acting on the scalar part of
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the wave function enter the non-linear Schrödinger equations as

A∗(r, t)= i
q∗ ξ

†(r, t)∇ξ(r, t), (4.1)

and
Φ∗(r, t)=− i

q∗ ξ
†(r, t)

∂ξ(r, t)
∂t

, (4.2)

respectively. Following the creation protocol of an isolated monopole applied
to the initially spin-polarized condensate, spin-rotations according to Eq. (3.8)
render the spinor to be

ξD = 1
2

⎛
⎜⎜⎜⎝

(1−cosθ′)
	

2eiφ′
sinθ′

e2iφ′
(1+cosθ′)

⎞
⎟⎟⎟⎠

z′

. (4.3)

Substituting this spinor into Eq. (4.1), the synthetic magnetic field reads

B∗(r′, t)= �

[
∇×A∗(r′, t)

]
= �

q∗r′2
r̂′. (4.4)

Note that Eq. (4.3) implies a doubly quantized vortex on the positive z-axis. The
location of the vortex, however, is here imprinted by the path of the field zero
and can in general be different.

4.2 Decay of an isolated monopole into a Dirac monopole
configuration

In Publication III, we numerically study the detailed structure and decay dy-
namics of isolated monopoles. We find that immediately after the creation ramp,
the core of the monopole contains a small half-quantum vortex ring [136] as
shown in Fig.4.1(g,h). Due to adiabaticity of the creation process, a BEC almost
entirely resides in the so-called neutral state which corresponds to the zero
eigenvalue of the local Zeeman Hamiltonian. However, 100 ms after the creation
ramp, the polar phase has noticeably decayed towards the local ferromagnetic
strong-field-seeking state, i.e., the spin state that minimizes the local Zeeman
energy EZ(r) =−μB|gf|ξ†Bq(r) ·Fξ. The ferromagnetic phase is first visible at
the top and bottom edges of the condensate and expands gradually until the
condensate is almost entirely spin-polarized along the local magnetic field Bq(r).

As discussed in the previous Section, the spin configuration corresponding to
the quadrupole field Bq(r) contains a Dirac monopole in its synthetic magnetic
field. Since point defects are not topologically allowed in the ferromagnetic
phase of spin-1 BECs, this spin texture is naturally accompanied by a nodal
line connecting the boundary of the condensate with the core of the monopole.
In the previously realized Dirac monopoles [96], the nodal line is a doubly
quantized vortex connecting to the defect. In contrast to a deterministically
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created Dirac monopole, the spontaneously emerged configuration contains a
single-quantum vortex that reverses its circulation at the monopole, a scenario
that has previously been shown to minimize the mean-field energy in the case
of the Dirac monopole [137]. We confirm the presence of this single-quantum
vortex in Fig. 4.2 where it is visible as a line of suppressed spin density.
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Figure 4.1. (a, c, e) Horizontally and (b, d, f) vertically integrated particle densities for the
indicated waiting times after the creation ramp which produces the isolated monopole.
Different colours correspond to particles in different z-quantized spin states with the
colour and intensity scales given in the bottommost panel. (g–l) Fine structure of
(g–j) the nematic vector d̂ (↑) and (k, l) average spin Ŝ (↑) of the condensate onto (g,
i, k) the xz- and (h, g, l) xy-planes for different indicated waiting times after the
creation ramp. The background colormap shows (g, i, k) the y component, (h, j) the
azimuthal component, and (l) the z component of the spin. The white arrows indicate
the location of a vortex line which is shown more clearly in Fig. 4.2
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Figure 4.2. (a) Simulated spin density |Ψ†FΨ| and (b) particle density Ψ†Ψ of the condensate
200 ms after the creation ramp. The spin density is well depleted along the vortex,
whereas the particle density is only partially depleted.

In Publication V, we report the experimental observation of the decay dynamics
of an isolated monopole which is observed to agree with the theoretical predic-
tions. We draw evidence for our conclusions from observations of the column
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particle densities in different spin states during the decay (Fig. 4.3). Moreover, in
agreement with our numerical results, we observe the spontaneous appearance
of nodal lines connecting the monopole to the condensate boundary as shown in
Fig. 4.4.

