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1. Introduction

Nanowires are elongated structures with typical transverse dimensions
from a few tens to a few hundreds of nanometers and lengths from a few
hundreds of nanometers to tens of micrometers. III–V nanowires, specifi-
cally, are nanowire-shaped crystalline compound semiconductors composed
of group III and V elements from the periodic table. Ideally, the whole
nanowire of a given III–V material is single-crystalline. Importantly, III–V
nanowires can be fabricated via bottom-up growth techniques in contrast to
conventional planar growth and patterning via etching. Nanowire growth
is most often performed with vapor phase growth techniques similar to
those used for planar epitaxial crystal growth. With these growth tech-
niques, the nanowire shape can be achieved via two distinct modes: droplet-
directed vapor–liquid–solid (VLS) growth and masking- and kinetics-based
selective-area epitaxy (SAE) growth. These bottom-up nanowire growth
modes offer novel benefits like improved substrate–nanowire material
compatibility for heteroepitaxial growth [1–3] and the possibility to form
axial and radial heterostructures and doping profiles in the nanowires
[4–8]. Furthermore, bottom-up growth of III–V nanowires is also possible
on Si substrates [9–13], enabling pursuit of the highly sought-after goal of
integrating III–V materials for optical emission or absorption with widely
used Si-based electronics.

The optical properties of III–V nanowires depend not only on the crys-
talline structure of the semiconductor material but also on the nanowire
geometry. The small transverse scale of the nanowires compared to the
wavelength of an interacting light field in the visible and near-infrared
(NIR) wavelength range gives rise to diffraction effects affecting the distri-
bution and guiding of the light field in and around the nanowires, as well
as photon emission and absorption within them [14–18]. The diffraction
effects combined with the possibility of forming various heterostructures
and doping profiles has garnered much interest for III–V nanowires to be
used in optoelectronics and other nanophotonics applications, including
solar cells [19, 20], photodetectors [21], integrated lasers [22], and single-
photon sources (SPSs) [23, 24]. Prototyping such applications tends to be

1



Introduction

slow and costly, due to which numerical modeling is an indispensable tool
for designing nanowire-based devices and to better understand the physics
of their operation.

Numerical optics modeling means describing the optical properties and
light fields in a given system with appropriate governing physics equations
and solving the resulting problems numerically via suitable approxima-
tions and algorithms implemented on a computer. The numerical optics
modeling in this thesis focuses on a classical description of electromagnetic
light fields propagating in and interacting with continuous material do-
mains, which is based on the well-known Maxwell’s equations and material
response equations. For most practical cases, nanophotonics systems re-
sult in problems that become intractable for obtaining analytical solutions
for the electromagnetic fields or do not even allow for such closed form
solutions at all. In these cases, it becomes necessary to employ numerical
techniques for solving the problems. There exists a large variety of different
numerical modeling techniques, of which the finite element method (FEM),
Fourier modal method (FMM), and finite-difference time-domain (FDTD)
method are among the most commonly employed for solving electromag-
netic optics problems. Importantly, each numerical modeling technique is
based on different combinations of numerical approximations to the govern-
ing equations and the system geometry, as well as on different numerical
algorithms used for solving the resulting systems of equations. Although
several different methods can, in most cases, provide the same results,
some employed approximations and algorithms can be better suited to
the problem at hand than others, yielding faster computations or more
accurate results given the same limited amount of computational resources.
When the modeled system exhibits suitable symmetry properties, the ef-
ficiency of most modeling techniques can be further improved by using
symmetry reduction, i.e., simplifying the problem at hand by identifying
equivalencies and restrictions arising from the symmetry in the system.
For practical reasons, it is hence important to be able to choose a suitable
numerical modeling technique for each given system and to exploit the
symmetries present in them whenever possible.

The work in this thesis concerns bottom-up-grown III–V nanowires for
nanophotonics applications and efficient numerical optics modeling tech-
niques for the analysis and design of light manipulation in such applica-
tions. There were three focus topics in this work. First, the fabrication
and performance of III–V nanowire SPSs with a quantum dot (QD) as the
emitter were reviewed with comparison to top-down-fabricated semicon-
ductor QD-based designs. Efficient SPSs are important components for
emerging quantum information science applications, including quantum
key distribution [25] and linear optical quantum computation [26–28].
However, a SPS comparison focusing on nanowires, especially concerning
fabrication, was found to be previously lacking from the literature, and this
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was addressed in the thesis. Second, numerical linear optics simulations
with the FEM were used to investigate novel waveguide modes in vertical
nanowire oligomers and the suitability of such modes for lasing based
on their modal properties. Although previous research had considered
guided modes in single nanowires [12, 29–31] and their use in laser ap-
plications [12, 22, 29, 31], guided modes and their properties in nanowire
oligomers was found to be a rather unexplored area in the literature. Third,
efficient numerical optics modeling techniques were considered. Impor-
tantly, a method was presented for extending the symmetry reduction of
FEM optics models concerning linear scattering problems to the case of
nonsymmetric plane-wave incidence. The achieved computational cost
reduction was also demonstrated with numerical examples. In contrast
to many other numerical optics modeling techniques, such a symmetry
reduction method for the real-space-based FEM technique implementation
was found to be previously missing in the literature. Additionally, the issue
of relative numerical performance of the FMM, FEM, and FDTD method in
incident light absorption simulations was addressed in the thesis. Finally,
an overview of numerical optics modeling for nanophotonics was presented
with emphasis on typical materials, geometries, and modeling techniques
available. This discussion was intended as guidance for those entering this
research field.

This thesis is divided into five chapters. Chapter 2 first discusses group
III–V compound semiconductor nanowire growth and optical properties, as
relevant for this work, including single-photon emission from an embedded
semiconductor QD. Chapter 3 then presents the theory and methods used
in this work for numerical optics modeling concerning nanowires and
other nanostructures, including linear scattering problems, waveguide
modes, and the FEM implementation. Additionally, the FMM and FDTD
method are also briefly discussed as relevant for the comparison. The main
research results of this work are then presented in Chapter 4, with sections
dedicated to the nanowire SPS review, the nanowire oligomer waveguide
modes investigation, and the FEM symmetry reduction method together
with the numerical efficiency comparison. Finally, the conclusions and
outlook are presented in Chapter 5.
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2. Group III–V compound
semiconductor nanowires

This chapter discusses group III–V compound semiconductor nanowire
growth and optical properties, as relevant for the reviews and numeri-
cal simulations in this work. First, nanowire growth is discussed with
the differences to conventional planar epitaxial growth, the unique het-
erostructuring opportunities, and the growth control challenges pointed
out. Note that, in this work, only non-templated, vapor-phase growth
techniques were considered, as most of the research on III–V nanowires
has employed these techniques. Second, nanowire optical properties are
briefly discussed. These properties, including absorption, emission, and the
support of leaky resonant and guided modes, result from the semiconductor
crystal structure and diffraction of light. Finally, single-photon emission
from an embedded semiconductor QD is discussed, as this is the basis of
nanowire SPSs which were reviewed in Publication I.

2.1 Nanowire growth

Conventional vapor-phase epitaxial growth mostly concerns planar layers,
and heteroepitaxy requires the crystal structures and orientations of the
growing layer and the substrate to be matched. This matching means
that the lattice constant difference between the two crystal structures
joining at their interface needs to be small enough, such that the resulting
compressive or tensile stress in the growing layer can be accommodated by
straining without the formation of defects that would break the continu-
ous crystal structure. Such defects can deteriorate the properties of the
grown layer for optoelectronics applications, and possibly even result in
a polycrystalline layer instead of single-crystalline. Therefore, the lattice
matching requirement generally restricts the available combinations of ma-
terials or layer thicknesses in conventional planar heteroepitaxy. On the
other hand, intentional lattice mismatch has been widely used for growing
QDs on planar crystal surfaces via the well-known Stranski–Krastanov
growth mode. Instead of planar epitaxial layer growth, this mode results
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in self-assembled, island-like QD formations that are randomly distributed
over the substrate surface [32] and also tend to exhibit inhomogeneous
distributions of sizes and compositions [33, 34].

The nanowire-shaped semiconductor crystal growth, in contrast, is a
result of introducing controlled selectivity to the growth process. Two of
the most often used growth modes were considered in this work for growing
semiconductor nanowires: droplet-directed VLS growth and masking- and
kinetics-based SAE growth. These two growth modes are schematically
illustrated in Figure 2.1. Both modes require specially prepared substrates
and, ideally, result in nanowires with control over the length, diameter,
composition, crystal structure, and electrical impurity doping. Regardless
of the growth mode, a major benefit in nanowire semiconductor growth is
that the lattice mismatch between the nanowire and the substrate material
can be far greater than in planar heteroepitaxy. This is possible due to
the nanowire shape allowing for efficient lattice strain relaxation in the
radial direction without the formation of dislocations and other defects
[1–3]. This allows for a wider range of materials and compositions to be
used in nanowire growth compared to planar growth, including growth
of III–V materials on the widely used Si substrates [9–13]. With proper
altering of the growth conditions, either VLS or SAE mode axial nanowire
growth can alternatively be suppressed and radial growth on the nanowire
sides promoted. Such radial growth is similar vapor–solid growth in
both cases, and may also lead to growth on the substrate surface unless
masking is used. Nanowire growth therefore also enables the formation
of various axial and radial heterostructures and doping profiles [4–8]
(when the vapor-phase dopant species are introduced during the growth).
These properties of nanowire growth provide unique opportunities for
nanophotonics applications.

In the VLS growth mode, the vapor-phase growth species gather at a
metallic droplet and the growth of the solid semiconductor crystal self-
directs to start off and then continue at the surface of the droplet. If
the particle is on top of a substrate, the most favorable position for the
semiconductor crystal to nucleate and start the growth is between the
particle and the substrate. After the initial start of the growth, the growth
front remains at the interface between the droplet and the already grown
crystal, i.e., the droplet sits at the tip of the growing nanowire. The growth
conditions are also tuned to inhibit planar growth on the substrate and the
nanowire sides. With the III–V semiconductor materials, nanowires of both
zinc blende (ZB) and wurtzite (WZ) crystal structures are common, and the
axial growth tends to favor the 〈111〉 crystal directions [35]. Consequently,
for epitaxial growth, crystalline substrates with {111} plane surfaces are
often used and lead to growth of vertical nanowires. Note that, with III–
V compounds, some crystal facets, denoted as type A and B facets, are
terminated with group III and V atoms, respectively. In the 〈111〉 directions,
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(a)

(b)

Substrate

QD
Metallic droplet

Substrate

Mask Layer QD

Figure 2.1. Schematic illustration of the two nanowire growth modes: (a) VLS and (b)
SAE. In the VLS growth mode, the axial growth is mediated by a metallic
droplet. In the SAE growth mode, the growth takes place at an opening in
a mask layer and is kinetically hindered on the crystal facets defining the
nanowire sides. Growth in the radial direction, on the other hand, takes place
via direct vapor–solid growth in both modes. The growth direction (axial or
radial) is indicated with blue arrows, and heterostructure QD insertions are
indicated with red color. The ideal case is depicted here, where axial and
radial growth can be independently controlled to obtain the desired nanowire
geometry. Reprinted from Publication I.

7



Group III–V compound semiconductor nanowires

the ZB and WZ crystal structures can be described by a stacking sequence
of three differently oriented layers consisting of group III and V atom pairs
[36] (if these layers are denoted as A, B, and C, the ZB stacking sequence
is "ABCABC..." and the WZ stacking sequence is "ABAB..."). Due to the
relatively subtle differences between the layers and stacking sequences,
III–V nanowires tend to be prone to stacking faults and polytypism (both
ZB and WZ segments being present in the nanowire) [37]. Note that,
in contrast to nanowires, only the ZB structure is stable in bulk III–V
crystals. Nanowires have also been grown on amorphous substrates [38,
39] with which the nanowire crystal structure has no direct connection
to the substrate, and the growth direction with respect to the substrate
surface is more random. It has further been shown that VLS growth is
possible even with droplets dispersed in flowing carrier gas without the
presence of any substrate [40]. Some of the most studied III–V materials
for VLS nanowire growth include GaAs, GaP, InP, InAs, and their ternaries
[41].

The VLS growth mechanism was first proposed by Wagner and Ellis [42],
for Au-droplet-mediated Si whisker growth on Si substrates. Since then,
Au has been the most studied and successful droplet material [41, 43, 44].
Alternatively, the droplet itself can be composed of the group III material
used for the nanowire growth. In this case, possible contamination of the
nanowire crystal by the droplet material is avoided, and the droplet size
can be varied during the growth. Such self-assisted VLS growth has also
received considerable attention in the field [9, 41, 45–47]. The initial ex-
planation of the growth mechanism has since been considered insufficient.
Furthermore, as the name of the method implies, it has been assumed that
the particle should be in a liquid state during the growth process. However,
nanowire growth with solid state droplets (vapor–solid–solid growth) has
also been reported, and the state of the droplet under different conditions
has been debated in the field [48–50]. In-situ transmission electron mi-
croscope studies have provided some further insight to the mechanisms of
nucleation and precipitation of new layers in the growing crystal [51–53].
Understanding of the details and physics of the VLS process has improved
over the years [5, 36, 41, 47, 49, 50, 54], but the full picture is still not
complete and there are open questions left to be resolved.

Consequently, accurate control of the nanowire growth in the VLS pro-
cess is challenging. The growth rates and crystal structure quality have a
complex dependence on the growth conditions, including temperature, feed
rates of the vapor-phase growth species, and the pressure in the growth
chamber. Additionally, substrate surface structuring and preparations,
possible mask layers, the size and density of the droplets, and the chang-
ing local environment around the droplets during the nanowire growth
play a significant role as well. Careful optimization of growth conditions
has in some cases resulted in nearly defect-free nanowires and allowed

8



Group III–V compound semiconductor nanowires

controlled selection or switching between the ZB and WZ crystal phases
[37, 55]. It is also difficult to avoid composition gradients in VLS growth
of axial heterostructures [56–59]. For example, in Au droplet VLS, the
droplet contains mostly group III growth species due to the generally low
solubilities of group V species in Au [49]. Due to the group III species
stored in the Au droplet, obtaining abrupt transitions in a heterostructure
is more challenging when the group III species are switched compared to
switching the group V species [57]. Introducing any dopant species also
makes the growth process more complex, and doping levels and dopant
distributions tend to be hard to control [8]. These kinds of challenges still
need to be overcome in order to use VLS-grown nanowires in nanophotonics
applications with high enough control and yield.

