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Nomenclature

Acronyms

BR brine-recirculating configuration

CFD computational fluid dynamics

CGF condtionally Gaussian filter

CV control valve

EKF extended Kalman filter

FWC fresh water cooling circuit

HT high temperature

LT low temperature

MSF multistage flash evaporation plant

MV mixing valve

ODE ordinary differential equation

ORC organic Rankine cycle

OT once-through configuration

PDE partial differential equation

RV recirculating valve

SDE stochastic differential equation

SRC steam Rankine cycle

TBT top brine temperature

WHR waste heat recovery

Greek symbols

α spatial correlation coefficient

β order of fractional derivative: 0 ≤ β ≤ 0.5

γt conditional covariance

λ reference vector

εt white noise
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Nomenclature

χ(x) spatial skewness

Δt time increment, s

Δx spatial increment, m

η thermal performance ratio

κ(x) spatial kurtosis

κ1(t) characteristic function of control valve

κ2(t) characteristic function of splitting valve

κrec(t) recirculating valve parameter

λs(x) spatial latent heat at saturation condition, J/kg

Θ̂(t) vector of estimated unknown drifting parameters

Φ drift dynamics

Σ covariance of Wiener process

Θ(t) vector of unknown drifting parameters

ν specific flow rate

ω random element from the sampled space, where the stochastic pro-
cesses are defined

ρ brine density, kg/m3

σ standard deviation

σ(x) spatial standard deviation

σ0 noise intensity at inlet boundary

σd noise intensity in the subdomain

σL noise intensity at outlet boundary

τ time lag, s

εH(t, x) spatial pressure head residual, m

ϕ(u, t) indirect control variable, m3/s

ζ0 noise intensity of ingoing mass flux

ζL noise intensity of outgoing mass flux

Latin symbols

w̄(t) innovation process

Ābh averaged heat transfer area of brine heater, m2

Āct averaged heat transfer area of condenser tubes, m2

K̄ global, upper temperature bound inside the FWC circuit
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Nomenclature

T̂Hex(t) estimated outlet temperature on the shell side of heat exchanger,
K

A0(t, yt) coefficient in measurement equation of discrete-time partially ob-
served system, (2.33)

a0(t, yt) coefficient in state equation of discrete-time partially observed sys-
tem, (2.33)

A1(t, yt) coefficient in measurement equation of discrete-time partially ob-
served system, (2.33)

a1(yt) coefficient in state equation of discrete-time partially observed sys-
tem, (2.33)

a2(t) coefficient in state equation of discrete-time partially observed sys-
tem, (2.33)

Ac system matrix of salinity dynamics of N-tank system, (3.15)

AH system matrix of pressure head dynamics of N-tank system, (3.13)

AT system matrix of brine temperature dynamics of N-tank system,
(3.17)

Act system matrix of condenser tube temperature dynamics of N-tank
system, (3.19)

B covariance matrix of measurement noise in discrete-time partially
observed system, (2.33)

b covariance matrix of process noise in discrete-time partially ob-
served system, (2.33)

bc input matrix of salinity dynamics of N-tank system, (3.15)

bH input matrix of pressure head dynamics of N-tank system, (3.13)

bT input matrix of brine temperature dynamics of N-tank system, (3.17)

bct input matrix of condenser tube temperature dynamics of N-tank
system, (3.19)

G gain of innovation

mt conditional mean

Q vector of flows in FWC circuit, m3/s

T vector of temperatures in FWC circuit, K

uBC(t) boundary control vector of N-tank systems, (3.13), (3.15) and (3.17).

yt vector measurements

zt augmented vector of unobserved states

A bottom cross section of single evaporation stage (in ODE represen-
tation), m2

a cross section of orifice perpendicular to flow velocity vector (in ODE
representation), m2
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Nomenclature

Ai heat transfer area on the interior surface of the tube bank, m2

aj polynomial coefficients of latent heat λs(x)

Ao heat transfer area on the exterior surface of the tube bank, m2

c(t, x) spatial salinity, ppm

cp specific heat capacity of the brine, J/(kg K)

cmax upper limit of discharged brine salinity, ppm

cmix(t) brine salinity inside mixing tank, ppm

csea salinity of seawater, ppm

d(t) external disturbance through heat injection of diesel engine, J

D0 maximum diffusion coefficient, m2/s

Dj diffusivity coefficient of species j, m/s2

e regulation error

EA activation energy for diffusion, J/mol

eT (t) temperature residual: difference between outlet temperature of en-
gine and control variable u(t) in the CV, K

F (t) spatially integrated distillate production over the subdomain, m3/s

F (t, x) spatial distillate production, m3/s

F∞ distillate production in steady-state condition, m3

g gravitational constant, m/s2

h sampling interval, s

H(t, x) spatial pressure head, m

hi(t) convective heat transfer coefficient on the tube-side, W/(m2 K)

ho(t) convective heat transfer coefficient on the shell-side, W/(m2 K)

Hx(t, x) spatial pressure head gradient

Href(x) spatial reference pressure head, m

K equivalent pressure head from static pressure in evaporation stage,
m

k thermal conductivity of pipe walls, W/(mK)

kb Boltzmann constant

KI integral gain

kj advection coefficient of species j, m/s

KP proportional gain

Kr convergence rate constant for SDE approximation schemes

L length of heat exchanger or desalination plant, m
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Nomenclature

m number of spatial samples

m(x) spatial mean

mW mass of the tube bank, kg

n number of time samples

N(·) normally distributed variable

p probability density function

p(x) spatial pressure distribution, Pa

px pressure gradient, Pa/m

patm atmospheric pressure, Pa

Q(t, x) local flow rates inside subdomain, m3/s

QE constant coolant flow through engine cooling jacket, m3/s

QaMV 1(t) flow rate after mixing valve 1 (MV1), m3/s

Qbd(t) blow-down rate, m3/s

QBP (t) by-pass flow rate, m3/s

QBrine constant brine flow on secondary side of heat exchanger in FWC
system, m3/s

Qct(t) flow rate through condenser tubes, m3/s

Qev(t) spatial flash evaporation flow rate, m3/s

qev(t, x) spatial relative evaporation rate, 1/s

Qfr LT (t) flow rate from LT circuit, m3/s

QHex(t) flow rate through heat exchanger, m3/s

Qin(t) ingoing flow rate towards plant, m3/s

Qmix(t) outgoing flow rate of mixing tank, m3/s

Qout(t) outgoing flow rate from plant, m3/s

Qrec(t) recirculated flow rate in BR-plant, m3/s

Qst(t) flow rate of steam in brine heater, m3/s

Qto LT (t) flow rate towards LT circuit, m3/s

QtoMV 1(t) flow rate towards mixing valve 1 (MV1), m3/s

R orifice resistance, s/(m2
√
m)

R(x, τ) autocorrelation function

Rg universal gas constant, J/(kg K)

ri interior radius of tube bank, m

rj reaction term of species j, 1/s

XI



Nomenclature

ro exterior radius of tube bank, m

SI equivalent cross section of tube bank perpendicular to the flow ve-
locity, m2

t time variable, s

T (t, x) spatial brine temperature, K

Td constant reference temperature at the shell outlet of heat exchanger,
K

Ts saturation temperature in single evaporation stage model, K

Ts(x) spatial saturation temperature, K

Tbh(t) temperature of working fluid inside brine heater, K

Tct(t, x) spatial condenser tubes temperature, K

TE,in(t) temperature at the engine inlet, K

TE,out(t) temperature at the engine outlet, K

THex(t) outlet temperature on the shell side of heat exchanger, K

TLT temperature of coolant in the LT circuit, K

Tmix(t) brine temperature inside mixing tank, K

T set
MV 1 specified set temperature after mixing valve 1 (MV1), K

TSea,in temperature of seawater, K

TSea,out(t) outlet temperature on the tube side of heat exchanger, K

Tsf (t) temperature on cyclinder surface, K

Tst(t) steam temperature inside brine heater, K

TW,i temperature on interior surface of tube bank, K

TW,o temperature on exterior surface of tube bank, K

U overall heat transfer coefficient, W/m2K

u(t) direct control variable, K

V (t), W (t) independent Wiener processes

VE volume of cooling jacket, m3

Vi(t) liquid volume in ith tank at time instant t of single stage evapora-
tion model, m3

VS volume of shell-side of heat exchanger, m3

VT volume of tube-side of heat exchanger, m3

Vmix volume of mixing tank, m3

Wcycl heat transfer in radial direction of cylinder, J

WEv(t) heat flow to external evaporator, J
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Nomenclature

WHeat(t) transferred heat from engine to coolant, J

Wmax
Heat upper limit of heat injection from diesel generator

WHex(t) waste heat recovery in heat exchanger, J

WWHR(t) waste heat recovery in WHR circuit, J

x spatial coordinate, m

Mathematical operators

B functional operator of Wiener process inside the subdomain

E expectation operator

Sub- and superscripts

∗ reference condition

0 initial condition

∞ steady-state condition

ref control reference

bd blow-down

bh brine heater

ct condenser tubes

ext external

in ingoing / at inlet

mix mixing tank

out outgoing / at outlet

rec recirculation

S shell-side

s saturation condition

sea seawater

st steam

T tube-side
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I. Introduction

1 Background and motivation

In maritime industry, energy-efficient operation of ships is crucial due to ecologi-
cal reasons from the operator’s point of view and limitation of the environmental
impact. The finite nature of fossil fuel and steadily increasing prices further
emphasize the need for sustainable operation of ships. In order to meet the re-
quired power requirements during operation, each vessel has a dedicated on-
board power plant usually consisting of large diesel generators that are the main
source of power supply. Despite being well developed, the thermal efficiency of
a diesel engine is approximately 50% meaning that only one half of the existing
fuel energy is converted into meaningful mechanical work. The remaining half
is dissipated to the environment and is referred as waste heat occurring in nu-
merous forms of thermal energy such as exhaust gases, coolant and radiation.
A typical distribution of thermal energy of a marine diesel generator is depicted
in Fig. 1.1. Considerable efforts have been spent into the development of waste

Figure 1.1. Thermal energy distribution of the available fuel energy in a maritime diesel
generator, [1].

heat recovery systems (WHRS) in utilizing the waste heat in a meaningful way,
which contributes to the enhancement of process efficiency, e.g. reduction of fuel
consumption, emissions etc.

A comprehensive review over different types of waste heat recovery systems
in maritime applications is presented in [2]. Waste heat is referred as the frac-
tion of fuel energy, which is dissipated during operation in thermal processes.
Multiple realizations of WHRS have been established in different industrial ap-
plications; however within the maritime sector particular challenges arise due
to the varying nature of the operating environment. The conditions are subject
to seasonal variations of the seawater temperature as well as the ship location
during a cruise, which requires adaptive capability of the implemented WHRS.
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On ships, the sources of available waste heat energy is in the low and medium
quality range; some technical solutions are briefly discussed next.

• Thermodynamic power cycles

• Exhaust gas systems

• Fresh water cooling circuit

• Multistage flash desalination plant

The demands on the varying operation environment are met by control systems,
whose prominent role in the enhancement of the onboard thermal processes is
discussed later.

Thermodynamic power cycles

In maritime applications, the well-known Rankine cycle is a popular solution for
thermal power generation, which is a steam-driven thermodynamic cycle. The
Rankine process consists of the following components: a diesel generator being
the heat source during fuel combustion, boiler, steam turbine, steam condenser
and a supply pump. The working fluid is pumped into a boiler, where the gen-
erated excess heat of the diesel engine is fed in to produce saturated vapour.
Useful mechanical work is obtained in an expansion device such as a steam tur-
bine. Subsequently, the heat is removed by condensation, which returns the
working fluid to it original state and closes the thermal power cycle. Efficient
WHRS are characterized by both the quantity and quality of the existing heat
flows. The waste heat quality is defined by the available temperature range of
the respective medium (gas or liquid), see Table 1.1. Different variations of the

Table 1.1. Classification of available heat energy quality, [3].

Quality of heat energy Temperature range

High > 650◦C
Medium 230 − 650◦C

Low < 230◦C

the Rankine cycle exist in industrial applications, e.g. the Steam Rankine cy-
cle (SRC), which operates on water/steam as the working fluid. Waste heat of
medium quality from the engine exhaust gases are utilized for steam genera-
tion, which in turn drive the steam turbine of the SRC system. Its first time
application in maritime industry took place on the Turbinia, which became the
first turbine-driven ship in the late 19th century, [4]. A steam-based WHRS has
been investigated on a handymax bulk carrier for engines in two- and four-stroke
configuration; corresponding gains of 1.3% and 3.0% have been reported in terms
of the plant efficiency, [5], [6]. A WHRS case-study has been performed regarding
truck engines, [7], and similar work in maritime application is found in [8], [9].

The Organic Rankine cycle (ORC) comprises of the same components and has
a similar layout as the Rankine cycle. Instead of water, organic fluids and refrig-
erants are used as the working fluid, which have a much lower specific evapora-
tion heat, [10]. By choosing a suitable organic fluid, the WHRS can be tailored
appropriately and thus improving the overall plant efficiency, which has been
investigated for low and moderate waste heat temperature ranges reported for
offshore and ship applications in [11–16].
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Exhaust gas systems

The pressure difference of the gas between the exhaust and ambient conditions
can be exploited in a turbine in order to drive a compressor or to run a dedicated
power turbine at higher engine loads, [17], [18]. The power produced by the tur-
bine is available at the turbine shaft as rotational mechanical energy delivered at
a very high shaft speed. For instance, a hybrid turbocharger is used in different
operating regions; at lower engine loads the turbo compound engine is assisted
as the exhaust gas energy is not sufficient. On the other hand, electrical power
can be generated at higher loads in addition to running the turbocharger by har-
vesting the excess waste heat energy in the exhaust gas. Implementations on
marine vessels have been reported in [19]. Case studies about the hydraulic and
electrical counterparts of the turbo-compund system can be found in [20], [21].

Fresh water cooling circuit (FWC)

Another resource of waste heat recovery is the coolant inside a cooling circuit,
which is available in large quantities at all times in order to maintain safe op-
eration of the diesel generator. However, that source of thermal energy often
goes unexploited in maritime application, [22]. The available heat stored in the
coolant is of low quality compared to engine exhaust gases, [3] and can be uti-
lized as a preheating mechanism for onboard fresh water production, [2], [23]. In
addition, the recovered heat from the cooling water jackets can be utilized for the
accommodation heating system, e.g. passenger cabins, [24]. While the ship is in
the port, the waste heat can be used to maintain a certain base temperature in
the generators during idle phases, [22].

Multi-stage flash desalination plant (MSF)

On an industrial level, the MSF has been one of the most popular solutions for
large-scale production capacities, [25]. These type of plants are mainly imple-
mented along the shore lines of the Gulf states and USA, [26], [27]. When it
comes to smaller scale production, desalination plants are also utilized on ships
during cruises for onboard drinking water production, [28]. Implemented control
systems are discussed in comprehensive overviews provided by [29], [30]. Re-
garding the design of the control system, the development of dynamic models is
essential for the desalination processes that are reported in [31], [32], [33]. The
processes are represented as a system of coupled ODEs including the relevant
dynamics that are the pressure head, brine salinity and the brine temperature
inside each tank. The desalination plant has a cascaded structure by connecting
each single evaporation stage via a submerged orifice.

2 Research objectives

The main objective of this thesis is the analysis of uncertain systems in con-
trol applications. As it common in real-case scenarios, processes are subject to
numerous sources of uncertainty such as incomplete process models, drifting sys-
tem parameters, external disturbance etc. In control applications, certain state
variables might not be available for numerous reasons that are required in the
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design of model-based controllers. The aforementioned process uncertainties po-
tentially cause deterioration of the system performance or might lead to insta-
bility in the worst case, if not treated appropriately.

In this thesis, the application focus lies on two particular thermal systems
that are deployed on ships: 1) the fresh water cooling circuit (FWC) and 2) a
multistage flash evaporation plant (MSF). In certain configurations on a ship,
those two systems are connected in sequence and form a complex network with
other components. Here, both systems are investigated separately; the specific
research objectives are formulated next.

FWC circuit

For the FWC circuit on a ship, a classical model-based control task is formulated
in order to stabilize the system around its operating point. It is defined as the
steady recovery of waste heat in the presence of external disturbance and un-
certain process models while providing sufficient cooling for the diesel generator.
For accurate control performance, the system strongly depends on the quality of
the model that is identified online.

The desired properties of a model identification / estimation method is its gen-
eral applicability to any kind of process. It has proven to be challenging as usu-
ally specific process assumptions need to be made for good estimation accuracy.
Here, the process models are considered to consist of two parts; the deterministic
part is obtained through first principles as the underlying heat transfer phenom-
ena are well understood. The second part includes the uncertain aspect of the
model in form of a linear drift such as drifting parameters, process inadequacies,
etc. The upside of such an approach is that the estimated system parameters
preserve their physical interpretation to a certain extend as opposed to a purely
data-driven approach. An appropriate observer is to be designed to provide the
estimates that are utilized for designing a feedback controller.

In addition, the closed-loop system is investigated, whether it is a conditionally
Gaussian process. In such case, it inherits numerous beneficial features such as
optimal state estimates in the mean-square sense, finite-dimensional filter, etc.
The applicability of the aforementioned approach is extended and tested for a
larger cooling network that involves significantly more unobserved states to be
estimated. The observer performance is validated against two data sets that
have been acquired on a real ship during operation.

MSF plant

Based on established ODE models of the desalination processes, a correspond-
ing distributed parameter model is developed for the MSF plant. The aim is
to expand the existing models with the effects of natural diffusion (saline, ther-
mal) as well as noise propagation in both down- and upstream direction of the
subdomain, which is particularly relevant in the stochastic analysis. It is to be
investigated how the model inadequacies affect the distillate production process
in space and time. The main source of uncertainty is given by flow turbulence
effects that are incorporated by a construct of noise sources located on the bound-
aries as well as in the subdomain. The robustness of the applied boundary con-
trols is to be elaborated based on a statistical characterization of the induced
regulation error in both space and time. More precisely, it shall be investigated
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whether the regulation error can be kept within tight bounds throughout the
subdomain. Furthermore, the persistence of the regulation error is studied by
evaluating the corresponding autocorrelation function of the regulation error.

3 Contributions of the author

• Modelling of a freshwater cooling circuit on a ship, where one diesel gener-
ator is used as the dedicated power plant.

• Estimation of the system’s unknown drifting parameters and unobserved
states due to process uncertainties based on a conditionally Gaussian filter.

• Based on the filter output, the waste heat recovery process inside the heat
exchanger and outgoing heat flows to adjacent thermal subsystems (evapo-
rator) are stabilized by a nonlinear controller.

• It is proven that the closed-loop system including the nonlinear controller
and observer belongs to the class of conditionally Gaussian processes. Its
necessary assumptions are verified for the waste heat recovery process on
hand. The obtained result is in agreement with the theory when the condi-
tionally Gaussian filter provides the best estimate for a system that is lin-
ear in unobserved states has measurement-dependent model coefficients.

• Model identification of a four engine cooling network by applying a sequen-
tial arrangement of two conditionally Gaussian filters when the condition-
ally Gaussian property of the system is not considered due the large num-
ber of unknown states to be estimated. Satisfying estimation performance
is achieved that is validated against recorded data from the ship during
operation.

