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1. Introduction

"It is the only physical theory of universal content which I am convinced
will never be overthrown, within the framework of applicability of its ba-
sic concepts.” - Albert Einstein. Einstein correctly predicted that the laws
of thermodynamics have kept their place among the most fundamental
laws in physics. The generality of the concepts in thermodynamics makes
it particularly useful, explaining a variety of phenomena, from basic heat
machines to abstract quantum systems. As modern nanotechnology has
developed, small devices and fundamental science at small scales have be-
come increasingly accessible and important from the perspective of tech-
nology and fundamental science. The current challenge in the field is to
extend the laws of thermodynamics to these small systems, which are of-
ten fluctuating and easily driven outside of equilibrium.

The standard theory of thermodynamics is a theory of averages over
large, well defined ensembles containing large degrees of freedom [3].
Outside equilibrium, and when the number of degrees of freedom in the
problem is small, no universal theory of applicability comparable to the
thermodynamics is known. Motivated by recent developments in nan-
otechnology, a great effort has been made to extend thermodynamics to
microscopically small systems and to non-equilibrium processes [4-9].
The common fluctuation relations, formulated, for example, in Refs. [10—
14], introduce remarkable equalities to describe non-equilibrium (irre-
versible) processes. These relations formulate thermodynamics by using
fluctuating variables such as entropy, heat and work, and connect those
to equilibrium variables, such as the Helmholtz free energy.

Recently, researchers have struggled to create a unifying framework for
different fluctuation theories. In setups where the dynamics are described
by stochastic equations of motion, such as Langevin equations or master

equations, a framework of stochastic thermodynamics has proven useful
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[15-18]. Stochastic thermodynamics resembles the traditional thermo-
dynamics but describes the processes in a single realization framework,
where the thermodynamic variables fluctuate and are not described by
averages only. This framework is particularly useful in systems in which
the average values are not sufficient to characterize the system due to
fluctuations. Typically, this happens in small systems where the scales of
energies are the order of the thermal fluctuations kpT.

In small systems, entropy production may be negative for single realiza-
tions. These realizations are sometimes referred to as microscopic viola-
tions of the second law of thermodynamics, however they do not exactly
break the second law, since the second law holds for the average entropy
production only [5]. Recently, a great interest has developed towards cre-
ating setups where the entropy production could also be negative on av-
erage [9,19-33]. In these setups part of the system may produce negative
entropy, however, by noting the entropy production in the surroundings,
the overall entropy production is positive, and thus the violation of the
second law is only apparent.

The modern setups where a part of the total system produces negative
entropy remind the cases of the famous information-to-energy thought
experiments by Maxwell [34] and Szilard [35]. In both of these setups an
intelligent being measures the microscopic state of the system and later
utilizes this information in a manner apparently contradicting the sec-
ond law. Recently, various theoretical [19-29], as well as experimental
[9, 30—33] realizations of modern information machines, where informa-
tion is utilized, have been proposed. The modern theoretical framework
describing these information machines, formulated by using stochastic
thermodynamics and information theory, is called information thermo-
dynamics [27,36-41]. The main area of interest in information thermo-
dynamics is measurement and feedback, which can be used to control the
microscopic degrees of freedom and thus the fluctuating thermodynamic
quantities.

Fluctuations and dissipation at small scales are not only scientifically
important, but to control and typically to minimize those in the operation
of nanoscale devices, is a crucial task in pushing the boundaries of nan-
otechnology. In addition, a better understanding of measurements and
feedback in small systems, and the role of information in the operation of
small systems in general, may help to develop new, unconventional small

scale devices.
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1.1 Historical overview on stochastic thermodynamics

The theory of thermodynamics dates back to 19th century, to pre-industrial
times, when Kelvin, Carnot and others developed means to better under-
stand the functioning of heat machines [3]. Later in the 19th century
and in early 20th century the microscopic foundations for thermodynam-
ics were laid by Maxwell, Boltzmann, Planc, Clausius, Gibbs and various
other physicists and mathematicians creating the framework of statis-
tical mechanics. In this framework the thermodynamic quantities were
explained from microscopic dynamics and properties of the system using
equilibrium ensembles [42].

While statistical mechanics and thermodynamics were, and still are use-
ful, it was clear that these theories are not able to describe majority of the
processes occurring in nature. A typical feature in nature is that processes
rarely take place in equilibrium conditions. Thus it became relevant to ex-
tend the theory to describe non-equilibrium conditions. This was done by
using linear response theories, formalized for example in Onsager recipro-
cal relations [43] and in Green-Kubo formulae [44,45]. However, although
these relations are often called non-equilibrium statistical physics, they
still rely on the equilibrium ensembles and should be thus considered re-
ally as near-equilibrium statistical physics. While equilibrium behavior
of various systems share general features, the non-equilibrium behavior
is usually system specific, which makes a general theoretical framework
hard to develop.

The modern era of thermodynamics at small scales began in the late
1970’s when Bochkov and Kuzolev derived an equality describing fluc-
tuating values of work [10, 46]. Later, in 1990’s, the fluctuation theo-
rem, Jarzynski equality and the Crooks fluctuation relations were intro-
duced [11,12,47-50]. In this framework the thermodynamics of fluctuat-
ing thermodynamic variables, defined for single trajectories, were formal-
ized using equalities. In the thermodynamic limit these equalities yield
known thermodynamic inequalities. The fluctuation theories were stud-
ied in the context of both Hamiltonian and stochastic evolution of motion.
In 2000’s Sekimoto, Seifert and others extended the thermodynamics of
fluctuating variables under stochastic evolution of motion, now commonly
referred to as stochastic thermodynamics [14-16,18,51].

The major development in the thermodynamic description of small sys-

tems in the recent decade has been to include the possibility to manipu-
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late the system by performing measurements and feedbacks. This field,
developed by Sagawa, Ueda and others, called information thermody-
namics, consider correlations between systems and formulate them using
concepts such as mutual information [21, 36-39, 52]. As a result, vari-
ous theoretical as well as experimental realizations of information ma-
chines [9,19-26,29-33] have been studied.

While stochastic thermodynamics and information thermodynamics have
broadened our knowledge on non-equilibrium thermodynamics, especially
at small scales, many open questions still remain. Most of the results rely
on neglecting of interaction energies between the system and its envi-
ronment, and on clear separation of timescales. In particular, in small
systems it is not always so clear that these assumptions can be made and
how they change the descriptions of thermodynamic quantities. Informa-
tion thermodynamics in general is still a developing field and, for exam-
ple, it is not always clear how the measurement and feedback should be

interpreted in a specific model system.

1.2 Objectives of the thesis

The accurate testing of various fluctuation theorems in a well defined
interacting system, satisfying requirements of physical feasibility and
where large statistics can be obtained, is a cumbersome task. In this
thesis we use systems based on single electron tunneling at low temper-
atures, which satisfy the above requirements. We use Monte Carlo sim-
ulations, numerical solving of master equations and analytical methods
based on stochastic thermodynamics and information thermodynamics to
study stochastic thermodynamics with system-environment and system-
system correlations.

The topic of the first part of the thesis is work and entropy fluctuations
in a system, where the environment and the system are correlated to each
other so that the environment becomes time dependent during the driving
of the system. In Publications I and II, to our knowledge for the first
time, we take the time dependence in the environment into account in
a stochastic model. We show that this results into an additional non-
Markovian entropy generation terms, which modifies the work fluctuation
relations. In addition, by building a model which is realized in a driven
single electron box system, we are able to identify the non-Markovian

terms in the setup.
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The second part of the thesis is devoted to studying correlations in sto-
chastic thermodynamics by using information thermodynamics. In Publi-
cations III and IV we study two different realizations of Maxwell’s demon
devices. In both the setups the energetics of the total system, consisting
of the system of interest and the demon, are accessible. Thus the thermo-
dynamics of the whole system-demon compound can be accurately stud-
ied. Publication III is the first experimentally feasible setup where the
measurement and the feedback are performed separately and the setup
contains both the microscopic demon and the setup itself. Publication IV
studies thermodynamics and efficiency of information production and uti-
lization in an autonomous Maxwell’s demon setup, where the demon acts
independently, measuring and performing feedback without any external

control.

1.3 Organization of the thesis

The first chapter of the thesis is devoted to a short introduction to stochas-
tic thermodynamics and information thermodynamics including the main
topics of the thesis. In Chapter 2, we introduce the basic concepts in
stochastic thermodynamics and derive the most common fluctuation theo-
rems. In Chapter 3, we introduce the stochastic thermodynamics of single
electron tunneling, used especially in Publications I-III, but also partly
relevant for Publication IV. Chapter 4 explains the results of Publications
I and II: the fluctuations of work and entropy in a non-Markovian environ-
ment. Chapter 5 is devoted to the information thermodynamic description
of stochastic thermodynamics including the review of the results of Pub-
lications III and IV. Chapter 6 presents the summary and conclusions of

the results presented in this thesis including future research directions.
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2. Stochastic thermodynamics

In this section, we briefly review the basics of stochastic thermodyna-
mics. We derive the thermodynamic quantities for single realizations us-
ing stochastic evolution of motion. We also derive the most important
fluctuation relations, namely the integral fluctuation relation for entropy
production, the Jarzynski equality and the Crooks fluctuation theorem.
For those interested in further details, numerous articles on this matter

exists, see e.g. [15,16] and references therein.

2.1 Energetics in Markovian dynamics

Let us denote the state of a system at time ¢ by «(¢). We assume that the
state of the system belongs to a discrete set of states, z(t) € {1,2,...,k}
and has an energy E,). Furthermore, we assume that the system is
manipulated using external time dependent control parameter A(¢), which
could be realized for example by an external time dependent magnetic
field. As a result, the energies of the states depends on time due to the
time dependence of the external control, i.e. the energy of the system is
given by I, (t). We assume that the dynamics are stochastic, the process
takes place in discrete time splitting ¢;11 = ¢; + At, and denote w, o, , ()
as the transition rate from x;_; = x(¢;,_1) to z; at control parameter value
i = A(t).

Assume that the system state changes from z;_; to z; at time ¢;. The en-
ergy released from the system in this transition is given by Q; = E,, , (t;)—
E,,(t;). Since we are dealing with an interacting system, the energy re-
leased is deposited to the environment and thus Q); is the heat dissipated
to the environment. During a trajectory x, from zy = 2(0) to zy = x(ty),
consisting of n transitions, evolving through states x = {zg, z1,x2, ..., 2, }

and driven by A(t), the total dissipated heat is given by Q[x] = I | Q;.