The SAE growth mode is direct vapor–solid growth and hence closer to
the conventional planar growth. However, there are two selectivity factors
in play that lead to the nanowire shape: a growth mask layer and optimized
growth conditions leading to crystal facet dependent growth rates. A thin
mask layer, typically an amorphous oxide or nitride, is deposited and
subsequently patterned with holes that expose the underlying substrate.
The nanowires then grow epitaxially on the substrate at the locations
of these holes. The optimized growth conditions lead to growth kinetics
that inhibit the growth on certain crystal facets. Again, group III–V
semiconductor nanowires tend to assume the ZB or WZ crystal structure,
with which the selected SAE growth conditions aim to inhibit growth on
the
{
110
}

or
{
112
}

crystal facets [60, 61]. These slow-growing crystal facet
planes are perpendicular to a {111} plane substrate surface, which leads
to nanowire growth primarily in the vertical 〈111〉 direction, and the side
facets joining to form a hexagonal cross-section for the nanowire. Different
III–V material nanowires can also preferentially grow on different types
of {111} surfaces, e.g., vertical GaAs nanowires preferentially grow on
{111}B (As-terminated) GaAs surfaces and vertical InP nanowires on
{111}A (In-terminated) InP surfaces [61]. With negligible growth on the
side facets, the nanowire diameter roughly corresponds to that of the hole
in the mask layer. Examples of III–V materials used in SAE nanowire
growth include GaAs, InP, InAs, and some of their ternary compounds [41].
Also III–nitride nanowires have been grown via SAE [41].

Although the nanowire growth process in SAE is less complex and better
understood than in VLS growth, it is still far from trivial to control. Also
in SAE, the growth conditions include temperature, feed rates of the vapor-
phase growth species, and the pressure in the growth chamber. In contrast
to conventional planar growth, however, the dynamics in SAE growth are
further complicated by dependence on the surface properties of the mask
layer, size and spacing of the holes in the mask, and the evolving nanowire
geometry during the growth [62, 63]. Careful optimization is required
to avoid defects in the crystal structure [64], especially stacking faults,
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and to control the crystal phase [65]. Controlling composition and dopant
concentration gradients are also challenging in SAE [7, 61], although to a
somewhat lesser extent than in VLS since there is no droplet potentially
acting as a reservoir. Arguably, further development is needed for SAE-
grown nanowires as well, before they can be deemed suitable for actual
nanophotonics applications beyond proof-of-concept.

Although nanowire samples were not fabricated in this work, the benefits
and challenges of bottom-up nanowire growth were considered in Publi-
cation I in the context of nanowire-based SPSs with heterostructure QDs
as the emitters. Importantly, both the VLS and SAE growth mechanism,
in principle, allow for full deterministic control of the QD emitter location,
size, and composition. Patterning of the metallic droplets in VLS or the
mask openings in SAE defines the nanowire diameter and location on the
substrate surface. For example, such nanoscale patterning is possible with
nanoimprint lithography [66] or electron beam lithography [67]. Note that,
in the patterning process with SAE, the mask layer is etched, whereas with
VLS, the metal is either deposited and etched or selectively deposited (e.g.,
via a patterned mask and a lift-off process [67]) to then obtain the droplets
via melting. The QD emitter inside the nanowire is obtained by briefly
introducing different growth species during the axial nanowire growth
such that a short section of a lower band gap material will be inserted in
the growing nanowire. The axial growth rates and times hence define the
vertical position and height of the QD. After forming the QD, the radial
growth can be used to cap the QD from the sides and to tune the nanowire
diameter for improved light control. With mixed axial and radial growth in
VLS, it is additionally possible to fabricate a sharp tip [68], as required by
the nanowire nano-antenna SPS design [23]. This particular design was
found widely used for nanowire SPSs as discussed in Publication I.

2.2 Optical properties of nanowires

Optical properties of group III–V compound semiconductor nanowires re-
sult from the semiconductor crystal structure as well as light diffraction
effects. The atoms of a crystalline material and the lattice of the crystal
structure define the allowed electron states, i.e., the electron wave function
solutions of the well-known Schrödinger equation, and hence ultimately
the electrical and optical properties of the bulk material. Due to the
periodicity of the crystal lattice, the electron wave functions essentially
become traveling waves with wave vectors ke and periodic modulation cor-
responding to the periodicity of the lattice (these are known as Bloch wave
functions). The allowed electron state energies can hence be presented
in the wave vector space in which they form quasi-continuous bands (the
ke-space is also called the reciprocal space due to the connection between
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the wave vectors and the real space lattice). Crystalline semiconductor
materials are characterized by an electron energy band structure such
that there occurs a band gap of no allowed states at any ke between the
highest full valence band and the lowest empty conduction band, the band
gap energy being defined as the minimum energy difference between them.
Compared to insulators, semiconductors have considerably smaller band
gap energies, such that a significant number of electrons can be thermally
excited from the valence band to the conduction band, leaving holes be-
hind (i.e., quasi-particles corresponding to unoccupied electron states).
Those semiconductor materials, for which the valence band maximum and
conduction band minimum occur at the same point in the wave vector
space, are called direct band gap semiconductors, while those, for which
the minimum and maximum occur at different points, are called indirect
band gap semiconductors. The wave vectors are also related to the electron
crystal momentum �ke, and overall momentum conservation in electron
transitions between states is required for the electron and other particles
involved in the process, like phonons of lattice vibrations and photons of
electromagnetic fields. Various binary III–V compounds have band gap
energies corresponding to wavelengths in the ultraviolet, visible, and NIR
range, and the band gap of ternary and multinary compounds varies with
their composition [69].

In the optical wavelength range from visible to NIR considered in this
work, photon absorption and emission within semiconductor materials
are associated with electron interband transitions between the valence
and conduction band. In this wavelength range, the photon momentum is
negligible compared to the range of crystal momentum values associated
with the electron states. Therefore, interband transitions with approxi-
mately fixed ke-value are mediated by photon absorption for the excitation
of an electron from the valence band to the conduction band or emission
for the recombination of a conduction band electron with a valence band
hole. In direct band gap materials, this tends to result in strong optical
absorption starting at the band gap energy or emission corresponding to
the band gap energy (for dipole-allowed transitions). However, in indirect
band gap materials, the momentum conservation additionally requires the
annihilation or creation of a phonon, which makes the process less effec-
tive and the band gap absorption or emission hence weaker. For example,
Si is an extremely widely used material in electronics applications, but
having an indirect band gap, it is less than ideal for band gap absorption
or emission in optoelectronics applications. III–V materials, on the other
hand, tend to exhibit direct band gaps in the visible or NIR range across
most compounds and compositions [69], making them highly appealing
for optoelectronics applications. At higher photon energies, further inter-
band transitions can be excited, and direct transitions become available
in indirect band gap semiconductors as well. Indeed, Si is still used for
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solar cell and photodetector applications, with strong absorption starting
at photon energies slightly above the band gap. On the other hand, at
photon energies typically well below the band gap, the excitation of optical
phonons becomes possible instead. The optical field power dissipation due
to absorption, regardless of the mechanism, is taken into account in nu-
merical optics modeling via the complex-valued permittivity or refractive
index material property, as discussed in section 3.1.

Furthermore, semiconductor heterostructures combining higher and
lower band gap materials can be used to confine electrons and holes to
the region of lower band gap material and to tune the electron states via
quantum confinement. With type I band alignment, the higher band gap
material surrounding the lower band gap material forms potential walls
for both electrons and holes. When the spatial extent of the lower band gap
region is small enough, quantum confinement effects result in profound
change of the electron states. In nanowire heterostructures, quantum
confinement in the lower band gap region leading to a quantum well can
be achieved with a wide and thin axial segment or a thin radial layer.
Similarly, a quantum wire can be achieved with a narrow nanowire core,
and a QD can be achieved with a narrow and thin axial segment. Especially,
the 3D quantum confinement in a QD leads to discrete energy level states
for the electrons in the conduction band and holes in the valence band.
Additionally, the electrons and holes in the QD are localized in space
such that Coulomb interactions between them lead to the formation of
excitons, i.e., bound electron–hole pairs with slight change in the state
energy corresponding to the exciton binding energy. Note that excitons
can also form in a bulk semiconductor, but with smaller binding energies
leading to easier dissociation due to thermal energy. The discrete energy
levels of excitons in QDs are the key to obtaining single photon emission
with semiconductors, as discussed in the following section 2.3.

As dictated by quantum electrodynamics, light–matter interaction be-
tween a quantum emitter and the electromagnetic field gives rise to sponta-
neous emission, i.e., a spontaneous optical transition in the emitter from an
excited state to a lower energy state with the released energy going to the
emission of a photon into one of the locally available optical states. Indeed,
the spontaneous emission from radiative recombination of electrons and
holes is also affected by the local environment. As proposed by Purcell [70],
the spontaneous emission rate is affected by the available local density of
optical states at the location of the emitter due to diffraction effects from
the environment. Consequently, this phenomenon is called the Purcell
effect. Nanostructuring of the environment of an emitter offers a way to
control the Purcell effect, and this can be quantified by the Purcell factor

FP =
Γrad

Γrad,0
, (2.1)

where Γrad and Γrad,0 is the radiative recombination rate in the emitter
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with and without the nanostructuring, respectively. Although directly
measuring the Purcell factor might not be feasible in many cases, it is
usually relatively straightforward to obtain it from numerical optics simu-
lations. The light–matter interaction is usually treated within the electric
dipole approximation, i.e., assuming that the spatial extent of the quantum
emitter is small compared to the wavelength of the electromagnetic field
and that the interaction can be treated as being between the field and
an electric point dipole. For example, this approximation often applies
for an exciton in a semiconductor QD [33]. Consequently, a QD emitter
can be modeled as a single dipole emitter, with which the Purcell factor
corresponds to the ratio of the total power emitted by the dipole in the
nanostructured environment to that in bulk (both obtained from the respec-
tive electromagnetic field solutions). Note that, in cases where the dipole
approximation has been found unsuitable, other models for QD emission
have been used instead [71, 72]. The Purcell factor may also either refer
to the overall emission or to the emission to a specific mode. For example,
a properly defined cavity structure can modify the local density of optical
states seen by an embedded emitter such that the spontaneous emission to
the resonant cavity modes is significantly enhanced and emission to modes
radiating out of the cavity is inhibited [73]. Similarly, tuning the diameter
of a nanowire can enhance the emission from an embedded QD emitter to
a guided mode along the nanowire axis and inhibit emission to radiation
modes [74].

Due to affecting the radiative recombination rate, the Purcell effect also
modifies the internal quantum efficiency of the emitter, defined as

IQE =
Γrad

Γrad + Γnr
, (2.2)

where Γnr is the non-radiative recombination rate, i.e., recombination with-
out the emission of a photon. Note that, in some cases, the nanostructuring
can also affect Γnr, in addition to affecting Γrad via the Purcell effect. There
are several mechanisms for non-radiative recombination, including Auger
recombination with the released energy exciting another electron, recombi-
nation via dopant or defect related trap states, and surface recombination
via surface defect or reconstruction related states. Recombination via the
aforementioned various states leads to the emission of phonons (and possi-
bly low-energy photons) instead of photons corresponding to the band gap
energy, and is most often described with the Shockley–Read–Hall model
[75, 76]. For nanowires, specifically, the surface effects are pronounced
due to the shape leading to a high surface-to-volume ratio. Essentially, the
surface of a crystal structure breaks the continuity of the bulk, possibly
leading to dangling bonds or surface reconstructions. These in turn can
lead to surface states with energies within the band gap of the bulk semi-
conductor crystal. Such surface states can, e.g., lead to depletion regions
devoid of charge carriers and efficient surface recombination that competes
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with photon-emitting radiative recombination [77, 78]. Clearly, these ef-
fects are highly detrimental to most nanowire optoelectronics devices, and
so-called surface passivation schemes are hence often employed to prevent
this. For example, proper material combinations and growth processes
for capping shells, whether epitaxial crystal growth or otherwise, on the
nanowire surface can significantly reduce the formation of detrimental
surface states [78–80].

In the wavelength range considered in this work, the relatively high real
part of the refractive index with III–V materials [81] and the nanowire
diameter-to-wavelength ratio can lead to optical resonances and guided
modes via diffraction effects. Incident light can couple to leaky resonances
and guided modes in nanowires, with which the light confinement inside
the nanowire can lead to a significant increase in absorption compared
to a similar sub-wavelength volume of the bulk semiconductor [14–16].
This light collection property with properly designed nanowire dimensions
has been exploited to achieve improved performance, e.g., for nanowire
photodetectors [21] and nanowire solar cells [14, 19, 20]. Note that, in
periodic nanowire arrays, the array period affects the light diffraction,
modifying the field confinement inside the nanowires [20] and also leading
to grating diffraction. Furthermore, periodic nanowire arrays can also form
photonic crystals [82], which are essentially structures that exhibit periodic
refractive index, with the period length comparable to the wavelength of
light, and photonic band gaps in the periodic dimensions with no allowed
propagating modes due to Bragg scattering.

Nanowires can support guided modes propagating along their axis with
varying degree of field confinement inside the nanowires depending on
their diameter and the specific guided mode [17, 29, 30]. Efficient embed-
ded QD emission to a guided mode, as well as efficient outcoupling of the
mode with a tapered tip, have been found very useful for nanowire SPSs
[23], as discussed in Publication I. On the other hand, flat nanowire end
facets can partially reflect the guided mode back to the nanowire, which is
enhanced if the nanowire lays on its side on a substrate [31] or a structure
with enhanced reflectivity is fabricated below the nanowire [12]. In such
cases, the nanowire forms a Fabry–Pérot cavity and can be used as a laser
with the semiconductor nanowire itself acting as the gain material and the
cavity providing the optical feedback [22, 29]. Waveguide modes in vertical
nanowire oligomer structures were studied in Publication II towards poten-
tial laser applications. However, only the modal properties were considered
based on linear Maxwell’s equations, as discussed in sections 3.1 and 3.2.
In order to properly model the operation of a nanowire laser, coupling
with a semiconductor gain model would additionally be needed. Such a
combined model would include the electron states in the semiconductor
structure, population inversion achieved via optical or electrical pump-
ing, spontaneous emission, mode selection, stimulated emission leading to
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lasing, and various non-idealities like non-radiative recombination. For
example, a numerical nanowire laser model that couples the electromag-
netic field description with Maxwell’s equations and a gain model based on
semiconductor Bloch equations has been used in Ref. [83].

2.3 Single-photon emission from a nanowire quantum dot

Single-photon emission from a semiconductor QD is possible due to exciton
recombination from each excited configuration of the discrete energy levels
leading to emission of a photon with different energy (wavelength). Each
discrete energy level can support at most two electrons (or holes) with
opposite spin due to the well-known Pauli exclusion principle. Adopting
the notation of atomic energy levels, the discrete energy levels are referred
to as shells, the two lowest ones being the s-shell and p-shell. Due to
the Pauli exclusion principle, there are only a limited number of possible
different charge configurations for the s-shell, as illustrated in Figure
2.2: biexciton |XX〉, charged excitons |X±〉, exciton |X〉, charged ground
states |g±〉 and ground state |g〉. The excitons in each charge configuration
have different energies due to Coulomb interactions between the electrons
and holes. There is an energy difference between a single exciton and an
exciton in the biexciton corresponding to the biexciton binding energy [84],
and the charged excitons also have different energies due to the presence
of the extra electron or hole. Therefore, ideally, a single photon emitted by
any recombining exciton can be extracted simply by spectral filtering [85,
86]. Indeed, only a single-photon is obtained as a result since re-excitation
is required before another equivalent recombination can take place. Note
that, due to the selection rules depending on the spin states, the exciton
|X〉 may or may not have a dipole-allowed radiative transition (within
the electric dipole approximation) [33]. An exciton state that either has
a dipole-allowed radiative transition or only non-radiative recombination
pathways is called a bright or a dark state, respectively. However, in-
teraction with the environment can lead to spin-flip processes switching
the exciton between the bright and dark states [33]. Furthermore, the
dipole-allowed transitions between the excited states and the ground state
are strongly influenced by the orientation of the natural quantization axis
of the QD, leading to transition dipoles perpendicular to this axis [87]. The
natural quantization axis is typically along the QD growth direction [33,
87], which, for a nanowire QD, means along the nanowire axis. With an
on-axis nanowire QD, a transition dipole perpendicular to the nanowire
axis, and a suitable nanowire diameter, the emission can efficiently couple
to the fundamental guided mode HE11 of the nanowire with minimal cou-
pling to radiation modes [17, 23], which is desirable for the nanowire SPSs
discussed in Publication I.
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Figure 2.2. Schematic illustration of excited states in a semiconductor QD. Left: simplified
energy band diagram (conduction band EC and valence band EV) for a QD em-
bedded in a bulk host semiconductor. Middle: possible exciton configurations
of the s-shell (exciton |X〉, charged excitons

∣
∣X±〉 and biexciton |XX〉). Right:

ground states (charged
∣
∣g±

〉
and neutral |g〉) corresponding to recombination

of the excitons. Filled and empty circles represent electrons in conduction and
holes in valence band, respectively. Arrows represent spin state (up or down).
Reprinted from Publication I.

