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Preface 

This dissertation is a result of a 14 years long journey extending over and beyond 
my complete career at Helsinki University of Technology, later Aalto University. 
Soon after arriving at the University early in 2003, invited by Professor Aarne 
Halme and Dr. Jussi Suomela, I started to experiment with ball-shaped robots, 
that represent the heritage of Prof. Halme's internationally recognized 
pioneering work in ball-robot modelling. In context of Ariadna-project for 
European Space Agency, I created the first spherical robot of my own, -which 
soon became the topic of my Licentiate's Thesis in 2005. Within a few years, I 
continued to explore the current state of the art in ball-shaped robots, and in 
2010 found a specific interest in modelling and simulation of those -with an 
additional scent towards robots with a flexible shell. While in search for a 
plausible topic for a doctoral dissertation, I designed my second ball-robot 
'GimBall', explored deeper the literature, proposed new dynamic models for 
ball-robot motion, and published the findings in international symposia. 
Eventually, in 2013 I recognized the absence of models for ball motion in uneven 
terrain, and chose that to be the primary research area for my dissertation. 
Modelling and experimental tests with GimBall and FlexBall - my third ball-
shaped robot- continued over years 2013 and 2014, while results analysis, 
publishing activities, and dissertation writing continued until July 2017, -at 
which time this work finally was in a shape to be reviewed. 

All the described research work has been conducted aside of my daily duties 
in the office, for which possibility I express my greatest gratitude to my foremen 
Prof. Halme, Dr. Suomela, Prof. Visala, and Prof. Kyrki. As grateful, and even 
more, I am for the trust and belief that my foremen, and especially my 
Supervisors Prof. Aarne Halme and Prof. Ville Kyrki, have expressed in me and 
in my work. I never had a such belief myself, -but they did believe and they kept 
on supporting me with guidance and discussion on the endless number of my 
reports, concerns, and questions. Since the time when my research topic started 
to take shape, I had a pleasure to have Dr. Pekka Forsman as my mentor. Pekka 
always had time to listen to my concerns and discuss scientific matters, and for 
my every question I received his opinion, -for which I am honestly grateful. I 
greatly appreciate the sincere friendship and fruitful scientific discussions with 
Dr. José Luis Peralta. I also express my gratitude to Heikki Hyyti for providing 
me with the estimation algorithm that plays a crucial role in my experimental 
tests. Many thanks belong to Tapio Leppänen, who shared all the technical 
challenges and manufactured the mechanical parts necessary in my 
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experiments; to Matthiew Myrsky for helping with the wireless communications 
network setup; and to Jari Saarinen for participation in paper publishing.  

I greatly appreciate the encouraging feedback from pre-examiners Prof. 
Antonio Bicchi and Prof. Mikhail Svinin. They both possess a solid experience 
in scientific research and in modelling of ball-shaped robots. Acknowledging 
their expertiece, I am impressed by the precision with which they have studied 
my work, and how they express their understanding and appreciation of my 
motivation and my point of view. Their positive feedback encouraged me to 
proceed towards publishing and defending this work, and so to reach the 
ultimate target of this inspiring but challenging journey. 

This research work has involved a major deal of practical hands-on work, that 
I have been keen to exercise already since my childhood. I express my gratitude 
to my parents for the freedom that I have had to choose and follow the way I 
have felt the most motivating for me.  

Yet, outside the academic world, equally substantial with all the technical 
support, I am particularly grateful to four remarkable ladies who have shared 
with me some of the heaviest years in my life: Raisa Tiililä, a dear friend already 
for two decades from dance scene; there are no words to express the value of 
countless number of hours and written text messages that you have changed 
with me, listening, understanding, supporting, questioning, and giving 
something to think about. Jaana Ylitalo, ten years ago a neighbor, then a friend 
to go running with, to talk with, to listen to, to wonder humanity with. Päivi 
Ylikorpi, a dearest cousin just recently found; a person with a word and attitude, 
doesn't let you easy but challenges you, shows example, makes you think and 
wonder. Niina Kalliomaa, a lady with a smile and peace; you brought a little bit 
of those virtues back to my life. You all have a special place in my heart, -for the 
rest of my life. Without you, this work would never have been finalized. 
 
I dedicate this work to my dear sons Lenni and Sasu. I hope one day this not-so-
small book will represent for you an example of curiosity, dedication, 
commitment, diligence, and persistence that will reach the goals and take you 
forward in your careers, as well as in your personal lives. With a pleasure, I have 
already recognized these noble qualities in both of you. Keep it that way. 
 

 
 
 

'The more I learn, the more I realize how much I don't know.' 
- Albert Einstein 

 
 

 
 Pornainen, 
 August 17, 2017, 
 Tomi Ylikorpi 
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1 Introduction 

Ball is perhaps the most common toy among children, being frequently present 
in games and activities of also grown-up people. By definition, a ball is round; it 
has no corners and its outer dimensions are similar in all directions. The 
spherical shape provides complete symmetry and a soft, safe, and friendly 
impression without any sharp edges or protrusions. A friendly outlook is of 
advantage when a robotic device interacts with people, for example in home 
environment, as does the ‘Rollo’-robot in Figure 1.1. As a ball-robot is fully 
symmetric, it cannot fall down or tip over. Spherical shape and internal 
actuation in some cases provide a built-in autonomous ability to navigate 
around obstacles. While a ball-robot’s propulsion system is located inside the 
spherical shell, the structure may be hermetically sealed to provide shielding for 
the interior parts, or to isolate the internal electro-mechanical systems from the 
exterior environment for example in explosive surroundings or in space 
applications. Given the surface area (or maximum dimensions), the enclosed 
internal volume finds its maximum inside a spherical shell. While maximizing 
the internal volume, the spherical cover provides an optimal strength against 
internal overpressure or under-pressure, which is an important feature for 
underwater applications. In addition, a ball-robot provides an interesting 
research case for advanced modeling and control problems, as well as an 
appealing robotic platform for many different uses. 

 

 

Figure 1.1. ‘Rollo’ -mobile communications device for home use. (Adopted from Harmo et al., 
2006). 
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1.1 Background and motivation  

As the first patents on self-propelled spherical toys were filed already in the end 
of 19th century, ball-shaped robots represent a family of mobile devices that 
have been under development already over the last 120 years (Ylikorpi and 
Suomela, 2007). In modern times, studies on dynamic modeling and steering of 
a motor-driven ball started in 1990’s leading into emergence of computer-
controlled spherical mobile robots (Koshiyama and Yamafuji, 1993; Bicchi et al., 
1997; Wang and Halme, 1996; Halme et al., 1996a,b; Spitzmüller, 1998). Later 
the research on ball-shaped robots has described a variety of applications in 
different environments including indoors, outdoors, educational, surveillance, 
marine, and planetary exploration (Michaud and Caron, 2002; Kabala and 
Wnuk, 2004; Michaud et al., 2005; Bruhn et al., 2005; Seeman et al. 2006, 
2007, Kaznov and Seeman, 2010; Haver et al., 2015). Lately, commercial 
spherical robots, such as ‘Snowballcam’, ‘GuardBOT’, ‘Sphero’, and ‘BB-8’ have 
been introduced in the market for surveillance, entertainment, and gaming 
applications (BBC, 2010; Avery, 2011; Krieger, 2013; Ulanoff, 2015).  

The motivation behind this study anticipates a domestic rolling robot 
providing observation and companionship at home, or a surveillance robot in 
industrial environment. Equipped with cameras, communications 
infrastructure and sensors, the robot moves autonomously monitoring the 
status and health of the environment and its inhabitants. The robot may join the 
human activities as a mobile messenger or as an interactive toy, in which 
relation Michaud and Caron (2002); Michaud et al. (2005); Faria et al. (2016) 
and Scheunemann et al. (2016) present some examples. While the structured 
environment usually provides a beneficial smooth rolling surface for a ball-
robot, some usual every-day features create likely obstacles for the robot. In 
home environment, regular elements such as door steps, carpet edges, power 
cords, or scattered toys may form a notable obstruction for ball-robot mobility, 
as is depicted in Figure 1.2. 

 

 

Figure 1.2. A spherical robot facing a variety of obstacles across the planned rolling path. 
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In design of a spherical robot to surpass the usual obstacles, there exists a need 
to estimate the dynamic step-overcoming capability of a ball-shaped robot. 
Customarily, the estimation of slope-climbing and step-crossing capability of 
ball-robots has been conducted with a quasi-static analysis based on a static 
torque balance. With this approach, especially the robot’s step-crossing 
capability has been found to be very limited, being only a few percent of the ball 
diameter (Koshiyama and Yamafuji, 1993; Halme et al., 1996a,b; Spitzmüller, 
1998; Laplante, 2004; Nagai, 2008, Sang 2015a). Although some authors have 
noticed that the ball dynamic behavior may help in passing over large obstacles, 
no attempts to calculate the dynamic obstacle overcoming capability of a motor-
driven ball-robot have been presented (Halme et al., 1996a,b; Spitzmüller, 1998; 
Heimendahl 2004). 

To make the ball-robot move, there exist many different mechanical solutions, 
some of which have been briefly reviewed by Armour (2006), Crossley (2006), 
Ylikorpi and Suomela (2007), Chase and Pandya (2012), and Chen et al. (2012). 
As well, there exist also many different methods to mathematically describe and 
model the ball motion (Ylikorpi et al., 2014a,b). The current state of art presents 
two major paradigms regarding the number of constraints in ball rolling: in 
addition to no-slip constraint, some models prevent the ball from spinning 
about the vertical axis passing through the contact point, while other models let 
it spin freely. The discrepancy in ball steering models as well as their relation to 
the real world remains still unexplored. Among the variety of different 
alternatives, the author has chosen to apply a pendulum as the robot’s driving 
mechanism, and Euler-Lagrange –equation to derive the decoupled dynamic 
motion model. The chosen robot construction and dynamic model are then used 
to study ball steering and obstacle crossing.  

The spherical cover of the ball-robot often constitutes a rigid plastic shell, 
while also flexible pressurized shells and wire-frame skeletons have been 
presented. Rigid spherical covers with high geometrical accuracy and 
substantial stiffness are difficult to manufacture, but flexible materials and 
inflatable balls provide a vital alternative for the shell structure. While a hard 
and rigid spherical cover provides the minimum rolling resistance, the elastic 
shell protects the robot against hard impacts, attenuates oscillations and 
provides means to adjust the ball diameter and rolling properties. It is 
anticipated that the shell flexibility may help in overcoming of small obstacles. 
Thus, it is of interest to extend the study of the dynamic obstacle overcoming 
capability to consider also flexible ball-robots. 

1.2 Research objectives 

Being complex electro-mechanical systems, robots in general are designed and 
built to operate in a particular environment with a particular performance. 
Because of the lengthy and costly design and procurement process, it is 
desirable to have a means to define and test the expected robot performance 
already before procurement of any hardware. Mathematical models and 
simulations can be used for such early system definition and design evaluation.  
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A dynamic model can be used already in the conceptual design phase to check 
the robot’s mobility in the anticipated environment. With the aid of the model, 
the robot’s dimensions and drive mechanisms can be defined to be suitable for 
the foreseen application. The model is useful also for development and testing 
of the control algorithms for the robot. During robot operations, the model-
based predictions on the robot performance, -either calculated on-line with the 
dynamic model, or pre-calculated off-line, provide support for path planning 
and operations decisions. 

Previously, the simulations of pendulum-driven ball-robots have been limited 
to level planes, angled planes, or smooth curved surfaces. This work introduces 
new models that can be applied for ball-robot simulations in presence of step-
shaped obstacles. For the benefit of pendulum-driven ball-robot development, 
as well as the related controller development and path planning; this study 
provides dynamic models capable of presenting and predicting the robot motion 
and obstacle-crossing capability. Limited to the pendulum-driven construction 
and decoupled modelling approach, the main research objectives and research 
questions are: 

1) To study the ball steering on a level floor;  
- In case of a decoupled model, which are the relations between the rolling 

path radius, rolling kinematics, rolling dynamics, and contact geometry? 
2) To study the step-overcoming capability of the robot;  

- Using simple dynamic models and contact models, how can the step-
overcoming capability be predicted? 

- What kind of a contact model can be used for a rigid ball shell, what 
accuracy can be expected? 

- What kind of contact model can be used for a flexible ball, what accuracy 
can be expected? 

- Using these models, which are the most important model parameters? 

1.3 Research methods 

1.3.1 Modelling and simulation 

For modelling of a pendulum-driven rolling robot, this study applies a 
decoupled 2-body model. The decoupled model considers the forward driving 
and steering motions separately, while the ball-robot model constitutes two 
rigid bodies that are the spherical shell and the pendulum. Newton-Euler 
equations and Euler-Lagrange-equation present the mathematical tools applied 
to derive the dynamic motion equations. In simulations, which are programmed 
by the author in Matlab-software, heuristic spring-damper –like contact models 
provide the necessary contact forces. Parallel with simulators in Matlab, 
additional simulations in MD Adams R3 multibody dynamics simulation 
software (by MSC.Software Corporation) provide comparative simulation 
results for rigid-shelled ball-models.  

A regression model, based on experimental results, stands as a reference for 
the simulation results. To describe the difference between the predicted and the 



Introduction 
 
 

5 
 

experimental obstacle over-passing velocity, the author introduces a velocity 
shift -parameter. With the aid of the velocity shift -parameter, the simulation 
model providing the best average correspondence with the experimental results 
is identified. 

1.3.2 Practical experiments 

Ball-robot applications include both the free-rolling (wind-driven) and 
pendulum-driven balls, as well as rigid-shelled and flexible balls. Practical step-
overcoming experiments were therefore performed with rigid and flexible balls, 
as well as with and without a pendulum drive. Test items include two different 
free-rolling rigid-shelled balls (ShellBall without any pendulum, and GimBall 
with a freely hanging pendulum), and an inflatable ball (FlexBall without any 
pendulum) with two different masses and three different internal pressures. In 
addition, active pendulum-driven step-overcoming tests were performed with 
one rigid-shelled robot (GimBall) and an inflatable ball-robot (FlexBall) with 
three different pressures. Total of 12 different robot configurations were thus 
studied experimentally. Figure 1.3 presents the test items. 

 

 

Figure 1.3. The spherical test items used in experiments extend from 252 to 620 mm in diameter 
and 1.1 to 6.4 kg in mass. FlexBall on the left, ShellBall in the middle, and GimBall on the right. 

Since the step-overcoming experiments are subject to external disturbances and 
some uncontrollable robot properties (for example imperfect shell geometry 
and mass distribution, imbalance, and oscillation), a logistic regression model 
was applied to derive the estimate for the step passing probability. Using the 
likelihood ratio test, the most representative regression model is chosen from a 
few possible ones. 

1.4 Scientific contributions of the Thesis  

For the benefit of a pendulum-driven ball-robot development and the related 
controller development and path planning, this Thesis considers the dynamics 
and modelling of pendulum-driven ball-shaped robots. A specific attention is 
paid for ball precession model, decoupled rolling model, and contact models for 
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ball interaction with step-shaped obstacles. The author produces the following 
contribution in modelling of pendulum-driven ball-robots: 
 
1) Assuming a point-contact, the author introduces a new dynamic precession 

model that considers the ball-robot inertia and non-symmetry. Applying the 
new precession model, the author compares the resulting rolling path 
against the one resulting from a kinematic steering model. The comparison 
result indicates that, if assuming a point contact without an artificial 
spinning constraint, the robot’s inertial properties may not be neglected in 
the decoupled steering model. The result has been quantified with 
numerical values representing the existing GimBall-robot (Ylikorpi et al., 
2014a).  

2) In addition to consideration of a point contact, the author introduces a new 
precession model that considers a non-zero contact area, the robot inertia, 
non-symmetry, angular acceleration, and coefficient of contact friction to 
derive the necessary contact area. The author shows that at high 
accelerations, low contact friction, or with small contact area the 
assumption of no-spinning condition may lose its validity and the 
kinematically defined rolling path may differ significantly from the dynamic 
one (Ylikorpi et al., 2014a). 

3) To facilitate easier comparison and application of the existing decoupled 
rolling models of pendulum-driven ball robots, the author has reformulated 
the existing models in a unified format. The unified models are collected and 
published in a hand-book –like presentation (Ylikorpi et al., 2014b). 

4) To predict the step-overcoming capability of a rigid-shelled ball-robot, the 
author introduces a new application of a simple spring-damper –like contact 
model together with a step-shaped obstacle and the decoupled dynamic 
model (Ylikorpi et al., 2014c).  

5) To predict the step-overcoming capability of a soft-shelled ball-robot, the 
author introduces several alternative new simple ball-pressure -based 
contact models and combines those with the decoupled dynamic model. 
Based on experimental results, the author identifies the most presentative 
model to be applied for free-rolling and pendulum-drivel soft-shelled rolling 
ball-robots (Ylikorpi et al., 2017).  

6) Through simulations with the new contact models and decoupled dynamic 
models, the author evaluates and compares the obstacle-crossing sensitivity 
to the system parameters such as ball radius, ball pressure, pendulum 
length, total mass, pendulum mass, pendulum angle, pendulum velocity, 
and damping coefficient. The most significant and the least significant 
parameters are highlighted. 

1.5 The author’s contribution 

This research work was in major parts conducted in the Department of 
Automation and Systems Technology at Helsinki University of Technology, and 
in the School of Electrical Engineering of Aalto University.  
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In course of the work, the author himself conducted the literature survey and 
created the new mathematical precession models. The author transported the 
precession models into Matlab-software for simulations, and for validation 
created parallel simulators in MD Adams multibody simulation software. The 
author also created the simulators for decoupled rolling models both in Matlab 
and in Adams. 

For experimental testing, the author himself created the mechanical designs 
for the GimBall and FlexBall robots, as well as for the testing equipment used 
for system characterization and step overcoming tests. The author performed 
the necessary electrical design and assembly work applying existing commercial 
and in-house -made electrical components. The author realized the necessary 
command, control, and data-acquisition systems applying commercial radio-
control equipment and National Instruments NiDAQ and myRIO-1900 
embedded computing system. For the embedded computer, the author created 
the necessary control algorithms and data-collecting algorithms with LabView-
software. 

Using the self-designed ball-robots and testing hardware, the author 
performed the necessary tests and data analysis to characterize system 
properties. After system characterization, the author conducted the step-
overcoming tests with several different ball configurations. For post-processing, 
analyzing and presenting the collected test data, the author wrote the necessary 
algorithms in Matlab-software. 

For simulation purposes, the author himself created the contact models, and 
through the application of the Euler-Lagrange equation, also the dynamic 
decoupled rolling models. The author himself wrote the ball simulators and 
necessary data processing routines in Matlab-software. For validation purposes, 
the author created parallel simulators in MD Adams multibody simulation 
software, as well as the necessary routines in Matlab to collect and compare the 
results from the parallel simulators. 
 
Some of the work presented in this Dissertation has been previously published 
in conference papers, a book chapter, and a journal paper. These include the 
works of Ylikorpi et al. (2004), Ylikorpi (2006), Ylikorpi and Suomela (2007), 
Ylikorpi et al. (2014 a,b,c), and Ylikorpi et al. (2017). In all these publications, 
the author as the main contributor and corresponding author was responsible 
for (where applicable) literature review, technical design, testing, modelling, 
simulations, data-analysis, graphical illustrations, writing, editing, and 
communications with the publisher. 
 
In addition to the author’s own contribution, the work of two colleagues 
deserves to be mentioned as enabling contributions for this research work: 

The author received valuable help from Mr. Heikki Hyyti, who provided the 
Matlab-codes used for FlexBall accelerometer calibration, and for Kalman filter 
-based data fusion of FlexBall accelerations- and gyro-measurements. 

According to the author’s designs, technician Mr. Tapio Leppänen 
manufactured all mechanical components needed in construction of GimBall 
and FlexBall robots and necessary testing equipment. 
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1.6 Thesis outline 

To begin with, Section 2 presents an extensive literature survey on ball-shaped 
robots, their history, applications, constructions, and modelling. The survey 
starts with a view on ball-related patents dating back to late 19th century and 
reaches recent applications in science, surveying and entertainment. Most of the 
applied mechanical constructions and steering methods are presented together 
with the applied modelling methods. 

Section 3 focuses on kinematic and dynamic precession models for a rolling 
ball with a non-zero contact area and a point contact respectively. The 
significance of ball inertia asymmetry, contact area, torsion friction, and 
gyroscopic torque is discussed. 

Concentrating on decoupled forward motion models of pendulum-driven ball 
robots, Section 4 explores the models available in the literature and 
reformulates them with a unified notation and formulation. Section 4 includes 
a detailed discussion on application of pendulum motor reaction torque within 
different model formulations. 

Section 5 develops a simulation model to present the motion of a rigid 
pendulum-driven ball robot during and after the collision with a step-shaped 
obstacle. The simulation model performance is compared with another 
independent simulator in Adams-software, as well as with experimental results 
from practical step-overcoming tests with free-rolling and pendulum-driven 
balls. Characterization of a test item’s physical properties, as well as test results 
regression analysis are described in detail. 

Sections 6 and 7 extend the step-overcoming experimentation and modelling 
from rigid balls to flexible pendulum-driven and free-rolling balls. 
Characterization of a test item’s physical properties and test results regression 
analysis receive again a significant attention. In particular, suitable regression 
models to represent the test results, as well as the most representative ball-robot 
simulation models are sought for. Section 8 compares the simulation results 
with the experimental results in more detail and evaluates the performance of 
the selected simulation model. 

Section 9 draws conclusions and proposes areas for future work. 
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2 State of the Art 

This section gives an overview on spherical rolling robots and their motion 
modelling. Mechanical development of rolling devices and vehicles becomes 
described through related patents, culminating with modern applications of 
existing commercial and practical ball-robots. The presentation of existing 
robots and prototypes highlights the variety of world-wide conducted research 
and different mechanical constructions and their applications. Before 
presenting the different modelling methods, the fundamentals -frequently 
referred in the related literature- are briefly introduced. 

2.1 Evolution of ball-shaped robots 

A search in the U.S. Patent office database reveals a great number of patents 
related to the autonomous mobility of ball-shaped objects (USPTO, 2007). The 
large quantity of the filed ball-robot –related patents reflects the general 
interest in these devices, the charm of which becomes visible already in the given 
names, such as ‘Self-propelled toy’, ‘Magic ball’, ‘Squiggle ball’ and ‘Randomly 
self-propelled spherical toy’. As the power source and the motion principle are 
not visible or obvious, the ball appears to move by itself, -like a living thing. 
Apparent random motion increases the fascination of watching the ball moving 
around. This appealing feeling is of a great importance when the ball turns into 
a useful robot operating together with people at homes. Another feature of a 
robotic ball is noticeable in the given name ‘Self-propelled continuously moving 
toy’ which indicates apparent un-stoppable motion of the device. Based on its 
mechanical design, a pendulum-driven ball-robot has a built-in capability to 
autonomously back-off and change direction upon a contact with an obstacle. 

Majority of patents and mechanical developments on mobile balls concentrate 
on creation of ball motion with different mechanical solutions. W. Henry 
patented in 1889 a spherical marine vessel to carry people (U.S. Patent 
396,486). Figure 2.1 (left) presents the design where the passenger, turning a 
hand-driven crank, makes the outer shell to rotate while the passenger weight 
and ballast mass balances the floating vehicle. The rotating shell would propel 
the vessel forward in water and steering would take place by tilting the axis of 
rotation by relocating the passenger mass inside the vehicle, which method is 
often applied also for steerable robotic balls rolling along solid surfaces. 67 years 
later, in 1956, E. Wilson refers to Henry in his design (U.S. Patent 2,838,022) 
presenting a floating vessel that a person makes to move by walking or running 
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inside of it, like a hamster in his wheel. In context with spherical and cylindrical 
vehicles intended for leisure and sports activities, this latter patent has been 
frequently cited during 1957-2013. Not limited to marine applications, J.E. 
Reilley patented in 1940 a ball-shaped amphibious car (U.S. Patent 2,267,254) 
which was later mentioned in several other patent applications in 1942-2009, 
including personal transport solutions, robotic applications, and even motor-
vehicles enclosed inside the spherical shell. 

 

 

Figure 2.1. Early concepts for human transportation. (left) A marine vessel by W. Henry (1889, 
U.S. Patent 396,486), (middle) Spherical water craft by E. Wilson (1956, U.S. Patent 2,838,022), 
(right) A spherical vehicle by J.E. Reilley (1940, U.S. Patent 2,267,254). 

Apart from the applications for personal transport, the first autonomously 
moving ball-shaped toys were small spring-powered devices with a single fixed 
axis of rotation. Some of those are illustrated in Figure 2.2. The ‘Toy’ by J.L. Tate 
(U.S. Patent 508,558, filed 1893) presents a spherical vehicle that carries an 
internal elastic spring and a counter-mass. Once the spring has been manually 
tensioned, upon the release of the ball the spring will unwind and make the ball 
rotate in forward direction. There is no other steering except bouncing off 
external obstacles, which, however, is often enough to allow the ball to continue 
its motion successfully. Several later patented designs modify the internal 
mechanical arrangement and construction of the spring. The most complex 
spring-driven designs utilize clock-springs and gearboxes. 

Ever since the first simple spring-driven toys, adding steering capability for 
the rolling balls has been a challenge. In 1905, B. Shorthouse patented a design 
that offered the possibility to manually adjust the position of the internal 
counterweight (U.S. Patent 819,609). Instead of running along a straight path, 
the sideways unbalanced mass makes the ball to adopt a desired curved 
trajectory. The ‘Toy’ by E.E. Cecil dates back to 1909 showing an innovative way 
of producing a wobbly rolling motion for a pendulum-driven amusing toy. In 
this design, the sideways position of the clock-spring –driven pendulum couples 
mechanically with the ball forward motion. This coupling is expected to produce 
a wavy rolling path.  
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Figure 2.2. Early mechanical rolling toys. (left) Toy by J.L. Tate (1893, U.S. Patent 508,558), 
(middle) Self propelling device by B. Shorthouse (1905, U.S. Patent 819,609), 
(right) Mechanical toy by E.E. Cecil (1909, U.S. Patent 933,623). 

As in all pendulum-driven balls, in the above-mentioned three designs the 
driving torque affects directly on the pendulum joint. The amount of torque 
needed from the driving mechanism is then directly proportional to the 
counterweight mass and the pendulum arm length. In this arrangement, the 
torque capacity of the driving mechanism may set limitations for the ball 
mobility. In 1917, A.D. McFaul patented a ‘hamster-ball’ -design (U.S. Patent 
1,263,262), where friction between the ball's inner surface and traction wheels 
supports the counter weight. In this construction, illustrated in Figure 2.3, the 
necessary drive torque relates to the driving wheel diameter (instead of 
pendulum length) and similar mobility can be achieved with less internal 
torque. This feature becomes especially beneficial for pendulum-driven balls 
with large diameter.  

 

 

Figure 2.3. Toy by A.D. McFaul (1917, U.S. Patent 1,263,262). 

Upon evolution of small-sized electric motors and batteries, the mechanical 
spring as a power source was displaced by a battery and an electric motor in 
patented designs by J.M. Easterling (U.S. Patent 2,949,696, filed 1957) and E. 
A. Glos (U.S. Patent 2,939,246, filed 1958) in Figure 2.4. The design of Glos 
included a gravity-operated switch that activated and de-activated the motor in 
desired positions. On the other hand, Easterling notes that upon contact with 
objects, the motor is capable of driving the counter mass over the upper dead 



State of the Art 
 

12 
 

center. Passing the upper center makes the ball autonomously reverse for a 
short distance, while the ball may simultaneously also change its rolling 
direction.  

 

 

Figure 2.4. Toy balls by E. A. Glos (1958, U.S. Patent 2,939,246, left), and J. M. Easterling, (1957, 
U.S. Patent 2,949,696, right). 

The in-built behavior to bypass obstacles has been referred to in several later 
patents and modern-day commercial toys and products such as the 
‘Squiggleball’ (trade mark of Harttoys), ‘Weasel Ball’ or ‘Weazel Ball’ (several 
vendors), and ‘Robomaid’ or ‘Robomop’ (trade marks of RoboMop 
International AS.), shown in Figure 2.5. 

 

   

Figure 2.5. Squiggleball, Weazel Ball, and RoboMaid. 

Consequently, electric motors were introduced with different mechanical 
solutions that were already familiar from earlier spring-driven inventions. 
Further development introduced shock and attitude sensing with mercury 
switches that would control motor operation and rolling direction, as well as 
adding light and sound effects. Two active degrees of freedom opened the way 
towards radio-controlled, and finally computer controlled, ball-robots. C. E. 
Merril et al. placed a three-wheeled vehicle freely inside the ball in 1973 (U.S. 
Patent 3,722,134). Subsequently several patents placed one-, two-, three- or 
four-wheeled vehicles as well as tracked vehicles inside the ball. Some vehicles 
run completely free inside the shell, while others take additional support from 
structures inside the ball. As radio-controlled toy-cars became more common in 
1980’s and after, they were frequently inserted inside the ball to provide a fully 
steerable 2-dof rolling toy, as did J.E. Martin in 1982 (U.S. Patent 4,438,588). 
Figures 2.6 and 2.7 present different patented designs for a vehicle inside a 
sphere. Figure 2.8 shows the patented ball-robot design of Schönberg and 
Halme (WO/1997/025239), as well as an early prototype in Helsinki University 
of Technology, as reported by Spitzmüller (1998). 
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Figure 2.6. Vehicles inside a sphere.  (left) A three-wheeler hamster-ball by C. E. Merril et al. 
(1973, U.S. Patent 3,722,134), (middle) Mechanised toy ball by D. E. Robinson (1984, U.S. Patent 
4,601,675), (right) Radio controllable spherical toy by H.V. Sonesson (1989, U.S. Patent 
4,927,401). 

  

Figure 2.7. Radio-controlled rolling spheres. (left) Radio-controlled vehicle within a sphere by J. 
E. Martin (1983, U.S. Patent 4,541,814), (middle) Remotely controlled ball by J. E. Martin (1982, 
U.S. patent 4,438,588), (right) Spherical steering toy by W-M Ku (1996, U.S. Patent 5,692,946). 

   

Figure 2.8. Ball-robot by Schönberg and Halme (WO/1997/025239). 

Yet powered by electric motors, but being pendulum-driven, the design of 
McKeehan in 1973 (U.S. Patent 3,798,835) in Figure 2.9, upon impact against 
an obstacle, manages to reverse its rolling direction and re-orient the rolling 
axis. The ‘Steerable ball toy’ of L. R. Clark Jr. et al. in 1983 (U.S. Patent 
4,501,569) resembles a motorized version of B. Shorthouse’s ‘Self-Propelling 
Device’ of 1905. With two motorized degrees of freedom, one motor drives the 
ball forward, while another adjusts the pendulum angle with respect to the 
rolling axis. Continuous motor control is realized with radio control equipment. 
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Figure 2.9. Motor-driven ball-toys by McKeehan (1973, U.S. Patent 3,798,835, left), and L. R. 
Clark Jr. et al. (1983, U.S. Patent 4,501,569, right). 

The latest inventions introduce novel solutions to alter the position of the ball's 
center of gravity. R. Mukherjee patented in 1998 the ‘Spherical Mobile Robot’ 
that uses several separate weights moving inside the ball along linear guides 
(U.S. Patent 6,289,263). Abas Kangi presented a spherical rover for the 
exploration of the planet Mars (Kangi, 2004). The shell of this rover consists of 
several small cells that can be inflated and deflated upon command. The 
deflation of certain cells around the support area causes instability and makes 
the ball rotate in a similar manner as the pneumatically driven wheel of Arizona 
University in 1987 (Hajos et al., 2005). See Figure 2.10. 

 

    

Figure 2.10. Spherical robots with different driving mechanisms. Spherical mobile robot by R. 
Mukherjee (1998, U.S. Patent 6,289,263, left), Wormsphere rover by A. Kangi (Kangi, 2004, 
middle), The University of Arizona Mars Ball (Hajos et al., 2005, right). 

Lately, spherical robots such as ‘Snowballcam’, ‘GuardBOT’, ‘Sphero’, and ‘BB-
8’, shown in Figure 2.11, have been introduced for surveillance, entertainment, 
and gaming applications. The spherical robot carrying a camera, named as 
Snowballcam, was used for filming of polar bears and emperor penguins in 
their natural living environments in Arctic and Antarctic regions (BBC, 2010). 
The robotic ball Sphero, being remote-controlled via smartphones, presents a 
gadget for entertainment and games (Avery, 2011). For surveillance activity, the 
amphibious Guardbot is capable of rolling around along river banks and 
seashores, as well as floating and moving in water. The Guardbot has also been 
used for filming of soccer games for television broadcast (Krieger, 2013). BB-8, 
developed by the same company as the Sphero-ball, presents a construction for 
a robotic actor performing in an episode of the Star-Wars –movie saga (Ulanoff, 
2015). 
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Figure 2.11. Some modern ball-robots in practice. Snowballcam (left), Sphero (second from left), 
Guardbot (second from right), and BB-8 (right). 

2.2 Ball-robot constructions 

As seen in the previous section, the mobility of a ball-shaped robot may be 
realized with several different mechanical solutions. Some of the published 
designs were briefly reviewed by Armour (2006), Crossley (2006), Ylikorpi and 
Suomela (2007), and Chen et al. (2012). In addition to conventional pendulum-
drive and wind-propulsion, Ylikorpi (2005) suggests some innovative 
approaches for the ball mobility.  

For historical perspective, it is justified to present another example of a rolling 
robot that emerged approximately at the same time as the first ball robots: the 
rolling wheel known as Gyrover, presented by Brown and Xu (1996), Xu et al. 
(1998), Nandy and Xu (1998), and Tsai et al. (1999). While the Gyrover in Figure 
2.12 differs in construction from a rolling ball, it shares common features like 
the off-balanced drive-mechanism and consideration of gyroscopic torque. The 
following subsections give an overview on related work discussing different 
spherical robot constructions. 

 

 

Figure 2.12. Gyrover. 

2.2.1 Wheeled vehicle inside 

Figure 2.13 illustrates ball-robots applying a mono-wheel, a two-wheeler, or a 
4-wheeled driving vehicle by Halme et al. (1996a,b), Spitzmüller (1998), Bicchi 
et al. (1997), Alves and Dias (2003), Zhan et al. (2011), Ghariblu and 
Mohammadi (2012), Jaimez et al. (2012), Ghariblu (2015), Niu et al. (2014), and 
Zadeh et al. (2015). The robot design of Sadeghian and Masouleh (2016), with 
one driving universal wheel and used in the development of a fuzzy controller, 
resembles the design of Halme et al. 
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Figure 2.13. Wheeled vehicles inside a sphere: (from left to right, top to bottom) Ball-robots by 
Halme et al. (1996b), Spitzmüller (1998), Bicchi et al. (1997), Alves and Dias (2003), Zhan et al. 
(2011), Niu et al. (2014), Jaimez et al. (2012) and Zadeh et al. (2015). 

Figure 2.14 shows omnidirectional robots with universal wheels in designs of 
Chen et al. (2012; 2013), Kilin et al. (2014), and Ghariblu (2015). 

 

 

Figure 2.14. Omnidirectional wheels inside a sphere: (from left to right) Omni-directional ball-
robots by Chen et al. (2012; 2013), and Kilin et al. (2014). 

2.2.2 Flywheels and gyros 

Instead of wheeled vehicles inside the sphere, a gyroscope; or one, three, four 
or even six flywheels have been often applied for mobility. Figure 2.15 presents 
some such devices. 

Bhattacharya and Agrawal, (2000a; 2000b), as well as Joshi et al. (2007; 
2010) and Joshi and Banavar (2009), use two internal rotors as reaction wheels 
and apply the principle of conservation of angular momentum for robot steering 
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and modelling. Borisov et al. (2012; 2013a) study the case with three rotors. 
Otani et al. (2006) and Urakubo et al. (2006; 2012) apply a rapidly spinning 
wheel spinning as a gyro. The inertia and gyroscopic forces of the spinning wheel 
create the forces to drive the robot.  

Ishikawa et al. (2011) duplicate the eccentric rotors as pendulums; at low 
rotation velocity, the rotor orientation is mostly defined by gravity and the ball 
behaves like a pendulum-driven robot. At high rotor velocity, the robot behavior 
is dominated by the rotor inertia and gyroscopic forces, disturbed by the rotors’ 
centrifugal force. 

 

 

 

Figure 2.15. Ball-robots with rotors: (from left to right, top row) by Otani et al. (2006), Joshi and 
Banavar (2007), and (bottom row) Ishikawa et al. (2011), Urakubo et al. (2012), and Borisov et 
al. (2013a). 

2.2.3 Pendulums 

 
There exist different construction principles for the pendulum-drive; the design 
of Jia et al. (2008) in Figure 2.16 (left) provides unlimited pendulum rotation 
about two axes, one of which is mounted to the shell. The design of Rollo-robot 
of Helsinki University of Technology in 2001, (Figure 2.16 middle left), is 
basically similar, but the rigid axis mounted to the shell has been replaced with 
a circular track running along the shell perimeter. Carrying the 1-dof pendulum, 
the rolling axis travels along this track. The GimBall-robot in Figure 2.16 
(middle right) carries again a fixed rolling axis, but the 2-dof pendulum is 
capable of a limited sideways motion only (Nagai, 2008). Loobot of Lin et al. 
(2015) resembles the BB-8 in outer appearance, but constitutes a pendulum 
drive similar to that of Rollo. The robot’s shape limits the spherical surface 
available for rolling. 

 



State of the Art 
 

18 
 

 

Figure 2.16. Pendulum-driven ball-robots.  From left to right: a robot by Jia et al. (2008), Rollo of 
Helsinki Univ. Tech. in 2001, GimBall (Nagai, 2008), and Loobot (Lin et al., 2016). 

Among others, as listed in Figure 2.17, several other pendulum-driven 
constructions have been presented by Koshiyama and Yamafuji (1992), 
Michaud and Caron (2002), Bruhn et al. (2005), Yue et al. (2006), Zheng et al. 
(2008), Kim et al. (2009), Sun et al. (2009), Kaznov and Seeman (2010), Hou 
et al. (2010), Toyoizumi et al. (2010), Kamaldar et al. (2011), Yoon et al. (2011), 
Hernandes et al. (2013), Mahboubi et al. (2013), Pokhrel et al. (2013), Xie et al. 
(2013), Bai and Dang (2014), and Anwar et al. (2015).  

Zhou et al. (2011) present in their patent a soft-shelled pendulum-driven 
inflatable spherical robot that moves when filled and remains steady when not 
full. Hou et al. (2012) introduce a deformable wire-frame design that moves as 
a pendulum-driven ball in one configuration, and as a 4-wheeled vehicle in 
another configuration. Qu et al. (2012a,b) and Liu et al. (2014) introduce a 
spherical robot that after reconfiguration effectively moves like a bi-wheeler. 
Seo et al. (2013) propel the ball with a fan while a pendulum provides the 
steering motion. Ocampo-Jiménez at al. (2014a,b) add telescopic spikes on the 
ball to assist obstacle-overcoming of a pendulum-driven robot. 
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Figure 2.17. More pendulum-driven robots.  From left to right, top to bottom: by Michaud and 
Caron (2002), Yue et al. (2006), Kim et al. (2009), Sun et al. (2009), Kamaldar et al. (2011), Hou 
et al. (2012), Yoon et al. (2011), Xie et al. (2013), Hernandez et al. (2013), Pokhrel et al. (2013), 
Bai et al. (2014), and Anwar et al. (2015). 

Some designs introduce a combination of a pendulum and one or several 
momentum wheel(s), examples of which may be found in Figure 2.18; Chemel 
et al. (1999), Shu et al. (2009) and Sang et al. (2011a,b) utilize a reaction wheel 
to turn the direction of the rolling axis. Mounted on the pendulum, Jia et al. 
(2009) and Zheng (2011) utilize a high-rate flywheel to stabilize the ball motion. 
Schroll (2008, 2010) takes advantage of two fast spinning gyros, quick turning 
of which creates for the pendulum a gyroscopic forward-driving torque higher 
than available by the gravity alone. Later, Chen et al. (2016) adopt a similar 
construction. Ishikawa et al. (2011) duplicates the eccentric rotors as 
pendulums. To be used for stabilization of ball rolling and standing, Park et al. 
(2012) add two reaction wheels on the rolling axis. Sang (2015a,b) introduces a 
novel design that applies a sort of linear motor, rolled on the inner 
circumference of the spherical shell, to drive the pendulum, added with a 
reaction wheel for steering. 
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Figure 2.18. Pendulum-driven ball-robots with flywheels.  From left to right, top to bottom; by 
Chemel et al. (1999), Jia et al. (2009), Sang et al. (2011b), Schroll (2010), Ishikawa et al. (2011), 
Park et al. (2012), and Sang (2015a,b). 

2.2.4 Linear actuators 

A synchronized motion of linear actuators and moving weights provide the 
motion for the ball-robots of Mukherjee (1999), Javadi and Mojabi (2002, 
2004), Sang et al. (2010), Su and Wang (2012), Tomik et al. (2012), Burkhardt 
and Burdick (2016), Camilleri and Sampaio (2016), and Chen et al. (2016); some 
prototypes of which are illustrated in Figure 2.19. 

 

   

Figure 2.19. Ball-robots with linear actuators by Su and Wang (2012), Tomik et al. (2012), and 
Camilleri and Sampaio (2016). 

Tafrishi (2014) and Tafrishi et al. (2016) propose a novel design where a 
multitude of mass elements move inside the sphere, not along linear guides but 
instead inside circular and curved tubes, driven by fluid and a hydraulic control 
system. 
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2.2.5 Wind-propelled balls 

Wind-driven balls, that are often inflatable low-weight flexible balls, present 
another branch of spherical vehicles. Jacques Blamont proposed in 1977, first 
for Jet Propulsion Laboratory (JPL) and then for Centre National d'Etudes 
Spatiales (CNES), a concept of an inflatable wind-blown rover to be used on a 
mission to Mars (Blamont, 2004). By the 1980’s, the rover concept, known as 
Maboule, evolved into an inflatable two-wheeled design.  

Jack Jones of the Jet Propulsion Laboratory re-introduced the idea of the 
wind-blown Mars rover in 1995, entitled as Tumbleweed (Antol et al., 2003; 
Matthews, 2003; Antol, 2005). Heimendahl (2004) presents an inflatable 
WindBall, and a semi-rigid foldable HardBall. Winkler (2005) analyses and 
performs wind-drag -tests on many different tumbleweed-designs. Wilson 
(2007), Wilson et al. (2008), Li and Liu (2011), and Liang et al. (2013) present 
several additional different constructions for wind-propelled ball-robots. Basic 
(2010) introduces a wind-driven ball that is capable of harvesting energy with 
an internal generator. Jiang et al. (2010) and Li et al. (2012) combine the wind-
propulsion with a 1-dof linear actuator.  

 

    

 

 

Figure 2.20. Tumbleweed concepts. The original Maboule-concept (Blamont, 2004), Tumbleweed 
bouncing in Antol et al. (2003), NCSU Tumbleweed Earth Demonstrator II in Wilson (2007), 
Power-scavenging Tumbleweed Rover in Basic (2010), Internal and External Hybrid Driven 
Spherical Robot of Jiang et al. (2010), and LaRC Tumbleweed concepts tested by Wilson et al. 
(2008). 
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2.2.6 Deforming balls 

Instead of external wind propulsion or internal moving mechanisms, the 
deforming balls in Figure 2.21 create the effective imbalance through 
deformation of the outer shell. Sugiyama et al. (2005) introduce circular and 
spherical wire-frame -like robots for crawling and jumping. The robot shape 
deforms with the aid from shape-memory actuators, while rolling torque comes 
from the off-centered gravitational force. The concept was revisited by Puopolo 
and Jacob (2016). Instead of a wire-frame, Wait et al. (2010) introduce a closed-
volume spherical robot actuated with pressurized air. Sequential inflation and 
deflation of ball segments makes the robot to roll remotely in a similar manner 
as the pneumatically driven wheel of Arizona University in 1987, described by 
Hajos et al. (2005), or the Wormsphere rover of Kangi (2004). Mozeika et al. 
(2009) utilize a similar mobility method in their ball-robot that constructs of 20 
triangular silicone rubber cells applying vacuum-pack -jamming phenomenon 
and a separate actuator altering the ball internal volume. Instead of air pressure, 
dielectric material provides the shape change and motion for the ball of Artusi 
et al. (2011).  

 

 

Figure 2.21. Deforming moving balls by Sugiyama et al. (2005), Wait et al. (2010), Mozeika et al. 
(2009), and Artusi et al. (2011). 

2.2.7 Jumping balls 

While rolling presents the primary method of mobility for this research work, 
there exist also several designs for jumping robots, some of which take 
advantage of a spherical robot structure. The following presents some hopping 
robots that use the spherical robot structure for rolling, re-orientation, or as a 
storage of elastic energy.  

Yamanaka et al. (2003) propose a flywheel inside a super-ball to control the 
spin-rate, the direction, and energy of ball bounces. Sugiyama et al. (2005) 
introduced circular and spherical wire-frame -like robots for crawling and 
jumping. The robot shape deforms with the aid of shape-memory actuators, 
while jumping energy is stored in elastic deformation of the metallic spring-like 
structure of the ball. Miyazaki and Hirai (2008) analyze and test a prototype for 
a similar case. Armour et al. (2007) and Armour (2010) describe a deformable 
jumping ball-robot, as well constructed in the form of a spherical wire-frame, 
shown in Figure 2.22. Zhao et al. (2012) and Ho and Lee (2015) present 
spherical and cylindrical hopping and rolling robots. 
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Figure 2.22. The jumping Jollbot of Armour et al. (2007). 

2.3 Ball-robot modelling 

According to the list of references in Borisov and Mamaev (2008), the studies 
on nonholonomic dynamics and rolling bodies have continued actively from late 
19th century throughout the 20th, and is still ongoing. Many articles discuss in 
detail the modelling of the rolling contact in general, as well as the kinematic 
and dynamic models of a sphere rolling along a plane. The articles often take the 
point of view of mathematics, mechanics, path planning, and/or control.  

