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Abstract
In this paper, a methodfor calculatingblockingexperiencedby dynamicmulticast
connectionsin a singlelink is presented.A servicecenterat theroot of a tree-type
network providesa numberof channelsdistributedto the usersby multicasttrees
whichevolvedynamicallyasusersjoin andleavethechannels.Wereducethisprob-
lemto ageneralizedEngsetsystemwith nonidenticalusersandgenerallydistributed
holdingtimes,andderive thecall andchannelblockingprobabilitiesaswell asthe
link occupancy distribution.
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1 INTRODUCTION

Call blocking probabilitiesin a circuit switchednetwork carrying multiple traffic
classescanbe calculatedwith exact algorithms,suchasthe recursionof Kaufman
(1981)andRoberts(1981),or with approximativemethods,suchasthenormaltype
approximation(Naoumov 1995).Thesealgorithmsareapplicablefor point to point
connections,suchastelephonecallsor ATM connections.They applyalsofor static
multicastconnections,wherethestructureof eachmulticasttreeis fixedin advance.
In a moredynamicenvironment,wherethetreesevolve with arriving anddeparting
customers,thesemodelsarenotadequate.

Multicastconnectionshaveabandwidthsaving nature.Thismeansthatamulticast
connection– in takingtheform of atreewherestreamsmergeatthenodes– requires
muchlesscapacityfrom the network links thana bunchof separatepoint to point
connectionsfrom therootnodeto theleafnodesof thetree(seefigure1). Thiseffect
posesaproblemwhendimensioninganetwork.With multicasttrees,lessbandwidth
is needednearthe root of the tree than the sum of the bandwidthsusednearthe
leaves.

Diot et al. (1997)give a review on thework in theareaof multicasttraffic. Most
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2 Blocking of dynamicmulticastconnections

Figure 1 Pointto point (top) vs.point to multipoint,or multicastconnections(bot-
tom).Datastreamsarepresentedwith a thick brokenline.

work in the senseof blocking in ATM networks with multicastinghasbeenmade
on blocking in multicastingcapableswitches,see,for example,(Giacomazziand
Trecordi1995)or (Kim 1996).ShachamandYokota(1997)proposecall admission
controlalgorithmsfor realtimemulticasttransmission.We usea similar settingand
deviceanalgorithmfor calculatingcall blockingprobabilities.

Themodelof dynamicmulticastconnectionsusedin this paperpertains,e.g.,to
thecasein whichTV or radiostationprovidesseveralprogramsto viewersor listen-
ersvia a telecommunicationnetwork. Themodelconsistsof a tree-typedistribution
network.Theservicecenterlocatedattherootnodeofferstheusersattheleavesaset
of programsdeliveredto thesubscribingusersby multicastchannels.Theprograms
run independentlyof theirsubscribers,whocanjoin andleavethechannelany time.
Thus,eachchannelformsa dynamictree.

A joining useris assumedto choosea channelprobabilisticallyaccordingto a
channelpreferencedistribution, which is the samefor all the users.Whenjoining,
theuser, U, createsa new branchto the treeextendingfrom the leaf to the nearest
node,A, alreadyconnectedto thechannel(seefigure2). Blockingmayoccuronany
link of thenew branch.Ontheotherhand,thereis noblockingonthelinks upstream
from the connectingnodeA, sinceon that path the channelis alreadyon. Note,
however, thatthejoining usermayextendthetime thechannelremainsswitchedon.

Severalmulticasttreesmayusethesamelink. Therequiredcapacityin the links
variesaccordingly, sometimesleadingto blockingwhentherequestedcapacityis not
available.Theprobabilitythatthereis notsufficientcapacityavailablefor a channel
in a specificlink is called channelblocking probability on that link. By the call
blockingprobabilitywe meantheprobabilitythat theuser’s requestto subscribeto
a channelis blocked.The latter is smaller, sincethe user’s subscriptionis always
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Figure 2 Thetreeof achannelwith a new branchcreatedby a joining userU.

acceptedwhenthe channelis alreadyon. Both theseblockingprobabilitiescanbe
calculatedon link or end-to-endbasis.In this paperwe show how to calculatethe
blockingprobabilitiesof dynamicmulticastconnectionsin aspecificlink with finite
capacityassumingthatall theotherlinks have infinite capacity.

Thepaperis organizedasfollows.In section2 wepresentpreliminaryconsidera-
tionsrelatedto anetwork with all thelinks having aninfinite capacity. Thecaseof a
finite capacitylink is consideredin section3. Thecorrespondencewith thegeneral-
izedEngsetsystemis given,andtherequiredblockingprobabilitiesarederived.An
exampleof link occupancy andcall blockingprobabilitycalculationsis presentedin
section4. Section5 givesa brief summary.