• Development of a distributed parameter model of a multistage flash evap-
oration plant for control applications that incorporates the natural saline
and thermal diffusivity to the field processes as well as noise propagation
in both upstream and downstream direction.

• The steady-state distillate production is optimized with respect to a lin-
ear pressure head profile throughout the subdomain, which is achieved by
boundary controls represented by mass fluxes at both ends of the plant.

• Stochastic modelling of the pressure head as it is subject to flow turbulence
caused by the orifices between the stages. It is represented as a general-
ized white noise on both boundaries and a cylindrical white noise in the
subdomain. It accounts for noise propagation in both down- and upstream
direction as well as spatial correlation of the processes between adjacent
locations in the subdomain.

• The propagation of the pressure head residual - defined as the difference
between deterministic and stochastic system - is investigated in space-time
along with its statistical characterization based on the applied PI boundary
controls. It is found that the variation of the residual is tightly bounded in
the entire subdomain. Hence, the boundary controls is demonstrated to be
sufficiently robust in the presence of the process uncertainties.
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4 Structure of the thesis

The thesis on hand is located in the field of applied control theory regarding
waste heat recovery and desalination systems that are deployed on ships.

In Chapter I, a brief overview has been provided on existing waste heat recov-
ery concepts and the need for accurate control systems is emphasized in order to
maintain process efficiency and safety in the presence of uncertainties.

In Chapter II, two cooling circuits are investigated: a) single-engine circuit and
b) four-engine cooling network. The process models are presented in stochastic
form due to numerous uncertainties. An observer / control system is designed
in order to estimate the unknown system variables in order to stabilize the un-
observed waste heat recovery process and outgoing heat flows by applying an
estimate-based feedback controller. For that purpose, a conditionally Gaussian
filter is implemented numerically for the single-engine circuit. A similar ob-
server concept is applied to a real four-engine network, whose number of un-
known states is considerably larger. Based on the computed state / parameter
estimates the approach is validated by comparing the model prediction with op-
erational data that has been acquired from the real ship.

In Chapter III, a distributed parameter model of the multistage evaporation
plant is developed based on established ODE models. The operating point of the
plant is given by a linear reference pressure head profile for efficient distillate
production in steady-state. The energy-efficient operation is characterized by
specific performance numbers. The boundary control laws are presented that
stabilize the pressure head to its reference inside the subdomain. In the second
part, the effect of flow turbulence on the process is investigated. The irregular
pressure head is modelled by a construct of white and colored noises located
on the boundaries and in the subdomain. A regulation error is induced and its
evolution is investigated in space-time while the process is actuated by boundary
controls. A statistical characterization of the regulation error gives insight about
the robustness of the control system and whether the error can be kept bounded
in the subdomain.

In Chapter IV, the thesis is summarized along with concluding remarks.
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II. Fresh water cooling circuit

The FWC circuit is a realization of a waste heat recovery system that harvests
the available heat stored in the coolant upon leaving the engine cooling jacket;
the temperature range is usually 80− 100◦C classified as low quality waste heat,
[3]. Nevertheless, in this application the potential of waste heat recovery is still
promising as large quantity of coolant flow is necessary during operation in order
to avoid thermal damage of the diesel generator.

1 Working principle

A layout of a FWC system employed on ships is shown in Fig. 2.1. It consists

Heat exchanger

Diesel 
generator

Pump

CV

MV1

MV2

SV

Figure 2.1. Layout of the FWC system comprising of two connected cooling circuits,
where heat and mass flows are exchanged between the High-temperature
( ) and the Low-temperature circuit ( ). The heat exchange between
the primary and secondary side of the heat exchanger ( ) is referred as
waste heat recovery.

of two separate cooling circuits - High-Temperature (HT) and Low-Temperature
(LT) - that interact through mass and heat exchange. For sufficient cooling per-
formance of the diesel engine, a pump provides a constant feed rate of the coolant
QE through the cooling jacket of the engine. The generated heat of the diesel en-
gine WHeat(t) is transferred to the coolant and is available as thermal energy.
The coolant flow is diverted by a control valve (CV) when on fraction goes into a
by-pass QBP (t) and the remaining part is directed into a heat exchanger QHex(t).
The stored thermal energy of the coolant is utilized for pre-heating a constant
feed of cold seawater (brine) QBrine on the secondary side, which is referred as
waste heat recovery. By specification, a designed target temperature T set

MV 1 is
maintained after the mixing valve (MV1), which presents a trade-off solution
between efficient waste heat recovery and sufficient cooling performance of the
engine. The valves SV and MV1 regulate the mass and heat flow exchange be-
tween the HT- and LT circuit. Here, the LT circuit is only represented as an
exterior input given by the flow rate Qfr LT (t) with known temperature TLT for
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simplicity reasons.

2 Problem description

As the FWC system is part of a larger energy system network, the main objective
is the stabilization of the waste heat recovery process in the heat exchanger as
well as the outgoing heat flows despite the presence of process uncertainties and
external disturbance d(t) that is the fluctuating heat input of the diesel genera-
tor. For that purpose, model-based feedback controls are to be applied in order to
limit the propagation of the disturbance to adjacent energy subsystems. For ac-
curate model-based control precise process models are required, which is not the
case for the FWC circuit on hand. Specific knowledge about the components such
as geometry, heat transfer properties etc. are usually unknown and might differ
substantially from one ship to another. Those uncertainties are incorporated as
a set of lumped parameters in multiplicative form. Moreover, given noisy tem-
perature measurements y(t), an observer shall be designed for estimating the
unknown parameters Θ(t) as well as the outlet temperature THex(t) of the heat
exchanger. Based on the computed estimates, a feedback controller is to be de-
signed in order to stabilize the waste heat recovery process in the heat exchanger
by regulating the estimated outlet temperature T̂Hex

(
t, Θ̂(t)

)
to a desired refer-

ence value Td. A scheme of the estimation and control system is depicted in Fig.
2.2. According to the particular system properties an observer is to be designed

Process

Observer

Controller
-

+

Heat exchanger 
(model)

+
-

Figure 2.2. Scheme of the estimation and control system of the waste heat recovery pro-
cess. The unobserved state T̂Hex(t) is the outlet temperature on the primary
side of the heat exchanger and shall be regulated to a constant reference
value Td. It ensures the stabilization of the waste heat recovery process
WHex(t) and outgoing heat flow WEv(t) so that the propagation of induced
noises and disturbances to interconnected subsystems is limited.

for unbiased estimates of the unknown parameters and states that are subse-
quently utilized in the control design.

3 Modelling of the FWC circuit

Basic mass and heat balances are used to model the relevant processes within
the FWC circuit. The fundamental heat transfer processes are considered to be
conduction and forced convection that have been adapted from standard thermo-
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dynamic literature, [34], [35], [36].

Diesel generator and cooling jacket

A relatively simple heat transfer model of the engine is considered, where the
engine is considered as a heat source. The heat balance of the engine cooling
jacket reads

dTE,out(t)

dt
=

QE

VE

(
TE,in(t) − TE,out(t)

)
+

WHeat(t)

ρ cp VE
. (2.1)

where TE,out(t) is the temperature at the engine outlet, TE,in(t) is the temper-
ature at the engine inlet, QE is the constant net flow rate through the cooling
jacket, VE is the volume of the cooling jacket, ρ is the density, cp is the specific
heat capacity of water and WHeat(t) is the heat source generated by the diesel
engine.

Control valve (CV)

The control valve (CV) is given by a thermostat splitting valve that determines
the water distribution into the by-pass and the waste heat recovery section. Its
characteristic nonlinear operating curve is described by

κ1(t) =
1

2

[
1 + tanh

(
TE,out(t) − u(t)

2

) ]
, (2.2)

where the direct control variable is denoted with u(t). The flow distribution is
given by the mass balance for the CV

QBP (t) =
(
1 − κ1(t)

)
QE

QHex(t) = κ1(t)QE ≡ ϕ(u, t),
(2.3)

where the flow rate into the heat exchanger QHex(t) is replaced with the indirect
control variable ϕ(u, t). The change of notation is necessary in order to represent
the system within the framework of a Conditionally Gaussian system that is
relevant for the observer and control design presented later in Section II - 4.3.

Heat exchanger

A popular solution in industrial application is the Shell-and-Tube heat exchanger,
where a bundle of tubes is embedded into an insulating and enveloping shell, see
Fig. 2.3. The cold brine feed enters at the tube inlet and gets heated up along
the entire length due to the existing temperature difference with respect to the
heated coolant on shell-side. Baffles are installed in order to create a higher
degree of flow turbulence enhancing the heat transfer efficiency. The heat ex-
changer is modelled as a lumped parameter system and its system equation are
obtained through heat balances at the shell and tube outlet as well as on the pipe
surfaces.

The heat transfer models are mainly characterized by conduction and forced con-
vection, [34]. Here, the models are subject to multiple sources of uncertainties
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Fresh water cooling circuit

Figure 2.3. Shell-and-tube heat exchanger; the hot coolant flows on the shell side and the
cold seawater feed is on the tube side. The heat transfer between both sides
due to the existing temperature gradient is referred as waste heat recovery.

such as insufficient knowledge about the precise dimensions of certain compo-
nents, unknown flow conditions and measurements that are corrupted by noise.
Those effects are incorporated through multiplicative and additive terms, which
are explained in more detail in Sections II - 4.1 / 4.2. As a consequence, the sys-
tem equations are stochastic differential equations, (2.4) - (2.7), that gain their
precise meaning through Ito’s integral, (2.30).

On the shell-side, the heat balance reads

dTHex(t)

dt
=

QHex(t)

VS

(
TE,out(t) − THex(t)

)
−Ao ho(t)︸ ︷︷ ︸

=θ1(t)

THex(t) − TW,o(t)

ρ cp VS
+ Ẇ (t),

(2.4)
where the flow rate through the shell is QHex(t), the volume of the shell-side is
VS , the temperature of the primary fluid at the inlet is TE,out(t) and at the out-
let THex(t). The temperature on the exterior surface of the pipe wall is TW,o(t),
the exterior heat transfer area of the tube bank is Ao and the convective heat
transfer coefficient on the shell-side is ho(t). The precise dimension of the heat
transfer area of the tube bank is generally not known and the convective heat
transfer coefficient is highly dependent on the unknown flow conditions (laminar
or turbulent), the parameters Ao and ho(t) are both lumped into an unknown
drifting parameter θ1(t) that is to be estimated later.

The heat balance on the tube-side reads

dTSea,out(t)

dt
=
QBrine

VT

(
TSea,in − TSea,out(t)

)
−Ai hi(t)︸ ︷︷ ︸

=θ2(t)

TSea,out(t) − TW,i(t)

ρ cp VT

+ Ẇ (t),

(2.5)

where the constant feed rate of seawater to the tube inlet is denoted with QBrine,
which has been determined during the design phase. The volume of the tube-
side is VT , the temperature on the interior surface of the pipe wall is TW,i(t), the
inlet temperature of seawater is TSea,in and TSea,out(t) at the tube outlet. The
temperature of the seawater intake is considered as constant since a relatively
short operation period of 14h is investigated so that seasonal fluctuation can be
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neglected. The interior heat transfer area is Ai and the corresponding convective
heat transfer coefficient is hi(t). Those parameters are usually unknown so that
they are both lumped into one unknown drifting parameter θ2(t) to be estimated
later.

The heat balance on the exterior and interior wall read

dTW,o(t)

dt
= − L

mW ln
(

ro
ri

)
︸ ︷︷ ︸

=θ3(t)

2πk

cp

(
TW,o(t) − TW,i(t)

)
−Ao ho(t)︸ ︷︷ ︸

=θ1(t)

TW,o(t) − THex(t)

ρ cp VS

+ Ẇ (t),

(2.6)
dTW,i(t)

dt
= − L

mW ln
(

ro
ri

)
︸ ︷︷ ︸

=θ3(t)

2πk

cp

(
TW,i(t) − TW,o(t)

)
−Ai hi(t)︸ ︷︷ ︸

=θ2(t)

TW,i(t) − TSea,out(t)

ρ cp VT

+ Ẇ (t),

(2.7)
where the length of the heat exchanger is L, the mass of the tube bank is mW and
the exterior and interior radius of a tube is ro and ri, respectively. The thermal
conductivity coefficient of the tube is denoted with k; commonly copper is used
as the material due to its good heat transfer properties. However, in real-case
scenarios the geometry is rather uncertain that is represented by an unknown
parameter θ3(t) that contains all the unknown geometrical quantities.

Splitting valve (SV)

The splitting valve (SV) regulates the mass and heat flow exchange between the
HT- and LT-circuit. At the outlet of the heat exchanger, QHex(t) is divided into
the mixer QtoMV1(t) and the LT-circuit Qto LT (t). The net flow in the HT-circuit
shall remain constant, what leads to Qto LT (t) = Qfr LT (t). The resulting mass
balance yields

Qto LT (t) =
(
1 − κ2(t)

)
QHex(t)

QtoMV1
(t) = κ2(t) QHex(t).

(2.8)

A constant reference temperature T set
MV1

is to be maintained at MV1 during opera-
tion as has been determined by prior design. It provides a good trade-off solution
between efficient waste heat recovery and sufficient cooling performance of the
diesel generator. The corresponding control law is

κ2(t) =
T set
MV1

− TLT

THex(t) − TLT
for THex(t) �= TLT , (2.9)

where TLT is the known coolant temperature from the LT-circuit.

Mixing valves

For both mixing valves, the heat balance is based on the assumption of instanta-
neous mixing so that the dynamics are neglected.
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Mixing valve 1
The flow QtoMV1

(t) towards MV1 is mixed with Qfr LT (t) from the LT-circuit of
temperature TLT . Since the net flow in the HT-circuit is constant, it follows
QaMV1(t) = QHex(t) and the mass balance reads

QaMV1(t) = Qfr LT (t) + QtoMV1(t). (2.10)

The heat balance for MV1 is

T set
MV1

=
Qfr LT (t)

QHex(t)
TLT +

QtoMV1
(t)

QHex(t)
THex(t). (2.11)

Mixing valve 2
At MV2 the mass and heat balance read:

QE = QBP (t) + QHex(t). (2.12)

TE,in(t) =
QBP (t)

QE
TE,out(t) +

QHex(t)

QE
T set
MV1

. (2.13)

System of flows

Given the mass balances of (2.3), (2.8), (2.10), (2.12), a vector of flow rates Q is
defined as

Q =
[
QBP QHex Qto LT QtoMV1

Qfr LT QaMV1

]T
(t). (2.14)

All the relevant flows within the FWC circuit satisfy the following system:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 1 0 −1 0

0 1 0 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
AQ

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

QBP

QHex

Qto LT

QtoMV1

Qfr LT

QaMV1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Q

(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
1 − κ1(t)

)
QE

κ1(t) QE

κ1(t)
(
1 − κ2(t)

)
QE

κ1(t) κ2(t) QE

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
BQ

(2.15)

For the known constant net flow rate QE and given valve characteristics κ1(t)

and κ2(t), the system (2.15) can be solved by

Q = A−1
Q · BQ (2.16)

as long as AQ is invertible. That condition is guaranteed at all times during
operation due to the time-invariant structure on the main diagonal of AQ.
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System of temperatures

The heat balances of (2.1), (2.7), (2.13) form a differential-algebraic system for
the computation of temperatures; it reads⎡

⎢⎢⎢⎢⎢⎢⎣

dTE,out(t)
dt

dTW,i(t)
dt

0

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
dT
dt

=

⎡
⎢⎢⎢⎢⎢⎢⎣

−QE

VE
0 QE

VE

0 − 2πk θ3(t)
cp

− θ2(t)
ρ cp VT

0

1 − κ1(t) 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
AT

⎡
⎢⎢⎢⎢⎢⎢⎣

TE,out(t)

TW,i(t)

TE,in(t)

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
T

+

⎡
⎢⎢⎢⎢⎢⎢⎣

WHeat(t)
ρcpVE

θ2(t) y1(t)
ρ cp VT

+ 2πk θ3(t) y2(t)
cp

κ1 T
set
MV1

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

︸ ︷︷ ︸
BT

(2.17)

where the vector of temperatures is defined as

T =
[
TE,out TW,i TE,in

]T
(t). (2.18)

The first and second coordinate are differential equation, whereas the third coor-
dinate is static representing the mixing process at MV2. Temperature measure-
ments are introduced as y1(t) and y2(t) and are further explained in Section II-4.
In shorter notation the system of heat balances is summarized as:

dT
dt

= AT · T + BT . (2.19)

The system of flows (2.15) and temperatures (2.17) is solved based on the as-
sumption that the unknown parameters θ1(t), θ2(t), θ3(t) and control u(t) are
known initially provided by the observer’s initial guestimates and the resultant
control. The solution of (2.16) and (2.19) are assumed to be available for further
analysis.

Waste heat recovery and and outgoing heat flows

The waste heat recovery inside the heat exchanger and the outgoing heat flow
are given by

WHex(t) = ρ cp QHex(t)
(
TE,out(t) − THex(t)

)
,

WEv(t) = ρ cp QBrine TSea,out(t),
(2.20)

4 Partially observed heat exchanger

The heat exchanger is represented by a system of coupled differential equations,
(2.4) - (2.7), that is subject to the following uncertainties:

• Precise geometrical dimensions such as heat transfer area, length etc. are
unknown.
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• The flow conditions are assumed to be turbulent; however the precise de-
gree of turbulence is unknown. As a consequence, the corresponding con-
vective heat transfer coefficient might fluctuate substantially and affects
the waste heat recovery in the process.

The aforementioned uncertainties are modelled by means of multiplicative and
additive uncertainty terms that are elaborated next.

4.1 Unknown, drifting parameters (multiplicative uncertainty)

The unknown degree of flow turbulence potentially leads to large fluctuations of
the convective heat transfer coefficients on both channels of the heat exchanger.
Further, the geometrical dimensions of the heat exchanger are generally un-
known and result in a large number of unknowns system parameters. That
number is reduced by combining them into a new set of lumped parameters:

Θ(t) =
[
θ1(t) θ2(t) θ3(t)

]T
. (2.21)

The lumped parameters represent the multiplicative uncertainty of the system
and are listed in Table 2.1 along with their original form and units. A linear
stochastic drift model is used for that purpose

dΘ(t) = Φ
(
Θ(t) − μ

)
dt + Σ dW, (2.22)

where the matrix Φ determines the drift dynamics, μ =
[
μ1 μ2 μ3

]T is the
unconditional mean of Θ(t), the covariance matrix is Σ and a Wiener process is
W. The latter two parameters determine the randomness of the drift. The linear
drift, (2.22), presents a flexible representation that can be tailored to different
stochastic processes by selecting the tuning parameters Φ, μ and Σ accordingly.
This general framework includes two stochastic cases in particular: the constant
drift dΘ(t) = 0 and the random walk dΘ(t) = ΣdW. Next, the linear drift

Table 2.1. Unknown parameters of the heat exchanger.

Lumped parameters Original form Units

θ1(t) Ao ho(t)
W
K

θ2(t) Ai hi(t)
W
K

θ3(t)
L

m ln
(

ro
ri

) m
kg

model (2.22) is specified for the particular application that are the uncertain
flow conditions and unknown geometrical dimensions inside the heat exchanger.
A priori knowledge is exploited in the modelling approach and choice of initial
parameter guestimates that is explained next.

