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Abstract—It has been recently demonstrated that a single
Josephson junction with a properly engineered impedance envi-
ronment can be used as a reflection amplifier approaching the
quantum limit at microwave frequencies. In this article the authors
describe an improved microwave setup for such a device. Voltage-
tunable capacitors enable precise impedance matching across a
wide range of operating points. Also, a branch-line coupler instead
of a microwave circulator is used for the separation of the input
and the output signals to make the system more compact and
affordable. Furthermore, a custom-designed bias tee is introduced.
The authors present characterization results of individual com-
ponents as well as of the complete system. In particular, noise
spectroscopy is used to study amplifier stability as a function of
input matching.

Index Terms—Impedance matching, Josephson effect, micro-
wave amplifiers.

I. INTRODUCTION

R ECENT advances in quantum information processing
have stimulated research on ultralow-noise amplifiers at

microwave frequencies. In many experiments with, e.g., super-
conducting qubits and nanoelectromechanical resonators, weak
microwave signals have to be amplified at cryogenic envi-
ronment [1]–[4]. We have proposed an amplifier architecture
(single junction amplifier, SJA) which takes advantage of the
dissipationless and non-linear characteristics of the Josephson
junction. Near-quantum-limited noise performance has recently
been demonstrated [5]. Operated at finite voltage state enabled
by DC current biasing, the junction exhibits negative differen-
tial resistance which is in many applications well hidden due to
the resistive damping of the junction. In our case, the negative
differential resistance is damped at low and high frequencies
by a shunt resistor. The on-chip dissipation is blocked on the
signal band by an LC bandstop filter in series with the shunt
resistor, selectively revealing the negative differential resistance
of the junction. Stability at signal frequency is provided by
the damping from the external circuitry, in our system by the
dissipative Z0 = 50 Ω input of the second amplifying stage.
Reflection power gain is generated by a transmission line
terminated by the negative differential resistance.

The optimum operating condition for an SJA is such that
the absolute value of the input impedance Zin is real, negative
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and in the order of Z0 as reflection power gain is |Γ|2 =
|(Zin − Z0)/(Zin + Z0)|2. However, in our practical circuits
the magnitude of the negative differential resistance tends to be
much larger than Z0 whence impedance matching is required.
This can be achieved by a resonant transformer. In practice,
the signal band is set slightly off the center frequency of the
LC bandstop filter to a point where Re(Zin) ≈ −50 Ω and
compensating for the remaining reactive part is accomplished
with additional reactive components. Previously, they were re-
alized as passive components [5]. This made it laborious to find
correct experimental parameters since parasitic components
such as bonding wire inductance contribute significantly. Here
we address this issue by applying varactor diodes enabling
post-cooldown tuning of the matching circuit. We find suitable
GaAs based varactor diodes maintaining their high-frequency
performance at the cryogenic temperature. The effect of the
tuning circuit on device stability is studied.

An additional challenge with reflection amplifiers is the de-
coupling of the amplified signal from the input. Non-reciprocal
circulators are typically applied but they are often bulky and
expensive. We study a simple branch-line coupler to replace the
circulators. We present and characterize a complete microwave
design including the tunable input circuit, the coupler as well as
custom-designed DC block for biasing.

II. CIRCUIT DESIGN

We designed a printed circuit board which contains an ampli-
fier sample on a chip, DC biasing circuitry, tunable impedance
matching, and a branch-line coupler. Rogers RT/duroid 6002 is
a suitable high-frequency laminate for cryogenic applications
due to its temperature stability. The guided wavelength within
microstrip structures is almost independent of temperature [6].
Our printed circuit board has a substrate 30 mils (0.76 mm)
thick, and bulk permittivity is εr = 2.94. The final design for
3 GHz signal band is pictured in Fig. 1.