2 LINK OCCUPANCY IN AN INFINITE SYSTEM

In this sectionwe considera link in a system,which hasinfinite capacityon all its
links, andwhere,consequently, no blocking occurs.First we set the mathematical
modelup including theassumptionsneededlateron. Thenwe determinethemean
timesthat an individual channeltraversingthe link is on andoff. Finally we show
how to calculatethedistribution for the link capacityusage.Theresultswill beuti-
lizedin thenext section,wherewefocusontheblockingproblemof alink with finite
capacity.

Considera link in aninfinite system.Themulticastchannelpopulationis denoted
by I , i.e., I is the setof channels(‘programs’)provided by the servicecenter. Let
ci � Z� denotethecapacityrequirementof channeli � I . We assumethat theusers
downstreamof theconsideredlink subscribeto thesechannelsaccordinga Poisson
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processwith intensityλ. This is a modelfor an infinite userpopulation,which is a
reasonableassumptionin networkswith alargenumberof users,suchasTV or radio
multicastingin anetwork (for a link not toocloseto theleavesof themulticasttree).
Further, we assumethateachuserchoosesthechannelindependentlyof othersand
from thesamepreferencedistribution,αi beingtheprobabilitythatchanneli is cho-
sen.As a result,thesubscriptionsto channeli arriveaccordingto a Poissonprocess
with intensityλi � αiλ. We assumethat theusers’holdingtimesaregenerallydis-
tributedwith mean1� µi. Finally, let ai denotetheofferedtraffic intensityfor channel
i,

ai � λi � µi � (1)

Considerthentheon andoff timesof a singlechannel.Let T � ∞ �i � on andT � ∞ �i � off denote
theirmeans,respectively. As mentionedabove,noblockingoccursin aninfinite sys-
tem.Thus,if thechannelis off, it is turnedoneverytimea new subscriptionarrives.
Thechannelremainsin theonstate(andoccupiesthelink) aslongasthereareusers
connectedto the channel.Thus, the probability pi that channeli is on equalsthe
probabilitythat thereis at least one userconnectedto thechannel.Theprobability
qi that channeli is off is then the sameas the probability that thereareno users
connectedto thechannel.Ontheotherhand,undertheassumptionsmadeabove,the
numberof userssimultaneouslyconnectedto channeli is distributedasthenumber
of customersin an M � G� ∞ queue,i.e. accordingto the Poissondistribution with
meanai . Thus,

pi � 1 	 e
 ai � (2)

qi � e
 ai � (3)

Anotherimplicationis thatonandoff timesof thechannelconsideredaredistributed
asbusyandidle periods,respectively, in thecorrespondingM � G� ∞ queue.Thus,

T � ∞ �i � on � eai 	 1
λi

� (4)

T � ∞ �i � off � λ 
 1
i � (5)

Theformerequationfollowsfrom thefactthat

pi � T � ∞ �i � on

T � ∞ �i � on � T � ∞ �i � off

� (6)

We seethat the meanon time of the most popularchannelsas a function of the
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offeredtraffic intensitygrows extremelyrapidly becauseof theexponentialtermin
thenumerator. Thisindicatesthatthereis likely tobeasetof channelsthatarealmost
constantlycarriedon thelink.

Let X denotethenumberof channelsin use,andXi indicatewhetherchanneli is
on(Xi � 1) or off (Xi � 0). Since

X � ∑
i 
 I

Xi
� (7)

wheretheXi areindependentBernoulli variableswith meanpi , wehave

E �X � � ∑
i 
 I

pi
� (8)

Var �X � � ∑
i 
 I

piqi � (9)

Let thenY denotethe numberof capacityunits simultaneouslyoccupiedin the
link,

Y � ∑
i 
 I

ciXi � (10)

Its distribution � π j � ∞j � 0, calledthelink occupancy distribution,canbecalculatedby
theconvolutionalgorithm(Iversen1987),or, equivalently, from theprobabilitygen-
eratingfunction:

P � z��� ∏
i 
 I

� qi � piz
ci ���

∞

∑
j � 0

π jz
j � (11)

As regardsthemeanandvarianceof Y, it followsfrom (10)andtheindependenceof
theBernoulli variablesXi that

E �Y � � ∑
i 
 I

ci pi
� (12)

Var �Y � � ∑
i 
 I

c2
i piqi � (13)

All the resultsin this sectionare valid in a systemin which all the links have
infinite capacity. Whenmulticastconnectionsarecarriedon a link which hasfinite
capacity, blockingmayoccur. This is studiedin thenext section.
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3 BLOCKING IN A LINK WITH FINITE CAPACITY

In this sectionwe show how to calculateblockingprobabilitiesin a link with finite
capacity, C, assumingthatall theotherlinks have infinite capacity.