• Convective heat transfer coefficients. The lumped parameters θ1(t) and θ2(t)

depend on the fluctuating convective heat transfer coefficients ho(t) and
hi(t) due to unobserved effects of flow turbulence. The value of the convec-
tive heat transfer coefficients might fluctuate over two magnitudes and the
covariance of the Wiener process is selected accordingly in order to cover
the relevant range around a nominal guestimate. Typical values have been
obtained from standard fluid mechanics literature, where numerous experi-
ments haven been reported for different geometries. In this particular case,
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the unconditional mean μ has been selected for tube bundle geometries in
the case of forced convection, [35], [36].

• Unknown geometrical dimensions. Parameter θ3(t) describes the uncer-
tainty regarding the geometrical dimensions of the heat exchanger. As no
specific information is available about the pipe diameters, tube length etc.,
a random walk model is implemented incorporating a Wiener process with
small noise intensity.

The precise specification of the tuning parameters of the linear drift that describe
the unobserved system parameters is presented later in Section II - 4.5 through
the model coefficients (2.34) - (2.38).

4.2 Wiener process (additive uncertainty)

In physics, the irregular transport phenomena can be represented by the random
motion of particles in a liquid or gas due to collisions with fast-moving particles
of the medium, [37]. Here, the Wiener process is applied as an additive term in
order to represent uncertain phenomena in the unobserved parameters Θ(t) and
the measurements through noise. It has the following properties, [38]:

• The Wiener process is zero initially W (0) = 0 and its continuous trajectory
has infinite length due to its fractal property.

• The increments of the Wiener process are normally distributed W (t) −
W (s) ∼ N(0, t− s) for s < t.

• For 0 ≤ s ≤ t ≤ u ≤ T , the increments are independent: E

[(
W (t) −

W (s)
) (

W (u) −W (t)
)]

= 0.

• Zero-mean: E
[
W (t)

]
= 0.

• Progressively increasing variation E

[
(W (t) −W (s))

2
]

= t− s. Irrespective
of being zero-mean, the Wiener process is a non-stationary process due to
the linear growth of variation over time.

• For discrete-time approximation of stochastic differential equations (SDEs),
the square-root metrics must be considered for differentials of the Wiener
process dW (t) that is

var
[
dW (t)

]
= dt or std

[
dW (t)

]
=

√
dt. (2.23)

Later the time differential dt is replaced with its corresponding time-discrete
increment h.

• The rate of change of a Wiener process dW (t)
dt does not exist due to its fractal

and irregular nature making it non-differentiable along its entire trajec-
tory.

4.3 Continuous, partially observed, stochastic system

A new augmented vector of unobserved states z(t) is formed that consists of the
unknown drifting parameters Θ(t) and the unobserved temperature THex,out(t).
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The measurements are denoted with y(t).

z(t) =
[
θ1(t) θ2(t) θ3(t) THex,out(t)

]T
,

y(t) =
[
TSea,out(t) TW,o(t)

]T
.

(2.24)

Accordingly, the heat exchanger model (2.4) - (2.7) is reformulated yielding a
nonlinear, continuous, partially observed, stochastic system that reads

dz =
(
a1(t, yt, z1) z(t) + a2(t, z4) ϕ (ut, t)

)
dt + b dW z(0) = z0,

dy =
(
A0(yt) + A1(t, yt, z4) z(t)

)
dt + B dV y(0) = y0,

(2.25)

where z ∈ R
4 is the vector of unobserved states, y ∈ R

2 is the vector of measure-
ments, ϕ (u, t) ∈ R is the indirect control variable and u(t) ∈ R is the direct control
variable yet to be defined. The Wiener processes W ∈ R

4 and V ∈ R
2 are inde-

pendent and being specified by a Gaussian distribution that represent the pro-
cess and measurement noise, respectively. The initial condition for the unknown
parameters and state z0 is specified by a Gaussian distribution: z0 ∼ N (m0,γ0),
where m0 ∈ R

4×1 is the initial guestimate of the mean and γ0 ∈ R
4×4 is the ini-

tial covariance matrix that represents the initial uncertainty of the guestimates.

The system is nonlinear with respect to the unobserved states; in fact expanding
(2.25) reveals the bilinear nature of certain terms with respect to the unobserved
states z and the indirect control variable ϕ(u, t) that depends on the estimated
states via feedback. The bilinear terms in question are approximated as follows

z4(t) · z1(t) ≈ −Td μ1 + μ1 z4(t) + Td z1(t),

z4(t) · ϕ(ut) ≈ −Td ϕ0,t + ϕ0,t z4(t) + Td ϕ(ut),
(2.26)

where Td is the constant reference temperature (control objective) at the heat
exchanger outlet, μ1 is the unconditional mean of z1, and ϕ0,t is the indirect ref-
erence control yet to be defined. Further, the the coefficients a1(t, yt, z1), a2(t, z4)
and A1(t, yt, z4) depend on the noisy measurements yt.

A conditionally Gaussian process inherits many beneficial properties that are
discussed in Section II - 6.2. In order to obtain such process, the system (2.25)
needs to linearized utilizing the approximations from above, (2.26).

4.4 Stochastic integration

The system (2.25) is given by stochastic differential equations (SDEs), whose
solution methods are discussed for the time-continuous case as well as the corre-
sponding discrete-time approximation, which are applied in implementation.

Continuous-time stochastic system

A continuous-time stochastic process consists of a deterministic part (drift) and
a stochastic part (diffusivity); it reads:

dz(t) = a(t, z(t)) dt + b(t, z(t)) dW (t) z(0) = z0 (2.27)
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where a(t, z(t)) is the drift and b(t, z(t)) is the diffusivity coefficient, which both
depend on time and the process variable z(t); the initial condition is denoted with
z0. The aforementioned SDE in integral form reads

z(t) = z0 +

∫ t

0

a(s, z(s)) ds +

∫ t

0

b(s, z(s)) dW (s). (2.28)

The second term presents a stochastic integral, where different rules of integra-
tion need to be applied. For that purpose consider the definition of the Riemann-
Stieltjes integral with two arbitrary smooth functions f(·) and g(·)

∫ t

0

f(s) dg(s) = lim
n→∞

n−1∑
i=0

f(τi)
(
g(si+1) − g(si)

)
, (2.29)

where τi is some point inside the time interval
[
si, si+1

]
. For the case of τi = si,

it is known as the Ito integral defined by the following limit

∫ t

0

b
(
s, z(s)

)
dW (s) = lim

n→∞

n−1∑
i=0

b
(
si, z(si)

) (
W (si+1) −W (si)

)
, (2.30)

where 0 = s0 < ... < si < ... < sn = t denotes the partition of the time grid that
becomes finer as n → ∞.

Time-discrete approximation schemes of SDE

In filtering and control implementation, the continuous solution z(t) of (2.27) can
be approximated by a discrete-time counterpart. The temporal grid partition is
determined through the time increment h, which naturally affects the conver-
gence rate of the approximations when the following limit is taken: h → 0. In
this thesis, the mean-square approximation scheme is applied.

zt+h = zt + a(zt)h + b(zt)
√
h εt+h εt ∼ IN(0, 1), (2.31)

where
√
h is the square-root metric originating from the Wiener process and εt is

a white noise sequence that is normally distributed. The convergence rate of the
mean-square approximation is found to be

E ‖zt − z(t)‖2 ≤ Kr h
2, (2.32)

which decreases correspondingly with the partition of the time grid h → 0.

4.5 Discrete, linear approximation

Inserting the first order approximations of (2.26) into the system (2.25) and dis-
cretising with respect to time yields a weak-sense analogy or stochastic modifi-
cation

zt+h =
(
a0(t, yt) + a1(t, yt) zt + a2(t) ϕ(ut)

)
h + b

√
h ε1, t+h,

yt+h =yt +
(
A0(yt) + A1(t, yt) zt

)
h + B

√
h ε2, t+h,

(2.33)

where h is the discrete time increment, ε1 and ε2 are independent white noises
representing the process and measurement noises. The white noise sequences
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multiplied with square-root sampling interval
√
h represent the time-discrete

equivalent of a Wiener process. Importantly, the coefficients a1(t, yt), a2(t) and
A1(t, yt) are no longer dependent on the unobserved states zt. Additionally, a
new coefficient a0(t, yt) has been introduced as a byproduct of the linearization
procedure. However, all of the aforementioned coefficients remain dependent on
the history of noisy measurements indicated by yt in the argument.

a0(t, yt) =

⎡
⎢⎢⎢⎢⎣

0

0

0
Td

VS

(
ϕ0,t + μ1

ρcp

)

⎤
⎥⎥⎥⎥⎦ , a2(t) =

⎡
⎢⎢⎢⎣

0

0

0
TE,out(t)−Td

VS

⎤
⎥⎥⎥⎦ , (2.34)

a1(t, yt) =

⎡
⎢⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 1 0
y2(t)−Td

ρcpVS
0 0

(
1 − ϕ0,t

VS
− μ1

ρ cp VS

)

⎤
⎥⎥⎥⎥⎦ , (2.35)

A0(t, yt) =

⎡
⎣y1(t) + QBrine

VT

(
TSea,in − y1(t)

)
y2(t) − Td μ1

ρ cp VS

⎤
⎦ , (2.36)

A1(t, yt) =

⎡
⎣ 0

TW,i(t)−y1(t)
ρ cp VT

0 0
Td−y2(t)
ρ cp VS

0 − 2πk
cp

(
y2(t) − TW,i(t)

)
μ1

ρ cp VS
,

⎤
⎦ (2.37)

b =

⎡
⎢⎢⎢⎣

13 0 0 0

0 1.5 0 0

0 0 10−4 0

0 0 0 1.5 · 10−2

⎤
⎥⎥⎥⎦ , B =

[
10−3 0

0 10−4

]
. (2.38)

Next, an expression is derived for the indirect reference control ϕ0,t that appears
in (2.26). For that purpose the vector λ is defined as

λ =
[
μ1 μ2 μ3 Td

]T
, (2.39)

which consists of the unconditional mean μ of the unobserved parameters Θ(t),
(2.21), and the desired temperature set-point Td of the outlet temperature of the
heat exchanger. The indirect reference control ϕ0,t only affects the fourth coor-
dinate of z(t) as can be recognized from the associated coefficient a2(t). Hence,
the corresponding SISO system is extracted, which represents the outlet temper-
ature of the heat exchanger to be stabilized. Assuming that the reference vector
λ presents a physically reachable target that is achieved after some transition
period, the following SISO steady-state equation is obtained:

0 = a0(4, 1) + a1(4, 1) μ1 + a1(4, 4) Td + a2(4, 1) ϕ0,t, (2.40)

where the argument (·, ·) indicates the respective element of the model coeffi-
cients of (2.34) and (2.35). The corresponding indirect reference control is found
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as
ϕ0,t =

Td − y2(t)

TE,out(t) − Td

μ1

ρ cp
. (2.41)

5 Conditionally-Gaussian system

As it will be shown, the stochastic modification, (2.33) fits within the class of con-
ditionally Gaussian systems, [39]. Certain assumptions are made with respect
to the process on hand that is outlined next.

5.1 Assumptions on process

According to the Theorem 13.3 by Liptser and Shiryaev, (1977), a stochastic sys-
tem is conditionally Gaussian when the following assumptions are satisfied:

(i) Each coefficient a0(t, yt), a1(t, yt), a2(t), A0(yt) and A1(t, yt) is a non-anticipative
(causal) function.

(ii) Finiteness:
E | a0(t, yt) |2< ∞, E | A0(yt) |2< ∞,

(iii) Boundedness:
| a1(t, yt) |≤ K̄, | a2(t) |≤ K̄, | A1(t, yt) |≤ K̄

(iv) Initial state:
z0 ∼ N (m0,γ0), γ0 > 0

The aforementioned assumptions (i) - (iv) are elaborated for process represented
by the time-discrete dynamics of the heat exchanger, (2.33).

Assumptions (i) and (iv) meet the causality condition as none of the coefficients
(2.34) - (2.38) depends on future measurements. Due to the presence of uncertain
parameters, an initial Gaussian distribution with non-zero initial covariance is
a natural choice.

Assumptions (ii) and (iii) are most critical for the system and are verified for
the process next. Each element of the coefficients (2.34) - (2.38) is required to be
finite or bounded at any instant in time for the whole operating range of the ship.

5.2 Proof of Conditionally-Gaussian properties

The proof of conditions (ii) and (iii) exploits the physical constraints of the ther-
mal processes. Therefore, the original physical notation is used, which allows an
intuitive interpretation of the results.

It is clear that the highest temperature within the entire FWC circuit occurs at
the cooling jacket outlet TE,out(t) after the heat injection from the engine. Con-
cerning the coefficients (2.34) - (2.38), all the occurring temperatures are lower
than TE,out(t) as no further heat source exists within the system. As a conse-
quence, it is sufficient to determine an upper bound for TE,out(t) in order to guar-
antee the boundedness of all model coefficients. For that purpose, the cooling
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jacket model, (2.1) is reformulated by inserting the heat balance of MV2, (2.13).

dTE,out(t)

dt
=

QE

VE
κ1(t)

(
T set
MV1

− TE,out(t)
)

+
WHeat(t)

VE ρ cp
(2.42)

On the right-hand side of (2.42), all variables are either constant or their respec-
tive maximum value can be deduced. From (2.2), the upper bound of the control
valve is fixed by its given nonlinear characteristics: 0 ≤ κ1(t) ≤ 1 Further, the
injected heat WHeat(t) is directly proportional to the current engine load, which
is known. The upper bound is obtained during full load operation (100%) when
the injected heat is the highest. The respective maximum values for the CV and
the heat injection are denoted with κmax

1 = 1 and Wmax
Heat and are inserted into

(2.42), which yields a standard linear ODE of the form

dTE,out(t)

dt
+ a TE,out(t) = b, (2.43)

where the constant coefficients are

a =
QE

VE
, b =

QE T set
MV 1

VE
+

Wmax
Heat

ρcpVE
. (2.44)

The corresponding solution is:

TE,out(t) = TE,out(0) e−at +
b

a

(
1 − e−at

)
, (2.45)

For (2.45), a maximum value is found that simultaneously corresponds to the
global upper bound of the entire FWC circuit denoted with K̄:

| TE,out(t) | ≤ max
(
TE,out(0),

b

a

)
≡ K̄. (2.46)

Therefore, all the coefficient elements (2.34) - (2.38) are guaranteed to be bounded
from above by K̄. Hence assumptions (ii) and (iii) are satisfied:

E | a0(t, yt) |2< ∞, E | A0(yt) |2< ∞,

| a1(t, yt) |≤ K̄, | a2(t) |≤ K̄, | A1(t, yt) |≤ K̄
(2.47)

From assumptions (ii) - (iv), it is concluded that the process (2.33) does not dis-
perse at any instant in time

E

(
‖zt‖2 + ‖yt‖2

)
< ∞

and is conditionally Gaussian in addition, (Theorem 13.3, [39]). Furthermore,
the initial conditional probability density is Gaussian according to p (z0 | y0) =

N(m0,γ0) due to initial uncertainties γ0 > 0, as in assumption (iv)

N(m0,γ0) =
1

γ0

√
2π

e−
1
2

(z0−m0)
γ0 . (2.48)

6 Estimation and control

In control applications, unobserved parameters and states are recovered by state
observers that are computationally efficient as the algorithms are formulated in
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recursive form that are suitable for implementation. Depending on the type of
the dynamic system, an appropriate observer shall be selected in order to achieve
accurate performance. Commonly, a criteria such a minimizing the estimation
error in the mean-square sense is utilized.

Probably, the most popular observer for state estimation of linear systems is
the Kalman Filter named after its main developer R. E. Kalman, [40], [41]. Ar-
guably, its most recognized implementation took place during the Apollo program
for navigation and guidance purposes when the trajectory estimation algorithm
was included into the onboard computer, [42]. The Kalman filter can be applied
to any dynamic system that is linearly dependent on its unknown states, which
are observed through a series of (noisy) measurements up to the current instant
in time: t (ys : 0 ≤ s ≤ t). The concept is depicted in Fig. 2.4 as a discrete Hidden
Markov model. Theory has been well developed for both continuous as well as

Unobserved states

Measurements

Figure 2.4. At any time instant the hidden state is observed through a measurement.
The future state only depends on the current state as the entire history of
past events is contained in the presence.

discrete-time systems and it has gained popularity in several other industrial
applications such as chemical reactors, biochemical and food industries or in a
turbo-charged diesel engine, [43], [44], [45], [46], where the heat transfer coef-
ficient has been recovered for accurate heat transfer estimation. It can be also
applied for the fault detection purposes as in [47], where the heat transfer effi-
ciency of a counter-flow heat exchanger is impeded by fouling, where unwanted
materials accumulates on the heat transfer surface.

For all the aforementioned applications, a variation of the filter is used that is
known as the well-known Extended Kalman filter (EKF) when the system is non-
linear with respect to the unobserved states. In that case, the Jacobians of the
system need to be obtained first for computation of the the covariance matrices.
In practice, the EKF performance strongly depends on the initial guestimates
provided by the user, which might lead to divergence of the estimator in case of
poorly selected initial values.

For a nonlinear estimation problem, the solution is infinite dimensional as the
statistical moments do not form a closed system for the computation of the mean
and variance. One must find the probability density at first based on which the
mean and variance can be calculated. The probability density can be found as
the solution of the Zakai equation or Kushner equation developed for nonlinear
systems, [48] , [49]. In terms of application, Zakai-filtering has been applied to a
nonlinear parameter estimation problem in deposition process control, [50].

6.1 Conditionally-Gaussian filter

In less severe cases as in (2.33), where the coefficients are nonlinear dependent
on noisy measurements and linear dependent on the state, the mean and vari-
ance can still be calculated in closed form by means of the conditionally Gaussian
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filter (CGF). Note that the case of measurement-dependent coefficients is neither
covered in the Kalman framework or any of its variations, which would result in
non-optimal estimates. The recursive discrete-time CGF algorithm that is ap-
plied to (2.33) is presented next.

Algorithm:
mt+h = a0 + a1 mt + a2 ϕt + Gw̄t+h, (2.49)

γt+h = a1 γt a
T
1 + bbT −GGT , (2.50)

G =
(
a1 γt A

T
1

) (
BBT + A1 γt A

T
1

)− 1
2 , (2.51)

w̄t+h =
(
BBT + A1 γt A

T
1

)− 1
2
(
yt+h −A0 −A1 mt

)
, (2.52)

where m is the conditional mean that is the solution of the filtering problem. The
conditional covariance matrix is denoted with γt. As shown in [39], the estimates
are optimal in the mean-square sense due to the conditionally Gaussian proper-
ties of the partially observed system (2.33) as proven in Section II-5.2. The gain
of innovation is denoted with G and w̄ ∈ R

2 is the innovation process.

6.2 Properties of Conditionally-Gaussian system

As the process on hand (2.33) is conditionally Gaussian, the following beneficial
system properties are guaranteed according to [39].