In majority of the models, the common assumption is that the ball rolls 
without slipping or sliding. Ball motion and control have been then studied with 
a point of view either in kinematics or dynamics. In addition to this division, the 
consideration of ball spinning introduces another dividing factor: some works 
consider spinning absent, merely for simplicity; while other studies leave 
spinning free and subject to dynamic effects. Especially for the pendulum-
driven robots, the prior art introduces one more division: the ball model has 
been presented either as a complete model (a.k.a. full model or coupled model), 
or as a decoupled model. The full model presents the complete ball dynamics, 
while the decoupled model simplifies the case and considers ball steering and 
forward-driving separately. 

A different view-angle on the modelling problem was acquired in 1986 by Cai 
and Roth, who consider the kinematics of rolling motion in applications with 
robotic object manipulation. Later the kinematic models have been used for 
path planning and in the development of motion control algorithms for rolling 
robots. Borisov et al. (2016) take a system point of view, consider ball rolling 
resistance and obstacle avoidance, and present an approach to plan ball rolling 
path on basis of energy consumption. 

2.3.1 Holonomic and nonholonomic kinematics in brief 

A rolling sphere represents an example of a nonholonomic system, whose 
motions are subject to nonholonomic constraints. Nonholonomic constraints 
are constraints, that are not holonomic, while the holonomic constraints can be 
expressed with position coordinates qi in the form of f(q1,q2,…,qn,t)=0 
(Goldstein et al., 2000, Sec. 2.4). 
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As an example of a simple holonomic system, consider a disk of radius R 
rolling along a line (like a train wheel rolling along a rail), as shown in Figure 
2.23. 

 

  

Figure 2.23. A disk rolling along a line. 

The disk position and orientation can be presented with a position coordinate x 
and a rotation coordinate γ. Respectively, the disk lateral velocity is  and 
angular rolling velocity is . Under no-slip conditions, the disk velocity at 
contact point is zero, and the rolling constraint can be presented as 

The rolling constraint in (2.1) couples the disk rotation velocity to the disk 
lateral velocity. In addition, the travelled distance is 

and the rolling constraint can be presented as 

The constraint in (2.3) presents a holonomic constraint. The rolling disk is a 
holonomic system with one degree of freedom, and its position can be presented 
with one generalized coordinate (that can be the disk position x or the rolling 
angle γ).  

Consider then another example where the disk rolls along a plane, in a similar 
manner as a pizza-slicer. For simplicity, assume that the disk face remains 
vertical and the rolling axis remains in horizontal position, parallel with the 
plane. Now the disk position can be expressed with four coordinates, that are 
the location along x and y -axes, the disk rolling direction angle φ, and the disk 
rotation angle γ, as shown in Figure 2.4. The rolling direction φ can be adjusted 
as desired, but the disk can only roll in the given direction. There exist 
constraints that prevent any sideways motion of the disk. Yet, with a suitable 
adjustment of forward rolling velocity and rolling direction, any disk orientation 
can be achieved at any location on the plane. It is worth to note, that the disk 
orientation at any x-y -location depends on the path that the disk took to arrive 
there, and the number of possible paths is infinite.
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Figure 2.24. A disk rolling along a plane.  Disk face remains vertical and rolling axis horizontal, 
parallel with the plane. 

As in the previous example, the no-slip constraint prevails, but now the rolling 
velocity v splits in two orthogonal components: 

The rolling constraint (2.4) can be presented in the form of 

Instead of position coordinates, the constraint in (2.5) includes velocities and it 
cannot be transformed in a holonomic form, thus it presents a nonholonomic 
constraint and the system of a pizza-slicer is nonholonomic. Essentially, some 
of the system velocities are constrained, although the disk position on x-y -plane 
is not. The system has total of four degrees of freedom, but only two of those are 
independent. 

Finally, consider a ball rolling along a plane in Figure 2.25. The case resembles 
the rolling disk on a plane, except that the ball has one additional rotational 
degree of freedom. The position of a rolling sphere can be expressed with its x- 
and y-coordinates along the plane, added with three ball rotations. In a similar 
manner as for a rolling disk, the first rotation takes place around a vertical axis 
and defines the φ-angle between a ball-fixed reference and inertial x-axis. 
(Especially for a pendulum driven ball, this rotation sets the rolling direction.) 
The second rotation angle θ moves the ball sideways with respect to previous 
rolling motion. (For a pendulum-driven ball, this sets the ball rolling axis angle 
wrt. rolling plane.) The third rotation angle γ takes the ball forward in direction 
defined the φ-angle. (For a pendulum-driven ball, this presents ball forward 
rolling.)  
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Figure 2.25. A ball rolling along a plane.  

The no-slip constraint prevails again, but the rolling velocity, not only splits in 
two orthogonal components, but also constitutes two rotations: 

The constraints in (2.6) cannot be presented in a holonomic form and the 
system is nonholonomic. The position of a rolling ball can be expressed with five 
coordinates, but it has only three independent degrees of freedom. In this 
nonholonomic system, the ball can be rolled from any place and orientation A 
to any other place and orientation B through an infinite number of different 
routes. In addition, the final ball orientation at the location B depends on which 
way the ball arrived there. 

2.3.2 Brief overview of dynamic models in classical mechanics 

Dynamic modelling of ball-robot motion finds its foundations in fundamentals 
of classical mechanics. Among others, Newton, Euler, D’Alembert, and 
Hamilton introduced fundamental principles of rigid body motion. 
Reformulated presentations by Lagrange, Maggi, Bolzman-Hamel, Gibbs-
Appel, and Kane present the fundamentals in modified formulations to more 
conveniently reach the desired results, extending the approach for systems of 
particles and rigid bodies, and to facilitate efficient calculation utilizing vector 
and matrix algebra and numerical methods. In the ball-robot-related literature, 
these different formulations are frequently referred to, on which basis a short 
presentation of the fundamentals and reformulated presentations is included in 
Appendix 1. Huston (1990) gives a discussion on the motivation for several 
existing reformulations of the motion laws, while Kane and Levinson (1980) 
give practical examples of different modelling approaches for a case of a fictional 
spacecraft.  

According to Huston, in quest for the equations of motion, if using Newton’s 
and Euler’s motion laws, one needs to find all forces affecting the bodies, 
including the interactive and constraint forces. Thus, the number of variables 
and equations to be solved becomes high. The application of d’Alembert’s 
principle and the Euler-Lagrange equation eliminates the interactive and 
constraint forces from the analysis. A disadvantage of using the Euler-Lagrange 
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equation is the need to differentiate the energy functions. The use of Boltzmann-
Hamel equations, Gibbs-Appel equation, or Maggi’s equation avoids the need of 
the Lagrange multipliers associated with constrain functions (Kane and 
Levinson, 1980; Cameron and Brook 1997; Lewis, 1996; Udwadia and Kalaba, 
1998). Kane’s method allows the needed differentiations to be replaced with 
calculation of vector products, efficient algorithms for which are available (Kane 
and Levinson, 1980; Kane, 1985; Huston, 1990).  

2.3.3 Dynamic modelling of a rolling sphere  

Studies on the dynamic modelling of a rolling body can be traced at least to the 
late 19th century, even to the works of Leonhard Euler in late 18th century. 
Originally published in 1897, Chaplygin (2002a) notices the work of Finnish 
mathematician Ernst Lindelöf on the motion of a rolling object on a level plane 
(published in 1895), and applies D’Alembert’s principle to present a solution for 
the slip-free motion of a rolling body, the mass-center of which deviates from 
the geometric center. For added generality and following the earlier work of D. 
K. Bobylev in 1892 (as reported by Neimark and Fufaev, 1972), Chaplygin adds 
a gyroscope to the system and closes his paper with a description of a rolling 
unbalanced ball on a level plane. Originally published in 1903, Chaplygin 
(2002b) mentions Leonhard Euler and his studies related to a rolling cylindrical 
body in late 18th century. Chaplygin notes that exact solutions are known for 
rolling of homogeneous and non-homogeneous balls, provided the ball mass-
center coincides with the geometric one and the central ellipsoid of inertia is 
spherical. Chaplygin then continues the work and solves the case of a symmetric 
ball without restrictions imposed on the principal moments of inertia or on 
initial conditions of the motion.  

Kilin (2001) returns to the issue, studies the rolling trajectories, and gives a 
short overview on previous work on the dynamics of nonholonomic systems. In 
their study on the dynamic behavior of nonholonomic systems, Borisov and 
Mamaev (2008) refer to Chaplygin (2002b) mentioning that the case considers 
rolling without slipping, but allows spinning. Following the earlier work in 
Borisov and Mamaev (2002a) and Borisov et al. (2002b), they discuss 
separately the cases of spinning (marble) balls and spin-free (rubber) balls 
(Borisov and Mamaev, 2008; Borisov et al., 2013b). Borisov et al. (2013c) 
investigate the motion of the point of contact in the problem of the ball rolling 
along a plane. 

2.3.4 Kinematic motion planning and control of a rolling sphere 

With a point of view very different from the above discussed dynamic rolling 
models, Cai and Roth (1986) refer to the earlier work on rolling kinematics 
published in 1950’s through 1980’s. They consider planar rolling motion with 
point contacts in applications of robotic manipulation (e.g. grinding, polishing, 
and object manipulation). One possible purpose for kinematic rolling models 
and path planning is to acquire the control over an object being held between 
robot fingers. While Cai and Roth (1986) operate in 2-dimensional space, Cai 
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and Roth (1987) extend the work in 3-dimensional case. Montana (1988) 
investigated differential geometry in application to contact kinematics, grasping 
of an object, and rolling a sphere between two arbitrarily shaped fingers. Li and 
Canny (1990) consider the earlier works of Cai and Roth, and Montana, as well 
as previous literature on motion planning with nonholonomic constraints and 
wheeled robot motion. Li and Canny determine the existence of a path between 
two contact configurations of a rolling body and describe the potential 
applications to be found in grasp configurations of multi-fingered robot hands, 
or wheeled mobile robotics.  

Brocket and Dai (1993) present the ‘The Plate-Ball Problem’ with two plates 
and a slip-free ball in between. Their objective is to find kinematic controls to 
steer the ball into a desired state. Jurdjevic (1993), referring to Brocket and Dai, 
regards the problem as an optimal-control problem. Writing ‘It is convenient to 
assume that ω3 = 0’, Jurdjevic sets the no-spin condition aside the slip-free 
rolling condition, i.e. the ball’s spin-rate around the vertical line between the 
two contacting points is identically zero. Bicchi et al. (1995) recognize the 
classical problem of the motion of a sphere on a plane, and acknowledge Brocket 
and Dai for bringing the topic to the attention of control community. With 
further references to Montana, Li and Canny, and Jurdjevic; Bicchi et al. 
consider the geometric and control aspects of the problem of displacing and 
reorienting a body which rolls without slipping on top of another. They make 
the same assumption with Jurdjevic, that the ball spinning is prevented by 
friction.  

Date et al. (1999) recognize the open-loop solutions to the ball-plate problem 
given by Li and Canny, as well as Bicchi et al., but concentrate on simultaneous 
control of ball position and orientation using the feedback-based kinematic 
time-state control strategy. Chelouah and Chitour (2001) discuss the 
controllability and motion planning problem for convex surfaces rolling on a 
plane without slipping or spinning.  

Mukherjee et al. (1999, 2002) and Das and Mukherjee (2004, 2006) foresee a 
ball-robot with an internal propulsion mechanism that distributes radially 
moving weights inside the sphere. They study the application of the classical 
ball-plate problem for path planning and present two open-loop control 
strategies; One control strategy applies spherical triangle maneuvers, while 
another takes advantage of the circular path adopted by the ball rolling around 
a tilted rolling axis. In addition to the no-slip constraint, also the no-spinning 
condition is set. Das writes: ‘The assumption ωz1 = 0 is made in conformity with 
the physical constraint that the sphere cannot spin about the vertical axis.’ This 
assumption allows the geometric definition of the curved rolling path. Su and 
Wang (2012), as well as Tomik et al. (2012), apply a quasi-static motion model 
for a ball-robot using linearly moving weights as a drive mechanism. 

Svinin and Hosoe (2006, 2007a;b, 2008a;b) observe a number of published 
articles on rolling spherical robots and note that the research on the rolling-
based manipulation is expanding from the multi-fingered robot hands into the 
field of mobile robotics with rolling constraints. In particular, Svinin and Hosoe 
consider the cases where the rolling area is limited, e.g. in case of a slip-free and 
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spin-free rolling hemi-sphere. For the sake of simplicity, Svinin and Hosoe 
(2006) define the geometric relationship between the circles on the plane and 
on the sphere, which is in line with the no-spinning constraint. Although the 
approach is quasi-static and kinematic, Svinin and Hosoe foresee the possible 
model extension with future consideration on dynamics.  

Based on omnidirectional wheels, Yi (2013) and Kilin et al. (2014) introduce 
omnidirectional rolling robots, kinematic models and controls for them. 

2.3.5 Dynamic motion planning and control of rolling spherical robots 

The discussion on dynamic modelling of rolling spheres describes the prior 
work on the dynamic motion of rolling balls without consideration of any 
mechanisms for actuation. The studies on the kinematic motion planning and 
control, on the other hand, ignore the system dynamics and assume that suitable 
control motions are always available. This section discusses the prior work that 
considers the control and path planning along with the drive mechanisms and 
robot dynamics. 

2.3.5a Classical ball-plate problem, no spinning 

In the classical ball-plate problem, the ball often rotates between two horizontal 
plates: The upper plate moves in horizontal plane, thus providing the actuation 
for the ball. Since the ball has no actuation of its own, especially no actuation 
around the vertical axis, it is practical to set the ball’s spin rate around the 
vertical axis as zero. In the related kinematics-oriented literature, the complete 
formulae often include also the spinning motion, while several examples in the 
same references assume no-spinning for convenience (Cai and Roth 1987; 
Montana 1988; Li and Canny 1990; Jurdjevic 1993; Bicchi et al. 1995). The no-
slip –constraint is often defined as rolling without slipping, but also setting the 
spinning rate as zero.  

The ball-motion in the classical ball-plate problem may always be expressed 
as a rotation about a horizontal axis passing through the ball-center, added with 
the respective horizontal velocity to fulfill the no-slip constraint at the contact 
point. The direction of the rotation axis, however, does not need to be fixed in 
time.  

Bicchi et al. (1997) and Camicia et al. (2000) present the Sphericle-robot 
actuated by a differentially-driven internal two-wheeled vehicle (referred to as 
‘unicycle’ by Bicchi et al.). Because of the actuation method, the rolling 
kinematics is similar to that of the ball-plate problem, except that the possible 
rolling direction depends on the orientation of the internal drive-unit. Hence, 
the works apply the no-slip and no-spin constraints in the derivation of the 
kinematic and dynamic motion models. Alves and Dias (2003) introduce simple 
dynamic models and control systems for a similar robot with a 4-wheeled 
driving unit. Zhan et al. (2011) present a mono-wheel design while Chen et al. 
(2013) introduce a novel design with a spherical driving wheel inside a spherical 
shell. Chen et al. (2012) and Karavaev and Kilin (2015, 2016) present the model 
and control algorithm for a ball driven by three omniwheels. Out of these 
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designs, only the ones by Chen et al. (2012; 2013) and Karavaev and Kilin (2015; 
2016) are truly omnidirectional, while the inner drive systems of the others are 
subject to nonholonomic motion constraints. For a ball driven by three rotors, 
Karimpour et al. (2012) and Muralidharan and Mahindrakar (2015) first 
present a kinematic control strategy, and then extend it towards a dynamic 
control with torque input.  

It may be noted that, although the spherical cover of these robots is 
symmetrical and may roll in any direction without limitations, the kinematics 
of the driving mechanism and complete system dynamics affect the ball 
behavior. In non-omnidirectional designs the ball steering requires turning of 
the internal drive system around the vertical axis. Due to mechanical inertia, the 
change in the drive mechanism turning rate requires vertical torque that is 
projected on the spherical shell and may be resisted by the shell inertia and 
friction at the contact between the ball and the plate(s). Depending on contact 
properties, the friction torque may or may not be sufficient to prevent the 
spherical shell from spinning. In the classical ball-plate system, however, such 
reaction torque is not present due to the different actuation method. Yet, 
gyroscopic torques on the rolling shell may exist also in the ball-plate –system. 
The applicability of the no-spin constraint depends then on the actuation 
method, shell symmetry, and on the practical contact geometry.  

2.3.5b Rolling with free spinning 

In contrast to the no-spinning constraint, most papers introducing momentum 
wheels for robot actuation leave spinning free. The no-slip condition is then 
defined as a pure rolling, leaving the vertical precession unconstrained.  

Hristu-Varsakelis (2001) writes: ‘Kinematic models of sphere-plate systems 
have played an important role in the control systems literature addressing the 
kinematics of rolling bodies, as well as in discussions of nonholonomic systems. 
However, kinematic analysis falls short of allowing one to understand the 
dynamic behavior of such systems.’ He then considers the original control 
problem of spinning the sphere between two plates by means of an external 
driving force applied to one of the plates. If the sphere’s mass center and 
geometric center do not coincide, he shows that the system can be excited to 
have a desired spinning motion by an appropriate formulation of the input 
force. 

Bhattacharya and Agrawal (2000a,b) introduce an autonomous spherical 
rolling sphere driven by two momentum wheels. For the presentation of the 
dynamic model, also validated through experiments, they assume the no-slip 
rolling constraint and conservation of angular momentum. Also based on 
conservation of momentum, Javadi and Mojabi (2002, 2004), as well as Sang 
et al. (2010), develop a dynamic model and validate it with simulations and 
experiments on a robot actuated with linearly moving weights. 

Otani et al. (2006) present kinematic and dynamic models as well as control 
algorithms for an omnidirectional spherical robot that applies a gyro to create 
counter-torque for two driving motors moving the ball along a plane. Joshi et 
al. (2007; 2010) and Joshi and Banavar (2009) give an extensive discussion on 
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a spherical robot driven by four momentum wheels. Different from the 
geometric presentation of the circular rolling path, Joshi and Banavar (2009) 
present a robot rolling around a tilted axis but following a straight path, which 
is made possible by the free spinning of the ball. Borisov et al. (2013c) present a 
similar result for a problem of the tilted Chaplygin ball rolling along a straight 
path.  

Ishikawa et al. (2010) discuss the dynamic models and control of balls driven 
by two rotors, and Ishikawa et al. (2011) write: ‘In most of the past works 
concerning the rolling sphere problem, there imposed an additional 
assumption that the sphere never ’spins’ about the vertical axis passing 
through the contact point. However, this assumption is no more than a 
technical one and is not reasonable from physical point of view.’ Sang et al. 
(2011a,b) model a combination of a pendulum and a momentum wheel. Zheng 
(2011) introduce another ball-robot with a pendulum and a high-rate flywheel, 
and through application of Lagrange equations with constraints, present a 
simplified linearized model for control purposes. Culebro et al. (2013) apply the 
Euler-Lagrange equation with multipliers to derive motion models for a ball 
with one, two (with an additional pendulum) or four momentum wheels. 

Balasubramanian et al. (2008) address a similar problem as Svinin and Hosoe 
(2006, 2008a,b), but involve also dynamics. Svinin et al. (2012a,b; 2013a,b,c) 
and Morinaga et al. (2012, 2014) continue the work started by Svinin and Hosoe 
(2006, 2008a,b) and study a spherical robot driven by a set of two or three 
reaction wheels. They do not impose the no-spin constraint but, to dynamically 
constrain the spin rate, apply the inertia ratio Jz/Jx of the non-homogenous 
robot structure. Svinin et al. (2012a,b) relate the spinning motion to the system 
actuation: ‘'Note that we do not impose the no-spinning constraint (ωz = 0) 
because whether or not the system admits the pure rolling motion depends on 
how it is actuated.' They show that with three orthogonal rotors any feasible 
kinematic trajectory is dynamically realizable (including the ones with pure 
rolling setting the ‘purely hypothetical’ no-spin constraint). However, with only 
two rotors the system is not always controllable and not any kinematically 
feasible trajectory is dynamically realizable. They note that the dynamically 
realizable trajectories are different and more complex from those obtained with 
the pure kinematic model. 

Borisov et al. (2012) study the control of a balanced sphere driven by three 
rotors. The no-slip condition at the point of contact is assumed but the sphere 
may be dynamically non-symmetric. The algebraic controllability is shown and 
the control inputs to drive the ball along a given trajectory on the plane are 
found. Borisov et al. (2013a) continue the work and, referring to previous works 
of Otani et al., Ishikawa et al., Svinin et al. and others, investigate the 
controllability of a ball in presence of rolling and spinning friction. Ivanova and 
Pivovarova (2014) revisit Borisov et al. (2013a) considering the case of slipping 
at the contact point.  

Azizi and Naderi (2013) as well as Azizi and Keighobadi (2014) discuss 
dynamic modelling, trajectory planning and control for a mobile spherical robot 
with three rotors. Urakubo et al. (2012) address dynamic modelling and control 
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of a spherical robot equipped with a gyro. Ivanov (2015) models a novel double-
shelled spherical robot driven by two omnidirectional wheels. Applying the 
Lagrangian and nonholonomic constraints, Gajbhiye and Banavar (2016) 
develop the dynamic model for a ball with 3 rotors. 

2.3.6 Modelling of pendulum-driven ball-robots 

Two popular methods exist to present the equations of motion of a pendulum-
driven robot: A coupled model, also known as the full model, presents the full 
motion of the complete system, while the decoupled model considers steering 
and forward-driving motions separately. The coupled models can be further 
divided in cases that prevent ball spinning, and in cases where spinning remains 
free from constraints. The decoupled model, on the other hand, splits in two 
separate models, one of which considers the forward motion and another the 
steering motion. The no-slip condition makes the forward motion model exact, 
apart from some simplifications sometimes adopted. The steering model, on the 
other hand, in some cases applies the no-spinning constraint leading into 
kinematically defined path radius, while in some other models the spinning 
remains free and the path is defined by system dynamics. Figure 2.26 illustrates 
the conceptual motion freedoms for the full model, decoupled steering model, 
and decoupled forward-rolling model. 

 

  

Figure 2.26. Conceptual model presentations of full motion model (left), decoupled steering model 
(middle), and decoupled forward-rolling model (right). 

2.3.6a Full model, free spinning 

Using the Euler-Lagrange equation with Lagrange multipliers Jia et al. (2008) 
introduce a ball-robot equipped with a pendulum hinged on a gimbal-assembly. 
The rolling constraint defines the ball velocity along the plane, but leaves the 
ball precession free from constraints. Despite the apparent absence of the 
spinning constraint, it is written: “Under the perfect rolling assumption, the 
spherical robot system is completely described by the kinematic constraints of 
contact between the shell and the plate.” A simplified simulation model gives 
the full dynamics-based motion of the ball. As well using the Euler-Lagrange 
equation, Li et al. (2009) present and simulate a model for a pendulum-driven 
robot that possesses also a capability for jumping. Jia et al. (2009) add a 
flywheel on the pendulum and create the dynamic model for the assembly with 
the same approach.  

With the aid from the Kane’s method, Zhuang et al. (2008) create a dynamic 
model for a ball robot with arms, and validate the model in Matlab through 
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verification with multi-body model simulation results in Adams-software. As 
well applying Kane’s method, Sun et al. (2009) introduce briefly the spherical 
robot with a manipulator, a full dynamic model and control system. Using 
Maggi’s equations, Kamaldar et al. (2011) follow similar modelling approach 
where the spin rotation remains free, not being set to zero. Kamaldar et al. then 
continue with system identification with simulation tools and 2D-presentation 
of the forward rolling model. Yu et al. (2011) return to analyze the same 
hardware as did Jia et al. (2008), again applying the Euler-Lagrange equation, 
but this time considering the rolling surface as presented by a differentiable 
function. Using the Lagrangian and nonholonomic constraints, Gajbhiye and 
Banavar (2012; 2013); Muraleedharan et al. (2016); and Ye et al (2016) derive 
the full dynamic models for pendulum-driven balls; as do also DeJong et al. 
(2016) for their ball robot with four pendulums.  

2.3.6b Full model, no-spinning constraint 

In context of this study, as well as in many of the references, the no-spinning 
constraint means that the ball’s overall rotation rate around the vertical axis is 
zero. When a spherical robot is rolling around a tilted rolling axis, which is 
especially visible in the case of a pendulum-driven ball, this rotation may be 
divided into vertical and horizontal components. To satisfy the no-spinning 
constraint, an additional precession rotation to cancel the vertical rotation 
component must be added. In the literature, the suitable ball precession has 
been often added, but the discussion about the possible origins of this 
precession motion is as often neglected. Activation of the no-spinning 
constraint then forces the ball precession rate to be exactly the negative of the 
vertical component of the ball rotation rate. The fully defined precession rate 
then continuously changes the rolling direction of the ball, which (in presence 
of no-slip condition) leads to a fully defined rolling path. Thus, the no-spinning 
constraint makes the ball precession rate, as well as the path radius, defined by 
the tilt angle. In other words, the definition of ball precession rate is a function 
of tilt angle and rolling rate alone; or the definition of the path radius as a 
function of the tilt angle and ball radius alone; both are equivalent with setting 
the no-spin constraint active. It must be noted though, that under certain 
dynamic conditions (i.e. a fully symmetric sphere) the zero-spin rate may be 
achieved also from the rolling dynamics without setting the no-spin constraint. 
In such case, the dynamic ball precession and path radius will become the same 
as if setting the no-spinning constraint. 

Applying the constrained Euler-Lagrange equations, Liu et al. (2008b) and 
Liu and Sun (2010) return to the ball-robot of Jia et al. (2008). Liu et al. solve 
the dynamic model without any spinning constraint, but for controlling 
purposes add a geometric constraint that defines the path radius as a function 
the rolling axis tilt angle. Liu and Sun (2010) consider the ball precession rate 
as the negative of the ball rotation vertical component. The precession model is 
then used to solve the path-following problem. Zheng et al. (2011) and Cai et al. 
(2012) present the complete dynamic model for a pendulum-driven ball-robot 
and set the no-spin constraint active. They set the robot’s precession rate to 
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satisfy the constraint and develop path-following strategies for controlling of the 
robot motion.  

Using a pendulum as a driving mechanism for a spherical robot, Svinin et al. 
(2015) apply D’Alembert’s principle to develop the dynamic model, and present 
a planning approach for a limited contact area, similar to the one presented in 
Svinin and Hosoe (2006, 2008a,b). In addition, they consider the decoupled 
forward driving model along a straight path, but do not address the continuous 
steering capabilities provided by the 2-dof pendulum. Balandin et al. (2013) 
present the full model and set the vertical rotation rate as zero. Kilin et al. (2015) 
consider the robot motion without slipping on an ‘absolutely rough’ plane. The 
spherical robot carries a rotor in the end of a 1-dof pendulum, similar to Shu et 
al. (2009) and Sang et al. (2011a,b). 

Neglecting ball dynamics, Xiao et al. (2005), Zhan et al. (2008a,b), Alizadeh 
and Mahjoob (2009), Cai et al. (2011b), Esfandyari et al. (2013), as well as 
Roozegar et al. (2014), and Xie et al. (2014) invoke the no-spinning constraint 
and present a full kinematic rolling model to be used for path planning 
purposes. 

2.3.6c Decoupled steering model with a kinematic precession model 

In case of the pendulum-driven ball-robot, the decoupled ball model separates 
the forward driving model (that takes place on a vertical plane) and the steering 
model (that defines the robot path along the horizontal rolling plane, without 
consideration of the pendulum elevation, rolling resistance or forward motion 
dynamics). This section discusses the steering part of the decoupled model and 
especially models that ignore dynamic effects affecting the rolling path. The no-
spin constraint relates to the issue since, whether or not the no-spin constraint 
has been explicitly declared, a kinematic precession model and a geometric path 
model reflect the same condition. 

Laplante (2004) and Laplante et al. (2007) define the path radius as a function 
of the rolling axis tilt angle and ball radius, and with application of Newton’s 
second law define the dynamic balance when rolling along a circular path. Nagai 
(2008) as well defines the path radius as a function of the rolling axis tilt angle 
and ball radius, but considers three different cases: A) At very low rolling 
velocities (reflecting a quasi-static situation), the pendulum points downwards 
and the angle between the pendulum and the rolling axis defines the tilt angle 
and path radius; B) At moderate velocities centrifugal forces are taken in 
consideration in a similar manner as Laplante et al. (2007); C) At high velocities, 
Nagai adopts a dynamic model where a gyroscopic torque counteracts the ball 
tilt angle. He presents a hypothetical case where the gyroscopic torque, 
centrifugal forces, and gravitational force balance the rolling axis in horizontal 
orientation while the ball follows a circular path. Kim et al. (2009) first consider 
the finite contact geometry of a deforming ball, apply the kinematics of a rolling 
cone, and then extend the results for a theoretical non-deforming rolling ball 
with a point contact. Ghanbari et al. (2010) and Mahboubi et al. (2012) present 
a quasi-static geometric path model for a ball-robot with two pendulums. For 
comparison, they also show respective multi-body simulation results in Adams. 
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Mahboubi et al. (2013) partially apply a similar logic for a ball-robot with four 
pendulums or legs.  

Although referring to a spherical robot, Luo et al. (2014b) present a decoupled 
model of a deforming ball that provides two contact points for steering. In such 
case, the steering action represents a rolling cone and is fully defined by 
geometry. 

2.3.6d Decoupled steering model with a dynamic precession model 

As an alternative to the kinematic precession model, Nagai (2008) and Kayacan 
et al. (2012a) describe a dynamic model for the precession rate and path radius 
of a pendulum-driven robot. The model gives the precession through the torque 
balance between the gravitational torque, the centrifugal torque, and the 
gyroscopic torque. In a hypothetical case, the gyroscopic torque balances the 
rolling axis in horizontal orientation while the ball follows a circular path.  

2.3.6e Decoupled forward rolling models 

Literature presents plenty of decoupled forward rolling models for pendulum-
driven ball-robots. Even if describing the same mechanical system; due to the 
different mathematical methods, as well as different choice of reference frames, 
different notation, and occasional simplifications; the lay-outs of the existing 
models show quite much variation (Ylikorpi et al., 2014b). This section 
introduces shortly the related literature. 

The Euler-Lagrange equation can be used to create the equations of motion 
(Symon 1960; Goldstein et al. 2002), and it has been applied also with forward 
rolling models by Koshiyama and Yamafuji (1992, 1993), Bicchi et al. (1997), 
Yue et al. (2006), Liu et al. (2008a), Nagai (2008), Kim et al. (2009), Liu et al. 
(2009), Zhang et al. (2009), Cai et al. (2011a), Kayacan et al. (2012a,b,c), Yu et 
al. (2012a,b), Mahboubi et al. (2013), Othman (2013), Pokhrel et al. (2013), Xie 
et al. (2014), Yu and Sun (2014), and Landa and Pilat (2015; 2016). Liu et al. 
(2012) present the dynamic rolling model in a similar form as in Yu et al. 
(2012b), that was derived with the application of the Euler-Lagrange equation. 

Following the motion laws of Newton and Euler, Spitzmüller (1998) applies 
vector algebra and calculates the translational and rotational accelerations of 
robot components, and then finds the balance with the affecting forces and 
torques. Shi et al. (2009) as well start from the force and torque balance and 
calculate the forward motion model, to be verified with simulation in Adams-
software. Shi and Sun (2009) do the same for a non-smooth ball constructed of 
a wire-frame. 

For a 3D-rolling model, Zhan et al. (2006), Ghanbari et al. (2010), and 
Mahboubi et al. (2012) refer to a simplified Boltzmann-Hamel equation 
presented in Cameron and Brook (1997). For decoupled forward rolling, the 
resulting full model is applied, but only the motion and torque around the 
rolling axis are considered as nonzero. Kamaldar et al. (2011) apply Maggi’s 
equations to present the 3D-dynamic model and derive the decoupled rolling 
model from it. 
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Without explaining the origins of their model, Yue and Liu (2012a,b; 2014) 
and Yue et al. (2014a,b) provide the dynamic forward rolling models and 
continue with development of control algorithms. Bai et al. (2016) present the 
dynamics for the full pendulum-driven ball model and for a decoupled model. 
They apply the models to develop trajectory tracking control algorithms. 

2.3.7 Models for wind-propelled balls 

Wind-driven balls are often inflated low-weight flexible balls, or light-weight 
spherical structures constructed by other means. Tumbleweed is an inflatable 
spherical wind-propelled robot designed to travel on the surface of Mars (Antol 
et al., 2003; Antol, 2005).  

Based on the wind velocity, drag coefficient, and ball projection area, Antol et 
al. (2003) calculate the lateral thrust force on the ball. A quasi-static torque 
balance against the corner of a step-shaped obstacle then reveals the maximum 
possible step height to be passed. For analysis of slope climbing capability, wind 
follows the slope angle and ball deflection and rolling resistance are taken into 
consideration.  

Kolacinski and Quinn (2004) consider both quasi-static and dynamic effects 
in Tumbleweed obstacle overcoming. The dynamic case assumes the 
conservation of energy, and the maximum over-passable obstacle height is 
defined by the potential energy equivalent with the initial kinetic energy. 
Kolacinski and Quinn take advantage of a dynamic simulation software to derive 
the ball velocity at the moment of contact with the obstacle. The simulation 
software, applying the coefficient of restitution and Coulomb friction for the 
contact model, provides also a comparative result on the obstacle crossing 
performance. The results indicate that, compared to the dynamic simulation, 
the quasi-static model under-estimates the ball mobility while the energy-based 
model over-estimates it. Later, Kolacinski and Quinn (2005) create a contact 
model and calculate contact forces for a rolling, bouncing and sliding 
Tumbleweed. The result from the numerical integration of the derived model is 
compared with a parallel model that builds on the conservation of momentum. 
With a different point of view, Kolacinski et al. (2003), Severance et al. (2005) 
and Southard et al. (2007) consider the stochastic motion of a swarm of wind-
driven Tumbleweed-balls rolling over rocky Martian terrain. Hoeg et al. (2006) 
apply the simulation results from a commercial simulation software and predict 
the Tumbleweed remaining velocity after an impact with obstacles of different 
sizes. 

Heimendahl et al. (2004) study the aerodynamics of the rolling ball as well as 
the quasi-static step-overcoming capability. Flick and Toniolo (2005) apply the 
quasi-static torque balance to study Tumbleweed mobility if trapped between 
obstacles on a slope. Raiszadeh and Calhoun (2005) present a spring-damper –
type contact model and simulation results for a certain type of Tumbleweed 
construction. Rose (2005) and Rose et al. (2006) present aerodynamic tests and 
related aerodynamic models for a type of Tumbleweed. In the view of quasi-
static obstacle overcoming, Ylikorpi (2005) and Ylikorpi et al. (2004; 2006) 
seek for an optimal design to combine wind-propulsion and pendulum drive.  



State of the Art 
 
 

37 
 

Basic (2010) introduces a wind-driven ball rolling while harvesting energy 
with an internal generator. The dynamic model considers wind thrust and 
torque balance. Forbes et al. (2010) address the same application and apply the 
Euler-Lagrange equations with multipliers to derive the full motion model on a 
level plane. Hogan and Forbes (2015) extend this study on rolling along a 
generic surface, maintaining the slip-free rolling constraint.  

Hartl (2006; 2011) and Hartl and Mazzoleni (2008) present a numerical 
simulation model predicting the motion of the wind-propelled Tumbleweed 
rover over Martian surface. The numerical model, based on Kane’s method, 
covers rolling, sliding, and bouncing behaviors of the wind-driven rover, as well 
as the transitions between these modes of motion. The dynamic equations 
consider the generalized impulse and the generalized momentum of the rolling 
sphere, while the contact model includes the coefficient of restitution and the 
coefficient of sliding friction. The simulation model presents the ball motion 
along planes and slopes, and bouncing from scattered obstacles.  

As well using Kane’s method and Newton mechanics, Li and Liu (2011) apply 
a similar methodology as Hartl in describing the ball rolling, slipping, and 
bouncing. To propel the robot forward, Li and Liu add a wind thrust force 
presented by a stochastic wind model. To pass large obstacles, the model utilizes 
increased buoyancy achieved by a volumetric expansion of the sphere.  

Liang et al. (2013) introduce a deformable spherical robot constructed of a 
wire frame and airbags. For mobility simulations, they apply the ‘Kane's form 
of the Gibbs-Appell equations’ in consideration of wind pressure and rolling 
friction on a rolling sphere, so to reach an estimate for the ball velocity. Slope 
climbing and obstacle crossing capability is studied with aid of Adams 
simulation software.  

2.3.8 Models for deforming balls 

There exists little prior work on motion analysis of ball-robots whose mobility 
is affected by the structural deformation of the shell. Mozeika et al. (2009) 
divide their deforming ball shell into 20 individual segments and identify which 
ones should be activated to create imbalance and motion into desired direction. 
Applying the driving torque created by the deformation-induced imbalance, 
Artusi et al. (2011) calculate angular 1-dof rolling acceleration for an idealized 
ball model. Zhou et al. (2011) present in their patent a soft-shelled inflatable 
spherical robot that moves when filled and remains steady when not full. The 
same method for immobilization was applied for NASA JPL Tumbleweed and 
Heimendahl’s Windball (Jones, 2001; Antol et al., 2003; Heimendahl et al., 
2004). For the quasi-static step-overcoming capability, Heimendahl ignores 
ball flexion and applies a rigid ball model. Jiang et al. (2010; 2012), as well as 
Luo et al. (2014a) consider the ball flexion in calculation of the quasi-static 
balance for an inflatable ball trapped between obstacles on a slope. Due to the 
flexibility of the spherical shell, Zhang et al. (2014) allow the mass-center to 
move inside the ball, as if suspended by elastic springs. For the dynamic model, 
the shell geometry is anyhow assumed rigid and the model presents an ideal 
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spherical shell rolling on a flat plane. The approach is similar to the rigid-ring 
tyre model, presented in Zegelaar (1998) and Schmeitz (2004).  

Apostolopoulos et al. (2003; 2005) experimentally tested the obstacle passing 
capability of a spherical inflatable rover wheel, in structure similar to the rolling 
Tumbleweed-robot. The tests take into consideration the wheel loading and 
obstacle height, but being fully experimental, no mathematical modelling was 
included in the study. In another appearance, a model of an inflatable 
Tumbleweed rover was described by Marsh (2010), also demonstrated on US 
television while experimenting the effect of ball pressure on obstacle crossing 
capability (Discovery, 2009). 

Instead of rolling resistance caused by ball flexibility, Zhao et al. (2011) 
calculate ball penetration in soft soil. With application of Bekker model, they 
calculate the rolling resistance for a ball-robot travelling on Moon surface.
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3 Gyroscopic precession in decoupled 
steering model 

The literature review shows two different paradigms applied for the steering 
motion of a ball-shaped robot: another adopts a no-spin condition and applies 
a kinematic steering model, while the other assumes free spinning and applies 
a dynamic steering model.  

The dynamic model of a free-spinning rolling ball origins from the studies on 
nonholonomic dynamics of rolling bodies, for example by Chaplygin (2002a,b; 
originally published in 1897 and 1903). In this approach, the ball’s spin-rate, as 
well as the rolling path curvature, is defined solely by ball dynamics. 

A different view-angle on the modelling problem is presented by 
nonholonomic kinematics of rolling bodies, applied by Cai and Roth (1986, 
1987) for robotic object manipulation. Brocket and Dai (1993) apply the rolling 
kinematics for an application where a ball is manipulated between two parallel 
plates, known as the ‘the plate-ball problem’. In this application, and merely for 
convenience as stated by Jurdjevic (1993): ‘It is convenient to assume that ω3 = 
0.’ On this basis, the no-slip –constraint is often defined as rolling without 
slipping, but also setting the spinning rate as zero, which leads into a kinematic 
steering model. Bicchi et al. (1997) adopt this approach for the kinematic model 
of their ball-robot, but assume a quasi-static robot motion. Their dynamic 
decoupled forward-rolling model ignores steering action, as was the case also in 
the earlier studies of Koshiyama and Yamafuji (1993) and Halme et al. (1996). 
Several later studies present kinematic and dynamic ball-robot models where 
the ball spin-rate has been assumed as zero. This approach makes the rolling 
path curvature dependent solely on orientation of the ball rolling axis. 

Ylikorpi et al. (2014a) study the significance of the two ball-spinning 
paradigms on the modelled rolling path curvature. Later, Furuse et al. (2015) 
return to the issue presenting parallel simulations for a ball-robot’s rolling path 
with free spinning and with constrained spinning. They observe the different 
rolling paths and highlight the necessity for proper modelling of the spinning 
constraint. This section revisits and extends the work published in Ylikorpi et 
al.  (2014a). Although the major interest lies on pendulum-driven balls, the 
discussion on spinning constraint, contact geometry, gyroscopic torque and 
friction torque applies also to other kinds of ball-robots. 
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3.1 Coordinate system of the steering model 

The coordinate system to be applied in this section has been defined keeping 
a pendulum-driven ball-robot in mind. In particular, the pendulum-driven 
robot carries a physical rolling axis (ζ-axis in Figs. 3.1 and 3.2), the orientation 
of which is to be defined. The robot stands on horizontal x-y –plane and initial 
forward rolling direction is along the positive x-axis. In initial condition, 
positive clockwise rotation ω around the rolling axis makes the ball to roll in 
positive x-direction in Figure 3.1 (left).  

For steering action under no-spin constraint, the positive rolling velocity ω 
around the rolling axis ζ and the positive lean angle θ about the steering axis ξ, 
that initially is parallel with x-axis in Figure 3.1 (left), make the ball roll with 
positive angular velocity Ω (clockwise) along a circular trajectory, whose center 
is located on vertical z’-axis in Figure 3.1 (right). The z-axis points downwards. 

 

 

Figure 3.1. Coordinate system definition and positive directions of rolling, steering and veering 
motion. View from side (left), view from behind (right).  

3.2 Rolling kinematics, spin, precession and rolling path 

Figure 3.2 presents the pendulum-driven GimBall-robot of Aalto University 
(Nagai, 2008). For this robot, the driving force comes from the gravity affecting 
on the system mass-center, displaced from the geometric center. In particular, 
the horizontal displacement between the contact point and the mass-center 
defines the driving torque. In a steady-state motion along a curved path, the 
sideways torque (around forward-pointing ξ-axis), resulting from the mass-
center sideways displacement, is balanced by centrifugal and gyroscopic 
torques. Mass-center displacement in direction of ξ-axis causes the forward-
driving torque about the rolling axis ζ. Mass-center elevation affects the 
magnitude of the lateral inertial torques about the contact point. Since the 
gravitational force affects the mass-center strictly in vertical direction, it does 
not cause any steering torque about the vertical axis. In a steady-state motion, 
while the lean angle θ remains unchanged, ball rolling velocity is perpendicular 
to the rolling axis, as is also declared by Neimark and Fuvajev (1972, pp. 18-21). 
As the ball rolls in the direction perpendicular to the rolling axis, the steady 
turning rate of the rolling axis around the ground vertical makes the ball follow 
a circular trajectory, as demonstrated in Figure 3.2 (right). 
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Figure 3.2. The GimBall -robot in Aalto University (left). GimBall follows a circular trajectory. (right) 
Adopted from Nagai (2008). 

In above, the rate at which the rolling axis changes its orientation around the 
vertical z-axis is called precession, denoted by Ω in this section. Since the rolling 
axis is fixed on the spherical shell, the shell executes the same precession 
motion. Another rotational motion component about the vertical axis is called 
spinning denoted by ωs. Spinning is the net rotation of the spherical shell about 
the vertical axis. Euler’s rotation theorem comes here the to apply: according to 
the theorem, the rotational velocities of an object may be presented and 
summed as vectors (Goldstein et al. 2002, Hibbeler, 2010). Spinning therefore 
includes all vertical rotation components of all rotational motions of the sphere.  

The following paragraphs present a few different cases of ball motion and 
explain the spin, precession and path radius for each. For this purpose, it is of 
interest to present the ball motion with suitable angular velocity vectors, the 
vertical components of which constitute the ball spin rate.  

3.2.1 Ball spinning on spot 

Figure 3.3 (left) illustrates a ball spinning on spot, without rolling about 
horizontal axis. The ball motion can be described with a single vertical rotational 
velocity vector, presenting ball precession as defined above. In this case, the 
spinning rate and precession rate are the same. This ball motion can be realized 
with the ball barrow in Figure 3.3 (right) by turning it around ball center while 
keeping the handles at equal height from the ground. Assuming a point contact, 
this motion of the barrow and the ball is feasible in terms of kinematics. 
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Figure 3.3. Ball spinning on spot (left). Ball rolling with precession (middle). A ball barrow (right) 
that facilitates the described ball motion (The Telegraph Online, 2011). Spin rate equals to 
precession rate. 

3.2.2 Ball rolling and spinning 

Introduction of a rolling motion about the horizontal axis does not change the 
spin rate because no changes on the vertical rotation rate has been made. Spin 
rate equals precession, see Figure 3.3 (middle). This kind of motion can be 
realized with the ball barrow by walking forward and turning at steady pace 
while keeping the handles at equal height. The barrow progression direction is 
orthogonal to the wheel axis. Again, in terms of kinematics and assuming a point 
contact, this motion of the barrow and the ball is feasible. 

The following considers in more detail the motion of the rolling ball with 
precession, without the barrow but assuming that the ball possesses the given 
precession motion. In particular, the ball rolling velocity and precession define 
the path trajectory that is to be calculated. Figure 3.4 presents the case from top 
view.  

 

 

Figure 3.4. Ball rolling with precession, top view.  

Under no-slip-condition, the angular rolling velocity ω and ball radius R 
define the ball velocity v such that the relative velocity between the shell and 
rolling surface is zero at the contact point. In scalar values, 

Given the rolling direction angle φ, ball velocity may be expressed as scalar 
components in Cartesian coordinate system, 
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Due to precession motion, the rolling direction angle φ changes with precession 
rate Ω. Considering the precession and constant rolling velocity, the ball 
acceleration may be presented as the time derivative of ball velocity, 

 
It may be noted that the ball acceleration has a constant value, 

Dot-product reveals that the acceleration vector is orthogonal to the velocity 
vector, 
 

A motion with a constant velocity and a constant acceleration orthogonal to the 
velocity describes a motion along a circular trajectory (explained for example in 
Morley, 1905, pp. 68-69). The center of the path circle is marked with P’ in 
Figure 3.5. 