It is importantto makeadistinctionbetweenvarioustypesof blocking.Thechan-
nel blocking probability Bc

i of channeli is definedto be the probability that an
attemptto turnchanneli on fails dueto lackingcapacity, whereasthecall blocking
probability bc

i of channeli (seenby a usersubscribingto channeli) refersto the
probability thata user’s attemptto subscribeto channeli fails. Thesearedifferent,
sincetheuser’s subscriptionis alwaysacceptedwhenthechannelis alreadyon.Fi-
nally we definethe time blocking probability Bt

i of channeli to betheprobability
thatat leastC 	 ci � 1 capacityunitsof thelink areoccupied.

Considera singlechanneli � I . Denoteby Ti � on and Ti � off the meanon andoff
periods,respectively, in thisfinite system.By consideringacycleconsistingof anon
periodandthefollowing off period,we deducethat thecall blockingprobabilityof
channeli is

bc
i � λiTi � off 	 1

λiTi � on � λiTi � off

� (14)

whereλiTi � off 	 1 is the meannumberof failed attemptsto subscribeto channeli
during the cycle (the last subscriptionarriving in the off periodwill be accepted),
andthedenominatorrepresentsthemeantotal numberof attemptsduringthecycle.
Thefrequency of acceptedcallswhenthechannelis off is clearlyλi � 1 	 Bc

i � . Thus,

Ti � off � 1
λi � 1 	 Bc

i � � (15)

On theotherhand,we observe that in this finite system(wherethecapacitiesof all
theotherlinks areassumedto beinfinite) theon periodof a channelis independent
of theevolutionof theotherchannels:oncethechannelis turnedonall theincoming
subscriptionswill be accepted.This implies that the on periodsaredistributedas
thoseof aninfinite system.Thus,

Ti � on � T � ∞ �i � on � eai 	 1
λi

� (16)

By combiningequations(14), (15) and(16), we obtainthe following expression
for thecall blockingprobabilitiesof channeli:

bc
i � Bc

i

� 1 	 Bc
i � � eai 	 1� � 1 � (17)

Thus,theonly itemthatstill remainsto bedeterminedis thechannelblockingproba-
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bility Bc
i . Westartthederivationby observingthatourfinite systemcanbedescribed

asa generalizedEngsetsystem.
By anEngsetsystemwe referto thewell known M � M � m� m� K systemwith a fi-

niteuserpopulation,see(Kleinrock1975).In a generalizedEngsetsystemtheusers
arenonidentical,that is their meanholdingandinterarrival timesaswell asthe re-
questedresourcescanbedifferent.Moreover, we allow theholdingtimesto have a
generaldistribution.

The channelsin our systemrepresentthe usersin the Engsetsystem.Whenthe
channelis on, the ‘user’ is active, andwhen the channelis off, the ‘user’ is idle.
Thus,the holding time of useri in the generalizedEngsetsystemis generallydis-
tributedwith meanTi � on, andthe interarrival time is exponentiallydistributedwith
meanλ 
 1

i . As a consequence,we deducethat the channelblocking probability Bc
i

equalsthe call blocking probabilityof useri in the correspondinggeneralizedEn-
gsetsystem.Similarly, thetimeblockingprobabilityBt

i equalsthatof thegeneralized
Engsetsystem.

The time blockingprobabilityof useri in thegeneralizedEngsetsystemcanbe
calculatedfrom thefollowing formula:

Bt
i � ∑C

j � C 
 ci � 1π j

∑C
j � 0π j

� (18)

whereπ j is theprobabilitythat j capacityunitsareoccupiedin aninfinite systemas
definedin equation(11).In thespecialcasethatci � 1 for all i, this followsfrom the
resultof Cohen(1957).In thegeneralcase,it canbeshown to follow from the in-
sensitivity propertyof theproductform probabilitiesof amultiratelosssystem(Hui
1990).It is alsoknown that thecall blockingof useri equalsthe time blocking(of
useri) in asystemwhereuseri is removed.Thusthechannelblockingprobabilityis
asfollows:

Bc
i � ∑C

j � C 
 ci � 1 π � i �j

∑C
j � 0 π � i �j

� (19)

whereπ � i �j is the probability that j capacityunits are occupiedin an infinite sys-
temwith useri removed.Theseoccupancy probabilitiescanbe identifiedfrom the
probabilitygeneratingfunction