The conditional probability density p (zt | y0 ...yt) can be computed by a rela-
tively simple recursive algorithm for the mean mt = E (zt | y0 ...yt) and covari-
ance γt = E (γt | y0...yt) that is conditioned on the entire history of noisy mea-
surements. Moreover, the conditional probability density is Gaussian at any in-
stant in time.

All the higher statistical moments can be computed from the first two statis-
tical moments only: the conditional mean mt and conditional variance γt. In
this case, the filter is said to be finite dimensional.

The CGF is optimal in the mean-square error sense even in the presence of
measurement-dependent coefficients in linear or nonlinear fashion. For the sys-
tem on hand (2.33), there is no way for better prediction of the unobserved state
than by this algorithm (2.49) - (2.52), [39].

The innovation process has guaranteed white noise properties for both contin-
uous and time-discrete systems, (Theorem 13.5, [39]): w̄t ∼ IN(0, I). In prac-
tice, the innovation process can be used as a diagnostic tool to evaluate the fil-
ter performance. If the innovation process does not have standard white noise
properties, then the filter should be reconsidered since there are still predictable
components that can be recovered by the filter.

6.3 Nonlinear stabilizing control

Based on the computed CGF estimate, (2.49), a relatively simple proportional
feedback is applied in terms of the indirect control variable for regulating the

24



Fresh water cooling circuit

unobserved temperature at the shell outlet to a desired reference Td.

ϕ(u, t) = −KP

(
m4(t) − Td

)
. (2.53)

The introduction of the indirect control variable ϕ(u, t) was necessary to rep-
resent the partially observed heat exchanger (2.33) within the framework of a
conditionally Gaussian process. and is only utilized during the design phase.
Ultimately, it is reconverted into the direct control variable

u(t) = TE,out(t) + 2 atanh

(
2KP

(
m4(t) − Td

)
QE

− 1

)
, (2.54)

which eliminates the nonlinearities of the control valve, (2.2). The stabilizing
control law is applied in order to drive both the unobserved process state z4(t)

and its estimate m4(t) to its desired reference Td in the simulation experiment.
In physical terms, the outlet temperature on the shell-side and its estimate are
stabilized implying the desired stabilization of the waste heat recovery process
and the outgoing heat flows as well as attenuating the propagation of noises and
disturbances.

7 Numerical results

The major part of the upcoming section presents the numerical results of the
FWC circuit regarding the observer and the controller performance. Further-
more, the desired conditionally Gaussian property of the system - that has been
proven in Section II - 5.2 - is verified numerically.

Additionally, a second case study has been carried out in Section II - 7.2 re-
garding a similar circuit installed on a ship, where four diesel generators are
connected in parallel. As the same principal approach is used, the modelling
and design is presented only rudimentary and the focus lies on the presentation
of the numerical results. The effectiveness of the approach is validated against
real operational data that has been collected during a cruise.

7.1 Case study 1: Single engine circuit

During the entirety of the 14 hours cruise, different steering maneuvers are per-
formed that range between low and high loading situations. The generated heat
from the diesel generator WHeat(t) is considered as an external disturbance and
is displayed in Fig. 2.5. Under this condition, the unknown parameters and
states are reasonably estimated by the CGF; furthermore the unobserved pro-
cess state z4(t) and its estimate m4(t) are successfully stabilized to the desired
reference Td by nonlinear feedback control.

In Fig. 2.6, the parameter estimate m1(t) converges within 3 hours to its true
value and is tracked fairly well over the duration of the simulation. In Fig. 2.7,
parameter m2(t) is estimated rapidly as it converges within two minutes. Both
parameter estimates m1(t) and m2(t) are associated with the convective heat
transfer on the shell-side and tube-side of the heat exchanger. The convergence
time on the shell-side is considerably longer 3 hours > 2 minutes, which is due to
the specification of the process noises given by the coefficient b, (2.38). The noise

25



Fresh water cooling circuit

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0

0.5

1

1.5

2

2.5

Time, h

G
en

er
at

ed
 h

ea
t, 

M
W

Figure 2.5. Injected heat WHeat(t) from the diesel engine to the coolant during 14 hour
cruise.
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Figure 2.6. Estimation and tracking of drifting parameter: process z1(t) ( ) and esti-
mation m1(t) ( ).

intensity of the first coordinate (shell) is almost one magnitude larger than the
second coordinate (tube). It is a reasonable way of modelling the higher degree
of turbulence on the shell-side as the flow is constantly deflected by the baffles.

In Fig. 2.8, parameter m3(t) converges in about 2 hours and is tracked well for
the remainder of the simulation. A random walk model with small noise inten-
sity has been used to represent the uncertainties associated with the geometry
of the heat exchanger model.

In Fig. 2.9, the unobserved state z4(t) (blue) is stabilized to the vicinity of the
reference value Td. The oscillation around the set-point is caused by the persist-
ing process noise that is specified by the fourth coordinate of the noise intensity
matrix b. Higher accuracy and shorter convergence time is achieved for the cor-
responding estimate m4(t) (red) with a slight undershoot during transition. The
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Figure 2.7. Estimation and tracking of drifting parameter: process z2(t) ( ) and esti-
mation m2(t) ( ).
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Figure 2.8. Estimation and tracking of slightly drifting parameter: process z3(t) ( )
and estimation m3(t) ( ).

convergence time can be reduced by increasing the proportional gain KP of the
controller, which would result in higher control agitation. The corresponding di-
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Figure 2.9. The unobserved state z4(t) ( ) and estimated state m4(t) ( ) are con-
trolled to the vicinity of the desired reference value Td ( ).

rect control u(t) (implementation), (2.54), and the indirect control variable ϕ(u, t)

(design phase), (2.53), are depicted in Fig. 2.10. Even after achieving the control
task, there is still agitation in the control signals indicating the effective distur-
bance rejection caused by the heat injection of the diesel generator.
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Figure 2.10. Top: Direct control variable u(t) ( ) used in implementation. Bottom:
Indirect control variable ϕ(u, t) used during the design phase ( ).

In Fig. 2.11, the innovation processes are only depicted for the time period
between 1 and 1.1 hours for the sake of convenience. Its statistics have been
computed for the entire simulation time though and are listed in Table 2.2. The
numerical evidence of the theoretical result is provided indeed; the white noise
properties of the innovation process confirm the optimal state estimates.
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Figure 2.11. Innovation process between 1 hour and 1.1 hours.

Table 2.2. Computed statistics of the innovation processes ε1 and ε2 over a simulation
time of 14 hours.

Mean Standard deviation

0.00 1.00

0.00 1.01

A simple numerical stability test is conducted for the partially observed system,
(2.33). In discrete-time systems, stability is achieved when the eigenvalues of the
system matrix is less than one by absolute value. As explained in Section 4.1, in
the first three coordinates a random walk model is used for the unknown drifting
parameters Θ(t). The corresponding subsystem is extracted that is marginally
stable or neutral as the associated eigenvalues of a1(t, yt) are all one.

The fourth coordinate of (2.33) represents the temperature dynamics of the
heat exchanger; it is investigated in open-loop configuration first. The coupling
with the first coordinate is not considered as its associated element is of neg-
ligibly small magnitude a1(4, 1) ∼ 10−7. Therefore, it is sufficient to consider
last element of the matrix a1(4, 4) and the associated eigenvalue for the SISO
temperature dynamics is

sOL = a1(4, 4), (2.55)

where the subscript OL stands for open-loop. The same stability test is conducted
the for closed-loop system by inserting the control law (2.53).

sCL = a1(4, 4) −KP a2(4, 1) (2.56)

with CL denoting the closed-loop configuration. In Fig. 2.12, sOL and sCL (green)
are shown along with the stability threshold 1 (blue) for the open-loop and closed-
loop configuration, respectively. In open-loop configuration, the stability margin
is very small and the system is close to neutral: | 1 − |sOL| | < 0.005 Applying the
feedback control with KP = 0.15 makes the system more stable as the stability
margin increases to | 1 − |sCL| | ≈ 0.1 ... 0.2.

In Fig. 2.13, the waste heat recovery process is shown in closed-loop configu-
ration along with the outgoing heat flow from the FWC circuit. After a transition
period of 3 hours, the waste heat recovery in the heat exchanger (blue) is more
or less a steady process, which rejects the disturbance from the heat injection
WHeat(t) fairly well. A steady heat flow towards the downstream evaporator
(green) is achieved within roughly 4 hours transition time. The effects of ex-
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Figure 2.12. Top: Eigenvalues in open-loop. Bottom: Eigenvalues in closed-loop configu-
ration with proportional gain Kp = 0.15
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Figure 2.13. Recovered waste heat WHex(t) ( ) and outgoing heat flow towards the
evaporator WEv(t) ( ). After 4 hours, both heat flows are fairly steady-
state processes due to the stabilization of the unobserved outlet tempera-
ture of the heat exchanger.

ternal disturbance (heat injection) and the process and measurement noises are
visible in the fluctuating heat flows. Nevertheless, the control performance is
fairly accurate as the variance is bounded and the mean of the respective heat
flows describes a steady-state process as it was required in the specification.

7.2 Case study 2: Four engine network

A similar case-study has been performed on a variation of the FWC-circuit that
incorporates four parallel diesel generators as the dedicated power plant on a
ship. The principal approach is the same as for the single engine case; therefore
only the main results are presented in order to validate the performance of the
state observer against two sets of data that has been acquired during operation.
For further details, the reader is referred to PUB III.

Working principle
The scheme of the four engine network is shown in Fig. 2.14; the location of
the diesel generators, heat exchangers and sensors (thermometers and flowme-
ters) are indicated in the legend. The coolant is directed into each branch of
the circuit, where the waste heat recovery takes place separately in each heat
exchanger. The coolant is distributed according to the current loading situation
in the engine network. Subsequently, the individual flows are joined in a series
of mixing valves until the net waste heat recovery is obtained at the outlet of the
network that is characterized through the temperature gain of the coolant flow
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Figure 2.14. Layout of the network, where four parallel connected diesel generators rep-
resent the power plant. The coolant is distributed to the embedded heat
exchangers according to the current loading situation. The location of flow
and temperature sensors inside the network are indicated by the given leg-
end.

Diesel generator
Figure 2.15. Heat transfer mechanism inside one heat exchanger. The primary flow with

hot water is shown in red, whereas the secondary flow is blue. External heat
injection comes from the diesel generators WDG and the preheating system
WpHeat. Heat is transferred WHex between the primary and secondary side
of the heat exchanger representing the coupling of the system.

between the global inlet and outlet of the network (green frame) depicted in Fig.
2.14. Based on the given temperature and flow rate measurements at the global
inlet and outlet of the network, the net waste heat recovery is calculated as

WWHR(t) = QWHR(t) ρ cp

(
TWHR,out(t) − TWHR,in(t)

)
. (2.57)

Problem description
Given the network scheme, Fig. 2.14, an observer is to be designed in order to
estimate the unobserved parameters and state variables for each of the four heat
exchangers inside the circuit. A scheme of the heat exchanger is displayed in Fig.
2.15, where the primary side is shown in red and the secondary side in blue. The
objectives are formulated as:

1. Identification of the incomplete heat exchanger model that is characterized
by a set of four unknown parameters Θj(t), where j = 1, 2, 3, 4 stands for
each single heat exchanger. Temperature measurements are provided at
the inlet and outlet of the primary side.
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Figure 2.16. Schematic diagram for the computation of the net and individual waste heat
recovery.

2. Estimation of the unobserved outlet temperature zj(t) on the secondary
side based on the aforementioned parameter estimates (certainty equiv-
alence principle) and given flow and temperature measurements at the
global inlet and outlet of the network.

3. The individual and net waste heat recovery are obtained in the post-processing
by combining the aforementioned estimation results.

4. The observer performance is validated by comparing the estimated model
response with two sets of acquired operational data of the ship.

It is assumed that the internal flow distribution into each branch is determined
by the current loading situation of the engine network. Hence, larger amounts
of coolant are assigned to a particular generator that operates in high loading as
opposed to an idle one.

A scheme of the observer arrangement is shown in Fig. 2.16 for waste heat recov-
ery estimation. Two sequential observers are designed to estimate the unknown
models parameters and states of the network.

Observer 1 is used to estimate the model parameters Θ(t) on the primary side
of the heat exchanger based on noisy temperature measurements yp(t) defined
as

Θj(t) =
[
θ1(t) θ2(t) θ3(t) θ4(t)

]T
j
,

yp
j (t) =

[
T p
in(t) T p

out(t)
]T
j
,

(2.58)

where the linear drift model of (2.22) is used to represent the uncertain param-
eters Θ(t). The subscript j = 1, 2, 3, 4 stands for each individual heat exchanger
as the model structure is similar. The superscript p indicates the primary side
of the heat exchanger. The dynamics of the measured outlet temperature on the
secondary side is given by

dyp2
dt

= θ1
(
yp1 − yp2

)
+ EL · θ2 − θ3 + Iθ4 · θ4, (2.59)
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where the several unknown physical parameters are lumped given by the follow-
ing definition:

θ1 =
ṁ

m
, θ2 =

θDG

mcp
θ3 =

WHex

mcp
θ4 =

WpHeat

mcp
. (2.60)

The mass flow is ṁ, the fluid mass is m, the characteristic engine constant is
θDG, the specific heat capacity cp, the heat sink from the heat exchanger is WHex

and the pre-heating system WpHeat acts as a heat source.
The first term on the right-hand side of (2.59) represents the in- and outgo-

ing thermal flux, the current loading of the engine is EL and the second term
represents a heat source, which injects heat into the system from the diesel gen-
erator. The third term is a heat sink as heat is removed from the primary to
the secondary side and the fourth term is another heat source representing the
pre-heating system in stand-by mode. For that purpose, the following indicator
function Iθ4 is defined:

Iθ4 :

⎧⎨
⎩= 1 if ELj = 0

= 0 otherwise.
(2.61)

For the primary side of the heat exchanger (red), the following discrete-time par-
tially observed system is formulated

Θt+h = a0 + a1 Θt + b
√
h ε1, t+h

yp2,t+h = A0 + A1 Θt + B
√
h ε2, t+h.

(2.62)

The model coefficients are presented in expanded form in PUB III.

Observer 2 is used to formulate a second partially observed system given by

z(t) =
[
T s
out,1(t) T s

out,2(t) T s
out,3(t) T s

out,4(t)
]T

,

yg(t) =
[
TWHR,in(t) TWHR,out(t)

]T
,

(2.63)

where z(t) is the unobserved state vector of temperatures at the outlet of each
individual heat exchanger on the secondary side (superscript s). The estimation
of z(t) is necessary in order to deduce the waste heat recovery of each individual
heat exchanger. The measurements yg(t) are taken from the inlet and outlet
temperatures of the global network. The second discrete-time partially observed
system reads

zt+h = a0,z + a1,z zt + a2 Θ̂t + bz

√
h ε1, t+h

yg2,t = A0,z + A1,z zt + Bz

√
h ε2, t+h.

(2.64)

Detailed specification of the model coefficients is found in PUB III.

Validation
Two different data sets have been recorded on the ship during operation. The ob-
server performance is validated by comparing the measured data with the model
prediction based on the parameter and state estimates. In a first step, the model
parameters of the primary side Θ(t)j , (2.58), are accurately estimated for all
four heat exchangers j = 1, 2, 3, 4. An exemplary result is displayed in Fig. 2.17
for the second heat exchanger as the parameters converge within 50 s. As de-
picted in Fig. 2.18, the set of estimated parameters produces an accurate model
prediction compared to the recorded temperature measurement on the primary
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Figure 2.17. Parameter estimates for the primary side of the second heat exchanger dur-
ing transition period. θ̂1(t) : ( ), θ̂2(t) : ( ), θ̂3(t) : ( ) and
θ̂4(t) : ( ).
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Figure 2.18. Validation of the model prediction compared to real temperature measure-
ments of the heat exchanger over 4 hours. Measurement: ( ) and estima-
tion: ( ).

side. Hence, it is reasonable to utilize those estimates Θ̂(t) as true parameter
values for coupling the primary with secondary side of the heat exchanger. The
second observer shall produce estimates of the unobserved outlet temperature
on the secondary side z(t), (2.63), which is shown in Fig. 2.19 for all four heat
exchangers.

Post-processing
Based on the presented observer concept with two conditionally Gaussian fil-
ters, 16 unknown system parameters Θ̂(t) and 4 states (temperatures on the
secondary side) could be estimated. The model prediction is validated against
acquired data that has been recorded during the vessel operation. Additional
process quantities can be deduced during the post-processing phase such as the
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Figure 2.19. Estimation of the unobserved outlet temperature on the secondary side ẑ(t)
of all four heat exchangers over a duration of 4 hours. ẑ1(t) : ( ), ẑ2(t) :
( ), ẑ3(t) : ( ) and ẑ4(t) : ( ).
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Figure 2.20. Data set 1: Estimation of the waste heat recovery in each individual heat
exchanger. Engine 1: ( ), engine 2: ( ), engine 3: ( ), engine 4:
( ).
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Figure 2.21. Data set 2: Estimation of the waste heat recovery in each individual heat
exchanger. Engine 1: ( ), engine 2: ( ), engine 3: ( ), engine 4:
( ).

amount of recovered waste heat in each individual heat exchanger, the net waste
heat recovery as well as outgoing heat flows. Gaining process insight about the
thermal energy distribution within the cooling network is relevant as it opens up
the possibility of optimizing the loading programme of the four diesel generators.
For example, one potential constrained optimization task is how to allocate the
loading across the four parallel engines in order to obtain constant recovery of
waste heat energy while minimizing the fuel consumption during the cruise.

Individual waste heat recovery. Based on the temperature estimates at the sec-
ondary ẑ(t), the individual amount of recovered waste heat can be calculated.
The results are presented in Fig. 2.20 (data set 1) and in Fig. 2.21 (data set 2),
respectively. On average, 1.8 MW of waste heat is constantly recovered over the
four parallel heat exchangers at each instant in time during the cruise.

Net waste heat recovery. Concerning the net waste heat recovery, the model
prediction is validated against the same two data sets recorded over a period
of 4 hours. For data set 1, the estimated net waste heat recovery is reasonably
accurate as the qualitative trend is reproduced well. The convergence time is
roughly 0.3 hours and it is observed that a relatively large error occurs for period
of 2.5 < t < 2.75 hours as shown in Fig. 2.22. For data set 2, the estimated net
waste heat recovery converges quickly to its true value and can be tracked fairly
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Figure 2.22. Data set 1: Estimation of net waste heat recovery over the entire FWC cir-
cuit by means of Conditionally Gaussian filtering. Measurement: ( ) and
estimation: ( ).
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Figure 2.23. Data set 2: Estimation of net waste heat recovery over the entire FWC cir-
cuit by means of Conditionally Gaussian filtering. Measurement: ( ) and
estimation: ( ).

well up to 1 < t < 1.5 hours when a relatively large error occurs. For the remain-
der, the estimated model captures the qualitative trend well, albeit with a slight
positive, systematic error; the results are shown in Fig. 2.23.

Conclusion
Overall, the net waste heat recovery could be estimated reasonably during the
duration of a 4 hours cruise. The deviation between model prediction and real
data in certain periods might originate from the following reasons:

• The applied linear drift model - for the system parameters - does not fully
capture the missing phenomena of the system models, which are used to
build up the two partially observed systems (2.62), (2.64).

