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The electromechanical interaction in electric machines induces additional forces between the rotor and
stator. To study this interaction, a simple electromechanical model was developed. The mechanical
behaviour was modelled by the Jeffcott rotor. The electromagnetic forces were described by a simple
parametric model including two electormagnetic variables. The aim of the study was to investigate the
effects of electromechanical interaction on rotordynamic instability in electric motors. If the new
electromagnetic variables are interpreted as ‘quasi-displacements’, the interaction turns up in the
equations of motion as additional damping, stiffness and circulatory terms. The electromagnetically
induced damping and stiffness effects in electric motors have been studied previously. However, the
effects of circulatory terms have been overrided in electric motors. It is well-known that the circulatory,
i.e. cross-coupled stiffness, terms are a major source of instability in rotating machines. Thus, the
presented model offers a new and simple explanation for the rotordynamic instabilty in electric motors.
The numerical examples raised another source of instability. The system parameters may yield a
negative-definite stiffness matrix (symmetric part), which destabilize the system without stabilizing
forces.
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1. Introduction

An electric motor converts electric energy to mechanical one. The magnetic field in the air gap of the machine gen-
erates the tangential forces required for the torque generation. In addition, the field produces other force components
that interact with the machine structures and may excite harmful vibrations. At relatively low frequencies, the vibration
amplitudes may be large enough to couple the electromagnetic system with the mechanical one. This electromechanical
interaction changes the vibration characteristics of the machine, e.g., it may induce additional damping or cause rotor-
dynamic instability.

Friichtenicht, Jordan and Seinsch [1] developed an analytic model for the electromechanical forces between the
rotor and stator, when the rotor is in circular whirling motion. Using this model and assuming synchronous whirling
motion, they determined the stiffness and damping coefficients induced by the electromagnetic field. Belmans, Van-
denput and Geysen [2] investigated analytically and experimentally the flexible-shaft induction motors. Their
calculation model resembled to that of Friichtenicht et al. [1], but they focused on the two-pole machines. They
concluded that one potential reason for the rotordynamic instability results from the electromagnetic damping
coefficient which may be negative. Skubov and Shumakovich [3] developed an analytic electromechancial model and
studied the rotordynamic instability. They found out that the tangential component of the electromagnetic total force
may be the reason for the unstability. Arkkio et al. [4] presented a simple parametric force model for the
electromagnetic forces acting between the rotor and stator when the rotor is in whirling motion. The model parameters
of an electric motor were determined by numerical simulations including the non-linear saturation of magnetic
materials. The numerical results were validated by extensive measurements.

Previous research on this issue has not been conclusive, in part because it has generally been based on the
assumption of synchronous whirling motion [1,2], and in part because the effects of saturation of magnetic materials
are not included in the analytical force models used previously [1,2,3]. In present study, we rejected the assumption of
synchronous whirling motion and used as the starting point the numerical simulations of electromagnetic fields. The
aim of this study was to investigate the effects of electromechanical interaction on rotordynamic instability in electric
motors.

In this study, we develop an analytical model to study the electromechanical interaction and stability. The Jeffcott
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rotor model is combined with the parametric force model. The coupled equations of motion are transfomed into a non-
dimensional form. Using this simple model, numerical results describing the effects of electromechanical interaction are
calculated. The vibration characteristics of the system are investigated by the eigenvalue analysis. The rotordynamic stability
is studied by using the modified Bilharz schema [5]. This yields four necessary and sufficient criteria for the stability of the
system. Some of the criteria can be studied in analytical form. The rest of the criteria can be studied numerically.