 

 

Figure 3.5. Ball with precession rolling around P’, top view. 

Knowing the ball velocity v and acceleration a, the path radius r for the circular 
trajectory may be calculated. The ball progression velocity v couples the path 
radius r and angular rotation rate Ωc about the path center P’, 

In circular motion, the centripetal acceleration is (Morley, 1905, pp. 69), 
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The angular rate Ωc about the path center may be solved from the two 
acceleration equations (3.9) and (3.15), 

Hence the rolling ball with precession follows a circular trajectory, the radius of 
which is given by the ratio between the rolling velocity and precession rate. The 
angular velocity around the path center is equal to the precession velocity.1 The 
case can be illustrated with a back-view as in Figure 3.6. 

 
 

 

Figure 3.6. Ball rolling with precession, back-view. Spin rate equals to precession rate. 

3.2.3 Ball precessing and rolling with a tilted rolling axis 

Figure 3.7 illustrates a case where the ball with precession rolls around a tilted 
rolling axis. 

 
 

                                                        
1 The same result can be achieved with logical reasoning: If the angular rate around the path center was different from 

the ball precession rate, at some point along the path there will occur circumstances where the ball rolling direction is 
not along the circular path. Hence, in order to follow the circular path, ball precession rate must be equal to the angular 
rate around the path center. 
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Figure 3.7. Ball precession with rolling about a tilted rolling axis. Spin rate equals to the sum of 
the precession rate and the vertical component of the rolling rate. 

This ball motion can be realized with the ball barrow of Figure 3.3 (right) by 
walking forward and turning at steady pace while keeping the handles at 
different heights from the ground. The barrow progression direction is again 
orthogonal to the wheel axis. Note, that it is possible to choose the handles 
position, walking pace and turning rate all individually. They are not coupled to 
each other and any choice of those is feasible in terms of kinematics. 

In this situation, the ball rotation velocity may be divided in horizontal and 
vertical components ωh and ωz respectively, while the spin rate constitutes both 
the precession and the vertical rolling rate,  

Figure 3.7 presents a case where ball precession and vertical angular velocity 
component have opposite directions, because of which their magnitudes are 
subtracted in the combined spin-rate (3.21). 

In calculation of progression velocity and rolling rate of the tilted ball, there 
are two options to consider: One may take the rolling rate horizontal component 
ωh and the related orthogonal rolling radius, that is the ball radius R, 

Alternatively, one may consider the rolling rate ω and the related orthogonal 
rolling radius R’, also shown in Figure 3.7. As may be seen, the result from both 
approaches is the same, 
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The spin rate, presenting the summation of precession rate and vertical angular 
rate, provides some interesting non-intuitive features. For example, in the case 
depicted in Figure 3.7, one may choose to set the precession rate the same as the 
vertical rolling rate, 

According to (3.21), spin rate ωs then equals zero. Yet, from (3.11), the path 
radius for the rolling ball with precession rate Ω is, 

 
In other words, setting the ball precession rate as in (3.26), the ball with tilted 
rolling axis will follow a circular trajectory with path radius as in (3.28), while 
the spin rate remains zero. Considering the non-zero spin rates in Figs. 3.3 and 
3.6, the zero spin-rate in Figure 3.7 is quite non-intuitive. Figure 3.8 also reveals 
that the path center P’ then locates at the cross-section of rolling plane and 
extension of the rolling axis. 

 

 

Figure 3.8. Ball precession with rolling about a tilted rolling axis. The ball precession rate has 
been chosen to set the net ball spin rate zero. Despite of this, the ball follows a circular path. With 
the chosen precession rate, the path center is located at cross-section of the tilted rolling axis and 
the rolling plane. 

Figure 3.8 presents a particular case, often referred to in the literature. 
However, the same path radius r may be reached with an infinite number of 
combinations of the lean angle θ and precession rate Ω, according to (3.11) 
defined as 

This means that the same path radius can be achieved with different lean angles, 
and the path center does not need to be located at the extension of the rolling 
axis, which was the particular case in Figure 3.8. Similarly, the spin rate in (3.1) 
may have different values, even if the path radius, ball radius, and ball velocity 
are the same. According to (3.21), (3.20), (3.11), and (3.23), 

ω 

Ω=ωsin(θ) ωs = 0  

θ 

r 

Ω 

P



Gyroscopic precession in decoupled steering model 
 
 

47 
 

The examples above have shown that the ball precession rate and progression 
velocity define the path radius, but the spin rate may get different values 
depending on the ball lean angle. In an extreme case the path radius r is infinite 
and the ball follows a straight path, while precession rate Ω is zero, and spin rate 
according to (3.30) may be non-zero. This kind of ball motion along a straight 
path but with a tilted rolling axis was described for example by Neimark and 
Fuvaev (1972, p.21), Joshi and Banavar (2009 p. 346-347), and Borisov et al. 
(2013c, p. 838). 

The rolling path center is located at the extension of the rolling axis only in the 
particular case depicted in Figure 3.8. However, in the related literature, the 
case in Figure 3.8 is often taken as an initial postulation about rolling 
kinematics, assuming that precession rate and path radius follow Eqs. (3.26) 
and (3.28).  

3.2.4 Kinematic rolling with a non-zero contact area 

The preceding sections have discussed the case of a rolling sphere and a point 
contact with the rolling plane. In a physical world, if the ball and rolling plane 
stiffness is sufficiently high, the contact area and the respective torsion friction 
torque remain small, resembling a point contact and a free-spinning ball as 
described. This reasoning leads into practical questions: ‘How small contact 
area is small enough to assume a point contact?’, and: ‘Under which 
circumstances may the no-spinning constraint be valid?’ To tackle with the 
problem, it is necessary to study the properties of a non-zero contact area as well 
as the dynamic forces affecting the rolling ball-robot. 

Figure 3.9 presents a ball with a non-zero contact area. A spherical shell with 
a finite stiffness adopts a circular contact area with a diameter d. The ball rolls 
with angular velocity ω about the tilted rolling axis and holds a precession rate 
Ω. Under no-slip conditions, the contact geometry defines the motion along a 
circular path with angular rate Ωc, similar to that of a conical roller illustrated 
inside the ball. A non-zero torque Tz indicates a torsion friction torque enabled 
by the contact friction over the contact area. Friction torque resists such vertical 
ball spinning that causes slipping at the contact. The following calculations –
based on the contact kinematics, solve the path radius, the center of the circular 
path, and the ball precession velocity. Note that in Figure 3.9, the path center P’ 
is not yet fixed with respect to the ball. The path center location becomes known 
only after the radii r1 and r2 are solved.  
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Figure 3.9. A rolling ball with a tilted rolling axis and non-zero contact area. A spherical shell with 
a finite stiffness adopts a circular contact area with a diameter d. The ball rolls with angular velocity 
ω about the tilted rolling axis and holds a precession rate Ω. Under no-slip conditions, the contact 
geometry defines the motion along a circular path with angular rate Ωc, similar to that of a conical 
roller. Friction force over the contact area creates a non-zero torsion friction torque Tz. 

Under no-slip –conditions, shell velocity at all contact points is zero, and so the 
contact geometry defines the ball precession rate Ω about the ground vertical 
passing through the ball center. Given the rolling rate ω, precession rate Ω, and 
lean angle θ, the no-slip condition at the extreme points of the contact area is 

Notifying the roller geometry, (3.31) is identical with 

In this kinematically constrained situation, the precession rate Ω can be solved 
from (3.32) as a function of the rolling rate ω and the lean angle θ, 

If the contact area diameter d is not zero, the precession rate can be solved as 

Equation (3.34) states that, with a non-zero contact area and under no-slip 
conditions, the ball possesses the defined precession rate about the vertical axis 
passing through the ball center. As was described in sections 3.2.2 and 3.2.3, the 
combined ball rolling and precession leads into a circular motion with angular 
rate Ωc that equals to the precession rate Ω, 

In case of a point contact, where d equals zero, (3.33) is identically true and the 
precession rate cannot be solved. This means that, for a point contact, there is 
no coupling between the ball precession rate and the lean angle, nor there is any 
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coupling between the lean angle and path radius, as was shown in section 3.2.3. 
This means also that on geometric basis, the conical roller model cannot be 
extended to consider point contacts.2 

It is of interest to solve the path radius and the path center position P’ in Figure 
3.9. Knowing the ball angular rate Ωc = Ω along the circular path and around P’, 
the kinematic condition at the extreme points of the contact area is: 

Substituting the angular rate Ω from (3.34) in (3.36) gives the kinematic 
equations for solving the path radius,  

Equation (3.37) can be expressed as, 

Equation (3.38) applies to all points on the contact area. As rc presents the path 
radius measured to the center of the contact area, (3.38) can be written as, 

Equation (3.39) indicates that the rolling axis ζ of the cone indeed passes 
through the path center P’. In case of a non-zero contact area, the no-slip 
condition and contact kinematics invoke the precession motion and make the 
ball to follow a circular path, whose center is located at the point where the 
extension of the tilted rolling axis meets the rolling plane.  

A slightly similar approach was adopted in Kim et al. (2009), but they start 
their study with an assumption that a deformed ball with a non-zero contact 
area follows a circular track of a respective rolling cone. With this assumption, 
they calculate the path radius as a function of the cone angle and extend the 
kinematic constraint to apply also for a point contact of a non-deformed ball.  

3.3 Rolling dynamics, point contact and path radius 

Previous sections have described how the ball rolling velocity and precession 
rate define the radius of the circular rolling path. Only in the case of a non-zero 
contact area, the precession rate is coupled to the ball rolling rate and lean angle. 
With a point contact, the precession rate and path radius remain kinematically 
undetermined even in presence of no-slip condition.  

An ideal sphere with a point contact may be encountered for example in 
simulation experiments of ball-shaped robots, including multi-body simulation 
environments, like MD Adams. In such a case the kinematic model cannot be 
used to define the path radius, and ball dynamics must be taken in 

                                                        
2 In a particular symmetric case, however, the dynamic model for the ball with a point contact gives the same 

precession model as the geometry-based kinematic model gives for the ball with a non-zero contact area, as is shown in 
Section 3.3. However, this particular case for a symmetric ball can’t be extended to apply for any kind of a rolling ball.  
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consideration. Svinin et al. (2012a,b; 2013a,b,c) note the effect of non-
symmetric ball inertia and compare the different rolling paths to that of a 
theoretical ball with an infinite inertia about the vertical axis. In that case, the 
infinite vertical inertia presents the no-spin condition since not any torque may 
create any rotation about the vertical axis. This section introduces a new 
decoupled dynamic steering model to describe the rolling path of a ball with a 
point contact. 

Figure 3.10 presents a ball with a point contact. A zero torque Tz indicates the 
lack of the torsion friction torque, which is due to the absence of any lateral 
moment arm for friction forces at the contact point. Path radius r and precession 
velocity Ω are unknown. The forward rolling axis ζ crosses the rolling plane at 
point P located at the distance of R/tanθ from the contact point. Note that the 
path center P’ is not yet placed in any specific location with respect to the ball 
center. Distance from the crossing point P to the path center depends solely on 
the path radius r, which remains yet unknown. This means also that the crossing 
point P on the rolling plane is not necessarily stationary.  

 

 

Figure 3.10. A Rolling ball with a point contact. 

Under no-slip constraint and with the given precession velocity, the general 
rolling constraint in (3.24) applies, the angular velocity along the circular path 
is according to (3.18) and path radius is as in (3.11). Now it is necessary to derive 
the precession rate from ball dynamics. 

Equation (3.40) presents Euler’s equations for a rotationally symmetric 
object, adapted from Hibbeler (2009, p. 603-615) to apply the notation of Figure 
3.10. This particular form of Euler’s equations has been modified for analysis of 
a spinning top. The moving frame of reference follows the nutation and 
precession of the top, but does not spin with it.  

The left-hand side of (3.40) presents the torques affecting the ball, and the right-
hand side presents its motion and inertia terms. I0 stands for the inertia around 
the rolling axis ζ while I indicates the inertia around the principal axes η and ξ. 
The inertias I0 and I are not assumed to be identical, but may differ, for example 
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due to the mechanical structure of the robot’s spherical shell. Equation (3.41) 
presents torque balance around the vertical axis.  

 

Substituting (3.40) into (3.41) with consideration of ball inertia about the 
vertical axis gives precession acceleration: 

Equation (3.42) presents a dynamic model for the ball precession. The model 
includes rolling velocity and the lean angle of the robot, their time derivatives, 
and the two main moments of inertia. Recall that Equations (3.40) and (3.41) 
represent the spherical shell alone neglecting any other parts of the robot. For 
completeness, the denominator of (3.42) has been added with the driving 
mechanism inertia Ipz around the ground vertical. Exact pendulum angle and 
inertia Ipz are functions of ball precession rate, lean angle and path radius.  

For brevity, the following simulation model considers a theoretical scalar-
valued worst-case estimate for the pendulum maximum inertia Ipz. The 
simulations are then repeated with and without the pendulum inertia. It may be 
also noted that in absence of pendulum inertia, the precession model in (3.42) 
is general for rolling spheres and applicable for many different types of ball-
robots. 

For demonstration purposes, the precession model may be simplified to 
present an ideally controlled ball having a constant lean angle θ. In such case, 
the precession acceleration becomes 

The precession acceleration is now a function of the ball rolling acceleration. In 
absence of external torque and during steady-state rolling, precession rate 
remains constant and the ball follows a steady circular path. During acceleration 
from rest to the final rolling velocity ω, the ball precession velocity Ω can be 
acquired through integration of (3.43). In absence of external torque and 
assuming a constant Ipz, 

  

The path radius can then be solved with (3.11), 

Equation (3.46) presents the path radius for a ball that maintains a constant 
lean angle. It may be observed that the path radius is independent from ball 
velocity or acceleration. Thus upon ball acceleration, the precession rate 
develops respectively and the ball follows the same circular path all the time. It 
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is also interesting to note that in case of a uniform sphere without any 
pendulum, I = I0, Ipz = 0, (3.46) is equivalent with (3.39), and (3.44) equals to 
(3.34). This means that, under no-slip conditions, the dynamic behavior of a 
uniform ball with a point contact is similar to the kinematic behavior of a ball 
with a non-zero contact area.  

The above result of the similar behavior is interesting, since there is no 
apparent physical reason, why this should be the case. In this particular case of 
a symmetric rolling sphere, the behavior with the kinematic model is identical 
to the dynamic model, but this is not the case in general. 

Since there exist only one particular configuration where the kinematic 
precession model and dynamic model are identical, the comparison of the path 
radii according to both models gives insight in their difference. For the given 
lean angle, the path radius ratio between the kinematic model (3.39) and the 
dynamic model (3.46) is 

In practical applications, the robot’s main moment of inertia I0 around the 
forward rolling axis may be different from the inertia I about the two other axes. 
Figure 3.11 presents the difference between the calculated path radii as a 
function of inertia ratio and lean angle. The effect of inertia ratio is the strongest 
at small lean angles. 

 

 

Figure 3.11. Path radius change as a function of inertia ratio and lean angle, compared to a 
uniform sphere with inertia ratio 1. With a small lean angle the effect of inertia ratio is the strongest.  

As a practical example, the GimBall-robot robot shell in Figure 3.2 has the 
inertia ratio I/I0 = 1.18. Assuming a 0.2-rad lean angle and a point contact, the 
dynamic model attains a path radius 17% larger than suggested by the kinematic 
model. GimBall pendulum inertia may enlarge the dynamic path radius up to 
41% beyond the kinematic model. This example indicates that, in theoretical 
studies, the choice between the dynamic and the kinematic motion model has a 
significant effect on the calculated rolling path. In addition, this implies that the 
dynamic forces may not be insignificant, which is why the applicability of the 
kinematic model is to be studied in more detail in Section 3.5. 
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3.4 Simulated rolling paths with a point contact 

 
The previous section gave an example of the difference between the kinematic 
and dynamic path models for the GimBall-robot. With the aid of simulators, this 
section extends the study and presents rolling paths for a variety of balls with 
different inertia ratios. 

3.4.1 Rolling path model in Matlab 

For simulation purposes, the precession acceleration and rate can be derived 
from (3.43) and (3.44). In this example, a constant lean angle and rolling 
acceleration are applied for a given acceleration time ta 

 

Equation (3.49) shows the resulting rolling velocity ω, and the precession 
acceleration comes from (3.43) according to (3.50),  

  

  

Integration of (3.50) gives the precession velocity Ω in (3.51). Further 
integration gives the ball heading φ according to (3.52). 

   

 

 = 

 

Given the ball acceleration, Figure 3.12 (top) presents the ball precession 
acceleration. The graph in the middle shows the rolling velocity, precession rate 
and ball heading. The graph at the bottom shows the path radius that remains 
constant all the time. 
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Figure 3.12. Ball motion parameters evolution for the rolling ball. Inertia ratio 1, lean angle 0.2 
rad, acceleration 1 rad/s2, ball radius 0.226 m. 

Knowing the rolling velocity ω and heading φ, the ball velocity components vx 
and vy can be calculated as  

  3.53

3.54

An adaptive Gauss-Kronrod quadrature function, provided by Matlab-software, 
was used to numerically integrate the ball’s location from the velocities in (3.54), 
applying the default values for absolute error tolerance (1E-10) and relative 
error tolerance (1E-6). Figure 3.14 presents the results. 

3.4.2 Dynamic simulator in Adams-simulation software 

To validate the rolling path model in Matlab, a comparative simulation model 
was created in MD Adams R3 multi-body dynamics simulation software of 
MSC.Software Corporation. Adams autonomously creates its dynamic model 
based on ball structure, mass-properties, and presented constraints. Therefore, 
the dynamic model applied by Adams can be considered as a creation of a third 
party, independent from the models presented earlier in this section, and so 
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may be used for model verification. This section describes the construction of 
the rolling sphere model in Adams simulation software.  

The objective of the ball-robot model in Adams is to present a similar 
mechanical structure as was applied in the theoretical analysis for a rolling ball 
with a point contact. In order to measure and have control over the desired 
degrees of freedom, three mass-less control-bodies attach to the spherical shell. 
The control-bodies allow the implementation of the necessary constraints, 
joints, measurements, and motion actuation for the ball, as shown in Figure 
3.13. All the bodies are located in the ball center and move along with it, 
although Figure 3.13 presents them separately for the sake of clarity.  

 
 

 
 

Figure 3.13. Ball model structure in Adams showing the sphere and three mass-less control-
bodies. Control-bodies are separated from the ball center for visual clarity only. Arrows indicate 
the motion freedoms of the bodies. 

The first control-body is constrained with an orientation primitive and thus it 
maintains its orientation unchanged relative to the world-coordinate system. 
The second-control body connects to the first one with a revolute heading joint 
which allows the measurement or actuation of the heading angle φ. In this 
simulation, the heading joint is free and the heading angle of the ball is 
measured from the rotation of this joint. The third control-body is connected to 
the second body with a revolute joint which sets the sideways lean angle θ of the 
ball. In this simulation, the lean angle is constant 0.2 rad. The spherical shell 
links to the third control body with a revolute rolling joint that provides the 
forward rolling motion for the ball. In this simulation, the rolling velocity starts 
from zero, accelerates for 1 s, and then continues with a constant angular 
velocity of 1 rad/s. An in-plane constraint primitive, placed in the center of the 
ball, constrains the ball motion in the plane, i.e. the z-coordinate of the ball 
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center is constant. Finally, two general constraints couple the ball lateral 
velocities with its angular rotation velocities thus providing the ideal slip-free 
rolling of the sphere along a plane.  

The application of the general constraints requires the use of the C++ solver 
in Adams. A scripted simulation provides the discontinuous step-shaped 
angular acceleration for the rolling joint, as shown in Figure 3.12. Table 3.1 
presents the parameters of the Adams solver and Table 3.2 shows the 
parameters and their values for the ball model in Adams. Figure 3.14 shows the 
simulation results.  

 

Table 3.1. Adams solver parameters 

Solver C++ 
Corrector Original 
Integrator GSTIFF (Newton-Raphson) 
Formulation I3 
Output time step 0.1 s 
Units m-kg-s 
Error 1E-10 
Hmax 1E-3 
Hmin 1E-10 
Hinit 1E-6 
Adaptivity off 
Interpolate off 
Kmax 12 
Maxit 10 

 

Table 3.2. Parameters for ball steering model in Adams 

Parameter Value Description Unit 
m1 1 Shell mass  kg 
R 0.226 Shell radius  m 

I0 0.1 Shell + shaft inertia about rolling 
axis  kg∙m2 

I 0.1-0.2 Shell + shaft inertia around 
other axes  kg∙m2 

g 9.81 Gravitational acceleration  m/s2 
Ta 1 Acceleration time s 

 1 Rolling acceleration  rad/s2 
θ 0.2 Steering angle  rad 

 
 

3.4.3 Simulation results 

Figure 3.14 demonstrates ball paths with varying inertia ratios, but with a 
constant 0.2-rad lean angle and a constant 1-rad/s2 acceleration to reach the 1-
rad/s forward rolling velocity at t = 1 s. Ball radius is 0.226 m. The precession 
motion develops during the 1-s acceleration period after which the ball 
continues rolling with constant velocity and precession rate until the end of 
simulation at t = 100 s. Since the ball precession develops along with the ball 
rolling velocity, the ball follows continuously a circular path with a constant 
radius. Different inertia ratios lead to different path radii. 
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Figure 3.14. Ball trajectories with varying inertia ratio, with and without the added GimBall 
pendulum inertia. Ball radius 0.224 m, lean angle 0.2 rad 

Two separate simulation results are produced with two parallel simulations: one 
in Matlab-software using the equations derived above, marked in the figure with 
‘○’; and another in Adams multi-body simulation software, marked with ‘×’. The 
parallel simulation in Adams applied a rigid rolling sphere with a no-slip 
constraint, unconstrained spinning about the vertical axis, and similar inertial 
properties and actuations as the model in Matlab. The figure shows no visible 
difference between the parallel simulation results. During a 100-s simulation, 
the ball rolled 22 m while the maximum measured location difference between 
the two simulation results remains below 0.00013 mm. The difference is less 
than 6·10-7 percent of the travelled distance.  

As well in Figure 3.14, a third simulation result marked with ‘ ’ demonstrates 
the effect from the theoretical maximum GimBall pendulum inertia around the 
vertical axis. In this Matlab-simulation; shell rolling inertia, pendulum mass, 
pendulum length, and pendulum main moment of inertia present the properties 
of the GimBall robot in Figure 3.2 and collected in Table 3.3. The added 
pendulum inertia Ipz, totaling 0.015 kg·m2, makes the simulated rolling paths 
significantly larger. 

Table 3.3. Parameters for the GimBall simulator 

Symbol Description Quantity 
M1 Shell mass, kg 3.39 

M2 Pendulum mass, kg 2.0 

J1 Shell inertia around ball center, kgm2  0.0778 

Ipz Pendulum max. inertia, kgm2  0.015 

R Ball radius, m 0.226 

g Gravitational acceleration, m/s2 9.81 
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The simulation results in Figure 3.14 demonstrate how different inertia ratios 
lead to different paths, even though the lean angle, the rolling velocity 
acceleration, and the final velocity are the same. The innermost path in the 
figure describes the inertia ratio 1, being similar to the result from the kinematic 
path model. The difference between this path and the other paths reflects the 
different behavior of the dynamic and kinematic models. 

3.5 Dynamic precession model with a non-zero contact area 

The preceding sections reveal that, for a rolling ball with a non-zero contact 
area, a kinematic precession model can be applied as long as the no-slip 
condition prevails. The no-slip condition may be challenged in a particular 
situation, where a side-ways leaning ball is accelerated. Due to the non-zero 
contact area and the lean angle, the no-slip condition makes the ball to follow a 
circular trajectory with a certain precession rate. As the ball velocity increases 
upon acceleration, also the precession rate increases. In presence of rotational 
inertia about the ground vertical, there exist a need for a torque to change the 
precession rate. The necessity of the precession rate acceleration may challenge 
the no-slip condition, since the contact area and contact friction may not be 
sufficient to provide the necessary torque.  

However, the sections above reveal also that there exists a gyroscopic torque 
originating directly from the rolling acceleration. The magnitude and direction 
of the gyroscopic torque depend on the inertia ratio between the inertias about 
the ball rolling axis and the two other primary axes. Depending on the inertia 
ratio, the gyroscopic torque may either create or counteract the precession 
motion needed to follow the kinematically defined rolling path. It is of interest 
to study the combined action of the contact friction torque and the gyroscopic 
torque, as well as the circumstances where the kinematic rolling constraint 
remains valid.  

This section combines the new dynamic precession model from the previous 
section with an existing torsion friction model available in literature, and 
introduces a new model to calculate the minimum necessary contact area 
diameter that facilitates the no-slip condition. Comparison of the acquired 
minimum contact area with the actual one provides a possibility to estimate the 
applicability of the assumed no-slip –constraint and slip-free rolling. 

3.5.1 Necessary torsion friction torque 

Torsion friction torque develops from the friction force acting along the contact 
area between the ball and the rolling plane. As the friction maintains the no-slip 
condition, it concurrently preserves the appropriate precession rate that is 
necessary while rolling about a tilted axis, as depicted in Figure 3.9. In case of a 
non-zero contact area, the time derivative of the kinematic equation (3.34) 
connects the ball precession acceleration and ball acceleration as 
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With a given constant lean angle θ, the dynamic equation (3.43) presents the 
precession acceleration as a function of the torsion friction torque, ball 
acceleration, and ball inertia. To maintain the kinematic rolling path, the 
necessary torsion friction torque can then be solved by substituting (3.55) in 
(3.43): 

In (3.56), one may note that a symmetric ball without a pendulum (I/I0 =1, 
Ipz=0) doesn’t need any external torsion friction torque. In such case the 
gyroscopic torque alone creates the necessary precession acceleration. The 
equation shows also that the friction torque is needed only upon acceleration of 
a non-symmetric ball. For example, in case of the GimBall-robot, the needed 
external precession torque for the shell alone at 0.2-rad lean angle, 1.1-m 
kinematic path radius, and 1-rad/s forward rolling angular acceleration is 2.17 
mNm. Addition of the maximum theoretical pendulum inertia increases the 
torque need to 5.15 mNm. The following sections verify the conditions where 
the GimBall contact geometry manages to provide this torsion friction torque. 

3.5.2 Related work on contact friction under torsion load and lateral 
load 

The previous section explains how much torsion friction is needed to maintain 
the appropriate precession rate when the ball-robot is accelerating along a 
circular path with a desired path radius. Knowing the ball mass, velocity, and 
acceleration; it is of interest to find out the maximum force and torque, as well 
as the minimum contact area and contact friction, beyond which the ball contact 
starts to slide and so loses the ability to follow the circular path. 

Related to the issue, Neimark and Fufaev (1972) discuss in their Chapter IV §1 
the rolling and sliding of a sphere with a point contact and with a non-zero 
contact area. They note the qualitative difference between the motion of a 
sphere with an infinitely small contact area and the motion of sphere with a 
point contact. Borisov et al. (2013), as well as Ivanova and Pivovarova (2014), 
study the case and develop control algorithms for a sliding and rolling sphere. 
Jia (2016) calculates the trajectories of a sliding and rolling sphere. 

Farkas et al. (2003) study friction torque and friction force affecting on a 
sliding and spinning disk. To describe the friction force and torque, they 
introduce formulae that have been validated with experimental tests. While 
Farkas et al. studied the deceleration of initially moving disks, Dahmen et al. 
(2005) explored stationary disks and experimentally studied the external force 
and torque that will initiate the motion. They observe that the critical force and 
torque to initiate the disk motion follow exactly the same model as the friction 
on the moving disks in Farkas et al.  

Dahmen at al. present two alternative theoretical friction models. In the first 
scenario they assume that disk motion starts at the moment when external load 
exceeds the friction capacity in the most stressed contact point. Different from 
this, the second scenario allows re-distribution of contact force within the 
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contact area, and slipping starts when contact stress finds its maximum at every 
location on the contact surface. Thus, the second scenario leads into a higher 
friction force capacity. Both scenarios present the dimensionless critical torque 
T and dimensionless critical force F, which are defined as 

57

58

where T is critical torque, F is critical force, μ is static contact friction, N is 
normal contact force and d is contact area diameter. The critical torque and 
force together initiate sliding. Following the formulae in Farkas et al. (2003) 
and updated with corrections suggested by Dahmen et al. (2005) and Weidman 
et al. (2005), Eqs. (3.59) and (3.60) present the updated formulae for T and F in 
the second scenario. 

59
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In these equations, the dimensionless variable γ presents the ratio between the 
torsional friction force and lateral friction force. In the case where γ is zero, the 
load is purely torsional, i.e. the net lateral force acting on the disk is zero. In the 
opposite case, γ is infinite and the load is purely lateral, i.e. the lateral load 
affects in the center of the disk. K and E are complete elliptic integrals of the 
first kind and the second kind respectively, as applied in the referred works. The 
functions in (3.59) and (3.60), and their first derivatives, are piece-wice 
continuous and the limit values are the same when γ approaches 1 from both 
directions (Farkas et al., 2003). Plotted with MathWorks Matlab-software, 
version R2015a, Figure 3.15 (left) presents the dimensionless force and torque 
according to (3.59) and (3.60). This graph is identical with the one in Farkas et 
al. (2003). Figure 3.15 (right) plots the first scenario with a solid line and the 
second scenario with a solid curve. The two graphs are identical with the ones 
presented by Farkas et al. and Dahmen et al., while the second scenario is also 
validated with their experimental results. 
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Figure 3.15. Dimensionless friction torque and force as a function of the ratio between lateral 
force and torsion. (left) Dimensionless torque according to the first scenario of Dahmen et al. 
(2005, solid line in right), the second scenario (solid curve in right), and according to Ylikorpi et 
al. (2014a, dashed line in right). 

In addition to the models of Farkas et al. and Dahmen at al., Figure 3.15 (right) 
shows a dashed line presenting the torsion friction model applied by Ylikorpi et 
al. (2014a). The difference between the two lines comes from the selected model 
where Ylikorpi et al. assume a constant torsional friction force over the contact 
area, while Dahmen et al. relate the friction torque to the elastic micro-scale 
rotational displacement of the disk, which leads to a friction force proportional 
to the distance from the disk center. The maximum dimensionless torque (3.57), 
in absence of dimensionless force, produces the numerical value ½ according 
to the model of Dahmen et al., while with the model of Ylikorpi et al. the result 
is 2/3. The uniform friction force distribution proposed by Ylikorpi et al. 
suggests some redistribution of micro-contacts over the contact area, which 
makes this model closer to the second scenario than the first scenario is. It may 
be noted that MSC Adams multi-body dynamics simulation software applies a 
similar torsion friction model as Ylikorpi et al. (Simcompanion, 2013a), also 
described in Avallone et al. (2007, pp. 3-28). 

The derivation of (3.59) and (3.60) is available in Farkas et al. (2003) and 
Dahmen et al. (2005). The following explains the derivation of the first scenario 
with the model of Ylikorpi et al. (2014a):  

The friction force counteracting external lateral force and torque may be 
presented with two force fields  and  respectively. Figure 3.16 presents the 
contact friction distribution models of Ylikorpi et al. (2014a) and Dahmen et al. 
(2005). The figure shows the circular contact area and a section of the circular 
rolling path that the ball-robot follows with an accelerating velocity. To 
overcome centrifugal force and ball inertia upon acceleration, there exists 
lateral friction forces that propel the ball forward and maintain it on the path. 
In addition, there exists a torsion force that increases ball precession rate as the 
ball angular velocity around the path center increases. Since Ylikorpi et al. 
(2014a) assume an evenly distributed torsion force, there exists a line on the 
contact area, where lateral contact force and torsion force combine with the 
maximum magnitude. In the first scenario of Dahmen et al. (2005), the line of 
the maximum combined force shrinks into a point at the edge of the contact 
area. 
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Figure 3.16. Ball-robot rolling along a circular path with an accelerating velocity. Depicted is the 
contact area against the rolling plane and the friction force along the surface. Under no-slip 
condition, a) forward acceleration force provided by contact friction propels the ball forward and 
centripetal force prevents sliding off the path. According to model of Ylikorpi et al. (2014a), a 
constant torsion force in b) accelerates the ball precession rate. c) Assuming an even torsion 
force distribution, the lateral contact force and torsion force combine with maximum magnitude 
along a line on the contact area. d) The first scenario of Dahmen et al. (2005) assumes torsion 
force linearly proportional to the distance to the contact area center. e) The maximum combined 
load is located at a point ‘○’ on contact area perimeter.  

The theory in the first scenario proposes that slipping starts when friction 
capacity is exceeded at the most stressed contact point. To prevent slipping, the 
maximum combined lateral load and torsion load shall not exceed the contact 
friction capacity provided by the ball weight and the coefficient of friction. 
Assuming evenly distributed lateral friction force and friction torque, Ylikorpi 
et al. (2014a) consider those separately and divide the coefficient of friction 
between the two loads. For example, given the normal force and lateral force, 
the necessary coefficient of friction can be calculated. If the resulting necessary 
friction coefficient is less than the actual existing one, there exits capacity to 
carry also some additional torsion load. Given both the lateral load and torsion 
load, Ylikorpi et al. (2014a) take the contact area diameter as a variable and 
solve it as a function of ball velocity and contact friction coefficient. Given the 
ball motion, comparison of the calculated necessary contact area diameter to 
the actual one tells whether the ball will slip or not. 

The approach presented here slightly differs from the one taken in Ylikorpi et 
al., but reaches the same result. Following the logic of Farkas et al. (2003) and 
Dahmen et al. (2005), the loads are summed as in Figure 3.16 c). Given the 
normal contact force and coefficient of contact friction, the relationship between 
the maximum lateral load and torsion load may be then solved. 
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In Figure 3.17, consider the contact area and dA, a small subsection of it, where 
lateral load and torsion load are parallel and produce the maximum combined 
load. Provided by the contact friction, this small area possesses a capacity to 
counteract external loads, described as a scalar value 

where μ is the coefficient of static contact friction, N is the normal contact force, 
and A is the contact area. The scalar lateral load on subsection dA is 

where Fa is the overall lateral load from the velocity acceleration and centripetal 
acceleration. 

 

   
 

Figure 3.17. Lateral load and torsion load on a small subsection dA of the contact area. 

Given the precession acceleration torque Tz, and assuming an evenly distributed 
torsion load with a constant magnitude Ft, as shown in Figure 3.16 b), they are 
related through the area integral 

The result in (3.65) was acquired also in Ylikorpi et al. (2014a). According to the 
first scenario, sliding starts when the combined load reaches the friction 
capacity of the most stressed part of the contact area, i.e. 
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Noting the complete contact area A = (πd2)/4 as a part of the last term in (3.67) and 
removing equal multipliers from both sides 

Applying the dimensionless parameters in (3.57) and (3.58), this becomes  

Thus, the result illustrated with the dashed line in Figure 3.15. (right) has been 
reached. 

3.5.3 Conditions, where slipping starts 

Knowing the path radius, ball mass, rolling velocity, and rolling acceleration; it 
is of interest to find the minimum contact area and contact friction, beyond 
which the ball contact starts to slide and so loses the ability to follow the circular 
path. Assuming that sliding starts when the friction capacity is exceeded at the 
most stressed contact point, and applying an evenly distributed torsion load as 
in Figure 3.16(b), Ylikorpi et al. (2014a) has solved the case. A short 
reformulation is included here;  

The lateral acceleration load Fa constitutes the ball rolling acceleration and 
centripetal acceleration,  

where m is ball mass, R is ball radius,  is ball rolling acceleration, θ is lean 
angle, r is path radius, and Ω is angular velocity about the path center. Under 
no-slip condition, the ball motion follows a circular trajectory and the 
precession rate and path radius can be inserted from (3.34) and (3.39): 

where, in addition to what is explained above, ω is ball rolling angular velocity. 
The necessary contact area diameter can be solved from (3.68) as 

Inserting precession torque from (3.56), lateral force from (3.72), and ball 
weight as a normal force gives 

In (3.74), one may note that in a symmetric case (I=I0) and in absence of the 
pendulum inertia, d = 0, i.e. a symmetric ball with a point contact will satisfy 
the constraints. This is because the gyroscopic torque on the symmetric ball 
creates the necessary precession acceleration. No external contact friction 
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torque is needed. In a non-symmetric case, a non-zero contact diameter is 
needed. The limit value, where the denominator becomes zero, indicates the 
condition where lateral ball rolling acceleration and centripetal acceleration 
consume all available friction capacity. No contact area can then produce the 
necessary precession acceleration. 

The above presented equation (3.74), also used in Ylikorpi et al. (2014a), 
applies the first scenario of Dahmen et al. (2015), but an even torsion load 
distribution over the contact area. 

The application of the second scenario of Dahmen et al. requires the use of the 
dimensionless force and torque as presented in (3.57) - (3.60). The formulae are 
too complex to reach a solution that can be presented explicitly as in (3.74). 
Instead, numerical solving is applied with the following algorithm: In the 
beginning, the lateral load is acquired from (3.72) and transformed into 
dimensionless force with (3.58). With Matlab and numerical interpolation, the 
respective dimensionless maximum torque is then solved with (3.59) and 
(3.69), according to Figure 3.15 (right). Using the applicable precession torque 
from (3.56), the necessary contact diameter can then be solved from (3.57). 

The analysis results may be visualized with a practical example using the 
physical properties of the existing GimBall-robot. GimBall radius R = 0.226 m, 
mass m = 5.39 kg, inertia ratio 1.18, and I0 = 0.0633 kg·m2. Theoretical 
maximum acceleration of GimBall, when driven by the gravitational torque on 
the 90-degrees elevated pendulum, is 4.4 rad/s2 that is equivalent 0.99 m/s2. 
Figure 3.18 presents the necessary contact area diameter as a function of rolling 
velocity and for the selected coefficients of friction, as GimBall rolls with the 
maximum 4.4-rad/s2 angular acceleration and a 0.2-rad lean angle along a 
kinematically defined circular path with a radius r = 1.115 m. 

 

 

Figure 3.18. Necessary contact area diameter for an accelerating GimBall with different contact 
friction coefficients (solid lines). Rolling acceleration 4.4 rad/s2, lean angle 0.2 rad, path radius 1.1 
m. Dashed lines indicate the maximum effect of the GimBall pendulum inertia. Dash-dot-line 
presents the conservative first scenario without the pendulum. Dot-line presents 7-mm contact 
area diameter. ‘□’ and ‘○’ indicate the data points discussed in the text. 
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Figure 3.18 reveals that the first scenario (presented with the dash-dot –line), if 
compared to the second scenario (presented with the solid line), is conservative 
and calls for a larger contact area, as may be expected also on basis of Figure 
3.15 (right). As the centrifugal acceleration increases along with the increased 
rolling velocity, the remaining friction force available for the torsion friction 
torque decreases. Therefore, the necessary contact area increases along with 
increasing rolling velocity. As the needed contact area diameter escapes to 
infinity (i.e. the denominator in (3.74) becomes zero), the forward acceleration 
and centrifugal acceleration consume all available friction force capacity, and 
no friction torque to maintain the precession acceleration remains left. Figure 
3.18 indicates in addition the significant effect the pendulum position may have 
(presented with the dashed line). 

In order to evaluate the calculated contact area requirement, the predictable 
GimBall contact area diameter against a rigid rolling plane has been estimated 
with a Finite Element Model in NX I-DEAS 12 solid modelling software. In the 
FEM-model, the GimBall shell is modelled as a plastic 3-mm thick hollow 
sphere, subjected to the weight of the robot. Figure 3.19 presents the ¼-section 
of the contact area and contact pressure distribution against the rolling plane, 
as calculated by the FEM-software. In the model, the element size is 0.5 mm, 
element type is solid parabolic tetrahedron, material Young's modulus is 2.3∙106 
mN/mm2, Poisson ratio is 0.3, and analysis type is linear statics. The resulting 
pressure distribution indicates a 7 -mm contact area diameter. 

 

 

Figure 3.19. Finite Element Model of GimBall contact with the rolling plane. Element size is 0.5 
mm. Contact pressure distribution indicates a 7-mm contact area diameter. 

The second scenario in Figure 3.18 indicates with ‘□’-symbol that, for the 
maximum theoretical 4.4-rad/s2 acceleration, GimBall-robot, with the 
measured coefficient of friction μ = 0.2, needs a contact area diameter of 10.86 
mm at minimum, -when including the maximum theoretical pendulum inertia 
0.024 kg·m2. Obviously, the maximal acceleration along this circular path is not 
achievable due to slipping, which is noteworthy to compare to the theoretical 
maximum acceleration along a straight path that can be as much 8.68 rad/s2 
before slipping starts.3 Without the pendulum inertia, but due to asymmetric 
shell inertia alone, the necessary contact area diameter is 3.4 mm. With a higher 
coefficient of friction μ = 0.3, GimBall manages to follow the given circular path 

                                                        
3 Maximum theoretical acceleration along a straight path without slipping is (g·μ)/R rad/s2. 
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with a limited velocity. The 7-mm contact area diameter becomes insufficient at 
4.6-rad/s rolling velocity (1.0 m/s), -when including the effect of the pendulum, 
as shown with the lower filled ‘ ’ in the figure. On the other hand, if ignoring the 
needed precession torque, the friction capacity is exceeded only above 7.9 rad/s 
rolling velocity, shown with the higher filled ‘ ’. In this case, with the estimated 
contact area and with the maximum GimBall acceleration, the non-symmetric 
ball inertia, added with the pendulum inertia, causes a 42% reduction in the 
maximum rolling velocity.  

In absence of the pendulum, the unsymmetrical inertia of the shell itself sets 
the requirements for the precession torque. In such condition, GimBall with a 
non-elevated pendulum, μ = 0.3 friction coefficient, and a 7-mm contact area 
diameter, may reach a 7.7-rad/s rolling velocity before slipping. If ignoring the 
needed precession torque, the friction capacity is exceeded only above 7.9 rad/s 
rolling velocity. The non-symmetric ball inertia causes a 2.5% decrease in the 
maximum rolling velocity before the start of slipping, as marked with open ‘○’ 
in the figure.  

The results in Figure 3.18 assume that the lean angle and path radius remain 
constant. In addition to contact properties, the robot’s ability to maintain the 
constant lean angle, and so to follow this path, depends also on the steering 
mechanism. When rolling along a circular path, centrifugal force acting on the 
ball mass center and pendulum mass tends to flip the ball outwards from the 
circular rolling path, while the gravitational pull on the pendulum mass tilts the 
ball inwards. During a steady state rolling, the centripetal torque Mc, 
gravitational torque Mg, and gyroscopic torque Mξ are in balance: 

Centripetal acceleration of the shell center is 

where r is path radius and Ω is angular velocity about the path center. While the 
pendulum is elevated from the ground vertical by the pendulum angle β, the 
pendulum mass distance from the path center and rolling plane is altered. 
Centripetal acceleration of the pendulum cog. is 

where e is the length of pendulum arm. The combined centripetal torque on the 
ball and pendulum, as measured around the contact point, is 

where, in addition to what is mentioned above, m1 is shell mass, m2 is pendulum 
mass, and R is shell radius. Gravitational torque on the pendulum is 

According to (3.40), the gyroscopic torque affecting the lean angle is 
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Recall from Section 3.2 the kinematic rolling equations for a ball with a non-
zero contact area: 

Substituting (3.78) - (3.83) in (3.75), the steady-state rolling velocity along the 
circular path can be solved from the torque balance as a function of the 
pendulum steering angle β: 

Figure 3.20 presents the steady-state rolling velocity for the GimBall-robot with 
a 0.2-rad lean angle. As may be expected, at zero pendulum angle the maximum 
velocity is zero, since the centrifugal force from any non-zero velocity flips the 
ball outwards. Due to coupling of the pendulum angle with both the 
gravitational torque and the centrifugal torque, below π/2-rad pendulum 
elevation, there exist an optimal pendulum angle that facilitates the maximum 
rolling velocity. For the GimBall-robot with the given 0.2-rad lean angle, Figure 
3.20 plots (3.84) indicating the maximum rolling velocity as 1.38 m/s (6.1 
rad/s). This maximum rolling velocity for a balanced lean angle is above the 
calculated 1.0-m/s slip velocity limit with μ = 0.3 contact friction coefficient, 
assuming the given 4.4-rad/s2 ball acceleration and 7-mm contact area 
diameter. Therefore, with this friction coefficient, GimBall with the pendulum 
loses the track rather by sliding aside than flipping. Flipping becomes evident at 
higher coefficients of friction and larger contact area. 

 

 

Figure 3.20. GimBall steady-state rolling velocity along a circular path with a 0.2-rad lean angle 
and varying pendulum angle from the ground vertical. In a steady-state condition, the net torque 
affecting on the sideways lean angle is zero. Maximum rolling velocity, marked with ’×’, is reached 
close to the horizontal pendulum position. 
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3.6 Discussion on dynamic steering model 

This section has discussed the kinematic and dynamic precession models for a 
rolling ball with a non-zero contact area and a point contact respectively. In 
literature, ideal spheres and planes are regularly introduced, while the contact 
between the sphere and rolling plane is illustrated with a point. Both the 
dynamic and kinematic precession models have been used in the literature, 
although the kinematic model applies for a point contact only in a case of an 
ideal symmetric sphere where I=I0. In practical applications, such ideal 
symmetry can rarely be assumed.  