17



Stochastic thermodynamics

In addition to the transitions driven by the interaction with the environ-
ment, the energy of the system changes due to the drive \(¢). That is to
say, even if the state does not change between ¢ €]t;_1, t;[, the energy of the
system changes by W; = E,, ,(t;) — Ex, ,(ti—1). Since during this interval
there is no energy escape to the environment, the energy change W; is the
work done to the system. The total energy change during a trajectory x is

then given by

AE[X] = Eq(tf) = Exo(to)

= Z{[Ell(tl) — By, (fl)] + [Ezi—l(ti) - Ezi—l(ti_l)}} = 7Q[X] + W[X]v
i=1
2.1
where W is the work done during the trajectory. Equation (2.1) is the first

law of thermodynamics for trajectory x.

2.2 Entropy production

We proceed to study the entropy generated in a single realization. By
defining the time reverse process by #(t) = z(f) = z(t; — t) under control
parameter protocol A(t) = \(f) = A(t; — t), the total entropy generation of

trajectory x is defined as

ASp = ASg + ASp — In P12l PIxlzol (2.2)
prlo] PIX[To]

where ASs is the change in the system entropy and ASy is the entropy
flow to the environment, p[x|zy] and p[X|Zo] are the probabilities of the
forward and reverse path x = {%, %1, Z2, ..., Zn} = {@n, Tn_1,Tn—2,...,To},
and prlzo] and pp[Zo] are the probabilities of the initial and final states,
respectively [14,15,53]. If the dynamics are stochastic and governed by a
Markovian master equation, the probability of a path x is defined as the

product of the probabilities of the path constituents:

t N4 n tit1 N 4!
p[X‘on} —e ftol Wag, g (1) dt mei,xi,l(ti)e_ fti Wa ey (t)dt , (2.3)
i=1
where wy, ;, = 1 — >, wy; 0, is the diagonal element of the rate ma-
trix w, corresponding to the rate of no transitions and ¢,,; = t;. Thus

41
e tf' Wy (E)dt

corresponds to the probability of not making a transition
from state z; during the time ¢ € [t;,¢;+1]. Similarly the backward path
probability of a realization x is defined as

i

~ oty Nt n = [ G (H)dt
BElEg] = ¢ o 0O T g o (e S O @

i=1
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Stochastic thermodynamics

where &(f) = w(ty —t) is the time reversed rate. By making a change of

variables t' — ty — t/, the backward path probability is given by

n
I _tr N _ tn—H—lw ) () dt!
p[x\xo} =€ Juny @anan (¢t | | Wiy En—it1 (tnfi)e ft"ﬂ' eeni () .

i=1

(2.5)
By making a change of variables i — n — i, we note that the ratio of the

path probabilities, the entropy flow of Eq. (2.2) is given by

- Ti i1 ti
ASp[x] =[] 57&; (2.6)
im1 YTi—1,2i\"

where wy, », ,(t;) is the transition rate from z;_; to x; at control parameter
value A(t;).

If the stationary distribution of the process with a fixed value of A(;)
is the canonical equilibrium distribution p(x;) o exp[—BE;,(t;)], rates are

connected by the detailed balance condition (DB):

wx“xi’l(ti) = e PPt — PQi 2.7
wm—lym(ti) 67ﬂEl77_1(t7'> ‘ '

We note that the condition above does not require that the process takes
place in equilibrium [48]. Rather, it is an constraint placed on the ratio of
rates which assumes that the environment is an ideal heat bath at an in-
verse temperature § = 1/kpTp. Often the condition of Eq. (2.7) is referred
to as the local detailed balance condition (LDB). However, LDB is the ob-
servation that the constraint of Eq. (2.7) continues to hold for individual
reservoir induced transitions, even when system is coupled to multiple
reservoirs. By applying the LDB condition to Eq. (2.6), the entropy flow
becomes

ASp[x] = BQ[x], (2.8)
and the total entropy production is given by

pr [170]
pr[To]

AS7 = ASg + ASp = In + BQ[x]. (2.9)

Outside of equilibrium no well established definition for a single real-
ization of entropy production exists. The total entropy production ASy in
a trajectory was defined through Eq. (2.2). However, the trajectory de-
pendent system entropy part Sg as a Shannon entropy Sg = —kp Inp(x) is
justified by the fact that at least its average (Ss) = —kp > p(z)Inp(z) in
equilibrium is the thermodynamic entropy of the system. Furthermore, by
assuming that the environment is an ideal heat bath (DB condition), the

entropy flow becomes the entropy increase caused by the heat transfer to
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Stochastic thermodynamics

the environment (Eq. (2.8)). In this case the entropy flow is often referred
to as medium entropy production or reservoir entropy production and the
mathematical definition of Eq. (2.2) coincides with classical definitions of
entropy. Furthermore, the non-equilibrium entropy S has been shown to
satisfy the non-equilibrium second law, connecting entropy to work and to
the non-equilibrium free energy [54].

Another justification for calling ASy, defined as in Eq. (2.2), as the
entropy comes from the fact that ASy satisfies the detailed fluctuation

theorem (DFT):
prlzolp[x|zo] _ s, (2.10)

prlEolpX|To] 7
which due to conservation of probability implies the integral fluctuation

relation (IFT):
(e=ASTy _ / prlolplx|zo]e=257 D[x] = / prlaolpRT DR = 1, (2.11)

where the integration is over all the possible paths. The equations above
have been derived using other type of equations of motion, including hamil-
tonian dynamics [13,17,49,50]. Furthermore, IFT and DFT have been
experimentally verified with various different setups [1,4,6,31,55].

The DFT (Eq. (2.10)) states that the probability of observing a realiza-
tion with negative entropy production ASy[x] < 0, is exponentially sup-
pressed compared to its positive entropy producing counterpart ASy[X] =
—ASpr[x]. Thus it’s extremely rare, and impossible in the thermodynamic
limit, to observe a macroscopic violation of the second law. In order to
observe realizations with negative entropy production with a reasonable
probability, the entropy production must be small in the process. Fur-
thermore, using Jensen’s inequality, the IFT (Eq. (2.11)) implies that on

average the total entropy must be positive
(ASt) > 0. (2.12)

Remarkably, the second law of thermodynamics can thus be derived us-
ing stochastic microscopic equations of motion. However, one could argue
that the second law was built in from the very beginning by defining the
entropy as in Eq. (2.2).

2.3 Work fluctuation relations

In this section, we derive two famous fluctuation relations, namely the

Crooks fluctuation relation, which is an special case of the detailed fluctu-
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ation relation (Eq. (2.10)), and its integral version, the Jarzynski equal-
ity [11]. While these fluctuation relations can be considered merely as a
special cases of the entropy fluctuation relations, due to historical reasons
they deserve special attention in this thesis. Furthermore, these fluctua-
tion relations, often called as work fluctuation relations, are particularly
useful as they connect non-equilibrium quantities (work) to equilibrium
ones (free energy). In Publication I we study the Jarzynski equality using
the single electron box introduced in the next Chapter.

First we derive the Crooks fluctuation relation by assuming the micro-
scopic reversibility condition

pElzo] _ pom (2.13)
plx|o]

which follows from Eqgs. (2.2) and (2.8). The microscopic reversibility
condition can be also derived using a slightly more general assumption
of balance condition instead of the local detailed balance condition [48].
Furthermore, for the time being we assume that the process starts and
ends in canonical equilibrium, even though in the end it turns out that
the final state can be arbitrary. In equilibrium, the probability of sam-
pling a state x(t) is given by p[z(t)] oc exp[B(F(t) — E,)(t))], where F(t) =
-7 tnY", E, ) (t) is the Helmholtz free energy. We note that equilibrium
quantities are time independent, but we explicitly write the time in z(%),
E(t) and F(t) which refers to the value of the external control parameter
A(t). By combining the microscopic reversibility condition (Eq. (2.13)) and
the assumption on equilibrium initial and final states, we obtain

I [ffo}zi[lflf{o] _ (Q+AE-BAF _ S(W-AF) 2.14)

prlTolpX|Zo]
where we used the first law of thermodynamics (Eq. (2.1)). The equation
above is known as the Crooks fluctuation relation [12]. Its integrated
version

(@ W=30) — [ prfaalplxian]e®™ 2P Dix)
(2.15)

— [ prlaulpl&izo) Dl = 1

is known as the Jarzynski equality. During the derivation we assumed
that the final state at time ¢y has to be an equilibrium state of the pro-
cess. This, however, is not a necessary assumption. Assume that the
exists an addition relaxation phase at ¢ > ¢y, during which the system
is allowed to relax to equilibrium. The work and free energy would not
change during the relaxation because work and free energy are functions

of the control parameter A(¢). Thus the work and the free energy, and
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therefore the value of the dissipated work W — AF, is the same whether
the process ended in equilibrium or not. Further discussion on this issue
and Jarzynski equality in general can be found in Ref. [5].

Both the Crooks fluctuation relation and the Jarzynski equality are
remarkable because they connect equilibrium quantities (AF) to trajec-
tory dependent non-equilibrium quantities (7). Furthermore, Eqgs. (2.14)
and (2.15) are both equalities describing non-equilibrium processes. On a
macroscopic level these processes are described by inequalities, of which

the second law of thermodynamics is the most famous one.
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3. Stochastic thermodynamics in single
electron tunneling

Quantitative testing of fluctuation theorems is a cumbersome task. Sta-
tistically significant realizations with negative values of dissipation are
rare, but it is exactly these values that have large contribution to the
exponential averages, like those in the Jarzynski equality or in the inte-
gral fluctuation theorem. Therefore, one typically needs a large number
of realizations to make statistically reliable estimates on the exponential
average. In addition, one needs an interacting system that is experimen-
tally feasible and in which the theoretical framework for dissipation is
well defined.

The first experimental verifications of the fluctuation theorems were
performed using polymer pulling experiments [4-6]. However, the prob-
lem with these systems is the limited number of realizations one is able
to obtain. Furthermore, the analytical and numerical modeling of these
systems is cumbersome.