In Fig. 1, input (IN) and output (OUT) are at branch-line
coupler ports 1 and 4, respectively. The branch-line coupler is a
four-port structure which comprises four units of transmission
line with lengths of one quarter of guided wavelength at cen-
ter frequency, and precisely engineered line impedances [7].
Reflective port 2 is named as sample branch and port 3 is a
resistive termination. At the center frequency no input power
is directly guided into the output (S41 ≈ 0). S21 represents
the transmission of input power to the reflective port and,
due to symmetry S34 = S21, the transmission of output back-
action noise into a Z0 termination. S42 is the transmission
of the amplified signal into the output and, due to symmetry
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Fig. 1. Printed circuit board with microstrip structures. The rectangular
dimensions are 62 mm × 41 mm. The various symbols are: A, amplifier;
B, bias-tee; V, varactors; 1-2-3-4, branch-line coupler. The ground plane
features split-ring resonators. The radial stubs form RF chokes. The twisted
pair of wire carries varactor diode supply voltage.

S24 = S42 = S31, the transmission of output back-action noise
into the reflective port. We denote coupler asymmetry with
symbol r, the power split ratio |S21/S31|2 at center frequency.
Two parallel microstrip lines are given the same characteristic
impedance Z0

√
r (vertical traces in Fig. 1) or Z0

√
r/(1 + r)

(horizontal traces in Fig. 1). Transmission magnitudes are

|S21|2 = r/(1 + r) (1)

|S31|2 =1/(1 + r). (2)

Power entering at IN and leaving at OUT will experience
the gain |S21ΓS31|2, where Γ is the reflection coefficient of the
sample branch. In Fig. 1 the branch is the parallel configuration
of two terminations: varactor diodes (V) and the wire-bonded
amplifier chip (A) in series with a bias-tee (B). The bias-
tee consists of an RF choke which feeds in the DC biasing
current for the amplifier; a similar choke based on radial stubs is
supplying the reverse bias voltage for the varactor diodes. The
bias-tee also features a high-pass filter the operation of which
relies on split-ring resonators [8]. The block diagram containing
the elements of Fig. 1 as well as external circuitry is in Fig. 2.

According to branch-line coupler equations the reflection
coefficients, as referred to IN and OUT, are |S21ΓS21|2 and
|S31ΓS31|2, respectively. These both should be minimized, but
an immediate conflict appears: vanishing S21 and S31 suppress
the gain provided for microwaves guided from IN to OUT. Such
trade-offs are inherent in a reciprocal design in comparison
with a circulator design. We decided to decouple OUT from the
reflective port as well as possible, by increasing r [see also (2)].
In practice, the characteristic impedance Z0

√
r is increased

until manufacturing constraints are reached: the higher the
impedance, the narrower the microstrip trace width. On the
other hand, S21 in (1) will approach unity, implying a maximal
signal-to-noise ratio at the reflective port, an important property
in the determination of the noise temperature, for example.
The main trade-off here is the poor input matching. This is

Fig. 2. Block diagram of our printed circuit board and the components
connected into it. For the descriptions of symbols, see Fig. 1 and text. The
amplifier chip contents are shown: the Josephson junction is symboled with a
cross and its intrinsic capacitance is drawn separately. In a linearized picture,
which proved to be successful in [5], the junction can be replaced with a
negative resistor at microwave frequencies. Bonding wire inductance between
A and B should be noted. Low-noise amplifier (LNA) DC biasing is omitted for
clarity. The DC return path of the lower varactor (tunable capacitance) follows
the route through ports 2 and 3.

tolerable if the source impedance is real 50 Ω, which in our
characterization measurements is achieved by placing a cold
attenuator in front of the input port.

In Fig. 1 there are two additional precise lengths of microstrip
line: one from port 2 to the varactors, and the other one
from the high-pass filter to the amplifier chip. Their inter-
play, together with the range of capacitances available from
the series connection of two varactors, is responsible for the
impedance matching of the chip. We considered two scenarios:
the chip introduces either a large or a negligible mismatch.
The mismatch is typically large at high DC bias currents since
the magnitude of negative differential resistance exceeds Z0

there. At low biases, on the other hand, the SJA as such may
appear as Zin ≈ −Z0 over a wide band of frequencies. The
parallel admittance Y determined by the section of microstrip
line (characteristic impedance ZV) and the varactor termination
(effective capacitance Ceff ) is [9]