• The internal flow distribution is based on the assumption of a linear, pro-
portional relation between current engine load and coolant demand. That
simplifying assumption might not be sufficient for the whole loading range
of the engines.

• As the system consists of many uncertain components that are connected in
sequence, the error propagates in downstream direction and is cumulated.
As the estimated net waste heat recovery is evaluated at the global outlet of
the network, the resulting estimation error tends to be the largest in there.
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III. Multistage evaporation plant

1 Characteristics of flash evaporation

On ships, the production of freshwater takes place in a multistage evaporator,
which makes use of a phenomena known as flash evaporation to separate the
fluid from its minerals. It is possible to elevate the fluid temperature above its
boiling point. It presents an unstable state known as superheating and fluid
temperatures up to 110◦C can be achieved by using appropriate additives or
chemicals. The boiling temperature of water depends on the ambient pressure
as indicated in the phase-diagram of Fig. 3.1. At lower ambient pressure the boil-

Figure 3.1. Phase diagram of water as a function of vapour pressure and temperature.

ing or saturation temperature is lowered correspondingly. A prominent example
of that phenomena is observed in high altitude mountains when water boils at
significantly lower temperatures than at sea level. In freshwater production of a
multistage flash evaporation plant, the fluid becomes superheated due to a sud-
den drop of pressure inside a stage that leads to rapid evaporation in order to
restore the thermodynamic equilibrium. The temperature of the residual fluid
converges towards the respective saturation temperature that is imposed by the
local vacuum.

2 Working principle

A sequence of evaporation stages is maintained under increasing vacuum in
downstream direction so that efficient evaporation rates can be maintained. Upon
entering the stage, the seawater feed (brine) undergoes a reduction in pressure
and is promptly evaporated as it exceeds the local saturation temperature for
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a short period; this is referred as flash evaporation. In order to have effective
and steady evaporation rates throughout the plant, the pressure must be low-
ered from stage to stage in order to create the necessary temperature difference
to elevate the working fluid into the superheated state.

The two most common configurations of a desalination plant are the once-
through configuration (OT) and the brine recirculating configuration (BR) that
are investigated here. An external brine heater is installed in order to heat up
the brine feed to working conditions that is characterized by the top brine tem-
perature (TBT). A mixing tank is located in the downstream of the plant for
diluting the brine before being discharged back to the sea. According to oceanic
regulations the salinity of the dumped brine must not exceed an upper threshold
in order to limit the environmental impact on marine flora and animals, [51].

Figure 3.2. Desalination plant in once-through configuration.

In Fig. 3.2, the plant is shown in OT configuration when the brine feed passes
through all the stages only once before being discharged back into the sea. The
brine recirculating plant (BR) shares numerous features with the OT-plant that
are displayed transparent in Fig. 3.3. In principal, the OT-plant is simply ex-
tended by a feedback mechanism when a certain amount of brine is recirculated
from the last pool back to the inlet of the plant.

Figure 3.3. Desalination plant in brine recirculating configuration.

3 Problem description

The basic desalination processes inside the pool of a multistage flash evapora-
tion plant are described by the pressure head, salinity and brine temperature
dynamics. Standard models have been established as a system of coupled ODEs
that are documented in literature, [25], [31], [32], [33]. The effect of saline and
thermal diffusivity of the brine is not considered in that case.

Deterministic models are used for optimization and formulation of the control
tasks of the plant and a comprehensive overview has been provided in [29], [30],
[33], [52]. A wide range of control tasks in desalination plant applications is pre-
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sented spanning from specific low level requirements to system level objectives
such as global plant efficiency. However, the effects of process uncertainties have
remained mostly neglected in process control of desalination plants as only few
authors have dedicated their efforts to stochastic analysis. In that regard the
robust control approach has been used due to the easy access and availability of
commercial tools. In [53], a highly-detailed model of the desalination plant has
been pruned through model reduction while performing sufficiently well com-
pared to the nominal full-order model in terms of disturbance rejection while
stabilizing the processes around given operating points. The biggest upside has
been the considerable reduction in computing time. In [31], a sensitivity analysis
has been carried out for certain operating parameters (e.g. brine level, heating
steam temperature etc.) within the range of ±15% in order to study the effect on
the nominal production capacity of the plant. In [54], a robust PI controller was
used to account for the variations of the control parameters (gain, time delay,
etc.) as a result of wear and tear of the actuators. In [55], [56], the degenerative
plant performance has been studied due to scale formation and corrosion of the
plant equipment. That phenomena is referred as fouling and showcases that de-
terministic models might be insufficient over a long period of operation, where
the drift of system parameters might lead to performance deterioration.

The main objectives addressed in the upcoming chapter are

• Development of a distributed parameter model of the desalination plant
that incorporates diffusion phenomena of the brine and spatial dependence
of the process variables along the length of the plant. Further, mass, salin-
ity and heat fluxes are capable to propagate in both upstream and down-
stream direction of the subdomain as opposed to ODE models.

• The steady-state distillate production is optimized with respect to the pres-
sure head inside the subdomain.

• However, the pressure head is not a well-defined surface as it is subject
to flow turbulence caused by baffles and orifices, [57]. Here, the effects
of turbulence are accounted by a simplified model utilizing a construct of
noises located throughout the subdomain and on the boundaries. As a
consequence, a pressure head regulation error / residual is induced that
is defined as the difference between the deterministic and stochastic pro-
cess. The propagation of the residual inside the subdomain and it is to be
verified whether the regulation error can be kept within sufficiently tight
bounds by utilizing boundary controls to be defined. Furthermore, a statis-
tical characterization of the regulation error shall elaborate the robustness
of the boundary controls applied to the stochastic system.

4 ODE representation of MSF plant

4.1 Single evaporation stage model

A single evaporation stage is displayed in Fig. 3.4 and mass and heat balances
are established for the brine pool yielding the basic desalination dynamics that
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are reported in [25], [31], [32], [33]. The dynamics are formulated in general
form so that they can be easily extended to a N-tank evaporation plant that is
presented later in Section III - 4.2.

Figure 3.4. Single stage of evaporation plant.

Pressure head
The evaporation stage is considered as a perfectly stirred tank that is kept under
vacuum with a single inflow and two outflows - one representing the outflow to
the downstream stage and the other one is the flash evaporation rate; the mass
balance for one single tank is:

dV (t)

dt
= Qin(t) −Qout(t) −Qev(t), (3.1)

where V (t) is the liquid volume in the pool, the inflow, outflow and evaporation
rates are Qin(t), Qout(t) and Qev(t). A relatively simple model for flash evapora-
tion has been adopted from [58]

Qev(t) = Qin(t)
cp
λs

(
Ts − T (t)

)
, (3.2)

where cp is the specific heat capacity, T is the brine temperature, the saturation
temperature is denoted with Ts, which is imposed by the local vacuum (pres-
sure) and the corresponding latent heat is denoted with λs. The evaporation rate
from the pool surface is not considered here since its intensity is two magnitudes
smaller compared to the effect of flash evaporation, [59].

Salinity
Constantly evaporating liquid moving in downstream direction of the plant leads
to a steady increase of salt content (salinity) as the fluid is constantly removed
while the minerals remain in the pool. The salinity dynamics of one single stage
is

A H(t)
dc(t)

dt
= Qin(t)

(
cin(t) − c(t)

)
+ 2Qev(t) c(t), (3.3)

where c(t) is the salinity of the brine, H(t) is the pressure head, cin is the salinity
of the brine at the plant inlet and A denotes the square bottom area of one stage.
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Brine temperature
The brine temperature dynamics in one single stage is:

c(t) A H(t)
dT (t)

dt
= Qin(t) cin

(
Tin(t) − T (t)

)
− 2 Qev(t) c(t) T (t), (3.4)

where T (t) is the local brine temperature in the pool and Tin denotes the brine
temperature at the plant inlet.

Condenser tube temperature
The tube bundles are referred as the heat recovery section since the seawater
feed on the inside is pre-heated by the rising vapour from the pool. As a result
less amount of steam is required in order to bring up the brine feed up to working
conditions in the brine heater. The heat balance for the seawater feed inside the
condenser tubes with subscript ct reads:

SI

√
A

dTct(t)

dt
= Qct(t)

(
Tin,ct(t) − Tct(t)

)
+

UĀct

ρcp

(
T (t) − Tct(t)

)
, (3.5)

where SI is the equivalent cross section of the tube bank perpendicular to the
flow velocity and Āct is the equivalent cylinder surface of the whole tube bundle,
respectively. The seawater feed is denoted with Qct(t) and depends on the con-
figuration of the plant and will be specified in Section III - 6.2. The overall heat
transfer coefficient is denoted with U and a spatial increment along the tube is
Δx =

√
A for a square bottom area. Here, the opposite flow direction has been

taken into account.

4.2 Cascaded N-stage evaporation plant

The aforementioned single stage dynamics, (3.1), (3.3), (3.4), (3.5), are extended
for a N-stage system by connecting the stages by means of submerged orifices.
It leads to a cascaded structure of the plant, for which similar models apply for
each stage. They are presented in general form for 1 ≤ i ≤ N , where the discrete
location of one single tank is denoted with the subscript i. All the stages are
maintained under vacuum and the designed pressure distribution is character-
ized by a linearly decreasing function throughout the plant

p(xi) = pamb − px xi, (3.6)

where px is a constant pressure gradient, xi = iΔx is the discrete location of the
ith tank, Δx = L

N is the length of one single tank, L is the overall length and N

represents the total number of stages of the plant. The saturation temperature
follows the Clausius Clapeyron equation, [60], and the latent heat is obtained by
a fourth-order empirical function based on available data from steam tables, [61].
The model coefficients aj are presented in Table 3.1:

Table 3.1. Coefficients of fourth-order polynomial for the latent heat λs(xi).

a0 a1 a2 a3 a4

Value 2469 887 2026 2259 910

41



Multistage evaporation plant

Ts(xi) =

(
1

T0
− Rg

λ0
ln

(p(xi)

p0

))−1

,

λs(xi) = 1000
4∑

j=0

(−1)j aj

(
p(xi)

p0

)j

,

(3.7)

where Rg is the universal gas constant, the subscript 0 denotes an arbitrary
reference condition for which data of T , λ and p have been recorded, for instance
boiling water at atmospheric pressure. For the sake of convenience, the stage
location is indicated by the subscript i.

Submerged orifice
The flow rate between two stages is described by a submerged orifice when the
outflow of one tank is the corresponding inflow of the downstream tank; it satis-
fies the Bernoulli’s equation for incompressible flows, [62]

Qi,out(t) =
√

2ga
(√

Hi(t) + Ki −
√

Hi+1(t) + Ki+1

)
, (3.8)

where a is the cross section of the orifice between the stages, g is the gravitational
constant and for each stage the following parameter Ki is introduced:

Ki =
pi
ρ g

. (3.9)

Its interpretation is an equivalent pressure head that results from the static
pressure inside each tank. The resistance of each orifice is denoted with a con-
stant R that is defined as

Ri ≡
√

Hi(t) + Ki −
√
Hi+1(t) + Ki+1

Qi,out(t)
=

1

a
√

2 g
. (3.10)

The formula for local outflow rates (3.8) is reformulated in terms of the orifice
resistance R and parameter Ki and yields

Qi,out(t) =

√
Hi(t) + Ki −

√
Hi+1(t) + Ki+1

R
. (3.11)

It describes the governing equation for the forward flow between the stages.

A cascaded N-stage model of the desalination plant is obtained by connecting
the stages with the submerged orifices described by (3.11). By definition, the in-
flow of the first stage and the outflow of the Nth tank are boundary controls - yet
to be determined

uBC(t) =
[
Q1,in(t) QN,out(t)

]T
. (3.12)
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Pressure head
The pressure head dynamics are extended to a system of ODEs representing the
N-stage evaporation plant as follows

RA

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

dH1

dt
...

dHi

dt
...

dHN

dt

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−1 1
. . . . . .

1 −2 1
. . . . . .
1 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
AH

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

√
H1 + K1

...√
Hi + Ki

...√
HN + KN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t) −R

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Q1,ev

...
Qi,ev

...
QN,ev

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t)

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

R 0
...

...
0 0
...

...
0 −R

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
bH

[
Q1,in

QN,out

]
︸ ︷︷ ︸

uBC

(t),

(3.13)
where the flash evaporation rate in the ith tank is obtained by inserting (3.11) in
(3.2) and yields

Qi,ev(t) =

√
Hi−1(t) + Ki−1 −

√
Hi(t) + Ki

R

cp
λi,s

(
Ti,s − Ti(t)

)
. (3.14)

The system (3.13) is nonlinear with respect to the pressure head as the state
vector reads

√
Hi + Ki.

Apart from the first and last row, the system matrix AH is a three-diagonal
matrix with general elements

[
1 − 2 1

]
that represent a discrete approximation

of a diffusion term. The flow rate through both ends is characterized by the input
matrix bH , whose only non-zero elements are the first and last coordinate so that
the boundary controls uBC(t), (3.12), are only effective regarding those elements.

Salinity
The salinity dynamics (3.3) are extended to a system of ODEs representing the
N-stage evaporation plant as follows

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

H1
dc1
dt

...
Hi

dci
dt

...
HN

dcN
dt

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=
1

A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−Q1,in

. . . . . .
Bi−1

R −Bi

R

. . . . . .
BN−1

R 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Ac

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c1
...
ci
...
cN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t) +
2

A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Q1,ev c1
...

Qi,ev ci
...

QN,ev cN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t)

+
1

A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

cin 0
...

...
0 0
...

...
0 −cN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
bc

(t)

[
Q1,in

QN,out

]
︸ ︷︷ ︸

uBC

(t),

(3.15)
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where the substitute term has been introduced as:

Bi ≡
√

Hi + Ki −
√

Hi+1 + Ki+1. (3.16)

The system (3.15) is linear as the state vector consists of general elements ci.
Apart from the first and last row, the matrix Ac is a two-diagonal matrix with

general elements Bi−Bi+1

R · [1 −1
]

representing the discrete approximation of the
salinity advection velocity. The salinity transport through both ends is charac-
terized by the input matrix bc, whose only non-zero elements are the first and
last coordinate so that the boundary controls uBC(t) are only effective regarding
those elements.

Brine temperature
The heat balance for the brine temperature (3.4) is extended to a system of ODEs
representing the N-stage evaporation plant as follows

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c1 H1
dT1

dt
...

ci Hi
dTi

dt
...

cN HN
dTN

dt

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=
1

A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−Q1,in cin
. . . . . .

Ei−1

R −Ei

R

. . . . . .
EN−1

R 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
AT

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

T1

...
Ti

...
TN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t) − 2

A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

c1 Q1,ev T1

...
ci Qi,ev Ti

...
cN QN,ev TN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t)

+
1

A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Tincin 0
...

...
0 0
...

...
0 −TNcN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
bT

[
Q1,in

QN,out

]
︸ ︷︷ ︸

uBC

(t)

(3.17)
where the substitute term has been introduced:

Ei ≡
(√

Hi + Ki −
√
Hi+1 + Ki+1

)
ci. (3.18)

The system (3.17) is linear as the state vector consists of general elements Ti.
Apart from the first and last row, the matrix AT is a two-diagonal matrix with

general elements Ei−Ei+1

R · [1 −1
]

representing the discrete approximation of the
heat advection velocity. The transport of heat through both ends is characterized
by the input matrix bT , whose only non-zero elements are the first and last co-
ordinate so that the boundary controls uBC(t) are only effective regarding those
elements.
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Condenser tube temperature
The heat balance for the condenser tube temperature (3.5) is extended to a sys-
tem of ODEs representing the N-stage evaporation plant as follows

SI

√
A

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

dT1,ct

dt
...

dTi,ct

dt
...

dTN,ct

dt

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

= Qct(t)

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1
. . . . . .
−1 1

. . . . . .
−1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Act

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

T1,ct

...
Ti,ct

...
TN,ct

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t)

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−T1,ct 0
...

...
0 0
...

...
0 TN,ct

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
bct(t)

[
Qct

Qct

]
(t) +

U Āct

ρ cp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

T1 − T1,ct

...
Ti − Ti,ct

...
TN − TN,ct

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(t).

(3.19)

The system (3.19) is linear as the state vector consists of general elements Ti,ct.
Apart from the first and last row, the matrix Act is a two-diagonal matrix with

general elements Qct(t) ·
[ − 1 1

]
representing the discrete approximation of

the heat advection velocity taking into account the reversed flow direction. The
transport of heat through both ends is characterized by the input matrix bct,
whose only non-zero elements are the first and last coordinate. In case of the
condenser tubes dynamics, Qct(t) is considered a general input and does not have
the role of a classical control variable uBC(t) as for the other dynamics (3.13),
(3.15) and (3.17).

5 Conversion of the MSF plant into a distributed parameter system

In this section, an equivalent PDE model of the desalination plant is derived
using the ODE models of the cascaded N-tank plant, (3.13), (3.15), (3.17), (3.19)
as a starting point.

The PDE model aims at enhancing the description of the physical phenomena
in the subdomain as the system of ODEs does not account for the effect of saline
and thermal diffusivity. Further, small variations in the state variables at any
location in the subdomain - as well as on the boundaries - propagate in both up-
stream and downstream direction of the plant. This property of the PDE model is
particularly relevant for the analysis of the stochastic system - to be discussed in
Section 7 - where the pressure head residual field propagation and its statistical
characterization are investigated in space-time.

Here, only the conceptual conversion procedure is outlined as depicted in Fig.
3.5. For the detailed derivation, the reader is referred to PUB V.

1. The model development has followed the concept of considering a simple
one-tank ODE process model as a starting point, which subsequently got
extended to a N-tank ODE system with a cascaded structure. The charac-
teristic feature of the N-tank desalination plant in ODE form is its discrete
spatial nature due to the separation by the walls. The transport of mass

45



Multistage evaporation plant

Co
nv

er
sio

n

i+1i-1 i1 N

Parametrization of walls and orifices

ODEs:    lumped process dynamics, spatially discrete

Infinitesimal small element(s)

x
PDEs:     spatially continuous process dynamics

Figure 3.5. Conversion scheme from a spatially discrete N-tank system (ODEs) to a spa-
tially continuous desalination plant (PDEs).

and heat throughout the plant is ensured by the submerged orifices be-
tween the stages. The relevant dynamics of the desalination process are
considered as a lumped system being defined for each stage individually.

2. The dynamics of the cascaded N-tank system can be interpreted as a spa-
tially discrete approximation of one-dimensional PDEs that are obtained by
considering infinitesimal small spatial elements by taking the limit Δx =√
A → ∂x. A parametrization of the orifice model (3.11) is sought to com-

pensate for the effects of the mass hold-up and flow resistance. This is
achieved by introducing a pressure head dependent diffusivity coefficient
D(H). The dynamics are formulated for an infinitesimal small control vol-
ume over the entire subdomain resulting in a system of nonlinear and cou-
pled PDEs represented by a set of diffusion-advection-reaction equations.
The first and last row of the A· matrices are considered as the boundary
conditions, whereas the rows in between describe the dynamics inside the
subdomain.