The systems used in this thesis are based on single electron tunneling at
low temperatures, like the single electron box which we introduce briefly
in this chapter [66-59]. The single-electron devices satisfy the require-
ments of a limited number of relevant degrees of freedom, and clear sep-
aration of time and energy scales, making them particularly suitable for
studying thermodynamics at small scales. Furthermore, single-electron
devices are robust so that a large number of repetitions can be obtained in
a short time, and the processes are relatively easy to model analytically
and numerically [1,60—62]. In this section, we will also briefly outline
the basics of semi-classical single-electron tunneling at low temperatures,

used in Publications I-IV.
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Stochastic thermodynamics in single electron tunneling

3.1 Tunneling rates

The tunneling rates we use in this thesis can be formally obtained us-
ing a Fermi golden rule calculation of voltage biased elastic tunneling.
As a starting point, we assume that the Hamiltonians of the two sides
of the tunnel junction, the left and the right side, are given by H; =
Do Ekcz,ack,o and Hp = 3, , €4Ch.0Cq.0, Tespectively. Operators CL,U and
¢k, are the standard creation and annihilation operators of electron with
spin ¢ and wave vector k or ¢ with energies ¢; and ¢,, respectively. The
charge transfer process from the left to the right electrode is described by
the tunneling Hamiltonian Hr, = 3,  , = Tk7qci’gcq,ﬂ, where T}, , is the
tunneling matrix element between states k£ and ¢. By carrying out a stan-
dard Fermi’s golden rule calculation of the transition rate from an initial
state i to a final state f in the perturbing Hamiltonian Hy ;,, one obtains

a tunneling rate

i)25(Ey — Ey), (3.1)

2
Vi = f\(f\HT,L

where Ey and E; are the energies of the final and initial states. We do
the standard assumptions of elastic theory of tunneling, namely that the
tunneling matrix elements do not depend on the wave vector, T}, , = 7.
Furthermore, we assume that the timescales involved are longer than the
electron-electron relaxation timescale and thus the electrons on the leads
can be considered to form a Fermi gas. The tunneling rate is then given
by:

Pnes =Y vree= 20E [~ DUODRO Sl ~ fnles e, 32

if -

where Dy and Dy are the densities of states on the left and right junc-

tions, and fr(e,ur) and fr(e, ugr) are the Fermi functions of the left and
right electrodes describing the occupation probability of a state with en-
ergy e in chemical potential . Term f7, (e, pu1.) is the occupation probability
of the state with energy ¢ in the left electrode at chemical potential 1, and
inverse temperature 5;. Term 1 — fr(e, ug) is the probability of not occu-
pying the state with energy ¢ in the right electrode at chemical potential
ur and inverse temperature Sr. Since the product of the Fermi function
almost vanishes outside small energy window pur — up, the densities of
states Dy, and Dpg can be considered constants and thus taken outside of
the integral. The total tunneling rate then becomes

1 o0
1_‘R(—L = Z’Yfez = %/ dEfL(ﬁa ,U‘L)[l - fR(67 /‘LR)]v (33)
if -
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Stochastic thermodynamics in single electron tunneling

where the constant Ry = h/(2n|T|?D1, D) is the tunneling resistance.
Let us now denote the difference in the chemical potentials as AU =
i1 — R, which is often called the “charging energy difference”. AU corre-
sponds to the electrostatic work done in transferring the electron charge e
over the bias voltage V, thus AU = eV. By changing variables F = ¢ — uy,
and by measuring the energy from the Fermi level of the left electrode,

the tunneling rate is given by
>0 1 1
Trer = e2Ry [m deeﬂ(eﬂu) +1 - eBle—pr) 41
1 & 1 1

ZT’RT/ dEeBLE+1[1_66R<E+AU>+1] (3.4)

—0o0

= ﬁ /: dEfL(E)[1 — fr(E + AU)],

]

where we have dropped the chemical potentials from the notation and
use AU instead. In the case of quantum dots, used in Publication IV,
the tunneling rate takes a slightly different form, since the continuous
Fermi distribution of states is replaced by a single state with energy ¢,.
For example, if the right lead is replaced by a quantum dot at the same
temperature as the left lead 3;, = 3, the number of empty states in the
dot is given by d(eq — E) (cf. 1 — fr(e, ur)) and thus the tunneling rate is

given by
1

I'per =

where the coupling strength is given by T' = (27|T|>D},)/A.

A more accurate treatment of tunneling phenomena would include the
electromagnetic environment of the tunnel junction in the calculations
[63]. However at sufficiently high temperatures, the simple model is in

good agreement with experimental results [64].

3.2 Dissipation in voltage driven tunneling

In this section, we discuss fluctuation theorems in a more concrete con-
text by introducing a simplistic single-electron tunneling device, the sin-
gle electron box (SEB), used in Publications I-IT and shown in Fig. 3.1.
The SEB system consists of a metallic island, which is coupled to a metal-
lic electrode (the lead) by a tunnel junction and to another electrode by a
capacitor. The lead and the capacitor are attached to a voltage source that
biases the tunnel junction with voltage V,(t). The electrons may tunnel

between the lead and the island, but not between the capacitor and the
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island. By controlling the bias voltage, we can control the rate of tunnel-
ing between the lead and the island in which the tunnel junction allows
electrons to enter or leave the island.

We perform a certain protocol, a schedule in which the bias voltage V(¢)
is changed in time, multiple times, and gather the value of dissipation
from each realization of the stochastic tunneling process. The distribution
of dissipation obtained can then be used, for example, in testing fluctua-
tion relations. Here, we focus on the normal metal version of the SEB,
while in the experimental realizations, it is convenient to have lower tun-
neling rates and thus use tunnel junctions between normal metals and

superconductors or semiconducting quantum dots [1,62,64].

Figure 3.1. On the right a schematic picture of an SEB. On the left a photograph of the
SEB and a charge measurement device (on the upper right side of the island),
manufactured at O. V. Lounasmaa Laboratory, Aalto University.

The key feature of the single electron box is that at low temperatures,
when the charging energy of the box E¢ is much larger than the scale of
the thermal fluctuations kT, typically order of 10 to 100 k5T, the island
has a well defined discrete number n of excess electrons at all times. In
a metallic SEB, the total equilibrium number of electrons is large, of the
order of 10°, whereas n describes the deviation from that number. The
number of excess electrons n on the island, corresponding to the state of
the system, can be experimentally observed in real time by capacitively
monitoring the charge of the island, as shown in Figure 3.2.

The energetics of the system are given by its Coulomb energy, repre-

sented by the Hamiltonian
Hg(n,ng) = Ec(n —ny)?, (3.6)

where Ec = ¢%/(2C%x) is the charging energy, ¢ is the electron charge,
ng = CyVy/e is the scaled voltage, and Cx = C7 + Cy + C is the total
capacitance, which is given by the sum of those of the tunnel junction

Cr, the gate capacitance Cy, and the self capacitance Cy of the island.
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Figure 3.2. Experimental data showing the controllability of the SEB. The black line
describes the state of the island and the red line the gate voltage. The signal
represented by the black line has two clear distinct values, the upper one
corresponding to the excited state n = 1, and the lower one corresponding to
the state n = 0. When the bias voltage is in its minimum, n, = 0, and the
state n = 0 is favored. In the maximum value of bias, n, = 1, and the state
n = 1 is favored. By ramping the bias, the state n changes, as shown in the
lower right panel. By fixing the value to n, = 0.5, the occupation probability
of both states n = 0 and n = 1 are equally probable, as shown in the lower
left panel. The top panel shows data from a 4-second-long process. The lower
panels show parts of the process in more detail. The figure is taken from
Ref. [64].

The constant E¢c gives the unit of energy to charge the box by an extra
electron. To simplify the notation, we scale the gate voltage V;, and refer
to ng = CyV, /e as the control parameter in the setup. In a well-controlled
experiment, the state of the SEB can have only two possible values, say
n = 0 and n = 1. To achieve this regime, the SEB needs to be operated
at low enough temperatures, kgT < E¢, and the values of the control
parameter n, may vary within one period (amplitude < 1) only.
Depending on the value of ng, either state n = 0 or n = 1 can be made en-
ergetically favorable, as can be seen from Eq. (3.6). Protocols we study in
Publication I start from equilibrium at control parameter value n,(0) = 0
and end to ny(ty) = 1. Almost certainly in these processes, the initial
state is n = 0 since the probability of excited state n = 1 is exponen-
tially supressed by exp[—SE¢c] ~ exp[—40]. In the end of the process at
control parameter value ny(t;) = 1, the state of the system is almost cer-
tainly » = 1 and thus at least one tunneling event has occurred some-
where between ¢ € [0,t¢]. Each of the tunneling events dissipate heat
by Q*(t) = Hg(n',ny(t)) — Hs(n',ny(t)) = £Ec[2ny(t) — 1], where the +
sign corresponds to a tunneling in (n° — nf : 0 — 1) event and - to tun-
neling out (n* — n/ : 1 — 0) event. The dissipated heat Q*(t) = FAU
corresponds to the electrostatic work +AU(t) = +(ur(t) — 11(t)) needed to
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Figure 3.3. Probability distribution of dissipated work W — AF for periodically driven

SEB (AF = 0) for two different process speeds. Since it is extremely rare
to observe a realization with a change in internal energy of the SEB, the
work done equals the heat dissipated within the resolution accuracy of the
figure. Thus the dissipated work in this case equals the dissipated heat. The
faster process dissipates more, and for both process speeds, we can obtain
negative values of dissipation. However for both speeds, the second law of
thermodynamics is satisfied since dissipation is positive on average. Dissipa-
tion unit F. (set to 40 kg T in the simulations) is the charging energy of the
island. Data comes from Monte Carlo simulations with frequencies 105"
and 107s~! taken from Publication I.

transfer the charge over the potential barrier, with a - sign. Here, x; and

1z, are the chemical potentials of the island and the lead, respectively.

