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Abstract

In this paper a methodfor calculatingblocking experienceddy dynamicmulticast
connectionsn asinglelink is presentedA servicecenterat the root of a tree-type
network providesa numberof channeldistributedto the usersby multicasttrees
whichevolve dynamicallyasusergoin andleave thechannelsWe reducethis prob-
lemto ageneralized&Engsetsystemwith nonidenticalisersandgenerallydistributed
holdingtimes,andderive the call andchanneblocking probabilitiesaswell asthe
link occupany distribution.
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1 INTRODUCTION

Call blocking probabilitiesin a circuit switchednetwork carrying multiple traffic

classesanbe calculatedwith exactalgorithms,suchasthe recursionof Kaufman
(1981)andRobertg1981),or with approximatve methodssuchasthe normaltype
approximationNaouma 1995). Thesealgorithmsareapplicablefor pointto point
connectionssuchastelephonecallsor ATM connectionsThey applyalsofor static
multicastconnectionswherethe structureof eachmulticasttreeis fixedin advance.
In amoredynamicervironment,wherethetreesevolve with arriving anddeparting
customersthesemodelsarenotadequate.

Multicastconnectionfiave abandwidthsarzing nature This meanghatamulticast
connection-in takingtheform of atreewherestreamsnemgeatthenodes-requires
muchlesscapacityfrom the network links thana bunchof separatgoint to point
connectiongrom therootnodeto theleaf nodesof thetree(seefigure 1). This effect
posesaproblemwhendimensioninga network. With multicasttrees Jessbandwidth
is needednearthe root of the tree thanthe sum of the bandwidthsusednearthe
leaves.

Diot etal. (1997)give areview on thework in the areaof multicasttraffic. Most
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Figure 1 Pointto point (top) vs. pointto multipoint, or multicastconnectiongbot-
tom). Datastreamsaarepresentedvith athick brokenline.

work in the senseof blockingin ATM networks with multicastinghasbeenmade
on blocking in multicastingcapableswitches,see,for example,(Giacomazziand
Trecordil995)or (Kim 1996).Shachanand Yokota (1997)proposecall admission
controlalgorithmsfor realtime multicasttransmissionWe usea similar settingand
device analgorithmfor calculatingcall blocking probabilities.

The modelof dynamicmulticastconnectionsisedin this paperpertainse.g.,to
thecasen which TV or radiostationprovidesseveralprogramgo viewersor listen-
ersvia atelecommunicatiometwork. Themodelconsistof a tree-typedistribution
network. Theservicecentedocatedattherootnodeofferstheusersattheleavesaset
of programgeliveredto the subscribingusershy multicastchannelsThe programs
runindependentlpf their subscribersyho canjoin andleave thechannehlny time.
Thus,eachchanneformsa dynamictree.

A joining useris assumedo choosea channelprobabilisticallyaccordingto a
channelpreferencdistribution, which is the samefor all the users.Whenjoining,
theuser U, createsa new branchto the tree extendingfrom the leaf to the nearest
node A, alreadyconnectedo thechannelseefigure2). Blockingmayoccuronary
link of thenew branch Ontheotherhand thereis noblockingonthelinks upstream
from the connectingnode A, sinceon that path the channelis alreadyon. Note,
however, thatthejoining usermayextendthetime thechannefremainsswitchedon.

Severalmulticasttreesmay usethe samelink. Therequiredcapacityin the links
variesaccordinglysometimeseadingto blockingwhentherequestedapacityis not
available.The probabilitythatthereis not sufficient capacityavailablefor achannel
in a specificlink is called channelblocking probability on that link. By the call
blocking probability we meanthe probability thatthe users requesto subscribeo
a channelis blocked. The latteris smaller sincethe users subscriptionis always
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Figure 2 Thetreeof achannelwith a new branchcreatedy ajoining userU.

acceptedvhenthe channelis alreadyon. Both theseblocking probabilitiescan be
calculatedon link or end-to-endbasis.In this paperwe shav how to calculatethe
blockingprobabilitiesof dynamicmulticastconnectionsn a specificlink with finite
capacityassuminghatall the otherlinks have infinite capacity

Thepaperis organizedasfollows. In section 2 we presenpreliminaryconsidera-
tionsrelatedto a network with all thelinks having aninfinite capacity The caseof a
finite capacitylink is consideredn section3. The correspondenceith the general-
ized Engsetsystemis given,andtherequiredblockingprobabilitiesarederived.An
exampleof link occupang andcall blocking probability calculationds presentedh
sectiord. Section5 givesa brief summary