3. Besides reproducing the effects of mass hold-up and flow resistance, the dif-
fusivity D(H) is also used for a mathematical transformation of the pres-
sure head dynamics. It is possible to find a model formulation, where all
the occurring nonlinearties - with respect to the pressure head

√
Hi + Ki

- are entirely contained in the diffusivity coefficient D(H) by utilizing the
following transformation:

∂
√

H(t, x) + K

∂x
=

∂
√

H(t, x) + K

∂H

∂H(t, x)

∂x
,

D(H) =
1

2R
√

H(t, x) + K
,

(3.20)

where K =
√
A

ρ g px < 0 is the continuous counterpart of (3.9). The constant
pressure gradient is negative px < 0 throughout the plant. By using the
relation from above, (3.20), the nonlinearity with respect to the pressure
head could be eliminated.

4. A brief comparison between the established ODE and the developed PDE
model - regarding the desalination processes - is found in PUB V, which
reveals that the PDE model captures the basic desalination processes fairly
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well with respect to common ODE results. As it is in good agreement, the
derived PDE model can be used in control applications for regulating the
field processes of the desalination dynamics, which are presented next.

6 PDE representation of MSF plant

6.1 Once-through (OT) desalination plant

A system of one-dimensional PDEs is presented for the plant in OT configuration
so that it is suitable for control application. The principal dynamics that describe
the desalination process are the pressure head, salinity and temperatures (brine
pool and condenser tubes).

The states for the desalination process are introduced as

z(t, x) =
[
H(t, x) c(t, x) T (t, x) Tct(t, x)

]T
, (3.21)

which are defined on an one-dimensional finite interval (0 ≤ x ≤ L), where L

represents the length of the plant. The dynamics are represented as a system of
diffusion-advection-reaction equations of the following form:

∂zj
∂t

=
∂zj
∂x

(
Dj

∂zj
∂x

)
+ kj

∂zj
∂x

+ rj , (3.22)

where j stands for the pressure head H(t, x), salinity c(t, x), brine temperature
T (t, x) and condenser tube temperature Tct(t, x). The first term represents diffu-
sion with its associated diffusivity coefficient Dj that is a balancing mechanism
of species in the subdomain. The second term is advection with its associated
coefficient kj that represents the transport of the species inside the subdomain.
The reaction term rj is distinguished between either source or sink; accordingly
a species is either produced or consumed.

Pressure head
The pressure head or liquid level dynamics is characterized by a linear diffusion-
advection equation after executing the transformation of (3.20). The initial dis-
tribution is given by a constant profile H0. The boundary conditions are provided
by Neumann data for both the inlet (x = 0) and outlet (x = L) that represent the
mass fluxes through both ends of the plant.

∂H(t, x)

∂t
=

∂

∂x

(
D(H)

∂H(t, x)

∂x

)
+ kH(H,T )

∂H(t, x)

∂x
,

H(0, x) = H0(
D(H)

∂H(t, x)

∂x
+ kH(H,T )H(t, x)

)∣∣∣∣
0

=
Qin(t)√

A
,(

D(H)
∂H(t, x)

∂x
+ kH(H,T )H(t, x)

)∣∣∣∣
L

=
Qout(t)√

A
,

(3.23)

where the ingoing Qin(t) and outgoing flow rates Qout(t) are designated boundary
controls yet to be specified. The diffusivity coefficient D(H) and the advection
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coefficient kH(H,T ) are specified as

D(H) =
1

2R
√

H(t, x) + K
, kH(H,T ) = − cp

λs(x)

(
T (t, x) − Ts(x)√

A

)
D(H). (3.24)

Salinity
The salinity dynamics is represented as a linear diffusion, mixed advection and
reaction equation. Initially an uniform distribution of the seawater salinity csea

is given inside the plant. The boundary conditions are specified as Dirichlet data
at the inlet and Neumann data for the mass flux at the outlet.

∂c(t, x)

∂t
= Dc(T )

∂2c(t, x)

∂x2
+ kc(H)

∂c(t, x)

∂x
+ rc(c,H, T ),

c(0, x) = csea, c(t, x) |0= csea,(
Dc(T )

∂c(t, x)

∂x
+ kc(H)c(t, x)

)∣∣∣∣
L

=
c(t, L)√
AH(t, L)

Qout(t),

(3.25)

where the diffusivity coefficient Dc(T ) has the characteristics of brine tempera-
ture dependent Arrhenius-type equation, (3.26). The advection coefficient kc(H)

and the reaction term rc(c,H, T ) > 0 are specified as

Dc(T ) = D0 e
−EA
kb T , kc(H) =

D(H)

H(t, x)

∂H(t, x)

∂x

rc(c,H, T ) = 2 c(t, x) qev(H,T )

(3.26)

where D0 is the maximum diffusivity coefficient, EA is the activation energy for
diffusion and kb is the Boltzmann constant.

Brine temperature
The brine temperature dynamics is a linear diffusion, mixed advection and reac-
tion equation. The initial distribution is given by an uniform profile of the top
brine temperature TBT, which characterizes the working condition at the inlet
(x = 0) of the plant. The boundary conditions are given as Dirichlet data at the
inlet and as Neumann data representing the heat flux at the outlet.

∂T (t, x)

∂t
= DT

∂2T (t, x)

∂x2
+ kT (H)

∂T (t, x)

∂x
+ rT (H,T ),

T (0, x) = TBT, T (t, x)|0 = TBT,(
DT

∂T (t, x)

∂x
+ kT (H)T (t, x)

)∣∣∣∣
L

=
T (t, L)√
AH(t, L)

Qout(t),

(3.27)

where the thermal diffusivity of seawater DT , the advection coefficient kT (H) the
reaction term rT (H,T ) < 0 are specified as

DT = 1.43 · 10−7, kT (H) =
D(H)

H(t, x)

∂H(t, x)

∂x

rT (H,T ) = −2 T (t, x) qev(H,T ).

(3.28)
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Both, the salinity (3.25) and brine temperature (3.27) dynamics depend on the
relative evaporation rate

qev(t, x,H, T ) = − cp
λs(x)

(
T (t, x) − Ts(x)√

A

)
D(H)

H(t, x)︸ ︷︷ ︸
=kev(H,T )

∂H(t, x)

∂x
, (3.29)

presented in advection form with the coefficient kev(H,T ). The relative evapora-
tion rate indicates the local distillate production at location x inside the plant.

Condenser tube temperature
The condenser tubes dynamics are governed by a diffusion-advection-reaction
equation with an uniform profile of Tsea initially. The boundary conditions are
provided as Dirichlet data at the inlet (x = L) and as Neumann data for heat flux
at the outlet (x = 0). Note that the flow direction inside the tubes is reversed so
that the inlet and outlet have been changed accordingly.

∂Tct(t, x)

∂t
= DT

∂2Tct(t, x)

∂x2
+ kct

∂Tct(t, x)

∂x
+ rct(T ),

Tct(0, x) = Tsea, Tct(t, x)|L = Tsea,(
DT

∂Tct(t, x)

∂x
+ kct Tct(t, x)

)∣∣∣∣
0

=
Qct(t)

SI
Tct(t, x),

(3.30)

where the thermal diffusivity DT , the advection coefficient kct and the reaction
term rct(T ) > 0 are specified as

DT = 1.43 · 10−7, kct =
Qct(t)

SI
, rct(T ) =

U Āct T (t, x)

ρ cp SI

√
A

. (3.31)

An overview of all model coefficients is provided in Table 3.2.

Table 3.2. Model coefficients of the relevant desalination processes; the diffusivity is de-
noted with ’d’, advection with ’a’ and reaction terms with ’r’, respectively. Fur-
ther the reaction terms are distinguished between sources (+) and sinks (-).

Coefficients Type

Pressure head D(H) = 1

2R
√

H(t,x)+K
d

kH(H,T ) = − cp
λs(x)

(
T (t,x)−Ts(x)√

A

)
D(H) a

Salinity Dc(T ) = D0 e
−EA
kb T d

kc(H) = D(H)
H(t,x)

∂H(t,x)
∂x a

rc(c,H, T ) = 2 c(t, x) qev(H,T ) r (+)

Brine temperature DT = 1.43 · 10−7 d
kT (H) = D(H)

H(t,x)
∂H(t,x)

∂x a
rT (H,T ) = −2 T (t, x) qev(H,T ) r (-)

Cond. tube temp. DT = 1.43 · 10−7 d
kct = Qct(t)

SI
a

rct(T ) = U Āct T (t,x)

ρ cp SI

√
A

r

Distillate: kev(H,T ) =
cp

λs(x)

(
Ts(x)−T (t,x)√

A

)
D(H)
H(t,x) a
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6.2 Brine recirculating (BR) desalination plant

The desalination plant in BR configuration shares most of the features of the
OT-plant, which can be adopted without further issues. The essential difference
between both set-ups is the installation of a feedback loop that returns the hot
and high-salinity brine from the mixing tank back to the inlet of the plant. A
simplified scheme of the BR-plant including the external components such as
the mixing tank and brine heater is shown in Fig. 3.6.

Mixing tank

Brine 
heater

Evaporation chambers

Condenser tubes

Heat transfer

Control 
valve

Eqs. (3.23), (3.25), (3.27)

Eq. (3.30)

Eq. (3.32)

Eq. (3.34)

Eq. (3.53)

Figure 3.6. Simplified scheme of the desalination plant in BR configuration. The evapo-
ration chambers and condenser tubes are governed by field processes (PDEs)
being depicted in blue and red. The brine heater and mixing tank are exter-
nal ODE processes that are displayed in grey.

Mixing tank
Strict environmental regulations are imposed onto the salinity of the brine that
is being discharged back to the sea. An upper limit cmax is set in order to limit
the impact on marine animals and flora. This is achieved by the installation of
a mixing tank, which utilizes flow of seawater as an input for dilution purposes.
The mixing tank model reads:

Vmix
dcmix(t)

dt
= Qout(t)

(
c(t, L) − cmix(t)

)
+ Qsea(t)

(
csea − cmix(t)

)
,

Vmix
dTmix(t)

dt
= Qout(t)

(
T (t, L) − Tmix(t)

)
+ Qsea(t)

(
Tsea,in − Tmix(t)

)
,

(3.32)

where Vmix is the volume of the mixing tank, the salinity and temperature at the
outlet of the plant are c(t, L) and T (t, L), the seawater salinity and temperature
are denoted with csea and Tsea. The resulting salinity and temperature after
the mixing process is cmix(t) and Tmix(t). The outgoing flow rate of the plant is
Qout(t) and the manipulated variable is Qsea(t). The mass balance of the mixing
tank yields

Qmix(t) = Qout(t) + Qsea(t). (3.33)

Brine heater
A brine heater is utilized in order to elevate the temperature of the brine feed
to working conditions TBT; hot exhaust gases or steam are used as the heating
medium for instance. The following simplified heat transfer model is used to
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represent both the primary and secondary side of the brine heater:

VS
dTst(t)

dt
= Qst(t)

(
Tst,in − Tst(t)

)
− UĀbh

cp

(
Tst(t) − Tbh(t)

)
,

VT
dTbh(t)

dt
= Qct(t)

(
Tct(t, 0) − Tbh(t)

)
− UĀbh

cp

(
Tbh(t) − Tst(t)

)
,

(3.34)

where the subscript st stands for steam used as the primary fluid and the sub-
script bh denotes the brine heater. The dimensions are characterized by the shell-
side volume VS , the tube-side volume VT and the averaged heat transfer surface
of the brine heater is Ābh. The overall heat transfer coefficient is U , the specific
heat capacity is cp and the manipulated variable is the hot steam flow rate Qst(t).

Only minor modifications are required concerning the salinity and condenser
tube temperature dynamics in order to obtain the models for the BR-plant. More
specifically, only the respective boundary conditions of (3.25) and (3.30) need to
be modified.

Salinity
The recirculated brine from the mixing tank has higher salinity compared to the
OT-configuration: cmix(t) > csea. Therefore, the Dirichlet data from the OT-plant,
(3.25), at the inlet boundary (x = 0) is modified to

c(t, x) |BR
0 = cmix(t), (3.35)

where the superscript BR denotes the brine recirculation set-up and the solution
cmix(t) is obtained by solving (3.32). The new Dirichlet boundary condition is
time-varying.

Condenser tube temperature
The recirculated brine enters the condenser tubes at (x = L), where its tempera-
ture is considerably higher than the seawater in the OT case: Tmix(t) > Tsea. The
corresponding Dirichlet data from the OT-plant, (3.30), is modified accordingly.

Tct(t, x)|BR
x=L = Tmix(t), (3.36)

which depends on the time-varying solution Tmix(t) obtained in (3.32). The ingo-
ing flow rate Qct(t) to the condenser tubes at (x = L) depends on the configuration
of the plant as follows:

QOT
ct (t) = Qin(t)

QBR
ct (t) = Qrec(t).

(3.37)

Both the flow rate Qin(t) and the recirculated flow rate Qrec(t) represent the
inlet boundary control of the plant (x = 0) for the OT- and BR configuration,
respectively. The control laws are specified later in Section 8.

Recirculated and blow-down flow rates
The recirculated brine is denoted with the subscript rec, whereas remaining
amount is discharged back into the sea referred as the blow-down rate with sub-
script bd. In OT configuration, it coincides with the outflow rate from the plant:
QOT

bd (t) = Qout(t). In BR configuration, a recirculating valve (RV) returns a frac-
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tion of the mixing tank flow Qmix(t) that serves as the feed rate for the inlet
(x = 0) of the plant; the remaining part is discharged.

QBR
in (t) = Qrec(t) = κrec(t) Qmix(t)

QBR
bd (t) =

(
1 − κrec(t)

)
Qmix(t).

(3.38)

The CV is manipulated by the parameter 0 ≤ κrec(t) ≤ 1 that is defined later in
Section 8, (3.53).

6.3 Post-processing

Based on the solution of the desalination processes, (3.23) - (3.30), other process
quantities can be computed in the post-processing phase.

Local flow rates
The local flow rates Q(t, x) inside the subdomain can be expressed as a product
of the diffusivity coefficient D(H) and the pressure head gradient Hx(t, x).

Q(t, x) = − 1

2R
√

H(t, x) + K
Hx(t, x),

= −D(H) Hx(t, x).

(3.39)

From (3.39), it is evident that a negative pressure head gradient Hx(t, x) is nec-
essary in order to maintain forward flows (positive) inside the plant.

Distillate production
The amount of produced distillate F (t) at time instant t is calculated from the
following integral

F (t) =

∫ L

0

AH(t, x) qev(t, x) dx

= −
√
Acp

∫ L

0

T (t, x) − Ts(x)

λs(x)
D(H)Hx(t, x) dx.

(3.40)

Given the model on hand, a declining pressure head profile H(t, x) is required
throughout the subdomain in order to maintain steady distillate production as
the driving temperature difference T (t, x)−Ts(x) > 0 is guaranteed to be positive
at any time due to the superheated state of the brine. In the desalination plant,
this is achieved by maintaining a declining pressure distribution p(x) through-
out the entire subdomain, which lowers the saturation temperature Ts(x) accord-
ingly.

Characteristic performance numbers
In order to elaborate the performance of both plant configurations, the following
characteristic numbers are introduced referred as the thermal performance ratio
η and the specific flow rate ν. As the steady-state operation of the plant is more
meaningful than transients, the performance ratios are defined for t → ∞.

η∞ =
F∞

Qst,∞
and ν∞ =

F∞
Qext,∞

, (3.41)

where the subscript ∞ denotes the steady-state condition, F∞ is the fresh water
production capacity of the plant, Qst,∞ is the required amount of hot steam for
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heating purposes and Qext,∞ is the external seawater intake provided by the
supply pump. It is an indicator of the pumping power demand and its definition
depends on the plant configuration.

6.4 Optimization of distillate production

A natural objective of a desalination plant is to maximize the steady-state dis-
tillate production. Consider the following scenario in steady-state condition by
defining lim

t→∞F (t) ≡ F∞.

According to (3.40), the water production depends both on the pressure head
H(t, x) and the brine temperature T (t, x). In steady-state condition, the term
T (t,x)−Ts(x)

λs(x)
can be approximated with a constant C after the thermodynamic

equilibrium is restored. Further, the following equality holds for a constant pres-
sure head gradient Hx,∞:

F∞ = −
√
Acp lim

t→∞

∫ L

0

≈C︷ ︸︸ ︷
T (t, x) − Ts(x)

λs(x)
D(H)Hx(t, x) dx

≈ −Hx,∞
√
Acp C

∫ L

0

D(H) dx.

(3.42)

It implies that the resulting pressure head is a linear function inside the subdo-
main, if the pressure head on both ends of the plant is stabilized to respective
reference values by boundary controls. Consequently the pressure head gradient
Hx,∞ is expressed by the following constant:

−Hx,∞ → Href,0 −Href,L

L
, (3.43)

where Href,0 and Href,L are the reference values of the pressure head at the inlet
and outlet boundary. Efficient steady-state water production (3.42) is achieved
by maximizing the term Href,0 −Href,L → max.

Based on the aforementioned reasoning, a reference pressure head profile is de-
fined as

Href(x) = Href,0 −Hx,∞ x, (3.44)

which is to be achieved by boundary controls - yet to be obtained.

7 Stochastic representation of MSF plant

In Sections III-6.1 and III-6.2, the desalination plant has been presented in OT-
and BR-configuration in deterministic form assuming well-defined and perfectly
accurate models. However, in real-case scenarios the field processes are always
subject to numerous sources of uncertainties.

Here in particular, the most relevant uncertainty is the pressure head distri-
bution that does not form a distinct surface due to the turbulent flows caused by
the submerged orifices and baffles. In Fig. 3.7, a computational fluid dynamics
(CFD) simulation result of the turbulent flow is displayed inside the plant com-
bined with pictures taken from the real test bench, [57]. It reveals the unpre-
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dictable fluctuation and irregularity of the pressure head as the flow is deflected
by the submerged orifices. Hence, the deterministic pressure head, (3.23), is an
inadequate representation of the real-case scenario and the turbulence phenom-
ena should be incorporated into the model.

Figure 3.7. Turbulent streamline maps of by-passing flow by means of CFD simulation
combined with pictures taken from the test bench, [57]. The irregular pres-
sure head surface due to the turbulent flow is evident.

In fluid dynamics, the flow turbulence is considered through the Navier-Stokes
equations combined with additional turbulence models. Such an approach has
been done in [63], where the k − ε model is applied that is one of the most com-
mon turbulence representation in fluid dynamics. The model is characterized by
two terms, which captures both the turbulent kinetic energy as well as the dissi-
pation with respect to the transport term of the moving fluid. In [57], the complex
flow scenario inside a multistage evaporator has been investigated numerically
and validated through experiments. However, it is noteworthy that even with the
inclusion of specific turbulence models into the Navier-Stokes equations, they re-
main incomplete due to the complexity that turbulence phenomena constitute.

The CFD approach is computationally too heavy for control applications; an
alternative modelling approach is sought in order to represent the rather ill-
defined and rough fluctuating surface of the pressure head. In simplest case, it
can be represented by a functional space noise that is discussed in the upcoming
Section III-7.1.