The total dissipation in the process is given by the sum of the individual

dissipating events. By repeating the protocol multiple times, we obtain

statistics from the dissipation. Fig. 3.3 shows typical dissipation results

from Monte Carlo simulations used in Publication I. More discussion on

the energetics and different thermodynamic variables in the context of
the SEB can be found in Refs. [60,61].
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4. Non-Markovian stochastic
thermodynamics

Markovianity in general means that state of the system z(¢ + At) at time
t + At > t, or at least its probability, can be known from the state x(¢).
Interacting system is Markovian if all the degrees of freedom in the envi-
ronment relax to equilibrium faster than that of the system. Thus, there
is neither coupling nor back-action, often referred to as memory effects,
caused by the coupling of degrees of freedom between the system and the
environment. In this case, the environmental degrees of freedom can be
coarse grained away, and the system evolution can be described using the
system degrees of freedom alone. However by definition, an interacting
system always has coupling of degrees of freedom between the system and
the environment through an interaction Hamiltonian. Therefore, Marko-
vian evolution is always, strictly speaking, an approximation for an in-
teracting system. Especially for small systems and when interested in
single realizations of a process, the non-Markovian effects may become
important.

Some recent works have investigated entropy production under non-
Markovian dynamics by considering different types of memory or by us-
ing thermodynamic arguments [8,65—69]. However, the crucial assump-
tion behind these models is that the environment is modeled by an ideal
equilibrium environment and thus there cannot be non-equilibrium exci-
tations in the environment during the process [67].

In this section, we address systems with a non-Markovian environment
using stochastic thermodynamics and simultaneously review Publications
I and II. In these setups, the environment is not static, but the dissipation
from the system will affect the environment, causing back-action to the
system. To study single realization thermodynamics, we must extend the
framework to include the environmental degrees of freedom, which char-

acterize the environment’s time-dependent deviation from equilibrium. In
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particular, we use the SEB system in a non-Markovian regime as a model

system in which the results can be realized.

4.1 Work fluctuation theorems

In this section, we consider the SEB in an experimentally feasible situ-
ation, where the collective electrons on the island are driven away from
equilibrium by energy deposition from the tunneling electron. The re-
alization of this regime requires a small heat capacity of the island. The
relaxation of non-equilibrium excitations (the electron-electron relaxation
rate), created by energy deposition of a tunneling electron, is the fastest
time scale in the setup. In experiments, the internal relaxation time is of
the order of 7,_, = 1077 s, while the the relaxation time back to the equi-
librium by the coupling to the phonon bath of the substrate on which the
SEB is fabricated, is of the order of 7._, = 10~* s. If the process timescale
74 satisfies 7._. < 74 < Te—p, the electrons on the small metallic island
of the tunnel junction adopt a Fermi distribution at an effective temper-
ature during the drive, which can be seen as a change in the tunneling
rates [55].

We note that the effective temperature is a result of the stochastic en-
ergy deposition from tunneling electrons due to the driving of the control
parameter. As a result the tunneling rates change as if the temperature
of the system would have changed. Thus, the effective temperature is a
result of system dynamics and is not controlled externally by another heat
bath. In typical experiments, the heat capacity of the small metallic is-
land is of the order of 1000kg, and the operating temperature around 100
mK, resulting in equilibrium temperature fluctuations in the order of a
few mK. Depending on the drive protocol, the speed of the drive in par-
ticular, the heat dissipation per tunneling electron is of the order of kgT
resulting in temperature fluctuations of the order of 0.1 mK per tunneling
event.

Let us consider that an electron with energy E tunnels from the lead
at chemical potential i, to the island at chemical potential p;. The en-
ergy of the system Hg(n,ny) (Eq. (3.6)) changes by the heat dissipated
wir — pr. The dissipated heat is divided between two sides of the tunnel
junction, the island and the lead. The heat deposited to the lead is given
by Qr = pur — E and the heat to the island by Q; = E — uy, as illus-
trated in Fig. 4.1. We note that the Fermi gas of electrons in both the

30



Non-Markovian stochastic thermodynamics

lead and the island are thus reservoirs for the system and the changes
in their energies, Q; and @y, are to be considered as heat. The system
in turn is represented by the electrostatic energy of Eq. (3.6). The en-
ergy of the system Hg(n,ny) thus excludes the energies of the electrons in
the Fermi gases, which are irrelevant for the electrostatic description of
the system. The total dissipated heat in the tunneling event is given by
Qr=(ur — E)+ (E—pr) = pr —pur = AU.

Figure 4.1. When an electron with energy E tunnels from pr, to us, the total dissipated
heat in the process equals the difference in the chemical potentials AU =
nr — pur. From the total dissipated heat, the left electrode receives Qr =
nr — E and the right electrode Qr = E — . The blue dots and the curves on
the lead and the island sides describe Fermi occupation probabilities of the
electrons.

The processes start from an initial equilibrium at time ¢ = 0. The elec-
tron energy distribution on the island is given by the equilibrium value
fr(0), where T'(0) = Tp is the temperature of the phonon bath. Assume
that at time ¢, an electron with energy E tunnels from the lead to the
island, depositing a heat amount of Q; into the island. Due to the fast
relaxation of the non-equilibrium excitation inside the island, the tem-
perature of the island changes rapidly to 7'(t) = T + Q;/C, where C is
the heat capacity of the island. Thus, the electron energy distribution on
the island after the tunneling event is given by fr;) [61,64]. Due to the
heating, the next tunneling event is driven by the tunneling rate

1

2Ry [ . frs(EE{1 — fru(£[E + AU(#)])dE, (4.1)

I () ) =

which depends on the previous tunneling events due to the temperature
T(t). Here + denotes for tunneling in and - for tunneling out. Thus,
there is memory of the previous states implying that the process is non-
Markovian.

In equilibrium, the rates I'* are local detailed balance (LDB) connected,
but if T'(t) # Tp, the LDB condition is broken. In publication I, we show
that by expanding the tunneling rates with respect to the inverse temper-

ature difference A3 = 1/kgT—1/kgTp, we obtain '™ /T = exp(—BAU)[1—
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%AU Ap], which yields the standard LDB in the case of Ag = 0. Using the
expansion in Af into first order, the work fluctuation theory for the dissi-
pated work W, = W — AF is given by

1

§<Q>AB. (4.2)

In the derivation of the result above, we assume that the protocol consists

<e—ﬁWd> =1

of a linearly increasing part ¢ € [0,%/2] : ny(t) = 2t/t; and a linearly
decreasing one t € [t;/2,t;] : ng(t) = 2 — 2t/t;. Furthermore, we assume
that during the increasing part of the protocol, only one tunneling in event
occurs, and in the decreasing part only one tunneling out event occurs.
Experimentally this regime, where the number of transitions is restricted
to one per increasing and decreasing leg is obtained with a fast change
of ny(t), that is, making ¢y short. In addition, we assume that during the
protocol, the temperature of the island does not relax to its equilibrium
temperature, which is reasonable given that the process is fast enough,
t; < Te—p, so that the electron-phonon relaxation rate plays no role during
the drive.

In Publication I, we study dissipation in the SEB system numerically,
using Monte Carlo simulations. The numerical results are also shown
in Fig. 4.2. The theoretical result of Eq. (4.2) and the results from the
Monte Carlo simulations using different heat capacity values C are in
good agreement in small values of AS. Deviation between the numerical
results and the theoretical prediction is to be expected in smaller heat ca-
pacity values, corresponding larger deviation in AS, since the result of Eq.
(4.2) is based on expansion in Aj3. Furthermore in the numerical simula-
tions, the number of transitions was not restricted to one per increasing
and decreasing leg.

The result of Eq. (4.2) states that the dissipated work W — AF does
not satisfy the integral fluctuation relation (exp [-S(W — AF)]) = 1 in
the SEB system if overheating is present. In Publication I, we show that
the total entropy production Sr, defined in Eq. (2.2), satisfies the inte-
gral fluctuation relation (exp[—5S7]) = 1 as we already expect from its
mathematical construction. Since the process starts from equilibrium,
meaning that the initial states are sampled from equilibrium distribu-
tion, W; = W — AF should coincide with the total entropy production S,
but clearly this is not so, since St satisfies the integral fluctuation relation
and W, does not.

The difference between S7 and WW; can be understood as a consequence

of the additional entropy production in the environment. This entropy
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Figure 4.2. Simulation results (triangles) of and the corresponding theoret-
ical approximation of the single jump and small temperature increase AJ of
Eq. (4.2) (dashed line). The horizontal axis shows the average temperature
increase AT /T after the first half sweep. The corresponding values of the
heat capacities from left to right are: 2000k, 1200k, 8000k 5, 600k g, 480k
and 440kp. Smaller heat capacity leads to a bigger change in the tempera-
ture. The error bars are the standard error of the mean of the corresponding
data. Each data point is obtained from 1.75 x 10'! independent realizations of
the tunneling process. The insets (a) and (b) show the sampling from simula-
tion with C' = 480kp with 1.75x 10'! realizations, (b) demonstrating explicitly
that even the tails of the distribution are well sampled. The charging energy
Ec was set to 40 kgT.
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is not measured from the work done from the system degrees of free-
dom alone. Therefore, to determine whether the work fluctuation relation
should hold or not, one should in principle measure the environment as
well and make sure no deviation from equilibrium is present. From the
point of view of experiments and accurate theoretical models, this is chal-
lenging. Furthermore, as discussed in the beginning of the this section,
non-Markovian effects are always present when the system interacts with

its environment.

4.2 Entropy production

We have shown that the fluctuations of dissipated work W; = W — AF
do not satisfy the integral fluctuation relation in the SEB system if the
electron population on the island is driven outside of equilibrium during
the process. However, the total entropy production as defined in Eq. (2.2)
satisfies the integral fluctuation relation. In this section, we study what
other components of entropy production exist in addition to the Marko-
vian entropy S™ = (W — AF). This additional non-Markovian entropy
production needs to be included in the entropy production to obtain the
full entropy production. The content of this section is based on Publica-
tion II, in which additional details can be found.

From a more general perspective and not limited to the SEB system
alone, we study entropy fluctuations in a system coupled to an environ-
ment that is not an ideal heat bath during the process. We assume that
there exists a subset of degrees of freedom of the environment that are
correlated with the dynamics of the system and do not relax to equilib-
rium defined by Tz on a time scale faster than that of the system. We call
these degrees of freedom the non-equilibrium subsystem (NE) of the en-
vironment, which cannot be described by the bath’s thermal equilibrium
distribution during the drive and must therefore be explicitly taken into
account. In the case of the SEB, the NE is realized by the 10° electrons on
the island.