∞

∑
j � 0

π � i �j zj � ∏
k 
 I 
�� i �

� qk � pkz
ck � � (20)
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whereI 	�� i � denotesthereducedsetof users.Alternatively, in orderto save com-
putationaleffort, onemayusedeconvolution,whichmeans

∏
k 
 I 
�� i �

� qk � pkz
ck ��� P � z�

qi � pizci
� (21)

but numericalproblemsmayarisefor largesystems.
To summarize,the call blocking bc

i canbe calculatedfrom formula (17) by us-
ing (19). Note that thedenominatorin (17) is alwaysgreaterthan1. Thus,thecall
blockingbc

i seenby a usersubscribingto channeli is alwayssmallerthanthecor-
respondingchannelblockingBc

i . This reflectsthefactthattheuserssubscribingto a
channelwhile thechannelis ondonotexperienceany blocking.Weseealsothat,for
themostpopularchannels,blockingseenby a userdropspracticallyto zero,since
theexponentialtermin thedenominatorgrows rapidly with ai (bc

i � Bc
i e
 ai ). For a

channelwith ai � 1, thechannelblockingandthecall blockingseenby a userare
approximatelythesame.

Sincebc
i � Bc

i � Bt
i , anupperlimit for thecall blockingis thetime blockingin a

systemwith all channelspresent.No call blockingseenby a usercanbehigherthan
this, but call blocking for userapproachesit for channelswith channelpreferences
αi nearzero.

4 AN EXAMPLE

As anexample,a truncatedgeometricdistribution is usedfor channelchoosingpref-
erences:

αi ∝ � 1 	 p� i 
 1 � i � 1 � 2 � ����� �! I  "� (22)

wherethe index i is the channelnumber. With this numberingthe channelsarein
a descendingorderaccordingto the usage.For numericalcalculationswe choose
p � 0 � 2 and  I  � 200.We choosethe averageviewing time 1 � µ � 900s to be the
samefor all channels,andλ � µ � 3 � 5 # 106. Thelink capacityisC � 70channels,and
eachchannelhasidenticalcapacityrequirementci � 1.

First, we consideran infinite capacitylink. The channelusagespi aredepicted
in figure3 asa functionof channelindex i. Themeanandvarianceof thenumber
of usedchannelsarecalculatedfrom equations(8) and(9). They are63.4and3.11,
respectively. In this example,whereall capacityrequirementsareequalto 1, these
samevalueshold for meanandvarianceof capacityrequirementfor the channels.
Thelink occupancy distribution,π j , equation(11),is presentedin figure4.Themean
channelon times,Ti � on, equation(16), for this examplearepresentedin figure5. As
expected,themostpopularchannelshavepracticallyinfinite on times.

Thenwe considera systemwith finite link capacityin a link, C � 70. Call and
channelblockingprobabilities,equations(14)and(19)respectively, for eachchannel
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Figure 3 Channelusageversuschannelindex for geometricallydistributed user
preferences.
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Figure 4 Link occupancy distributionfor geometricallydistributeduserpreferences.

areshown in figure6. This shows clearly that thecall andchannelblockingproba-
bilities differ for themostpopularchannelsfor which thereis ahighprobabilitythat
thechannelis alreadyonwhentheusersubscribesthechannel.

5 SUMMARY

In thispaper, wehavepresentedamethodfor calculatingthecall andchannelblock-
ing probabilitiesin a link carryingmulticasttraffic. Multicasttraffic hastheproperty
of requiringlesslink capacitythana setof point to point connectionsproviding the
sameconnectivity.

The blockingcalculationpresentedgivesus a grip of TV or radio delivery on a
circuit switchedmulticastsystem,suchasanATM network with virtual circuits.We
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Figure 5 ThemeanontimesTi � on in secondsfor eachchannel.
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areableto calculatethecapacityneededfor alink, theaveragechannelontimes,and
blockingintroducedby finite capacity.

Thecalculationstartedfrom a distribution of theusers’preferenceson multicast
channels,from whichwederivedthelink occupancy distributionin aninfinitecapac-
ity system,and,further, theblockingprobabilitiesin a finite systemby mappingthe
problemto anequivalentgeneralizedEngsetsystem.Finally, anexamplewasgiven
with thegeometricdistributionof users’preferences.

In this paper, we have limited ourselves to the caseof a single link. The case
whereblockingoccursonseverallinks of a network is left for futurework. Possibly
methodssuchasReducedLoad Approximation,seefor example(Ross1995),can
beused,but blockingsonsuccessive links mayexhibit significantdependencies.

It is alsolikely that the users’actualpreferencedistribution affectssignificantly



Summary 11

theblockingintroducedin thenetwork.Thispartof thestudywouldrequirestatistics
from areal-life trace,andis left for futurework.
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