7.1 Functional space noise

Here, a computationally less heavy approach is applied as opposed to the Navier-
Stokes equations combined with the k − ε models. In the simplest case, it is im-
plemented as a construct of noises in the subdomain as a functional space noise.
It allows simple settings for spatial correlation and it is defined as a cylindrical
Wiener process W (t, x) in one dimension that is a weighted sum of factorized
spatially and temporally functions

BW (t, x) =

∞∑
n=1

βnen(x)Wn(t)

=

∞∑
n=1

(
nπ − π

L

)−α
2

√
2

L
cos

(
nπ − π

L
x

)
Wn(t).

(3.45)

Here βn is the specific coefficient that depends on the eigenvalue λn. Further
en(x), n = 1, 2, ... is a complete orthonormal set of eigenfunctions and Wn(t)n =

1, 2, ... is a sequence of mutually independent Brownian motion defined on a given
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probability space.
The operator B is defined as follows: Consider a time invariant Neumann prob-

lem Nz(x) = 0, were N is the realization of the Laplacian with Neumann bound-
ary conditions

Nz(x) = Δxz(x)

z(x) ∈ D(N) = {H2 ([0, L]) :
∂z(x)

∂n
= 0 on [0, L]},

(3.46)

where n is the outward normal and N is the Neumann operator. Solving the
corresponding eigenvalue problem to (3.46)

Nen(x) = λnen(x), n = 1, 2, ... (3.47)

gives the eigenvalue λn = −a2n or coefficient an = L−1 (nπ − π). A smoothing
property of operator B can be created by taking operator N in negative power
exponent B = (−N)

−α
2 with a constant α ≥ 0. In this case the coefficient an ap-

pears in the same power as operator N , [64]. In (3.45), a new coefficient appears
as βn = a

−α
2

n . The constant α is the correlation exponent that characterizes the
noise spatially. If α = 0, one has a white noise representation as B = I results
in the unity operator. On the other hand, if α > 0, then it is a coloured noise
incorporating spatial correlation of the processes at adjacent locations inside the
subdomain.

7.2 Stochastic model for the pressure head

In the simplest case, the deterministic pressure head, (3.23), is superimposed
with the cylindrical Wiener process B dW (t, x), (3.45), with intensity σd in order
to model the effects of the fluctuating surface. The stochastic pressure head reads

dH(t, x, ω) =

(
∂

∂x
D(H)

∂H(t, x, ω)

∂x
+ k(x, T )D(H)

∂H(t, x, ω)

∂x

)
dt + σd B dW (t, x).

(3.48)
On both boundaries, the Neumann data is also corrupted by additive generalized
white noises Ẇ0(t) and ẆL(t) with given intensities ζ0 and ζL that represent the
noisy measurements.(

D(H)
∂H(t, x, ω)

∂x
+ kH(H,T )H(t, x, ω)

)∣∣∣∣
0

=
Qin(t)√

A
+ ζ0Ẇ0(t)(

D(H)
∂H(t, x, ω)

∂x
+ kH(H,T )H(t, x, ω)

)∣∣∣∣
L

=
Qout(t)√

A
+ ζLẆL(t).

(3.49)

A generalized white noise Ẇ gains its meaning through the Ito integral, see Sec-
tion II - 2.30, [65]. All the considered noises characterize the inadequacy of the
model as they represent the differences between the deterministic model and the
real process inside the subdomain as well as on the boundaries.

7.3 Different types of noise sources

Here, three types of noise sources are considered to represent the inadequacies
of the pressure head dynamics. Their location and area of effect is indicated in
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the scheme shown in Fig. 3.8.

Subdomain noise

Boundary noise (inlet) Boundary noise (outlet)

Evaporation chambers

Figure 3.8. Location of source noises inside the subdomain and on the boundaries.

1. Inlet boundary noise: The uncertain inflow rate is modelled by an additive
uncertainty term σ0Ẇ0(t). It represents the noisy measurements of the
pressure head, which leads to an uncertain realization of the control signal
at the inlet boundary.

2. Outlet boundary noise: The same issue occurs at the outlet boundary of the
plant, where the outflow is perturbed by the same type of additive uncer-
tainty σLẆL(t) due to noisy measurements and uncertain control imple-
mentation.

3. Subdomain noise: In a real-case scenario the pressure head profile is fluc-
tuating irregularly due to effects of flow turbulence. Here, it is modelled by
by a cylindrical Wiener process B dW (t, x) with intensity σd, (3.45). It is a
more realistic framework as it allows spatial correlation of the processes as
well as noise propagation in both directions of the subdomain.

Since the pressure head dynamics is stochastic H(t, x) = H(t, x, ω), all the other
processes c(t, x, ω), T (t, x, ω) and Tct(t, x, ω) are also stochastic due to couplings
between the dynamics. The applied boundary controls are stochastic since they
depend on the measured stochastic processes H(t, 0, ω) and H(t, L, ω) on both
boundaries. As a consequence, the implementation of the boundary controls
Qin(t, ω) and Qout(t, ω) is uncertain to some degree and ω designates a random
element indicating the stochastic process.

7.4 Regulation error

The following analysis considers the deterministic or noise-free model, (3.23), as
the reference system for the stochastic counterpart, (3.48) to be investigated. It
is a legitimate approach since both systems are being actuated by the same type
of boundary controls introduced later in Section III-8.

Due to the set of source noises, a random field is induced that is represented
by the pressure head difference between the deterministic and stochastic sys-
tem. It is not restricted to the same location of the source noises, instead it does
propagate into a wider region of the subdomain. In control terminology, it is
referred as a regulation error or residual defined as:

εH(t, x) = H(t, x) −H(t, x, ω) (3.50)
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The evolution of the residual field εH(t, x) is investigated in space-time by esti-
mating the temporal and spatial statistics. It is to be verified, whether the ap-
plied boundary controls are capable of keeping the residual within tight bounds
throughout the whole subdomain at all times. Furthermore, the statistical char-
acterization of the residual is a good indicator of the accuracy and robustness of
the applied boundary controls on the stochastic system.

8 Controls

The main control objectives are the following:

• Efficient distillate production in steady-state condition is to be maintained
by stabilizing the stochastic pressure head to its reference profile inside the
subdomain. For that purpose boundary controls are applied in the form of
mass fluxes. The damping and limitation of the pressure head residual are
to be investigated inside the subdomain in terms of temporal and spatial
statistics.

• Due to environmental reasons, the salinity of the brine must be limited to
an upper threshold before being discharged back into the sea. Addition-
ally, the operating brine feed needs to be heated to working conditions TBT

in the brine heater. Both tasks characterize the energy-efficient operation
of the plant and are elaborated in terms of characteristic numbers to be
defined in (3.41).

8.1 Boundary controls

In Section III-6.4, the steady-state distillate production is maximized with re-
spect to a reference pressure head Href(x). It is to be achieved through boundary
controls that are applied at both ends of the plant x = 0 and x = L.

OT plant
In OT-configuration, simple proportional, integral control stabilize the pressure
head throughout the subdomain assuming that measurements are available on
both boundaries that are corrupted by noise. The PI boundary controls at the
inlet and outlet read

QOT
in (t) = −KP,in

(
H(t, 0, ω) −Href,0

)
−KI,in

∫ t

0

(
H(t, 0, ω) −Href,0

)
ds,

(3.51)

QOT
out(t) = −KP,out

(
H(t, L, ω) −Href,L

)
−KI,out

∫ t

0

(
H(t, L, ω) −Href,L

)
ds.

(3.52)

They are applied as Neumann data on both boundaries for the stochastic pres-
sure head dynamics, (3.49).

BR plant
The installation of the feedback loop in BR-configuration alters the inlet bound-
ary control law as an additional control valve (CV) is considered in the feedback

57



Multistage evaporation plant

loop. It regulates the recirculated flow rate in order to stabilize the pressure
head to its reference at the inlet of the plant. The control is specified through the
parameter 0 ≤ κcv(t) ≤ 1 that reads

κcv(t) =
−KP,in ein(t, ω) −KI,in

∫ t

0
ein(s, ω) ds

QBR
out(t) + QSea(t)

, (3.53)

where the inlet control error is ein(t, ω) = H(t, 0, ω) −Href,0 and the dilution flow
rate into the mixing tank is QSea(t). The resulting boundary controls are

QBR
in (t) = κcv(t) Qmix(t),

QBR
out(t) = QOT

out(t),
(3.54)

where Qmix(t) is the outgoing flow from the mixing tank, (3.33). Note that the
outlet boundary control coincides for both OT- and BR-configuration.

8.2 Mixing tank control

According to the oceanic regulations the brine is required to be diluted before be-
ing dumped back into the sea. The upper salinity limit is cmax and the following
proportional control is applied

QSea(t) = −KP,c

(
0.9 cmax − cmix(t)

)
. (3.55)

A 10% safety margin can be utilized in the control law due to the strict oceanic
regulations. The positive proportional gain is denoted with KP,c and the salinity
of the mixing tank cmix(t) is available from (3.32). In technical realization, the
following logic is applied: if cmix(t) < 0.9 cmax → QSea(t) = 0 as backward
pumping is not an admissible control; otherwise (3.55) is used.

8.3 Brine heater control

In order to heat up the brine feed to its operating temperature TBT, a flow rate of
hot steam Qst(t) is manipulated in the brine heater. The following proportional
control is applied for that purpose

Qst(t) = −KP,bh

(
Tbh(t) − TBT

)
, (3.56)

where KP,bh is the positive proportional gain and the temperature of the feed
into the brine heater Tbh(t) is assumed to be available from (3.34). A simplified
scheme of the control system of the BR-plant has been presented in Fig. 3.6.
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9 Numerical results

9.1 Simulation environment

The process parameters have been adopted from an operational plant in Kuwait
that belongs to Ministry of Electricity and Water for validation purposes, [25].
The parameters are listed in Table 3.3 and the simulation and control settings
are specified in Table 3.4.

Table 3.3. Parameters of desalination process.

1. Brine: ρ = 1023.8 kg
m3 , csea = 35, 000 ppm, TBT = 373.15K, Tsea = 298.15K.

2. Physical constants: g = 9.81 m
s2

, Rg = 8.314 J
kgmol

, cp = 4181.3 J
kg K

.
3. Reference conditions: p0 = 1bar, T0 = 372.78K, λ0 = 40, 677 J

kg
.

4. Plant geometry: a = 0.1m2, A = 1m2, N = 18, UĀct

ρcpSI

√
A

= 766.75 1
s
,

K = −0.44m, R = 4.5 s
m2

√
m

, px = −4428 Pa
m , VT = 53m3, VS = 55m3.

Table 3.4. Simulation settings and control parameters.

1. Discretization: Δt = 0.01 s, Δx = 0.1m

2. Boundary controls: Href,0 = 1.5m, Href,L = 1m, KP,in = 1,
KP,out = 1, KI,in = KI,out = 0.5

3. Stabilizing controls: cmax = 60, 000 ppm, TBT = 373.15K, KP,c = 1,
KP,bh = 0.05

4. Noise intensities: σ0 = 8 · 10−4, σL = 1 · 10−4, σd = 1 · 10−4, ζ0 = 8 · 10−4,
ζL = 1 · 10−4

5. Spatial correlation coefficient: α = 1.

9.2 Deterministic OT-plant

In this section, the numerical results of the boundary-actuated processes are pre-
sented for both OT- and BR-configuration. The deterministic (noise-free) system
is considered first before the analysis is extended later by incorporating the ef-
fects of flow turbulence represented by the functional space noise.

Pressure head
The pressure head on both boundaries is stabilized to their respective reference
values by applying the boundary controls, (3.51), (3.52). The convergence of the
trajectories at specified locations inside the subdomain is displayed in Fig. 3.9.
The settling time on the boundaries is very short with approximately 30 s as
opposed to the trajectories inside the subdomain with 2, 000 s. It is a typical
property in PDE control as the effect of the applied boundary control slowly di-
minishes with increasing distance from both ends of the plant.

The corresponding control signals (in- and outflow) are shown in Fig. 3.10. The
difference between inflow and outflow is due to the evaporated liquid inside the
subdomain; hence the mass balance is not violated.

In Fig. 3.11, the evolution of the pressure head H(t, x) is depicted in space-
time given an initial uniform distribution H0 = 1.1m. By regulating the flow
rate through both boundaries, the pressure head fairly resembles a linear pro-
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Figure 3.9. Convergence of the pressure head trajectories throughout the subdomain and
on the boundaries by applying stabilizing boundary controls.
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Figure 3.10. Applied boundary controls (flow rates) across both ends of the plant for pres-
sure head stabilization.

file in the subdomain after a transition period of roughly 2, 000 s. At terminal
time instant, the regulation error between the pressure head H(T, x) and the
reference Href(x), (3.44), is computed for the entire subdomain. Fairly accurate
control is achieved as the regulation error is small with standard deviation of
8.5 · 10−3. The control objective of maintaining the pressure head close to its ref-
erence profile assures efficient distillate production throughout the subdomain.

Salinity
In Fig. 3.12, the evolution of the salinity is shown, where initially the profile
is given as an uniform distribution csea. As the liquid is steadily evaporated,
the concentration of the brine naturally increases in downstream direction and
reaches its maximum at the outlet c(L) ≈ 44, 800 ppm in steady-state condition.
As it is below the permissible threshold cmax = 60, 000 ppm no further dilution
of the brine is required. In OT-configuration, the salinity at the inlet (x = 0) is
constant with csea as the brine feed is supplied from the sea. The settling time is
found to be roughly 3, 000 s that represents the slowest of all process dynamics.

Brine temperature
In Fig. 3.13, the evolution of the brine temperature in space-time is depicted. At
the inlet x = 0, the brine enters the plant in superheated state after its tempera-
ture has been elevated to TBT in the brine heater. Upon entering the subdomain
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Figure 3.11. Evolution of the OT pressure head H(t, x) in space-time. The initial dis-
tribution is depicted with the dashed black line ( ) and converges over
time to its steady-state represented by the dense curves. The linear refer-
ence pressure head is displayed with the dashed green line.
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Figure 3.12. Evolution of the OT salinity c(t, x) in space-time. The initial distribution is
depicted with the dashed black line ( ) and converges over time to its
steady-state represented by the dense curves.

a drop-off in the local brine temperature is observed as the thermodynamic equi-
librium is restored. Due to the decreasing pressure distribution p(x), a perma-
nent positive temperature difference T (t, x) − Ts(x) exists at any location in the
subdomain, which is the main driving force behind the distillate formation. Sig-
nificantly lower saturation (boiling) temperatures are achieved - as low as 70◦C
for the case on hand.

Condenser tube temperature
In Fig. 3.14, the effects of the pre-heating mechanism in the condenser tubes
is displayed. The evolution of the brine temperature inside the tubes is inves-
tigated in space-time when the seawater feed is heated along the entire length
of the plant as the rising vapour from the brine pool condensates on the exterior
surface of the tubes. The flow direction in the subdomain is reversed in this case,
where the inlet is (x = L) and the outlet is (x = 0). This section of the plant is
also referred as the heat recovery section and less heat needs to be spent in the
brine heater to elevate the feed to working conditions TBT.
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Figure 3.13. Evolution of the OT brine temperature T (t, x) in space-time. The initial
distribution is depicted with the dashed black line ( ) and converges
over time to its steady-state represented by the dense curves.
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Figure 3.14. Evolution of the OT condenser tubes Tct(t, x) in space-time. The initial dis-
tribution is depicted with the dashed black line ( ) and converges over
time to its steady-state represented by the dense curves.

Evaporation rate
In Fig. 3.15, the evolution of the evaporation rate is displayed in space-time.
During the initial transient the water production is dominated by the local flow-
through rate Q(t, x), (3.39), which is initiated by the boundary controls. The
production capacity rises quickly during the initial transient until settling down
to regular steady-state operation that is defined by the pressure head reference.
The distillate production is steadily increasing in downstream direction corre-
sponding to the driving temperature gradient between superheated brine and
local saturation temperature.

9.3 Deterministic BR-plant

In BR configuration , most of the desalination processes remain unchanged;
only the salinity and condenser tube temperature processes show a different be-
haviour due to the installation of a feedback loop that recirculates brine from a
mixing tank. The corresponding process models are modified accordingly as the
respective boundary conditions are adjusted.
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Figure 3.15. Evolution of the OT distillate production rate F (t, x) in space-time. The ini-
tial distribution is depicted with the dashed black line ( ) and converges
over time to its steady-state represented by the dense curves.

Salinity
In Fig. 3.16, the evolution of the salinity is shown with the initial profile given
as an uniform distribution csea. Similar to the OT-plant, the concentration of
brine increases in downstream direction and reaches its maximum at the outlet
as liquid is constantly evaporated throughout the subdomain. The installation
of the feedback loop makes diluting action necessary as high-salinity brine is
recirculated. In order to meet the oceanic regulations, the outlet salinity c(t, L)

is diluted by means of an external mixing tank. No control action is required
until the defined salinity limit cmax ≈ 60, 000 ppm is exceeded, see Fig. 3.17. As
the brine is recirculated from the mixing tank, a steady increase of the salinity
is observed at the inlet boundary c(t, 0) = cmix(t). The transition time until all
salinity trajectories have converged in the subdomain is roughly 25, 000 s, which
is significantly longer than for the OT-plant with 3, 000 s.

In Fig. 3.17, the convergence of salinity trajectories is displayed over time for
selected locations inside the subdomain. Two operational phases are distin-
guished: 1) the pre-controlled and 2) the controlled period. Initially, an uniform
salinity distribution of csea is given inside the subdomain. Within the period
(0 < t < 7, 500s), it holds ct,L(t) < cmax so that no diluting control action is re-
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Figure 3.16. Evolution of the salinity c(t, x) in BR-configuration. The initial distribution
is depicted with the dashed black line ( ) and converges over time to the
steady-state represented by the dense curves.
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Figure 3.17. Evolution of the BR salinity over time at selected locations x of the subdo-
main. In particular, the trajectory at x = 0m represents both the salinity
in the mixing tank as well as at the inlet boundary due to the feedback
mechanism.

quired. As a consequence, a steady rise of the inlet salinity is observed given by
the time-varying Dirichlet condition c(t, 0) = c(t, L). At a fixed instant in time,
the salinity distribution is only slightly increasing in downstream direction as
the trajectories in Fig. 3.17 are in close vicinity to each other.

When the salinity in the mixing tank does exceed the maximum permissible
limit cmix(t) > cmax (t ≈ 7, 500 s) the control is activated according to (3.55). The
manipulated inflow of seawater QSea(t) dilutes the solution in the mixing tank
so that oceanic regulations are met. As the control is activated, the inlet salinity
is provided by Dirichlet data that is constant c(t, 0) = cmax due to the applied
dilution control. The remaining salinity trajectories inside the subdomain evolve
according to the specified model (3.25) similar to the OT configuration of the
plant.

Condenser tubes
In Fig. 3.18, the evolution of the condenser tubes temperature is shown in space-
time. Qualitatively, the trajectories show the same behaviour as for OT configu-
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Figure 3.18. Evolution of the BR condenser tube temperature Tct(t, x) in space-time. The
initial distribution is depicted with the dashed black line ( ) and con-
verges over time to the steady-state represented by the dense curves.

ration presented in Fig. 3.14. However, there is a systematic shift to higher tem-
peratures as the recirculated brine retrieved from the mixing tank (BR-plant)
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contains more thermal energy as the seawater feed (OT-plant).