In addition to the familiar kinematic precession model, this section 
introduced a new dynamic precession model for a rolling ball-robot. The new 
model explains ball precession in presence of an ideal point contact. Both the 
familiar kinematic precession model, as well as the new dynamic precession 
model, have been used to evaluate and compare theoretical ball rolling paths 
assuming a point contact. In addition, the new dynamic precession model has 
been combined with a torsion friction model already familiar from the 
literature. The combination of the new dynamic precession model and the 
torsion friction model was applied to study the no-slip condition of the GimBall-
robot. For the given rolling path and acceleration, the estimated 7-mm contact 
area diameter and contact friction coefficient 0.3; the non-symmetric ball 
inertia and necessary torsion load cause a 2.5% decrease in the maximum rolling 
velocity. The presence of the pendulum makes the difference more substantial. 
In case of a more rigid shell, the smaller contact area causes a larger reduction 
in the maximum rolling velocity, while increase in contact friction naturally 
allows higher rolling velocities. Given the ball-robot properties, contact area 
diameter and lean angle, Equation (3.74) may be applied to solve the maximum 
acceleration for the given rolling velocity, or vice versa, above which the ball 
starts to slip. 

The study on the dynamic steering model remains yet as theoretical, since no 
suitable test hardware exists at the moment. Experimental tests call for robots 
with rigid spherical shells to demonstrate the effect of a minute and measurable 
contact area on a surface with a known contact friction coefficient. In addition, 
an efficient control system is necessary to maintain a steady lean angle during 
well-controlled ball acceleration. The presented ball precession model builds on 
existing models presenting the friction of sliding disks with uniform contact 
pressure. However, as Figure 3.19 indicates, the pressure distribution over the 
ball contact area is not uniform, but more concentrated at the center of the 
contact area. Therefore, the actual torsion friction capacity may be even less 
than modelled, and ball slipping may start earlier than predicted. In future 
theoretical studies, the pressure distribution and its effect on the torsion friction 
may be explored in more detail. In addition, the scalar-valued worst-case 
pendulum inertia estimate Ipz may be replaced with an exact presentation taking 
into consideration the actual pendulum orientation. Coupling of the pendulum 
steering angle with the pendulum forward-driving angle, which in presence of 
rolling friction is unavoidable, adds complexity in a more advanced model.
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4 Unified representation of decoupled 
dynamic models 

Section 2.3.6e listed shortly several decoupled forward rolling models collected 
from the literature. These models often form the basis for developments in 
pendulum-driven ball-robot mechanics and motion control systems. In the 
literature, the existing models apply different conventions in system definition 
and parameter notation. Even if describing the same mechanical system, the 
diversity in conventions leads into dynamic models with different forms. Typical 
differences between the published models include for example different 
notation, different reference frames for ball and pendulum motions, differently 
selected rotation directions, and different ball inertia reference. Because of all 
these differences, it is difficult to compare, reproduce, and apply the existing 
models. 

The preferred model presentation may in some occasions be driven by the 
robot’s mechanical design; For example, Koshiyama et al. (1993) mechanically 
measure the pendulum orientation relative to the rolling plane. Hence it is 
logical to choose the ground horizontal as the reference frame and use the 
absolute pendulum orientation in the dynamic model. In absence of such 
mechanical measurement system, but relying only on the angular encoder of the 
pendulum motor, the pendulum orientation then conveniently measures 
relative to the ball. The different representation of the pendulum angle leads 
into different form of the dynamic equations, even though they correctly 
describe similar mechanical systems. Furthermore, in derivation of the dynamic 
equations, the application of the Euler-Lagrange equation requires some 
consideration of the coordinate systems being applied, to be discussed in more 
detail in Section 4.7. 

To facilitate the comparison and application of the existing dynamic models, 
this section reformulates all common variants of the decoupled dynamic 
forward-motion models using a unified notation and formulation. The 
preceding survey covered different robots and their models presented in 39 
published papers. The performance of each reformulated dynamic model has 
been verified with two parallel and independent simulations in Matlab (Version 
7.5.0.342, R2007b), and in Adams multi-body simulation software of 
MSC.Software Corporation (Version MD Adams R3, Build 2008.1.0). 
Previously published in Ylikorpi et al. (2014b), Appendix 2 collects the 
reformulated presentations of the most common decoupled dynamic models. 
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4.1 Coordinate system and notation for the decoupled forward-
rolling model 

In the decoupled forward-rolling model, the ball and pendulum motion is 
restricted in vertical x-y –plane, as depicted in Figure 4.1. On a smooth and level 
floor the ball rolls along the x-axis. In the selected convention, the sign of 
rotation follows the right-hand rule, and negative ball rotation angle θ1 moves 
the ball along the positive x-axis. Ball driving torque originates from the 
pendulum motor: As the motor elevates the pendulum in positive direction 
(counter-clockwise), motor torque τ works against the pendulum inertia and 
mass under Earth gravity, and a similar opposite clockwise reaction torque 
projects on the ball (where the motor is mounted onto). In a stable state, the 
projected torque depends on the pendulum mass M2, the pendulum length e, 
and the absolute pendulum elevation angle θ2abs from the ground vertical. 
During ball and pendulum motion, dynamic forces add to the gravitational 
force. Table 4.1 collects the parameters and variables used in Figure 4.1 and 
Appendix 2.  

Table 4.1. Parameters for the dynamic models in Figure 4.1 and Appendix 2 

M1  ball mass M2  pendulum mass 
R  ball radius e pendulum length 
J1  ball inertia J2  pendulum inertia 
θ1  ball angle θ2  pendulum angle 

θ2abs  absolute pendulum angle 
  ball angular velocity  pendulum angular velocity 

c1  ball rolling friction coefficient c2  pendulum joint friction coefficient 
T1  ball kinetic energy T2  pendulum kinetic energy 
V1  ball potential energy V2  pendulum potential energy 
vx  horizontal ball velocity τ  pendulum motor torque 

 

 

Figure 4.1. A typical decoupled model of a pendulum-driven ball-robot, side-view. During nominal 
rolling along the positive x-axis, ball angle θ1 gets negative values without limits, relative pendulum 
angle θ2 gets positive values without limits, and absolute pendulum angle θ2abs usually remains 
within [-π, π] rad. 

Figure 4.1 presents the ball angle θ1 as an absolute coordinate. The absolute 
coordinate presents directly the ball rotation angle with respect to the inertial 
world-coordinate system. In contrast, the pendulum rotation angle θ2 is 
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expressed as a relative coordinate. The relative coordinate, as derived from the 
pendulum motor angular encoder, tells only the pendulum position with respect 
to the ball. Hence it is convenient to define a reference on the ball shell, where 
the pendulum angle is measured from. In course of continuous motor rotation, 
as the ball rolls along the positive x-axis, the ball rotation angle θ1 gets negative 
values without limits, while the relative pendulum angle θ2 gets positive values 
without limits. As an alternative presentation for the pendulum orientation, 
Figure 4.1 presents also the absolute pendulum angle θ2abs that measures the 
pendulum position directly from the ground vertical towards the pendulum 
arm. The absolute pendulum angle is θ2abs = (θ1 + θ2) which, during controlled 
rolling, usually remains within [-π, π] rad, i.e. the pendulum does not pass over 
the upper dead center. 

4.2 Common variations in model presentation 

4.2.1 The choice of generalized coordinates 

The system in Figure 4.1 possesses two degrees of freedom which are ball 
rotation angle and pendulum rotation angle, while ball position along the x-axis 
is coupled to ball rotation with the slip-free rolling constraint. The complete 
system state can be conveniently presented with the ball rotation angle, the 
pendulum rotation angle, and their time derivatives. The two rotation angles are 
commonly nominated as the generalized coordinates that present the 
minimum number of system variables sufficient to uniquely describe the system 
configuration. As long as descriptiveness and the minimum number are 
maintained, the generalized coordinates may be chosen as desired, which 
provides the possibility to describe the system dynamics in several different 
forms. 

Figure 4.1 shows the definition of the generalized coordinates θ1 and θ2, used 
by Kim et al. (2009). In this convention, the ball rotation angle θ1 measures from 
the ground vertical, and the pendulum elevation angle θ2 measures with respect 
to a reference fixed on the ball. Alternatively, Koshiyama and Yamafuji (1993) 
choose the pendulum angle to be the absolute one, and present the ball rotation 
with respect to the pendulum. Yet, as one more alternative, Cai et al. (2011) 
present both rotation angles as absolute with respect to the ground. Opposite to 
the case in Figure 4.1, Yue et al. (2006), Kamaldar et al. (2011), and Kayacan et 
al. (2012a) select the positive ball rotation direction to be clockwise. Table 4.2 
shows the possible permutations available for definition of the two generalized 
coordinates. All six variations have been applied in the literature.  
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Table 4.2. Variants in definition of generalized angular coordinates 

 Options Number 
of options 

Choice of absolute 
and relative 
coordinates 

Absolute ball 
angle, 
relative pendulum 
angle 

Absolute pendulum 
angle, 
relative ball angle 

Absolute pendulum 
angle, 
absolute ball angle 

3 

Positive ball 
rotation direction 
with respect to the 
pendulum 

S
am

e 

O
pp

os
ite

 

S
am

e 

O
pp

os
ite

 

S
am

e 

O
pp

os
ite

 

2 x 3 = 6 

Illustration in 
Appendix 2 C) D) A) F) E) B)  

Number of 
occurrences in the 
selected literature 

2 6 2 2 2 25  

 

4.2.2 Other variations 

In addition to the different definition of the generalized coordinates, also the 
presentation of ball inertia acquires different forms. Most often ball inertia is 
calculated around the ball center, but some models present the inertia around 
the contact point (Koshiyama and Yamafuji 1993; Cai et al. 2011; Kamaldar et 
al. 2011). The convention adopted here calculates the inertia around the ball 
center. 

Different from the other references, Koshiyama and Yamafuji (1992; 1993) 
present the absolute pendulum rotation angle with respect to the ground 
horizontal. The unified representation in Appendix 2 measures the absolute 
rotation angle from the ground vertical for all models. 

The literature presents cases where the pendulum absolute angular velocity is 
assumed small and the products of the angular velocities can then be neglected 
(Kim et al. 2009). In addition, some references assume small angles thus 
changing the appearance of trigonometric functions (Kim et al. 2009; Liu et al. 
2009). The unified representation in Appendix 2 presents the complete 
dynamic equations without simplifications. 

Finally, the dynamic model is often presented in a matrix form. Literature 
shows a couple of different arrangements where the matrix elements and the 
vectors of the generalized coordinates are shown in different order (Koshiyama 
and Yamafuji 1993; Yue et al. 2006). Appendix 2 presents all models in a 
uniform arrangement.  

In addition to all variations above, non-standard notation, occasional typing 
errors and misprinted or missing index numbers add challenge in interpreting 
the published models. The unified presentation applies a consistent notation 
and indexing.  

4.3 Derivation of the dynamic equations of motion  

Euler-Lagrange equation can be used in derivation of the dynamic equations of 
motion (Symon 1960; Goldstein et al. 2002), and it has been often applied also 
with ball-shaped robots (Liu et al. 2008; Jia et al. 2009; Zhang et al. 2009; 
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Kayacan et al. 2012a). The difference between the kinetic energy T and the 
potential energy V defines the Lagrangian function L (4.1). The derivative of the 
Lagrangian function with respect to time and the generalized coordinates qi 
provides the generalized forces Qi according to the Euler-Lagrange equation 
(4.2).  

Referring to the convention in Figure 4.1, equations (4.3) and (4.4) present the 
kinetic and potential energy of the spherical shell and the pendulum. The 
Lagrangian L in (4.1) and the differentials on the left side of (4.2) can then be 
calculated.  

As presented by Koshiyama and Yamafuji (1993), the result from (4.2) can be 
expressed in a configuration space according to (4.5), where A, B, C, D, and G 
denote the matrices including mass and inertia terms, centrifugal terms, coriolis 
terms, viscous friction, and gravitational forces respectively. Torque vector Q 
includes the generalized forces, i.e. the torques on the chosen generalized 
coordinates.  

4.4 The structure of the dynamic equations of motion 

There exist several different methods to derive the dynamic equations of 
motion. The application of Newton-Euler –equations is an elementary approach 
that starts with calculation of accelerations of each body. Knowing the 
accelerations, the forces and torques acting on the bodies can be solved. This 
method includes also the solving of constraint forces. After the detailed 
modelling process, the origin of each force and torque becomes clear. 

On the other hand, the Euler-Lagrange equation in (4.2) may appear as a 
‘black box’, the application of which produces the desired dynamic equations 
without a detailed insight where all the force and torque components originate 
from. Without understanding the components of the dynamic equations, 
checking their correctness is difficult. Therefore, it is justified to study the 
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structure of the dynamic equations, describing the system in Figure 4.1, and 
acquired with (4.1) - (4.5). 

Equation (4.5) represents the dynamic equations of motion for a decoupled 
pendulum-driven ball-robot constituting of 2 bodies. In particular, it presents 
forward rolling motion on a level plane. With application of the Euler-Lagrange 
equation (4.2) and related equations (4.1), (4.3) and (4.4), the matrices in (4.5) 
may be presented as:  

 
    

 
 

 
 

 
 

 
 

 
 

 
Matrix elements not presented in (4.6) remain zero. The first index in A, B, C, 
D, G, and Q indicates if the torque projects on the spherical shell (1), or on the 
pendulum (2). The second index in in A, B, C, and D indicates whether the 
torque originates from the ball motion (1) or pendulum motion (2), i.e. which 
generalized velocity or acceleration is involved in the matrix product. 

The system is subject to angular torques originating from angular 
accelerations, joint friction, rolling friction and motor torque. In addition, the 
system is subject to lateral forces originating from lateral accelerations of its 
mass bodies. All lateral forces from system bodies under acceleration project to 
the ball center. Under no-slip condition, the lateral forces have an equal reaction 
force in the contact point. Thus, the lateral forces and contact friction constitute 
a force pair generating a system torque with a lever arm equal to the ball radius 
R. 

Table 4.3 explains the physics behind the torque elements in (4.6), added with 
the related angular velocity and acceleration components. 
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Table 4.3. Physics behind the torque elements. 

Matrix           Expression 
element 

Physical origin of torque 

A11-1  Shell angular inertia is under shell angular acceleration. Motor 
torque is needed to give the angular acceleration to the shell. 

A11-2  Pendulum is under angular acceleration along with the shell. 
Motor torque is needed to give the angular acceleration to the 
pendulum inertia when it moves along with the shell.  

A11-3  System mass is under lateral acceleration ‧ . Motor torque is 
needed to provide the lateral acceleration force for the ball-robot 
with lever arm length R. 

A11-4  Together with the robot, also the pendulum mass is under lateral 
acceleration ‧ ,  pendulum mass vertical distance from the 
ball center is e‧cos(θ1+θ2). Motor torque is needed to maintain 
the pendulum position during robot lateral acceleration. 
Reaction torque projects on the shell. In Illustration A11-4, the ball 
is accelerating towards left. 
 
Illustration A11-4 

 

A11-5  Pendulum mass is under angular acceleration along with the 
shell, its horizontal lateral acceleration component is 
e‧cos(θ1+θ2)‧ . Lateral reaction force projects on the ball center, 
motor torque is needed to counteract the force with the lever 
arm length R. Illustration A11-5 presents the pendulum 
accelerating counter-clockwise with both the ball acceleration 
and pendulum acceleration included. 
 
Illustration A11-5 

 

A12-1  Same as A11-5, but considers pendulum acceleration relative to 
the shell. 

A12-2  Same as A11-2, but considers pendulum acceleration relative to 
the shell. 

A21-1  Same as A11-2, but torque projects on the pendulum. 

A21-2  Same as A11-4, but torque projects on the pendulum. 

A22  Same as A11-2, but considers pendulum acceleration relative to 
the shell and projects on the pendulum. 

B11  Horizontal component of pendulum mass centrifugal force, when 
it rotates along with the shell. Force projects on the ball center. 
Motor torque is needed to counteract the force with the lever 
arm length R. Illustration B11 presents the pendulum rotating 
counter-clockwise with both the ball rotation and pendulum 
rotation included. 
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Illustration B11 

 

B12  Same as above, but considers pendulum motion relative to the 
shell. 

C11  Horizontal component of the pendulum mass Coriolis 
acceleration force projects on ball center.4 Motor torque is 
needed to counteract the force with the lever arm length R. 
Elements B11, B12 and C11 together describe the lateral 
component of the centrifugal pendulum force under true 
rotational velocity (i.e. relative to inertial coordinate system), in 
this notation  , as presents also Illustration B11 
above. 

D11  Viscous rolling resistance torque on the rolling shell. 

D22  Viscous pendulum joint friction torque on the pendulum. 

G1  Gravitational torque on the pendulum mass projects directly on 
the motor and shell. 

G2  Gravitational torque on the pendulum mass. 

4.5 Modelling viscous friction 

We supplement all dynamic models with viscous friction, which has been 
previously presented for some formulations. Kayacan et al. (2012b) applies the 
Rayleigh dissipation function to derive the friction torque with the application 
of the Euler-Lagrange equation. However, utilizing free-body diagrams, the 
author has here derived the friction models manually case-by-case.  

During derivation of the friction model, the friction torque is identified for the 
given ball and pendulum rotation, and the effect of friction on the motion of 
each body is studied. Friction on the pendulum joint tends to decrease the 
relative rotation velocity between the ball and the pendulum, thus affecting both 
bodies. When the relationship between the angular velocities and friction effect 
on each body has been resolved, the result is arranged in matrix form 
constituting the friction matrix D and velocity vector , as shown in (4.5) and in 
Appendix 2. 

Considering the case in Figure 4.1, Figure 4.2 a) presents the free-body 
diagram of the pendulum under joint friction and steady rotation velocity with 
respect to the ball. As the pendulum rotates counter-clockwise with a steady 
relative angular velocity, clockwise joint friction torque resists the pendulum 
motion. In a steady-state condition, pendulum driving torque τ2 equals friction 

                                                        

4 Mark pendulum mass location with respect to the ball center with vector ρ. Pendulum 
velocity with respect to the shell . Coriolis acceleration ac = . In this 
case, ,  and |ρ| = e, thus |ac| = . 

M2 

R 

e  
T1 

Fx 

 

Fx 

F 

F =  
Fx =  
Fx =  M2·ax 
T1 =  Fx·R  
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torque τf2. In Figure 4.2 b) the ball rotates with a steady rolling velocity counter-
clockwise, and clockwise rolling friction torque f1 resists the ball motion. In 
addition, motor reaction torque τ2 (driving the pendulum) and pendulum joint 
friction torque f2 project on the ball. In a steady-state condition, pendulum 
motor reaction torque and pendulum joint friction torque cancel each other and 
ball driving torque τ1 equals rolling friction torque τf1. 

 

a) b)  

Figure 4.2. The pendulum’s free-body diagram for Figure 4.1, limited to driving torque and friction 
torque. (a) During counter-clockwise relative pendulum angular velocity , clockwise joint friction 
torque τf2 resists the pendulum motion. In a steady-state condition, pendulum driving torque τ2 

equals friction torque τf2. (b) During counter-clockwise ball rolling velocity , clockwise rolling 
friction torque τf1 resists ball motion. Motor reaction torque τ2 and pendulum joint friction torque τf2 
project on the ball. In a steady-state condition, the pendulum motor reaction torque and pendulum 
joint friction torque cancel each other, and ball driving torque τ1 equals rolling friction torque τf1. 

 
The result can be expressed as: 

or in matrix form: 

The torque vector on the right side of (4.8) presents the torques affecting on the 
ball and pendulum, which are the same as the generalized torque Q in (4.5). 
Thus, the matrix on the left side of (4.8) presents the friction matrix D in (4.5), 
as derived for the convention in Figure 4.1. The same methodology has been 
applied in derivation of the friction matrix for all different conventions in 
Appendix 2. 

4.6 Application of Coulomb friction 

Previous section presented the models for viscous pendulum joint friction and 
viscous rolling friction. In simulation studies, viscous friction is beneficial as it 
adds velocity-dependent damping on the system and helps in solving the 
dynamical model. Possibly for this reason, viscous friction model has been 
applied in many ball-robot models in the literature. While viscous friction model 
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often performs satisfactorily at low velocities, the friction force at high velocities 
becomes easily unrealistically high.  

In contrast to the viscous friction model, Coulomb’s friction model assumes a 
constant friction torque, independent from the relative velocity between the 
bodies. In general applications, the Coulomb friction model has been found 
adequate for sliding and rolling friction, and engineering handbooks give a 
friction force model constituting only the normal load and a constant coefficient 
of friction, independent from the relative velocity. In very accurate models, the 
viscous effect of bearing lubrication or hysteresis losses of flexible tires are taken 
into consideration. In context of this work, the viscous friction model was 
applied in simulations of the models in Appendix 2, while the Coulomb friction 
model was applied in in other modelling activities. 

In its basic form, Coulomb’s friction model is discontinuous in neighborhood 
of zero velocity. In this region, friction force jumps from a negative constant to 
a positive, depending on the direction of the relative motion. This discontinuity 
is harmful for numeric simulation. To circumvent the difficulty, a modified 
Coulomb friction model, also applied in MSC. Adams simulation software 
(Simcompanion, 2013a), includes a viscous region in neighborhood of zero 
velocity, a higher stiction friction at low velocity, and a constant slightly lower 
friction coefficient for velocities higher than the stiction threshold. This work 
applies a modified Coulomb friction model without stiction. The applied friction 
model includes a linear viscous friction in neighborhood of zero velocity and a 
constant friction torque above the threshold velocity.  

Figure 4.3 presents the modified Coulomb friction model for the pendulum 
joint friction, the constant value of which is based on experimental 
measurements with GimBall-robot. In vicinity of zero pendulum rotation 
velocity, the viscous friction section locates within ± 0.01 rad/s region, beyond 
which the friction torque remains constant. The direction of the friction torque 
is opposite to the pendulum rotation. The figure shows also the viscous friction 
model (with dash-dot –line) applied in simulations of models in Appendix 2. 
The viscous friction torque reaches the Coulomb friction torque at 5.9 RPM 
pendulum velocity. Beyond this velocity, the viscous model gives a too high 
friction torque, and below a too low torque. 

To apply the modified Coulomb friction model, in numerical simulation it is 
easy to replace the matrix product  of (4.5) with a matrix product of functions 
of velocity as: 

In (4.9), the minimum-function defines the range of viscous friction, where the 
friction torque reaches the maximum value. Here the length of viscous range is 
± 1/100 rad/s. Signum-function defines the direction of friction torque. D 
includes the friction torque values. The applied friction model gives the friction 
torque under nominal operation condition, without consideration of possible 
changes to normal force acting on the joint. 
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Figure 4.3. Modified Coulomb friction torque model (solid line) and viscous friction model (dash-
dot –line) for GimBall pendulum joint. 

4.7 Application of reaction torque 

In case the ball motion and pendulum motion were known, the calculation of 
the left side of (4.5) gives the external torques Q1 and Q2, i.e. the pendulum 
motor torque, affecting on the ball and pendulum respectively. In simulation 
exercises, however, the driving torque is usually given, and the system motion 
is to be solved. 

The left side of (4.5) can be acquired through the derivations shown in (4.2). 
However, the contents of the torque vector Q on the right side deserve some 
discussion, which has not been conducted in the related literature before: The 
two generalized torques Q1 and Q2 relate to the two angular coordinates θ1 and 
θ2 shown in Figure 4.1. The ball-robot carries a motor that drives the pendulum 
with respect to shell. The choice of the generalized coordinates defines how the 
motor torque and its reaction torque project to the generalized torques. Symon 
(1960, p. 354) notes: ‘…the mutual forces which the particles exert on each 
other ordinarily depend on the relative coordinate.’ Upon application of the 
Euler-Lagrange equation, the relative motion between the bodies takes into 
consideration also the reaction forces between the bodies. In case the body 
motion is expressed with respect to the inertial coordinate system, the reaction 
force in the model projects on the inertial system, not on the parts of the mobile 
system being under study. Contradictorily, if the body motion is expressed with 
respect to another body of the system, the application of the Euler-Lagrange 
equation automatically projects the force and reaction force between the bodies. 
Therefore, the choice of reference frames defines how the external forces shall 
be presented in (4.5).  

To give an example, Figure 4.1 presents the pendulum angle θ2 relative to the 
ball angle. Because of the relative expression of the pendulum angle, the 
reaction torque from the pendulum motor on the ball becomes automatically 
into consideration through the Euler-Lagrange equation. The pendulum driving 
torque τ is then included in the system input Q2 in (4.5), but the reaction torque 
is not added explicitly in the ball torque Q1. However, if the absolute pendulum 
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angle θ2abs was used instead, the reaction torque must be added also as an input 
on the ball torque Q1.  

A proof for the above made statement can be found by calculating symbolically 
eqs. (4.1) - (4.5) using both absolute and relative pendulum angles and notifying 
the appearance of torques Q1 and Q2 in the result. Equation (4.10) repeats (4.6) 
without friction (that was discussed separately in section 4.5) specifying also 
whether the indicated generalized torque projects on the ball or on the 
pendulum.  

Matrix composition of (4.5) for the case in Figure 4.1 applying relative 
pendulum coordinate:

Ball:    

Ball:   

Pendulum:   

Pendulum:   

Ball:   
Ball:   
Ball:   

Pendulum:   

 
Inspection of (4.10) reveals that all torques affecting the pendulum are present 
also on the ball. Therefore, due to selection of the pendulum angle relative to 
the ball, the reaction torque from the pendulum motion is already included in 
matrix elements A, B, C, and G describing the ball torque in (4.6) and (4.10), 
and also on the left side of the motion equation (4.5). Thus, the motor torque τ 
driving the pendulum shall not be added on the right side of (4.5) and Q1 
remains zero, as shown in (4.6). 

Contradictorily, if one chooses absolute coordinates, both relative to the 
ground vertical (as is the case in formulations B) and E) of Appendix 2), the 
pendulum torque is not duplicated in ball torque, as shown in (4.11). Note that 
while A12 and A21 in (4.11) have an identical form, A12 originates from pendulum 
motion but A21 originates from ball motion. Thus, A12 does not present the 
reaction of A21. Therefore, in this case, the motor torque τ driving the pendulum 
must be added as a reaction torque on the right side of (4.5). Since the reaction 
torque direction is opposite to the positive ball rotation, Q1 is - τ, as shown in 
formulation E) of Appendix 2. 

Matrix composition of (4.5) for the case in Figure 4.1 applying absolute 
pendulum coordinate:

Ball:    
Ball:   
Pendulum:   
Pendulum:   
Ball:   
Pendulum:     
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The literature presents both approaches, applying either relative or absolute 
pendulum coordinate. However, the convention in application of the reaction 
torque varies. For example, the motion model of Yue et al. (2006) resembles the 
formulation B) in Appendix 2, applying absolute coordinates, while the motion 
model of Kayacan et al. (2012a) resembles the formulation D), applying a 
relative pendulum angle. Despite the differently selected generalized 
coordinates, both motion models explicitly add the reaction torque on the ball. 
In this study, the author applies the reaction torque consistently upon need, as 
is presented in Appendix 2 and confirmed by parallel simulations in Adams 
multi-body dynamics simulation software.  

4.8 Model verification by parallel simulations  

All six dynamic models of Appendix 2, created with the application of (4.1) and 
(4.2), were implemented in Matlab for verification. In the simulation, the 
dynamic model formulated in configuration space (4.5) was applied to solve the 
accelerations for the given input torque Q. The joint velocities and angles were 
then integrated with ode45 –solver function. In addition, a parallel system 
model was built in Adams multi-body simulation software and the simulation 
results were compared for model validation. 

The ball-robot model in Adams-software is defined by describing the 
mechanical structure and the physical properties of the robot. Adams then 
autonomously creates the dynamic model needed for simulation. Thus, Adams 
provides a dynamic model that is independent from the one created for Matlab, 
and so it can be used as a reference in validation of the derived models. For the 
sake of brevity, this section presents the simulation results only for the model 
according to Figure 4.1 and applying the formulation C) in Appendix 2. The 
simulation results were similar for all motion models of Appendix 2, thus they 
correctly describe the same mechanical system.  

Figure 4.4 a) shows the open-loop response for a given pendulum torque 
impulse. The input torque has a form of a cosine function with a 5-s period and 
1-Nm peak value. The integration result in Matlab agrees well with the 
simulation result in Adams. No difference is visible between the two models in 
Figure 4.4 a). In the simulations, the robot model represents the GimBall-robot 
developed at Aalto University having the properties: M1 = 3.294 kg, M2 = 1.795 
kg, R = 0.226 m, e = 0.065 m, J1 = 0.0633 kgm2, J2 = 0.0074 kgm2, c1 = 0.02 
Nms/rad, c2 = 0.2 Nms/rad, and g = 9.81 m/s2. The models were integrated in 
Matlab using ode45-solver with the following settings: RelTol = 10-6, AbsTol = 
10-10, MaxStep = 10-3 and InitialStep = 10-6. The simulator settings in Adams 
were the corresponding.  
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Figure 4.4. Pendulum and ball response for the given driving torque. (a) Pendulum angle remains 
within (-0.34, 0.51) rad. while ball rolls 11.3 rad. or 2.55 m. (b) Ball location difference between 
the simulation results in Matlab and Adams is < 2·10-8 m, or 7.8·10-7 % of the travelled distance. 
Inset: the applied pendulum torque. 

4.9 Discussion on the unified model presentation 

The dynamic models describing the ball-robot motion form the basis for the 
developments in ball-robot mechanics and motion control algorithms. Thus, the 
dynamic models hold an important position in the research on the ball-shaped 
robots.  

Because of the existing diversity in notation and model contents, it is difficult 
to compare, reproduce and apply the models available in the literature. To 
facilitate model comparison and re-use, Appendix 2 collects all common 
decoupled forward-motion models of pendulum-driven ball-shaped robots. The 
reformulated models, created with the application of the Euler-Lagrange 
equation, apply a unified notation and harmonized formulation. All 
reformulated models have been validated with parallel simulations in Matlab 
and Adams multi-body simulation software. The two independent simulation 
results show excellent agreement thus validating the models. 
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5 Dynamic step-overcoming capability 
of a rigid-shelled pendulum-driven 
ball-robot 

While a structured environment usually provides a beneficial rolling surface for 
a domestic ball robot, also some usual every-day features create very probable 
obstacles for the robot. In home environment, such regular elements as door 
steps, carpets, vacuum cleaner electric cord, or scattered toys may form a 
notable obstruction for ball-robot mobility. Figure 5.1 presents a domestic 
scene, where a ball-robot is facing a multitude of different obstacles along the 
rolling path.  

In robot development phase, there exists a need to estimate the step-
overcoming capability of the anticipated robot design. During robot operations, 
the robot’s control system needs to evaluate whether obstacles are over-
passable, or is it necessary to find a route around them. 

 

 

Figure 5.1. A domestic scenery with a multitude of different obstacles along the rolling path. 

Estimation of slope-climbing and step-crossing capability of ball-shaped robots 
has been customarily conducted with a quasi-static analysis based on a static 
torque balance. With this approach, especially the step-crossing capability 
appears to be very limited being only some percents of the ball diameter 
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(Koshiyama & Yamafuji, 1993; Halme et al., 1996a; Spitzmüller, 1998; Laplante, 
2004; Nagai, 2008). Although some authors have noticed that ball dynamic 
behaviour may help in passing over large obstacles, no attempts to calculate the 
dynamic obstacle overcoming capability of a motor-driven ball-robot have been 
presented before.  

To find out the dynamic operational performance of a ball-shaped robot, this 
chapter introduces a simulation-based method to predict the step-overcoming 
capability of a pendulum-driven spherical robot. The model performance is then 
verified with dynamic simulations in two different simulators, as well as with 
practical experiments 

5.1 Slope climbing and step-overcoming in literature 

Literature presents some works discussing the motion of a pendulum-driven 
ball-robot on a sloped surface, and/or the ability of the ball to overcome 
obstacles. Figure 5.2 presents an illustration of a typical pendulum-driven ball 
in contact with a step-shaped obstacle, or on a respective sloped surface. The 
parameters are the same as in Table 4.1, added with the slope angle α, contact 
normal force FN and tangential friction force Fμ. 

 

 

Figure 5.2. A typical decoupled model of a pendulum-driven ball-robot ascending a step of height 
h, or a slope with a respective slope angle α, (side-view). The parameters are the same as in 
Table 4.1, added with the slope angle α, contact normal force FN, and tangential friction force Fμ. 
(By permission of ACTA Press, adapted from Ylikorpi et al., 2014c.) 

In analysis of ball mobility, Koshiyama and Yamafuji (1993) include the slope 
angle in the dynamic equations. Simulation of the decoupled robot model shows 
the ball ascending a 0.1-rad. slope. No attention is paid for the necessary contact 
friction or the maximum traversable slope angle. Halme et al. (1996a) calculate 
the mass-center of the complete ball-robot, including the spherical shell and the 
inside driving unit (IDU). For overcoming a step-shaped obstacle, they 
calculate the quasi-static torque balance about the contact point at the corner of 
the step. The result is expressed with the two separate masses: one for the IDU 
and one for the spherical shell: 
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where Mball and MIDU present the ball mass and IDU mass respectively, R is ball 
diameter, and e is IDU cog. distance from the ball center. While (5.1) presents 
the maximum obstacle height for a quasi-static balance, Halme et al. note that 
any initial rolling velocity of the robot will help to overcome an obstacle also 
larger than the result implies. Some other papers reach an identical result 
(Spitzmüller, 1998; Laplante, 2004; Nagai, 2008). They all note the significantly 
small step height, being only 0.5-2% of the ball radius. They also assume 
sufficient contact friction and ignore any dynamic effects.  

In addition to no-slip-assumption, Laplante (2004) calculates the contact 
force between the ball and the slope. Knowledge of the normal force and the 
coefficient of friction allows calculation of the maximum traversable slope 
where slipping will not happen. Laplante notices that for his ball-robot, 
assuming a coefficient of friction 0.2 at contact, the maximum theoretical 
traversable slope angle is as much as 48 degrees before slipping occurs. 
However, the robot’s mass distribution limits the mechanical slope climbing 
capability to a gentle 7.68-deg. slope. Roozegar and Mahjoob (2017) apply the 
Euler-Lagrange equation to derive a dynamic model for a decoupled pendulum-
driven ball model on inclined plane and develop control algorithms to stabilize 
and move the ball along the plane. 

 
Plenty of prior work exists on aerodynamic modeling, motion modeling, and 
simulations of wind-driven Martian rovers. Based on the wind velocity, drag 
coefficient, and the ball projection area, Antol et al. (2003) calculate the lateral 
thrust force on a wind-driven Tumbleweed-robot. Quasi-static torque balance 
against the corner of a step-shaped obstacle then reveals the maximum possible 
step height to be passed: 

 

 
where R = Tumbleweed radius, M = Tumbleweed mass, gmars = gravitational 
acceleration on Mars surface, CD = drag coefficient, ρ = atmospheric density, 
Vnom = nominal wind velocity. 

 
Kolacinski and Quinn (2004) consider both quasi-static and dynamic effects in 
obstacle overcoming. Their energy-based model assumes the preservation of 
energy and describes the maximum obstacle height as a function of the initial 
velocity. Considering the coefficient of restitution and Coulomb friction, 
another model was created in dynamics simulation software to model impacts. 
Figure 5.3 shows that the quasi-static model, when compared to the dynamic 
simulation, under-estimates the ball mobility while the energy-based model 
over-estimates it. 
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Figure 5.3. Wind-driven rolling ball on Mars; maximum passable obstacle height as a function of 
ball radius and according to dynamic simulation (middle), energy-based model (upmost), and 
quasi-static model (below). Adopted from Kolacinski and Quinn (2004). 

Flick and Toniolo (2005) apply the quasi-static torque balance to study 
Tumbleweed mobility if trapped between obstacles on a slope. They also present 
simulation results of Tumbleweed colliding with a step-shaped obstacle and 
being pushed by a Martian wind. To relate the ball velocities before and after 
the impact, the collision model applies the restitution coefficient.  

Hartl (2011) simulates numerically the motion of a Tumbleweed rover as it 
encounters ravines and valleys on Martian surface. Based on the collision model 
of Kane and Levinson (1985), the simulator covers rolling, sliding, and bouncing 
behaviors of the rover, as well as the transitions between these motion modes. 
Hartl notifies the minimum value of the coefficient of static friction compatible 
with rolling on the inclined plane. Discussion on maximum traversable obstacle 
height is not included. 

Using Kane’s method and Newton mechanics, Li and Liu (2011) apply a similar 
methodology as Hartl in describing the ball rolling, slipping and bouncing. To 
propel the robot forward, Li and Liu add a thrust force presented by a stochastic 
wind model. To pass large obstacles, their model utilizes increased buoyancy 
achieved by a volumetric expansion of the sphere.  

As well for wind-propelled planetary exploration, Liang et al. (2013) introduce 
a deformable spherical robot constructed of a wire frame and airbags attached 
to each wire. The airbags, when inflated, complete the wire frame into a full 
sphere. For analytical mobility estimation, Liang et al. consider the wind 
pressure and rolling friction on a rolling sphere so to reach an estimate for the 
ball velocity. According to the simulations in Adams-simulation software, the 1-
m spherical robot can climb terrestrial 30-degree slopes and cross 0.25-m 
obstacles, when wind speed is 8 m/s.  
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5.2 Modelling of ball-robot motion 

Prior work has considered the mobility of motor-driven ball-robots through 
quasi-static torque balance. Rolling and bouncing of a wind-driven 
Tumbleweed-ball has been divided in two phases: bouncing contacts have been 
modeled as incidents considering the restitution coefficient and preservation of 
momentum, while the rolling and flying between the impacts is modeled with 
dynamic second-order differential equations. 

The following paragraphs introduce new dynamic equations that describe the 
motion of a pendulum-driven ball-robot when rolling, bouncing, and during the 
contact. The dynamic model is the same for all phases of the ball motion, only 
the contact force functions change according to the prevailing contact condition. 

5.2.1 Equations of motion 

Section 4.3 introduced the conventional dynamic model for a pendulum-driven 
ball-robot rolling along a level surface without slipping. The rolling constraint 
is included in the model by expressing the ball velocity as a function of angular 
rolling velocity, ball radius, and slope angle.  

To model ball motion during and after the collision with a step-shaped 
obstacle, possibly slipping, sliding, and bouncing; the author proposes a new 
model where the rolling constraint is replaced with lateral ball velocities and 
contact forces. The generalized coordinates are then extended with the 
longitudinal and vertical position of the ball: 
 

 
The robot’s kinetic and potential energy can be expressed with the new 
generalized coordinates as: 
 

 
These equations do not set any limits on ball location with respect to the rolling 
plane or obstacles. To model the ball contact with the rolling plane and 
obstacles, the corresponding contact force models are added on the right side of 
(4.5). The configuration space presentation becomes then as: 
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The elements of A, B, C, D, and G can be derived as explained in Section 4. In 
consideration of the step-shaped obstacle only, the inertial reference axis for 
ball rotation may be chosen to be the ground vertical, i.e. α = 0, and the 
respective matrix composition is shown in (5.7). Element D11 presents the 
viscous rolling resistance torque on the ball, while D22 presents the viscous joint 
friction torque between the ball and the pendulum arm, both of which may be 
replaced with the Coulomb friction model, as explained in Section 4.6. 

 

5.2.2 Contact model 

To complete the dynamic model, the generalized forces on the right side of (5.6) 
must be calculated. These forces and torques originate from ball contacts with 
the environment, as well as from the pendulum motor driving torque. Recall 
that the rolling resistance torque and pendulum joint friction torque are already 
included in matrix D of (5.7). 

The contact model includes three separate contacts illustrated in Figure 5.4. 
The figure shows the contact with the lower rolling plane, the contact with the 
corner of the step-shaped obstacle, and the contact with the upper rolling plane 
on top of the step. 
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Figure 5.4. Three contacts acting on a ball rolling over a step-shaped obstacle.Figure shows 
normal forces acting towards the ball center, tangential friction forces, and the friction torque 
resulting from slippage. Ball trajectory is only illustrative. (By permission of ACTA Press, adapted 
from Ylikorpi et al., 2014c.) 

The contact force applies an impact-model, where the contact constitutes a 
spring and a viscous damper. A constant spring ratio corresponds with the 
experimental stiffness measurements of the test items, as described in Section 
5.5.1, and viscous damping remains equal during contact formation and 
retraction. Adams-simulation software applies a similar contact model 
(Simcompanion 1987, 2009, 2013a,b).  

Vector d1 presents the shortest distance from the rolling plane to the ball 
center. Normal force F1 supporting the ball exist when the ball penetrates inside 
the plane, i.e. when 
 

 
In other conditions the contact force remains zero. The same applies to all 
contacts. The spring force acting along the contact vector d is directly 
proportional to the penetration distance, i.e. the difference between ball radius 
and the length of the contact vector d. Additional viscous contact force develops 
from the penetration velocity 
 

 
where, v is ball velocity vector and   is unit contact vector. The contact force 
acting towards the ball center is then 
 

 
where k presents the contact stiffness, and kd contact damping. To calculate the 
effect of slipping and sliding, the slip velocity vector vslip at the contact point is 
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where,  is unit normal vector for the contact vector d. Slip velocity tells how a 
point on ball surface moves wrt. the stationary plane or the step corner. Slip 
velocity affects the ball through contact friction applying a modified Coulomb 
friction model without stiction. In the modified model, the friction force is 
continuous in vicinity of zero slip velocity (Stewart, 2000; Flores et al., 2006), 
as discussed in Section 4.6. This approach is more favorable for numeric 
integration than the traditional step-shaped Coulomb-model. Also Adams 
simulation software applies a variant of the modified Coulomb friction model in 
contact modeling (Simcompanion 1987, 2009, 2013a,b). 

In practice, the modified Coulomb friction model scales down the coefficient 
of contact friction in vicinity of zero slip velocity. The scaling factor is:  
 

 
As illustrated in Figure 5.5, the scaling factor is zero at zero slip velocity, and 
reaches unity at 0.01 m/s slip velocity. Direction of the friction force on the ball 
is naturally opposite to the slip velocity vector 

 

 

Figure 5.5. The application of the modified Coulomb friction model.Contact friction is continuous 
in vicinity of zero slip velocity, when the coefficient of friction is scaled with scaling factor μsc 
according to the graph.  

 
As this contact force affects at the ball surface, slipping creates a torque around 
the ball center 

 

 
Should the ball rotation deviate from the linear velocity and slipping or sliding 
is present, the tangential friction force changes the velocity of the ball, while the 
related torque changes the ball rotation rate. Thus, the contact friction brings 
the ball towards the state of slip-free rolling. Once the forces F and Fμ, and the 
torque Tμ have been derived, they can be placed on the right side of (5.6) to 
present the generalized forces τ1, Fx and Fy. The pendulum driving torque τ2 
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results from the pendulum motor actuation, as described in the following 
section. 

5.2.3 Pendulum driving torque 

The pendulum driving torque τ2 on the right side of (5.6) depends on the 
pendulum actuation. The simulations consider three different cases in which 
the pendulum is either completely free, under position control, or under velocity 
control. 

A freely rolling case was included to avoid the necessity to model the 
electromechanical and dynamic properties of the driving motor, its power 
supply, and the control system. In simulator, the pendulum driving torque τ2 is 
set to zero, while in practical experiments the pendulum driving motor is 
detached from the power transmission by removing the pinion from the motor 
shaft. The ball is then accelerated by an external force (i.e. gravity acting on the 
ball rolling down a slope) to reach the desired rolling velocity for colliding with 
the step-shaped obstacle. 

In the second simulation case, a closed loop-controller was applied to 
maintain the desired pendulum angle. A PD-controller with feed-forward 
gravity compensation was utilized with gains kP = 40 and kD = 10. As the target 
angle θ2set with respect to ground vertical is constant, the derivative term 
provides a damping action.  
Pendulum position controller (wrt. ground vertical):  

 

 
where kP and kD are the controller gains, and θ2set is the desired constant 
pendulum angle wrt. the ground vertical. The controller tries to maintain the 
desired pendulum angle during and after the collision. Three different cases are 
simulated: pendulum pointing downwards (θ2set = 0), pendulum elevated 90 
degrees (θ2set = π/2), and pendulum pointing upwards (θ2set = π). Simulation 
results show that in the first case the pendulum position remains under control, 
but this is not beneficial for the step-crossing capability. In two other cases, the 
pendulum tends to drop down during and after the collision, but the resulting 
driving torque helps the ball to climb over the step. 

While the constant pendulum angle provides a constant acceleration for the 
ball, the ball-robot is often driven under velocity control. In the third case, the 
controller keeps the pendulum rotation velocity wrt. the ball as constant. This 
prevents the pendulum from swinging at the time of collision, but also allows 
the robot to oscillate as a unity. A PI-controller with gravity compensation is 
applied. Proportional gain kP is 10 while the integrator was found unnecessary 
and kI is zero. With a constant velocity command, the integrated target position 
value becomes a simple product of commanded velocity and time. 

Pendulum velocity controller (wrt. the ball shell): 
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where kP and kI are the controller gains, and  is the desired constant 
pendulum velocity wrt. the ball shell.  

5.3 Numerical simulators  

The dynamic model was verified through parallel simulations in Matlab-
software of MathWorks Inc. (Version 7.5.0.342, R2007b), and in Adams multi-
body simulation software of MSC.Software Corporation (Version MD Adams 
R3, Build 2008.1.0), described in Section 3.4.2. In the simulator written for 
Matlab, the dynamic model in configuration space (5.6), is used to solve the 
accelerations for the given input torque. To receive the joint velocities and 
angles, ode23t –solver function is applied in integration of the accelerations. 
Table 5.1 presents solver parameters for the simulator in Matlab as well as for 
the simulation in Adams multi-body simulation software.  

Table 5.1. Simulator settings 

Matlab Solver parameters 
Solver ode23t 
Output time step 0.1 s 
RelTol 1E-6 
AbsTol 1E-9 
MaxStep 1E-3 
InitialStep 1E-6 

 
Adams Solver parameters 

Solver C++ 
Corrector Original 
Integrator GSTIFF (Newton-Raphson) 
Formulation I3 
Output time step 0.1 s 
Units m-kg-s 
Error 1E-9 
Hmax 1E-3 
Hmin 1E-10 
Hinit 1E-6 
Adaptivity off 
Interpolate off 
Kmax 6 
Maxit 10 

 

5.3.1 Simulation in Matlab-software 

 
Ball-simulator is a function in Matlab-software that models the ball and the 
step, takes as an input the initial conditions including ball velocity, pendulum 
angle, ball distance to the step, and the step height. The function returns the 
maximum ball velocity and maximum x- and y-position that tell whether the 
step was passed, or not. The rest of the simulation results, including ball 
trajectory, pendulum angle, joint velocities, and contact force data, are stored in 
files for further analyses. 