2 LINK OCCUFRANCY IN AN INFINITE SYSTEM

In this sectionwe considera link in a systemwhich hasinfinite capacityon all its
links, andwhere,consequentlyno blocking occurs.First we setthe mathematical
modelup includingthe assumptionsieededater on. Thenwe determinehe mean
timesthatanindividual channeltraversingthe link is on andoff. Finally we shav
how to calculatethe distribution for the link capacityusageTheresultswill be uti-
lizedin thenext sectionwherewefocusontheblockingproblemof alink with finite
capacity

Considerlink in aninfinite systemThemulticastchannebopulationis denoted
by I, i.e., | is the setof channelq‘programs’) provided by the servicecenter Let
¢ € Z, denotethe capacityrequiremenbf channeli € |. We assumehatthe users
downstreanof the consideredink subscribeo thesechannelsaccordinga Poisson
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processwith intensityA. This is a modelfor aninfinite userpopulationwhichis a
reasonablassumptiorn networkswith alargenumberof userssuchasTV or radio
multicastingin anetwork (for alink nottoo closeto theleavesof themulticasttree).
Further we assuméhateachuserchooseghe channeindependenthof othersand
from the samepreferencalistribution, a; beingthe probabilitythatchannel is cho-
sen.As aresult,the subscriptiongo channel arrive accordingto a Poissorprocess
with intensityA; = ajA. We assumehatthe users’holdingtimesaregenerallydis-
tributedwith meanl/y. Finally, let a; denotethe offeredtraffic intensityfor channel
I

a = A/l (1)

Considerthenthe on andoff timesof a singlechannelLet T,(;;) and'l'i’(g’f? denote
theirmeansrespectiely. As mentionedabore, no blockingoccursin aninfinite sys-
tem.Thus,if thechannels off, it is turnedon everytime a new subscriptiorarrives.
Thechannefemainsn theon state(andoccupieghelink) aslong asthereareusers
connectedo the channel.Thus, the probability p; that channeli is on equalsthe
probabilitythatthereis at least one userconnectedo the channel The probability
gi that channeli is off is thenthe sameasthe probability that thereare no users
connectedo thechannelOntheotherhand,undertheassumptionsnadeabove, the
numberof userssimultaneouslyconnectedo channei is distributedasthe number
of customerdn anM/G/« queue,i.e. accordingto the Poissondistribution with
meang;. Thus,

pi =1- e_aia (2)
g =e". ®3)

Anotherimplicationis thaton andoff timesof thechannetonsideredwredistributed
asbusyandidle periods respectrely, in thecorresponding//G/« queueThus,

. e —1
T =Nt )

Theformerequationfollows from thefactthat

()
Ti,on
P=—m & )
Ti +T|,off

i,on

We seethat the meanon time of the mostpopularchannelsas a function of the
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offeredtraffic intensitygrows extremelyrapidly becausef the exponentialtermin
thenumeratorThisindicateghatthereis likely to beasetof channelshatarealmost
constantlycarriedon thelink.

Let X denotethe numberof channelsn use,andX; indicatewhetherchannei is
on (X = 1) oroff (X; = 0). Since

ngxa, ()

wherethe X; areindependenBernoullivariableswith meanp;, we have

E[X]= % Pi (8)

Var[X] = Z PG 9)

Let thenY denotethe numberof capacityunits simultaneouslyoccupiedin the
link,

Y:%cixi. (10)

Its distribution (11,)J ”_o» calledthelink occupang distribution, canbe calculatedoy
thecornvolutionalgorithm(lversenl987),or, equivalently, from the probabilitygen-
eratingfunction:

P(2) = ” ai+piz%) = %T[JZJ (11)

As regardsthemeanandvarianceof Y, it follows from (10) andtheindependencef
theBernoullivariablesX; that

EY] = ZCi Pi, (12)

VarlY] = ZC? PiGi- (13)
1€

All the resultsin this sectionare valid in a systemin which all the links have
infinite capacity Whenmulticastconnectionarecarriedon a link which hasfinite
capacityblockingmayoccur Thisis studiedin the next section.