0 ñp
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Figure 4.3. Column particle densities imaged along y in the three −z-quantized spin states
during the decay of an isolated monopole for (a–d,i–k) experiments and (e–h,l–n)
simulations. The waiting times are indicated in the bottom-right corner of each
panel.
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Figure 4.4. Experimental column particle densities of −z-quantized spin states showing nodal
lines associated with the Dirac monopole. The first, second, and third columns corre-
spond to the top images of spinor components. The fourth column shows the related
composite side images; and the fifth column shows the corresponding numerically
obtained spin densities before the projection ramp. In (a–e), the monopole is located
in the upper half of the condensate, in (f–j) in the middle, and in (k–o) in the lower
half. The solid red arrows in (c, g, k) indicate the locations of the nodal lines, and
the dashed red arrows in (e, j, o) indicate the direction of the vorticity of the nodal
line.
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4.3 Free evolution of an isolated monopole

In Publication IV, we simulate the decay dynamics of an isolated monopole in
the absence of external magnetic fields. After the monopole is created and the
magnetic field is instantaneously switched off, the polar-to-ferromagnetic phase
transition takes place, with the spin-exchange interaction energy

Es =−1
2
|c1|

∫
n2s2dr≤ 0, (4.5)

decreasing from its unfavourably high value and converting into kinetic, poten-
tial, and density–density interaction energy of the BEC. Figure 4.5 depicts the
spin field s(r, t) well after the monopole creation. At t = 100 ms [Fig. 4.5(a)], the
nematic monopole defect in the polar phase has transformed into a dominantly
ferromagnetic state containing a polar-core vortex, the axial symmetry of which
is observed to be broken at t = 750 ms [Fig. 4.5(b)]. An identical simulation
with much stronger ferromagnetic interactions, c̃1 = 4c1, exhibits similar qual-
itative behaviour but with stronger localization of the vortex [Fig 4.5(c)]. We
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Figure 4.5. Free decay of the isolated monopole. Each panel presents by arrows the projection of
the local spin vector s(r) onto the indicated coordinate plane, with the background
color representing the magnitude |s(r)|. Rows (a) and (b) show the resulting spin
textures after (a) 100 ms and (b) 750 ms of time evolution with weakly ferromagnetic
interactions c1, corresponding to spin-1 87Rb atoms. Row (c) is for 750 ms of waiting
time with an enhanced spin-exchange interaction strength c̃1 = 4c1.

also investigate the dynamics of an isolated monopole pierced by a vortex line
with winding number κ. It is shown to decay to a coreless Anderson–Toulouse
vortex if κ= 1 [Fig 4.6(a–d)], and to a singular vortex with an empty core if κ= 2
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[Fig 4.6(e–h)]. In both cases, the resulting vortex is also encircled by a polar-core
vortex ring.
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Figure 4.6. Decay products of an isolated monopole (d̂= r̂) pierced with a straight (a–d) singly
or (e–h) doubly quantized vortex. Panels (a, b, e, f) illustrate the integrated column
densities of the spin states |m〉 in the z-quantized basis. Panels (c, d, g, h) show a
projection of the spin field s(r).
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5. Summary and conclusions

The central objective of this thesis was to investigate topological defects which
have nontrivial three-dimensional structure. In particular, we provided the
first experimental realization of a knot soliton and of an isolated point defect,
which correspond to the nontrivial element of the third homotopy group, π3,
and to the singular element of the second homotopy group, π2, respectively.
Importantly, these types of topological objects have never been observed in any
system governed by a quantum field before.

This work is motivated by the remarkable recent experiments, in which Dirac
monopoles were created in the synthetic magnetic field [96]. In Publication I, we
provided the first direct observation of a topological point defect in a quantum
order parameter using a similar technique. The existence of point defects is per-
mitted by a nontrivial second homotopy group of the polar state. The presence of
a monopole is verified by a very good agreement with our theoretical predictions
and the correct response to the applied spin rotations. The fine structure of
this monopole and its decay dynamics driven by the external magnetic field
are numerically studied in Publication III. It is shown that on the lengthscale
beyond the experimental resolution, the core of the monopole contains a small
half-quantum vortex ring. The subsequent temporal evolution is accompanied
with a dynamical polar-to-ferromagnetic phase transition, which eventually
results in a spin configuration containing a Dirac monopole in its synthetic
magnetic field. In Publication V, our theoretical foundations were confirmed
by a good quantitative agreement with a series of experiments, in which the
particle densities of the spin states for different decay times were measured.
Importantly, in both theoretical predictions and experimental observations, the
condensate exhibits a spontaneous emergence of nodal lines in its spindensity,
the feature known to support a Dirac monopole. In Publication IV, we obtained
further insight into the stability of the isolated monopole by numerically simu-
lating its temporal evolution in the absence of external magnetic field. Owing
to the triviality of the second homotopy group, the existence of point defects in
the ferromagnetic condensate is forbidden, and therefore, the monopole charge
relaxes towards vortex configuration.