The generalized forces are calculated with the aid of the contact model and 
pendulum motor actuation according to (5.8) - (5.16). The dynamic model (5.6) 
is then applied according to (5.17) to calculate the accelerations: 
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Figure 5.6 presents the ball-simulator structure and data flow. The simulator 
sets the initial conditions and uses them as parameters when calling the solver 
function.  

 
 

 

Figure 5.6. Ball simulator structure in Matlab-software. 

 
The solver output is a vector containing the simulation output time steps with 
the respective ball state constituting 8 variables:  
 

Upon execution, the solver function calls a user-defined function for system 
derivatives. The derivative function defines the derivative of the states as 
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In (5.19) all other factors are directly available from the states, except the 
accelerations, that must be calculated with the aid of subroutines presenting the 
contact model and pendulum motor actuation according to (5.8) - (5.16). The 
dynamic model (5.6) is then applied according to (5.17) to calculate the 
accelerations. The solver function carries out the necessary iteration to calculate 
the system states and motion over the given time range with the desired 
accuracy. 

5.3.2 Search for the maximum traversable step height 

For a given collision velocity, the simulated maximum traversable step height 
can be found through trial and error. An ascending bracketing method was used 
to search for the maximum step height for each given velocity. Figure 5.7 
presents the bracketing algorithm structure. After definition of the desired 
bracketing accuracy, the step height iteration loop repeats until the difference 
between the passed and failed step height is less than the threshold. 

 

 

Figure 5.7. Ascending bracketing algorithm used to find the maximum traversable step height for 
the given collision velocity. 
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The step height iteration is repeated for all velocities that are desired to be 
studied. The algorithm operation is as following: For each velocity, first test if 
the ball passes the minimum step height. If it does, increase the step height with 
a pre-defined interval. Repeat this until the ball fails to pass the step. Then 
return to the last successfully passed step height and decrease the step-height 
bracketing interval. If the new decreased interval is smaller than the desired 
accuracy, finish the test, otherwise repeat the procedure. 

The bracketing algorithm assumes that the maximum step height is a 
monotonous function of the collision velocity. Therefore, as the collision 
velocity is increased, the search for the maximum step height starts from the 
previous successful step height. With this approach, the next maximum step 
height is usually reached after 5-7 iterations, while the desired step-height 
accuracy is better than 0.5 mm and simulated collision velocity interval is 0.1 
m/s. Without optimization of the software, the algorithm found the maximum 
step heights for 16 successive velocities in 130 seconds on a 2.2-GHz desktop 
computer running Windows XP.  

5.3.3 Simulation in Adams-software 

In addition to simulations of the dynamic model in Matlab, a comparative 
simulation in Adams multi-body simulation software was performed for 
validation. As explained in Sections 3.4.2 and 4.8, the ball robot model in 
Adams-environment provides a dynamic model that is independent from the 
one simulated in Matlab. Therefore, the simulation results in Adams can be used 
for validation of the dynamic model in Matlab.  

In Adams-simulation, the ball rolls down a slope that has been defined 
according to the actual hardware used in experimental tests. Figure 5.8 
illustrates the graphical result of one such simulation run in Adams. 

 

 

Figure 5.8. GimBall down-hill free-rolling simulation in Adams. (By permission of ACTA Press, 
from Ylikorpi et al., 2014c.) 

5.3.4 Simulation results comparison 

In first simulations, the balls were running freely along an inclined slope and 
colliding with a step at different velocities. The simulated ball structures 
represent two different test items: one is the GimBall-robot with a detached 
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pendulum motor pinion gear, another is ShellBall, a simple hard-shelled plastic 
sphere. Table 5.2 presents the physical parameters used in the simulations.  
 

Table 5.2. Parameters for the ball-robot simulators 

Symbol Description 
Quantity 

GimBall ShellBall 

M1 Shell mass, kg  3.39  1.095 

M2 Pendulum mass, kg  2.0  

J1 Shell inertia around ball center, kgm2   0.0778  0.011 

J2 Pendulum inertia, kgm2   0.0120  

e Pendulum length, m  0.0787  

R Ball radius, m  0.226  0.126 

g Gravitational acceleration, m/s2  9.81  9.81 

k Shell stiffness, N/m  33000  67000 

kd Shell damping, Ns/m  42  50 

μ31 Contact friction coefficient on plane  0.22  0.15 

μ32 Contact friction coefficient on step  0.14  0.12 

f1 Rolling friction torque, Nm  0.005  0.005 

f2 Pendulum joint friction torque, Nm  0.124  

hq Quasi-static max. step height, m  0.00189  

 
Figure 5.9 shows the free-rolling simulation results for ShellBall and GimBall. 
Even though ShellBall is smaller in diameter, due to its lower weight it passes 
small steps at lower velocity than GimBall. As the step size increases, GimBall 
gains benefit from the larger diameter and passes large steps easier than 
ShellBall. The parallel simulation results are close to each other, which indicates 
that the contact model and both dynamic models work similarly. Figure 5.10 
illustrates the difference between the two parallel simulations (one in Matlab, 
another in Adams) for both GimBall and ShellBall. The GimBall model in 
Matlab becomes slightly optimistic at large step heights, but the difference 
remains at reasonable 4-mm range (6.7% of maximum passed step height) even 
at a large 6-cm step height (26.5% of GimBall radius). The models for the simple 
ShellBall present approximately a 1-mm passable step height difference (2.2% 
of maximum passed step height that is 35.7% of ShellBall radius) at all simulated 
collision velcities. 

The difference between the results from the simulators (one in Matlab and one 
in Adams) is small, but more visible for the GimBall model with the freely 
moving pendulum. The most significant difference between the GimBall 
dynamic model simulated in Matlab and the model in Adams is the number of 
rigid bodies; While the model in Matlab holds only two bodies (the spherical 
shell and the pendulum), the model in Adams carries in addition the 
components of the power transmission, making it a 5-body model. Total mass 
and mass distribution are the same, but the rotational inertia of the motor rotor, 
gears and shafts make a difference in the two models. Rotational momentum 
and energy of those components are absent from the 2-body model in Matlab, 
but aim to simulate the reality in Adams.  
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Figure 5.9. GimBall and ShellBall free-rolling step overcoming capability as a function of collision 
velocity. Simulation results from the dynamic model in Matlab are comparable with the results 
from the simulation in Adams. (By permission of ACTA Press, adapted from Ylikorpi et al., 2014c.) 

 

Figure 5.10. Difference between the maximum passable step height in parallel simulations in 
Matlab and in Adams. GimBall and ShellBall free-rolling step overcoming capability was simulated 
as a function of collision velocity. The difference for GimBall model depends on collision velocity 
and remains below 4 mm, or 6.7% of the maximum passed step height. For ShellBall, the 
simulation in Matlab gives always a smaller passable step height with a 1-mm difference, that is 
2.2% of the maximum passed step height. 

Other differences are present in contact damping and Coulomb friction model, 
that in Adams apply a smooth cubic-polynomial STEP-function 
(Simcompanion, 2013a) instead of the piece-wise continuous model shown in 
Figure 4.3. Instead of bracketing algorithm written for Matlab, Adams/View 
provides a Design of Experiments (DOE) – interface for systematically repeated 
simulation runs. The standard application performs the pre-set simulations, but 
does not allow choosing the simulation parameters according to the previous 
results, as is done with the bracketing algorithm. Therefore, numerous 
unnecessary simulation runs are performed, although the result is already 
known from the previous simulations. A tailor-made script to perform a batch 
of simulations would reach a better efficiency, but the available standard 
procedure is sufficient for testing a small number of ball-robot designs. 
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5.4 Experimental step-overcoming tests with rigid-shelled balls 

Experimental tests were performed for validation of the simulation models. In 
the tests, two different balls were rolled down a sloped ramp to overpass a step-
shaped obstacle. Rolling velocity was varied and measured for each pre-set 
height of the step. Ball velocity, step height, and observation whether the ball 
passed the step, were recorded. Step height was gradually increased from 5 mm 
to 55 mm in approximately 5-mm steps.  

Ball-robot applications include both the free-rolling (wind-driven) and 
pendulum-driven balls, because of which both configurations were tested. 
Figure 5.11 presents the tested balls, the platform with the sloped ramp and the 
adjustable step. The first test item is the 5.4-kg GimBall-robot, 45 cm in 
diameter. For free-rolling tests, the pendulum motor pinion was removed. The 
second test item is the white 1.1-kg ShellBall, a simple spherical shell 25 cm in 
diameter. ShellBall was earlier used as the spherical shell for the rolling robot 
analyzed by Spitzmüller (1993).  

 

 

Figure 5.11. GimBall and ShellBall free-rolling test platform with an adjustable obstacle and a 
sloped ramp. The inset shows the test items. (By permission of ACTA Press, from Ylikorpi et al., 
2014c.) 

5.4.1 System characterization 

Table 5.2 shows the physical properties of the two tested balls. The measured 
values include the mass, dimensions, shell stiffness, contact friction, and 
pendulum joint friction. GimBall inertia is derived from a detailed CAD-model, 
ShellBall inertia is calculated with engineering hand-book formulae. GimBall 
rolling friction is considered negligible if compared to the pendulum joint 
friction. 

5.4.1a Contact friction measurement 

The static coefficient of friction between the ball and the rolling plane, as well 
as between the ball and the step-shaped obstacle, comes into consideration at 
the times when the rolling ball contacts with the obstacle, decelerates rapidly 
and may start slipping. The friction coefficient was measured with the set-up 
shown in Figure 5.12. In this set-up, the ball is suspended on a sloped plane with 
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a tangential string parallel to the plane. As Figs. 5.12 and 5.13 illustrate, the 
string keeps the tangential point A stationary, while contact friction force Fμ 
affects at point B. Upon increasing slope angle α, as long as friction force Fμ is 
sufficient, point B on the ball surface remains stationary. When B starts to move, 
the friction force capacity has been exceeded. Torque balance (5.20) - (5.22) 
about A gives the effective coefficient of friction at the critical slope angle.  

 

 
 

Figure 5.12. GimBall suspended on a sloped plate of melamine (left); ShellBall on the sloped plate 
of plywood (middle); ShellBall on the sloped plate covered with silicone rubber (right). 

 

 

Figure 5.13. Free-body diagram of the ball on a sloped plane. The ball is suspended with a string 
from point A, while gravitational load Mg projects on the ball center, and contact normal force FN 
and friction force Fμ affect at point B. L is plane length, H is elevation height. Torque balance about 
A gives the friction force at the critical slope angle α. 

 
In the step-overcoming tests, the rolling plane is made of plywood while the 
step-shaped obstacle carries a melamine coating. Thus, these materials were 
applied in friction measurements. The critical slope angle, where the ball starts 
to slip, was found by elevating the other end of the plane, i.e. by varying the 
slope angle. Whether the point B remains stationary or moves, was observed 
visually, sometimes over a lengthy period of several tens of seconds. 
Approximate maximum height H, when B remains stationary, and approximate 
minimum height, when B appears to move, were recorded. Table 5.4 presents 
the measurement results. 
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Table 5.4. Experimental estimation of static coefficient of contact friction  

 
(sinα = H/L, L = 799 mm) 

GimBall ShellBall 

Plywood Melamine Plywood Melamine Silicone 
rubber 

Maximum measured elevation H (±1 
mm) and angle α (±0.1°) without slip 

320 mm   
23.6° 

216 mm 
15.7° 

222 mm  
16.1° 

181 mm  
13.1° 

656 mm  
55.2° 

Minimum measured elevation H (±1 
mm) and angle α (±0.1°) when 
slipping 

326 mm   
24.1° 

220 mm  
16° 

226 mm  
16.4° 

186 mm  
13.5° 

661 mm 
55.8° 

Estimated static coefficient range of 
friction μ (±0.001, ±0.003 for 
ShellBall w. rubber) 

>0.218 
<0.224 

>0.141 
<0.143 

>0.144 
<0.147 

 >0.116 
<0.120 

>0.719 
<0.736 

Estimated static coefficient of friction 
μ, ignoring stiction. 

0.221 ± 
0.003 

0.142 ± 
0.002 

0.146 ± 
0.003 

0.118 ± 
0.003 

0.728 ±  
0.012 

 

5.4.1b Pendulum joint friction measurement 

Some of the step-overcoming tests were performed with GimBall having its 
pendulum hanging free. In this configuration, the pendulum motor pinion was 
removed to allow pendulum’s free motion. For modelling purposes, the 
pendulum joint friction torque -including the power transmission line (but 
excluding the electric motor)- was measured. Figure 5.14 presents the 
measurement set-up. While the pendulum body is mounted on a vise, the rolling 
axis is free to rotate. A string and weights are mounted on the large gear that 
couples the pendulum to the axis. Through the string, the weights create on the 
rolling axis a torque that is resisted by the friction in the bearings and gears of 
the power transmission line. Static friction torque is evaluated by finding the 
maximum weight on the string, upon which the axis remains stationary. 
Dynamic friction torque is evaluated by finding the minimum weight on the 
string, upon which the axis manages to maintain a state of rotation. Table 5.5 
collects the measurement results. In simulations, dynamic pendulum joint 
friction torque was applied, although stiction phenomenon was clearly visible.  

 

 

Figure 5.14. GimBall pendulum joint friction measurement. The pendulum is fixed on a vise and 
the pendulum axis is free to rotate. The large gear connecting the pendulum to the axis is loaded 
with a string and weights. 
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Table 5.5. Experimental estimation of GimBall pendulum joint friction torque 

Gear diameter 101.9 mm Static  Dynamic  

Minimum measured load mass that induces axis rotation, 
respective axis torque 

318 g   
0.159 Nm 

 

Maximum measured load mass without axis rotation, 
respective axis torque 

376 g   
0.188 Nm 

 

Minimum measured load mass that maintains axis rotation, 
respective axis torque 

 232 g 
0.116 Nm 

Maximum measured load mass when axis rotation stops, 
respective axis torque 

 266 g 
0.133 Nm 

Estimated friction torque 0.173 ± 0.015 Nm 0.124 ± 0.009 Nm 

 

5.4.1c Ball shell stiffness measurement 

The contact model (5.10) applies ball stiffness. The stiffnesses of GimBall and 
ShellBall, as well as that of the testing platform, were measured by projecting a 
weight on the ball or platform while measuring the weight’s displacement, as 
illustrated in Figure 5.15. Compressive load was created with an external weight, 
suspended by a spring, scale, and a hoist. The scale tells the weight carried by 
the hoist, while the rest of the external mass projects on the test item. The spring 
makes it easier to adjust the load carried by the hoist. A measurement clock was 
used to measure the weight displacement. 

The external load was projected on the surface of ShellBall, as shown in Figure 
5.15 (left), while an additional rod was used to apply the load through the 
GimBall shell on the rolling axis –where the majority of GimBall mass is 
suspended on, as Figure 5.15 (middle) shows. The platform stiffness was 
measured without any additional fixtures, as seen in Figure 5.15 (right). 

 

   

Figure 5.15. Stiffness measurement set-up for ShellBall (left), GimBall (middle), and testing 
platform (right). 
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Figure 5.16 collects the measurement data, showing the load displacement as a 
function of the applied load, while the load is increasing and decreasing. A linear 
fit on the ShellBall and GimBall data gives a line, the slope of which describes 
the ball compliance. The slope inverse is the measured stiffness. The difference 
between the measurements for increasing and decreasing load describes system 
hysteresis including ball shell material properties and friction in the guiding 
mechanism. Platform behavior is nonlinear with hysteresis. Table 5.2 sums 
together the ball compliance and the platform compliance under increasing load 
and uses the inverse as the stiffness-value for the ball - platform -system.  

 

Figure 5.16. Stiffness measurement data and linear approximations of ball compliance for GimBall 
(top left) and ShellBall (top right). Platform has a nonlinear compliance with hysteresis (below). 

5.4.1d Contact damping coefficient 

The simulators in Matlab and Adams describe the contact properties with 
contact stiffness (as measured in the previous section) and with contact 
damping coefficient, as described in (5.10). The objective of the simulators is to 
replicate the behavior of the physical balls. Hence, a simple experimental test 
was performed and the simulator damping parameter was set to replicate the 
test results. Acoustic measurement turned out to be a simple and effective 
method to describe ball bouncing. In the tests, the balls are dropped from a 
short distance onto platform, as well as onto floor, and bouncing of the balls is 
measured. Simulators are then tuned to repeat the measured ball bouncing. 
Since contact stiffness was measured beforehand, the simulator damping 
remains to be tuned.  

Figure 5.17 (top) shows the measured audio wave after the drop of GimBall 
from a short distance onto test platform. In Adams simulator, the application of 
the GimBall 3D-model and the measured contact stiffness allows to tune the 
simulator contact damping parameter and so to reach a similar simulated ball 
bouncing, as shown also in Figure 5.17. 
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Figure 5.17. Measured audio wave and simulated vertical ball location of the dropped and 
bouncing GimBall (top) and ShellBall (bottom). With the measured contact stiffness and tuned 
damping coefficient, the simulated first six bounces correspond well with the measured impact 
timing. 

Figure 5.18 presents the simulation model behavior when damping coefficient 
varies +/- 5%, as derived with Adams DOE (Design Of Experiments) – tool. The 
figure indicates that the model is sensitive to the damping coefficient and a clear 
deviation from the optimal behavior is visible already at the sixth contact. 
Hence, the acquired damping coefficient for this simulation model is unique 
with a good accuracy. 

 

 

Figure 5.18. Impact time variation of a bouncing ShellBall, derived with Adams DOE – tool, caused 
by ±5% variation in damping coefficient. The acquired damping coefficient for the simulation 
model is unique with a good accuracy. 
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5.4.2 Rolling velocity measurement 

After derivation of the system physical properties, experimental rolling tests 
were performed. In experimental evaluation of the step-overcoming capability, 
it is essential to know the ball rolling velocity when contacting the step. Two 
resistive touch sensors, 100 mm apart as shown in Figure 5.19, measure the ball 
velocity just before the ball meets with the step-shaped obstacle. A data-
acquisition unit NI USB-6008 reads the sensors at 1 kHz frequency sending the 
measurement data for a virtual instrument running in LabView-software. The 
software checks the measured data and stores successful measurements on a file 
for further post-processing and application. 

 

 

Figure 5.19. Two resistive touch sensors and National Instruments NI USB-6008 data-acquisition 
unit were used to measure the ball rolling velocity. 

5.4.3 Step-overcoming tests 

Figure 5.11 presents the test platform. In the tests, two different balls were rolled 
down a sloped ramp to overpass a step-shaped obstacle. Before the test, the step 
height was measured with a digital caliber, after which the ball was rolled down 
the slope repeatedly. The ball velocity, step height, and observation whether the 
ball passed the step, were recorded. Step height was gradually increased from 5 
mm to 55 mm in approximately 5-mm steps.  

In addition to the free-rolling tests with the GimBall and the ShellBall, also an 
active-driving test was performed with the GimBall. In this test, the slope was 
removed and the ball was driven with its internal motor, manually commanded 
with wireless radio-control equipment. Thus, the pendulum motor is driven in 
open loop voltage control, without feed-back from motor velocity or pendulum 
position. The platform length allowed a 120-cm long rolling before meeting with 
the step. 

5.5 Comparison with the simulation results 

For the given rolling velocity, the tests present a binary result from a stochastic 
Bernoulli-process indicating either passing or not passing the step. Stochastic 
variation in the test results becomes visible due to some unmodelled ball 
behavior, e.g. non-uniform rolling friction, variation in rolling axis orientation, 
or variation in pendulum position at the moment of contact.  

As well for the given rolling velocity, the simulation results show the estimated 
maximum passable step height, acquired with multiple simulation trials and 
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ascending bracketing method as described in Section 5.4. With a good model, 
the experimental no-pass results mostly remain above the simulated maximum 
step-height curve, while pass-results should remain below it. Figure 5.20 shows 
the free-rolling simulation results with the dynamic models and the 
experimental test results for the GimBall (top) and ShellBall (bottom).  

 

 

 

Figure 5.20. GimBall (top) and ShellBall (bottom) step overcoming capability as a function of 
collision velocity. Simulation results from the dynamic model in Matlab are compared with the 
experimental results 

Figure 5.20 shows also the energy-based estimate, where ball kinetic energy is 
fully transformed into potential energy after climbing onto step. In addition, the 
figure shows 50% and 95% pass probability curves, based on the experiments 
and a logistic regression model. The 95% confidence bounds for the 50% pass 
probability are calculated per Hauck (1983). 

5.5.1 Test results regression model 

While the simulator presents a deterministic model without any disturbances or 
noise, the experiments are subject to those. Therefore, the simulation results 
and the test results cannot be compared one-to-one, but a certain model-based 
fitting becomes necessary. While the experimented system input consists of 
continuous variable values including the collision velocity, the binomial test 
outcome (‘pass’ or ‘no pass’) presents a binary result from a Bernoulli process. 
For the given collision velocity and step height, the test results present a 
probabilistic distribution where low collision velocities are likely to produce ‘no 
pass’-results, while high collision velocities likely produce ‘pass’-results.  

The type of above-described process can be conveniently modelled with a 
logistic regression model, a member in the family of generalized linear models. 
The pass-probability p(x) is modelled as an exponential function of the selected 
system variables xj and their multipliers βj, called as regressor parameters: 
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In this section, only one system variable x1 is applied, being the collision velocity. 
Logit-function, also known as ‘Log-odds’, relates the pass-probability with the 
linear combination of the system parameters: 

In the given N=i experimental test results yi (xi), yi presents the observed passes 
and no-passes for the measured collision velocities xi. It is then desired to find 
the regressor parameters β0 and β1 such that high values of pass-probability 
p(xi) accompany with passing test results yi (xi) = 1, and low values of p(xi) follow 
the no-pass test results yi (xi) = 0. Maximum likelihood estimate is used to 
determine the regressor parameters that provide the best fit between the 
regression model and experimental data. As described by Dunteman and Ho 
(2006), the log likelihood for the whole sample is  

Since p(x) is a function of predictor values xi and regressor parameters β0 and 
β1, as shown in (5.23), the regressor parameter values for the best fit can be 
found by finding the maximum value of the right side of (5.25). Because (5.25) 
is non-linear in parameters, the point of maximum value, i.e. the most suitable 
β0 and β1, must be searched for with iterative methods (Dunteman and Ho, 
2006). Matlab-software provides ‘glmfit’ and ‘glmval’ –functions that were 
applied in this study for regression model generation. These functions return 
the regression parameters, the goodness of model fit (residuals and deviance), 
as well as the predicted model results for given predictor values, and confidence 
intervals. 

The regression models were created independently for each tested step height, 
which allows to exclude the step height from the regression model that then 
considers only the effect of rolling velocity. Being so, the GimBall test results in 
Figure 5.20 are described by 10 separate regression models, one for each tested 
step height, while the 50% and 95% pass-probability contours consist of 10 
discrete points. The ShellBall test results are described in a similar manner with 
8 regression models. The last experimented step height was not considered 
since there were no recorded passes. 

5.5.2 GimBall experiments with a powered pendulum-drive 

This section presents the results from experiments with a pendulum-driven 
GimBall. In these tests, the slope was removed from the testing platform and 
the ball was driven with its internal motor, manually commanded with wireless 
radio-control equipment. Thus, the pendulum motor is driven in open loop 
voltage control, without any feed-back from ball velocity and pendulum 
orientation, except a visual feedback. The platform length allowed a 120-cm 
long rolling before GimBall meets with the step. 
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Since the GimBall pendulum angle was not measured, the regression model 
constitutes only one predictor variable that is the ball velocity. However, the 
regression model is compared with the simulation model in two different 
configurations: pendulum in vertical position and pendulum in horizontal 
position. This allows to draw some conclusions about the effect of pendulum 
orientation. 

Figure 5.21 presents the experimental GimBall step crossing performance 
under manual velocity control, compared to the simulated results with 
pendulum pointing downwards, and with pendulum in horizontal position at 
the moment of collision. The figure shows that, for low steps and low collision 
velocities, the ball behavior resembles the simulation result where the 
pendulum is directed downwards. In contrast, with high steps and high impact 
velocities, the performance approaches the simulation model where the 
pendulum is in horizontal position. 

 

Figure 5.21. GimBall step crossing performance under manual velocity control , compared to the 
simulated results with pendulum pointing downwards, and with pendulum in horizontal position at 
the moment of collision. GimBall behavior at high velocity approaches the model with a horizontal 
pendulum. (By permission of ACTA Press, adapted from Ylikorpi et al., 2014c.) 

Figure 5.22 shows photographs of pendulum behavior. In the figure, the top row 
shows the GimBall passing over a small step with a low velocity (21-mm step, 
0.76-m/s velocity). During collision, the pendulum points downwards and 
remains in this position during impact. The middle row shows a larger step (31 
mm) with almost the same velocity (0.78 m/s). Now the pendulum elevates 
during the impact, which aids in passing over the step. The third row presents a 
high step (56 mm) and high velocity (1.09 m/s). Due to the limited 120-cm 
acceleration distance, the ball accelerates until the impact and holds the 
pendulum almost in a horizontal position, which remains until the step is 
passed. The three sequences in Figure 5.22 thus relate to the simulation models 
with a pendulum pointing downwards, with a horizontal pendulum, and a 
transition between those.  
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Figure 5.22. Pendulum-driven GimBall crossing a step. (top row) Small step, low velocity: 
Pendulum points downwards during step crossing. (middle) Higher step, low velocity: Pendulum 
rises during impact. (bottom row) High step, high velocity: Pendulum is elevated already before 
collision and it maintains this position. (By permission of ACTA Press, from Ylikorpi et al., 2014c.) 

The last sequence in Figure 5.22 presents a successful step crossing with a high 
velocity and an elevated pendulum. The elevated pendulum position follows 
from the short acceleration period that continues until the ball meets the step. 
In different conditions, a longer rolling distance allows to reach the same rolling 
velocity with a small pendulum angle, that only overcomes a minor rolling 
friction. In this case, as the simulation in Figure 5.21 anticipates, GimBall then 
fails to pass the step. Thus, the obstacle-crossing capability depends on both the 
rolling velocity and pendulum orientation, which in turn are affected by the 
environmental conditions (such as available rolling distance) and the way in 
which the ball is accelerated. In particular, even if there was plenty of room for 
a smooth ball acceleration, in certain cases it can be beneficial to apply a ‘last 
minute’ acceleration that sets the pendulum into desired orientation for the 
moment of collision. The simulation results indicate that colliding with the step 
while holding the pendulum in horizontal position provides significant benefit 
even at low collision velocity. For GimBall, the benefit from the elevated 
pendulum can be as much as a 1 cm higher passable step height. The 120-cm 
acceleration distance used in the test reflects well a situation where the ball 
needs to enter from a narrow hallway, over a door-step and into room on either 
side of the passage. 

5.6 Simulation model practical application 

This chapter has introduced a simple dynamic model that through simulations 
can be used to predict the obstacle-crossing capability of free-rolling or 
pendulum-driven rigid-shelled ball-robots. Figure 5.23 presents the calculated 
difference between the simulated maximum passable step height and the 
experimental 50% passing probability, based on a logistic regression model. 
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Figure 5.23. The difference between the simulated obstacle-crossing capability and the 50% 
passing probability based on the experiments. For the free-rolling ShellBall, the predicted 
maximum passable step-height remains within ±5 mm from the experimental results. At high 
velocities, the simulation model of the free-rolling GimBall becomes optimistic, while the constant-
velocity pendulum-driven GimBall-model becomes conservative. In the high-velocity pendulum-
driven tests, the pendulum adopts an elevated position already prior to the collision, which was 
not taken into consideration in the simulation model, but leaves the model conservative. The 
maximum passed step-heights were 41 mm, 57 mm, and 56 mm for the ShellBall, free-rolling 
GimBall and pendulum-driven GimBall respectively. 

The predicted maximum passable step-height remains mostly within ±5 mm 
from the experimental results. At high velocities, the simulation model of the 
free-rolling GimBall becomes optimistic, while the constant-velocity pendulum-
driven GimBall-model becomes conservative due to the assumed vertical 
pendulum orientation. A different pendulum-driven GimBall-model with a 
horizontal pendulum, is optimistic at low velocities -as shown in Figure 5.21- 
but approaches the test results at high velocities. When the maximum passed 
step-heights were 41 mm, 57 mm, and 56 mm for the ShellBall, the free-rolling 
GimBall and the pendulum-driven GimBall respectively; the difference between 
the simulation model and experimental regression model remains within 17% 
of the maximum passable step height. 

The simulation results can be applied for off-line analysis of ball-robot designs 
to verify whether the anticipated ball design reaches the desired mobility 
performance. For off-line path planning, the ball trajectory can be planned to 
avoid unsurpassable obstacles.  

In presence of suitable on-board cameras, lasers, or other instruments to 
detect and measure an obstacle, the simulation results may be applied also for 
fast on-line path-planning and decision making. Such on-line path-planning 
takes place on the robot’s on-board computer where it is possible to quickly 
approximate the simulated collision-velocity vs. step-height curve with a pre-
calculated 3rd degree polynomial curve, as shown in Figure 5.21. A conservative 
assumption can be made that the pendulum points downwards during the 
impact. With the help of the polynomial collision-velocity vs. step-height curve 
and upon detection of a step, the robot can deduce whether to try to overcome 
the obstacle and at which velocity, or whether to find another way around. 
Figure 5.24 suggests a decision-making algorithm.  
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Figure 5.24. A decision-making algorithm concludes online whether to pass over an obstacle or 
rather to go around it. 

For application of the algorithm, the ball-robot observes the obstacle height and 
distance to it. Other necessary information includes the presentation of the 
collision velocity as a function of obstacle height, current ball velocity, and 
information about free space behind the ball (in case it is necessary to move 
back to gain more acceleration distance). In addition, such robot properties as 
the maximum passable step height and maximum acceleration rate (5.26) are 
needed. Provided the motor torque capacity is sufficient and no slipping occurs, 
the maximum acceleration for GimBall-robot is ~1.25 m/s2. 
 

Knowing the current velocity v0 and the collision velocity vc, the acceleration 
distance sa before the collision can be calculated according to (5.27).  

In case there is not enough space between the robot and the obstacle, the robot 
checks whether there is room to move back to gain the sufficient acceleration 
distance. For GimBall, a 2-cm high door step requires a 0.6-m/s collision 
velocity and a 15-cm acceleration distance from rest. The maximum 50-mm step 
height requires a 1.2-m/s collision velocity and a 58-cm acceleration distance. 
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5.7 Simulation model parameter variation 

This chapter has presented and verified a simple dynamic model to predict the 
obstacle-crossing capability of free-rolling or pendulum-driven rigid-shelled 
ball robots. The simulation models have described the performance of three 
different platforms, which are the free-rolling ShellBall, the free-rolling GimBall 
and the pendulum-driven GimBall. These ball-robots present different 
diameter, different mass, different shell material and properties, different 
construction (with and without pendulum) and different method of mobility 
(free-rolling and pendulum-drive). Hence, the simulation model appears 
applicable over a variety of ball-robots and the model can be used to estimate 
the sensitivity to system parameters. 

The figures in Appendix 3 present the simulated variation in step crossing 
capability of the pendulum-driven GimBall-robot, caused by changes in the 
selected system parameters as shown in Table A3.1. The dynamic model 
describes the ball-robots with 13 parameters, 10 of which are varied in this 
sensitivity analysis. Varying one parameter at the time with 10 different values 
produces a total of 100 different ball models that were simulated. The 
parameters being varied include the ball radius and inertia; robot mass; 
pendulum length, mass and inertia; contact friction on the rolling plane and on 
the step; and ball shell stiffness and damping. Pendulum joint friction was not 
varied since it is overcome by the pendulum motor torque, gravity remains 
constant and rolling resistance is considered negligible. 

The parameters being varied are not completely independent. For example, 
the pendulum length cannot be greater than the ball radius. Therefore, some 
realistic and practical coupling was created between the parameters to be 
varied. The pendulum length e is expressed as ratio to the ball radius R. In a 
similar manner, to keep the pendulum mass less than the total robot mass, the 
pendulum mass M2 is expressed as ratio to the total ball mass Mtot. Maximum 
theoretical ball inertia is reached when all ball mass is distributed along a thin 
spherical shell. Actual ball inertia is expressed as a relation to the theoretical 
maximum. Maximum theoretical pendulum inertia about the pendulum cog. is 
presented by a circular ring with a radius (R-e). This geometry places all 
pendulum mass along a thin ring that barely touches the inner surface of the 
shell. Pendulum inertia J2 is expressed as a ratio to the theoretical maximum. 
Minimum inertia of ball and pendulum is kept above zero to avoid singularity 
in the mass matrix. 

According to figures in Appendix 3, the strong influence of the ball diameter 
R becomes clear. Performance of the 5.39-kg GimBall, shrinked to 0.1-m radius 
and equipped with a pendulum, resembles much that of a 1.1-kg and 0.126-m 
ShellBall without a pendulum. 

The second strongest effect has the pendulum mass ratio km2 wrt. the shell 
mass. In this control scheme, the pendulum points downwards at the moment 
of collision. A light pendulum and a heavier spherical shell is of advantage 
because the overall cog. of the robot then remains higher above the step. 
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The third important factor is the contact friction μ32 between the obstacle and 
the ball surface. As may be expected, a higher friction allows the ball to climb 
over taller obstacles.  

The fourth important factor is the total mass Mtot. A heavier robot climbs over 
taller obstacles. This presumably relates to the total system kinetic energy as 
well as larger contact forces that create larger contact friction. A large contact 
friction provides a better grip and so helps to climb over the obstacle. 

The fifth important factor is the ball inertia J1. The larger the better. As does 
the system mass, also the ball inertia presumably affects the performance 
through the total system kinetic energy as well as larger contact forces. 

In the case of GimBall, the sixth important factor is the pendulum length e; 
shorter is better. This parameter may have a stronger effect if the mass 
distribution between the shell and the pendulum is more towards the latter. 

Contact properties, i.e. contact stiffness k and damping coefficient kd, have 
small effect. Stiffness and damping, together with the system mass, define how 
the contact force develops and remains, which in turn defines the available 
friction force needed for progression. Low contact stiffness appears beneficial. 

Pendulum inertia J2 has a minor effect. Presumably a higher pendulum inertia 
allows a higher reaction torque on the ball, which in turn helps to roll over the 
obstacle. 

Slipping along the rolling surface is not evident and even the smallest contact 
friction μ31 against the rolling plane is sufficient. 

These simulation results were achieved by variation of only one parameter at 
a time, having the original GimBall properties as the operation point and 
pendulum pointing downwards at the moment of contact. With a different 
operation point, or if varying more parameters at the same time, the results may 
look different. Especially the effect of the pendulum mass, length and 
orientation can be expected to be strongly coupled. 

5.8 Discussion 

 
Many usual every-day features, for example door steps, carpets, electric cords, 
and scattered toys, create possible obstacles for the robot mobility in home-
environment. This chapter has introduced an extended decoupled ball-robot 
model and applied it to predict the step-overcoming capability of the robot. The 
results have been validated with practical experiments using three different 
platforms: the free-rolling ShellBall, the free-rolling GimBall and pendulum-
driven GimBall. These platforms present different diameter, different mass, 
different shell material and properties, different construction (with and without 
pendulum) and different method of mobility (free rolling and pendulum-drive). 
Logistic regression models and their 50% pass probability curves have been 
created to compare the experimental results with the simulation result. For the 
given collision velocity, the simulated maximum passable step height remains 
within 10 mm from the experimental averaged result, or within 17% from the 
maximum passed step height. In a dynamic obstacle-crossing event, the new 
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model, based on contact force model and ball dynamics, outperforms the quasi-
static models and energy-based models familiar from prior work. 

With the aid of ascending bracketing method, the model can be used to derive 
the maximum traversable step height for the given collision velocity. This 
approach is applicable for off-line analysis of ball-robot designs as well as for 
off-line path planning. For on-line analyses, it is possible to approximate the 
simulated step-height vs. collision-velocity curve with a 3rd degree polynomial. 
Environmental constraints such as the available acceleration distance have an 
effect on practical step overcoming capability and path planning. The 120-cm 
acceleration distance used in the experiments reflects well a situation where the 
ball needs to enter from a narrow hallway over a door-step into a room. Even if 
there was plenty of room for speeding up, in certain cases it can be beneficial to 
apply ‘last minute’ acceleration that sets the pendulum into desired orientation 
for the moment of collision. If compared to the quasi-static model, the 
significantly increased dynamic step over-coming capability gives more 
freedom in mechanical design of the robot: in a dynamic case, it is not as 
essential to maximize the pendulum length or mass. 

Conducted with the dynamic simulator, the sensitivity analysis indicates the 
strong influence of ball diameter, pendulum mass and contact friction. In 
dynamic obstacle overpassing, a large ball diameter is helpful, as may be 
expected. Against the quasi-static model, the dynamic simulation prefers a short 
pendulum and low pendulum mass, presumably to maintain the mass center as 
high as possible, as well as to gain a high ball rolling inertia. However, if the 
pendulum is to be elevated above the ball center for obstacle crossing, a large 
pendulum mass may turn out to be useful. Large contact friction against the step 
prevents slipping and so takes the full advantage of motor torque and ball 
rotational inertia.
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6 Dynamic step-overcoming capability 
of a flexible pendulum-driven ball-
robot 

In the view of the related work discussed in Sections 2.2.5 and 2.2.6, inflatable 
and flexible ball-robots provide a vital alternative for rigid-shelled robots. A 
flexible shell protects the robot against hard impacts, attenuates oscillations and 
provides means for deflated storage and transportation, as well as a possibility 
to adjust the ball diameter and rolling properties. In addition, a better obstacle-
overcoming capability may be expected due to increased contact area and 
smooth interaction with obstacles –related to that of pneumatic tires. On this 
basis, this section extends the work on dynamic ball-robot obstacle-overcoming 
capability, presented in Section 5, to consider also flexible ball-robots. 

For a rigid shell, the contact model in Section 5 comprises a simple spring-
damper-like force function. This simplified approach is attractive since it easily 
may be combined with the dynamic robot simulator, control algorithms and 
path planners; which according to the literature are often created in Matlab-
software. In case of a flexible ball, the interaction between the ball and the 
obstacle is more complex, and a more advanced contact model is necessary. 
Sophisticated models to describe the contact and shell deformation may be 
created with finite element methods (FEM) and advanced modelling methods 
developed for flexible robotics and car tires (Zeglaar, 1988; Schmeitz, 2004; 
Arbab & Raja, 2008; Stallmann, 2013; Hiller & Lipson, 2014; Lipson, 2014). 
However, with these approaches, computational speed as well as necessity for a 
special software, and combining the contact model with the complete ball-robot 
dynamic model, may introduce further challenges.  

To keep the contact model simple and compatible with common dynamic 
models, this section chooses to follow the approach of Section 5 and creates a 
simple approximation of the contact geometry between the flexible ball shell 
and a step-shaped obstacle. Based on the approximated contact geometry and 
ball internal pressure, external forces and ball motion are simulated and the 
simulation results are compared with experimental results. 

6.1 Study logic 

Figure 6.1 presents the study logic for the experimental tests and simulation 
model validation for a flexible ball-robot. The work starts with building and 
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characterizing the FlexBall robot, followed by experimental step-overcoming 
tests. In the tests, some system parameters including ball orientation, pendulum 
position and shell unbalance are unobservable or uncontrollable causing 
variance in ball behavior. Comparison of a deterministic FlexBall simulation 
model with stochastic experimental results requires a logistic regression model 
to present the test outcome. A separate validation data set, constituting a 
number of test results that are not included in the creation of the regression 
model, are used to verify the performance of the regression model. Several 
alternative FlexBall contact models are then simulated and compared with the 
test results. The most descriptive FlexBall model is chosen and its performance 
is evaluated. 

 

  

Figure 6.1. The logic for FlexBall test model creation and comparison with simulation models. X 
presents the regressor variables (ball velocity, pendulum angle) and y is the respective test result 
(pass / no-pass). Subscripts v and s refer to validation test and simulation result respectively.  is 
the expected passing probability from the regression model.

6.2 FlexBall construction 

An inflatable FlexBall-robot, shown in Figure 6.2, was used to experimentally 
validate the simulation model. The FlexBall-robot constitutes a 60-cm diameter 
elastic spherical shell and a battery-operated 1-degree-of-freedom pendulum, -
intended for step-overcoming tests only and therefore without any streering 
capability. Table 6.1 lists the FlexBall physical properties.  
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Figure 6.2. FlexBall mechanical construction. FlexBall-robot carries a rigid rolling axis, a motor-
driven pendulum assembly, National Instruments MyRio-computing unit, battery pack, and an 
inflatable flexible outer shell. System mass is 6.4 kg and ball diameter is ~0.6 m. 

Table 6.1. FlexBall properties  

M1  ball mass, kg, 3.034 M2  pendulum mass, kg, 3.361 
R  ball radius, m, 0.28-0.31 *1 e pendulum length, m, 0.103 
J1  ball inertia, kgm2, 0.0585 – 0.0718 *2 J2  pendulum inertia, kgm2, 0.00121 
μ contact friction coefficient, 0.5 *3 g gravitational acceleration (m/s2, 9.81) 
Fr rolling resistance force, N, 0.7-7*4 f2 pendulum joint friction torque, N/A *5 
es axis off-centering, mm, 5.15±0.25 kd shell contact damping, 22-26 Ns/m *6 
Pendulum motor pulse counter 800 pulses/revolution 
Driving belt-wheel teeth number 27  
Driven belt-wheel teeth number 60  
Gearbox ratio 1:46  
Mechanical transmission ratio 46*60/27 = 102.222 
*1 Depends on ball pressure 
*2 Elastic 1.12-kg shell only, depends on ball radius (pressure) 
*3 Slipping was never detected, friction is sufficient 
*4 Depends on ball pressure and weight 
*5 In powered tests, motor overcomes joint friction.  
 Free-rolling tests with pendulum were not performed 
*6 Depends on ball pressure. Contact damping coefficient is applied in contact model. 

 
FlexBall control system, created with National Instruments LabView-software, 
runs on NI-MyRio 1900 real-time target and communicates wirelessly with the 
graphical user-interface on a laptop computer. In addition to the pendulum 
motor control, the on-board software measures sensor data with 100 Hz 
frequency and stores it in the memory of MyRio, from where it can be afterwards 
retrieved for post-processing. Table 6.2 presents the FlexBall sensors and 
electrical components. 

Table 6.2. FlexBall electrical components 

Faulhaber 12V brushed gear motor 
Avago HEDS 9000 pulse counter 
H-bridge with ST-Microelectronics L9904 bridge controller 
National Instruments MyRio-1900 control unit 
3-axis accelerometer (included in MyRio) 
Analog Devices ADXRS300 analog angular rate sensor 
2 x 12V/1.2Ah battery pack 
External pressure sensor Honeywell HSCSAAN001PDAA5 (70 mb) 
External pressure sensor Honeywell SSCSNBN005NDAA5 (12 mb) 
External data logger for rolling velocity measurements: National Instruments NI-USB 6008 

 
Experiments were performed using both the pendulum-driven FlexBall, and a 
free-rolling version with the pendulum removed. The free-rolling FlexBall did 
not carry any electronics, which is why the free-rolling collision velocity was 
measured using an external measurement system realized with two touch 
sensors, placed in front of the obstacle and 203 mm apart, as Figure 6.3 shows. 
A separate National Instruments NI-USB 6008 data-acquisition unit reads the 
sensors at 1 kHz frequency, records the time between touches, and calculates 
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the ball velocity considering also the measured rolling resistance and 
consequent ball deceleration. 

 

 

Figure 6.3. FlexBall free-rolling step-overcoming test arrangement showing the two touch sensors 
used for velocity measurement. 

Figure 6.4 shows the inflated FlexBall and external pressure measurement 
system to monitor ball internal pressure. The differential pressure sensors used 
are Honeywell HSCSAAN001PDAA5 (up to 7000 Pa, or 70 mbar) and 
SSCSNBN005NDAA5 (up to 1200 Pa, or 12 mbar). Typical ball over-pressure in 
the tests was 620-3200 Pa (6.2-32 mbar), which was checked regularly before, 
between and after the tests. 

 

  

Figure 6.4. FlexBall pressure monitoring. 

6.2.1 System characterization 

While FlexBall components mass was measured and their inertial properties 
were calculated with hand-book formulae, a number of experimental tests were 
conducted to evaluate various FlexBall properties, some of which are dependent 
on ball pressure. The measured properties include ball imbalance due to the off-
centered rolling axis and possibly uneven distribution of the shell mass, shell 
damping properties, rolling resistance, contact switch delay (used to detect the 
moment of ball contact with the step), and pendulum positioning and position 
measurement accuracy.  

6.2.1a FlexBall diameter  

Depending on the ball pressure and room temperature, the FlexBall diameter 
varied between 56 and 61 cm. Figure 6.5 shows the measured linear dependence 
between the internal over-pressure and ball radius. 
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Figure 6.5. The measured FlexBall radius as a function of ball internal pressure. The 
measurements marked with ‘□’ were taken at 21°C room temperature, while the measurements 
marked with ‘○’ were taken at 12°C temperature. 

6.2.1b FlexBall rolling resistance  

For estimating the FlexBall rolling velocity at free-rolling tests, the ball rolling 
resistance was measured. For measurements, the FlexBall was equipped with 
the rolling shaft and two different added weights. Without any pendulum, the 
system mass is 2.24 or 5.09 kg. The ball was then placed on an inclined surface 
and the inclination was gradually increased until ball motion, sometimes very 
slow creeping, was detected. The test was repeated several times with several 
different ball pressures. Figure 6.6 shows the test arrangement and the result 
for balls with two different weights.  