In general, a rigorous study of such non-equilibrium fluctuations in the
environment requires a complete knowledge of the time evolution of all
the degrees of freedom inside the NE. However, if the NE has an inter-
nal relaxation time 7y g much shorter than the characteristic relaxation
time scale of the system 7g, we can simplify the problem. In addition,

we assume that the NE is weakly coupled to the rest of the environment
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Figure 4.3. A schematic of sources of additional entropy generation caused by non-
equilibrium exitations in the environment. The left panel illustrates a purely
Markovian system, in which the environment is assumed to stay in equilib-
rium during the process. The right panel shows the case of an NE, with a
measure ¢ that now constitutes a subset of the bath degrees of freedom. The
NE can be driven away from equilibrium due to the coupling to the system
leading to an additional entropy production (see text for details).

such that all the degrees of freedom in the NE mutually relax to a (non-
equilibrium) state at time scales Tyg < 75. We note that even if the
relaxation inside the NE is the fastest time scale, Markovian evolution
does not follow here. The NE is finite and due to energy deposition from
the system during the trajectory z, the NE will evolve through quasi-
equilibrium states different from the equilibrium state of the rest of the
environment. That is to say, the transition z; — ;1 is affected by the
earlier transitions {z; — 41}, where j < i, meaning that the evolution
is non-Markovian.

In Markovian dynamics, entropy production can be split into entropy
flow ASr and the system entropy generation ASg (cf. Eq. (2.2)). The
entropy flow is, due to the equilibrium property of the surrounding heat
bath, given by 3Q, where Q is the dissipated heat. In the case of the NE
setup, the entropy flow ASr is no longer given by 3Q since the heat dissi-
pated from the system does not transfer into an equilibrium environment.
Furthermore, the NE of the setup is now time dependent, so its Shannon
entropy will change during the process (ASyEg). In general, there can be
heat transfer from the NE to the rest of the heat bath (QF) and associ-
ated entropy flow generated by it (ASZ). In the case of the SEB example,
the latter terms will be neglected. In Fig. 4.3, we illustrate the different
entropic terms in the Markovian and the NE dynamics.

In the case of the non-Markovian SEB, the internal relaxation time of
the NE, 7ng, corresponds to the electron-electron relaxation time 7.,

which is the fastest time scale in the problem. Therefore, the electron
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population on the island forms a well-defined NE in the setup. Next, we
go through the modification to entropy production caused by the NE and
studied in Publication IT in more detail. First, since the system (the num-
ber of excess electrons n € {0, 1} on the island) is not driven by the equilib-
rium temperature bath, the Markovian entropy flow, Eq. (2.8) is replaced
by

ASr = BQr + ABQ, (4.3)

where the latter term is the additional contribution from the NE of the
setup, the small island. The term Q; is the heat dissipated to the island
in a transition. Equation (4.3) results from the fact that the system is
effectively driven by a different temperature heat bath during the drive.
Furthermore, another contribution to the non-Markovian sources is the
entropy of the NE, that is, the electron population of the island, given
by S; = —In fr, where fr is the probability distribution of the degrees
of freedom inside the NE (png), i.e. the Fermi function of the island at
temperature 7. In a tunneling event at time ¢, an electron with energy F,
which changes the temperature of the island from T; to 7;;; and the elec-
tron population distribution from fr, tofr.

1.1, induces an entropy change
of

G _ 1o JEIEE+AU)]
L [EE+AUQ)]

where the + sign corresponds to a tunneling in event and - to tunneling

(4.4)

out. As shown in the appendix of Publication II in detail, the rates are not
LDB connected (In[I'"/T~] = 3Q7), but connected through entropies ASy
and S;.

Initially, the NE is coupled to the bath, and the initial temperature 77
is sampled from distribution p;(77), which in equilibrium is normally dis-
tributed with a variance kgT?/C, where C is the heat capacity of the is-
land. This is due to the fact that the island is small and has a finite heat
capacity. Thus in addition to the tunneling events, S; can change due to
the heat transfer from the bath. The associated entropy is given by

pi (Ty)

AST =1n ,
! p(Tr)

(4.5)

where pp(TF) is the probability to sample the final temperature 7. We
neglected the entropic terms resulting from the interaction between the
NE (the island of the SEB) and the rest of the environment (the phonon
bath). This is justified by the fact that the electron-phonon relaxation

time 7,_, is orders of magnitude longer than the process time. Thus, we
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can assume that there is no energy transfer between the NE and its en-
vironment during the drive. In Publication II, we show that by adding
the correction to the entropy flow, A5Q;, and the change in the Shannon
entropy of the NE due to the heat transfer from the system (S;) and from
the outer equilibrium bath (SIT), defined in Eqs. (4.3), (4.4) and (4.5), re-
spectively, we obtain the full entropy production. This entropy satisfies

the integral fluctuation theorem

<efsT> _ <efﬁ(W—AF)—AﬁQ17ASI—ASIT> -1 (4.6)

To summarize, there is always additional entropy production along with
the Markovian sources of entropy if the system is interacting. In gen-
eral, the identification of these additional terms is difficult and requires
measurement on the environmental degrees of freedom. However, using
additional relaxation time assumptions, the problem can be simplified to
the NE model, in which the non-equilibrium conditions in the environ-
ment can be explicitly taken into account. The overheated SEB system is
a physical model system in which the conditions for a well-defined NE are
realized.

To study dissipation in single realizations with a non-equilibrium en-
vironment, one needs to include the relevant environmental degrees of
freedom into the equations of motion. If one coarse grained the environ-
mental degrees away, one could in principle write a coarse grained de-
scription, for example, a generalized Langevin equation for the system.
This would be enough to study the dynamics of the system alone but not
enough to obtain knowledge about the entropy production or fluctuations
of work.

A possible approach to study entropy production under non-equilibrium
environments is to include the non-equilibrium part of the environment
as a part the system. In that approach, the environment of this extended
system is in equilibrium and thus the dynamics of the extended system
are Markovian. The common fluctuation relations are expected to be sat-
isfied in the setup without additional modifications. The difficulty how-
ever is then that the thermodynamic variables, such as heat and internal
energy are defined for the extended system. If one eventually is interested
on the thermodynamics of the system alone, one needs trace back the sys-
tem energetics from the extended system energetics. This might turn out
difficult, as one needs to know for example how the source of heat dissi-
pated from the extended system was divided between the system and the

non-equilibrium subsystem.
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5. Stochastic thermodynamics of
information

In this chapter, we study thermodynamics of setups consisting of two sub-
systems. The two subsystems are coupled to each other and to a thermal
environment. We study correlations between the subsystems by formal-
izing them using information thermodynamics. By adjusting parameters
in these setups, one subsystem can be made to function in a manner ap-
parently contradicting the second law. The second law of is retained in
these setups by taking the dissipation of the other subsystem into ac-
count. However, without knowing the existence of the other subsystem,
the first subsystem would seem to violate the second law of thermodynam-
ics. Therefore, these setups are also commonly referred to as Maxwell’s
demons.

In the previous chapter, we discussed system-environment correlations
from a point of view of non-Markovian dynamics. Also such setups, and
correlations there, could have been mathematically formalized using in-
formation thermodynamics. For example one could have formalized the
change of temperature of the NE in the non-markovian SEB as a result of
measurements and feedbacks on the tunneling electrons. Later on in this
section, we discuss a generalized Jarzynski equality, where correlations
between the system and its environment are taken into account in this
manner.

In information thermodynamics, the correlated environment of the sys-
tem of interest, meaning the other subsystem, consists of preferably lim-
ited number of degrees of freedom. This enables to quantitatively charac-
terize different information thermodynamic quantities, making the frame-
work of information thermodynamics more suitable than the non-Marko-
vian approach. In addition to creating different Maxwell’s demon setups
and studying the operation of the system-demon compound, we are inter-

ested in how the role of information can be implemented in the thermody-
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namic description of the setups.

In publication III, we study thermodynamics of measurement using a
setup which can be also made to work as a Maxwell’s demon device. In
Publication IV, we study various thermodynamic properties of an autonomous

information machine, which can be made to function as a cooler.

5.1 Information in thermodynamics of small systems

In the original Maxwell’s demon thought experiment, an unknown intel-
ligent being, a demon, controls the positions of atoms in a box. The box is
divided in half and the Demon controls the door between the two halves
of the box, based on measurements on the atoms. By measuring the veloc-
ity of each atom, the demon opens and closes the door so that in the end
the fast and the slow atoms are on different sides of the box. As a result,
the demon has created a temperature difference which could be used as a
source of work. The second law is retained by noting that work is needed
for the operation of the demon.

By using information about the microscopic state of the system, the de-
mon could apparently violate the second law of thermodynamics. How-
ever, while the entropy of the system decreased in the process, in order
to retain the second law, the entropy of the surroundings must increase
by at least the same amount. Nevertheless, the Maxwell’s demon thought
experiment shows how the restrictions defined by the second law can be
loosened if there is utilization of information.

The modern information thermodynamics of small systems sees the ac-
tion of the demon divided in two parts. In the first part, the demon
measures the system to obtain information about the current microscopic
state of the system. In the second part, the Demon performs feedback to
lower the system entropy.

From an information theoretical point of view, the information content
of an event z is — In[p(z)]. Thus the rarer the event, the more information
it carries. The average information content is the Shannon information

(entropy)
H(X)=-> p()np(), (5.1)

which measures the uncertainty of the variable x [70]. The less we know
about z, the greater the Shannon information H(X). Now consider that

z is not an independent variable, but there exists a correlated variable y
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and their joint probability distribution function is given by p(z, y). Mutual
information between z and y is defined as

y) = PEY)
ey =1 px(z)py (y)’ 62

where px(z) = 3°, p(z,y) and py(y) = >_, p(z,y) are the marginal proba-
bility distributions of = and y, respectively. The quantity I(z, y) measures
how much the states = and y are correlated, or equivalently how well
the state = or y can be known by knowing the other one. The average of
mutual information, (1) = >, p(z,y)I(z,y) tells how much the two sub-
systems are correlated on average. For example, if the variables x and y
are completely independent, p(z,y) = px(z)py (v) and the average mutual
information (I) = 0. Furthermore, the mutual information is given by the

Shannon entropies as

(Iy = H(X) + HY) - H(X,Y), (5.3)

where H(X,Y) = ny p(x,y) In[p(x,y)]. Since the Shannon entropy is
always non-negative and H(X,Y) > max[H(X), H(Y)], the maximum mu-
tual information between X and Y is given by min[H (X), H(Y)].