In practice, thermal broadening of the exciton energies deteriorates the
single-photon emission. The energy differences between the exciton recom-
bination transitions are relatively small, and energy shifts due to thermal
broadening can lead to photons from multiple transitions with overlapping
energies (i.e., spectral contamination), thus preventing the single-photon
extraction via spectral filtering [88]. The thermal broadening results from
the electron thermal energy, as well as interactions with phonons, i.e.,
thermal energy in the lattice, causing broadening of the zero-phonon line
and the appearance of phonon sidebands [89, 90]. In order to suppress the
thermal broadening induced spectral contamination, cryogenic operation
temperatures are typically used. Alternatively, selecting materials with
large band-offsets and fabricating smaller size QDs can increase quantum
confinement and Coulomb interaction leading to larger energy separation
between the different excited states, such that even room temperature
operation can be possible [91, 92].

Ideally, successively emitted single photons from equivalent exciton re-
combination transitions would also have identical quantum states, as
required by some single-photon applications, but in practice, this can be
inhibited by the aforementioned energy shifts and dephasing mechanisms
due to the QD emitter coupling with its environment. Besides the thermal
broadening, inelastic exciton–phonon interactions also lead to loss of co-
herence, and elastic interactions are a source of pure dephasing [89, 93–
95]. Additionally, fluctuating electric fields due to charge trapping in the
QD surroundings or fluctuating magnetic fields due to randomly oriented
nuclear spins can cause dephasing [96]. Slow fluctuations can also lead
to variation in the transition energies after several single-photon emis-
sions (i.e., spectral diffusion), reducing the maximum achievable number
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of successive photons with identical quantum states [96, 97]. Additionally,
coupling with mechanical modes of the SPS structure via strain can also
lead to similar spectral diffusion [98]. In some cases, however, the charge
or spin environment of the QD may be controlled with an applied electric
field [99] or additional optical excitation [100]. Furthermore, enhancing
the spontaneous emission rate via the Purcell effect in nanophotonic struc-
tures reduces the chance that dephasing mechanisms have the time to
take effect [101]. Especially cavity structures can provide suitable Purcell
factors for this purpose [73, 95], leading to high-performance SPSs [99,
100].

The method by which the QD emitter is excited can also significantly
impact the SPS operation. If electrical or non-resonant optical pumping
is used to excite the QD emitter, electron–hole pairs are generated in the
higher band gap material surrounding the QD, and these electrons and
holes can then diffuse to the QD and relax to the lower energy levels. If
the lifetimes of the electrons and holes in the higher band gap material are
longer than the lifetime of the exciton associated with the desired single-
photon emission, several equivalent exciton recombinations can potentially
take place after a single pump pulse leading to multiple emitted photons
[102]. Additionally, the excess charge carriers in the surroundings of the
QD can contribute to the charge fluctuations causing spectral diffusion
[103–106].

Another option is to use resonant optical excitation, where the energy
of a laser pump photon matches that of exciting the |X〉 state. This also
means that no other transitions are excited in the QD and no electron–hole
pairs are generated in the surrounding higher band gap material. Since
no charge carriers are generated in the QD surroundings, this can lead to
considerably reduced spectral diffusion [104]. Further modulation of the
laser pump pulses can also provide additional control over the resonant
excitation [107]. However, a major issue with resonant optical excitation
is separating the single-photon signal and scattered excitation laser light
which have the same wavelength. For example, schemes like utilizing
cross-polarization for the pump and signal have been used for the separa-
tion [108, 109]. Another major issue is the increased chance of re-exciting
the QD within a single pump pulse, which then leads to the emission of
multiple photons [110]. Alternatively, the pump filtering problem can be
avoided by using quasi-resonant excitation [111] or resonant two-photon
excitation [110, 112] instead, as in these cases the exciting laser light and
the single-photon signal have considerably different wavelengths. In the
quasi-resonant excitation, the pump photon resonantly excites an electron
to a higher energy state, e.g., the p-shell, from which it may relax to the
|X〉 state. In the resonant two-photon excitation, two pump laser photons
are absorbed simultaneously to excite two electrons resulting in the |XX〉
state. Note that the process, due to involving two photons, is much less
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efficient than the resonant excitation of the |X〉 state. Additionally, the
recombination of both excitons is required before the QD returns to the
ground state. The resonant two-photon excitation hence also has signif-
icantly reduced chance of inadvertently re-exciting the QD within the
duration of a single pump pulse. Furthermore, if the photon emitted from
the |XX〉 → |X〉 transition is then used as the single-photon signal, the
potential issue of occasionally obtaining the |X±〉 state, due to an extra
electron or hole diffusion to the QD, instead of the |X〉 state is avoided.

It is also worth noting that the biexciton |XX〉 recombination as a
biexciton–exciton radiative cascade [113] (|XX〉 → |X〉 followed by |X〉 →
|g〉) can result in the emission of a single pair of polarization entangled
photons [114, 115], meaning that the polarization states of the two photons
are connected regardless of the distance between them. For the polariza-
tion entanglement to be achievable in the radiative cascade, the energy
difference between the bright |X〉 states having opposite spins must be
small enough. This energy difference is called fine-structure splitting (FSS)
and it occurs due to electron–hole exchange interactions [116]. Some QD
structures inherently lead to a small FSS [117], in addition to which, e.g.,
an applied electric field can be used to tune the FSS value [118]. Beyond
SPSs, many quantum photonics applications could make use of sources
that are able to generate entangled photon pairs [119, 120], and semicon-
ductor QD-based sources have been found promising for that as well [120,
121].
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3. Numerical optics modeling

This chapter presents the theory and methods used in this work for nu-
merical optics modeling concerning nanowires and other nanostructures.
First, linear scattering problems are discussed starting from Maxwell’s
equations and basic assumptions made, including time-harmonic fields
and linear material response. The typical quantities of interest in such
models, scattered and absorbed power of the incident light, are then con-
sidered. This is followed by a discussion on waveguide modes and their
properties, including power carried by such modes, reflection from the
waveguide ends, and modal confinement. The main numerical modeling
method used in this work was the FEM, for which the basic principles,
boundary conditions and computational cost are discussed. Finally, since
the numerical performance of the FEM in incident light absorption simula-
tions was also specifically compared in this work with the FMM and FDTD
method, these two methods are also briefly discussed as relevant for the
comparison. Note that, although there is no generally accepted distinction
between numerical modeling and simulation, the term simulation is used
in this work to refer to the act of solving a numerical model with given
parameters. The discussion presented here focuses on the numerical optics
modeling and simulations related to Publications II, III, and IV, while a
more general overview of numerical electromagnetic optics modeling for
nanophotonics was presented in Publication V with emphasis on typical
materials, geometries, and modeling techniques available.

3.1 Linear scattering problems

In this work, light is treated as a classical electromagnetic vector field
governed by the well-known Maxwell’s equations

∇×E(r, t) = − δ

δt
B(r, t) , (3.1)

∇×H(r, t) =
δ

δt
D(r, t) + J(r, t) , (3.2)
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∇ ·D(r, t) = ρ(r, t) , (3.3)

and
∇ ·B(r, t) = 0 , (3.4)

where E is the electric field, H is the magnetic field, D is the electric
displacement, B is the magnetic induction, J is the free current density,
ρ is the free charge density, r is the location vector, and t is time. More
specifically, this work focuses on time-harmonic fields, i.e., fields that oscil-
late with a frequency f or, equivalently, angular frequency ω = 2πf . The
complex-valued electric field E(r) notation is adopted such that E(r, t) =

�{E(r)eiωt
}

(H, D, B, J, and ρ having the same form). The complex-valued
Maxwell’s equations for time-harmonic fields thus become

∇×E(r) = −iωB(r) , (3.5)

∇×H(r) = iωD(r) + J(r) , (3.6)

∇ ·D(r) = ρ(r) , (3.7)

and
∇ ·B(r) = 0 . (3.8)

In the following, only complex-valued, time-harmonic E, H, D, B, J, and
ρ are considered, unless stated otherwise. In this notation, the single
time-harmonic frequency ω is taken as a constant, but the complex-valued
field quantities still implicitly depend on ω.

In addition to the Maxwell’s equations above, constitutive relations de-
scribing the material response are also needed to link the electric dis-
placement D and the magnetic induction B to the electric field E and the
magnetic field H. In this work, only local, linear, isotropic, and homoge-
neous material media are considered. Here, locality means that the value
of one quantity at a specific location r depends on the other quantities
only at the same location. Linear material response means that the field
quantities have first-order relations with other field quantities. In an
isotropic medium, the material response does not depend on the vector
field direction, and the responses to the electric and the magnetic field are
decoupled. Finally, in a homogeneous medium, the material properties do
not vary with location. With these properties, the following constitutive
relations result:

D(r) = ε(r, ω)E(r) = εr(r, ω)ε0E(r) , (3.9)

and
B(r) = μ(r, ω)H(r) = μr(r, ω)μ0H(r) , (3.10)
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where ε(r, ω) is the complex-valued, frequency dispersive material per-
mittivity, consisting of the unitless relative permittivity εr(r, ω) and the
vacuum permittivity ε0, and μ(r, ω) is the complex-valued, frequency disper-
sive material permeability, consisting of the unitless relative permeability
μr(r, ω) and the vacuum permeability μ0. Furthermore, the materials con-
sidered in this work are nonmagnetic, meaning that they have μr(r, ω) = 1.
Note that, with homogeneous materials, the spatial variation of ε(r, ω) and
μ(r, ω) refers to regions of different materials in the model geometry.

With the material response given in Equations 3.9 and 3.10 applied,
only two of the time-harmonic Maxwell’s equations need to be considered
(Equations 3.5 and 3.6):

∇×E(r) = −iωμr(r, ω)μ0H(r) (3.11)

and
∇×H(r) = iωεr(r, ω)ε0E(r) + J(r) . (3.12)

The Equation 3.7 together with the divergence of Equation 3.6 simply state
the conservation of charge ∇ · J(r) = −iωρ(r), while Equation 3.8 directly
results from taking the divergence of Equation 3.5. The equation 3.12
can be re-written with the complex-valued relative permittivity εr(r, ω) =

ε′r(r, ω)− iε′′r (r, ω), where ε′r(r, ω) and ε′′r (r, ω) are real-valued, as

∇×H(r) = iωε′r(r, ω)ε0E(r) + Jd(r) + J(r) , (3.13)

where the term
Jd(r) = ωε′′r (r, ω)ε0E(r) (3.14)

results from the imaginary part of the permittivity. This term is associated
with various loss mechanisms in the materials, including conduction losses
for a current density driven by the electric field, dielectric losses, and losses
due to optical excitation of electron transitions.

In numerical optics modeling of nonmagnetic materials, the complex-
valued refractive index n(r, ω) =

√
εr(r, ω) is often used instead of the

relative permittivity. The refractive index then relates the speed of light c
in different media to the vacuum speed of light c0 = 1/

√
ε0μ0 as

c =
c0

�{n(r, ω)} . (3.15)

Therefore, in a vacuum n(r, ω) = 1, which is also the approximate value
for air. The speed of light is also given by the frequency f and wavelength
λ as c = fλ. In numerical optics modeling, the vacuum wavelength λ0 =

c0/f is often used instead of the angular frequency ω, and experimental
refractive index data is also often expressed as a function of the wavelength.
In this work, light ranging from ultraviolet through visible to NIR is
considered such that the vacuum wavelength is within the range 200
nm to 1600 nm (the visible wavelength range can be considered to be
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from 400 nm to 750 nm). In the visible and NIR wavelength range, most
dielectric materials are non-absorbing and have real-valued refractive
indices. Most of the considered semiconductor materials have their band
gap within this wavelength range (the band gap energy Eg corresponding
to the photon energy Ep = hf = hc/λ, where h is the Planck constant).
Below their respective band gap wavelengths, the semiconductors become
absorbing which results in non-zero imaginary parts of the refractive
indices. Here, positive n′′(r, ω) is associated with losses when the complex-
valued refractive index is written as n(r, ω) = n′(r, ω) − in′′(r, ω), where
n′(r, ω) and n′′(r, ω) are real-valued. Note that positive ε′′r (r, ω) in Equation
3.14 is also associated with losses. With the semiconductor materials
and the wavelength range considered in this work, the main optical loss
mechanism is absorption due to excitation of interband transitions of
electrons across the band gap. A further discussion on the refractive
indices of insulators (dielectrics), semiconductors, and metals was provided
in Publication V.

When solving scattering problems, a source-free region is usually consid-
ered, i.e., the free current density J(r) in Equation 3.12 is taken to be zero.
In this case, the Equations 3.11 and 3.12 result in the well-known wave
equation for the electric field

∇2E(r) + k2(r, ω)E(r) = 0 , (3.16)

where k(r, ω) = n(r, ω)k0 = n(r, ω)2π/λ0 is the wave number. Note that,
in scattering problems, the electric field E(r) includes the incident field,
without which the equation describes resonant eigenmodes instead. A
similar equation can also be obtained for the magnetic field. It is common
for numerical methods dealing with such time-harmonic frequency-space
(or wavelength-space) problems to solve only either the electric or the mag-
netic field and then obtain the solution for the other field from Equations
3.11 and 3.12, if needed. Furthermore, Equation 3.16 is linear in the
sense that any linear combination of solutions E(r) is also a solution. This
linearity property was exploited in the symmetry reduction procedure of
Publication III.

The simplest eigenmode solution of Equation 3.16, within a homogeneous
medium of refractive index n(ω), is that of a plane wave

E(r) = Eae
−ik(ω)·r , (3.17)

where Ea is the electric field amplitude vector and k(ω) = kx(ω)ux +

ky(ω)uy + kz(ω)uz, with |k(ω)| = k(ω), is the wave vector pointing in the di-
rection that the plane wave is propagating to. The corresponding magnetic
field solution is

H(r) =
k(ω)×Ea

ωμ0
e−ik(ω)·r = Hae

−ik(ω)·r , (3.18)
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where Ha is the magnetic field amplitude vector. Furthermore, Ea, Ha,
and k are all perpendicular to each other. Such a source-free solution is
self-sustaining in the sense that the oscillating electric and magnetic fields
sustain each other in the propagating electromagnetic field, as is evident
from Equations 3.11 and 3.12.