 

 
 

 

Figure 6.6. FlexBall rolling resistance measurement set-up, and the measured rolling resistance 
force as a function of ball overpressure for a 5.09-kg ball (upper curve) and 2.24-kg ball (lower 
curve).  
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6.2.1c FlexBall imbalance 

During preliminary testing, some imbalance was detected in FlexBall rolling 
behavior. This imbalance may result from the imperfect shell geometry, uneven 
shell mass distribution, and/or dislocation of the rolling axis away from the 
exact ball center. Imbalance causes periodic variation in the free-rolling ball 
velocity. Maximum theoretical velocity variation can be derived from 
conservation of energy where potential energy of the imbalanced mass 
transforms into kinetic ball rolling energy. The amount of axis off-set is sought 
for with an experimental set-up shown in Figure 6.7. 

 
 

   

Figure 6.7. FlexBall imbalance measurement. FlexBall axis is supported on roller bearings, and 
small weights are added on a string running along ball circumference. The weights mass to 
overcome imbalance and friction in two different locations are observed. The image on right 
shows the observed and marked stiction angle inside of which the ball remains steady. 

For imbalance measurements, FlexBall (with added weights but without the 
pendulum) was placed with roller bearings on a jig where two steady-state 
positions were found. The extent of imbalance was measured with the aid from 
an additional mass mounted on a string running around the ball perimeter. The 
measurements allow to find out the roller bearing friction as well as the off-set 
of the rolling axis.  

Assuming the shell possesses a perfect geometry and even mass distribution, 
the rolling axis offset es, shell mass m1 and roller bearing friction Tf produce a 
torque balance with the added 0.022-kg weights mi on ball radius R 

Without the added weights, the observed stable stiction angle αs defines the 
range where shell imbalance torque remains below bearing static friction torque 

This allows to solve the axis offset es 

Compared to the measured 0.6-0.8 N minimum rolling resistance, the 
measured 0.216-N imbalance force has significance. The following section 
calculates the effect of imbalance on free-rolling velocity. Table 6.3 collects the 
test-item properties and the measurement results.  
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Table 6.3. FlexBall imbalance measurements 

FlexBall weight mtot, kg 5.09 
Shell weight m1, kg 1.12 
Shell perimeter, m 1.796 
Shell radius R, m 0.286 
Measured imbalance force mi, kgf (N) 0.022 (0.216) 
Imbalance torque incl. bearing friction, Nm 0.0617 
Measured stiction angle αs, rad at two stable locations 0.0870 

0.2881 
Calculated bearing friction torque Tf, Nm at two stable locations 0.00257,  

0.00774 
Estimated rolling axis off-set, mm 4.9 - 5.4 

 

6.2.1d Measurement uncertainty in free-rolling velocity 

As was noted in the previous section, the measured FlexBall imbalance may 
have effect on free-rolling velocity. The aim of this section is to calculate the 
uncertainty in the measured collision velocity, considering also the 
measurement interval of touch sensors, and the uncertainty in rolling resistance 
measurements. 

In free-rolling step-overcoming tests, the velocity measurement records the 
time ball spends rolling between two touch sensors, that are located s0 = 203 
mm apart. Knowing the rolling resistance and ball deceleration, the initial ball 
velocity v0 at the beginning of the measurement range can be estimated: 

 

where v0 is initial velocity in the beginning of the measurement range s0, t is the 
measured elapsed time at the measurement range s0, and a is ball acceleration 
during the measurement. Ball deceleration, assumed as constant, results from 
the ratio of the external rolling resistance and the total ball inertia (including 
ball mass and rolling inertia): 

 

where a = ball acceleration, Fr = rolling resistance [N], mr = total mass inertia 
including the rolling inertia. According to equivalent kinetic energy:  

where mr = mass inertia, mtot = total mass, m1 = shell mass, Jw = rotational 
inertia of the added weights on the rolling axis, R = shell radius. Considering the 
ball radius and step height, the exact rolling distance from the first touch sensor 
to the collision event is 

 

where sc=distance to collision, ss=step distance to the first touch sensor (0.481 
m), R=ball radius, and h=step height. Knowing the initial velocity v0, rolling 
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resistance Fr, and the rolling distance sc, the collision velocity vc can be 
calculated from conservation of energy: 

where vc = collision velocity, v0 = initial velocity, Fr = rolling resistance, sc = 
rolling distance, and mr = mass inertia.  

The effect of the discrete measurement interval ∆t (±2 ms) and uncertainty in 
the rolling resistance estimate ∆Fr can be included with the respective partial 
derivatives of the impact velocity: 
 

 
where t presents uncertainty of measured time, and Fr presents uncertainty 
of rolling resistance estimation. The estimated 3σ-value for rolling resistance 
∆Fr is calculated from the measured values with respect to the LSQ-fitted curve 
in Figure 6.6.  

 
where Fi = measured rolling resistance at given ball pressure, Ni = calculated 
rolling resistance at given ball pressure (based on LSQ-fit on the measured 
values), n=number of measurements. For the 2.24-kg FlexBall, the estimated 
3σ-value is 0.180 N, while for the 5.09-kg FlexBall the 3σ-value is 0.840 N. The 
partial derivatives in (6.9) are 
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Uncertainty in time measurement and rolling resistance force are independent 
and maximum combined variation in the calculated collision velocity becomes, 
according to (6.9),  

During FlexBall free-rolling, the maximum change in imbalance potential 
energy can be found when the imbalance moves symmetrically from one side of 
the horizontal axis to the other side. In the rolling tests, the rolling distance from 
the start of the velocity measurement to the impact with the step is always less 
than 0.481 m. Since the ball radius is larger than 0.28 m, the rolling angle from 
the start of the measurement until impact is less than 1.72 rad. Then the 
maximum vertical change ∆yi of imbalance is 

 

where es = amount of imbalance (m), sc = rolling distance (m), R = ball radius 
(m). Whether the imbalance is located in front of the ball center or behind the 
ball center, the vertical change can be negative or positive. The respective 
change ∆v2 in the impact velocity can be calculated from conservation of energy 

 

where mr = mass inertia, mtot = total mass, m1 = shell mass, vc = collision 
velocity. Assuming again that the shell has a perfect geometry and mass 
distribution, the off-centered moving imbalance mass includes all other mass 
except the shell mass, i.e. mi is now (mtot – m1). The theoretical variation in 
collision velocity is 

 

Figure 6.8 shows a series of FlexBall free-rolling step overcoming test results as 
a function of collision velocity. The figure presents the test where the ball mass 
is 5.09 kg and pressure is 2309 Pa. Uncertainty (∆v1+∆v2) in the calculated 
collision velocity is shown with horizontal bars, extending on both sides of the 
calculated velocity.  
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Figure 6.8. FlexBall free-rolling step overcoming test results as a function of collision velocity. Ball 
mass 5.09 kg and pressure 2309 Pa. Uncertainty in the elapsed rolling time and the measured 
rolling resistance cause uncertainty in the calculated collision velocity.  

6.2.1e Accelerometers calibration 

MyRio 1900 includes a set of three orthogonal accelerometers that are used for 
measuring the pendulum orientation. The accelerometer calibration 
parameters (bias and gain) are derived with an iterative mathematical 
calibration method as described by Won and Golnaraghi (2010). The iteration 
algorithm was implemented in Matlab by Heikki Hyyti, and adapted and applied 
for accelerometer calibration by the author. Table 6.4 presents the 
accelerometer calibration parameters. 

Table 6.4. Accelerometer 
calibration parameters 

Axis Bias Gain 
X -0.01760 1.00923 
Y 0.01706 1.00805 
Z 0.00077 0.99635 

 

6.2.1f Pendulum angle measurement and validation 

During experiments, the MyRio 1900 on-board computer measures and records 
the pendulum orientation as derived from accelerometers, gyroscope and 
pendulum motor encoder. After the tests, a post-processing software in Matlab 
applies a Kalman filter –based algorithm to estimate the pendulum orientation 
from the measured accelerometer and gyroscope data. The algorithm, based on 
the prior works of Phuong et al. (2009) and Lou et al. (2011), has been revisited 
by Hyyti and Visala (2015). Implemented in Matlab by Heikki Hyyti, the 
algorithm was adapted and applied for FlexBall-tests by the author.  

To validate the pendulum position estimation and measurements, a pendulum 
rotation test was performed on a stationary jig. In the test, the FlexBall rolling 
axis was mounted horizontally and rigidly on the jig. Using the on-board control 
software, the pendulum was then commanded to rotate two revolutions in one 
direction, and two revolutions back. The test was repeated four times with 
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different velocities at 1, 5, 10, and 20 RPM. The pendulum orientation was 
observed from the encoder read-out, accelerometer measurements, and from 
estimation results. Figure 6.9 illustrates the collected data.  

 

Figure 6.9. FlexBall pendulum rotation test results. a) The measured data for complete 9-minutes 
test. The pendulum was rotated two revolutions forward and backward, four times with four 
different velocities. The encoder angle and the estimated angle are invisible behind the noisy 
accelerometer-calculated angle. Arrows indicate approximate pendulum orientation for the given 
pendulum rotation angle. b) The noisy accelerometer angle, the encoder angle, and the estimated 
angle. Due to the transmission line elasticity, the encoder angle is at this point 2 degrees below 
the estimate. c) The position estimate recovers quickly from a 4-seconds communications break, 
indicating that the pendulum control and position estimate are sufficient for most of the time. 

Figure 6.9 a) shows the measured data for a complete pendulum rotation test. 
During the 9-minute test, the pendulum was rotated two revolutions forward 
and backward, four times with four different velocities. The encoder angle and 
the estimated angle are invisible behind the noisy accelerometer angle. Arrows 
at the right side indicate the approximate pendulum orientation for the given 
pendulum rotation angle. Magnification in Figure 6.9 b) reveals the noisy 
accelerometer angle, the encoder angle, and the estimated angle. The estimate 
reflects well the average accelerometer angle while the encoder angle is at this 
point 2 degrees below the estimate. The difference is due to elasticity, stiction, 
and possible lost motion in the mechanical power transmission line. Over the 
complete test, as much as -2 up to +7 deg. angular difference between the 
estimate and encoder angle was observed. The sign of the difference depends on 
the pendulum orientation relative to gravity. Magnification c) shows the 
moment where a lengthy communication break took place between the on-
board computer and desktop user interface. During this break, accelerometer 
readings or encoder readings were not recorded, and the pendulum motor 
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velocity decelerated while encoder pulse counter continued counting. After the 
break, the motor controller rapidly accelerated the pendulum back to the set 
velocity. The position estimate recovers quickly from the break, indicating that 
the pendulum control and position estimate are sufficient for most of the time. 
The test lasted for 520 seconds, during which time 53 968 samples were 
collected. In 99.9% of the samples the elapsed time between two adjacent 
samples was less than 20 ms. In 35 samples the elapsed time is > 20 ms. The 
cause of the occasional data loss was in the poorly configured onboard computer 
software that froze in case the wireless WiFi-connection to the desktop user 
interface was causing a delay.  

6.2.1g FlexBall contact force model and damping coefficient 

As was the case for modelling of the rigid GimBall in section 5.3, also the 
FlexBall model aims for a simple model presentation. For GimBall, the contact 
force was described with a spring-damper model, where spring ratio was 
defined by the GimBall shell stiffness. For the inflatable FlexBall, the shell 
stiffness depends on ball pressure, shell material properties and contact 
geometry. Figure 6.10 presents a simple contact force model for FlexBall. In this 
model, the ball internal pressure and contact area diameter define the contact 
force. 
 

 

Figure 6.10. A simple FlexBall contact force model represents a spring-damper model where 
spring force is replaced with internal ball pressure and approximate contact area against the floor. 

Approximate contact area against the floor, assuming ideal ball deflection 
without any geometric distortion outside the contact area, is 

 

where A is approximate contact area against the floor, r is contact area radius, 
R is ball radius and s is ball deflection distance. Support force acting on the ball 
is then 

 

where p(s) is ball internal pressure that depends on ball volumetric change 
under deflection. Three different pressure models were studied; First pressure 
model assumes a constant ball pressure ignoring any volumetric changes. 
Second pressure model assumes ideal gas under constant temperature, i.e.  

r 
s 

R 

pA 
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where p1 and V1, and p2 and V2 present ball absolute pressure and volume, 
respectively before and after ball volumetric deflection. Third pressure model 
considers ideal gas in constant temperature as well, but adds the shell flexibility 
shown in Figure 6.5. In this model, the ball expands as the ball pressure 
increases during deflection. The model looks to find a solution for (6.22) where 

and 

where ball radius depends on ball pressure, as shown in Figure 6.5. Volumetric 
change ∆V due to ball deflection in Figure 6.10 is 

The balance in (6.22), considering (6.23) - (6.25)  may be solved symbolically or 
numerically e.g. with Matlab. Symbolic solution becomes very long, while 
numerical solution makes the model iteration slow. Given the ball center height 
from the floor, this work applies the symbolic solution to calculate ball 
deflection depth, expanded volume, and internal pressure. With this 
information, contact area and contact force are calculated. 

The above presented calculations for contact area and ball pressure give a non-
linear contact force dependence for the spring-damper –like contact model. 
Experimental tests were performed with FlexBall to find also the applicable 
damping coefficient. In these tests, the ball was dropped from a short distance 
onto floor and the resulting ball bouncing was measured with internal 
accelerometers. The test was repeated multiple times with different pressures 
and acceleration data was stored for further processing. Figure 6.11 presents the 
measured pendulum acceleratíon data during FlexBall drop-tests. 
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Figure 6.11. Measured pendulum vertical acceleration during FlexBall drop-tests. The test was 
performed at ball pressures 2585, 1723, 965, 965 and 695 Pa; 5, 5, 4, 9 and 9 times for each 
pressure respectively. 

During post-processing, the recorded acceleration peak magnitudes and time 
instants were examined. In particular, the first and the fourth acceleration peak 
were studied, since those were clear and available for all drop-tests. The FlexBall 
dynamic model, applying the contact force model described above, was then 
simulated to reproduce the test results. The simulation script applies a 
bracketing ascending method to find the respective drop height and peak 
acceleration as seen in the tests, as well as a suitable damping coefficient to 
make the peak acceleration of the fourth bounce similar with the test.  

Figure 6.12 compares the measured test result with three simulation results 
for a drop-test at 1723-Pa ball pressure. The results indicate that the damping 
coefficient can be matched with the test results, but the cycle times of the 
simulated oscillations slightly differ from the measured values. The first 
pressure model, assuming a constant ball pressure, gives a too long cycle time, 
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i.e. the simulated ball model is too soft. The second pressure model, applying 
the ideal gas state equation in constant temperature, always gives a too short 
cycle time, i.e. the simulation model is too stiff. The third pressure model, 
considering the shell elasticity, again gives a slightly too long cycle time. Out of 
the three pressure models, the third model is closest to the measured ball 
behavior.  

Table 6.5 collects the measurement results for all drop-tests, presenting the 
mean cycle time and its standard deviation for each tested pressure. The 
modelled damping coefficient is consistent between 22.8 and 26.6, except for 
pressure model 2 and at very low pressures. Figure 6.13 presents the derived 
damping coefficients for all test drops while applying pressure model 3. A linear 
approximation is applied for ball pressures above 900 Pa, indicating kd = 22-26. 

 
 

 

Figure 6.12. Measured and simulated acceleration during a single FlexBall drop-test with 1723-
Pa pressure. Pressure model 1 produces too low modelled bouncing frequency while pressure 
model 2 produces too high. Pressure model 3 is the closest to the measured bouncing frequency. 
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Figure 6.13. Simulation-based damping coefficients derived for each drop test. A linear 
approximation is applied for ball pressures above 900 Pa. 

6.2.1h Step-sensor timing tests 

During the step-overcoming tests and in support for FlexBall accelerometer 
measurements, ball contact with the obstacle was detected also with two 
triggering wires, placed on the front side and on top of the step, as shown in 
Figure 6.14. The wires close the electric circuit as the ball presses one of them 
against the copper tape below the wire. A challenge in the measurement comes 
from the arrangement where the ball acceleration and pendulum position 
measurements take place inside the ball, while the step detection takes place 
outside of it, and the parallel measurements should be synchronized in time 
correctly. The step-sensor signal was then routed wirelessly into the on-board 
computer inside the ball.  

 

Table 6.5. FlexBall drop-test and simulations results 

 
Test ID  Drop test 1 Drop test 2 Drop test 3 Drop test 4 Drop test 5 
Ball 
pressure 
(Pa)   

 2585 1723 965 965 695 

Number 
of drops  5 5 4 9 9 

       

  Average cycle-velocity (rad/s) 

  Mean Std. Mean Std. Mean Std. Mean Std. Mean Std. 

Pressure 
model 
T = test 

T 23.83 0.60 22.19 0.33 22.05 0.136 22.20 0.31 23.59 0.34 

1 25.49 1.62 19.50 0.76 13.96 1.12 14.45 0.60 11.89 0.38 

2 27.99 0.83 25.34 0.19 29.93 0.66 30.14 0.35 39.27 0.00 

3 25.88 1.36 20.82 0.61 17.15 0.51 17.35 0.11 16.58 0.16 

   

  Damping factor (Ns/m) 

Pressure 
model 
 

1 26.57 1.64 25.27 1.14 22.79 0.32 23.34 1.50 23.13 2.46 

2 24.51 0.79 24.07 0.30 40.29 3.39 38.54 5.82 69.76 3.62 

3 25.79 1.19 23.70 0.52 24.00 3.19 23.09 1.37 28.73 1.43 
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Figure 6.14. Trigger wires on the step-sensor are used to detect the contact between the ball and 
the step.  

For wireless signal transmission, a conventional radio-control equipment for 
toy-cars was applied. The step-sensor was connected to a RC-transmitter to 
modulate the sent signal upon switch triggering. A RC-receiver was placed 
inside the ball to operate a relay switch that in turn modulated a binary input 
signal for the MyRio 1900 onboard computer. With this arrangement, the 
onboard computer records simultaneously the measured encoder, 
accelerometer, gyro, and step-sensors signals. Figure 6.15 (left) shows the RC-
transmitter, receiver, and the relay-unit. It also presents the micro switch, NI 
USB-6008 data-acquisition unit, power supply and desktop computer used for 
system verification tests.  

 
 

  

Figure 6.15. Trigger signal timing measurement arrangement. (left) For testing, the trigger wires 
are replaced with a micro switch that connects directly to a NI USB-6008 data-acquisition unit, 
and also modulates the RC-transmitter signal. The RC-receiver operates a relay switch that is 
also connected to the data logger. LabView graph shows the logged signal directly from the micro 
switch (right, lower curve) and a delayed signal from the wirelessly operated relay switch (right 
upper curve). 

Because of the complicated wireless signal routing, it was necessary to check the 
possible step-sensor signal delay from the step-sensor triggering to the onboard 
computer input signal. Figure 6.15 (left) shows the testing arrangement where 
the trigger wires are replaced with a manually operated micro switch connecting 
directly to a NI USB-6008 data-acquisition unit, and also directly modulating 
the RC-transmitter signal. The RC-receiver operates a relay switch that is also 
connected to the data logger. Figure 6.15 (right) shows a LabView graph of the 
logged signal directly from the micro switch (lower curve) and the delayed signal 
from the wirelessly operated relay switch (upper curve). Figure 6.16 presents 

Trigger wires 
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the distribution of the measured delay between the direct signal and wirelessly 
transported signal. For 58 measurements, the delay average is 144.6 ms with a 
6.35-ms standard deviation. 

 

 

Figure 6.16. Step-sensor wireless trigger signal delay, measured with a NI USB-6008 data-
acquisition unit. For 58 measurements, the delay average is 144.6 ms with 6.35-ms standard 
deviation. 

6.3 Step-overcoming test configurations and data processing 

Once the system properties have been characterized, as described in the 
previous section, FlexBall step-overcoming performance was experimented in 
different configurations. Ball-robot applications include both the free-rolling 
(wind-driven) and pendulum-driven balls, because of which both 
configurations were to be tested. Figure 6.17 (left) shows the FlexBall after 
passing the step in free-rolling test. The downhill slope extends to the left side 
of the image, two touch-sensors to measure ball velocity locate in front of the 
step. Figure 6.17 (right) shows the pendulum-driven FlexBall ready to pass the 
step located in front of it. 

 

  

Figure 6.17. Test venue for down-hill free-rolling tests (left), and pendulum-driven obstacle-
crossing tests (right). 

6.3.1 Test configurations 

FlexBall performance was experimented in 9 different configurations, as shown 
in Table 6.6. Total of 630 test trials were recorded while rolling down a slope 
without a pendulum, and 1964 trials were recorded while driven by the 
pendulum along a level plane, making total of 2594 recorded test trials. This 
number of trials excludes ones where data collection failed due to occasional 
communications delay. 
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Table 6.6. FlexBall configurations and test numbers 

 Without pendulum With pendulum   

Config. 
id 

Mass  
(kg) 

Pressure 
(Pa) 

Mass  
(kg) 

Pressure  
(pa) 

Number of 
step 
heights 

Number of 
trials 

1 2.24 949   5 110 
2 2.24 2237   5 100 
3 2.24 3206   5 120 
4 5.09 912   5 100 
5 5.09 2309   5 100 
6 5.09 3102   5 100 
7   6.395 935 - 1003 7 369 
8   6.395 2465 - 2669 7 822 
9   6.395 3770 - 4233 7 773 
     Total cases Total trials 
     51 2594 

 
The free-rolling ball, without a pendulum but with two different masses and 
three levels of ball internal pressure, was tested with a step-shaped obstacle of 
five different heights between 35-129 mm. To variate ball velocity, the ball was 
released at different locations on the slope. In addition, to avoid systematic 
effect from possible imperfect ball geometry, the initial orientation about the 
rolling axis was varied. 

The pendulum-driven FlexBall was collided at three levels of internal pressure 
with an obstacle of seven different heights between 35-125 mm. In search for 
the minimum obstacle-passing velocity, the pendulum driving velocity (wrt. the 
ball shell) was systematically varied between 10 and 32 RPM in 1-RPM steps. To 
avoid systematic effects from possible imperfect ball geometry and ball natural 
oscillation, the initial rolling distance before meeting with the step was varied. 
In addition, the final pendulum rotation angle was randomized for each 
individual test trial. Hence, each test trial started with a different ball and 
pendulum orientation about the rolling axis. 

Each ball configuration with each experimented pressure and step height 
creates a specific test case. Thus, there are 30 different test cases for the free-
rolling ball, and 21 different test cases for the pendulum-driven ball, making the 
total of 51 cases. Typically, 20-150 test trials were recorded for each given test 
case making total of 2594 recorded test trials. 

6.3.2 Test results post-processing 

For the free-rolling tests, the ball rolling velocity is measured with two touch 
sensors and recorded together with the ball mass and pressure information. In 
case of the pendulum-driven FlexBall-robot, the control software recorded the 
selected system data in the memory of MyRio-onboard controller for further 
processing, as shown in Table 6.7. 
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Table 6.7. The measured and stored system data 

Measurements time tag 
Obstacle touch-sensor time tag 
Three accelerometer measurements 
Pendulum angle calculated from the accelerometer measurement 
Pendulum angle as calculated from the encoder data 
Measured gyro voltage 
Obstacle height 
Ball pressure 

 
To fuse the measured accelerometer and gyroscope data, a post-processing 
software in Matlab-environment applies a Kalman filter –based algorithm of 
Hyyti & Visala (2015). The fused data presents the pendulum rotation angle 
estimate as a function of time. The exact time moment of collision is detected 
from the measured acceleration peaks, as well as with a signal from the 
mechanical touch-sensor mounted on the obstacle. With the estimated 
pendulum angle and its derivatives, added with the recorded motor encoder 
data, the ball state at the moment of contacting the obstacle may be calculated.  

Figure 6.18 (top) shows an example of the recorded measurement data. Blue 
graph ‘pa’ presents the absolute pendulum angle wrt. ground vertical, green ‘ra’ 
presents ball forward rolling angle, red ‘rv’ stands for the ball forward-rolling 
velocity, and cyan ‘rac’ is ball acceleration. Pulse-shaped signal comes from the 
contact trigger. Black ‘■’ is the estimated triggering moment, considering the 
average trigger delay, the open squares ‘□’ present 3σ-variation in the delay. 
Open circles’○’ present the estimated contact times based on the acceleration 
curves in 6.18 (middle) and 6.18 (bottom).  

In this trial, ball rolling angle ‘ra’ reaches its maximum soon after the trigger 
signal and starts then to decrease. Therefore, the ball did not pass the step. Even 
though the pendulum angle keeps on increasing after the trigger signal, ball 
velocity turns negative and ball bounces away from the step. Upon decreasing 
pendulum angle, rolling acceleration starts to decrease a long time before the 
trigger signal, and reaches the minimum value soon after triggering; at the time 
when ball deflection is at maximum. Actual time of contact may be expected to 
remain between the maximum and minimum rolling acceleration peaks, also 
indicated by the trigger signal.  

Figure 6.18 (middle) and (below) show the acceleration values in three 
directions and the total acceleration, as measured with the accelerometers on 
MyRio 1900 -board. The maximum acceleration peak in vicinity of the received 
contact trigger signal present the moment of maximum ball deflection. The 
contact with the step must have formed shortly before this time. The estimate 
for the initial contact time has been chosen to be the moment where the 
measured total acceleration exceeds 1.1 g, right before the measured maximum 
peak, as indicated in Figure 6.18 (below). The ball and pendulum state is then 
recorded at the time of the estimated contact moment, together with the ball 
pressure and step-height information, as well as observed test result (‘pass’ or 
‘no-pass’). 
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Figure 6.18. An example of the recorded measurement 
data for a single step-crossing trial of the pendulum-driven 
FlexBall. (top above) Blue ‘pa’ presents the absolute 
pendulum angle wrt. ground vertical, green ‘ra’ presents 
ball forward rolling angle, red ‘rv’ stands for the ball 
forward-rolling velocity, and cyan ‘rac’ is ball acceleration. 
Pulse-shaped signal comes from the contact trigger. Black 
‘■’ is estimated triggering moment, the open ‘□’ presents 
the delay variation. Open ‘○’ presents estimated contact 
times based on the acceleration curves. (above) and (right) ‘x’ is the measured sideways 
acceleration, ‘y’ is acceleration along the pendulum, and ‘z’ is acceleration along the pendulum 
normal (pointing backwards). The selected estimate for the contact time is the moment close to 
the local maximum total acceleration (‘tot’) peak, where total acceleration has increased above 
1.1 g. 

6.4 Test results presentation in probabilistic distribution models 

As was discussed with GimBall in Chapter 5.6.1, also for FlexBall the results 
from experimental tests are subject to variance resulting from some 
uncontrolled ball behavior. The sources for variation in test results include for 
example the effects from imperfect FlexBall geometry, variation in ball 
orientation and rolling direction, ball imbalance, changes in ball pressure, and 
differences in absolute pendulum velocity. Due to variations, the outcome from 
the experimental tests is a binomial result of a stochastic Bernoulli process. It is 
convenient to present the experimental results with a probabilistic distribution 
model where low collision velocities are likely to produce ‘no-pass’-results, 
while high collision velocities likely produce ‘pass’-results. For completeness, 
and in order to extend the regression model in 5.6.1 to apply for FlexBall, the 
regression model description is partially repeated in the following. 
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The desired probabilistic distribution of experimental results can be 
conveniently presented with a logistic regression model, a member in the family 
of generalized linear models. A popular logistic regression model uses ‘Logit’-
function, also known as ‘Log-odds’, as a link function. This link function 
calculates the ratio between the probability of ‘pass’ and the probability of ‘no-
pass’, and relates its natural logarithm to the linear combination of predictor 
variables Xij and their multipliers βj, called as ‘regressor parameters’, as shown 
in (6.26). (Dunteman & Ho, 2006) 

where pi is the passing probability for the test trial i among all test trials i = 1…n 
in this particular test case, Xij are k predictor variable values for predictor 
variables X1...Xk during test trial i, and β0… βk are constant regressor parameters 
for this particular test case. Predictor variables X1...Xk present the parameters 
that are varied and measured during each test case, including rolling velocity, 
absolute pendulum angle, and pendulum velocity. Other system parameters, 
including ball pressure, ball weight, step height and pendulum presence, divide 
all test trials into 51 separate test cases. Thus, there is one regression model for 
each test case, i.e. 51 individual regressor parameters sets give the best fit 
between (6.26) and test results for each test case separately.  

It is the author’s choice to look for an individual regression model with 1-4 
parameters for each test case, instead of searching for a general model that 
combines all up to 8 parameters for all test cases. Even though the number of 
different regressor parameter sets becomes high, the low number of the 
regression parameters keeps the regression model simpler. In the context of this 
work, a more general model is not necessary. 

As may be derived from (6.26), the modelled pass-probability is an 
exponential function of the selected system variables and their multipliers, as 
shown in (6.27). (Dunteman & Ho, 2006) 

In order to create a descriptive regression model for the experimental test 
results, it is desired to find the regressor parameters β1..k such that high values 
of pass-probability pi for each test trial i accompany with passing test results yi 
= 1, and low values of pi follow the no-pass test results yi = 0. For the given n 
experimental test results, y1..n present the observed passes and no-passes with 
the measured predictor variables X1..n,1..k. Maximum likelihood estimate is used 
to determine the regressor parameters that provide the best fit between the 
regression model and experimental data. As described by Dunteman and Ho 
(2006), the log likelihood for the whole sample with n experimental trials is  
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Since p(Xij) is a function of predictor values Xij and regressor parameters βj, as 
shown in (6.27), the regressor parameter values for the best fit can be found by 
finding the maximum value of the right side of (6.28). Because (6.28) is non-
linear in parameters, the point of maximum value, i.e. the most suitable set of 
β0..j, must be searched for with iterative methods. (Dunteman & Ho, 2006) 
Matlab-software provides ‘glmfit’ and ‘glmval’ –functions that were applied in 
this study for regression model generation. These functions return the 
regression parameters, the goodness of model fit (residuals and deviance), as 
well as the predicted model results for given predictor values and confidence 
intervals. 

6.4.1 Regression models with one predictor variable 

As was the case for the free-rolling GimBall and ShellBall in Section 5.6, also for 
the free-rolling FlexBall it is convenient to apply a single predictor variable, 
namely the rolling velocity. Other system parameters including ball mass, ball 
pressure, and obstacle height are used to define the test set-up. The application 
of rolling velocity as a single predictor variable is a natural choice for a free-
rolling ball, but it may be also studied for the pendulum-driven ball to see 
whether additional predictors will make a difference. Figure 6.19 presents the 
regression model applying a single predictor variable (ball velocity) for a 
pendulum-driven FlexBall at ~4000-Pa pressure and 95-mm obstacle height. 
The cumulative number of passes starts to increase above 1-m/s velocity, while 
above 1.5 m/s all test trials pass. The regression model, fitted for this test set-up 
and using the ball velocity information only, indicates 50% pass probability at 
1.28-m/s collision velocity. Figure 6.20 collects the 1-predictor regression 
models for all 7 step heights experimented with the same pendulum-driven ball 
configuration at ~4000-Pa ball pressure. 

 

 

Figure 6.19. An example of experimental test results and the regression model with one predictor 
variable (ball velocity). Cumulative numbers of fails (red ‘×’) and passes (blue ‘○’) indicate the 
transition range where the ball starts to pass the obstacle. Regression model presents the 
modelled obstacle passing probability as function of ball velocity. 
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Figure 6.20. The regression model for 95-mm step height, presented in Figure 6.19, accompanied 
with 6 other step heights tested with the same ball construction, weight, and pressure. 50%-
passing probability is identified for each step height with’◊’. (top) Correlation between the step 
height and necessary ball velocity is clear. (below) 

6.4.2 Regression models with two predictor variables 

The selection of the rolling velocity as a single predictor variable is convenient 
for free-rolling balls, and it may also be experimented with the pendulum-
driven FlexBall. However, the pendulum orientation may be expected to 
influence ball behavior, which is why the absolute pendulum angle from the 
ground vertical should be considered as the second predictor, aside the rolling 
velocity. Figure 6.21 presents a 3-dimensional graph of the same test results set 
as in Figure 6.19. The red ‘×’ and blue ‘○’ again present the test results ‘no-pass’ 
and ‘pass’ respectively, but are now distributed along two horizontal coordinates 
according to the measured rolling velocity and pendulum angle during step 
contact. In addition, the data points are placed vertically per the modelled 
passing probability, which is presented with a S-shaped passing probability 
surface. Variance in test results is clearly visible in long overlapping tails in not-
passing and passing results. Some passes take place at low pass-probability 
while some no-passes happen still at high pass-probability. A multitude of 
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different step-heights introduces an equal number of pass-probability surfaces, 
in a similar manner as passing probability curves multiply in Figure 6.20. 

 

 

Figure 6.21. An example of experimental test results and the regression model with two predictor 
variables (ball velocity and pendulum angle). Failing trials (red ‘×’) and passing trials (blue ‘○’) 
distribute according to the measured rolling velocity, measured pendulum angle, and modelled 
passing probability. Regression model presents a S-shaped passing probability surface. 

6.4.3 Regression models with three or more predictor variables 

While a single predictor variable can be used for free-rolling balls and two 
variables are convenient for the pendulum-driven ball, the number of predictor 
variables can be extended even further: a third predictor may present e.g. the 
measured pendulum velocity. Three predictor variables define a volume inside 
of which each point possesses a certain modelled passing probability value.  

Constituting of one, two, three or four predictor variables, five different test 
models were created for each obstacle height at each ball pressure. As chosen 
predictors, the models include alternatively one predictor (collision velocity), 
two predictors (collision velocity and pendulum angle), or even three or four 
predictor variables. In case of three predictors, the collision velocity and 
pendulum angle are accompanied with either the absolute pendulum rotation 
velocity (wrt. to ground vertical), or the commanded pendulum velocity. The 
choice of velocity command as a predictor variable seeks to consider the effects 
from the relative pendulum velocity as well as from motor control system 
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performance. Finally, four predictors include the collision velocity, pendulum 
angle, the absolute pendulum rotation velocity (wrt. to ground vertical), and the 
commanded pendulum velocity. 

6.4.4 Comparison of regression models using deviance 

To mathematically describe the collected test data, the preceding sections 
describe several different alternatives to create the regression models with one 
or more predictor variables. Applying a measure known as deviance, this section 
compares the performance of different models and chooses one to be used as a 
reference for the validation of ball-robot simulation model. 

Deviance is a term used for generalized linear models to describe how well the 
model fits with the collected data. Dunteman and Ho (2006) define deviance as 

 

where  is the log likelihood of the full model that contains as many 
parameters as there are samples and thus fits perfectly at each data point; and 

 is the log likelihood of the reduced model constituting the selected 
predictor variables, as shown in (6.28). For Bernoulli-distribution, the log 
likelihood of the full model is zero and deviance is then the negative double of 
(6.28). Deviance indicates the performance of the reduced model if compared 
to the full model giving a perfect fit. Two different models, for example models 
with two and three predictor variables, may be compared by comparing their 
deviances: the model with the deviance closer to zero fits the observations 
better. 

Table 6.8 collects all pendulum-driven FlexBall experiments performed with 
the given ball pressure and obstacle height. Assuming a monotonous system 
behavior, regression models apply all experimented no-pass results for a given 
step height, and for all larger step heights. Respectively, all passing results for a 
given step height are applied also for all lower step heights. This can be done 
when the effect from step height difference exceeds system variance. As a result, 
the regression models become more consistent and provide narrower 
confidence bands. 

 Based on the collected data, Matlab’s glmfit- and glmval-functions have been 
utilized to create five different regression models, the deviances of which are 
presented in the table. Along each row, the five deviances describe the goodness 
of fit for all five regression models for each test configuration. Clearly, the model 
with only one predictor (ball velocity) has the largest value in each test case. The 
model with two predictors (ball velocity and pendulum angle) shows smaller 
deviance. The more complex models with three or four predictors again show a 
slightly lesser deviance, but the difference is smaller than between one and two 
predictors. The regression model with two predictors, that are collision velocity 
and pendulum angle, is initially selected as the preferred test model and 
highlighted in Table 6.8. The choice is to be evaluated in Section 6.4.6.  
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Table 6.8. Pendulum-driven FlexBall test cases, regression model predictor variables, 
and regression model deviance 

Test case parameters Predictor variables and resulting deviance 
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1000 35 115 29.33 24.73 21.85 23.25 21.85 

1000 50 117 32.34 23.71 22.49 22.63 21.90 

1000 65 144 54.80 16.68 11.83 10.68 360.44 

1000 80 146 23.75 7.02E-14 6.93E-14 6.97E-14 6.84E-14* 

1000 95 179 78.48 18.61 18.60 18.59 18.45 

1000 110 200 98.94 35.42 35.35 35.16 35.01 

1000 125 192 60.24 43.79 41.13 39.60 39.55 

2600 35 281 84.91 65.37 60.88 60.66 60.52 

2600 50 323 68.96 27.14 26.06 26.30 24.65 

2600 65 351 103.03 29.96 29.83 29.89 29.23 

2600 80 375 157.89 41.54 38.12 37.78 37.74 

2600 95 384 131.63 37.18 37.10 37.16 36.70 

2600 110 390 65.21 15.62 0.00 7.64E-13 2.98E-13* 

2600 125 421 59.00 19.69 18.72 18.61 18.59 

4000 35 235 40.21 35.78 35.78 35.78 35.77 

4000 50 272 39.57 13.55 12.28 12.16 11.80 

4000 65 331 101.41 20.73 17.25 17.04 16.50 

4000 80 329 91.75 24.58 24.05 24.44 21.30 

4000 95 341 116.63 36.89 36.75 36.83 35.78 

4000 110 366 115.48 28.53 28.34 28.48 27.64 

4000 125 395 69.87 24.24 19.20 23.04 19.10 

* See section 6.4.5. 

** The selected baseline model, on which other models are compared to 

 

6.4.5 Regression model anomalies 

Two rows in Table 6.8 call special attention; namely the cases with 1000-Pa 
pressure at 80-mm step height, and 2600-Pa at 110-mm step height show some 
exceptionally small deviances. As becomes visible in Figs. 6.22 a-b), in the first 
case the experimental passes and no-passes are fully separated, if presented 
with two predictors. Hence, it is not possible to define a unique best-fit model. 
For the second case, if modelled with two predictors, there exists some overlap 
in the test results, as shown in Figure 6.22 c). However, if modelled with three 
predictors, a plane in Figure 6.22 d) again fully separates the passes and no-
passes, and no unique estimate may be defined. The reason for the indefinite 
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regression model is in the distribution of experimental data; with additional 
data points and sufficient parameter variation, the results will eventually show 
some overlap (as takes place in all other test cases) and optimal regression 
model generation will be then definite. During model evaluation, Matlab 
software gives a warning when detecting a fully separated data set, in which case 
the data set itself may be subjected to a closer examination. As may be observed 
in Figure 6.22, the separation between passes and no-passes is small and the 
50% pass probability, given by Matlab functions, presents a good modelled 
estimate. 

  

 

Figure 6.22. Two test cases showing a complete separation of passes and no-passes. In a) and 
b), a deterministic passing limit defined by two predictor variables separate the passes and no-
passes completely. In c) some overlap exists with two predictors, while in d) a plane defined by 
three predictors separates again the passes and no-passes completely. In these cases, the result 
from the calculation of pass-probability regression model is indefinite. 

6.4.6 Test model validation 

Previous section presents in Table 6.8 five different regression models and their 
deviances. The regression models, that represent the results from the 
experimental tests performed in 21 different set-ups, show some variation in 
deviances. The model with one predictor variable shows the largest deviance 
while the model with four predictor variables present the lowest deviance, as 
may be expected. It is of interest to study if the measured differences in deviance 
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come from system parameters, or if they just present natural system variance. 
It is also desirable to find the simplest possible regression model with the least 
number of predictor variables, yet presenting the test results with sufficient 
confidence, and to exclude from the model any predictor variables that do not 
have any measurable effect on the results. This evaluation of the five regression 
models can be performed by comparing their deviances and referring to Χ2-table 
to deduce whether the difference between the models is statistically significant 
or not (Dunteman & Ho, 2006). 

For mutual comparison between the models, the model with two predictors 
was chosen as the baseline and other models are compared to it by calculating 
the difference between the deviances. In model evaluation, let the null 
hypothesis H0 state that there is no difference between the models, i.e. the 
additional predictor variables (in the model that has the larger number of them) 
have no effect and the detected difference originates from normal system 
variance. The alternative hypothesis H1 states that there exists significant 
difference that cannot be explained by natural variation, and the additional 
predictor variables should be taken in count. Using the corresponding degrees 
of freedom (the difference in number of predictor variables) and the given 
deviance difference, a chi-square cumulative distribution function provides the 
smallest value p that allows to reject the null hypothesis. A small p indicates that 
the chances the measured difference comes from noise are small, the difference 
is then significant and the null hypothesis can be rejected. Desired significance 
level α is chosen to be 5% and for the measured difference to be significant, p < 
α.  

For validation purposes, a specific validation data-set was separated from the 
test data before building the regression models. The validation data-set was 
systematically collected during testing and excluded from the regression model 
creation. Thus, the validation data presents an independent data-set that can be 
applied to test the performance of regression models. Table 6.9 repeats the 
deviance calculations for all regression models, but applying the independent 
validation data-set.  Applying a significance level 0.05, the table presents with 
dark background the deviance values that differ significantly from the deviance 
of the selected baseline model with two predictor variables. Table 6.10 presents 
the calculated p-values. Every p < 0.05 in Table 6.10 yields a shaded respective 
cell in Table 6.9. 

It is the authors choice to present the p-values and to study the significance of 
difference in deviances with validation data, although that may be performed 
directly also with the original test data. The application of validation data allows 
regression model cross-validation with independent data, which reveals 
possible model over-fitting. The model showing the least deviance with the 
validation data indicates the most general model that least suffers from over-
fitting.  
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Table 6.9. Pendulum-driven FlexBall test cases, regression model predictor variables, 
and calculated regression model deviance applying validation data-set.  

Dark background indicates a deviance significantly different from that of the selected baseline model, 
identified with (**). 

Test case parameters Predictor variables and resulting deviance 
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1000 35 46 5.67 4.03 6.04 4.85 6.04 

1000 50 47 9.69 4.45 4.70 4.98 2.52 

1000 65 53 32.74 30.41 56.37 72.59 294.73 

1000 80 50 5.83 6.59E-03 0.00 0.00 1.58E-14 

1000 95 58 32.92 4.03 4.03 4.03 4.04 

1000 110 60 38.12 19.00 19.01 18.52 17.96 

1000 125 56 21.32 11.83 12.95 12.36 12.47 

2600 35 82 25.53 16.17 16.40 16.35 16.25 

2600 50 97 34.05 9.79 7.61 7.86 7.78 

2600 65 112 32.98 2.21 2.06 2.10 2.66 

2600 80 127 39.78 5.89 4.67 4.50 4.42 

2600 95 131 50.22 9.09 9.10 9.12 8.67 

2600 110 135 31.39 8.52 73.47 56.58 146.95 

2600 125 149 14.81 3.11 3.26 2.84 2.93 

4000 35 79 24.34 27.47 27.43 27.45 27.35 

4000 50 97 17.62* 51.90 63.28 64.22 67.87 

4000 65 118 31.32* 44.86 55.97 56.35 56.63 

4000 80 114 37.07 22.30 22.80 22.45 26.97 

4000 95 119 42.68 4.90 5.27 5.14 4.99 

4000 110 126 58.90 20.57 20.15 20.26 96.00 

4000 125 132 20.79 3.96 6.10 4.17 6.24 

* Two models significantly better than the selected baseline 

** The selected baseline model, on which other models are compared to 

 

 
The deviance differences in Table 6.8 and the smallest deviances in Table 6.9 
both indicate the two-predictors model as the most suitable of the five being 
studied. Outperforming the baseline model, there are only two significantly 
better one-predictor models for 4000-Pa pressure at 50-mm and 65-mm step 
heights, underlined in the Table 6.9. All other models are significantly worse, or 
the difference is not statistically significant. According to the validation data 
analysis, it is reasonable to state that the regression model with two predictors 
is in general at least as good as, or even better than, the models with one, three 
or four predictor variables.  
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Table 6.8. shows how the regression model deviance decreases as the number 
of predictor variables increases, i.e. the derived regression model fits better to 
the applied test data. However, Table 6.9, presenting the deviance for the same 
regression model but with an independent data set, often shows an increased 
deviance with the larger number of predictor values. This indicates that the 
third and fourth predictor variables cause regression model overfitting with the 
sample data.  

 

Table 6.10. Pendulum-driven FlexBall test cases, regression model predictors, and 
calculated regression model p-values when compared to the model with two predictors.  

In cases where p < 0.05 (highlighted) the corresponding difference to the deviance in Table 6.9 is 
statistically significant.  

Test case parameters Predictor variables and calculated p-value 
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1000 35 46 0.2006 - 0.1560 0.3659 0.3656 

1000 50 47 0.0221 - 0.6197 0.4649 0.3809 

1000 65 53 0.1269 - 3.5E-07 8.3E-11 0.0000 

1000 80 50 0.0158 - 0.9353 0.9353 0.9967 

1000 95 58 7.6E-08 - 0.9487 0.9442 0.9927 

1000 110 60 1.2E-05 - 0.9249 0.4862 0.5922 

1000 125 56 0.0021 - 0.2900 0.4669 0.7273 

2600 35 82 0.0022 - 0.6345 0.6771 0.9626 

2600 50 97 8.4E-07 - 0.1400 0.1645 0.3649 

2600 65 112 3.0E-08 - 0.7016 0.7410 0.7976 

2600 80 127 5.8E-09 - 0.2710 0.2384 0.4812 

2600 95 131 1.4E-10 - 0.9128 0.8596 0.8115 

2600 110 135 1.7E-06 - 7.8E-16 4.1E-12 0.0000 

2600 125 149 0.0006 - 0.6995 0.6015 0.9131 

4000 35 79 0.0766 - 0.8424 0.8791 0.9429 

4000 50 97 4.8E-09 - 0.0007 0.0004 0.0003 

4000 65 118 0.0002 - 0.0009 0.0007 0.0028 

4000 80 114 0.0001 - 0.4807 0.6983 0.0966 

4000 95 119 7.9E-10 - 0.5413 0.6221 0.9560 

4000 110 126 6.0E-10 - 0.5172 0.5762 0.0000 

4000 125 132 4.1E-05 - 0.1435 0.6413 0.3197 

 

6.4.7 Regression model confidence 

All the regression models discussed in previous sections, including the selected 
model, build on the measurement results and model fitting. However, the 
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measurements present only a limited sample about the system behavior. Due to 
variance in experimental testing, further experiments with repeated step-
overcoming tests will produce slightly different results each time. Confidence 
band gives an estimate about the interval where model fitting result will be 
located most of the time. Following the method introduced by Hauck (1983), 
Figure 6.23 presents an estimate of 95% confidence band extending on both 
sides of the modelled passing probability surface for FlexBall at 4000-Pa 
pressure and 95-mm obstacle height. Figure 6.24 a) extracts from the three 
surfaces the 5%, 50% and 95% passing-probability contours with their 
respective confidence bands. Figure 6.24 b) shows in magnification the widths 
of confidence bands, within which the predicted passing probability curves most 
likely are located.  