Suppose we have measured the system state x with some kind of a mea-
surement device and obtained a measurement outcome y. If our measure-
ment is perfect, we know that x = y, i.e. p(z,y) = 0 if v # y. However, in
general there can be sources of error and we could obtain a measurement
outcome y even if the state of the system « differs from it. In this case, the
mutual information (I(x,y)) describes the accuracy of our measurement
and how much information we have on the system. This information could
be exploited to extract usable work out of it.

A simple example of a setup, in which information can be used to extract
work is the famous example of a Szilard engine illustrated in Fig. 5.1.
Initially an ideal gas particle moves freely inside a box in volume V in
thermal equilibrium at temperature 7. We measure the location of the
particle and obtain, for example, that it is on the right side of the box.
After that we insert a movable barrier in the middle of the box, which
divides the volume of the box in half. Since the particle is now trapped in
a smaller volume on the right side of the box, the pressure has increased.
By allowing the barrier to move, and for example attaching a weight to
it, we can extract work out of the system and restore it to the potential
energy of the weight. Isothermally moving the barrier to the location of

the left wall and using the ideal gas equation of state, the work extracted
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|~
)

Figure 5.1. Illustration of the Szilard engine. The position of an ideal gas atom is mea-
sured followed by an installation of a movable barrier which divides the vol-
ume of the box in half. The atom is then allowed to relax isothermally to its
original equilibrium volume. In the process the barrier lifts a weight against
gravity performing k57T In 2 of work in the weight.

is given by

1%
Weat :/ pdV = kgTIn2. (5.4)
V/2

In this example, we were able to extract work because we had informa-
tion on the position of the particle before the insertion of the barrier. We
can now be more quantitative on this by studying the role of mutual in-
formation in the operation of the Szilard engine. Since we assumed that
the measurement is perfect, the joint probability distribution is given by
p(left, left) = p(right, right) = 1/2 and p(left, right) = p(right, left) = 0, where
the the states are the system state and the measurement outcome as de-
fined earlier in this section. The system Shannon entropy is given by
H(X)=->,rx(@)lnpx(z) = In2, where x € {left, right}. Similarly, we
obtain for H(Y) = In2 and H(X,Y) = In2. Therefore, by using Eq. (5.3)
or the fact that in a perfect measurement the mutual information is given
by min[H(X), H(Y)], we obtain (I) = In2. Since the work extracted was
given by kpT In 2, the work and the mutual information are related in this
example by W, = kgT(I).

From a more general point of view, in the case of the Szilard engine the
measurement was perfect, the process was quasi-static and the system
was a simplistic ideal gas system. In a more complex setup, the relation
between the information and work extraction may not be so simple. How-

ever, it can be shown that a general feedback system obeys the following
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generalized Jarzynski equality [38—40]
(ePAF-W)=Iy _ 1, (5.5)

The equation above implies, using Jensen’s inequality, (3(AF — W) —1) >
0, which results to a fundamental bound for extracted work in the pres-
ence of information:

Weat < —AF + kgT(I). (5.6)

Thus, if we have (I) of mutual information about the system, we can ex-
tract —AF + kpT(I) of work out of the system. Since without the informa-
tion the maximum available work is given by —AF, the information we
have on the system allows us to extract more work. Equation (5.6) can be
seen as a generalization of the second law of thermodynamics to feedback
systems, where information is a resource of work. If the initial and the
final states are the same, such as in the case of the Szilard engine, the
process becomes cyclic and the free energy difference AF vanishes. As a
result, we have made a cyclic process which extracts usable energy out of
a single heat reservoir. This is a violation of the second law and thus a
Maxwell’s demon mechanism, producing additional entropy somewhere,
should be present.

Returning to the original Maxwell’s demon, it obtains information I
about the individual atoms by measuring their velocities. Depending on
the measurement outcome, the demon either opens or closes the door be-
tween the two sides of the box. Because the demon had information I in
its use, it was able to perform the feedback by controlling the door and
creating a temperature gradient in the box. Both the Szilard engine and
the Maxwell’s demon can thus be referred to as information machines.
In modern literature Maxwell’s demon is often characterized as any feed-
back controller that utilizes information about the microscopic state of
the system at the level of thermal fluctuations. Due to the developments
in manipulation of microscopic systems, various modern realizations of
Maxwell’s demon setups exists, where both Egs. (5.5) and (5.6) have been
experimentally studied. A selection of these setups are listed in the Intro-

duction chapter.

5.2 Information between two subsystems

In the previous section we studied the role of information between the

demon and the system to which the feedback was performed. However,
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since the demon was not included in the model, thermodynamics of the
demon itself, and that of the whole system-demon compound, were not
accessible. In this section, we include the demon into the general theoret-
ical framework and thus we will be able to discuss also the measurement
phase during which the demon obtains information about the system.

In the case of the original Maxwell’s demon, the measurement and the
feedback were both performed by the same entity, the demon. However,
in the Szilard engine it is not clear exactly how the measurement is done
and whether or not the feedback is carried out by the same entity. The
actual physical implementation of the entity measuring and performing
the feedback could consists of a measurement device, a memory and an
entity reading the measurement outcome from the memory and acting
accordingly. For the time being, let us assume that the measurement was
carried out by the demon which has an internal memory, and thus the
measurement device, the memory and the demon refer to the same entity.
These different terms could be interchanged depending on the point of
view, and for example in Publication III, the use of all these three terms
could be justified for the other correlated subsystem. The framework we
discuss next commonly refers to the outside entity as "memory", and thus
we will use this term [36,39,41].

By X we denote the system whose state © we wish to measure. Further-
more, by Y we denote the memory, which stores the measurement out-
come y of state x. We assume that the memory is initially detached from
the system and during the measurement the memory interacts with the
measured system storing the measurement outcome. Finally, the memory
is reset to its initial state, making the whole process cyclic. We study ther-
modynamics of information exchange in each step of the process. In Pub-
lication IV, we study an explicit model which is based on coupled quantum
dots, in which the results of this section are applied.

We consider the total system, including the system to be measured and
the memory, as one combined system, which helps us to write down the
thermodynamics from a more global perspective. The Shannon entropy
of the total combined system, (Sx.y), is given by (Sxy) = —kpH(X,Y),
where the only difference to the earlier Shannon information (Eq. (5.1))
is the scaling with the physical constant kz. Thus the entropies of the
systems X and Y are given by (Sx) = —kpH(X) and (Sy) = —kpH(Y),
respectively. By straightforward use of the definitions, the entropy (Sx.y)
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can be written as
(Sx+v) = (Sx) + (Sy) — kB(I). (6.7

Analogous to the splitting of the entropy, we split the total energy (Ex . y) =
> 2y P(@,y)Exiy into the system contribution (Ex) = >, px(z)Ex(z),
the memory contribution (Ey) = _, py(y)Ey (y), and the interaction part
(Er) =32, ,P(,y)Er(z,y). Here Ex, Ey and E; are the parts of the total
combined system Hamiltonian, which depend on the degrees of freedom
x, y and the terms containing both, respectively. Using the above splitting

of the energy and entropy, the non-equilibrium free energy

F =Y p,y)B(x,y) +ksT Y _ plz,y)Inp(x,y) (5.8)
z,y

zY

for the total combined system can be written as
Fxiy = Fx +Fy +(Er) + I, (5.9)

where Fx = (Ex)+871Y", px(x) Inpx () is the free energy of the system
and Fy = (Ey) + 87! >y Py (y) Inpy (y) is the free energy of the memory.

Outside of equilibrium no well established definition of free energy ex-
ists. The extension of the equilibrium Helmholtz free energy to non-
equilibrium by a straightforward application of the same formula, Eq.
(5.8), may seem too careless. However, the non-equilibrium free energy 7
coincides with the known equilibrium free energy F in equilibrium. Fur-
thermore, it has been shown that the equilibrium free energy F' is the
minimum of F, i.e. Fp(t)] > F[p®(t)], and the minimum of F[p(¢)] is ob-
tained for the equilibrium Boltzmann distribution p®4(t) o exp[—BEx(x)].
In addition, it has been shown that the entropy production ASy between
two non-equilibrium states satisfies the non-equilibrium version of the
second law ASr > W — AF. These facts together support the extension of
the free energy outside of equilibrium as F (Eq. (5.8)) [54].

Assume that the measurement is performed by manipulating an ex-
ternal parameter, which brings the system and the memory in contact.
During this measurement the memory interacts with the measured sys-
tem and stores the measurement outcome of x into the variable y. The
external work W,..s, required to perform the measurement, is bounded
by Wineas > AFx+y, because the entropy generated in the measurement
must be positive according to the second law, that is (Sy;) = Wineas —

ApFyix > 0, where Ay, refers to the change in the measurement phase.
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If we further assume, as typically done in the literature, that the measure-
ment does not change the state of the system x during the measurement,

the measurement work satisfies
Wmeas Z Am-’rY + ﬂ_lAm<I> + Am<E1>a (510)

where we used the splitting of the total free energy, Eq. (5.9). In a mea-
surement, the measurement outcome y should become more correlated to
the state of the system z. Thus the mutual information (I) should in-
crease in the measurement. We note that Eq. (5.10) also allows for the
state z to change if its probability px(z) during the measurement does
not change. Furthermore, we keep the interaction energy E; in the treat-
ment, even though it is usually assumed to be zero before and after the
measurement interaction. In many cases the interaction energy can be
considered small, especially when dealing with averages. However, when
considering single realizations and fluctuation theorems, the influence of
the interaction part may become significant.

In the feedback phase, the correlations built are used to extract work,
as we already saw in the example of the Szilard engine. We will assume
that during the feedback the memory is not altered. That is to say, the
free energy of the memory, Fy, does not change in the feedback. The
entropy generated in the feedback, (Srpp) = —West — AppFx 4y > 0, must

be positive, meaning that the work extracted is bounded by
Weat < —ApFxiy = —ApFx — B Ap(I) — Ap(Ey), (5.11)

where Ay, denotes the change in the feedback. If the interaction energy
is once again neglected, the equation above coincides with the second law
of thermodynamics, Eq. (5.6), for feedback. The decrease of mutual in-
formation in the feedback, A (1) of Eq. (5.11), should be understood as
Ap(I) = —(I) of Eq. (5.6), where (I) is the amount of mutual information
we have about the system.