Plane waves are actually extremely useful in numerical optics modeling
of scattering problems. The plane wave solution described by Equation 3.17
is clearly unphysical being of infinite extent and hence carrying infinite
power. However, the plane wave is often locally a good approximation for
slowly varying phase fronts of various incident light fields, e.g., weakly
focused laser beams, when the area considered is small enough compared
to the full extent of the illuminated area. Additionally, due to the assumed
material response, there is no frequency mixing, and light sources with a
broad spectral band, such as sunlight, can be considered one wavelength
at a time over the wavelength range of interest. Furthermore, due to
the linearity of Equation 3.16, more complicated fields propagating in
a homogeneous medium can be expressed as a superposition of plane
wave components, which is known as the angular spectrum representation
(pp. 38–42 in Ref. [122]). Some of the plane wave components in such
a representation, however, can be evanescent with an exponential decay
factor resulting from an imaginary wave vector component in Equation
3.17. A similar factor arises for all plane wave components in absorbing
materials due to the imaginary part of the refractive index.

For a plane wave propagating from the upper half-space (z > 0) towards
an interface at the xy-plane, the wave vector and electric field amplitude,
in the general case, are expressed in this work with three angles: polar
angle θi (from z-axis), azimuth angle φi (from x-axis), and electric field
rotation angle ψi. These angles are illustrated in Figure 3.1. The elec-
tric field amplitude vector defines the polarization of the field. In this
work, only linear polarization or unpolarized light is considered. Linear
polarization means that the electric field vector direction oscillates in time
along a line. A general linear polarization is commonly expressed as a
linear combination of two orthogonal components called s- and p-polarized
components. A response to unpolarized light, on the other hand, can be
considered as an incoherent average (adding powers not amplitudes) of
the response to the s- and p-polarization. For example, the absorption
of unpolarized light can be taken as the average of separately computed
absorption of s- and p-polarized light. The wave vector and the selected
interface plane normal vector together define a plane of incidence (see Fig-
ure 3.1) to which the s- and p-polarized components are perpendicular and
parallel, respectively. The case of θi = 0 is known as the normal incidence,
i.e., the wave vector is perpendicular to the interface plane (for consistency
in the above definitions of the angles, it is also defined here that φi = 0 at
normal incidence). The wave vector and electric field amplitude vector can
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Figure 3.1. Schematic of the coordinates defining the incident plane wave: polar angle
θi (from the z-axis), azimuth angle φi (from the x-axis), and electric field Ei

rotation angle ψi (from the plane of incidence, which is defined by the z-axis
and the wave vector ki and indicated with gray dashed lines). Reprinted from
Publication III.

now be expressed as

ki(ω) = −n(ω)k0

⎡
⎢⎢⎣

sin(θi) cos(φi)

sin(θi) sin(φi)

cos(θi)

⎤
⎥⎥⎦ (3.19)

and

Ei = |Ei|

⎛
⎜⎜⎝sin(ψi)

⎡
⎢⎢⎣

− sin(φi)

cos(φi)

0

⎤
⎥⎥⎦+ cos(ψi)

⎡
⎢⎢⎣

cos(θi) cos(φi)

cos(θi) sin(φi)

− sin(θi)

⎤
⎥⎥⎦
⎞
⎟⎟⎠ , (3.20)

where the rows in the column vectors represent the x-, y-, and z-components.
If the xy-plane is an interface between two dielectric or semiconducting

media with different refractive indices n1(ω) and n2(ω), the incident plane
wave experiences partial reflection and transmission. In the absence of any
surface charges or currents at the interface, the Maxwell’s equations re-
quire that the electric field component parallel to the interface, the electric
displacement component normal to the interface, and the magnetic field
(again, with nonmagnetic materials) are all continuous over the interface.
As a result of these interface conditions, the well-known reflection law,
Snell’s law, and Fresnel reflection and transmission coefficients can be
derived. The reflection law simply states that the angle of reflection θr is
equal to the angle of incidence θi. Snell’s law, on the other hand, concerns
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the refraction of the plane wave propagation, and states that the wave
vector components parallel to the interface are continuous over it. The
conventional form of Snell’s law is

n1(ω) sin(θi) = n2(ω) sin(θt) , (3.21)

where θt is the angle from the z-axis in the second medium. When a plane
wave propagates from a material of higher real-valued refractive index to
another with a lower refractive index, it can be seen that beyond a certain
incidence angle, Equation 3.21 no longer has a real-valued solution for θt
(or, equivalently, the transmitted wave vector z-component ktz(ω)). In this
case, so-called total internal reflection occurs, meaning that the plane wave
is fully reflected at the interface with only an evanescent field reaching
to the second medium. The total internal reflection phenomenon restricts
the cone of angles at which photons emitted inside a bulk semiconductor
slab can escape to the outside, posing issues for optoelectronic devices like
LEDs.

The Fresnel reflection (rs and rp) and transmission coefficients (ts and
tp) for the electric field amplitudes are different for the s- and p-polarized
components:

rs =
kiz − ktz
kiz + ktz

, (3.22)

ts =
2kiz

kiz + ktz
, (3.23)

rp =
n2
1ktz − n2

2kiz
n2
1ktz + n2

2kiz
, (3.24)

and
tp =

2n1n2kiz
n2
1ktz + n2

2kiz
, (3.25)

where kiz and ktz are the z-component of the incident and transmitted
wave vector, respectively (showing the explicit dependencies on θi and ω

are omitted here to improve readability). Overall, the wave vector and
electric field amplitude vector can be expressed as

kr(ω) = −n1(ω)k0

⎡
⎢⎢⎣

sin(θi) cos(φi)

sin(θi) sin(φi)

− cos(θi)

⎤
⎥⎥⎦ (3.26)

and

Er = |Ei|

⎛
⎜⎜⎝rs sin(ψi)

⎡
⎢⎢⎣

− sin(φi)

cos(φi)

0

⎤
⎥⎥⎦+ rp cos(ψi)

⎡
⎢⎢⎣

cos(θi) cos(φi)

cos(θi) sin(φi)

sin(θi)

⎤
⎥⎥⎦
⎞
⎟⎟⎠ (3.27)
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for the reflected field, and

kt(ω) = −n2(ω)k0

⎡
⎢⎢⎣

sin(θt) cos(φi)

sin(θt) sin(φi)

cos(θt)

⎤
⎥⎥⎦ (3.28)

and

Et = |Ei|

⎛
⎜⎜⎝ts sin(ψi)

⎡
⎢⎢⎣

− sin(φi)

cos(φi)

0

⎤
⎥⎥⎦+ tp cos(ψi)

⎡
⎢⎢⎣

cos(θt) cos(φi)

cos(θt) sin(φi)

− sin(θt)

⎤
⎥⎥⎦
⎞
⎟⎟⎠ (3.29)

for the transmitted field. The plane wave expressions presented here were
used to form a solution to Equation 3.16 in Publication III in the absence
of the nanowire (i.e., with just the substrate present). In the general case
of multiple parallel planar interfaces between different media, an incident
plane wave leads to a solution of the form

E(r) =

⎡
⎢⎢⎣

Ex(z)

Ey(z)

Ez(z)

⎤
⎥⎥⎦ e−i(kixx+kiyy) , (3.30)

where the z-dependence in closed form quickly becomes intractable beyond
two interfaces, but can be numerically evaluated with the transfer matrix
method (TMM) [123]. Such planar layer stacks and the TMM treatment
were also discussed in Publication V.

Beyond planar interfaces, more general numerical methods to solve the
Maxwell’s equations are needed as analytical solutions are generally not
available and the TMM is no longer applicable. With nanostructures, such
as nanowires, light diffraction can lead to complex dependency between
the nanostructure and its optical response. For example, light distribu-
tion and absorption in nanowire arrays has been studied numerically in
order to better understand, characterize, and design such structures for
optoelectronics applications [14, 15, 124–126]. If scattering nanostructures
in a finite region are considered, it can be convenient and numerically
beneficial to use the so-called background-field-scattered-field formalism.
In this formalism, the full field solution is taken to be

E(r) = Eb(r) +Es(r) , (3.31)

where Eb(r) is the background field solution in the absence of the nanos-
tructures and Es(r) is the additional scattered field caused by the nanos-
tructures. The idea in this formalism is that the background field solution
is known or easier to obtain, after which the scattered field with the nanos-
tructures present can be solved. Particularly, if the larger structure in the
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absence of the nanostructures consist of planar interfaces and the inci-
dent field is a plane wave (or can be expressed as a superposition of plane
wave components), the background field solution can be easily obtained as
discussed above. This approach was taken in Publication III.

Once the field solution for a given problem is obtained, other quantities
of interest, such as scattered and absorbed power, typically need to be
extracted. The power carried by an electromagnetic field is commonly de-
termined using the so-called Poynting vector. The complex-valued Poynting
vector is defined as

S(r) =
1

2
E(r)×H∗(r) , (3.32)

where ∗ denotes complex conjugation. It is worth noting that the real part
of the complex Poynting vector gives the time-average of the real-valued,
time-dependent Poynting vector

〈S(r, t)〉t = �
{
1

2
E(r)×H∗(r)

}
, (3.33)

which can also be taken as the light intensity. The time-averaged power of
an energy flow through a surface can then be obtained by integration

PS =

∫
S
�{S(r)} · nSdS , (3.34)

where nS is the surface normal. If the surface is closed, the integration
over it yields the total power that goes into or comes out from the enclosed
volume, i.e., absorption of an externally incident field or total power emitted
by a source inside the volume. Therefore, the dissipated (absorbed) power
in a given volume can also be expressed as (pp. 23–24 in Ref. [122])

Pd =

∫
V
�
{
1

2
E(r) · J∗

d(r)

}
dV , (3.35)

where Jd(r) is defined in Equation 3.14. The absorption (or absorptivity)
in the volume is defined as

A =
Pd

Pin
, (3.36)

where Pin is the incident power. With an incident plane wave, however,
the absorption is only meaningful for structures on a planar surface that
are infinitely periodic such that the dissipated and incident powers can
be evaluated over a finite unit cell, i.e., a region that can tile the infinite
periodic structure. For convenience, large nanowire arrays are often ap-
proximated as infinitely periodic. For non-periodic structures, like a single
nanowire, a better suited quantity is the absorption cross-section

Acs =
Pd

Iinc
, (3.37)

where Iinc is the incident intensity (given by Equation 3.33). The absorption
of nanowire arrays was considered in Publications III and IV and the
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absorption cross-section of a single nanowire was considered in Publication
III.

In many scattering problems, instead of the local electric field in the vicin-
ity of the nanostructure or the absorption inside it, the primary interest is
in the distribution of power scattered in different directions. Alternatively,
if there is an emitter inside the nanostructure, the effect of the nanos-
tructure on the emitted power and its directivity in free space could be of
interest. In either case, the light is collected at a distance much greater
than the extent of the nanostructure, e.g., using an objective with a limited
numerical aperture (limited solid angle from the source over which the
light can be collected). Numerical methods that solve the electric field in
real space, like the FEM, by necessity consider only a finite region and
tend to get more computationally heavy the larger this region is. There-
fore, a near-to-far-field transformation (NFFT) that translates the local
field solution to a far-field distribution is often required. Such NFFTs are
typically based on the field equivalence principle with which the electric
and magnetic fields on a closed surface can be replaced with electric and
magnetic free current distributions such that the electromagnetic field
emitted by these currents outside the surface is identical to the original
field. These current distributions can then be used to compute the near-
and far-field in a homogeneous space without the original source using
well-known equations. An extended NFFT has also been formulated that
can additionally accommodate a semi-infinite planar substrate with a pla-
nar layer stack on top [127]. Tailoring the far-field emission pattern and
therefore improving the light collection are of importance when designing
light sources, including the SPSs discussed in Publication I.

3.2 Waveguide modes

Optical waveguides are structures that confine light and direct its propa-
gation to be along the waveguide. Like plane waves are solutions to the
source-free Maxwell’s equations in a homogeneous medium, guided modes
are solutions for an infinitely long waveguide of a given cross-section. The
Maxwell’s equations in the cross-section plane result in an eigenvalue
equation, where the guided modes are the eigenmodes. Additionally, leaky
modes and radiation modes arise if there is a source or a scatterer in the
waveguide. Leaky modes propagate along the waveguide but gradually
couple out to radiation modes, which in turn are propagating modes that
are no longer bound to the waveguide. Importantly, the guided modes do
not couple to each other or to leaky and radiation modes during propaga-
tion as long as the waveguide stays translational invariant. With realistic,
finite-length waveguides, scattering and back-reflection will occur at the
waveguide ends. In the following treatment, all materials involved are
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assumed to have real-valued refractive indices.
A time-harmonic guided mode (denoted here with a single index ν) prop-

agating along a waveguide that is translation invariant in the z-direction
has an electric and magnetic field of the form

Eν(r) = eν(x, y)e
iβν(ω)z (3.38)

and
Hν(r) = hν(x, y)e

iβν(ω)z , (3.39)

where eν(x, y) and hν(x, y) are the field profiles in the transverse xy-plane,
and βν(ω) is the mode propagation constant (a backwards-propagating
mode is denoted with a negative index −ν and has a negative propagation
constant β−ν = −βν). The source-free wave equation (Equation 3.16) then
leads to an eigenvalue equation for the electric field profile eν(x, y) in the
transverse xy-plane:

(∇2
t + k2(x, y, ω)

)
eν(x, y) = β2

ν(ω)eν(x, y) , (3.40)

where ∇2
t =

δ2

δx2 + δ2

δy2
, and β2

ν(ω) is the eigenvalue. The mode propagation
constant can also be written as βν(ω) = ne,ν(ω)k0, where ne,ν(ω) can be
understood as an effective refractive index of the mode. Consequently, the
definition of the effective refractive index is

ne,ν(ω) =
βν(ω)

k0
, (3.41)

and n2
e,ν(ω) can alternatively be considered as the eigenvalue for the eigen-

mode ν. The mode effective refractive index value is always bound by the
lowest and highest refractive index of the materials in the waveguide re-
gions the fields extend to (pp. 226 in Ref. [128]). In the following, explicitly
writing the dependence on location r and dispersion with ω are omitted in
equations for brevity.