According to the measurements, and as shown in Figure 6.24 b), with the 
given 0.8-rad pendulum angle FlexBall reaches a 50%-passing probability at 
1.3±0.015-m/s impact velocity (when ball pressure is 4000 Pa and step height 
95 mm). Uncertainty in impact velocity to reach 95%-passing probability is 
higher, being ±0.029 m/s at 1.42-m/s impact velocity. 

 

 

Figure 6.23. Confidence bands for passing probability surface at 4000-Pa pressure and 95-mm 
obstacle height. Passing probability surface in the middle, and 95% confidence-band limits on 
both sides, as calculated with the method of Hauck (1983). 
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Figure 6.24. 5%, 50% and 95% passing probability contours (solid lines) with 95% confidence 
bands (dashed lines). a) 4000-Pa pressure, 95-mm obstacle height. (b) Magnification presents, 
in terms of ball velocity, the minimum confidence band width with the given pendulum angle. 

6.4.8 Regression model difference in terms of collision velocity  

This chapter has described the creation of experiments-based regression 
models, and deviance-based analysis and selection of the most descriptive 
model. Further comparison with an independent validation data-set confirmed 
adequate regression model selection, also providing in Table 6.9 numerical 
deviance-values quantifying the difference between the regression model and 
the validation data-set. However, the deviance is not a very descriptive measure 
to illustrate the difference between the regression model and test data. Hence it 
is desired to express the difference in terms of impact velocity difference, in a 
similar manner to the confidence band width expressed in Figure 6.24 b). 

Figure 6.25 presents for a single test case the test data and the related 
regression model 50% pass-probability contour, added with validation data. 
Validation data was collected among the test data, but separated from the test 
data before regression model creation. In this case, the passes and fails in 
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validation data are completely separated, no overlap is visible. In addition, the 
closest no-pass -results appear to be located closer to the 50% pass-probability 
contour of the regression model, than do the closest pass-results. Table 6.9 
compares the validation data set with the selected regression model, and a non-
zero deviance also indicates that some measurable difference exists. For a given 
pendulum angle, this difference is to be expressed in terms of impact velocity 
difference, as is the confidence band width expressed in Figure 6.24b. 

 

 
 

Figure 6.25. Regression model data set and validation data set, 50% passing probability contour; 
2 predictors, step height 95 mm, pressure 4000 Pa. 

In Figure 6.25, a slight theoretical transfer of the regression model 50% pass-
probability contour towards North-East sets the contour better in the middle 
between validation data passes and no-passes, which minimizes the calculated 
deviance. The same result can be achieved by theoretically transferring the 
whole validation data set towards South-West. The transfer distance then 
describes the average difference between the regression model and validation 
data set in terms of pendulum angle and impact velocity, averaged over the 
complete validation data set. If the difference is to be expressed with impact 
velocity only, the theoretical data set transfer may happen in East-West -
direction, giving the model difference in terms of impact velocity difference, 
averaged over all data points. A negative velocity shift indicates an optimistic 
regression model since the passes in validation data take place at higher 
velocities than the model predicts. Respectively, a positive velocity shift 
indicates a conservative regression model that predicts too high passing 
velocities. 

Table 6.11 presents the optimized velocity shift for validation data, presented 
separately for each test case. For the case depicted in Figure 6.25, the theoretical 
velocity shift is -0.043 m/s, i.e. the regression model is in average 0.043 m/s 
optimistic if compared to validation data. Despite the validation data comes 
from the same test campaign as the test data for the regression model, the 
calculated velocity shift appears to be slightly larger than the confidence band 
calculated for the regression model. However, validation data set has an 
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unfavorable distribution presenting a gap around the regression model 50% 
pass probability contour. This adds uncertainty in fitting of the validation data 
and regression model, which partially explains the difference. 

For all validation tests, the average optimal velocity shift is -0.009 m/s, while 
minimum and maximum shifts among all 21 test cases are -0.088 m/s and 
0.065 m/s.  
 

Table 6.11. Optimized theoretical velocity shift of validation 
data to give the least deviance with the regression model 

Pressure (Pa) Step  
height (cm) 

 Validation data 
velocity shift (m/s) 

1000  35   0.0013 

  50   -0.0552 

  65   0.0652 

  80   0.0175 

  95   0.0338 

  110   -0.0236 

  125   0.0058 

2600  35   -0.0386 

  50   -0.0040 

  65   -0.0140 

  80   -0.0221 

  95   0.0050 

  110   -0.0323 

  125   -0.0873 

4000  35   -0.0480 

  50   0.0357 

  65   0.0209 

  80   -0.0066 

  95   -0.0429 

  110   0.0230 

  125   -0.0235 

Deviance before shift  305.5 

Deviance after shift  268.4 

Shift mean  -0.009 

Min shift  -0.087 

Max shift  0.065 

Shift standard deviation  0.036 

  

6.4.9 Discussion on test results presentation with regression models 

The experiments-based regression models were compared with the validation 
data to deduce whether the models are optimistic or conservative. The 
difference between the model and the validation data mostly remains small, as 
may be expected since the modelled data and validation data were collected 
from the same test set-up.  
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Figure 6.26 presents all FlexBall experiments (except the validation data) for 
three pressure levels and 7 step heights. The figure shows also, for each step 
height, the modelled 50% passing probability contours with 95% confidence 
bands. For each pressure level and step height, Table 6.11 illustrates the 
difference between the respective regression model and validation data, in 
terms of average velocity difference from the optimal fit. In average, validation 
data fits well with the regression model.  

In terms of velocity difference, the maximum average distance between the 
regression model and validation data is 9 cm/s, which is less than 0.7% from the 
respective passing velocity (>1.3 m/s for 125-mm step height at 2600-Pa 
pressure). Maximum relative difference is <7% at >0.65-m/s impact velocity for 
35-mm step at 4000-Pa pressure. Among all pressures and step heights, average 
validation data velocity difference has a 0.036 m/s standard deviation, 2-sigma 
value is 0.072 m/s. 

The calculated velocity-shift difference between the regression model and 
validation data describes average model bias, but does not consider the variance 
of modelling errors. Figure 6.24 a) presents the test data for one test case, and 
a respective regression model with 5%, 50% and 95% passing probability 
contours. As may be observed from the figure, model fit is good, bias is small, 
and the cumulative number of passes agrees with the probability contours. 
Hence, it may be concluded that the regression model is not over-fitted and it 
manages to represent the system behavior in a sufficient manner. 
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Figure 6.26. All FlexBall test results , excluding validation data points, for all tested step heights: 
pass ‘○’, no pass ‘×’, regression 50% passing probability contour ‘-‘, 95% confidence band ‘--‘; 2 
predictors, pressure range ~1000 Pa (Top), ~2600 Pa (Middle), ~4000 Pa (Bottom). 

6.5 Modelling of pendulum-driven FlexBall motion 

Section 4 presents the conventional dynamic model for a pendulum-driven ball-
robot rolling along a level surface without slipping. The rolling constraint is 
included in the model by expressing the ball velocity as a function of the angular 
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rolling velocity, ball radius, and slope angle. For modelling the ball motion 
during and after the collision with a step-shaped obstacle, Section 5 introduces 
a new model where the rolling constraint is replaced with lateral ball velocities 
and contact forces. The generalized coordinates are then extended with the 
horizontal and vertical ball position. 

For a rigid shell, the contact model in Section 5 comprises a simple spring-
damper-like force function (Ylikorpi et al., 2014c). Due to the shell deformation, 
the contact geometry of a flexible ball is more complex. To describe the FlexBall 
contact geometry and the related contact forces, this section revisits the work in 
Ylikorpi et al. (2017) and finds a simplified presentation to be directly applied 
with commonly used simulation tools, as presented in Sections 4 and 5. 
Although advanced finite element methods, tire models, or modelling methods 
specifically developed for soft robots might provide better models for ball 
deformation and contact forces, the application of those requires extensive 
computing resources and special software. The preferred simplified contact 
model resembles the one in Section 5, and is easily integrated with the dynamic 
motion model and transferred into simulator software. Based on the 
approximated contact geometry and ball internal pressure, external forces and 
ball motion will be simulated, and the simulation results are eventually 
compared with the experimental results. 

6.5.1 Motion equations  

Section 4 introduces the conventional dynamic model for a rigid pendulum-
driven ball-robot rolling along a level surface without slipping, while Section 5 
extends that to allow slipping and bouncing with a contact on a step-shaped 
obstacle. The dynamic motion model for the flexible ball, excluding the contact 
model, is assumed to be the same as for the rigid ball. 

As explained in Section 4, the Euler-Lagrange equation has been used to create 
the dynamic equations of motion. Lagrangian function L presents the difference 
between the system’s kinetic energy T and the potential energy V, as shown in 
(6.30). Generalized forces Qi affecting the system can be solved through the 
differentiation of the Lagrangian with respect to time and generalized 
coordinates qi, as presented in (6.31), known as the Euler-Lagrange equation.  

The chosen generalized coordinates in (6.32) represent the ball and the 
pendulum rotation angles, as well as the ball horizontal and vertical position.  

Kinetic and potential energy of the shell (T1, V1) and pendulum (T2, V2) can be 
expressed with the generalized coordinates as: 
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Table 6.12 explains the FlexBall variables and parameters, as well as their 
numerical values for the physical FlexBall-robot. All robot properties have been 
measured, except for the inertial values that were derived from a 3D CAD-
model. In this work, the ball rotation angle θ1 is measured from the ground 
vertical instead of slope normal, hence the slope angle α in (6.33) and (6.34) is 
set to zero and removed from further calculations. 

 

Table 6.12. FlexBall dynamic model parameters 

α  slope angle, rad h step height, m 
M1  ball mass, kg, 3.034 M2  pendulum mass, kg, 3.361 
R  ball radius, m, 0.28-0.31 *1 e pendulum length, m, 0.103 
J1  ball inertia, kgm2, 0.0585 – 0.0718 *2 J2  pendulum inertia, kgm2, 0.0012112 
θ1  ball angle wrt. plane normal, rad θ2  pendulum angle wrt. ball, rad  

  ball velocity, rad/s   pendulum velocity, rad/s 
   commanded pendulum velocity, rad/s 
T1  ball kinetic energy, J  T2  pendulum kinetic energy, J  
V1  ball potential energy, J V2  pendulum potential energy, J 
τ1   external torque on ball, Nm τ2   motor torque on pendulum, Nm 
v ball velocity, m/s vslip slip velocity, m/s 
FN contact normal force, N Fμ contact friction force, N 
μ contact friction coefficient, 0.5 *3 τ μ contact friction torque, Nm 
kd contact damping, 20-25  Ns/m *1 g gravitational acceleration, m/s2, 9.81 
Fr rolling resistance, N, 0.7-7*4 f2 pendulum joint friction, Nm, 0.124 
*1 Depends on ball pressure 
*2 Elastic 1.12-kg shell only, depends on ball radius (pressure) 
*3 Sufficient to prevent slipping 
*4 Depends on ball pressure and weight 

 
 

With application of the Euler-Lagrange equation and Eqs. (6.33) and (6.34), the 
dynamic equations of motion can be derived and presented in configuration 
space according to (6.35), where A, B, C, D, and G present the matrices 
including the mass and inertia terms, the centrifugal terms, the Coriolis terms, 
friction, and the gravitational forces respectively: 

 

The elements of A, B, C, and G can be derived with application of (6.30) - (6.34).  
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Element D11 presents the ball rolling resistance torque, where Fr is the measured 
resistance force. The rolling friction representation is lightly different from that 
for the GimBall in (5.7), since GimBall rolling resistance was given as resistance 
torque, but FlexBall rolling resistance is the measured force. D22 presents the 
measured friction torque of the rotational joint connecting the pendulum arm 
with the ball. To present Coulomb friction model, in simulation software the D-
matrix multiplies, instead of the velocity vector, a vector of rotation velocity 
signs, effectively ignoring the velocity magnitudes as explained in Section 4.6. 

To complete the dynamic model, the generalized forces on the right side of 
(6.35) must be calculated. These forces and torques originate from the 
pendulum motor torque, and from ball contact with the rolling plane and the 
obstacle.  

6.6 Contact model overview 

This work seeks for a simplified model to describe the FlexBall contact geometry 
and the resulting contact force. Figure 6.27 a) presents a snapshot of the 
FlexBall-robot crossing an obstacle. Illustrations b) and c) describe one possible 
approximation for the contact geometry and the volumetric deformation V2. 
Figure b) shows the in-plane sliding friction forces Fμi, and the normal contact 
forces Fi originating from the ball pressure on contact area.  

 

 

Figure 6.27. a) Video scene presenting the FlexBall deformation during obstacle-crossing test. b-
c) Contact geometry approximation presents a spherical intersection with a step-shaped obstacle 
where ball volumetric deflection is V2. Contact forces Fi and Fμi result from ball internal pressure 
affecting on cross-sectional area Ai, and from shell sliding friction along the contact area. The 
modelled ball motion is constrained in x-y –plane, while the contact geometry is calculated in 3 
dimensions. 

a) 
 

x 
y 

z 

Fμi     Fi     

b) 

x  
y  V2 

 

 

c) 
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The contact model applies the volumetric deformation V1, normal contact force 
F1, and horizontal slip velocity vector vs1 for rolling planes 1 and 2, as shown in 
Figure 6.28 a). When in contact with the step, the model applies the volumetric 
deformation V2, normal contact forces F2 and F3, and slip velocity vector vs2 at 
step corner, as shown in Figure 6.28 b). Simulation exercises revealed that this 
representation of slip velocity and the related friction force produced better 
results than if adding the sliding friction force on contact areas A2 and A3 

separately. 
 

 

Figure 6.28. The selected contact model on the rolling plane. a) Normal contact force F1 presents 
the supporting force. Slip velocity vs1 originates from ball translation velocity v and from ball 
rotational velocity . Slip velocity vs1 creates sliding friction force Fμ1 at the rolling plane, in 
direction opposite to vs1. b) The contact model in touch with a step-shaped obstacle. Normal 
contact force F2 acts on upper rolling plane while F3 acts on step front face. Slip velocity vs2 creates 
sliding friction force Fμ2 at the step corner, in direction opposite to vs2. 

Given the ball location and contact geometry, commonly known engineering 
handbook formulae on spherical geometry allow the calculation of intersection 
volumes V1 and V2, as well as cross-sectional areas Ai, as shown in Figs. 6.27 and 
6.28. Appendix 4 presents the formulae and calculations in detail. Although the 
modelled ball and pendulum motion takes place in x-y –plane, the contact 
geometry is 3-dimensional, as shown in Figure 6.27 b). As a function of the ball’s 
horizontal and vertical position, the intersection volumes V1 and V2 approximate 
the volumetric ball deflection, which in turn affects the ball internal pressure. 
Ball pressure creates a hydrostatic force on contact areas, as Figure 6.28 
illustrates. In addition, a Coulomb-friction force acts along the contact areas.  

6.6.1 Alternative contact models 

Comparison of Figs. 6.27 a) and 6.27 c) reveals that the contact geometry 
approximation in Figure 6.27 c) is only indicative; especially FlexBall 
deformation in front of the step differs clearly from the model. Hence, some 
alternative contact models were applied in simulations. 

Figure 6.29 presents two different approximations for contact geometry, also 
with two different expressions for the contact force. Figure 6.29 a) repeats the 
model in Figure 6.28, while Figure 6.29 c) simplifies the modelled FlexBall 
deformed volume as a ball segment. Simulations indicated that for this latter 
model the contact force, calculated from the segment area and ball pressure, 
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often became too high to properly describe the ball behavior. Hence an energy 
based force model was also applied for both contact geometries, as shown in 
Figure 6.29 b) and d). This force model allows to consider different relations 
between the force magnitude and ball deflection distance s. Two different force 
models were applied: first one assumes a linearly increasing force along with 
increasing ball deflection, another one applies a constant average force over the 
ball deflection. At a given time-instant, the first assumption leads to a higher 
effective contact force than the latter one. 

 

 

Figure 6.29. Different contact geometry and contact force models. a) Deflection volume according 
to the step geometry, pressure force against contact surfaces. b) Contact force, calculated from 
energy balance, affects at step corner. c) Deflection volume according to the ball segment, 
pressure force on segment area. d) Segment volume and energy-based contact force on step 
corner. 

If comparing to the FlexBall deflection in Fig, 6.27 a), the modelled deflection 
in Figure 6.29 a) appears too small, while in Figure 6.29 c) it is too large. Hence, 
it is justified to study whether an average of the two modelled volumes will give 
good simulation results. Yet, as may be seen in Figure 6.27 a), the deformed 
FlexBall possesses a contact on step corner as well as on step upper plane. Thus, 
it is of interest to see if adding the vertical contact force from the model in Figure 
6.29 a) to the segment model in Figure 6.29 c) will be beneficial for simulations. 
Table 6.13 collects the simulated variants in modelled contact geometry and 
force. On the second last line, the table presents the option for the modelled 
rolling axle height; Experiments indicated that the ball deflection model in 
Figure 6.28 a) did not manage to present correctly the ball rolling axis height 
from the rolling plane, but the actual ball deflection was larger and the 
measured rolling axis height was less than modelled. Therefore, a number of 
simulations were conducted with a modified ball radius that results in correct 
rolling axis height. Finally, to present the experimented obstacle shape, the 
modelled step shape was replaced with a pulse shape. In some model variants, 
however, the forces affecting on the front-side and back-side of the pulse 
effectively cancelled each others, and the ball often rolled through the obstacle 
without any apparent resistance. 
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Table 6.13. FlexBall contact model variations 

Variation id Variation name Variation options Variants 
number  

1 Deflection volume model step corner 
ball segment 
average of step corner and ball 

segment 

3 

2 Force model pressure force Fx=Ax·p, Fy=Ay·p 
energy based model ∫Fds=∫pdV  

2 

3 Deflection contact force model Only for energy based force model: 
constant 
linearly increasing 

2 

4 Added upper step-plane vertical 
force 

included 
excluded 

2 

5 Rolling axle height modelled 
corrected 

2 

6 Obstacle shape step 
pulse 

2 

 
 
The variety of options provides a possibility for 48 different contact model 

configurations. For the sake of interest and experimenting, even more 
variations were simulated, considering e.g. variations in reaction torques from 
the contact forces, so that total of 59 different contact models were simulated. 
The simulation results revealed that the most descriptive models remain within 
the 48 variants listed in Table 6.13.  

6.6.2 Contact normal force and damping models for horizontal rolling 
planes 

Different from a solid rolling sphere, this model presents a flexible thin-shelled 
inflated ball; Instead the familiar Hertzian contact pressure model, FlexBall 
contact pressure is defined by ball internal overpressure p. The following 
sections describe in detail the calculation of contact forces.  

For contact areas A1, A2 and A3 in Figure 6.28, there exist normal contact 
forces acting on the ball. These normal forces constitute a pressure force pAi, 
that is the product of ball internal overpressure p and contact area Ai, as in 
(6.36). In addition to the pressure force, the normal force constitutes a velocity 
dependent damping force that tends to resist any changes in ball deflection. Dot 
product between the ball translational velocity vector v and the contact 
surface unit normal vector  gives the velocity at which the ball deflection 
changes, as is also included in (6.36) together with damping coefficient kd. 
Contact normal forces Fi at contact areas Ai are: 

where i is contact area index, p is ball overpressure, Ai is contact area, kd is 
contact damping coefficient, v is ball velocity vector, and  is unit normal 
vector of the contact area.  
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The second damping term in (6.36) presents the shell rotation velocity , 
which takes in consideration the ball deformation in presence of rolling; upon 
contact, the ball surface deforms as illustrated in Figure 6.28. During rolling the 
ball rotation causes a continuous deformation of the rotating shell. This shell 
deformation is subject to damping, approximated similar to the deformation 
damping originating from ball translational motion or bouncing. Hence (6.36) 
presents both the translational and rotational velocity with the damping 
coefficient. Appendix 4 presents the hand-book formulae and their application 
to calculate the contact areas A1, A2 and A3. 

As Table 6.13 presents, also alternative contact force models were 
experimented. An energy-based force model provides an estimate of the contact 
force from the ball deflection distance and the change of contained energy in 
pressurized ideal gas inside the ball. Energy balance is  

where the integral of contact force F over ball deflection distance s equals to the 
energy change of gas under pressure p, when ball volume changes from V1 
(before a contact with the obstacle) to V2 at the time of interest. For ideal gas, 
the pressure and volume satisfy the equation 

If, for simplicity, contact force is assumed constant and parallel with ball 
motion, 

In simulations, ball deflection distance s, as well as ball volumes V1 and V2, in 
(6.40) are calculated from the simulated ball position and contact geometry. 
Note, that in simulations this constant force model considers the contact force 
as constant from zero ball deflection to the current deflection s. During next 
calculation step, ball deflection will be different and the assumed constant force 
magnitude (again assumed to affect from zero deflection to current deflection) 
will be different.  

In case contact force was linearly dependent on ball deflection 

where k is constant. Then (6.37) becomes 

and (6.39) becomes 

which is the same as 
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Contact force at ball deflection s is then 

i.e. double the assumed constant force in (6.40), as may be expected. Simulation 
experiments indicated that the energy based contact force model, assuming a 
constant contact force, in some cases produced simulation results comparable 
with the ones obtained with the contact area -based model. The linearly 
increasing contact model, although intuitively more appropriate approach, did 
not manage to produce as good results, however. In simulations, the contact 
force models in (6.40) and (6.45) are added with the damping force, as was done 
in (6.36). 

6.6.3 Sliding velocity and sliding friction force models 

Figure 6.28 illustrates the applied model for the slip-velocity resulting from ball 
motion. This simplified model presents with (6.46) the slip velocity against the 
horizontal rolling plane or against the step corner. The equation presents the 
slip velocity as a vector , parallel with the contact surface unit tangent vector 

, where i=1 denotes the rolling plane and i=2 denotes the tangent vector at the 
step corner. One may note that for pure rolling without slipping, the slip velocity 
becomes zero, as may be expected. 

For the sake of simplicity, the slip velocity is approximated equal over the 
complete contact area. 

A modified Coulomb friction model without stiction, also familiar from 
Stewart (2000) and Flores et al. (2006), presents a continuous friction force in 
vicinity of zero slip velocity. In neighborhood of zero sliding speed (0 - 0.001 
m/s), the coefficient of friction μc depends linearly on the sliding speed within 
[0, μ], elsewhere μc has a constant value μ according to Table 6.12. The sliding 
friction force Fμi at contact area Ai is  

where  is unit slip velocity vector along the contact area Ai, Fi is contact 
normal force, and μc is instantaneous friction coefficient. For the contact with 
the step corner, the contact force Fi in (6.47) is modelled as the vector sum of 
the two supporting forces F2 and F3 according to (6.36). The direction of slip 
velocity vector vs2 in Figure 6.28 b) is orthogonal to the said vector sum. 

Finally, the external torque affecting the ball is calculated from the contact 
normal force and friction force. Cross product with the contact vector ci 
(pointing from the contact area center to the ball center) considers the 
orthogonal distance from the ball center to the force action point and gives the 
contact torque:  
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where Fi and Fμi are contact normal force and friction force, ci is the vector in x-
y -plane from the contact area Ai geometric center to the ball center. Once the 
forces Fi and Fμi, and the torques τ1i have been derived for all contact segments 
and divided into x- and y-components, they can be placed on the right side of 
(6.35) to present the generalized forces Fx, Fy and τ1, where τ1 = |Σi τ1i |. 

6.7 Pendulum torque controller 

In simulations, a simple P-controller with gravity compensation (6.49) adjusts 
the pendulum driving torque τ2, aiming for a constant pendulum velocity. A 
similar controller was applied also in the practical experiments.  

where kP is the controller gain (kP = 10), and  is the desired constant 
pendulum velocity wrt. the ball. For the pendulum-driven ball, this input torque 
is active for the whole simulation period, and it creates a similar opposite 
reaction torque on the ball. 

6.8 Numerical simulation and results evaluation 

 
For simulations, the dynamic model was programmed in Matlab-software of 
MathWorks Inc. (Version 7.5.0.342, R2007b). According to (6.35), the dynamic 
model in configuration space was applied to solve the accelerations for the given 
input torque as 

Ode15s – multistep variable order solver function is applied to integrate the 
accelerations into ball and pendulum velocities, positions and angles for each 
time step. Table 6.14 presents the applied simulator parameters setting. The 
simulator was used to repeat all experimental test runs with equivalent obstacle 
height, ball configuration and collision velocity. The maximum simulated 
traversable step height was resolved with an ascending bracketing method, and 
the result was compared to the experimental one.  

 

Table 6.14. Matlab solver parameters 

Solver ode15s 
Output time step 0.1 s 
RelTol 1E-3 

AbsTol 1E-6 

MaxStep 1E-3 s 
InitialStep 1E-6 s 
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After test-results post-processing, the recorded pendulum position as well as 
the ball and pendulum velocities are set as initial conditions for the simulator. 
The simulator verifies whether the simulation model with these initial 
conditions overcomes the obstacle, and compares the result to the experimental 
one. The process repeats for all trials at all step heights and ball pressures. 
Figure 6.30 presents the test result, the derived regression model and 
simulation model #13 result for a single test case. The simulation results, that 
differ from the test result, are highlighted. 

 

 

Figure 6.30. Test results, regression model and simulation result for one test case of pendulum-
driven FlexBall. Red ‘×’ presents the no-pass test result, blue ‘○’ presents step passing in the test. 
Dashed lines indicate regression model 5%, 50% and 95% passing probabilities. Black ‘ ’ 
highlights the simulator #13 results that differ from the test results. 

Section 6.4.8 explained how the correspondence between the selected test-
results regression model and the recorded validation data can be presented with 
two measures, that are deviance and theoretical optimized velocity shift. In a 
similar manner, the simulation results are compared with the regression model 
by calculating the deviance values as well as the optimized velocity shift. Figure 
6.30 indicates that the lowest simulated obstacle passes locate mostly above the 
50% passing probability line, close to the 95% probability line. Thus, if 
compared with the regression model, this model appears conservative and the 
deviance may be expected to be smaller if all simulation results are shifted 
towards smaller velocities. The optimal velocity shift then describes the model 
difference. 

Separately for each test case, uniform adjustment of all simulation trial 
velocities to reach the minimum deviance provides the optimized velocity shift 
measure. In case the optimized velocity shift should be positive, the erroneous 
simulation results then mostly present false passes at lower passing velocity 
than presented by the regression model. Then the simulator is optimistic, 
predicting too low passing velocities. On the other hand, if the optimized 
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velocity shift should be negative, the simulated false fails need to be taken 
towards smaller velocities to better agree with the regression model. In this case, 
the simulator is then conservative and predicts too high velocities necessary to 
overcome an obstacle. 
 
Table 6.15 collects the selected 7 best simulator configurations and the 
calculated optimal velocity shifts, separately for each test case. The table 
highlights with grey all test cases where the optimal velocity shift becomes 
positive. In these cases, the model is optimistic predicting too low passing 
velocities, which is undesirable in practical point of view. With a high 110-125 
mm step height, all models are optimistic at low 1000-Pa pressure, while all 
models are conservative at 4000-Pa pressure. Model #25 is optimistic except 
for 4000-Pa pressure. Models #6, #13 and #40 are most consistent since they 
present, in addition to previously mentioned, only one or two more optimistic 
cases. They also show the smallest variation in the calculated optimal velocity 
shifts, i.e. the model behaves most uniformly among different test cases. 

The calculated velocity shift describes the average model difference, or bias, 
in terms of collision velocity. The deviance values before and after the shift help 
to consider the effects of model bias and modelling error variance. For all 
presented simulators, deviance before the shift is large, but after the shift it is in 
the same range as with the original test data. Hence, it may be concluded that 
the model bias presents in calculated deviance a stronger effect than modelling 
error variance. Thus, the velocity-shift parameter gives a good estimate about 
the model error. 

 
 

Table 6.15. Best simulator configurations and their velocity shifts 

    Simulator configuration 

   Simulation id 2 6 13 25 36 40 47 

Simulator features Ref. Figure 
6.29 

d) b) a) d)+b) d) b) a) 

Force model  Energy 
based 

Energy 
based 

Pressure 
force 

Energy 
based 

Energy 
based 

Energy 
based 

Pressure 
force 

Deflection volume 
model  

 ball 
segment 

step 
corner 

step 
corner average ball 

segment 
step 
corner 

step 
corner 

Deflection contact 
force model  

 constant constant pA constant constant constant pA 

Added upper step-
plane vertical force 

 included included excluded included included included excluded 

Step-shape replaced 
with pulse-shape 

 step step step pulse step step step 

Rolling axle height  modelled modelled modelled modelled reduced reduced reduced 
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  Optimal velocity shift (m/s) 

Pres-
sure 
(Pa) 

Step 
height 
(mm) 

Test Vali-
dation 

test 

2 6 13 25 36 40 47 

1000 35 -3.553E-15 0.0001 0.0582 -0.0947 -0.1415 0.4446 0.2272 -0.0369 -0.1063 

 50 -5.551E-17 -0.0716 0.0000 -0.1399 -0.1399 0.2472 0.2276 -0.1116 -0.1399 

 65 -6.661E-16 0.0652 0.0567 -0.0934 -0.1046 0.3026 0.1176 -0.0720 -0.1046 

 80 9.375E-03 0.0198 0.0094 -0.0832 -0.0832 0.2667 0.0414 -0.0832 -0.0832 

 95 1.443E-15 0.0338 0.0510 -0.0489 -0.0361 0.2830 0.1148 0.0000 -0.0238 

 110 -4.441E-16 -0.0299 0.1328 0.0382 0.1328 0.3220 0.2216 0.1083 0.1328 

 125 2.442E-15 0.0451 0.0632 0.0387 0.0980 0.3028 0.0980 0.0750 0.1200 

2600 35 2.220E-15 -0.0433 0.0054 -0.1252 -0.1616 0.0945 -0.0109 -0.1252 -0.1616 

 50 1.443E-15 -0.0040 -0.0327 -0.1168 -0.1538 0.0956 -0.0509 -0.1311 -0.1635 

 65 -8.882E-16 -0.0139 -0.0858 -0.1206 -0.1605 0.0508 -0.0858 -0.1206 -0.1663 

 80 -1.776E-15 -0.0223 -0.0775 -0.0575 -0.1124 0.0869 -0.0775 -0.0641 -0.1124 

 95 -2.442E-15 0.0047 -0.0540 -0.0175 -0.0087 0.1317 -0.0447 -0.0175 0.0085 

 110 -1.110E-16 -0.0319 -0.0507 0.0000 0.0183 0.1043 -0.0507 0.0000 0.0369 

 125 -7.772E-16 -0.0868 -0.0110 0.0917 0.0737 0.1427 -0.0030 0.1093 0.1427 

4000 35 -1.443E-15 -0.0527 -0.1280 -0.1605 -0.2038 -0.1009 -0.1335 -0.1657 -0.2121 

 50 -1.110E-16 0.0239 -0.1727 -0.1727 -0.2653 -0.0576 -0.1790 -0.1922 -0.2909 

 65 -3.553E-15 0.0200 -0.2015 -0.1413 -0.2518 -0.0810 -0.2069 -0.1413 -0.2626 

 80 -2.442E-15 -0.0066 -0.1731 -0.1381 -0.2076 -0.0812 -0.1801 -0.1475 -0.2076 

 95 4.441E-16 -0.0444 -0.2410 -0.1385 -0.2050 -0.0612 -0.2410 -0.1385 -0.1857 

 110 -2.442E-15 0.0230 -0.3132 -0.1025 -0.1748 -0.0823 -0.2637 -0.0925 -0.1488 

 125 1.443E-15 -0.0224 -0.3582 -0.0029 -0.1492 -0.1157 -0.3598 0.0225 -0.1004 

  Test Vali-
dation 

test 

2 6 13 25 36 40 47 

Shift mean 4.464E-04 -0.009 0.1084 0.0916 0.1373 0.1645 0.1398 0.0931 0.1386 

Min shift 0.0000 -0.087 -0.358 -0.173 -0.265 -0.116 -0.360 -0.192 -0.291 

Max shift 0.009 0.065 0.133 0.092 0.133 0.445 0.228 0.109 0.143 

Shift standard 
deviation 

2.046E-03 0.036 0.131 0.074 0.113 0.169 0.167 
 

0.089 0.124 

Deviance 
before shift 

583.74 306 1829 1972 3379 5025 2672 2032 3622 

Deviance 
after shift 

583.74 268 376 534 396 731 613 498 449 

 Rank    3 1 4 7 6 2 5 
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The calculated ranking is based on average magnitude of shift, ignoring the sign. 
The models providing the smallest shift magnitude, get the best rank. However, 
it is desirable to find a model that behaves consistently with all step heights and 
all pressures. Therefore, changes in shift magnitude and shift sign are 
undesirable. Figure 6.31 graphically presents the optimal velocity shifts for the 
7 best simulation models at three pressures and 7 obstacle heights. All models 
show both positive and negative shifts, i.e. all models are conservative for some 
cases and optimistic for some others. Large shift variance with large negative 
and positive values is clear for models #2, #25 and #36. The best three models 
#6, #13, and #40 are more consistent, remaining mostly on negative side. In 
search for a more general simulation model applicable for both constructions, a 
similar evaluation is conducted next for a free rolling FlexBall. 
 

 

Figure 6.31. Graphical presentation of optimized velocity shift for 7 selected best simulation 
models. Models are arranged on horizontal axis while the optimized shift value is presented for 
each step height separately on vertical axis. The three figures consider the three different ball 
pressures.
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7 Dynamic step-overcoming capability 
of a flexible free-rolling ball-robot 

For generality, the simulation model selected for the pendulum-driven robot is 
desired to be applicable also for different robot configurations. For that purpose, 
the seven simulation model candidates are tested also against the experimental 
tests carried out with a free-rolling flexible robot. For this application, the 
regression models are derived for free-rolling FlexBall experiments in a similar 
manner as was done for the pendulum-driven experiments, but using only one 
predictor variable, that is the ball velocity. FlexBall simulation models are 
modified to exclude the pendulum, and to have similar mass and inertial 
properties as the tested free-rolling FlexBall.  

7.1 Free-rolling FlexBall test results presentation in probabilistic 
distribution models 

Figure 7.1 presents the experimental tests performed with the free-rolling 
FlexBall in six different configurations. Step-overcoming tests were conducted 
for five step heights at three ball pressures, and with two different ball weights. 
The figure shows, as a function of ball velocity and step height, with ‘×’ the test 
trials that did not pass the step, and with ‘○’ successful step passings. Based on 
test data, logistic regression models are created separately for each test case 
defined by step height, ball pressure and ball mass. All 30 separate regression 
models consider the ball velocity as the predictor variable, and describe the 
predicted step passing probability. Figure 7.1 presents the predicted 5%, 50% 
and 95% passing probabilities for each step height, connected with dashed lines 
‘---‘. Dotted lines ‘…’,on both sides of passing probability curves, present the 
95% confidence boundaries as calculated per Hauck (1983). Figure 7.1 c) 
presents a case at 60-mm step height, where no overlap of passes and fails 
exists. In this case, the regression model fails to calculate appropriate passing 
probability values and respective confidence bounds. 

In order to effectively use the measurement data, some of the measurement 
results with one step height are used for regression model for another step 
height, with the same logic as was done with the pendulum-driven FlexBall. Re-
use of the measurement data relies on generalization in which, if the ball fails a 
certain step height with the given velocity, it is assumed to fail also any higher 
step height with the same velocity. Respectively, if the ball passes a certain step 
height with the given velocity, it is assumed to pass also any smaller step height 
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with the same velocity. This generalization may be done if the variance of test 
results with the given step height and ball velocity is less than the effect of 
change in step height. Figure 7.1 highlights the re-used measurement data with 
squares ‘□’. No conflicts are visible among the original and transferred 
measurement results, but the data-reuse produces more consistent passing 
probability curves and narrower confidence intervals than is acquired without 
data-reuse. 
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Figure 7.1. Free-rolling FlexBall test results and regression models. Figures a,b,c present the 
2.24-kg ball with average pressures 949, 2237 and 3206 Pa. Figures d,e,f present the 5.09-kg 
ball with average pressures 912, 2309 and 3102 Pa. Red ‘×’ presents the no-pass result, blue ‘○’ 
presents step passing. ‘□’ indicates a test result that was re-used from another step height. 
Dashed lines indicate regression model 5%, 50% and 95% passing probabilities, and dotted lines 
present the 95% confidence bounds for those, calculated per Hauck (1983). In Figure c) at 60-
mm step height, there is no overlap of passes and fails, so the regression model fails to calculate 
appropriate passing probability contours and their confidence bounds. 
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7.2 Evaluation of free-rolling FlexBall model 

The free-rolling FlexBall was simulated in a similar manner as the pendulum-
driven model, with the necessary model changes to represent the pendulum-
free construction. Figure 7.2 repeats the test results of Figure 7.1, and adds the 
simulation results from models #13 and #47 for comparison. In all 
configurations, both simulation models become optimistic at two largest 
obstacle heights. The heavier ball construction is conservative at small step 
heights. 
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Figure 7.2. Comparison of test results and simulation tests of models #13 and #47 without 
pendulum. Figures a,b,c present the 2.24-kg ball with average pressures 949, 2237 and 3206 Pa. 
Figures d,e,f present the 5.09-kg ball with average pressures 912, 2309 and 3102 Pa. Red ‘×’ 
presents the no-pass result, blue ‘○’ presents step passing. Dashed lines indicate regression 
model 5%, 50% and 95% passing probabilities. Black ‘■’ and ‘▲’ present simulation models #13 
and #47 respectively. Difference between the models is small, but at large step heights the model 
#47 is more optimistic. Black ‘ ’ indicates the test results that differ from the simulator #13 result. 

In a manner similar to the pendulum-driven FlexBall models, also here the 
difference between the simulation result and regression model is quantified 
with the optimal velocity shift, that minimizes the deviance between the 
simulation result and regression model. Figure 7.3 collects the calculated 
optimal velocity shifts for seven simulation models at all tested cases. Among all 
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test cases, the models #13, #25 and #47 clearly show the least amount of 
variance in optimal shift, and their shift average is closest to zero. 

 

 

Figure 7.3. Graphical presentation of optimized velocity shift for 7 simulation models without 
pendulum. Models are arranged on horizontal axis while the optimized shift value (m/s) is 
presented for each step height separately on vertical axis. The three figures consider the three 
ball pressures, two columns next to each other indicate ball mass: 2.24 kg (left) and 5.09 kg 
(right). 

Table 7.1 collects the calculated optimum velocity shifts for the 7 selected 
models at 6 different configurations (where ball mass and pressure present the 
variables). Rolling tests were carried at 5 step-heights for all 6 given 
configurations. Positive shifts, indicating an optimistic model, are highlighted. 
Simulation models #13, #25 and #47 show the average shifts closest to zero and 
the smallest standard deviation. In several cases, model #36 predicts all trials 
to pass or all trials to fail, thus preventing the calculation of optimal shift. Model 
#25 performed poorly with the pendulum-driven FlexBall, and the two 
remaining candidates #13 and #47 are compared in Figure 7.2. The only 
difference between the two models is the adjusted rolling axis height, that is 
tuned in model #47 to reflect the measured axis height. At low collision 
velocities, the difference between simulation models #13 and #47 is small, while 
at high velocities the simulation model #13 is more conservative. Conservative 
model will less likely give false pass-predictions being therefore more desirable. 
Based on simulation model performance, both with and without pendulum, in 
total of 9 different FlexBall configurations, the simulation model #13 may be 
chosen to best present all the test cases.  
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Table 7.1. The selected simulator configurations w-o pendulum, and calculated velocity 
shifts 
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m
 Optimal velocity shift 

Simulator configuration 

Test 2 6 13 25 36 40 47 

1 1 2.24 3206 0.035 -1.78E-15 -0.0165 -0.0165 -0.0165 0.0775 -0.0165 -0.0165 -0.0165 

2 1 2.24 3206 0.058 -6.7E-16 -0.1125 -0.0714 -0.0714 -0.0032 -0.1125 -0.0446 -0.0446 

3 1 2.24 3206 0.082 -7.77E-16 -0.2092 -0.0209 -0.1231 -0.0209 -0.2092 0.0373 -0.0718 

4 1 2.24 3206 0.105 -7.77E-16 -0.2522 0.1528 0.0474 0.0796 -0.2925 0.1716 0.1152 

5 1 2.24 3206 0.129 2.00E-15 -0.3163 0.3782 0.1189 0.1189 Inf 0.4080 0.2450 

6 2 2.24 2237 0.035 1.78E-15 0.0276 0.0231 0.0231 0.1506 0.0276 0.0504 0.0276 

7 2 2.24 2237 0.058 -4.44E-16 -0.1044 -0.0483 -0.0483 0.0288 -0.0799 0.0205 0.0123 

8 2 2.24 2237 0.082 3.55E-15 -0.1358 -0.0001 -0.0147 0.0157 -0.1358 0.0535 -0.0001 

9 2 2.24 2237 0.105 1.78E-15 -0.2051 0.0878 -0.0232 -0.0232 -0.3729 0.1316 0.0688 

10 2 2.24 2237 0.129 3.33E-15 -0.1795 0.4337 0.1904 0.1904 Inf 0.4337 0.3679 

11 3 2.24 949 0.035 6.66E-16 0.0962 0.0572 0.0572 0.1308 0.1896 0.1308 0.0629 

12 3 2.24 949 0.058 -1.44E-15 -0.0706 -0.0389 -0.0188 0.0376 0.0083 0.0709 0.0012 

13 3 2.24 949 0.082 -1.11E-16 -0.1279 -0.0226 -0.0007 -0.0226 -0.0668 0.1314 0.0438 

14 3 2.24 949 0.105 -2.00E-15 -0.1656 0.1079 0.1187 -0.0270 -0.1503 0.2553 0.1920 

15 3 2.24 949 0.129 2.89E-15 -0.3177 0.1964 0.1553 -0.0759 -0.5692 0.3877 0.2367 

16 4 5.09 3102 0.035 1.44E-15 -0.1198 -0.1198 -0.1475 -0.1127 -0.1127 -0.1127 -0.1475 

17 4 5.09 3102 0.058 -2.00E-15 -0.1268 -0.0666 -0.1381 -0.0464 -0.1268 0.0333 -0.1381 

18 4 5.09 3102 0.082 -8.88E-16 -0.1287 0.1109 -0.1058 -0.0246 -0.1287 0.1494 -0.1058 

19 4 5.09 3102 0.105 -1.44E-15 -0.0770 0.2498 0.0144 0.0979 -0.1035 0.2954 0.0144 

20 4 5.09 3102 0.129 -1.11E-16 -0.3136 0.3800 0.0328 0.0557 -0.4827 0.4702 0.1702 

21 5 5.09 2309 0.035 2.00E-15 -0.0397 -0.0823 -0.1659 -0.0397 -0.0397 -0.0397 -0.1659 

22 5 5.09 2309 0.058 2.44E-15 -0.1106 -0.0380 -0.1106 -0.0270 -0.0952 0.0480 -0.1106 

23 5 5.09 2309 0.082 1.44E-15 -0.2057 0.0078 -0.1654 -0.0849 -0.2057 0.1073 -0.1328 

24 5 5.09 2309 0.105 -6.66E-15 -0.1283 0.2055 0.0010 0.0728 -0.1970 0.2814 0.0728 

25 5 5.09 2309 0.129 1.44E-15 -0.2955 0.4016 0.0812 0.0478 Inf 0.4854 0.0878 

26 6 5.09 912 0.035 -1.11E-16 0.0938 0.0938 0.0938 0.2244 Inf 0.2244 0.0938 

27 6 5.09 912 0.058 -4.44E-16 0.0658 0.1034 0.0565 0.1034 0.4715 0.3873 0.0113 

28 6 5.09 912 0.082 2.22E-15 0.0463 0.2084 0.0759 0.1301 0.3310 0.4313 0.0463 

29 6 5.09 912 0.105 2.22E-16 -0.0486 0.2618 0.0888 0.0888 0.2390 0.5452 0.0460 

30 6 5.09 912 0.129 5.77E-15 0.0120 0.5600 0.3067 0.2081 0.0817 0.9461 0.3067 

Shift mean 4.44E-16 -0.1155 0.1165 0.0104 0.0450 Inf 0.2158 0.0430 

Min shift -6.66E-15 -0.3177 -0.1198 -0.1659 -0.1127 -0.5692 -0.1127 -0.1659 

Max shift 5.77E-15 0.0962 0.5600 0.3067 0.2244 Inf 0.9461 0.3679 

Shift standard deviation 2.3E-15 0.1192 0.1775 0.1117 0.0884 NaN 0.2291 0.1344 

Deviance before shift 532.1786 3481 3886 2429 1717 5145 7100 2566 

 Deviance after shift 532.1786 836 1102 1044 1025 NaN 1020 1074 

Rank   4 5 1 3 7 6 2 
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8 Discussion on FlexBall models 

The objective of the results analysis was to validate the dynamical model, and in 
particular to see how well it can predict the minimum velocity needed to 
overpass a step-like obstacle. To verify the model applicability for both the free-
rolling and pendulum-driven systems, the experiments and simulations were 
performed with and without the driving pendulum.  