6 Bloding of dynamicmulticastconnections

3 BLOCKING IN A LINK WITH FINITE CAPACITY

In this sectionwe shov how to calculateblocking probabilitiesin a link with finite
capacity C, assuminghatall the otherlinks have infinite capacity

It is importantto make a distinctionbetweenvarioustypesof blocking. Thechan-
nel blocking probability Bf of channeli is definedto be the probability that an
attemptto turn channei on fails dueto lacking capacity whereaghe call blocking
probability b’ of channeli (seenby a usersubscribingto channeli) refersto the
probability thata users attemptto subscribeo channel fails. Thesearedifferent,
sincethe users subscriptions alwaysacceptedvhenthe channels alreadyon. Fi-
nally we definethe time blocking probability B! of channei to be the probability
thatatleastC — ¢; + 1 capacityunitsof thelink areoccupied.

Considera singlechanneli € |. Denoteby Tjon and T o the meanon and off
periods respectiely, in thisfinite systemBy consideringacycle consistingdf anon
periodandthefollowing off period,we deducehatthe call blocking probability of
channel is

AiTior—1
bf= —— | 14
! AiTion+ AT off a4
whereATi ot — 1 is the meannumberof failed attemptsto subscribeto channeli
during the cycle (the last subscriptionarriving in the off periodwill be accepted),
andthe denominatorepresentshe meantotal numberof attemptsduringthecycle.
Thefrequeng of accepteaallswhenthe channels off is clearlyA; (1 — Bf). Thus,

1
Tioff = Aii(l— B|C) . (15)
Ontheotherhand,we obsere thatin this finite system(wherethe capacitiesf all
the otherlinks areassumedo beinfinite) the on periodof a channels independent
of theevolution of theotherchannelsoncethechanneis turnedon all theincoming
subscriptionawill be acceptedThis implies that the on periodsare distributed as
thoseof aninfinite systemThus,

w) -1
Ton=Tion =" (16)

By combiningequationg14), (15) and(16), we obtainthe following expression
for thecall blockingprobabilitiesof channei:

B

bf = 1-B) (@ —1)+1

17)

Thus,theonly itemthatstill remaingo be determineds thechanneblockingproba-
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bility Bf. We startthederivationby observinghatourfinite systemcanbedescribed
asageneralizedEngsetsystem.

By anEngsetsystemwe referto thewell known M/M/m/m/K systemwith afi-
nite userpopulation see(Kleinrock 1975).In ageneralizedEngsesystentheusers
arenonidenticalthatis their meanholding andinterarrival timesaswell asthere-
questedesourceganbe different.Moreover, we allow the holdingtimesto have a
generaMdistribution.

The channeldn our systemrepresenthe usersin the Engsetsystem.Whenthe
channelis on, the ‘user’ is active, and whenthe channelis off, the ‘user’ is idle.
Thus,the holdingtime of useri in the generalizedEngsetsystemis generallydis-
tributedwith meanT; on, andthe interarrival time is exponentiallydistributed with
mean)\i‘l. As a consequenceye deducethat the channelblocking probability Bf
equalsthe call blocking probability of useri in the correspondingyeneralizedEn-
gsetsystemSimilarly, thetime blockingprobabilityB! equalsthatof thegeneralized
Engsetystem.

The time blocking probability of useri in the generalizecEngsetsystemcanbe
calculatedrom thefollowing formula:

c .
_ 2j=c—g+1TY

B = , (18)
I chzo T

wherery; is the probabilitythat j capacityunitsareoccupiedn aninfinite systemas
definedin equation(11). In thespecialcasethatc; = 1 for all i, this follows from the
resultof Cohen(1957).In the generalcase,it canbe shavn to follow from the in-
sensitvity propertyof the productform probabilitiesof a multiratelosssystem(Hui
1990).1t is alsoknown thatthe call blocking of useri equalsthe time blocking (of
useri) in asystemwhereuseri is removed. Thusthe channeblocking probabilityis
asfollows:

_ z(j:=C—ci+1 T[EI)

BIC - sz:O T[EI) ’ (19)

Wherertﬁi) is the probability that j capacityunits are occupiedin an infinite sys-
temwith useri removed. Theseoccupanyg probabilitiescanbe identifiedfrom the
probabilitygeneratingunction

iT[?)Zj= [T (ok+ pz™), (20)

kel—{i}
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wherel — {i} denoteshereducedsetof users Alternatively, in orderto saze com-
putationaleffort, onemayusedecowolution,whichmeans

P(2)
(Ok+ k™) = ———, (21)
kel—{i} “ “ g+ piZCl

but numericalproblemsmayarisefor large systems.