2. Nomenclature

a,, = electromagnetic force parameters q = vector of variables in second order model
¢, = coefficients of characteristic polynomial u, = eigenvector r
d = mechanical damping coefficient X = vector of variables in first order model
f = excitation force A = system matrix .
.. . " B = coefficient matrix for input
j = imaginary uni C = damping matrix
k = shaft stiffness coefficient H = circulatory matrix
k, = effective stiffness coefficient I = identity matrix
k, = electromagnetic force parameter K =stiffness matrix
_ . M = mass matrix
k., = electromagnetic force parameters .
pE Q = loading vector
"o massbof tl}e rc;tor s of h 6"  =radial air-gap length
p = humber ot po 'e pairs t' ¢ motor 0,  =decay constant of eigenvector »
q,, = electromagnetic field variables z' = non-dimensional time
7, = term ij in recursive schema w = angular frequency
s = Laplace variable ®,  =natural frequency of mechanical system
s, = machine slip ®, = supply frequency
t =time Q = rotor angular frequency
X,y = co-ordinates a = non-dimensional form of a
z = complex variable a,, = imaginary part of a
D, = Bilharz determinant i ay, =realpartof a
F,, = electromagnetic total force a = complex conjugate of a
K = transfer function a = differentiation of a with respect to time
a,, = differentiation of a with respectto

3. Method of analysis

3.1 Rotor model

To model the mechanical behaviour of the system, we apply the Jeffcott rotor which is a thin unbalanced disk
located at the middle of a uniform, massless, flexible shaft. The shaft is simply supported at its ends by rigid frictionless
bearings. We assume a damping force from the surrounding medium of viscous type. In Jeffcott model, the disc is
assumed to move only in its own plane, or more precisely in xy-plane. The origin of this plane is assumed to coincide
with the rotation axis and define the center position by a complex variable

2() = x () + iy (1) (1)
The equation of motion of this rotor using the complex co-ordinates approach can be written [6]

mz+dz+kz = f (1) )

where m is the mass of the disc, d is the coefficient for the non-rotating damping, k is the shaft stiffness coefficient,
and f'is the excitation force, e.g., due to the mass unbalance.

3.2 Force model

Arkkio et al. [4] presented a low order linear model for the electromagnetic forces between the rotor and stator. The
proposed transfer function model can be written in complex form as
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F, (s):K(s)Z(S) (3)

where F, is the complex valued electromagnetic force exerted on the rotor, z is the complex valued displacement of

em

the rotor center, s is Laplace variable, and K (s) is a second order transfer function

k

' K(s)=k,+—21 21 4
600k — Pararad || () =k s—a,, s-—a,, )
--=- Paratan
o Simurad
400t A Simutan | where &y, k,,, k,.,, a,,,and a,, are the parameters of
= the model. The subscripts of the parameters p—1 and
g 200k ﬁ@z} ] p +1 refer to the respective eccentricity harmonics of the
L N A_A‘A a electromagnetic fields. The parameter p refers to the num-
pom s A @ ] ber of pole pairs of the machine. The parameters k,,, and
; ammlemmmp . . -
%:A et a,, are generally complex valued. The imaginary parts of
—-200f ;ﬁéé@ ; the latter pair of parameters can be written
0 10 20 30 40 50 w,
Whirling frequency [Hz] Ay = Ay e + [1 —-s,(1£p) | = Q)

p

Figure 1. The radial and tangential forces as func- where s, is the slip of rotor with respect to the fundamental

tion of the whirling frequency. The discrete points harmonic, and @, is the angular frequency of fundamental
represent the simulation results and the curves are harmonic.

obtained by a curve fitting procedure together with Arkkio et al. [4] determined the force parameters of an
the parametric model. [4] electric motor by calculating the electromagnetic forces in-

duced by circular whirling motion (s=jw). Figure 1

shows the radial and tangential force components as a
function of whirling frequency. The 15 kW four-pole cage induction motor is loaded by the rated torque and supplied
by the rated voltage. The whirling radius is 11 % of the radial air-gap length. The radial component is defined in the
direction of the shortest air gap and the tangential component perpendicular to the radial one.

The linear second order transfer function (4) corresponds to the equations

q‘p—l = apflqpfl + kpflz(t)
q.p+l =a,09pm T kp+lz(t) (6)
szm (t) = qp*l + qp+1 + kOZ(t)

where g, , and ¢q,,, are new variables related to the eccentricity harmonics p—1 and p +1 of the air-gap field.