In order to perform cyclic measurement-feedback operations, we need to
restore the memory and the system back to their initial states. This era-
sure process is associated with a positive generation of entropy (Sgr) =
Wer — Aer Fx 1y > 0, where A, denotes the change in the erasure process.

The erasure work is then bounded by
Wer > Ae'r]:X+Y = Aer]:X + Ae'r]:Y + 671AE7‘<I> + Aer<EI>~ (5.12)

Since the measurement-feedback-erasure process is cyclic, A, Fxiy +
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ApFxiy + AerFxiy =0, and thus
We’r' + Wmcas - Wewt 2 O (513)

The equation above states what we already expect, namely that the work
needed for the measurement and the erasure processes exceeds the amount
of work which can be extracted in the feedback. Thus an information ma-
chine working in contact to a single heat reservoir cannot work in a way
that would result to a positive net energy gain.

There has been a long debate about what compensates for the work one
is able to extract using information, for example in the Szilard engine.
Szilard and Brillouin argued that the work is needed for the measure-
ment while Bennett and Landauer argued that the compensating work
is needed for the feedback [35,71-73]. Bennett and Landauer considered
the case where the interaction energy E is neglected. Furthermore, they
assumed that the memory is symmetric in the sense of an equivalent en-
ergy E for all states, i.e. Ey(y) = F for all . In addition, they assumed a
perfect measurement, where the mutual information obtained in the mea-
surement equals the entropy of the memory, A,,,(I) = A,,(Sy), and there-
fore the RHS of Eq. (5.10) reduces to zero, i.e. W,,cqs > 0. By constructing
a reversible measurement, one could then obtain a situation where no
work is needed for the measurement. In this kind of device, the erasure
of the memory would be then the compensating part of the process. Fur-
thermore, Landauer and Bennett considered an erasure process of the
memory alone. That is to say, they assumed that the memory is not con-
nected to the system during the erasure and thus A, Fxy = AFy. Fur-
thermore, since the memory was assumed symmetric, only the entropic
part changes and thus we arrive at the result W,, > kgTH(Y'), which for
2-state (1-bit memory) yields the famous Landauer principle [74]

Wer > kpT'In2, (5.14)

which states that the erasure of one bit of information requires a mini-
mum of k5T In 2 of work.

The famous Landauer’s principle is obtained in a special case of a sym-
metric memory and negligible interaction energy between the memory
and the system during the erasure. In general it is difficult to say what
part of the total process compensates for the extracted work. If the inter-
action energies are taken into account, the laws of thermodynamics do not

immanently forbid a process, where the lower bound of W,, in Eq. (5.12)
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is zero. In this case, there could be a reversible erasure process, which re-
quires no work. In this kind of setup, the work extracted in the feedback
would be compensated in some other part of the process.

In Publication III, we study a physical model system, demonstrated and
explained in Fig 5.2. The setup is based on coupled quantum dots, where
the measurement and feedback are performed by tuning the coupling
strength between the measurement dot and it’s reservoir. Because the
marginal distributions px and py are symmetric in the setup, px(z) =
py(y) = 1/2 for all z and y, the free energies of the system and the
measurement dots do not change in the measurement and feedback, i.e.
Ay Fy = ApFx = 0. Thus the sole effect of the measurement is to in-
crease correlation (mutual information) between the dots, which is used
in the feedback phase. The feedback phase can restore the setup back to
its initial state if the initial and final coupling strengths I'V are set to the
same value. In this case there is no distinct erasure phase, but negative
entropy production in the system is compensated by positive dissipation
in other parts of the total system.

In Publication IIT and in Fig. 5.3, we show numerical results on the mea-
surement and feedback phases. In the measurement, a positive amount
of mutual information is obtained while the second law for measurement,
(Sy) > 0, is satisfied. In the feedback, both the bare entropy production
BQrp and the coarse grained entropy production oz, studied in the Pub-
lication in detail, are negative. However, the total entropy production is
positive and the second law for feedback is satisfied. Furthermore, in Pub-
lication III, we show that the integral fluctuation relations, for both the
measurement and the feedback entropies, (e=25") = 1 and (e=2%r) = 1,

are satisfied in the setup.

5.3 Steady state autonomous Maxwell’s Demon

In the previous section, we studied correlations between two subsystems,
which were manipulated by controlling an external parameter. With suit-
able protocols these setups could be made to function as a Maxwell’s de-
mon device. In these setups, the measurement and feedback were con-
trolled and performed separately. In this section, we discuss setups, where
the demon acts independently, measuring and performing feedback with-
out any external control. These kind of setups are commonly referred

to as autonomous Maxwell’s demons [2,21-23,26, 37, 75]. Since there is
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Figure 5.2. (a): The setup of coupled two-level quantum dots, the system dot X with en-
ergy ex and the measurement dot Y with energy ey, coupled to each other so
that the state (z,y) = (1,1) has energy ex + ¢y + U. State z of the dot X can
change due to tunneling in or out from the left (L) and right (R) reservoirs,
which are in chemical potentials p;, and ur = pr + Ap, respectively, and
the coupling strengths are fixed to I'x. Dot Y can change electrons with its
reservoir at a chemical potential py. (b): In the measurement the coupling
strength I'y is increased from I}, to I'}?, increasing mutual information be-
tween the dots by §/); and dissipating 3Qa > 61 as heat. In the feedback
the coupling strength I'Y* is decreased to F{, and §1rp of mutual information
is consumed, resulting to negative dissipation SQrp < 0, in an apparent vio-
lation of the second law. Thus the measurement dot can be made to function
as a Maxwell’s demon.
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Figure 5.3. On the left: Average dissipation (8Qxs) and the change in mutual informa-
tion (d/) in the measurement as a function of the initial coupling strength
' with three different biases, Au1 = 0.95U, Aps = 0.75U and Aps = 0.5U,
assuming that the post measurement state is thermalized. The mutual infor-
mation obtained in the measurement is positive, (§/5s) > 0, showing that cor-
relations are built. The entropy production through dissipated heat, (3Qx),
is larger than the information obtained, ensuring the positivity of the total
entropy production, (Sy) = B{(Qam — 6In) > 0. On the right: bare entropy
(BQrB), coarse-grained entropy (orp) and mutual information (6/rz) pro-
duction in the feedback at T = 0.1 k5'U. Since (8Qr5) > (or5) > (§Irs),
the negative entropy production is bounded by the change in the mutual in-
formation —37!(§Irp). Further details are presented in Publication III.

no external control, these setups could be realized by considering either
a relaxing or a steady state system. Here we are interested in a device
working in steady state non-equilibrium conditions, like the one we con-
sider in Publication IV.

We assume that the system of interest evolves under Markovian dy-
namics and use stochastic thermodynamics introduced in Chapter 2. The
probability distribution of state (x;,v;), pi = p(x;,y;), follows the master
equation

pi=—Y Jisp (5.15)
f

where

Jiaf = WfiDi — Wi fDFf, (5.16)

is the current from (z;,y;) to (zf,y¢) and wy.; is the transition rate from
(zi,yi) to (zf,yr). The state = is the state of the system and y is the
state of the demon. The total entropy Si,t can be written as the sum
of the total Shannon entropy, S = —kp >, p;Inp;, and the entropy flow,
Sy = In{]Jwypei/wrei} [63]. We assume that the system and the demon
reservoirs are both at inverse temperature 3. If the rates w are local de-
tailed balance connected, the entropy flow is given by S, = SQr, where

Qr is the heat dissipated by the total combined system.
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The entropy flow S, is often called the reservoir entropy, due to the con-
nection to the entropy increase of an equilibrium bath (5Qr). However,
this nomenclature may be misleading since if the rates are not LDB con-
nected, the entropies S, and SQr differ in general. This will be exactly
the case later on, thus we refer to S, as the coarse grained entropy and to
BQr as the bare entropy.

Standard stochastic thermodynamics approach gives the entropy pro-
duction rate as

. f’ 7 . .
St = Z Jorln (pfw;f) R 617

which is always non-negative by its mathematical construction [15,21,54].
As discussed in more detail, for example in Ref. [21], the total entropy pro-
duction of Eq. (5.17) can be divided into two non-negative contributions:

One describes the entropy production in the system

gX ; (Piw fi ) ’
ST (G 619
and the other entropy production in the demon:
: 1 Di i
Y _ Y W f—i
Stov =5 Z,: J I ( pfwief> : (5.19)

Terms JHf S i) (a ) and J};f = J(a; ;) (z:y,) re the system and
demon currents, induced by the transitions in the system and the demon,
respectively. Furthermore, we assumed that the dynamics are biparti-
tive, i.e. the system and the demon states cannot change simultaneously:
Wi =0ifz; # 2y and y; # yy.

The system entropy production rate of Eq. (5.18) can be further divided

. 1 i DX p(yilzy)
SE=353Jf ln(ﬂ_)+l ( ')fln(i'
tot 7 9 - ~1 Wi f DX, f p(yilz;) } (5.20)

=S¥ 488 -1 >0,

into

where $X is the entropy flow from the system, S¥ is the change of the
system Shannon entropy, S¥ = —kgInpx, where px = >, p(z,y) is the
marginal distribution, and /¥ is the change in mutual information I (Eq.
(5.3)) due to tunneling events in the system.

Similarly, the demon entropy production rate splits into
Wi Py [)(-L7,|yf)
Sy = {In ( )+1 ( ),111(7}
tot — Z i—f <—f ij p(fz|yl) (521)
:5,¥+5Yfzyzo,
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where S}f is the entropy flow from the demon, SY is the change of the
demon Shannon entropy, S* = —kpInpy, I is the change in mutual in-
formation I induced by tunneling events in the demon. Terms I¥ and I
are the flows of mutual information produced by the system and the de-
mon, respectively, and quantify how much transitions in y and = increase
the correlation between = and y [21,36]. The entropy flows STX and SB/
are given by the dissipated heats, 3Qx and 8Qy, from the system and the
demon, respectively, if the rates w are local detailed balance connected.