Characteristic numbers
The thermal performance ratio η∞, (3.41), indicates how much thermal energy
(hot steam) is required to elevate the brine feed temperature to its designed op-
erating point TBT. The BR configuration of the plant is superior in that regard
since the recirculated brine from the plant’s outlet has significantly higher tem-
perature compared to the seawater temperature of the OT-plant. The installation
of the feedback loop conserves the existing heat inside the BR-plant better as op-
posed to the thermal losses of the OT-plant when the hot brine is discharged back
into the sea.

The specific flow rate ν∞, (3.41), is an indicator for the power demand of the
supply pump for operating the plant. It provides the necessary flow rates in or-
der to keep the plant around its operating point defined by the reference pressure
head profile inside the subdomain. In OT configuration, the supply pump alone
must provide the overall flow rate. In case of the BR-plant, one large fraction of
the required control flow rate is already conserved in the feedback mechanism
and only the remaining fraction must be provided by the supply pump repre-
sented by the dilution flow rate of the mixing tank. Consequently, energy savings
are achieved as less work must be carried out by the supply pump.

The BR configuration is the preferable set-up for operating the desalination
plant in terms of both characteristic numbers; the results are summarized in
Table 3.5. In steady-state condition, gains of 5.5% and 21.4% are achieved with
respect to the thermal ratio η∞ and the specific flow rate ν∞.

Table 3.5. Characteristic numbers for both plant configuration in steady-state condition.

OT-plant BR-plant
Thermal performance ratio: η∞ 15.5 % 21.0 %

Specific flow rate: ν∞ 46.6 % 68.0 %

9.4 Stochastic analysis

Analysis of regulation errors
Due to effects of turbulence, the resulting pressure head H(t, x, ω) is considered
in stochastic representation, (3.48). Additionally, the applied boundary controls
are also uncertain due to the dependence on noisy pressure head measurements
on the boundaries H(t, 0, ω) and H(t, L, ω).

In Fig. 3.19, both the deterministic and stochastic trajectories of the pressure
head are displayed at selected locations x of the plant. The deviation of the
trajectories is apparent; however, on average they do seem to converge to their
respective deterministic values - (yet to be shown). As the plant is boundary-
controlled, the corresponding transition time on both ends is short with approxi-
mately 30 s. The control effect is weaker inside the subdomain leading to a larger
transition times of roughly 700 s, which holds for both deterministic and stochas-
tic processes. The difference between the deterministic and stochastic pressure
head is referred as the residual εH(t, x) that is a random field process of its own,
see Fig. 3.20. The resulting random field is quite a complex evolutionary process
and does not provide intuitive insight due to lack of transparency.
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Figure 3.19. The convergence of both deterministic and stochastic pressure head trajec-
tories are shown over time at certain locations x in the subdomain.

Figure 3.20. Stochastic evolution of pressure head residual field εH(t, x) in space-time
induced by the ensemble of noise sources.

Therefore, it is sought to isolate the contribution of each noise source - de-
scribed in Section 7.3 - in a case-by-case study. For each individual case, the
properties of the pressure head residual εH(t, x) are characterized through the
first four sampled, statistical moments with m = 180 samples in the spatial do-
main that are averaged over time using n = 1600 samples. The spatial statistics
are approximated with the sampled mean m(x), the sampled standard deviation
σ(x), the sampled skewness χ(x) and the sampled kurtosis κ(x) along the length
of the plant (0 ≤ x ≤ L). The residual field is shown to be a highly correlated
process in both space and time directions, which is evaluated by the set of auto-
correlation functions R(x, τ) at given locations x and time lag τ . Ultimately, the
results are superimposed in order to obtain more insight on the characterization
of the overall residual field.

Inlet boundary
The noise source located on the inlet boundary (x = 0) is a reasonable approach
to model the uncertain control mass flux due to the dependence on noisy mea-
surements. As depicted in Fig. 3.21, the largest induced residual is naturally
occurring at noise source location itself. The noise penetrates in downstream
direction and is attenuated relatively quickly as the disturbance fades out at
around (x = 4m).
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Figure 3.21. Induced noise evolution due the inlet boundary noise source σ0Ẇ0(t), which
propagates in downstream direction. The relevant region (0 ≤ x ≤ 4m) - for
which the statistical moments are estimated - is highlighted with yellow.

A meaningful statistical characterization for the pressure head residual is only
reasonable for the corresponding area of the subdomain that includes the inlet
boundary (0 ≤ x ≤ 4m). Beyond this region, both the spatial mean and standard
variation are of low magnitude m(x), σ(x) ∼ 10−4 and can be neglected.

The spatial skewness and kurtosis of the pressure head residual are evaluated
at discrete locations of the relevant region: x = 0, 1, 2, 3, 4m; the corresponding
values are listed in Table 3.6. Skewness is a measure for lack of symmetry of

Table 3.6. Inlet noise source: Evaluation of the spatial skewness χ(x) and kurtosis κ(x)
inside the statistical relevant domain: 0 ≤ x ≤ 4m.

x 0 1 2 3 4

χ(x) 0 -0.06 -0.03 0.15 0.26
κ(x) 2.91 3.25 3.56 3.50 3.16

a distribution; zero skewness represents the optimal symmetric distribution. In
the relevant region, the distribution is relatively symmetric and a slight shift of
the probability mass to left the shoulder is observed while moving in downstream
direction. The kurtosis remains in relatively close vicinity of value 3 that is a
good representation of a Gaussian distribution.

In Fig. 3.22, the set of symmetric autocorrelation functions R(x, τ) is evaluated
for the pressure head residual. In other words the regulation error is compared
against its own time-lagged counterpart aiming to detect potential systematic,
underlying trends over time. High values indicate that a bigger regulation error
is more likely to be followed by another bigger regulation error. It also represents
the memory of the system; in this case it can be interpreted as the persistence
of the regulation error over time in one particular location x of the subdomain.
Only the significant region including the inlet boundary (0 ≤ x ≤ 4m) as well as
the outlet boundary are considered for evaluating the autocorrelation function.
On the boundaries, the processes are more or less uncorrelated as the autocor-
relation function is almost zero: R(0, τ) = R(18, τ) ≈ 0 for time lags τ ≥ 1 s.
This behaviour is intuitive as the applied boundary controls drive the regula-
tion error close to zero and that the induced perturbations - originating from the
noise source at the inlet - are effectively suppressed by the controls. The resid-
ual in the relevant region is more autocorrelated in downstream direction. For
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Figure 3.22. Autocorrelation functions R(x, τ) in the presence of inlet noise source.

Figure 3.23. Evolution of induced noise due the outlet boundary noise source σLẆL(t),
which propagates in upstream direction. The relevant region (12 ≤ x ≤
18m) - for which the statistical moments are estimated - is highlighted with
yellow.

fixed time lags the regulation error is more persistent with increasing distance
from the noise source (x = 0). It requires a large time lag τ = 30s so that the
regulation error becomes uncorrelated. It is confirmed by evaluating the auto-
correlation function inside the relevant region with a fixed time lag of τ∗ = 5 s:
R(1, τ∗) = −0.12, R(2, τ∗) = 0.26, R(3, τ∗) = 0.60 and R(4, τ∗) = 0.80.

Outlet boundary
In Fig. 3.23, the noise source is located right at the outlet (x = 18m), which
induces a similar residual field as for the inlet noise source. In case of the BR-
plant, the noise intensity σL must be selected one magnitude smaller compared
to σ0 (for reasonable results) since the perturbations are transported back to
the inlet through the feedback loop. The induced noise propagates in upstream
direction of the subdomain and is effectively attenuated at around x = 12m.
None of the induced noise reaches the inlet boundary of the plant. Due to the
propagation depth of the induced noises, the significant section for meaningful
statistics is considered as (12 ≤ x ≤ 18m). Beyond this region, the spatial mean
m(x) and standard deviation σ(x) are both considered negligibly small as their
magnitudes are m ∼ 10−7 and σ ∼ 10−5, respectively. The spatial skewness
and kurtosis of the pressure head residual are evaluated in upstream direction,
which represent the direction of noise propagation; the following locations are

68



Multistage evaporation plant

Table 3.7. Outlet noise source: Evaluation of the spatial skewness χ(x) and kurtosis κ(x)
inside the statistical relevant domain: 12 ≤ x ≤ 18m.

x 18 16 14 12

χ(x) -0.02 0.06 -0.14 -0.32
κ(x) 3.02 2.78 2.86 2.75
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Figure 3.24. The subdomain noise source is modelled with a cylindrical Wiener process
σd B dW (t, x); the induced noises propagate in both downstream and up-
stream direction.

considered : x = 18, 16, 14, 12m and the corresponding values are listed in Table
3.7. Initially at the outlet boundary, the residual distribution is symmetric but
gradually shifts its probability mass to the right shoulder moving in upstream
direction that is the direction of noise propagation. The kurtosis values in the
relevant section are relatively close to 3 indicating a good resemblance to a Gaus-
sian distribution.

The random field induced by the outlet noise source is strongly autocorrelated
in the statistical relevant region excluding both boundaries. In principal, it rep-
resents a similar result as for the inlet noise source. Applying boundary controls
on both ends of the plant make the associated autocorrelation functions quickly
drop close to zero. For a large time lag of τ = 30 s, the processes in the rele-
vant region are more or less uncorrelated. For a smaller time lag (e.g. τ∗ = 5 s),
the autocorrelation function increases in upstream while excluding both bound-
aries: R(17, τ∗) = −0.17, R(16, τ∗) = −0.14, R(15, τ∗) = 0.50, R(14, τ∗) = 0.75,
R(13, τ∗) = 0.89 and R(12, τ∗) = 0.96.

Domain noise
In Fig. 3.24, the evolution of the perturbation is depicted that is induced by
the cylindrical Wiener process. The noise propagates in both directions and is
persistent at all times for any location x of the subdomain as no noise attenuation
takes place. As for all the previous cases, the boundaries are uncorrelated due
to the applied boundary controls. Inside the subdomain, the residual process is
strongly correlated as R(x, τ) ≥ 0.8 given a fixed time lag of τ∗ = 5 s for example.
Moreover, the same observation holds for a large time lag of τ = 30 s, when the
residual is still considerable autocorrelated 0.25 ≤ R(x, τ) ≤ 0.65 for 0 < x <

18m.

69



Multistage evaporation plant

0 2 4 6 8 10 12 14 16 18
−0.02

0

0.02

0.04

Length, m

S
ta

tis
tic

s 
of

 re
si

du
al

s,
 m

0 2 4 6 8 10 12 14 16 18
−2

0

2

4

Mean
SDEV
SKEW
KURT

3

Figure 3.25. Sampled statistical moments inside the subdomain in the presence of all
noise sources. The mean and standard deviation (solid lines) refer to the
left y-axis, whereas the skewness and kurtosis (dashed lines) are on the
right y-axis.
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Figure 3.26. Autocorrelation function R(x, τ) at specific locations x in the presence of all
noise sources in the subdomain as well as on both boundaries.

Superposition of all noises
The overall residual of the pressure head is obtained by superposition of all the
previous case-by-case studies. The result is depicted in Fig. 3.25, where the spa-
tial mean and standard deviation relate to the left y-axis, whereas the spatial
skewness and kurtosis relate to the right y-axis. On both boundaries the mean
and standard deviation are close to zero as the pressure head is stabilized to
its reference value. Throughout the entire subdomain the spatial mean m(x) is
close to zero and remains within tight bounds 0.02 ≤ m(x) ≤ 0.003. The spatial
standard deviation σ(x) is bounded by an upper limit σ(x) ≤ 0.03 that reflects
good accuracy of the boundary controls throughout the whole subdomain of the
stochastic system. The residual distribution is fairly symmetric as its associated
spatial skewness is bounded within −0.32 ≤ χ(x) ≤ 0.74. The spatial kurtosis
κ(x) is close to 3 throughout the subdomain indicating a relatively good resem-
blance of a Gaussian distribution.

The autocorrelation function in Fig. 3.26 indicates that the processes on both
ends are uncorrelated due the applied boundary controls. However, inside the
subdomain, the residual process is strongly autocorrelated: R(x, τ) ≥ 0.8 for a
fixed time lag τ∗ = 5 s resulting in slower attenuation of the regulation errors.
Even for a large time lag τ = 30 s, the autocorrelation remains relatively high:
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Figure 3.27. Time-averaged histograms and reference Gaussian probability density func-
tion of the regulation error εH(x) at selected locations x inside the plant.

R(x, τ) ≥ 0.5 for 0 < x < 18m (excluding both boundaries).
In Fig. 3.27, the time-averaged residual distribution εH(x) is compared against

a local reference probability density function p
(
εH(x)

)
of the pressure head resid-

ual that is assumed to be Gaussian. It is characterized through the sampled
mean and standard deviation found at location x: p

(
εH(x)

) ∼ N
(
m(x), σ(x)2

)
.

The time-averaged residual distribution of the pressure head is displayed as a
red histogram plot and the reference Gaussian pdf is blue. For most locations,
the regulation error of the pressure head can be represented quite well by a
Gaussian while exceptions are found at x = 4, 6, 12 and 14m. For those cases,
it is still unclear whether the non-Gaussian behaviour is the result of limited
number of samples (n = 1600) or a principal property.
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IV. Conclusions

In maritime applications, the need for efficient and sustainable use of available
energy resources has grown larger due to the finite nature of fossil fuel, rising
fuel prices and limitation of the environmental impact among other reasons. On
ships, the development of waste heat recovery systems (WHRS) combined with
modern control systems has led to an increase in performance and process effi-
ciency. However, in real-case scenarios model and process uncertainties poten-
tially have a deteriorating effect on the system performance if not treated appro-
priately. In this thesis, multiple sources of uncertainties have been incorporated
and analysed in a control environment for two particular thermal systems that
are deployed on ships, namely 1) a freshwater cooling circuit and 2) a multistage
flash evaporation plant.

1 FWC circuit

In PUB I, a classical control task has been formulated for the freshwater cooling
circuit by stabilizing the unobserved waste heat recovery process inside a heat
exchanger as well as suppressing the propagation of disturbances to adjacent
connected subsystems. The main sources of uncertainties involve unknown di-
mensions of the heat exchanger, fluctuating heat transfer coefficients and unob-
served states. The model uncertainties have been represented by a set of lumped
parameters modelled through a linear drift making use of a priori process knowl-
edge. The unobserved states are estimated by a conditionally Gaussian filter and
utilized for the design of feedback controller in order to stabilize the unobserved
waste heat recovery inside the heat exchanger.

Furthermore, it has been proven in PUB II that the closed-loop system includ-
ing the observer and controller is a conditionally Gaussian process. The resulting
probability density of the state estimates is Gaussian at all times and they are
optimal in the mean-square sense. The conditionally Gaussian filter is the best
observer for the system on hand that is linear in unobserved states and has noisy
measurements in the model coefficients.

In PUB III, a similar observer concept has been applied to a larger scale four
engine cooling network involving 16 unobserved parameters and 4 states. A se-
quential arrangement of two conditionally Gaussian filters could produce reason-
ably accurate estimates. The model prediction has been validated against two
sets of real data that has been acquired during ship operation and showed good
extrapolation capability as the qualitative trend could be captured well. Slight
deviation between the estimate and real data is observed in certain periods that
is likely due to the large number of unknowns within the large circuit and some
compromising assumptions, e.g. the coolant distribution inside the network. Er-
rors due to inaccurate models tend to propagate and cumulate in downstream
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direction of the circuit. Due to the assumptions imposed on the network, the
process is not conditionally Gaussian.

In the aforementioned publications, a grey-box approach has been used to
model the process uncertainties, which consists of two parts: a deterministic
and stochastic part. As the relevant thermal processes are well-understood, it is
reasonable to model the deterministic part with first principles. Process inade-
quacies are accounted by a second part (stochastic) in form of additive and mul-
tiplicative uncertainty terms. A linear drift model is utilized for that purpose; a
priori knowledge of the uncertainty can be accounted appropriately by the given
tuning parameters of the model. The main upside of this approach is that the
estimates - computed by the observer - maintain their physical interpretation to
a certain extend as opposed to a purely data-driven approach. As a consequence,
they can be either directly utilized or used in post-processing in order to compute
other relevant physical quantities. Possible applications are estimate-based con-
trollers as demonstrated in PUB II, health monitoring, virtual sensors etc.

In control applications, future work might focus on the development of model
identification / estimation methods of uncertain systems that combine two prop-
erties, which are usually counteractive. The applicability of the algorithm should
be general enough for a wide class of dynamic systems while preserving the phys-
ical meaning of the estimated system parameters or degrees of freedom. The
challenge of a compromising solution has been evident in PUB III when the es-
timation quality strongly depends on the a priori knowledge of the uncertainties
and the dimensionality of the problem.

2 Multistage desalination plant

The main objective is to investigate the propagation of disturbances and noises
regarding the desalination process taking place in a multistage evaporation plant
with extended spatial dimensions. Based on existing ODE models, a distributed
parameter model has been developed that represents the desalination processes.
The relevant dynamics have been established through first principles for one
single evaporation stage and subsequently extended to a N-stage plant by con-
necting the stages through submerged orifices, see PUB IV.

An equivalent PDE model is obtained by considering spatial differentials in-
stead of increments and utilizing a particular orifice parametrization that ac-
counts for the mass hold-up and flow resistance of the orifices, see PUB V. The
resulting system of nonlinear coupled PDEs is represented in form of diffusion-
advection-reaction equations. The PDE model incorporates the effects of natural
diffusion (thermal, salinity) as well as noise propagation in both directions of the
subdomain (downstream and upstream) that is relevant in the stochastic analy-
sis. The PDE model is parametrized and validated with a small scaled operating
desalination plant in steady state conditions as ramp-up maneuvers and tran-
sients are less relevant.

In PUB VI, the model-based distillate (fresh water) production has been op-
timized in steady-state with respect to a linear reference pressure head profile
that is to be achieved through boundary controls in form of mass fluxes. Due
to turbulences in the flow, the resulting pressure head is rather irregular and
fluctuating. Therefore, stochastic elements have been introduced for PDE pres-
sure head dynamics given as a construct of white noises on the boundaries and
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coloured noise inside the subdomain. The coloured noise in the subdomain pro-
vides a convenient framework that allows correlation of the processes between
adjacent locations in the subdomain.

In PUV VII, a regulation error has been defined as the difference between the
deterministic and stochastic pressure head. The evolution of the regulation er-
ror in space-time is evaluated by computing estimates of the first four spatial
moments: mean, variance, skewness and kurtosis. It has been demonstrated
that relatively simple boundary controls are sufficiently robust to keep the reg-
ulation error in between tight bounds inside the entire subdomain and on the
boundaries. In detail, the regulation error is shown to be a close resemblance of a
Gaussian process that is characterized through its time-averaged mean and stan-
dard deviation. The autocorrelation function provides insight on the persistence
of the regulation error. On the boundaries, the regulation error is attenuated
relatively quickly, whereas damping takes much longer inside the subdomain.

As a basic PDE model has been derived in this thesis, future work might ex-
tend the analysis on several matters that have not been addressed in here. Nat-
urally, more sophisticated boundary or domain controls could be developed for
the desalination process. However, in the conventional approach - when the spa-
tial discretization is either done by finite-differences or finite-elements - issues
might arise concerning the controllability and observability of the system due to
its dependency on the spatial grid.
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