A logistic regression model was applied to extract from the experimental data 
the probability distribution for obstacle-crossing as a function of ball velocity 
(free-rolling ball), or as a function of ball velocity and pendulum angle 
(pendulum-driven ball). From a number of different contact models, the model 
#13, illustrated in Figure 6.29 a) and shortly described in Table 6.15, shows the 
best performance to be applied for both the free-rolling and pendulum-driven 
FlexBall. The following sections explain in more detail the simulator #13 
performance with respect to the tests-based regression model. 

8.1 Pendulum-driven FlexBall experimental results and 
simulation results 

The pendulum-driven FlexBall was studied with 7 different obstacle heights 
using different collision velocities and pendulum angles. Simulation results 
were compared with the experiments-based regression model, and optimized 
velocity shift values presents in terms of rolling velocity a deviance-based 
estimate about the difference between the simulation model and regression 
model.  

While the deviance-based optimum velocity-shift was used as a measure to 
compare different simulation models against the test results, a simulation-
based regression model presents another alternative to describe model 
performance. As the test regression model was created with the test result data, 
as described in Section 6.4 and specifically in 6.4.2; in an exactly similar 
manner, the simulation results may be presented with the simulation-based 
regression model. Optimized velocity shift provides a set of numerical values 
that describe an average difference between the test results and simulation 
model, but the two regression models -test based and simulation based- provide 
similar passing probability contours that can be graphically compared over the 
range of ball velocities and pendulum angles. 

Figure 8.1 repeats all test trials with pendulum-driven FlexBall from Figure 
6.26, adds the regression model 5%, 50% and 95% passing probability contours 
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for each step height separately (dashed lines), and further adds the respective 
contour lines for the simulation results regression model (solid lines). Although 
the simulation model is deterministic, all passes and no-passes are not fully 
separable, and the regression model shows separate 5%, 50% and 95% passing 
probability contours. This becomes possible since pendulum velocity (measured 
from the tests) affects the simulation model, but is not considered in the 
regression model. Hence, in simulation results, the variation in pendulum 
velocity causes some variance in the regression model. 

In general, the simulation-based regression model remains close to the test-
based regression model. In some cases, the passing probability contours are 
almost parallel, but separated by a small distance (then the optimal velocity shift 
can easily be measured), in other cases they are in different angles and cross 
each others (then the optimal velocity shift is more difficult to figure out and 
often small in magnitude). The test regression model at 4000-Pa pressure for 
35-mm step height is completely different from the others, and different from 
the simulation model. 
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Figure 8.1. All test trials with pendulum-driven FlexBall, added with test results regression model 
5%, 50%, and 95% passing probability contours (dashed lines), and the respective contour lines 
for the simulation results regression model (solid lines). ‘×’ presents a no-pass test result, ‘○’ 
presents a passing test result, and ‘ ’ indicates a case where simulation result is different from 
the test result (pass vs. no-pass, or vice versa). Ball rolling velocity on horizontal axis, pendulum 
angle on vertical axis. Each row presents tests and simulations at a certain step height, three 
columns collect the tests at different ball pressures. 

Figure 8.2 repeats the optimized velocity shifts of model #13 from Figure 6.31, 
but presents those as function of step height. Optimized velocity shifts in Figure 
8.2 are in line with the difference between the passing probability contours in 
Figure 8.1. Except for four cases at 110-125-mm steps and 1000-2600-Pa 
pressure, simulation regression model contours are in average above the test 
regression model contours, i.e. the velocity shift is negative, as is also seen in 
Figure 8.2. The simulation regression model at 4000 Pa is always above the test 
regression model, and with more distance than at other pressures. Thus, the 
optimized velocity shift is negative and of higher magnitude, as seen in Figure 
8.2.  
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Figure 8.2. For the given step height and ball pressure, optimized model shift calculated from all 
simulation results describes in terms of rolling velocity the difference between the simulation 
model and tests-related regression model. Positive shift means optimistic model, negative 
conservative model. 

The presentation in Figure 8.2 gives a clear impression how model behavior 
changes as rolling velocity and obstacle height increase, also the effect from ball 
pressure comes clearly visible. Until 0.1-m step height, all simulation cases are 
up to 0.27 m/s conservative. For higher steps, the low-pressure models are less 
than 0.15 m/s optimistic, while the high-pressure model remains always 
conservative. Higher collision velocities lead to more optimistic model 
predictions, which indicates that ball deformation and energy loss become 
higher than the model manages to forecast. Different from the free-rolling 
model, the pendulum-driven model is conservative at low velocities also with 
low pressures, and at high pressure the model remains always conservative. It 
may be anticipated that the simplified contact geometry over-estimates the 
motion-resisting forces. The fact that the pendulum-driven model is more 
conservative than the free-rolling model, indicates that the model under-
estimates the effect of pendulum motor driving action. 

According to Figure 8.1, a higher pendulum angle usually allows to pass the 
step with smaller rolling velocity, as may be expected. The figure also shows a 
nonlinear dependence between the average pendulum angle and the recorded 
collision velocity. At low collision velocities until 1 m/s, the measured average 
pendulum absolute angle does not seem to depend much from ball velocity, 
while at higher velocities there is visible a relation with the rolling velocity. This 
indicates that the rolling resistance and pendulum angle have a nonlinear 
connection to the rolling velocity. Thus, it may be possible to improve the 
simulation model performance by adding a viscous or nonlinear friction 
component to the applied Coulomb friction model. Along with this addition, it 
may be also possible to reduce the magnitude of the Coulomb friction, that 
currently applies the measured static friction instead of the dynamic one. This 
update may then partially resolve the observed conservatism of the simulation 
model.  
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In case of the 60-cm diameter pendulum-driven FlexBall-robot, the model is 
able to predict the necessary overpassing velocity up to 12.5-cm step height (21% 
of ball diameter) within -0.3 - +0.15 m/s accuracy, depending on ball pressure 
and step height. For comparison, the traditional quasi-static mobility model in 
(5.1) suggests that the FlexBall maximum passable step height is 0.476 cm, 
which is only 3.8% of the largest step height passed in the demonstrations. 

8.2 FlexBall free-rolling tests and simulation results 

Given two different ball masses and three different ball pressures, total of six 
different free-rolling FlexBall configurations were experimented and simulated 
at five different step heights, providing us with 30 different test cases. Figure 
7.2 collects the test results and compares the simulation results with test results 
regression model. Ylikorpi et al. (2017) present the difference between the 
simulation model and test regression model as a velocity shift, that is the lateral 
distance between the simulation model and regression model 50% pass 
probability contour at the given step height. Alternatively, following the 
methodology applied for the pendulum-driven FlexBall, the optimized velocity 
shift can be calculated to minimize the deviance of simulation results if 
compared to the test regression model. Figure 8.3 shows the result of both 
methods; the velocity difference applied in Ylikorpi et al. (2017) shows in dashed 
lines, while the deviance-based optimized velocity shift appears with solid lines. 
In general, the methods give similar results. For deviance-based method, the 
difference between the simulator and test regression model appears smaller at 
large step height.  

 

 

Figure 8.3. For the given step height and ball pressure, optimized model shift calculated from all 
simulation results describes in terms of rolling velocity the difference between the simulation 
model and tests-related regression model (solid lines). Alternatively with dashed lines, velocity 
shift is the lateral distance between the simulation model and regression model 50% pass 
probability contour, as presented in Ylikorpi et al. (2017). Positive shift means optimistic model, 
negative conservative model. 
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Figure 8.4 collects from Figure 7.2 all free-rolling FlexBall simulation results 
showing the simulated passable step height as a function of ball velocity for each 
ball configuration. The figure presents also a simple energy-based model, 
sometimes applied in the literature, to calculate the maximum step height on 
conservation of energy according to (8.1); 

where hmax is the maximum passable step height based on conservation of 
energy, M1 is ball-robot mass (including the pendulum, if present), v is rolling 
velocity, J1 is shell inertia,  is angular ball rolling velocity.  

 

 

Figure 8.4. Maximum passable step height as function of rolling velocity, as calculated by 
simulator #13. 2.24-kg FlexBall at three different pressures on top and 5.09-kg FlexBall in below. 
Energy-based model for comparison marked with ‘+’. 

According to Figure 8.3, until 0.1-m step height the predicted free-rolling pass 
velocity remains for all ball configurations within -0.2 to +0.1 m/s from the 
experimental regression model. At higher steps, the prediction becomes more 
optimistic. It may be anticipated that at high impact velocities the shell 
geometric deformation and the related energy loss become too large for this 
model to predict. At low pressures, where the ball deformation is also large, and 
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especially with a high ball mass, the model deviation remains on the optimistic 
side as well. The conservative predictions, on the other hand, may be due to the 
simplified contact geometry model that over-estimates the motion-resisting 
forces. 

The energy-based model gives a good agreement with the test results at low 
collision velocities. As the collision velocity increases, the energy-based model, 
however, becomes quickly too optimistic, possibly due to significant energy loss 
in ball deformation, as well as due to possibly disadvantageous direction of 
contact force that does not aid in obstacle-crossing.  

8.3 Simulation model parameter variation and sensitivity analysis 

This chapter has presented and verified a simple dynamic model to predict the 
obstacle-crossing capability of a free-rolling or pendulum-driven flexible ball 
robot. The simulation models have described the FlexBall performance in 
different configurations, including a free-rolling ball with 2 different weights 
and 3 different pressures, and a pendulum-driven ball with three different 
pressures. The applicability of the simulation models has been verified through 
comparison with test results. Since the simulators have been found applicable 
within certain accuracy, the models can be applied to further study the effect of 
system parameters to system performance. 

Figure 8.5 presents the simulated variation in step crossing capability of the 
pendulum-driven FlexBall-robot, caused by changes in the selected system 
parameters. Table 8.1 presents the 19 FlexBall nominal parameter values (all of 
which are not independent), 7 of which are to be varied, one at a time. Varying 
one parameter at the time, with 5 different values, produces total of 35 different 
ball models that were simulated to find the maximum passable step height as a 
function of rolling velocity. The parameters being varied include the ball 
pressure, ball radius, pendulum length, robot mass, pendulum mass, pendulum 
angle, and shell damping.  

The parameters being varied are not completely independent; For example, 
the pendulum length cannot be longer than the ball radius. Therefore, some 
realistic and practical coupling is created between the parameters to be varied. 
The pendulum length e is expressed as ratio to the ball radius R. In a similar 
manner, to keep the pendulum mass less than the total robot mass, the 
pendulum mass M2 is expressed as a ratio to the total ball mass Mtot.  

Figure 8.5 a) indicates the strong nonlinear effect of ball pressure. The 
simulator seems to be more sensitive to ball pressure than may be anticipated 
from the test results. Figure b) reveals an almost linear dependency on ball 
diameter, which was expected. In figure c), pendulum length shows a strong 
effect at rolling velocities below 1 m/s, above which the behavior is more 
consistent. According to figs. d) and e), obstacle overcoming at low velocities 
appears to benefit from large system mass, whether it comes from the ball mass 
or pendulum mass. Pendulum angle shows a strong effect in figure f), while the 
ball contact damping factor doesn’t have any effect, although a lot of effort was 
paid to estimate that for the test items. 
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Table 8.1. FlexBall simulator nominal 
parameter values 

a) 

 

  
 p:  4000 Pa 
 R:  0.2930 m 
 mshell:  1.0685 kg 
 mshaft:  1.9475 kg 
 m1:  3.0160 kg 
 m2:  3.3610 kg 
 mtot:  6.3770 kg 
 g:  9.81  m/s2 

 kd:  12 Ns/m 
 

 

  
 e2:  0.1030 m 
 J1:  0.0612 kgm2 

 J2:  0.0012  kgm2 
 f1:  1.1212  Nm 
 f2:  0.1240  Nm 
 μ31:  0.5000 
 μ32:  0.5000 
 km2:  0.5271 
 ke2:  0.3515 
 θ2abs:  0  rad 
 

b) 

 

c) 

 
d) 

 

e) 

 
f) 

 

g) 

 
 

Figure 8.5. FlexBall simulator #13 parameter variation effect on step-crossing capability. 

Increasing ball pressure 

Increasing ball 
diameter 

Increasing pendulum 
length 

Increasing total mass 

Increasing pendulum 
mass 

Increasing pendulum 
angle 
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These simulation results were achieved by varying of only one parameter at a 
time, having the original FlexBall properties as the operation point and 
pendulum pointing downwards at the moment of contact. With a different 
operation point, or if varying more parameters at the same time, the results may 
look different. Especially the effect of the pendulum mass, length, and 
orientation can be expected to be strongly coupled. 

In view of practical applications, most of the parameters in Fig, 8.5 remain 
constant, but ball rolling velocity, pendulum angle and pendulum velocity at the 
time of obstacle crossing remain as controlled variables. Figure 8.6 presents 3rd 
degree polynomials, derived from simulation results, to describe FlexBall 
obstacle crossing capability at three different pressures, pendulum angles and 
pendulum velocities. Pendulum angle has a strong effect on FlexBall 
performance, which should be taken into account in designing the control 
strategy. Table 8.2 presents the polynomial coefficients for the 27 curves in 
Figure 8.6. The fit between the polynomials and simulation results is good, 
fitting error in passable step height is less than 4.5 mm, most often below 1.5 
mm. Thus, the simulation model can be taken into practical use by calculating 
off-line the simulation results in advance, and applying the fitted 3rd degree 
polynomials for on-line control planning. 

 

 

Figure 8.6. Polynomials for FlexBall simulation results at three pressures, pendulum angles, and 
pendulum velocities. 
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Table 8.2. Polynomial coefficients for fitted curves on FlexBall simulation results 

Nominal 
pressure 
(Pa) 

Nominal 
pendulum 
angle  
(rad) 

Nominal   
pendulum 
velocity 
(rad/s) 

Polynomial 
id 

Polynomial coefficients 
p3 p2 p1 p0 

  -2.5 1 0.0153 -0.0164 0.0336 -0.0079 
 0 -1.25 2 0.0516 -0.1198 0.1139 -0.0131 
  0 3 -0.0076 0.0801 -0.0783 0.0432 
  -2.5 4 -0.0239 0.1160 -0.0553 0.0122 
1000 ¼π -1.25 5 -0.0074 0.0593 0.0053 0.0074 
  0 6 -0.0316 0.1256 -0.0427 0.0300 
  -2.5 7 -0.0455 0.1702 -0.0632 0.0389 
 ½π -1.25 8 -0.0413 0.1461 -0.0263 0.0310 
  0 9 -0.0418 0.1504 -0.0334 0.0406 
  -2.5 10 -0.0192 0.0945 -0.0625 0.0106 
 0 -1.25 11 -0.0050 0.0457 -0.0124 0.0031 
  0 12 -0.0284 0.1267 -0.0929 0.0315 
  -2.5 13 -0.0300 0.1144 -0.0423 0.0103 
2600 ¼π -1.25 14 -0.0247 0.0918 -0.0101 0.0051 
  0 15 -0.0321 0.1111 -0.0226 0.0157 
  -2.5 16 -0.0321 0.1103 -0.0106 0.0213 
 ½π -1.25 17 -0.0295 0.1007 0.0026 0.0186 
  0 18 -0.0300 0.1035 0.0005 0.0215 
  -2.5 19 -0.0321 0.1291 -0.0919 0.0161 
 0 -1.25 20 -0.0189 0.0851 -0.0465 0.0074 
  0 21 -0.0281 0.1174 -0.0781 0.0205 
  -2.5 22 -0.0226 0.0905 -0.0286 0.0060 
4000 ¼π -1.25 23 -0.0205 0.0776 -0.0054 0.0009 
  0 24 -0.0203 0.0754 -0.0008 0.0054 
  -2.5 25 -0.0224 0.0817 0.0038 0.0123 
 ½π -1.25 26 -0.0239 0.0846 0.0054 0.0116 
  0 27 -0.0237 0.0833 0.0105 0.0105 

8.4 Test coverage analysis 

In the experimental tests, the pendulum motor controller followed a constant-
velocity command, and the pendulum rotational velocity is constant with 
respect to the ball. However, due to ball dynamics, the ball rolls with a certain 
natural oscillation frequency. At the moment of collision, due to ball oscillation, 
the collision velocity and pendulum angle vary according to the extent and phase 
of oscillation. The ball’s angular collision velocity may then be higher or lower 
than the commanded pendulum rotation velocity.  

Figure 8.7 presents the measured oscillation in ball motion when rolling along 
a smooth surface, without any collisions. In this experiment, the rolling tests 
were performed three times and the results are overlaid in the figure, one for 
each pressure and each rolling velocity. During a 6-m travel, the pendulum 
velocity wrt. the ball follows well the constant velocity command, but ball rolling 
velocity and pendulum angle oscillate significantly. The monotonously 
increasing slope shows the ball rolling distance from the start. Two vertical lines 
and ‘+’-signs indicate the rolling distance recorded in step-overcoming tests 
with a similar pendulum motor velocity. This helps to estimate the phases of 
ball oscillation covered in the step-overcoming tests. The tests represent typical 
application cases where acceleration distance is between 0.6 – 1.5 m, but the 
figure indicates that only the tests performed at 10-15 RPM and 2600 or 4000-
Pa pressure cover the entire oscillation cycle. Because of limited rolling distance, 
not all feasible FlexBall states were reached in the step-overcoming tests, but at 
30 RPM pendulum velocity up to 4 m rolling distance is necessary to reach 
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maximum rolling velocities and minimum pendulum angles. However, 
considering the dimensions in indoors environment and office passages, the 
applied test range is applicable, and more advanced control algorithms can be 
applied to reduce ball oscillation.  

 

 

Figure 8.7. Pendulum-driven FlexBall oscillation measurement test presenting pendulum angle 
(blue -), pendulum absolute velocity (magenta …), ball velocity (red --), pendulum motor velocity 
(black -), and ball travelling distances in step-crossing tests (+). 

 
Figure 8.8. takes a closer look at tests performed with FlexBall at 4000-Pa 
pressure for 110-mm obstacle. At the moment of contacting with the step, the 
ball true velocity ‘+’ equals impact velocity at the horizontal axis, but pendulum 
driving velocity (motor velocity) ‘○’ shows variance, which indicates that some 
part of ball rolling velocity results from oscillation independent from pendulum 
motor rotation. At the same time, pendulum true velocity ‘×’ is mostly negative, 
i.e. pendulum is falling downwards. Only in rare occasions pendulum velocity is 
positive indicating an occasion where pendulum was elevating at the moment 
of collision. Pendulum position ‘ ’ shows variance between -0.5 radians and 1.7 
radians, i.e. in some cases the pendulum was behind the lowest position, 
pointing slightly backwards, and in some cases it was elevated forward beyond 
horizontal level. 
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Figure 8.8. Pendulum-driven FlexBall states in test runs at 4000 Pa pressure for 110-mm 
obstacle. On vertical axis: pendulum motor velocity ‘○’ (rad/s), pendulum absolute velocity ‘×’ 
(rad/s), ball rolling velocity ‘+’ (rad/s), and pendulum absolute angle ‘ ’. 

 
The histograms in Figure 8.9 present, as recorded from the FlexBall tests, the 
pendulum velocity, pendulum angle, and collision velocity distribution divided 
for three pressure ranges and three driving velocity ranges. Figure 8.10 shows 
in top row the histograms of ball pressure distribution for each nominal 
pressure, and the circular histograms below repeat the measured pendulum 
angle distribution in an illustrative appearance. The primary observation is that 
the pressure variation around nominal pressure is small if compared to the 
difference between the nominal pressures. It may be noted that negative 
pendulum angles or angles above 90 degrees elevation were not experimented, 
primarily due to FlexBall mechanical properties that did not bring out those 
conditions during practical testing. 
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Figure 8.9. Distribution of pendulum-driven FlexBall pendulum absolute velocity, pendulum 
absolute angle and ball rolling velocity as recorded in step-overcoming tests. Vertical axis 
presents the number of tests, categorized by the pendulum motor velocity range and nominal ball 
pressure. In each figure, black curve on the left presents pendulum absolute velocity (rad/s), blue 
curve in the middle presents pendulum angle (rad), and red curve on the right stands for ball 
rolling velocity (rad/s). 

 
1000 Pa 2600 Pa 4000 Pa 

 
 

Pendulum angle (deg) Pendulum angle (deg) Pendulum angle (deg) 
 

Figure 8.10. FlexBall pendulum angle reflects clearly the effect of pressure on rolling resistance, 
showing higher pendulum angles for lower ball pressures.

90 90 90 
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9 Concluding remarks  

Ball-shaped robots represent a family of mobile devices that have been under 
development already over the last 120 years. Later studies on ball-shaped robots 
have described a variety of applications in different environments, including 
indoors, outdoors, educational, surveillance, marine, and planetary exploration. 
The motivation behind this study anticipates a domestic rolling robot providing 
observation and companionship at home, or a surveillance robot in an industrial 
environment. This work placed a close attention in decoupled modelling of free-
rolling and pendulum driven rigid and flexible-shelled ball-robots. In particular, 
this work discussed the decoupled steering motion model, the decoupled 
forward motion model, and dynamic step-overcoming capability of ball-shaped 
robots. The following sections give an overview and collect the major findings. 

9.1 Summary 

Section 2 conducted an extensive literature survey on ball-shaped robots, their 
history, applications, constructions, and modelling. The survey started with a 
view on ball-related patents dating back to late 19th century, and reached recent 
applications in science, surveying and entertainment. Most of the mechanical 
constructions and steering methods available in the literature were presented. 
A great number of applied modelling methods and kinematic and dynamic 
models, originating from the late 19th century until the latest, were thoroughly 
reviewed. 

Section 3 discussed the kinematic and dynamic precession models for a rolling 
ball with a non-zero contact area and a point contact. A new dynamic precession 
model was introduced and its validity was verified with two parallel simulators. 
The new precession model was then combined with a torsion friction model to 
study the no-slip condition of the GimBall-robot. The model revealed a decrease 
in maximum slip-free rolling velocity, which is due to precession torque at the 
ball contact against the rolling plane.  

Concentrating on decoupled forward motion models of pendulum-driven ball 
robots, Section 4 reformulated with a unified notation and formulation all 
common model variants found in the literature. The performance of each 
reformulated dynamic model was verified with parallel and independent 
simulations in Matlab-software and in Adams multi-body simulation software. 
To facilitate comparison and application of the existing decoupled dynamic 
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models, Appendix 2 collects the reformulated presentations in uniform hand-
book -like arrangement.  

For modelling the motion of a rigid pendulum-driven ball robot during and 
after the collision with a step-shaped obstacle, Section 5 applied the decoupled 
rolling model and introduced a new model where the rolling constraint is 
replaced with lateral ball velocities and contact forces, and the generalized 
coordinates were extended with the horizontal and vertical position of the ball. 
The performance of the new dynamic model was verified with parallel 
simulations in Matlab-software and in Adams multi-body simulation software. 
The pendulum driven GimBall and free-rolling ShellBall were then introduced 
and their characteristics described, followed by experimental step-overcoming 
tests with free-rolling and pendulum-driven balls. The test results were 
presented with logistic regression models and compared with the simulation 
results, followed by simulation model sensitivity analysis on the model 
parameters. 

Section 6 first introduced a flexible pendulum-driven ball robot FlexBall and 
explained its structure and characteristics. Once FlexBall became familiar, the 
step-overcoming tests were described followed by test results presentation with 
a logistic regression model. After the tests, a new simplified contact model was 
developed to predict the step-overcoming capability of a flexible pendulum-
driven ball. Section 7 continued the work with a free-rolling flexible ball 
describing the ball, the tests, a logistic regression model, and alternative 
simulation models. In both sections 6 and 7, several simulator variants were 
considered and compared with the experimental results. One simulator 
representing best both the pendulum-driven ball and free-rolling ball was 
selected. Section 8 compared the simulation results with the experimental 
results in more detail and evaluated the performance of the selected simulation 
model, taking advantage of a velocity-shift -measure to describe the bias 
between the simulation model and experimental results. 

9.2 Gyroscopic precession in decoupled steering model  

Section 3 discussed the kinematic and dynamic precession models for a rolling 
ball with a non-zero contact area, and a point contact. In addition to the familiar 
kinematic precession model, a new dynamic precession model was introduced 
for a rolling ball-robot, and its validity was verified with two parallel simulators. 
Both the familiar kinematic precession model, and the new dynamic precession 
model, were used to evaluate and compare the theoretical ball rolling paths 
assuming a point contact. In addition, the new dynamic precession model was 
combined with a torsion friction model, already familiar from the literature. The 
combination of the new dynamic precession model and the torsion friction 
model was applied to study the no-slip condition of the GimBall-robot. For the 
given rolling path and acceleration, the estimated 7-mm contact area diameter, 
and contact friction coefficient 0.3; the maximum slip-free rolling velocity was 
limited by 2.5% from the theoretical maximum that ignores the precession 
torque.  
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9.3 Unified representation of decoupled dynamic models 

Describing the ball-robot motion, several decoupled forward rolling models in 
the literature form the basis for developments in pendulum-driven ball-robot 
mechanics and motion control systems. The existing models apply several 
different conventions in system definition and parameter notation, and the 
diversity in conventions leads into dynamic models with different forms. 
Because of all these differences, it is difficult to compare, reproduce, and apply 
the existing models. In order to facilitate the comparison and application of the 
existing dynamic models, this work reformulated with a unified notation and 
formulation all common variants of the decoupled dynamic forward-motion 
models. The performance of each reformulated dynamic model was verified 
with two parallel and independent simulations in Matlab-software of 
MathWorks Inc. and in Adams multi-body simulation software of 
MSC.Software Corporation. Previously published in Ylikorpi et al. (2014b), 
Appendix 2 collects the reformulated presentations of the most common 
decoupled dynamic models. 

9.4 Step-overcoming capability of rigid-shelled ball-robots 

This work presented and verified a simple dynamic model to predict the 
obstacle-crossing capability of free-rolling or pendulum-driven rigid-shelled 
ball robots. The simulation models described the performance of three different 
platforms: the free rolling ShellBall, the free rolling GimBall and pendulum-
driven GimBall. These ball-robots present different diameter, different mass, 
different shell material and properties, different construction, and different 
method of mobility. The dynamic models were simulated and compared with 
experimental results. For all simulation models, the predicted maximum 
passable step-height remains mostly within ±5 mm from the test results. At high 
velocity, the simulation model of the free-rolling GimBall becomes optimistic, 
while the constant-velocity pendulum-driven GimBall-model, assuming a 
vertical pendulum orientation, becomes conservative. The pendulum-driven 
GimBall-model, assuming a horizontal pendulum, is optimistic at low velocities 
but approaches the test results at high velocities. The maximum passable step-
height difference between the simulation models and experimental regression 
models is less than 10 mm and remains within 17% of the maximum passable 
step height. 

9.5 Step-overcoming capability of flexible ball-robots 

For a flexible FlexBall rolling robot, this work applied a decoupled ball-robot 
model and introduced a new simplified contact model to simulate and predict 
the step-crossing capability of the robot. The simulation results were confirmed 
with practical experiments using two different platforms: a ball-robot with a 
pendulum, and a simple ball shell without mechanisms. Both configurations 
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were experimented at three different ball pressures, and the free-rolling ball 
also with two different weights. 

Regardless the robot configuration, the simulation model manages to predict 
the necessary step-overcoming velocity within ±0.3 m/s when the obstacle 
height is below 0.11 m (37% of FlexBall radius). At higher steps (up to 0.13 m, 
or 43% of ball radius), as the collision velocity and ball deformation increase, 
the free-rolling ball-model predictions become optimistic. Despite the 
optimism, especially at high collision velocities the presented model gives a 
better estimate of the maximum over-passable obstacle height, than do the 
energy-based model or the quasi-static models regularly presented in the 
literature. While the energy-based model becomes optimistic at high velocities, 
the quasi-static model under-estimates seriously the dynamic ball-robot 
performance. 

Previously, the simulations of pendulum-driven ball-robots have been limited 
to level planes, angled planes, or smooth curved surfaces. The presented new 
simulation models can be applied for ball-robot simulations in presence of step-
shaped obstacles. The simulations can be used for off-line analysis of ball-robot 
mobility and control system performance, as well as for off-line path planning. 
A possible draw-back of the simulation-model -based approach is the number 
of repeated simulations required to find the maximum over-passable step height 
by trial and error. For time-critical on-line analyses, it is possible to 
approximate the pre-calculated step-height vs. collision-velocity curves with 3rd 
degree polynomials. Using the polynomials, the robot may in real time decide 
to overcome the obstacle and calculate the necessary rolling velocity and 
pendulum angle, or alternatively to find another way around the obstacle. 

9.6 Suggestions for future work 

In Section 3, the study on the dynamic steering model remains theoretical, since 
no suitable test hardware exists yet. Progressive experimental tests call for 
robots with rigid spherical shells to demonstrate the effect of a minute and 
measurable contact area on a surface with a known contact friction coefficient. 
In addition, an efficient control system is necessary to maintain a steady lean 
angle during well-controlled ball acceleration.  

In subsequent theoretical studies, the pressure distribution and its effect on 
the torsion friction should be studied in more detail. In addition, the scalar-
valued worst-case pendulum inertia estimate Ipz may be replaced with an exact 
presentation taking into consideration the actual pendulum orientation. 
Coupling of the pendulum steering angle with the pendulum forward-driving 
angle, which in presence of rolling friction is unavoidable, adds complexity in a 
more advanced model. 

For step-overcoming models, a velocity-shift -parameter was introduced to 
describe the bias between the model and test data, but the modelling error 
variance was evaluated qualitatively, based on graphical presentation and 
overview on deviance before and after the velocity-shift. For improved model 
evaluation, future work may quantify also the modelling error variance.  
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In Section 6, the test results with FlexBall indicate an inverse relation between 
the pendulum angle and the necessary rolling velocity to pass a step, which with 
the obstacle location and height measurement capability gives room for future 
development of optimal control strategies for obstacle crossing. Even if there 
was plenty of room for speeding up the rolling velocity, in certain cases it can be 
beneficial to apply a ‘last minute’ acceleration that sets the pendulum into 
desired orientation for the moment of collision.  

The detected variance in the obstacle over-coming experiments is a result 
from, but not limited to, variation in absolute pendulum velocity, ball 
orientation, rolling direction, ball imbalance, changes in ball pressure, and 
imperfect spherical geometry. In future work, experimental models and 
simulation models may be improved if some of this diversity can be taken under 
control. It would be of interest to evaluate if adding the step height as a third 
predictor variable would provide even better model performance, especially in 
cases where the number of experiments was low. 

The applied simulation model presents a simple approximation about the 
contact geometry and contact force, limited to orthogonal contact with the step. 
For more accurate modelling and extending for different contact angles and step 
shapes, future work may search for more accurate geometric presentations of 
ball deflection, and more sophisticated models for contact forces, contact 
damping, and slip velocity. As an alternative, the novel methods developed for 
modelling of car tires or soft robots may be utilized (Zeglaar, 1988; Schmeitz, 
2004; Stallman, 2013; Arbab and Raja, 2008; Lipson, 2014; Hiller and Lipson 
2014). These methods divide the contacting volumes and surfaces in discrete 
elements and apply Finite Element Methods to solve the ball deformation and 
contact forces. With these approaches, computational speed as well as 
combining the contact model with the complete ball-robot dynamic model may 
introduce further challenges.  

Among others, Hartl (2011) has applied momentum-based modelling to 
describe wind-driven ball rolling and bouncing from obstacles, but no 
conclusions have been made about over-passable step height. In future, it is of 
interest to explore the applicability of similar momentum-based methods to 
predict the ball’s obstacle overcoming capability.
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Appendix 1:  Brief introduction on 
dynamic models 

 
In the ball-robot -related literature, different formulations of dynamic models 
are frequently referred to, on which basis a short presentation of the 
fundamentals is included here. 

 Newton’s laws of motion 

In 1687, Isaac Newton (1643 – 1727) published the three fundamental laws of 
motion for a particle. While the original transcript has been translated with 
several different phrasings, Huston (1990) interprets the three laws as: 

‘First Law. In the absence of forces applied to a particle, the particle will 
remain at rest or it will move along a straight line at constant velocity.’ 

‘Second Law. If a force is applied to a particle, the particle accelerates in the 
direction of the force. The magnitude of the acceleration is proportional to the 
magnitude of the force and inversely proportional to the mass of the particle.’ 

‘Third Law. If two particles exert forces on each other the respective forces 
are equal in magnitude and oppositely directed along the line joining the 
particles.’ 

Whitaker (2009) brings out that the First Law was already deduced by Galileo 
(1564 - 1642), and notes that the First Law is a special case of the second one. 
Symon (1960) declares that, instead of presenting a law, the two first statements 
merely portray one definition for the force. However, this definition of force 
does not explain static forces, stresses, and deformation in structures 
(Whitaker, 2009). Among others, Symon and Whitaker indicate that the two 
first laws essentially consider particle motion as its momentum, i.e. a product 
of its mass and velocity. Hence, the mathematical presentations of the two first 
laws regularly consider the momentum of the particle. Symon (1960) conducts 
further discussion about the applicability of the three laws, especially in 
consideration of the applicable reference frame and the mathematical 
presentation of the laws. In context of this Thesis, a suitable reference frame, 
where the Newton laws apply with sufficient accuracy, is the inertial frame fixed 
to Earth. Knowing the particle mass and all forces acting on it, the equations to 
describe the motion of the particle may be formulated.  
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 Euler’s laws of motion 

The two laws of motion by Leonhard Euler (1707-1783) extend the Newton’s 
laws to consider rigid bodies. Now the particle is replaced with a physical object 
that, in addition to mass-inertia and translational motion and momentum, also 
rotates and possesses rotational inertia and momentum. In view of continuum 
mechanics, Whitaker (2009) addresses the relation between the Newton’s laws 
and Euler’s laws, and phrases the Euler’s two laws of motion as: 

‘I. The time rate of change of the momentum of a body equals the force acting 
on the body.’ 

‘II. The time rate of change of the angular momentum of a body equals the 
torque acting on the body, where both the torque and the moment are taken 
with respect to the same fixed point.’  

 d'Alembert's principle 

The d'Alembert's principle, named after Jean d'Alembert (1717 - 1783), extends 
the idea of virtual work for applied forces from static systems into dynamic ones. 
In particular, the principle adds the inertia of a particle and the related inertial 
force into the model. 

Given a system of particles and virtual displacement δri of those, consistent 
with the constraints of the system, the d'Alembert's principle states that the sum 
of the differences between the forces acting on the system and the time 
derivatives of the momenta pi is zero. Goldstein et al. (2002) present the 
principle in symbols as: 

 

Applying general coordinates and the d'Alembert's principle, Goldstein et al. 
present the equations of motion for a system of particles, where constraint 
forces need not to be solved. 

 Euler-Lagrange equation 

Goldstein et al. (2002) show how the Euler-Lagrange equation, developed by 
Leonhard Euler and Joseph-Louis Lagrange (1736—1813), follows from the 
d'Alembert's principle giving the motivation for the definition of the Lagrangian 
function L = T – V, where T presents system kinetic energy and V presents 
potential energy. Marking the generalized coordinates and their time 
derivatives as  and Goldstein et al. write the Lagrange’s equations as: 

 

In literature, this equation has been referred also as ‘the Euler-Lagrange 
equation’ or ‘Lagrange's equations of the second kind’. To deal with motion 
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constraints, the equation may be added with Lagrange multipliers, in which case 
it is sometimes called as ‘Lagrange's equations of the first kind’, written as: 

 

where n and n-m present the number of generalized coordinates and the 
number of constrain functions respectively, while λi are the Lagrangian 
multipliers and αij are coefficients related to the nonholonomic constrain 
functions (Neimark and Fufaev, 1972). The sum-expression stands for the 
generalized constrain forces. Neimark and Fufaev (1972) and Bloch et al. (1992) 
address the solving of this equation, which leads into the equations of motion. 

 Hamilton’s principle 

Hamilton’s principle, formulated in 1834 by William Hamilton, states that ‘The 
motion of a dynamical system in a given time interval is such as to maximize 
or minimize the action integral’ (Fitzpatrick, 2011).  

The minimum value, maximum value, or a saddle point of the action integral 
may be found where the first derivate vanishes. Goldstein et al. (2002) 
summarize the principle by setting the variation of the line integral of 
Lagrangian function L zero: 

 

where the Lagrangian is a function of generalized coordinates , their time 
derivatives , and time t. Goldstein et al. then show how the Euler-Lagrange 
equation may be derived also from the Hamilton’s principle. 

 Gibbs-Appel equation 

The Gibbs-Appell equations were introduced by Gibbs 1879 and developed 
further by Appell in 1900 (Lewis, 1996). Briefly explained by Lewis (1996), and 
Udwadia and Kalaba (1998), Gibbs and Appel with their approach avoid the 
need of the Lagrange multipliers associated with the Euler-Lagrange equation 
and constrain functions. In a form similar to that of the Euler-Lagrange 
equation, Gibbs and Appel state that the dynamical equations may be written in 
the form of: 

 

where  presents the second time derivate of the general coordinate  and  
presents the respective active general force. G is the Gibbs function defined as: 

where  and  present the mass of particles and their acceleration in inertial 
frame (Goldstein et al., 2002). 
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 Boltzman-Hamel equations 

Cameron and Brook (1997) explain Boltzmann-Hamel equations as extensions 
of Lagrange's equations and present a method to apply those for nonholonomic 
systems. For this purpose, quasi-velocities are applied to replace the derivatives 
of generalized coordinates. With a clever choice of the quasi-velocities, they say, 
it is possible to present also a nonholonomic system with set of independent 
quasi-coordinates. Kane and Levinson (1980) describe the idea by stating that, 
while allowing the elimination of interaction forces, the Boltzmann-Hamel 
equations facilitate working with dependent variables other than generalized 
coordinates and generalized momenta. 

 Maggi’s equations 

Neimark and Fufaev (1972) write Maggi’s equations as:  

Where T is system kinetic energy, while  and are n pieces of generalized 
coordinates and their derivatives, m presents the number of independent 
generalized coordinates, Ejr are known functions of generalized coordinates, 
and Qj are the respective generalized forces. (Following the convention of 
Neimark and Fuvaev, the summation signs are omitted in this presentation. The 
equations thus include m equations, each of which calculates the sum for 
derivatives or forces related to n generalized coordinates.) With a suitable 
formulation of Ejr, one may solve the motion of a nonholonomic system without 
a need to solve the constraint forces. 

 Kane’s dynamical equations 

Following d’Alembert’s principle, Kane’s equations, developed by Kane and 
Levinson in 1960’s, refer to the generalized coordinates (or alternatively, 
generalized speeds) and state that the sum of the generalized active forces and 
inertial forces is zero (Kane and Levinson, 1980, 1985; Huston, 1990). Huston 
states: 

 

where  and  are respectively the generalized active force and the generalized 
inertia force for each generalized coordinate. Huston defines the generalized 
force for each generalized coordinate xr as 

 

where F presents the force acting on the system at point moving with a velocity 
v. In case of the inertial force, the acting force is the negative product of mass 
and acceleration of the particle. 
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Appendix 2:  Decoupled dynamic 
models in unified 
representation 

 
Unless otherwise stated, the ball kinetic energy  , while ‘τ’ presents the pendulum 
motor torque. The given elements for A, B, C, D, G, and Q complete the configuration space presentation: 

 

 

Figure A2.1. Absolute pendulum angle,  
relative ball angle in same direction 

 

A) Absolute pendulum angle, relative ball angle 
in same direction  
 

 
 

 
 

 
 
 

 
 

 
Applicable References: Koshiyama and 
Yamafuji 1992, 1993 

 

 

Figure A2.2. Absolute ball angle,  
absolute pendulum angle in opposite direction 

B) Absolute ball angle, absolute pendulum angle 
in opposite direction 
 

 
 

 
 

 
 

 
 

 
Applicable References: Yue et al. 2006; Liu et 
al. 2009; Zhang et al. 2009; Ghanbari et al. 
2010; Liu et al. 2012; Yu et al. 2012a,b; Yue and 
Liu 2012a,b; Mahboubi et al. 2013; Pokhrel et al. 
2013; Xie et al. 2013; Yue and Liu 2013; Bai and 
Dang 2014; Luo et al. 2014b; Xie et al. 2014; Yu 
and Sun 2014; Yue et al. 2014a,b; Zadeh et al. 
2014; Bai et al. 2015; Svinin et al. 2015; Choi 
and Yoo 2016 
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Figure A2.3. Absolute ball angle,  
relative pendulum angle in same direction 

C) Absolute ball angle, relative pendulum angle 
in same direction   
 

 
 

 
 

 
 
 

 
 

 
 

 
Applicable References: Nagai 2008, Kim et al. 
2009 

 

 

 

Figure A2.4. Absolute ball angle,  
relative pendulum angle in opposite direction 

D) Absolute ball angle, relative pendulum angle 
in opposite direction 
 

 
 

 
 

 
 
 

 
 

 
 

 
Applicable References: Kayacan et al. 
2012a,b,c; Ocampo-Jiménez et al. 2014b; Bai et 
al. 2015; Svinin et al. 2015  

 

 

 

Figure A2.5. Absolute ball angle,  
absolute pendulum angle in same direction 

E) Absolute ball angle, absolute pendulum angle 
in same direction 
 

 
 

 
 

 
 

 
 

 
 

 
Applicable Reference: Cai et al. 2011; Bai et al. 
2016 
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Figure A2.6. Absolute pendulum angle,  
relative ball angle in opposite direction 

 
 

F) Absolute pendulum angle, relative ball angle 
in opposite direction 
 

 
 

 
 

 
 
 

 
 

 
 

 
Applicable Reference: Kamaldar et al. 2011, 
Roozegar et al. (2017) 
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Appendix 3:  GimBall simulation model 
parameter variation 

 
The figures of this appendix present the simulated variation in step crossing 
capability of the pendulum-driven GimBall-robot, caused by changes in the 
selected system parameters as shown in Table A3.1. The pendulum length e is 
expressed as a ratio to the ball radius, the pendulum mass M2 is expressed as a 
ratio to the total ball mass, ball inertia is expressed in relation to the theoretical 
maximum, and pendulum inertia J2 is expressed as a ratio to the theoretical 
maximum (that physically fits inside the ball). The figures present the original 
GimBall model with a red ‘ ’, the varied GimBall model with a black ‘▼’, and the 
free rolling ShellBall for comparison with a blue ‘■’.  

Table A3.1. Parameter variation for GimBall simulator 

Symbol Description Range 
 

R Ball radius, m 0.1 – 0.3 

Mtot Total robot mass, kg 1 - 20 

ke2 Pendulum length ratio e/R 0 – 0.9 

km2 Pendulum mass ratio M2/Mtot 0 – 0.9 

kJ1 Ball inertia ratio J1/(2/3·M1·R2) 0.01 – 0.9 

kJ2 Pendulum inertia ratio J2/ (M2· (R2- e2)) 0.01 – 0.9 

μ31 Contact friction coefficient on plane 0.12 – 0.73 

μ32 Contact friction coefficient on step 0.12 – 0.73 

k Shell stiffness, N/m 33000 - 60600 

kd Shell damping, Ns/m 42 - 177 
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Figure A3.1. Pendulum-driven GimBall model parameter variation. Pendulum is driven with 
constant velocity and points downwards at the moment of collision. The original GimBall model is 
with a red ‘ ’, the varied GimBall model with a black ‘▼’, and the free rolling ShellBall for 
comparison with a blue ‘■’. 
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Appendix 4:  FlexBall contact geometry 
formulae 

 

This appendix describes the formulae used for calculation of the intersection 
geometry between a sphere and a step. The formulae are available for example 
from the following engineering handbooks: 

 
 A. D. Polyanin, A. V. Manzhirov, Handbook of Mathematics for Engineers and 

Scientists, CRC Press, 2006, p. 58 & 69. ISBN 9781584885023. 

 A. Jeffrey, Handbook of Mathematical Formulas and Integrals, 5th ed., Academic 

Press, 1995, p. 18 & 23. ISBN 9780123825803. 

Figure A4.1 presents with three orthogonal projections the 3-dimensional 
contact geometry where a sphere intersects with a step. Contact area diameter 
D against the rolling plane is calculated from the ball radius R and ball center 
height d from the plane, 

Contact area A1 against the rolling plane is then, 

Ball internal pressure projects on contact area A1 and so the vertical support 
force affecting the ball can be calculated. 
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Figure A4.1. Three orthogonal projections presenting the 3-dimensional contact geometry as a 
sphere intersects with a step. The notation applies for this appendix only. 

 
The spherical segment volume V1 is, 

where (R-d) presents the segment height, or the theoretical ball penetration 
inside the rolling plane. Since the ball does not actually penetrate inside the 
plane, the segment height presents the ball deflection and V1 presents the 
respective reduction in ball volume. This volumetric change can be later used to 
recalculate the effective ball pressure. 

In a similar manner, the ball intersection with the step corner is calculated. In 
this case, however, the intersection geometry presents a fraction of the spherical 
segment, roughly shaped like a slice of an orange fruit. The intersection volume 
V2 is defined by two planar circular segments A2 and A3, and the spherical ball 
surface. Again, contact surfaces A2 (on the step upper plane) and A3 (on the step 
vertical front face) are subject to ball internal pressure and are applied in 
calculation of contact forces. As is deflection volume V1, also ball deflection 
volume V2 is considered in recalculation of ball internal pressure. 

The segment radius r2 on the step upper plane, segment cord length k2 and 
segment angle α2 are derived with (A4.4), (A4.5) and (A4.6): 
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where hs is step height, dh is horizontal ball center distance from the step and h2 
is segment width. The segment area A2 and horizontal distance c2 of the 
geometric center are derived with (A4.7) and (A4.8). 

The contact segment area on the vertical step front face is calculated in a similar 
manner according to Equations (A4.9)-(A4.13). 

The intersection volume V2 is calculated with numerical integration. The 
integration sums the variable segment area A3(x) over the intersection from the 
step front face at x=dh to the contact area edge at x=r2 with 0.001-m step size. 
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