In Publication IV, we study an electronic setup, in which the system is
biased by two reservoirs (the left and the right leads) at different chemical
potentials. The setup is illustrated in Fig. 5.4. More precisely, a single
electron transistor [76] acts as the system to be measured and a single
electron box acts as the demon, performing measurements and feedbacks.
The state  may change due to a tunneling event from both the reservoirs,
and thus the effective rate at which the state x changes is the sum of
the individual tunneling rates. This effective rate is not detailed balance
connected and thus the entropy flow Sf( of Eq. (5.20) is not given by the
dissipated heat 8Qx.

The difference between the entropy flow X (the coarse grained entropy)
and the bare entropy production 8Qx could be expected in all systems
which are biased by a chemical potential difference. If the reservoirs are
at different temperatures, i.e. the system is temperature biased, the sum
rate will again break the local detailed balance connection, since there is
no uniform temperature for the LDB condition. In Publication IV, we show
that if the rates w are not local detailed balance connected, the coarse
grained entropy S, (denoted as ¢* in the Publication) is related to the
bare entropy through exponential averaging: (e5-—5@x) = 1.

Equations (5.20) and (5.21) describe the entropy production in the sys-
tem and the demon and the dynamic flow of mutual information between
them. This equations could be applied to any bipartitive system evolving
under Markovian dynamics. However, here we are interested in steady
state dynamics, thus p; = 0 (Eq. (5.15)). In steady state, the joint dis-
tribution function p(z,y) do not change in time and thus S¥ and S¥ do
not change in the process. Furthermore, the total derivative of mutual
information vanishes and thus [X = —IY. Equations (5.20) and (5.21) are

then given by

SE =SX+1V >0
.tot '1 . (522)
Sy =S¥ —1¥ >o.
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AS<Q?

Figure 5.4. A schematic picture of a voltage biased single electron transistor (SET) (the
upper plate) capacitively coupled to a SEB detector (the lower plate), which
acts as the Demon in the setup. Without seeing the Demon, the observer sees
the SET system cooling even though the current runs through it. This would
be a violation of Joule’s law and the second law of thermodynamics. However,
the second law is retained by the heat dissipation in the Demon.

In publication IV, we show that by adjusting the tunneling resistance
(Rp) between the demon and its reservoir, the flow of information /¥ be-
tween the system and the demon can be tuned. If the resistance Rp is
made small, corresponding to a fast measurement and feedback, the in-
formation flow I¥ > 0 increases. The entropic cost of sustaining the flow
of information is the dissipation of heat Qy (denoted as Qp in the Publi-
cation) in the demon. Therefore, the efficiency ey = I¥ / BQy characterizes
the demon’s ability to produce information. Figure 5.5 shows that a lower
resistance Rp, corresponding to a faster demon, results to a larger dis-
sipation Qy and flow of information Y as well as to a higher efficiency
ep. If the demon resistance is made so low that the demon thermalizes,
the information flow coincides with the dissipation QY, corresponding to
the maximum efficiency ey = 1. This result is shown also analytically in
Publication IV.

The essential feature for the setup to work as a Maxwell’s demon is the
ability to produce negative entropy. Within a relatively large parameter
range, the system can produce negative coarse grained entropy STX and
also physically observable negative entropy in the form of cooling (8QX <
0). Furthermore, the system’s efficiency to utilize the flow of information,
ex = —8X/IY, decreases in increasing the demon speed (increasing R ),

as shown in Fig. 5.5. In the publication we show that the efficiency of the
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1.00 = (b)

0.80
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Figure 5.5. (a): Entropy production rate in the demon 3Qy, the flow of information IV,
and the coarse grained entropy production rate ;X in the system as a func-
tion of the demon tunneling resistance (Rp). Smaller resistance makes the
demon faster. In agreement with Eq. (5.22), the entropy production in the
demon exceed the flow of information, which in turn is the upper bound for
the negative entropy production in the system, 8Qy > I¥ > —$¥ (b): The
efficiency of information production, ¥, its utilization, ¥, and that of the
whole production-utilization, er. In the fast Demon limit (Rp << R), the
flow of information in the Demon equals the heat dissipation rate (¢!’ = 1),
while in the slow limit the utilization of information flow becomes efficient
(X = 1). Parameters in both (a) and (b) are those optimal for the maximum
cooling power, 7' = 0.08xk5" and eV/k = 0.72, discussed in Publication IV

whole measurement-feedback -cycle is given by
er = 2/(Bk)sX, (5.23)

where k is the coupling energy between the system and the demon and
X

Sr

= Infw(,0)(0,0)/w0,0)(1,0)] 18 the coarse grained entropy production in
the relaxation from state (0, 0) to (1,0) or equivalently from (1,1) to (0, 1).
The efficiency of the whole measurement-feedback -cycle is thus indepen-
dent of the demon speed, that is to say that e; does not depend on the re-
sistance Rp. Therefore, the demon’s ability to produce information more
efficiently trades off to a decrease in the utilization of the information.
We note that the operation of the demon could have been studied using
the notion of an information reservoir, as done for example in Refs. [22,
27-29,37]. In this section the demon, which plays the role of information
reservoir for the system, was autonomous. For these kinds of setups, the
framework which we used, based on dynamic flow of mutual information,
is more transparent [21,36]. In the previous section, we wanted to focus in
the thermodynamics of the measurement and feedback, which are better
defined by considering the thermodynamic splitting of the total system
into subsystems. In both sections, the information reservoir point of view
would have changed some interpretations, however the important physics
would have remained the same. The framework we used based on entropic

flows and mutual information and the notion of information reservoirs are
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compared for example in Refs. [27-29].

55



Stochastic thermodynamics of information

56



6. Summary and conclusions

The main focus of this work has been correlations in non-equilibrium ther-
modynamics of small systems. In particular, we have studied systems
with non-Markovian environments and information exchange in stochas-
tic thermodynamics. In Chapter 4, we extended the framework of stochas-
tic thermodynamics to non-Markovian dynamics, where the system and
the environment evolution are correlated. In Chapter 5, we formulated
influence of correlations between two systems coupled to each other and
to a thermal environment using information thermodynamics. We have
studied systems, in which the correlations were built using external pa-
rameters as well as systems which were correlated to each other at all
times and evolving under steady state non-equilibrium conditions.

In Publication I, we studied the dissipated work W, = W — AF using a
single electron box, which was manipulated externally by controlling the
bias voltage of the box. Due to the small heat capacity of the island, the
energy dissipated by the tunneling electrons leads to temperature fluctu-
ations during the drive. This overheating effect is a stochastic process and
not controlled by an external control parameter. By performing numeri-
cal simulations and expanding the tunneling rates in temperature devi-
ation from the equilibrium temperature, we have shown that the work
fluctuation theory (exp[—SWjy|) = 1 is not satisfied in the setup, since
the environment is not described by an ideal heat bath during the drive.
However, the integral fluctuation relation for the total entropy produc-
tion, (exp[—S7]) = 11is satisfied. We concluded that there exists additional
entropy production, which is not given by the dissipated work W, even if
the process starts from equilibrium.

In Publication II, we studied entropy production under non-Markovian
dynamics, in which the system and the environmental degrees of freedom

are correlated during the process. By using a simplified model, which is
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based on separation of time scales, we identified the sources of additional
entropy production caused by the non-equilibrium excitations in the envi-
ronment. The additional non-Markovian entropy production was studied
in the operation of the overheating single electron box, in which the re-
laxation time arguments can be realized. We showed analytically that the
additional entropy terms need to be included into the entropy production
in order to obtain the full entropy production which satisfies the integral
fluctuation relation. These additional terms require measurements of the
environmental degrees of freedom.

In Publication III we studied a setup of two coupled quantum dots,
where the correlation between the dots can be adjusted by changing the
coupling strength I'y between the measurement dot and its reservoir. By
increasing the coupling strength I'y, we can measure the state of the sys-
tem dot with the measurement dot. We studied analytically and numeri-
cally information gain and dissipation in the measurement. We have also
shown that the same system can work as a Maxwell’s demon setup, where
the information obtained in the measurement is utilized resulting to neg-
ative dissipation. The setup contains both the microscopic system and the
demon, and the measurement and feedback are performed separately, as
in the case of the Szilard engine.

In Publication IV, we studied an autonomous Maxwell’s demon setup, in
which a capacitively coupled single electron box, the demon of the setup,
measures and performs feedback on a single electron transistor. The mea-
surement and feedback are performed independently by the demon itself,
without any external control. The dynamic flow of information in this
non-equilibrium steady state setup can be formalized using information
thermodynamics. By changing the speed of the demon (tunneling resis-
tance between the single electron box and its reservoir), the amount of in-
formation produced and utilized, as well as their efficiency can be tuned.
In this way the properties of the demon can be used to control dissipation
in the setup.

In summary, stochastic thermodynamics and information thermodynam-
ics were studied analytically and numerically using physically feasible
model systems. The results presented in this thesis help to understand
the correlations in microscopic dynamics, the microscopic origin of ther-
modynamics, and especially the origin of entropy production. Further-
more, the results provide a step towards more accurate modeling, under-

standing and design of small scale devices, where dissipation and fluctu-
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ations play a major role.

Interesting research directions for the future include the setup of Publi-
cation IV in a quantum regime, where quantum effects create additional
correlations. In addition, the coupled quantum dot system could be used
to study non-Markovian dynamics, including different definitions of non-
Markovianity, using a setup in which the memory of dynamics can be

tuned. Work in these directions is in progress.
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Stochastic thermodynamics is a modern
theoretical framework which extends the
traditional thermodynamics to non-
equilibrium systems and processes, and is
particularly useful in studying systems at
microscopic scales. Information
thermodynamics combines the
developments in stochastic
thermodynamics and information theory. It
is used to study thermodynamics of
measurement and feedback operations. In
this thesis we study both stochastic and
information thermodynamics using
physically feasible model systems, based on
single electron tunneling at low
temperatures. The results provide a step
towards more accurate modeling,
understanding, and design of small scale
devices, where dissipation and fluctuations
play a major role.

ISBN 978-952-60-6631-8 (printed)
ISBN 978-952-60-6632-5 (pdf)
ISSN-L 1799-4934

ISSN 1799-4934 (printed)

ISSN 1799-4942 (pdf)

Aalto University

School of Science

Department of Applied Physics
www.aalto.fi

O
~
©
O
a1
n
o
o
o
o
W
-
(o)

DOCTORAL
DISSERTATIONS



	Aalto_DD_2016_015_Aki_Kutvonen_verkkoversio


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 650
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 220
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 650
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