In addition to the physics of point defects, our attention has been drawn to the
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Summary and conclusions

so-called knot soliton, a particle-like topological excitation which is predicted
to appear in field theories. In the context of ultracold Bose gases, it can be
dynamically induced into the condensate by the technique similar to one we use
in monopole experiment. In Publication II, we demonstrated the experimental
creation and detection of knot solitons in the order parameter of the polar-phase
Bose–Einstein condensate.

This thesis includes original experimental and theoretical studies of novel
topological configurations in dilute Bose–Einstein condensates. The most signifi-
cant outcomes include the first experimental realizations of a knot soliton and of
an isolated monopole defect in the quantum-mechanical order parameter of a
spinor BEC. Although the creation of the monopole does not bring us any closer
to finding the natural magnetic monopole, it does, however, clearly demonstrate
the possibility for such a topological monopole to exist in Nature. Our work
opens up variety of theoretical and experimental possibilities for future research
directions, such as the creation of multiple monopoles and the study of different
interacting topological entities within a single condensate. Furthermore, Bose
gases with the higher value of the hyperfine spin could feature interesting topo-
logical configurations, which obey the non-Abelian statistics in certain magnetic
phases.

Gaseous atomic condensates with their flexibility and versatility provide un-
foreseen possibilities to investigate complex phenomena at the intersection
of atomic, condensed-matter, particle physics, and cosmology. Presently, the
research related to ultracold quantum gases constitutes a rapidly developing
branch of physics and we can only speculate what new opportunities gaseous
BECs will have to offer in future.

36



References

[1] S. N. Bose, Z. Phys. 26, 178 (1924).

[2] A. Einstein, Sitzungber. Kgl. Preuss. Akad. Wiss. 1924, 261 (1924).

[3] A. Einstein, Sitzungber. Kgl. Preuss. Akad. Wiss. 1925, 3 (1925).

[4] P. Kapitza, Nature 141, 74 (1938).

[5] J. F. Allen and H. Jones, Nature 141, 243 (1938).

[6] J. F. Allen and A. D. Misener, Nature 141, 75 (1938).

[7] F. London, Nature 141, 643 (1938).

[8] F. London, Phys. Rev. 54, 947 (1938).

[9] D. M. Ceperley, Rev. Mod. Phys. 67, 279 (1995).

[10] P. Sokol, Bose–Einstein Condensation (Cambridge University Press, 1995).

[11] A. Griffin, Excitations in a Bose–condensed Liquid (Cambridge University Press,
1993).

[12] V. F. Sears, E. C. Svensson, P. Martel, and A. D. B. Woods, Phys. Rev. Lett. 49,
279 (1982).

[13] K. Onnes, Commun. Phys. Lab. Univ. Leiden 119,120,122 (1911).

[14] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957).

[15] J. R. Schrieffer, Theory of Superconductivity (Perseus Books, Reading, 1999).

[16] M. W. Zwierlein, C. H. Schunck, A. Schirotzek, and W. Ketterle, Nature 442, 54
(2005).

[17] P. Törmä and K. Sengstock, Quantum Gas Experiments (Imperial College Press,
2014).

[18] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. Wieman, and E. A. Cornell,
Science 269, 198 (1995).

[19] K. B. Davis et al., Phys. Rev. Lett. 75, 3969 (1995).

[20] Press Release: The 2001 Nobel Prize in Physics (Nobelprize.org, 9th October
2001), https://www.nobelprize.org/nobel_prizes/physics/laureates/
2001/press.html, Last checked 7th June 2017.

[21] M. R. Andrews et al., Science 273, 84 (1996).

37



References

[22] D. E. Pritchard, Phys. Rev. Lett. 51, 1336 (1983).

[23] C. Monroe, W. Swann, H. Robinson, and C. E. Wieman, Phys. Rev. Lett. 65, 1571
(1990).

[24] Y. Castin, J. Dalibard, and C. N. Cohen-Tannoudji, Bose–Einstein Condensation
(Cambridge University Press, 1995).

[25] C. E. Wieman, D. E. Pritchard, and D. J. Wineland, Rev. Mod. Phys. 71, S253
(1999).

[26] H. J. Metcalf and P. van der Straten, Laser Cooling and Trapping (Springer-
Verlag, New York, 1999).

[27] N. Masuhara et al., Phys. Rev. Lett. 61, 935 (1988).

[28] S. Stenholm, Rev. Mod. Phys. 58, 699 (1986).

[29] S. Chu, Rev. Mod. Phys. 70, 685 (1998).