3.3 Combined model

The electromechanical rotor equations are obtained by combining the mechanical equations of motion (2) with the
equations of electromagnetic forces (6). Thus, the coupled system of equations can be written

m2+dz'+(k—ko)z—qp71 ~qpu =f(t)
q‘p*l = apflqpfl + kpflz (7)

q1)+| = ap+]qp+l + kp+]Z

3.4 Model in non-dimensional form

The system of equations (7) can be transformed into a non-dimensional form employing new non-dimensional vari-
ables

-~z tw, ~ p2
zZ=— T =— " = — " 8
5" 7 q s (5"0)5111 9 p+i )]
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where 8" is the radial air-gap length. Employing these variables, the system equations can be written in non-dimen-
sional form

Z’rr +d E’T +k€2 - Qp—l - qp+l = f(z-)
qpfl e = dpflqpfl + k/)flg (9)
6p+1’r = dpﬂqpﬂ + kaE

where k, = k —k, is the effective stiffness coefficient, and the subscript 7 after comma refers to the differentiation with

respect to non-dimensional time. The new non-dimensional parameters are

N » 2 5 2 5 3k
d= pd k= pkz k():pk(z) p+1_p P;Ll
ma, ma, ma, B ma,
N L = pQ2 - _ Do, = p’
i, =P H=P_ & = 2% )= ¢ 10
P @, , 0 n o, f( ) méwwoz ( ) ( )

where @, =/k/m is the natural mechanical frequency of the rotor, and €2 is the angular frequency of the rotor.

3.5 Matrix representation
Using the complex formulation, Equations (9) can be written in matrix form

MG+Cq+(K+H)q=Q (11

where q is the vector of complex variables, M, C, K, and H are the mass, damping, stiffness, and circulatory matrices,
respectively, and Q is the loading vector. The matrices can be written explicitly

1 00 d 00
M=0 0 0 C=/0 10
000 0 0 1
(12)
p ~1-k,, -1-k,, 0 ~1+k, ~l+k,,,
¢ 2 2 2 2
_1_]€_ ~ 1—/27 .
K= 2 = )i Re 0 H= 2p 1 _J[l_so (1_17)] 0
~1-k,, i 1-k,, .
2 - 0 Tpi1Re 2‘” : 0 _J[I_SO (1+p):|

where the complex conjugate of a complex number z is denoted by z . The mass, damping and stiffness matrices are
Hermitian matrices, and the circulatory matrix is skew-Hermitian matrix. The Hermitian and skew-Hermitian matrices
are generalizations of the real valued symmetric and skew-symmetric matrices, respectively. If the new electromagnetic
variables ¢,,, are interpreted as ‘quasi-displacements’, the electromechanical interaction turns up in the equations of

motion as additional damping, stiffness and circulatory terms. The circulatory, i.e. cross-coupled, stiffness terms induce
circulatory forces, which can stabilize or destabilize the system [7]. In rotating machines, the circulatory forces are the
major source of instability acting tangentially to the shaft whirl orbit and may consequently feed energy into the
whirling motion [§].

3.6 First order model
To explore the system characteristics, the equations are transformed into the form of state equations. These
equations can be written in the matrix form
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0 1 0 0 5 0
N k, —d 1 1 z 1
X, =Ax+Bf(r), A=|. _ , X=<_ ¢, B= (13)
p-1 O apfl 0 qP*I 0
00 a,, qpa 0
The homogeneous part of these equations comprise the eigenvalue problem
[A-Al]u=0 (14)

where I is the identity matrix. The solution consists of 4 eigenvalues 4. and associated eigenvectors u, (r =1, 2,3,4) .

These eigenvalues can be expressed in the general form
A =-0.+jo, (15)

where o, is the decay constant, and @, the frequency of the r th eigenvalue. The system is asymptotically stable, if all
the eigenvalues have positive decay constant.