Semi-analytical solutions for the mode propagation constants and field
profiles exist for simple two-layer and three-layer step-index optical fiber
waveguide structures with circular cross-sections. The two-layer structure
cross-section consists of a circular core and an infinite cladding outside,
while the three-layer structure additionally has a finite circular layer
between the two. All these regions have different homogeneous refractive
indices (hence the stepwise change in refractive index at the interfaces).
The semi-analytical solutions for the guided mode propagation constants
in the two-layer step-index waveguide are well-known, and can be found
in textbooks like Ref. [129]. Similar semi-analytical solutions for the three-
layer step-index waveguide have also been derived in the literature [130,
131]. The guided mode solutions in these waveguides can be classified as
TE (transverse electric field), TM (transverse magnetic field), and HE or
EH (having both transverse and longitudinal components). Every mode
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other than the fundamental HE11 mode has a cut-off below which the mode
cannot propagate in the waveguide. The cut-offs occur both with varying ω

while keeping the geometry constant and with varying the diameters in
the cross-section geometry and keeping the ω constant. When the diameter
is varied, the guided mode solutions change due to diffraction effects, and
when ω is varied, the solutions additionally change due to dispersion in
n(r, ω). These semi-analytical solutions for the propagation constants
(or effective refractive indices) were used to verify the numerical single-
nanowire waveguide results in Publication II. It is worth noting that the
field orientation (rotation) is arbitrary for such a waveguide with circular
symmetric cross-section. If this symmetry is broken, however, the modal
field solutions depend on the orientation of the mode relative to the cross-
section, leading to different propagation constants, which is known as form
birefringence. For example, elliptical cross-section nanowire waveguides
exhibit this property [132].

The guided mode fields are orthogonal in the sense that they cannot
couple to each other during propagation along the translation invariant
waveguide. However, when the translation invariance is broken due to a
discontinuity, e.g., a finite waveguide end, a scatterer, or a change in the
waveguide cross-section, the modes can couple due to scattering (symme-
try properties permitting). In the general case, the total field can be a
superposition of guided modes, leaky modes, and radiation modes, with
the leaky and radiation modes also being orthogonal to the guided modes
along the continuous part of the waveguide (pp. 517–518 in Ref. [128]). All
these modes have an eiβz type dependence, but for the radiation modes,
there is a continuum of values that the propagation constant β can take
and these modes are hence expressed in the total field with integrals over
the propagation constant. The guided mode orthogonality relation can be
expressed in an integral form (pp. 417–420 in Ref. [133])∫

xy

{
eν × h∗

ξ + e∗ξ × hν

} · uzdxdy = 0 , (3.42)

where the integration is over the entire xy-plane and the index ξ 	= ν.
Different forms of this relation exist in the literature (e.g., pp. 212–214 in
Ref. [128] and pp. 25–28 in Ref. [129]), but Equation 3.42 holds also for
backwards propagating modes ξ = −ν without any additional modifications.
The mode orthogonality property is very useful as it allows to isolate the
contribution of a given guided mode from a general total field.

No analytical solutions exist for the scattering and reflection of guided
modes at the ends of a finite waveguide, so a numerical treatment is
required. The power reflectivity for a given mode can be obtained from
a numerical simulation by launching the mode towards the waveguide
end and comparing the forward and backwards propagating power in that
mode. This approach was taken in Publication II for the simulations of
modal reflectivity in nanowire oligomer waveguides. The power carried by
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a guided mode ν in the positive z-direction can be obtained with integration
of the time-averaged Poynting vector (Equation 3.33) as

Pν =
1

4

∫
xy

{Eν ×H∗
ν +E∗

ν ×Hν} · uzdxdy , (3.43)

where the identity �{a} = 1
2 (a+ a∗) has been applied. With the guided

mode being orthogonal to all leaky and radiation modes, and the relation
of Equation 3.42, the power carried by the guided mode ν component of the
total field can be obtained as

Pc,ν =

∣∣∣∣14
∫
xy

{
E× H̃

∗
ν + Ẽ

∗
ν ×H

}
· uzdxdy

∣∣∣∣
2

(3.44)

using the normalized modal fields

Ẽν =
1√|Pν |

Eν (3.45)

and
H̃ν =

1√|Pν |
Hν , (3.46)

where |Pν | is the modal power flow regardless of direction. This normal-
ization is used since the guided mode solution by itself has an arbitrary
field amplitude and hence arbitrary |Pν |. Since the guided mode fields are
bound to the waveguide, they decay with distance outside the waveguide in
the transverse plane. Therefore, in practice, the integration over the entire
xy-plane can be replaced with a suitable finite integration area (the error
of this approximation decreasing with increasing integration area). Such
a finite region is already considered in any real-space-based numerical
method, like the FEM, in which the cross-section area of the model needs
to be large enough such that the fields are negligible at the boundaries.
Modal reflection and out-coupling from a single nanowire waveguide end
has also been considered in the literature [30, 134], and these properties
are of interest for the nanowire SPSs discussed in Publication I as well.

In addition to the modal power and reflectivity, the modal confinement
factor was also considered in Publication II. The modal confinement factor
is relevant for waveguide structures with active regions providing optical
gain. Following Ref. [135], the modal confinement factor of a mode is
defined as the ratio of the optical gain per unit length of propagation
experienced by the guided mode in the waveguide to that experienced by a
plane wave in a homogeneous medium of the same gain material. When
the fields of a guided mode ν are solved, the modal confinement factor can
be computed via the equation

Γν =
na
2Z0

∫
Sa

|Eν |2 dxdy
1
2

∫
xy �{Eν ×H∗

ν} · uzdxdy
, (3.47)
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where na is the refractive index of the active region, Z0 =
√

μ0

ε0
is the

characteristic impedance of free space, and Sa denotes the active cross-
section area [135]. It is important to note that the modal gain can actually
be larger than the bulk material gain and the modal confinement factor
can hence exceed unity.

Furthermore, two rather important notes on the modal confinement
factor and Equation 3.47 may also be pointed out here. First, while the
denominator expression in Equation 3.47 gives the total modal power, the
numerator expression does not correspond to any actual power propaga-
tion. Importantly, this is in contrast to the commonly used modal power
confinement factor, which is defined as the ratio of modal power in the
active region to the total modal power and, therefore, cannot exceed unity.
Second, with real-valued n(x, y) in the waveguide cross-section, it is possi-
ble to express the effective refractive index as (pp. 221–222 in Ref. [128])

ne,ν =

∫
xy n

2(x, y)12�{Eν ×H∗
ν} · uzdxdy∫

xy n
2(x, y) 1

2Z0
|Eν |2 dxdy

. (3.48)

When comparing equations 3.48 and 3.47, despite the apparent similarities
at first glance, it is quite clear that the modal confinement factor does not
relate to the mode effective refractive index in any trivial way. Therefore,
the mode effective refractive index approaching the active region refractive
index cannot, in general, be taken to indicate increasing modal confinement
in the active region.

3.3 Finite element method

The FEM was the main method used for numerical optics modeling in this
work. In short, the FEM is based on discretizing the model domain into a
continuous mesh of finite elements and approximating the unknown field
with simple functions, called shape functions, within each element. The
basic simplex mesh elements for meshing general irregular domains are
triangles for 2D areas and tetrahedra for 3D volumes. The mesh elements
can also have other suitable shapes, even curved ones, as long as the mesh
can continuously cover the model domain without any overlap between
the elements. The shape functions are, in most FEM implementations,
interpolating polynomials constructed from field values at node points
within the element (vertex, edge, facet, and interior node points). The
higher the element order, i.e., the order of the interpolating polynomial,
the more node points are used. With the finite element mesh and shape
function approximations, the Maxwell’s equations and various boundary
conditions describing the problem at hand can be cast first into the ele-
ments and then combined into a global matrix equation to be solved [136].
Therefore, the FEM is a real-space-based method in the sense that the
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unknown field is directly solved within the region of space specified by the
model. This also means that, for problems where the field is not naturally
restricted to a finite region in space, the field either needs to decay enough
before reaching the model boundaries or suitable boundary conditions or
other truncation methods need to be applied in order to avoid unphysical
reflections from the boundaries. Arguably, a major benefit of the FEM
compared to other commonly used numerical methods is in its robustness,
as it is suitable for most optics problems and the mesh can be adapted to
the model geometry and expected field variation to balance the obtained
solution accuracy and the required computational cost.

In this work, the commercial software COMSOL Multiphysics with the
Wave Optics Module was used to implement the FEM models and sim-
ulations for solving Maxwell’s equations. Details of the processes and
algorithms for mesh creation, constructing the global equations, and solv-
ing the resulting matrix equation are outside the scope here. However,
applying proper boundary conditions, assessing solution accuracy (con-
vergence), and estimating the computational cost of solving a model are
still of importance and will be discussed in the following. Additionally,
well-known symmetry reduction methods to reduce the model domain size
and computational cost in the case of symmetric plane-wave incidence are
also discussed.

The simplest boundary conditions are those of the perfect electric conduc-
tor (PEC) and perfect magnetic conductor (PMC). An electric field cannot
exist inside a PEC domain since it would drive an unphysical, infinite
conduction current. Therefore, on a PEC boundary, the electric field is
normal to the surface due to the required continuity of the electric field
tangential components across the interface. Similarly, a magnetic field
cannot exist inside a PMC domain, and the magnetic field needs to be
normal on a PMC boundary. With the Maxwell’s equations (Equations 3.11
and 3.12) relating the electric and magnetic fields, in the absence of surface
charges and currents, the magnetic field has a zero normal component on
a PEC boundary and the electric field has a zero normal component on a
PMC boundary. Since both the PEC and PMC are lossless and the fields
cannot penetrate them, these boundaries lead to perfect reflection of any
incident electromagnetic field. The PEC and PMC boundary conditions
are easily implemented in the FEM since they just fix some of the field
components at the boundary nodes to zero.

In infinite periodic structures with discrete translational symmetry, the
FEM model of the structure can be reduced to a single unit cell with
periodic boundary conditions. In the simplest case, e.g., with the scattering
of a normally incident plane wave, the fields are simply equal on the
opposing boundaries of the simulation domain due to symmetry. In a more
general case, however, the field values on opposing boundaries may differ
by a phase factor, which leads to Floquet periodic boundary conditions. If
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two points r1 and r2 are equivalent on two opposing boundaries, the field
values F (r, ω) are then related as

F (r2, ω) = F (r1, ω)e
−ikF·(r2−r1) , (3.49)

where kF is the Floquet vector. For example, in the case of a plane wave
incident on the xy-plane (Equations 3.17, 3.19, and 3.20), the Floquet
vector relating the fields on the vertical periodic boundaries is given by the
wave vector as kF = kixux + kiyuy. Note that the Floquet phase relation
applies also with possible scattering, reflection, and transmission of the
incident plane wave due to nanostructures, planar layers and a substrate
within the simulation domain. In the special case of a rectangular unit
cell with a geometry that is mirror symmetric with respect to the periodic
boundaries and a normally incident plane wave with linear polarization
along either pair of opposing boundaries, the PEC and PMC boundary
conditions can alternatively be applied (PEC and PMC for perpendicular
and parallel electric field, respectively, or the opposite for the magnetic
field). With the PMC or PEC boundaries, the otherwise unphysical mirror
reflections of the scattered field can here be interpreted as the contribution
of fields scattered from all the other unit cells.

Implementing open boundaries, i.e., boundaries through which electro-
magnetic fields can freely propagate away to infinity, is a more challenging
task in FEM models. The so-called perfectly matched layers (PMLs) are
widely considered as the best performing option in most cases. A PML is
actually not a boundary condition but an artificial material domain that
is designed to absorb incident electromagnetic fields without reflection
[137], thus effectively representing an open boundary. Planar, cylindrical,
or spherical open boundaries in the model can be padded with PMLs, and
the new simulation domain boundaries beyond the PMLs can be chosen as
PEC or PMC for convenience since the field decays to negligible strength
before reaching these boundaries. The additional PML domains also re-
quire mesh elements, which increases the computational cost (the relative
increase may or may not be significant depending on the size and meshing
of the rest of the model). Other options also exist for representing open
boundaries, such as absorbing boundary conditions [136]. Such boundary
condition alternatives tend to be computationally less heavy than PMLs
but also tend to exhibit higher residual field reflection, especially for fields
propagating towards the boundaries at higher angles. In this work, PMLs
were exclusively used to represent open boundaries.

The FEM solution accuracy is usually improved with a finer mesh
(smaller element size) and higher order elements, which tend to reduce the
errors of the FEM approximation. However, in general, the approximation
error depends on the shape, size, order, and arrangement of the elements
in a non-trivial way [136]. If a simplified model or a special case allows
for an analytical solution, this provides a useful reference to check the
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constructed FEM model results against. Obviously, the actual results
cannot be checked in this way, or the numerical FEM approach would not
have been needed in the first place. A common approach then is to vary the
mesh element size (rather than the element order) and check whether the
results seem to converge satisfactorily with finer mesh. In this work, both
special case analytical solutions and convergence with finer mesh were
used to assess the validity of the simulation results obtained from the FEM
models. Smaller mesh element size and higher element order both lead
to increased number of degrees of freedom (DOF) and computational cost
for constructing and solving the global matrix equation. The obtainable
solution accuracy is hence limited by the available computational resources
and time.

The computational cost, i.e., the maximum amount of random access
memory (RAM) and the total run time required for solving the field from
a FEM model, depends on the number of DOF as well as the used algo-
rithms. The number of DOF equals the unknown field values at all the
element nodes (or equivalently the number of unknown coefficients in the
interpolation functions), and the final assembled global matrix equation
can generally be cast in the form [136]

Ax = b , (3.50)

where the matrix A essentially describes the connections between the
field values (hence holding information on the geometry and materials),
the vector x holds the unknown field values (the DOF), and the vector b

contains information on explicit boundary conditions, including the effect
of any free current sources within the model domain or incident external
fields. Note that, in the absence of current sources or incident fields,
the vector b vanishes, the matrix A takes the form A = A1 − γA2, and
Equation 3.50 becomes an eigenvalue equation with γ as the eigenvalues
[136]. For example, the eigenvalue equation form results for waveguide
mode problems, as discussed in section 3.2. If NDOF is the number of DOF,
then A is a NDOF × NDOF square matrix. However, since the Maxwell’s
equations considered here are local (coupling the field values only in the
immediate surroundings via the curl and divergence operators), the matrix
A tends to be sparse with many zero elements. This is beneficial as the
computational cost of solving a sparse matrix equation can be much less
than with a full matrix.

Different algorithms for solving Equation 3.50 can be roughly categorized
as either direct or iterative type of solver. In general, direct solvers tend to
be more robust but also require more RAM. Iterative solvers handle the
equation in parts, leading to reduced RAM requirement but also issues in
finding the solution under some conditions. For example, iterative solvers
generally tend to not work well when the model contains periodic boundary
conditions. In this work, direct solvers were used throughout. With direct
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solvers, the maximum RAM requirement tends to scale approximately
linearly with NDOF, unless the NDOF is small or is varied over several
orders of magnitude, and the total run time in solving the model tends to
scale superlinearly with NDOF.

In some cases, the number of DOF in a FEM model and the computational
cost of solving it can be reduced by considering mirror symmetries in the
problem. If either an incident field or an emitter (e.g., a free current
distribution) share a mirror symmetry plane with the geometry of the
problem, also the final field solution will have this symmetry. Therefore,
it is enough to consider the solution on just one side of such a mirror
symmetry plane, and the full solution can be obtained via mirroring. In
the FEM implementation, a mirror symmetry plane corresponds to either
a PMC for a parallel electric field or PEC for a perpendicular electric field.
This means that the electric field mirrored across a PMC plane must be
symmetric and across a PEC plane it must be antisymmetric, i.e., the
mirrored field changes sign. These conditions for PMC and PEC planes
are reversed for the magnetic field, as discussed above.