ZVY =
ZV + tan θ/(ωCeff)

−i/(ωCeff) + iZV tan θ

⇔ ZVY = i
ωZVCeff + tan θ

1− ωZVCeff tan θ
(3)

Here ω is angular frequency, and θ is the phase 2π times the ge-
ometric length divided by guided wavelength. In the middle of
capacitance range and at the intended signal frequency we set Y
to either infinity or zero. Infinite admittance grounds the sample
branch and at slightly lower and higher capacitances Y is able
to cancel large reactances of the amplifier chip and the bonding
wires. The condition for Y is θ = arctan(ωsZVC̄eff)

−1 (here
ωs is signal frequency and C̄eff is the capacitance averaged over
the range of reverse bias voltages). Zero admittance represents
an open circuit that does not interfere at all with the branch
terminated by the chip. This is a useful feature if the chip needs
minimal reactance cancellation. Zero admittance is achieved at
the phase θ = arctan(−ωsZVC̄eff).
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Fig. 3. Transmission and reflection characteristics of the microstrip high-pass
filter. Insertion loss is 0.6 dB near the 3 GHz band, and return loss is better
than 20 dB. Split-ring resonators are responsible for the 1.6–6.7 GHz −3 dB
bandwidth at low temperature. The cooldown does not remarkably alter filter
properties.

III. MEASUREMENTS

We cooled down some varactor diodes (M/A-COM, USA)
and studied transmission S-parameter amplitude and phase
to measure the capacitance. Two surface-mount diodes with
nominal room temperature capacitances 1 pF and 10 pF were
found to retain their properties at microwave frequencies at
liquid helium temperature.

We tailored the high-pass filter response with Ansoft HFSS
electromagnetic simulation software. The filter was imple-
mented on an individual board which was measured with a
network analyzer (Agilent E8362B) both at room tempera-
ture and when immersed in liquid helium. As pictured in
Fig. 3, the simulation is in good agreement with the measured
S-parameters, and we could verify that the cooldown induces
negligible changes in the electrical properties of the board. It
was essential to record the phase response as well (not shown)
since it affects the functionality of the impedance matching
elements.

The characterization of reflection amplifiers on printed cir-
cuit board was done in a liquid helium dewar through a dipstick.
The usable bandwidth of the branch-line coupler was as large
as 500 MHz and did not limit the amplifier operation. As
visualized in Fig. 2, we placed a −30 dB cryogenic attenuator
(Omni-Spectra, USA) at the input port, and a +38 dB cryogenic
RF amplifier (Low Noise Factory LNC4_8A) at the output port.
Rohde-Schwarz FSP30 spectrum analyzer could be connected
to the output when needed. It was often accompanied by a
+42 dB RF pre-amplifier Wenteq ABL-0600-01-4345. The
first amplifier chip that we studied was identical to the one
described in [5], except for the shunt resistor material (Mo
instead of TiW). We cooled it down and measured the current-
voltage characteristics (IV curve) to find critical current (Ic ≈
12 μA) and shunt resistance (R ≈ 3.5 Ω). The DC current
bias was generated by a DC voltage generator in series with
a large resistor. Josephson junction voltage was monitored with
INA103 instrumentation amplifier at room temperature.

Fig. 4. Noise peak center frequencies. The datasets represent high (black
circles) and low (red diamonds) varactor capacitance. The lower curves show
the fundamental frequency of the amplifier and the upper curves show the first
harmonic. The bias regime with harmonic content, marked with dotted traces,
indicates unstable behaviour. The regime lacking harmonic content, marked
with solid lines, provides stable gain that fades away at high bias. Bandwidth
of the spectrum analysis was limited by the insertion loss of the high-pass filter,
see Fig. 3.