3.7 Stability criterion

To study the stability of the system, we apply the criterion presented by Parks and Hahn [5] for linear differential
equations with complex coefficients. This criterion resembles the criterion developed by Bilharz [9], which is a
generalization of the better-known Routh criterion for equations with complex coefficients. The characteristic equation
of the system (14) can be written

det[A—/H] =+ +e, A +ed+c, =0 (16)

where ¢, are the complex coefficients, and A is an eigenvalue of the system. For this characteristic equation, a scheme

can be written in matrix form

1 C3,lm _CZ,Rc _cl,Im cO,Rc

CGre Cm “Cre “Comm 0
(17)

I3 3 33 Iy

0

where the suffix Re or Im in the subscript denotes the real or imaginary part of the complex coefficients, respectively,
and the recursive formula for the additional terms is

Tl T 7

;o= i-21 "1 j+1 (18)

J
7’;.71 1

The Bilharz determinants can be calculated from the elements of the first column
D, =n, D, =r;n,D, D; =rsK4D, D, =n,n:D, (19)

and the criterion for asymptotic stability of the system is
D, >0, i=1,2,3,4 (20)

The first criterion can be written explicitly

D =d-a,, .—d,, >0 1)

p—1,Re p+1,Re

This criterion sets a combined condition for the mechanical damping and for two electromagnetic parameters, which are

associated with the attenuation of the rotor currents. If we assume that the mechanical damping is zero, i.e. d =0, we
obtain from the second criterion
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2 2 ~ ~ 2
~ ~ ap—l,Reaerl,Re [4'30 p + (ap—l,Re + ap+1,Re) :|
k +k >

p-1.Re p+1,Re ~
ap—l Re
>

(22)

+ apH,Re

This criterion sets the lower limit for the sum of parameters l:rp in terms of parameters a s, and p. The third

and fourth criterions are more complicated in explicit form, and their implications are more difficult to understand.

+1,Re ptl,.Re

4. Results
4.1 The studied motor Table 1
The studied motor was a 15 kW four-pole Electromagnetic force parameters in non-dimensional form
cage induction motor. Arkkio et al. [4] used this of a 15 kW induction motor [4]
motor as an example for extensive numerical
simulations of electromagnetic forces. Their cal- Dimensional Non-dimensional
culation results are verified by measurements,
where the rotor is suspended by magnetic bear- Symb. Value Unit Symb. Value
ings. The electromagnetic force parameters are
identified by curve fitting procedure assuming @, 27-50  rad/sec
either real or complex k,,, parameters. The com- m 30 kg
plex fitting procedure yields slightly better results. 5" 045.10° m
However, for the sake of simplicity, we applied ’
here only real valued parameters for k,,. We P 2
studied the motor operating at its rated power (15 So 0.032 5o 0.032
kW), supplied by the rated voltage (380 V), and k, 6.22-10° N/m ks 8.403
the rotor is running at the rated slip (0.032). All k,, 15.7-10° N-rad/m-sec ]ED 1 0.1350
‘Fhe parameters us.ed in the calculations are given k 74.9.10° N-radm-sec j 0.6442
in Table 1. The stiffness, mass and damping prop- i ol
erties of the rotor are roughly estimated. Ap-1 Re —3.1 rad/sec @, 00200
Ay re —-10.6  rad/sec o pe —0.0672
4.2 Vibration characteristics of the studied k 15.10° N/m i 203
motor -
d 2.10° kg/sec d 0.42

The natural bending frequency of the rotor
without electromagnetic effects is 355.9 Hz. Table
2 shows the eigenvalue frequencies and decay
constants of the electromechanical rotor system
without mechanical damping. The two lowest modes are associated with the eccentricity harmonics of electromagnetic
fields, and the two higher modes are associated with the forward (FW) and backward (BW) whirling modes. However,
all modes have electromagnetic and mechanical contributions. The effect of electromechanical coupling on the whirling
frequencies and their decay constants is minor. The frequencies of electromagnetic modes correspond to the frequencies
of the eccentricity harmonics of electromagnetic fields. The decay constants of these modes are associated with the
attenuation of rotor currents.

We note that in the studied motor the ratio of
fundamental frequency, without electromagnetic
effects, to the operating shaft speed is large
(w,/£2~15). This is typical for small electric mo-

Table 2
The eigenvalues of the studied motor

tors. The electromechanical interaction is apparently
more pronounced in motors having the ratio close to Mode
unit. This is usually the case in large electric motors.
To study the electromechanical interaction we re-

Freq. [Hz] Decay constant  Description

. . . 1 22.6 0.068 Mode p +1
tained the electromagnetic properties of the motor
. . . 2 25.8 0.021 Mode p -1
but assumed that the shaft stiffness is lower than in L
the actual motor. A simil h loved 3 348.7 0.0025 FW whirling
e actual motor. A similar approach was employe 4 3487 0.0022 BW whirling

by Friichtenicht et al. [1] and Belmans et al. [2] in
their experimental investigations.
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Figure 2. Frequencies of eigenvectors as function of Figure 3. Decay constants of eigenvectors as function
shaft stiffness. of shaft stiffness.