Two common situations arise in scattering problems where this kind of
symmetry reduction is often applied. First, there is the case of a plane
wave incident on a single nanostructure such that the plane of incidence
coincides with a mirror symmetry plane of the geometry. The s- and
p-polarized components are in this case conveniently perpendicular and
parallel to the mirror symmetry plane leading to a PEC and PMC condition,
respectively. Second, there is the case of a normally incident plane wave
and two perpendicular mirror symmetry planes. Here, the two orthogonal
polarization components of the plane wave can be chosen such that one
component is parallel to one of the two mirror symmetry planes and the
other component is parallel to the other mirror symmetry plane. This
leads to a different combination of PEC and PMC on the boundaries for
each of the two polarization components. Together, the two mirror planes
reduce the considered simulation domain into one quarter of the original.
Furthermore, these two cases also apply for a rectangular unit cell of a
periodic structure if the nanostructure within the unit cell is symmetrically
arranged, such that the periodic boundaries are also mirror symmetry
planes and can be replaced with PMC or PEC boundary conditions. If
there is only one mirror symmetry plane, then the unit cell boundaries
perpendicular to this plane still have the periodic boundary condition. The
normal incidence and rectangular unit cell symmetry reduction was applied
in Publication IV, and these FEM model symmetry reduction methods were
further extended in Publication III to the case of non-symmetric plane
wave incidence.

In some special cases of normal plane wave incidence, the absorption in a
nanostructure can also become polarization independent. For example, this
happens when a single nanostructure has a circular or a regular polygon
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cross-section, or when nanostructures in an array share the symmetries
of the square or hexagonal lattice to which they are arranged into. In
these examples, the polarization independent absorption arises due to
there being two (or more) non-collinear, symmetry-equivalent directions
to which any linear polarization of the normally incident plane wave can
be decomposed to. However, it is worth pointing out that the field solution
orientates with the chosen polarization component, and the solutions with
the two non-collinear components are hence not identical with respect to
the chosen coordinate system. When the absorption is the target result,
these symmetries allow to consider only one of the two polarization com-
ponents. However, if the field solution itself is required, both polarization
components need to be considered.

3.4 Fourier modal method and finite-difference time-domain
method

Despite its popularity and wide applicability to optics problems, the FEM is
only occasionally the best performing, let alone only, numerical optics mod-
eling method available for solving Maxwell’s equations. Various methods
all have their advantages, disadvantages, and suitable use cases, which
was one of the key points of discussion in Publication V. Among other
methods, the FEM, FMM, and FDTD method are often adopted. In many
cases, the FEM, FMM, and FDTD method can all be used to solve a given
optics problem and provide the same results. However, there are cases
where one of the methods can solve the problem much more efficiently
or accurately than the others, given the same computational resources.
The FMM and FDTD method are briefly discussed in the following in the
context of the performance comparison given in Publication IV.

The FMM, as the name implies, is essentially based on expanding the
unknown electric field with eigenmodes expressed in a Fourier (plane wave)
basis. First, the model geometry is sliced in one longitudinal direction
into a stack of layers that are individually translational invariant in that
direction, with the overall structure being either periodic or translational
invariant in the transverse directions. As dictated by Maxwell’s equations,
such layers then exhibit eigenmodes that propagate in either direction
along the longitudinal direction within the layer and are coupled at the
layer interfaces due to the field continuity requirements (such eigenmodes
are similar to the waveguide modes discussed in section 3.2). Furthermore,
all these eigenmodes can be expressed in the (complete) plane wave basis,
with the eigenmodes in the semi-infinite substrate and superstrate layers
at the bottom and top actually directly being plane waves. However,
the expansion in the plane wave basis is, in general, an infinite series,
which needs to be truncated in the practical numerical implementation.
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The finite number of plane wave components included in the expansion
affects the accuracy of the solution with a larger number tending to lead
to more accurate results. The eigenvalue equation in each layer is then
projected to the plane wave basis to obtain linear matrix equations for
the unknown coefficients in the plane wave expansions of the eigenmodes.
By taking into account the field continuity requirements and any free
current sources or external incident fields, the expansion coefficients of
the eigenmodes in all layers can be solved for [138–141]. This FMM
formulation for transverse periodic structures can also be extended to
finite-sized systems [142]. Furthermore, symmetry reduction methods can
be applied in some problems to reduce the plane wave basis size and hence
the computational cost [143].

Therefore, in the FMM, the field solution is obtained in the plane wave
basis space, which is in stark contrast to solving the field values in a finite
region of real space in the FEM. If the FMM field solution needs to be
spatially resolved, a Fourier-transform to the real space is needed [144].
However, some results, such as power carried through a transverse plane,
can be calculated directly with the plane wave basis space solution. In
periodic structures with no net energy flow in the directions of periodicity,
also reflection, total absorption in the unit cell, and transmission (with non-
absorbing environment) can be inferred from energy flows through planes
above and below the nanostructures. The FMM is, therefore, especially well
suited for obtaining such results from models of periodic nanostructures
that can be divided to only a few layers. For example, an array of nanowires
with a constant cross-section on top of a substrate can be handled with just
three layers: the substrate, one layer embedding the nanowires, and the
superstrate. Conversely, some nanostructures, e.g., nanocones, cannot be
sliced to longitudinally translation invariant layers at all. However, such
nanostructures having slanted features with respect to the longitudinal
direction can still be modeled with the FMM by using the so-called staircase
approximation [145]. In this approximation, the slanted parts are sliced
to many thin layers that are approximately translational invariant in the
longitudinal direction. Clearly, this approximation leads to a significant
increase in the computational cost. In general, the computational cost
of the FMM depends on the size of the matrices in the layer equations
(determined by the number of plane wave modes included in the expansion),
the number of layers, and the algorithms used for solving the resulting
system.

The FDTD method, unlike the FEM and FMM, solves the fields in the
time-domain with the time-dependent Maxwell’s equations. Essentially,
the spatial derivatives are approximated with finite differences using a
discrete grid of points spanning the finite model domain space, and the
time evolution is, typically, handled with a leapfrog time-stepping scheme
[146, 147]. The accuracy of the FDTD field solutions largely depends on the
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density of the grid points with which the finite differences as well as spatial
variation of the geometry and material properties are approximated with.
A finer grid with shorter discretization steps tends to lead to more accurate
results, but also to increased computational cost. Therefore, the FDTD
method is a real-space-based method like the FEM. A major difference
between the FDTD method and the FEM or FMM, however, is that no
linear matrix equation system arises. Instead, the new field component
values in the grid points are obtained from the previous ones at each time
step. The initial values are given by a known current source within or
an external field propagating into the model space, and the simulation is
advanced over a finite amount of time steps. For example, with an incident
field pulse, the simulation may be advanced until the power carried by the
pulse has decayed enough due to absorption and out-propagation. Like
in the FEM, PMLs can be used in the FDTD method to represent open
boundaries. Similarly, PMC, PEC, and periodic boundary conditions are
also employed in the FDTD method. Symmetry reduction methods, similar
to those previously discussed for the FEM, can also be applied.

However, storing the field component values at every grid point for every
time step in a FDTD simulation can lead to excessive use of either the
limited RAM or the relatively plentiful but slow hard drive space, due
to which usually only those values needed for obtaining the final results
are recorded. For example, in order to compute the energy flow through a
plane with the Poynting vector, the electric and magnetic field component
values at the grid points on that plane need to be recorded. Furthermore,
if results are needed in the frequency space, the time-harmonic frequency
components can be obtained from the time-dependent field values via
a Fourier-transform. The larger the number of grid points where the
field values are recorded, the more processor time is required for such
postprocessing of the results after running the actual FDTD simulation.
Another complication arises with experimental material refractive index
data, which is typically available as tabulated values covering a finite
wavelength range. The refractive index wavelength dispersion in the
FDTD method, however, needs to be expressed with continuous analytical
functions in order to convert the dependence to the time-domain. Therefore,
fitting the experimental data with some suitable functions, typically of
oscillator type, is needed. Using more terms in the fitting function tends
to lead to a better fit, but also to increased computational cost in running
the time-stepping in the simulation. On the other hand, with the FDTD
method, the spectral response of the system in the finite wavelength band
of interest is obtained from one time-domain simulation run, whereas
separate FEM or FMM simulations would be needed for every wavelength
in the range (with a chosen, discrete wavelength stepping).

39





4. Nanophotonics with group III–V
compound semiconductor nanowires

This chapter presents the main research results of this work on bottom-up-
grown group III–V compound semiconductor nanowires for nanophotonics
applications and efficient numerical optics modeling techniques for the
analysis and design of light manipulation in such applications. The first
part discusses the performance and fabrication of nanowire SPSs with an
embedded QD as the emitter. A review of the benefits and challenges of
bottom-up fabricated nanowire SPSs is presented with comparison to SPS
designs relying on more conventional top-down fabrication. The review
provides a focused and thorough discussion on nanowire SPSs, which was
previously missing from the literature. The second part presents the re-
sults from numerical simulations used to investigate waveguide modes
in vertical nanowire oligomer structures. Hybridized waveguide modes
in such structures were studied for potential laser applications based on
their modal properties. Waveguide modes in nanowire oligomers and their
properties was found to be a rather novel and mostly unexplored research
area. Finally, the third part presents an extension to symmetry reduction
of FEM optics models for nonsymmetric plane-wave incidences, and in-
vestigates the relative performance of the common numerical modeling
techniques FMM, FEM, and FDTD method in various cases of simulating
normally incident light absorption in nanostructures. Such technical im-
provements and benchmarking information on numerical modeling are of
great practical importance for research and device design alike.

4.1 Nanowire single-photon sources

Photon-based realizations of emerging quantum information science ap-
plications would make use of sources of single and entangled photons
with stringent requirements on performance. Efficient SPSs alone would
already be useful in applications including quantum key distribution [25]
and linear optical quantum computation [26–28]. However, designing and
fabricating such sources with high-enough performance is still a challenge.
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Among different platforms for practical SPSs, semiconductor QDs have
been considered very promising. One notable benefit of semiconductor-
QD-based SPSs is the availability of well-known top-down fabrication
techniques and processes from integrated electronics and photonics. Al-
though such SPSs had been reviewed previously [33, 148–150], a more
detailed discussion concerning nanowire SPSs with QDs was found lacking.
While nanowire fabrication processes are less mature, they can offer some
unique benefits over conventional top-down fabrication.

In Publication I, fabrication and performance of group III–V compound
semiconductor QD-in-a-nanowire SPSs was reviewed with comparison
to top-down-fabricated QD-based designs. The state of the art in such
nanowire SPSs was discussed and current challenges and possible future
research directions were presented. The scope was limited to group III–
V compound semiconductors since most of the recent high-preforming
QD-based SPS demonstrations reported in literature (either nanowire or
top-down) seemed to employ these materials. Furthermore, entangled
photon pair generation, achievable in semiconductor QD-based devices
via the biexciton–exciton radiative cascade mentioned in section 2.3, was
left out of the scope to keep the study focused. In the following, the group
III–V compound semiconductor nanowire SPSs with an embedded QD
emitter are referred to simply as nanowire SPSs for brevity, unless stated
otherwise.

The SPS performance metrics considered in the study were: purity,
indistinguishability, efficiency, and brightness. Of these metrics, purity
and indistinguishability could be considered more well-defined as they
are generally obtained with specific measurement schemes [151]. It was
pointed out that the measurement conditions, which are not standardized,
can majorly affect both the purity and indistinguishability (the effect of the
environment and excitation on the single-photon emission from a QD was
briefly discussed in section 2.3). Indeed, resonant excitation of QD SPSs
has been found to improve both purity [112] and indistinguishability [99]
compared to nonresonant excitation. It has also been argued that the purity
and indistinguishability can vary dynamically depending on the excitation
and the QD environment [102]. Furthermore, several corrections are
often applied to counter non-idealities in the measurements used to obtain
purity and indistinguishability [99, 152–155], which is not always clearly
reported. Overall, it was concluded that comparing SPS measurement
results may not be fair if the measurement conditions differ too much.

Single-photon purity is defined as the probability of the source emitting
a single photon instead of multiple photons and is therefore, arguably, the
most fundamental SPS metric. The single-photon purity is determined
statistically by measuring the second-order coherence g(2)(τ), where τ is
the time delay between two emitted photons, with the so-called Hanbury
Brown–Twiss (HBT) interferometer setup [151, 156]. The HBT measure-
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ment scheme is schematically illustrated in Figure 4.1(a). Essentially, if a
single photon passes through the beamsplitter in the HBT setup, it exits
in a superposition state of the two output modes, which is then collapsed
by the event of detection by one, and only one, of the two corresponding
detectors. Therefore, for a pure single-photon number state and zero time
delay, g(2)(0) = 0 results. Additionally, coherent light (photon number prob-
ability following Poissonian statistics) has g(2)(τ) = 1, any classical light
field has g(2)(τ) ≥ 1, and an Np-photon number state has g(2)(0) = 1−1/Np

[151]. An often used practical limit for single-photon emission is considered
to be g(2)(0) < 0.5, and the closer g(2)(0) is to zero the higher the purity.
Additionally, in general, g(2)(τ) → 1 with τ → ∞, which can be used for
normalization [151]. Due to non-idealities, a HBT measurement, with
either pulsed or continuous SPS pumping, can actually only estimate the
second-order coherence [151]. However, this is generally considered to be
accurate enough.

Indistinguishability is a measure of how well the quantum states of two
successively emitted single photons match, with perfect indistinguishabil-
ity meaning that the photons are emitted to identical quantum states.
The indistinguishability is determined statistically with the so-called
Hong–Ou–Mandel (HOM) interference measurement [151, 157], which is
schematically illustrated in Figure 4.1(b). In this measurement, the HOM
interference visibility is obtained as VHOM = (CD − CI) /CD, where CI and
CD are the coincidence probabilities (or counts in the experiment) with
and without the interference, respectively. The measurement is based on
quantum interference: if two indistinguishable photons are incident on the
two input modes of an ideal 50:50 beamsplitter such that they overlap spa-
tially and temporally in the beamsplitter, they will leave the beamsplitter
together in the same output mode as a result of the quantum interference
[158], leading to zero coincidence counts (i.e., ideally CI = 0). With the
overlap deliberately removed, the interference does not take place and CD

can be obtained. Therefore, the measured VHOM can vary from zero to one,
and the closer it is to one the better the indistinguishability. Non-idealities,
including limited single-photon purity, can affect the result and the raw
data may need to be corrected for these. Note that the requirement of
indistinguishability also means that the SPS needs to emit the photons in
a single, well-defined polarization state. If the output single-photon mode
is unpolarized, a polarization filter can be employed, but this obviously
reduces the SPS efficiency.