[30] W. D. Phillips, Rev. Mod. Phys. 70, 721 (1998).

[31] A. L. Fetter, Rev. Mod. Phys. 81, 647 (2009).

[32] C. J. Williams and M. J. Holland, Nature 401, 568 (1999).

[33] M. R. Matthews et al., Phys. Rev. Lett. 83, 2498 (1999).

[34] E. L. Bolda and D. F. Walls, Physics Letters A 246, 1 (1998).

[35] K.-P. Marzlin, W. Zhang, and E. M. Wright, Phys. Rev. Lett. 79, 4728 (1997).

[36] Z. Dutton and J. Ruostekoski, Phys. Rev. Lett. 93, 193602 (2004).

[37] K. W. Madison, F. Chevy, W. Wohlleben, and J. Dalibard, Phys. Rev. Lett. 84, 806
(2000).

[38] J. R. Abo-Shaeer, C. Raman, J. M. Vogels, and W. Ketterle, Science 292, 476
(2001).

[39] E. Hodby, G. Hechenblaikner, S. A. Hopkins, O. M. Maragó, and F. C. J., Phys.
Rev. Lett. 88, 010405 (2001).

[40] M. D. Barrett, J. A. Sauer, and M. S. Chapman, Phys. Rev. Lett. 87, 010404
(2001).

[41] A. Griesmaier, J. Werner, S. Hensler, J. Stuhler, and T. Pfau, Phys. Rev. Lett. 94,
160401 (2005).

[42] A. Griesmaier, J. Stuhler, and T. Pfau, Applied Physics B 82, 211 (2006).

[43] G. Modugno et al., Science 294, 1320 (2001).

[44] Q. Beaufils et al., Phys. Rev. A 77, 061601 (2008).

[45] O. Vainio et al., Phys. Rev. Lett. 114, 125304 (2015).

[46] A. F. G. Wyatt, Nature 391, 56 (1998).

[47] S. Sugawa, R. Yamazaki, S. Taie, and Y. Takahashi, Phys. Rev. A 84, 011610
(2011).

[48] T.-L. Ho and V. B. Shenoy, Phys. Rev. Lett. 77, 3276 (1996).

[49] D. M. Stamper-Kurn et al., Phys. Rev. Lett. 80, 2027 (1998).

38



References

[50] T. Ohmi and K. Machida, J. Phys. Soc. Jpn. 67, 1822 (1998).

[51] L. W. Clark, L.-C. Ha, C.-Y. Xu, and C. Chin, Phys. Rev. Lett. 115, 155301 (2015).

[52] D. M. Bauer, M. Lettner, C. Vo, G. Rempe, and S. Durr, Nat Phys 5, 339 (2009).

[53] P. Naidon and F. m. c. Masnou-Seeuws, Phys. Rev. A 73 (2006).

[54] P. O. Fedichev, Y. Kagan, G. V. Shlyapnikov, and J. T. M. Walraven, Phys. Rev.
Lett. 77, 2913 (1996).

[55] M. Theis et al., Phys. Rev. Lett. 93, 123001 (2004).

[56] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev. Mod. Phys. 82, 1225 (2010).

[57] R. Shibato, T. Nishimura, T. Watanabe, and T. Suzuki, Phys. Rev. A 84, 043627
(2011).

[58] M. Nakahara, T. Isoshima, K. Machida, S.-I. Ogawa, and T. Ohmi, Physica B:
Condens. Matter 284–288, 17 (2000).

[59] Y. Kawaguchi and M. Ueda, Phys. Rep. 520, 253 (2012).

[60] N. D. Mermin, Rev. Mod. Phys. 51, 591 (1979).

[61] M. Nakahara, Geometry, topology and physics (Taylor & Francis Group, Boca
Raton, 2003).

[62] T. W. B. Kibble, J. Phys. A: Math. Gen. 9, 1387 (1976).

[63] C. M, N. Turok, E. Martínez-González, and M. Hobson, Science 318, 1612 (2007).

[64] A. Kitaev, AOP 321, 2 (2006).

[65] Y. Kawaguchi, M. Nakahara, and T. Ohmi, Phys. Rev. A 70, 043605 (2004).

[66] A. E. Leanhardt et al., Phys. Rev. Lett. 89, 190403 (2002).

[67] S.-I. Ogawa, M. Möttönen, M. Nakahara, T. Ohmi, and H. Shimada, Phys. Rev. A
66, 013617 (2002).

[68] T. Isoshima, M. Nakahara, T. Ohmi, and K. Machida, Phys. Rev. A 61, 063610
(2000).