4.3 Vibration characteristics as function of shaft stiffness
Figure 2 and 3 show the frequencies and decay constants of the electromechanical rotor system without mechanical

damping. For comparison, the rotor frequency is presented also without electromagnetic forces (EMF). Figure 2 shows
that the whirling frequencies are somewhat lower than the fundamental frequency without electromechanical coupling.
This results from the so-called negative-spring effect of electromagnetic forces. Further, the electromagnetic modes are
independent of the shaft stiffness within high stiffness range.

As the shaft stiffness is decreased, the whirling modes and electromagnetic modes interact strongly with each
other’s. Figure 3 shows that the decay constants are all slightly positive within the high stiffness range. As the shaft
stiffness is decreased, Mode p +1 and therefore the whole system become unstable. The critical non-dimensional value

for the shaft stiffness is £ =18.9. A more detailed study of the electromagnetic forces revealed that below this critical
shaft stiffness, the electromagnetic forces feed energy into the whirling motion. In addition, it can be noted that the

stiffness matrix K is negative-definite when the shaft stiffness is less than the limit value & =34.6.

4.4 Rotordynamic stability

Our system model is defined by 7 real valued parameters (Eq. 13 & 5). Figures 4 — 7 show four stability charts, in
which three of the system parameters are varied and four held constant. The reference point for all the charts is defined
=-0.0672, d =0.42, and s, = 0.032 . The effec-

by parameters: lgp_l =0.1350, lgpﬂ =0.6442, G, ,r, =-0.02, a,, ;. =
tive shaft stiffness &, is varied in all figures.
8 | ' ' ° 8 | ' '
1.5 — | _
e 12 Unstable e 12 Unstable
“““““ 16 [Fmm e e S 1
""" 20 K ~0.05 "7 20 :
Apr i o  [TTTTTTTTTTTTToTTTTTTTTTos N
- : < I
N : 3 ;i
X  [TTTTmrmmmmmmmsmmmmmmes A 1 N ,' 1
: i ® -0 Pl
0.5¢ l' 1‘ ,' :
I \ Stable ! :
Stable ' B ! i
\ : . -0.15} P
O " " Ay o - I I L 1
0 0.1 0.2 0.3 0.4 -0.04 -0.03 -0.02 —-0.01 0
k p-1 a p-1,Re
Figure 4. Stability borderlines for non-dimensional Figure 5. Stability borderlines for non-dimensional
parameters k! (: ]Ep_]), k.., (: ]EPH) and £, . parameters a), , .. (: dp—l,Re)’ ) e (: 5p+1,ke) and £, .
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Figures 4-7 show that the critical value of effective stiffness li, depends clearly on the main system parameters. In

addition, Figures 4 and 5 indicate that an increase of parameters k . and decrease of a,,, ,, may destabilize the system.

5. Discussion and conclusions

A simple electromechanical rotor model of an electric motor was generated. In addition to the Jeffcott rotor vari-
able, the model included two additional complex variables describing the spatially linear effects of electromagnetic
field. The obtained results confirm that the electromagnetic fields and the rotor vibrations may interact strongly. If the
new electromagnetic variables are interpreted as ‘quasi-displacements’, the interaction turns up in the equations of mo-
tion as additional damping, stiffness and circulatory terms. The circulatory terms, i.e. cross-coupled stiffness terms, is a
major source of instability in rotating machines. Thus, the presented model offers a new and simple explanation for
electric motors, which is compatible with the experience of rotordynamic instabilities. The numerical example raised
another explanation for rotordynamic instability. The system parameters may yield a negative-definite stiffness matrix
(symmetric part), which destabilize the system without stabilizing forces. These explanations must be used as hypothe-
ses for more detailed studies including the numerical simulation of electromechanical rotor systems and the validation
procedures by experimental methods.
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