The definitions for efficiency and brightness were found to vary. In the
study, following Ref. [151], the efficiency was defined as η = ηgηext, where ηg
denotes the generation efficiency and ηext denotes the extraction efficiency.
The generation efficiency ηg equals the probability of obtaining emission
of a single photon per trigger, including both the probability of preparing
the emitter in the correct excited state and the probability of subsequent
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Figure 4.1. Schematic illustrations of the measurement schemes for characterizing single-
photon purity and indistinguishability: (a) HBT measurement scheme for
characterizing single-photon purity, and (b) HOM measurement scheme for
characterizing indistinguishability. Here BS denotes a beamsplitter and D
denotes a photon detector. Reprinted from Publication I.

single-photon emission via the desired radiative transition from that state.
The extraction efficiency ηext equals the probability of collecting the emitted
single photon to an external optical element in the measurement or the
actual application. This includes the emitted photon first coupling to the
desired optical mode within the SPS. The ratio of photon emission to the
desired optical mode to photon emission to all possible modes is often
called the β-factor (not to be confused with the guided mode propagation
constant βν(ω) discussed in section 3.2). It was concluded in Publication
I that there seems to be no clear general consensus on the measurement
conditions and procedures for determining SPS efficiency. Finally, the
brightness was defined in the study as the maximum obtainable rate of
single-photon emission without degrading the other metrics. It was found
that the brightness is rather scarcely reported in the literature, and that
the term is in some cases used to refer to the above-defined efficiency
instead.

Furthermore, SPS emission within the NIR telecom wavelength bands
(e.g., the much used C-band from 1530 to 1565 nm) and room-temperature
operation would be preferred in applications for practical reasons. The
most researched material system for nanowire SPSs was found to be InAsP
QDs in InP nanowires, with single-photon emission in the wavelength
range starting from around 880 nm and going up to the telecom C-band
[159, 160] (See Ref. [161] for more recent results). However, as discussed in
section 2.3, thermal broadening of the emission line and dephasing effects
due to interaction with phonons limit the single-photon emission properties
of QD emitters. Consequently, SPSs based on QDs of the InAsP material
system are operated solely at cryogenic temperatures. On the other hand,
nanowire SPSs based on QDs of GaN and InGaN materials have been
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found to exhibit sufficient energy separation between the different excited
states such that room-temperature operation is possible [11, 92, 162].
However, these SPSs emitted in the ultraviolet or blue visible wavelength
range.

It was argued in Publication I that bottom-up nanowire SPS growth
has the advantage of deterministic fabrication yielding a position- and
size-controlled single QD per nanowire with natural alignment on the
nanowire axis, while top-down fabrication has the advantage of straightfor-
ward realization of cavity structures (affecting the single-photon emission
properties of QDs via the Purcell effect as discussed in sections 2.2 and
2.3). The top-down fabrication approach for SPSs is essentially based
on epitaxial growth of thin films and self-assembled QDs combined with
deposition of other materials and patterning via lithography and etching.
Epitaxial thin film growth is ideally suited for the fabrication of planar
cavity structures with distributed Bragg reflector (DBR) mirrors. Further
patterning can then be used to provide enhanced light control and extrac-
tion. For example, micropillar cavity structures can be obtained by etching
material away around a QD in a planar DBR cavity. Such micropillar
cavity SPSs were found to exhibit the best reported performance among
top-down SPS designs. The most often used fabrication method of semicon-
ductor QDs for top-down SPSs is the Stranski–Krastanov self-assembled
growth mode with lattice mismatch between the growing layer and the
substrate material leading to randomly distributed growth of island-like
QD formations [32]. The QD growth is then followed by further epitaxial
thin film growth to fully embed the QDs. The randomness in location
and inhomogeneity in the QD ensemble are the biggest drawbacks of this
self-assembly approach. An ensemble of self-assembled QDs in a single
sample tends to exhibit a distribution of sizes and compositions [33, 34], al-
though these distributions can be controlled to some extent by varying the
growth conditions [163–165]. It was concluded in Publication I that, even
with sophisticated techniques to locate suitable QDs and align the subse-
quent patterning [166, 167], large-scale integration with self-assembled
QDs cannot be judged feasible, as the layout would need to be designed
individually for each sample after locating the suitable QDs. It was also
pointed out that techniques providing site-controlled QD growth have been
investigated [168], but further development would arguably be needed in
order to obtain sufficiently high degree of control and QD quality [33, 34,
150].

In contrast, the bottom-up nanowire fabrication starts with preparing
a patterned substrate with top-down techniques but then continues with
selective semiconductor crystal growth to form the actual nanowire device,
as discussed in section 2.1. Patterning of the metallic droplets in VLS
or the mask openings in SAE growth mode deterministically defines the
lateral position of the nanowire, diameter of the droplets or openings
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defines the QD diameter, and growth times define the QD vertical position
and height. The nanowire shape and width may subsequently be further
controlled by varying axial and radial growth, leaving the QD embedded
on-axis. As discussed in section 2.1, nanowire growth also enables wide
material compatibility due to the relaxed lattice matching requirements.
However, the nanowire growth processes are generally less well developed
than thin film growth, and in practice, the QDs in nanowires may exhibit
similar distribution of properties to a varying degree as the self-assembled
QDs. It was concluded in Publication I that perhaps the most significant
disadvantage of the bottom-up growth is the lack of a feasible way to
grow nanowires with both axial QDs and cavity structures. The DBR
mirrors commonly used in micropillars cannot be achieved in nanowire
SPSs because wide nanowires are needed for efficient DBR stacks [134],
which is incompatible with narrow and thin axial QD growth.

It was noted in Publication I that the nanowire nano-antenna design for
a SPS, first proposed in Ref. [23], seemed to have gained the most interest
in nanowire SPS research. The nanowire nano-antenna structure rather
straightforwardly results from the bottom-up growth approach, and has
three key design considerations as indicated in the schematic presentation
of the structure shown in Figure 4.2. First, the ratio of the nanowire
diameter to the QD single-photon emission wavelength is optimized such
that only the fundamental HE11 guided mode is propagating, and that the
emission is effectively funneled into that mode by suppression of coupling
to the continuum of radiation modes (i.e., the nanowire waveguide is
designed to have a high β-factor close to one for the HE11 mode). Second, a
properly designed bottom mirror structure is used to reflect the HE11 mode
traveling toward the substrate, where it would otherwise be lost. A metal
mirror with a thin dielectric spacer layer is one suggested option [134],
although it requires detaching the nanowires from the growth substrate.
The QD-to-mirror distance also needs to result in an antinode in the
electric field at the QD height so that emission into the HE11 mode is
maximally enhanced (Purcell factor of the mode is increased). Third, the
nanowire tip should have a conical taper toward the top such that the
HE11 mode will be adiabatically expanded outside the nanowire, thus
leading to efficient outcoupling and minimized reflection from the tip. The
extraction efficiency with external collection optics is further improved
in this case due to the low-numerical-aperture emission lobe from the
tip [169] (a Gaussian far-field pattern with high coupling efficiency for
an optical fiber collection has also been reported [170]). High β-factor
values above 0.9 are achievable with the nanowire nanoantenna design
[23, 74], and these values are additionally obtained over a relatively broad
wavelength band [23, 171] compared to the narrow resonances in cavities
[23, 33]. It was noted in Publication I that such broadband operation can
have implications for fabrication tolerances, optical excitation schemes,
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Figure 4.2. Schematic nanowire nano-antenna SPS design including (I) optimized
nanowire diameter for funneling the QD emission into the guided HE11 mode,
(II) bottom mirror to reflect the downward emitted photons (modal reflec-
tion coefficient rb), and (III) tapered nanowire tip to adiabatically expand the
guided mode outside the nanowire for minimized back-reflection (transmission
T (θ) into an upward cone with angle θ). Reprinted from Publication I.

achievable indistinguishability [172], and suitability for entangled photon
pair emission as well [173]. Indeed, a significant drawback of high-quality-
factor cavities is the difficulty of matching the QD emission wavelength
with the narrow cavity resonance. Due to the aforementioned typical
distribution of the QD optical properties, such matching may require
tuning after the fabrication, e.g., with an electric field via the quantum-
confined Stark effect [99, 174–176].

The state-of-the-art performance comparison conducted in the study
indicated that top-down-fabricated micropillar cavity sources had so-far
demonstrated better purity, indistinguishability, and efficiency values than
bottom-up nanowire SPSs, both individually and simultaneously. Bright-
ness values were left out of the comparison due to scarce reporting and
complete lack of comparable measurement conditions. The investigated
state-of-the-art SPS metrics results are summarized in Table 4.1. The
highest reported single-photon purities in nanowire SPSs were found to
be relatively close to the ideal g(2)(0) = 0 value [24, 159], but not as close
as with the best top-down SPSs [99, 112, 177]. However, unlike with
the nanowire SPS results, all the best reported purity values with the
top-down SPSs were obtained using resonant excitation which can greatly
improve the purity. Therefore, it is to be expected that resonant excitation
schemes could further improve the nanowire SPS purity results. It was
found that self-assembled QDs embedded in micropillar cavities [99, 177–
179] had shown superior indistinguishability up to 0.9956 [99]. Although
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high indistinguishability has been reported for bottom-up-grown nanowire
SPSs as well, e.g., employing InP nanowires with InAsP QDs [24, 180], the
cavity-based designs clearly were able to show superior values. Enhanced
emission to the desired optical mode via the Purcell effect can increase
both the indistinguishability and efficiency, although it has been argued
that there may exist a trade-off between the maximum achievable indistin-
guishability and efficiency [172]. Moreover, this trade-off would be worse
for waveguide- than cavity-based SPSs [172]. In addition to the Purcell
effect of a cavity, indistinguishability in the reported micropillar cavity
SPSs was also enhanced by resonant excitation schemes. Furthermore,
nanowire SPSs had so-far not been able to reach the theoretically high
extraction efficiency values up to around 95 % (for unpolarized photons
without additional modifications to the nanowire nanoantenna design).
A bottom-up-grown nanowire SPS with an un-optimized bottom mirror
design was reported to show 42 % unpolarized extraction efficiency [68],
while a top-down fabricated nanowire nano-antenna SPS was reported
to achieve 72 % unpolarized extraction efficiency [181] with an optimized
mirror but sub-optimal tip shape due to the top-down fabrication method.
The highest reported extraction efficiencies of top-down-fabricated SPSs
were found to be comparable to or even slightly higher than those yet
achieved with the nanowire nano-antenna. It was additionally noted in the
study that non-cryogenic-temperature operation (up to room-temperature)
with QDs of GaN and InGaN materials had also been investigated for both
bottom-up nanowire SPSs [11, 92, 162, 182] and top-down fabricated SPSs
[91]. However, the reported room-temperature results were far from the
state-of-the-art employing cryogenic temperatures.

Based on the literature study and the state-of-the-art comparisons, it was
concluded in Publication I that one of the main challenges for bottom-up
nanowire SPSs is improving their performance in order to provide a truly
viable alternative to the top-down fabricated cavity SPS designs, and that
there exist also other areas to be improved on. Further developing and
optimizing the nanowire growth and device fabrication processes along
with employing techniques like resonant excitation could already lead to
significant progress in improving the efficiency and indistinguishability.
It was also suggested in Publication I that further research on nanowire
SPSs could focus on widening the available emission wavelength range and
adding ways to fine-tune the emission wavelength after fabrication (e.g.,
via strain or electric field). Nanowire growth with its wide heterostructure
material compatibility, in principle, would have the edge in available
emission wavelength range compared to top-down fabricated SPSs if the
nanowire growth processes could be optimized to a sufficiently high degree.
Additionally, for on-chip integrated applications, electrical excitation and
a truly scalable fabrication process compatible with conventional planar
integrated photonics components were both considered as important open
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issues. It was noted that the vertical nanowire geometry favoring vertical
emission is not a good match to the mostly planar components developed
for integrated photonics (although the same could be said of the top-down
micropillar cavity SPSs). However, the single nanowire nano-antenna
design is not the only option. Exploring novel schemes, like nanowire
photonic crystal waveguides [82], for integrating nanowires in their as-
grown vertical geometry was considered an interesting potential avenue
for future research.

It is further worth noting that, although the single-photon emission from
a QD is a non-classical quantum electrodynamics phenomenon, it is still
possible to treat many of the important aspects of the light control in a
SPS structure with classical numerical optics modeling by considering the
QD as a dipole emitter (as discussed in section 2.2). In the case of the
nanowire nano-antenna [23], such modeling can yield information on the
propagating waveguide modes, β-factor for emission from the dipole to
a given mode [17, 23], guided mode reflection at the nanowire ends [23,
134], and tuning of extraction efficiency and far-field pattern [23, 169].
In the case of cavity-based SPSs, also the Purcell-factor for a given mode
can be obtained with the dipole-emitter model [73, 184], along with usual
cavity properties like resonance wavelengths and quality factors. These
possibilities were also pointed out in Publication V.

4.2 Waveguide modes in nanowire oligomers

In Publication II, numerical simulations were used to investigate waveg-
uide modes in vertical nanowire oligomers, i.e., arrangements of a few
nanowires close to each other, and the suitability of such modes for lasing
based on their modal confinement factor and nanowire end facet reflectivi-
ties. Single-nanowire lasers have been considered as a promising route to
realizing integrated nanolasers due to their ability to confine and guide
optical fields as well as act as the gain medium [22]. Typically, such
vertical as-grown or horizontally lying detached nanowires form natural
Fabry–Pérot cavities for feedback due to the guided mode back-reflection
at the end facets. Furthermore, group III–V compound semiconductors
offer gain media spanning the visible and NIR wavelength range, and
bottom-up growth of III–V nanowires on the technologically important
silicon substrates is also possible [12]. Indeed, modal properties of guided
modes in a single nanowire have been quite thoroughly investigated in the
literature [12, 29–31]. As-grown vertical III–V nanowires on a III–V or a Si
substrate tend to have low refractive index contrast between the nanowire
and substrate leading to possible problems in obtaining a high enough
modal reflectivity and hence strong enough feedback for lasing [12, 29].
Nanowires lying horizontally on a substrate of smaller refractive index
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tend to show better modal reflectivities [31], but such nanowires cannot
be directly grown and any transfer processes significantly complicate the
fabrication. Importantly, the modal confinement factor and modal reflec-
tivities at the end facets do not simply follow from the refractive index
contrast but depend also on the modal field profile [30, 135]. Waveguide
modes in nanowire oligomers could provide opportunities for greater varia-
tion in their modal field profiles compared to single-nanowire (monomer)
modes. The modal properties of nanowire oligomer waveguide modes was
found to be a rather unexplored area in the literature beyond recognizing
coupled HE11 modes leading to form birefringence in nanowire dimers [185,
186].

The work presented in Publication II focused on linear optics modeling of
the guided modes in nanowire oligomers. Although a more comprehensive
model of a nanowire-based nanolaser would couple optical and semiconduc-
tor gain modeling, just simulating the modal properties of guided modes
in the nanolaser structure can yield valuable information on the modes’
suitability for lasing. As discussed in section 3.2, the modal confinement
factor (Equation 3.47) relates the optical gain for a guided mode in a
nanostructure to the optical gain for a plane wave in bulk material. In a
simplified model of a Fabry–Pérot-type cavity, the threshold gain per unit
length of propagation needed for the guided mode to reach lasing is equal
to the optical losses:

gt = Γgtb = αr + αp =
1

L
ln

(
1

|r1||r2|
)
+ αp , (4.1)

where Γ is the modal confinement factor of the mode, gtb is the corre-
sponding bulk material threshold gain per unit length of propagation,
αr = 1

L ln
(

1
|r1|r2||

)
denotes the contribution of the end facet reflection

losses, αp denotes the effective optical losses per unit length of propagation
along the cavity, L is the cavity length (it is assumed here that the active
gain region spans the entire cavity length), and |r1| and |r2| are the modal
field reflection coefficient magnitudes at the ends of the cavity (the modal
reflectivity for intensity being R = |r|2) (pp. 143–148 in Ref. [187]). For
nanowire nanolasers, it is often assumed that the optical losses during
propagation along the waveguide are small relative to the end facet losses.
This assumption is made due to typically short cavity length and limited
end facet reflectivities in comparison to those in more conventional, larger-
scale laser structures. Then, when only the end facet reflection losses are
considered, the factor

fmc =
1

Γ
ln

(
1

|r1||r2|
)

, (4.2)

in Equation 4.1 contains the modal properties (modal confinement factor
and end facet reflection coefficient magnitudes) and can be taken as a
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modal cost function that should be minimized for optimal threshold gain,
i.e., the smallest bulk material gain gtb needed with a given length L. This
modal cost function value was simulated as a function of the considered
nanowire oligomer geometries.