[69] M. Möttönen, N. Matsumoto, M. Nakahara, and T. Ohmi, J. Phys.: Condens.
Matter 14, 13481 (2002).

[70] H. Shibayama, Y. Yasaku, and T. Kuwamoto, J. Phys. B: At. Mol. Opt. Phys. 44,
075302 (2011).

[71] J. Lovegrove, M. O. Borgh, and J. Ruostekoski, Physical Review A 93, 033633
(2016).

[72] T. Isoshima et al., Phys. Rev. Lett. 99, 200403 (2007).

[73] A.-C. Ji, W. M. Liu, J. L. Song, and F. Zhou, Phys. Rev. Lett. 101, 010402 (2008).

[74] J. A. M. Huhtamäki, T. P. Simula, M. Kobayashi, and K. Machida, Phys. Rev. A
80, 051601 (2009).

[75] A. E. Leanhardt, Y. Shin, D. Kielpinski, D. E. Pritchard, and W. Ketterle, Phys.
Rev. Lett. 90, 140403 (2003).

[76] L. S. Leslie, A. Hansen, K. C. Wright, B. M. Deutsch, and N. P. Bigelow, Phys. Rev.
Lett. 103, 250401 (2009).

39



References

[77] S. Donadello et al., Phys. Rev. Lett. 113, 065302 (2014).

[78] H. T. C. Stoof, E. Vliegen, and U. Al Khawaja, Phys. Rev. Lett. 87, 120407 (2001).

[79] H. Zhai, W. Q. Chen, Z. Xu, and L. Chang, Phys. Rev. A 68, 043602 (2003).

[80] J.-y. Choi, W. J. Kwon, and Y.-i. Shin, Phys. Rev. Lett. 108, 035301 (2012).

[81] J.-y. Choi et al., New J. Phys. 14, 053013 (2012).

[82] S.-J. Yang, Q.-S. Wu, S.-N. Zhang, and S. Feng, Phys. Rev. A 77, 033621 (2008).

[83] T. Ollikainen, E. Ruokokoski, and M. Möttönen, Phys. Rev. A 89, 033629 (2014).

[84] Y. Kawaguchi, M. Nitta, and M. Ueda, Phys. Rev. Lett. 100, 180403 (2008).

[85] D. Kleckner and W. T. M. Irvine, Nat Phys 9, 253 (2013).

[86] H. Mäkelä, Journal of Physics A: Mathematical and General 39, 7423 (2006).

[87] H. Mäkelä, Z. Y., and K.-A. Suominen, Journal of Physics A: Mathematical and
General 36, 8555 (2003).

[88] M. Ueda, Rep. Prog. Phys. 77, 122401 (2014).

[89] G. N. Fowler, S. Raha, and R. M. Weiner, Phys. Rev. C 31, 1515 (1985).

[90] K. B. Whaley, Nat Phys 8, 9 (2012).

[91] L. J. Garay, J. R. Anglin, J. I. Cirac, and P. Zoller, Phys. Rev. Lett. 85, 4643 (2000).

[92] U. Leonhardt and P. Piwnicki, Phys. Rev. Lett. 84, 822 (2000).

[93] J. R. Anglin and W. H. Zurek, Phys. Rev. Lett. 83, 1707 (1999).

[94] D. O’Dell, S. Giovanazzi, G. Kurizki, and V. M. Akulin, Phys. Rev. Lett. 84, 5687
(2000).

[95] V. Pietilä and M. Möttönen, Phys. Rev. Lett. 103, 030401 (2009).

[96] M. W. Ray, E. Ruokokoski, S. Kandel, M. Möttönen, and D. S. Hall, Nature 505,
657 (2014).

[97] P. A. M. Dirac, Proc. R. Soc. Lond. A 133, 60 (1931).

[98] J. Preskill, Annual Review of Nuclear and Particle Science 34, 461 (1984).

[99] I. Bloch, Nat Phys 1, 23 (2005).

[100] J. Catani, L. De Sarlo, G. Barontini, F. Minardi, and M. Inguscio, Phys. Rev. A 77,
011603 (2008).

[101] G. Juzeliūnas, J. Ruseckas, and J. Dalibard, Phys. Rev. A 81, 053403 (2010).

[102] T. Kawakami, T. Mizushima, and K. Machida, Phys. Rev. A 84, 011607 (2011).

[103] M. Roncaglia, M. Rizzi, and J. Dalibard, Scientific reports 1, 43 (2011).

[104] S.-L. Zhu, H. Fu, C.-J. Wu, S.-C. Zhang, and L.-M. Duan, Phys. Rev. Lett. , 240401
(2006).
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