In Figs. 1 and 2 the impedance matching circuitry follows the
infinite admittance strategy described in the previous chapter.
The power split ratio of the branch-line coupler is r ≈ 7.3.
Equation (3) was re-written for the branch containing the SJA
and bias tee: the high-pass filter phase was contained in θ and
the effect of the RF choke was ignored. We calculated the
impedance mismatch for a handful of slightly different SJAs
(assuming 3-nH bondwires) and searched for transmission line
lengths which support impedance matching of the SJAs in ques-
tion. The optimization established the following parameters:
first, the trace preceding the varactors is 0.1 wavelengths long
at 3 GHz and its characteristic impedance is 125 Ω. Second, the
50-Ω section between the high-pass filter and the chip is 0.15
wavelengths long. The performance of the impedance matching
elements were experimentally tested with noise spectroscopy.
The input was a Z0 termination at room temperature: its pur-
pose was to suppress parasitic resonances. The environmental
noise level entering the port IN was set by the cold −30 dB
attenuator. The output was connected to the spectrum analyzer.
An indication of stable operation is that amplified thermal input
noise is manifested as an output spectral peak representing
the gain at signal band, whereas instabilities are typically
manifested as highly non-linear oscillations having also higher
harmonics in the spectra [5]. Resulting stability data obtained
by sweeping the junction current bias and the varactor voltage
bias are illustrated in Fig. 4. Changing the varactor capacitance
shifts the range of junction biases which provide stable gain,
an indication of successful circuit design. At the same time,
the frequency of maximal gain is shifted as the magnitude of
the impedance transformation determines the small offset from
that determined by the LC bandstop filter. A more effective
frequency tuning method would be to connect a varactor diode
directly in parallel to the bandstop filter.
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Fig. 5. Gain referenced to ideal reflection (|Γ| = 1) at the second port of the
branch-line coupler, at −145 dBm input power entering port IN. The OFF state
(red squares) is the zero voltage state of the Josephson junction. The ON state
(green circles) is at bias point 54 μA and the varactor capacitance is low, see
the red diamond curve of Fig. 4.

We selected a single bias point for more careful examinations
with the network analyzer. Gain introduced by reflection from
port 2 is visualized in Fig. 5: both the ON and OFF states of the
amplifier are shown. The curves were calibrated with a separate
printed circuit board where the reflective port is empty (|Γ| = 1
from an open circuit termination). It is not surprising that at the
OFF state (zero voltage state of the Josephson junction) port 2
absorbs microwave power to some extent: microstrip losses, the
insertion loss of the high-pass filter, and the parasitic series
resistance of the varactor diodes are introducing dissipation.
At the ON state (bias current about 4–5 times greater than Ic)
we studied the gain as a function of input power, observed
linearity at low powers, and found the −1 dB compression point
−117 dBm. Assuming that the shunt and junction capacitances
are C = 4.3 pF and CJ = 0.4 pF, respectively, we get some
analytical estimates (see the theoretical work in [5]): negative
differential resistance is Rd ≈ −130 Ω, and gain-bandwidth
product from bandstop filter parameters is 2/(|Rd|(C +
CJ )) ≈ 2π × 530 MHz. In the measurement we observed at
port 2 a five times smaller gain-bandwidth product, 2π ×
100 MHz. We attribute this decrease to i) losses in the input
matching network, and ii) intentional frequency response sharp-
ness of the matching network, the line terminated with varactor
diodes in particular.

IV. CONCLUSION

We developed and tested a controlled impedance environ-
ment for a single Josephson junction reflection amplifier. The
stability was studied through noise spectroscopy, and the gain
provided by Josephson junction negative differential resistance
was extracted from transmission S-parameter measurements.
High gains up to 30 dB were easily achieved with the aid of
tunable impedance matching by varactor diodes. We described
a realization of a complete microwave design on a single
printed circuit board dedicated to signal frequencies around
3 GHz, but the design methods can be easily generalized to
higher frequencies. We also employed a branch-line coupler
as an alternative for circulators. The coupler is preferred due
to its simplicity, modifiability and affordability. The drawback
is input mismatch. It can be noted that the other components
presented in this work (tunable matching circuit and DC block
circuit) are applicable and useful also in circulator-based setups.
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