To summarizethe call blocking bf canbe calculatedfrom formula (17) by us-
ing (19). Note thatthe denominatoin (17) is alwaysgreaterthan1. Thus,the call
blocking bF seenby a usersubscribingo channeli is alwayssmallerthanthe cor-
respondinghanneblockingBf. This reflectsthefactthatthe userssubscribingo a
channelvhile thechanneis on donotexperienceary blocking.We seealsothat, for
the mostpopularchannelsplocking seenby a userdropspracticallyto zero,since
the exponentialtermin the denominatogrows rapidly with & (b° ~ Bfe™#). For a
channebwith g < 1, the channeblockingandthe call blocking seenby a userare
approximatelhthesame.

Sincebf < Bf < B!, anupperlimit for the call blockingis thetime blockingin a
systemwith all channelpresentNo call blockingseenby a usercanbehigherthan
this, but call blocking for userapproacheg for channelsvith channelpreferences
0j nearzero.

4 AN EXAMPLE

As anexample atruncatedyeometridistributionis usedfor channethoosingpref-
erences:

ai01-p'~Y =12, (22)

wherethe index i is the channelnumber With this numberingthe channelsarein
a descendingorder accordingto the usage For numericalcalculationswe choose
p = 0.2 and|l| = 200. We choosethe averageviewing time 1/p = 900s to be the
samefor all channelsandA /p= 3.5-1CP. Thelink capacityis C = 70 channelsand
eachchannehasidenticalcapacityrequirement; = 1.

First, we consideran infinite capacitylink. The channelusagesp; are depicted
in figure 3 asa function of channelindex i. The meanandvarianceof the number
of usedchannelsarecalculatedrom equationg8) and(9). They are63.4and3.11,
respectiely. In this example,whereall capacityrequirement@areequalto 1, these
samevalueshold for meanandvarianceof capacityrequiremenfor the channels.
Thelink occupang distribution, 17, equation(11),is presentedh figure4. Themean
channebntimes, T on, equation(16), for this examplearepresentedn figure5. As
expectedthe mostpopularchannelhave practicallyinfinite ontimes.

Thenwe considera systemwith finite link capacityin a link, C = 70. Call and
channeblockingprobabilitiesgquationg14) and(19) respectiely, for eachchannel
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Channel usage
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Channel index

Figure 3 Channelusageversuschannelindex for geometricallydistributed user
preferences.

Link occupancy

55 60 65 70 75 80
Number of channels

Figure4 Link occupanyg distributionfor geometricallydistributeduserpreferences.

areshawn in figure 6. This shaws clearly thatthe call andchannelblocking proba-
bilities differ for themostpopularchanneldor which thereis a high probabilitythat
thechanneis alreadyon whenthe usersubscribeshe channel.

5 SUMMARY

In this paperwe have presenteé methodfor calculatingthe call andchanneblock-
ing probabilitiesin alink carryingmulticasttraffic. Multicasttraffic hastheproperty
of requiringlesslink capacitythana setof pointto point connectiongroviding the
sameconnectvity.

The blocking calculationpresentedjivesus a grip of TV or radio delivery on a
circuit switchedmulticastsystemsuchasan ATM network with virtual circuits.We
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Figure5 ThemeanontimesT; on in seconddor eachchannel.
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Figure6 ChanneBf andcall blockingsbf for eachchannelBf solidline, bf dashed
line).

areableto calculatethe capacityneededor alink, theaveragechannebntimes,and
blockingintroducedby finite capacity

The calculationstartedfrom a distribution of the users’preference®n multicast
channelsfrom whichwe derivedthelink occupang distributionin aninfinite capac-
ity systemand,further, the blockingprobabilitiesin a finite systemby mappingthe
problemto anequialentgeneralizedEngsetsystemFinally, anexamplewasgiven
with the geometriadistribution of users’preferences.

In this paper we have limited oursehesto the caseof a singlelink. The case
whereblockingoccurson severallinks of a network is left for futurework. Possibly
methodssuchasReduced_oad Approximation,seefor example(Ross1995),can
beused but blockingson successie links may exhibit significantdependencies.

It is alsolikely thatthe users’actualpreferencealistribution affectssignificantly
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theblockingintroducedn the network. This partof thestudywouldrequirestatistics
from areal-lifetrace,andis left for futurework.
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