The different guided modes in the nanowire oligomers were attributed
to hybridization from monomer modes in each nanowire and it was sug-
gested that possible combinations could be dictated by symmetry consid-
erations. These conclusions were supported by a comparison to a previ-
ous study on dipole-excitation-based symmetry-adapted resonant eigen-
modes in nanoparticles [188]. Somewhat analogous to molecular orbitals in
molecules and the resonant eigenmode excitations in nanoparticles, the hy-
bridized oligomer waveguide modes were found to exhibit strengthened or
weakened field in the region between the nanowires, where the overlapping
monomer mode contributions were parallel or anti-parallel, respectively.
Furthermore, such hybridized modes are not just a sum of the monomer
modes but contain the effect of interaction as well, seen as a difference in
the propagation constant βν(ω) between oligomer modes and the monomer
modes from which they have hybridized. However, the ω-dispersion in
βν(ω) is continuous and the hybridization hence does not, strictly speaking,
follow a classification to bonding (lower energy) and antibonding (higher
energy) hybridized states.

Two types of nanowire oligomers were considered in the simulations:
cylindrical InGaAs nanowire dimers and tetramers on a GaAs substrate
and cylindrical Si nanowire dimers and tetramers with an Er-doped alu-
mina coating on a Si substrate. The InGaAs and Er-doped alumina acted as
the active gain region, respectively, while GaAs and Si were non-absorbing
at the wavelength considered. The cross-sections of these geometries are
shown in Figure 4.3. The simulations of the nanowire oligomer guided
modes, their modal confinement factor in the active region, and reflec-
tions from the nanowire ends were implemented with the commercial
FEM software COMSOL Multiphysics 5.5 with the Wave Optics Module.
First, the guided modes of the waveguide were solved and their modal
confinement factors extracted with transverse xy-plane cross-section mod-
els. Second, the modal reflection coefficient magnitudes at the substrate
and superstrate end of the nanowires (|rsub| and |rsup|) were extracted by
solving models with the waveguide substrate and superstrate ends and
the previously solved modal fields as input excitation from a port. The
simulation domain boundaries were terminated with PMLs to prevent any
reflections. Such model geometries in the case of a monomer are illustrated
in Figure 4.4. The standard overlap integral approach discussed in section
3.2 was used to extract forward or backwards propagating modal power
from the field solutions. The modal reflection coefficient magnitude was
then obtained as the square root of the ratio of the reflected (backwards
propagating) power to the forward propagating power. Finally, the modal
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Figure 4.3. Considered nanowire oligomer waveguide xy-plane cross-sections: (a)
monomer, (b) dimer, (c) tetramer, (d) coated monomer, (e) coated dimer, and (f)
coated tetramer. The nanowire diameter dnw, coating thickness tc, nanowire
separation s, and refractive indices nnw, nc, and nair = 1 are also indicated.
Reprinted from Publication II.

cost function values were obtained with Equation 4.2.
The scope of the study was also narrowed down to make it more concise.

Dimers and tetramers were hence selected, and they were found to clearly
demonstrate the guided mode hybridization. Trimers were also tentatively
investigated but the preliminary results showed no noteworthy differences
to the dimer and tetramer results. However, there is still no fundamental
reason why a trimer or a higher-order oligomer beyond the tetramer could
potentially not exhibit similar or even better modal properties than the
investigated dimers and tetramers. Furthermore, the possible DOF were
also reduced by considering only cylindrical nanowires with identical di-
ameters and symmetrical arrangements. Any surface passivation layers
or the effect of surface depletion regions were also not considered. Indeed,
the aim of the study was on demonstrating the properties of hybridized
oligomer modes, not performing a thorough design optimization. The
circular cross-section additionally allowed verification of the monomer nu-
merical eigenmode solutions against the known semi-analytical solutions
for the HE11, TE01, and TM01 modes. More realistically, bottom-up SAE
grown nanowires would have a hexagonal cross-section in addition to the
desired flat end facets. Alternatively, nanowires fabricated via top-down
etching could have more circular cross-section and flat end facets. Regard-
less, it has been found elsewhere that the differences in modal properties of
low-order guided modes in hexagonal and circular cross-section nanowires
are minimal [30].

The wavelength of 1533 nm (in free space) was selected for the simula-
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Figure 4.4. Nanowire monomer waveguide xz-plane cross-sections: (a) uncoated nanowire
and (b) coated nanowire. The call-outs show the computational domains used
in the simulations, with PMLs at the edges and the guided mode launched
from an input port (indicated with arrows). The coating thickness tc is also
indicated. Reprinted from Publication II.

tions as it corresponds to an optical transition in the Er-doped alumina
[189] and is within the telecom bands suitable for integrated photonics
applications. At the selected wavelength, the following refractive index
values were used: n = 3.4523 for InAs [190], n = 3.3720 for GaAs [191],
n = 3.4771 for Si [192], and n = 1.6500 for Er-doped alumina [189]. The
refractive index n = 3.4092 for InxGa1−xAs with band gap corresponding to
emission at the 1533 nm wavelength at room temperature (x = 0.4633, com-
puted based on Ref. [69]) was taken as the weighted average of the InAs
and GaAs refractive indices based on the composition. It was also assumed
that the imaginary part of the refractive indices (related to absorption and
gain) is small compared to the real part so that the simulations could be
performed accurately enough by considering only the real parts.

In the simulations, the modal properties were obtained as a function of
the geometry variables: nanowire diameter dnw, coating layer thickness tc,
and nanowire separation s. The ranges and step sizes with these variables
were chosen to be feasible fabrication-wise, to provide sufficient resolution,
and to support propagation of only the three lowest order modes HE11,
TE01, and TM01 in a nanowire monomer. With the uncoated nanowires,
the diameter was varied from 300 nm to 500 nm with 5 nm step, and the
separation was varied from 10 nm to 400 nm with non-uniform stepping: 5
nm step between 10 nm and 50 nm separation, 10 nm step between 50 nm
and 100 nm separation, 20 nm between 100 nm and 200 nm separation,
and 40 nm between 200 nm and 400 nm separation. This non-uniform
step size for the separation was selected as the waveguide modes were
expected to be more sensitive to the nanowire separation at small values.
With the coated nanowires, the diameter was varied from 200 nm to 300
nm with 20 nm step, the coating thickness was varied from 200 nm to
400 nm with 20 nm step, and the separation was varied from 10 nm to
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Figure 4.5. Electric field plots in the xy-cross-section of the uncoated nanowire oligomer
waveguide modes included in the analysis. The color map shows the field norm
|E(x, y)| and the blue arrows indicate the transverse field direction. Here, the
nanowire diameter is 450 nm, the nanowire separation is 100 nm, and the
wavelength is 1533 nm (in free space). Reprinted from Publication II.

400 nm with the same stepping as with the uncoated nanowires. The
diameter range considered was reduced here in order to promote electric
field concentration in the coating (the active gain region).

Due to the large number of different hybridized modes obtained with
the considered geometries, especially with the tetramers, only a few select
ones were included for further analysis. For the uncoated nanowire dimer
and tetramer, the HE11- and TE01- or TM01-based hybridized modes that
reached the highest modal confinement factors were chosen. The uncoated
nanowire monomer modes and the selected oligomer modes are shown
in Figure 4.5. The two investigated dimer modes were labeled as Da

and Db and the two investigated tetramer modes as Ta and Tb. Here,
the modes Da and Ta hybridized from HE11 monomer modes and the
Db and Tb modes hybridized from TE01 monomer modes. With the coated
nanowire oligomers, the HE11-based hybridized modes reaching the highest
modal confinement factor were considered, and their oppositely oriented
configuration counterparts were included for comparison. The coated
nanowire monomer modes and the selected oligomer modes are shown in
Figure 4.6. The two investigated dimer modes were labeled as Dca and Dcb

and the two investigated tetramer modes as Tca and Tcb. Here, all oligomer
modes hybridized from HE11 monomer modes, and Dcb and Tca yielded the
smallest modal cost function values. The Dca and Tca modes comprised, in
a sense, of opposite configurations of the hybridizing monomer modes in
the nanowires compared to the Dcb and Tcb modes, respectively.
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Figure 4.6. Electric field plots in the xy-cross-section of the coated nanowire oligomer
waveguide modes included in the analysis. The color map shows the field
norm |E(x, y)| and the blue arrows indicate the transverse field direction.
Here, the nanowire diameter is 260 nm, the coating thickness is 300 nm, the
nanowire separation is 100 nm, and the wavelength is 1533 nm (in free space).
Reprinted from Publication II.

The simulation results for the uncoated nanowire oligomers indicated
that it is possible, with optimized dimer and tetramer geometries, to obtain
a lower gain threshold compared to an optimized nanowire monomer. The
minimum modal cost function values obtained from the simulations in
the studied parameter space are listed in Table 4.2 together with the
corresponding modal confinement factors, substrate and superstrate modal
reflection coefficient magnitudes, and the diameters and separations of the
nanowires. All four investigated oligomer modes offered a clear reduction
in the minimum modal cost function value compared to the corresponding
monomer modes, and the smallest modal cost function value was obtained
with the tetramer Tb mode. The improvements were found to mainly
arise from increased modal confinement factor and increased substrate
end modal reflection coefficient magnitude.

The variation of the modal properties, starting from the minimum modal
cost function point, was also investigated as a function of the nanowire
diameter and separation, varying one of these parameters at a time. With
larger nanowire monomer diameter, the modal fields tend to focus more in-
side the nanowire leading to reduced modal reflection coefficient magnitude
at the substrate end due to the small refractive index contrast between
the nanowire and the substrate. Conversely, the significant refractive
index contrast between the nanowire and air at the superstrate end leads
to increased modal reflection with increasing nanowire diameter. These
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Table 4.2. Minimum modal cost function (fmc, Equation 4.2) values in the studied pa-
rameter space with the selected uncoated nanowire oligomer modes. The
corresponding modal confinement factors (Γ), substrate and superstrate modal
reflection coefficient magnitudes (|rsub| and |rsup|), diameters of the nanowires
(dnw), and separations of the nanowires (s) are also listed. Reprinted from
Publication II.

Mode fmc Γ |rsub| |rsup| dnw [nm] s [nm]

Monomer HE11 1.956 1.416 0.158 0.396 330 -

Monomer TE01 1.105 1.265 0.352 0.703 395 -

Monomer TM01 3.320 0.501 0.397 0.476 500 -

Dimer Da 1.208 1.798 0.269 0.424 345 10

Dimer Db 0.913 1.349 0.399 0.732 375 100

Tetramer Ta 1.246 1.779 0.278 0.393 330 80

Tetramer Tb 0.912 1.411 0.349 0.791 400 400

opposite trends generally led to a trade-off in the two modal reflection coef-
ficient magnitudes with the uncoated nanowire modes. With the TE01 and
TM01 monomer modes, the modal reflection coefficient magnitudes were
higher than with the HE11 mode but the modal confinement factors were
lower, especially with the TM01 mode. The diameter dependence with the
dimer Da and Db mode results were found qualitatively very similar to the
HE11 and TE01 mode of the monomer, respectively. The Da mode results,
and the substrate end modal reflection coefficient magnitude in particular,
were found to be sensitive to the nanowire separation, unlike with the
Db mode where the changes in modal confinement factor and reflection
coefficient magnitudes essentially seemed to cancel each other out. With
the tetramer Ta and Tb modes, the diameter dependence was qualitatively
similar to that with the dimer modes Da and Db, respectively. However,
the tetramer mode results were found to differ in their variation with the
nanowire separation. The Ta modal confinement factor was found to peak
at a larger separation than with the Da mode, and the Tb mode modal
cost function value was dominated by the superstrate end modal reflection
coefficient magnitude increasing significantly with the separation.

The simulation results for the coated nanowire oligomers also indicated
improved modal properties compared to the coated monomer modes. The
minimum modal cost function values obtained from the simulations in
the studied parameter space are listed in Table 4.3 together with the
corresponding modal confinement factors, substrate and superstrate modal
reflection coefficient magnitudes, nanowire diameters, coating thicknesses,
and nanowire separations. The investigated oligomer modes Dcb and
Tca offered a clear reduction in the minimum modal cost function value
compared to the corresponding monomer modes, while the Dca and Tcb
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Table 4.3. Minimum modal cost function (fmc, Equation 4.2) values in the studied parame-
ter space with the selected coated nanowire oligomer modes. The corresponding
modal confinement factors (Γ), substrate and superstrate modal reflection coef-
ficient magnitudes (|rsub| and |rsup|), diameters of the nanowires (dnw), coating
thicknesses (tc), and separations of the nanowires (s) are also listed. Reprinted
from Publication II.

Mode fmc Γ |rsub| |rsup| dnw [nm] tc [nm] s [nm]

Coated monomer HE11 2.574 1.107 0.286 0.202 200 400 -

Coated monomer TE01 2.619 0.968 0.258 0.307 280 400 -

Coated monomer TM01 3.054 0.794 0.301 0.294 300 400 -

Coated dimer Dca 2.496 1.084 0.290 0.231 200 400 400

Coated dimer Dcb 1.896 1.249 0.251 0.373 260 220 120

Coated tetramer Tca 1.607 1.177 0.315 0.479 220 200 80

Coated tetramer Tcb 2.204 1.259 0.167 0.372 260 200 10

modes yielded only a modest improvement at best. Interestingly, the well-
performing Dcb and Tca modes had a TE01-like transverse electric field
component (still with a significant longitudinal component as well). The
smallest modal cost function value was obtained with the tetramer Tca

mode. The improvements were found to mainly arise from increased modal
confinement factor, and with the tetramer modes, also due to increased
superstrate end modal reflection coefficient magnitude. Overall, the coated
oligomer modes generally showed larger modal cost function values (i.e.,
larger expected threshold gain) than the uncoated oligomer modes.

The variation of the modal properties, starting from the minimum modal
cost function point, was also investigated as a function of the nanowire
diameter, coating thickness, and nanowire separation, varying one of these
parameters at a time. The coated oligomer modal fields concentrated in
the coating were found to not experience a similar trade-off in substrate
and superstrate modal reflection coefficient magnitude trends as with the
uncoated oligomers. However, the maximum modal confinement factor and
modal reflection coefficient magnitude values at the end facets tended to
be smaller across the explored parameter range, with the latter mainly
attributed to reduced refractive index contrast. Of the coated nanowire
monomer modes, only HE11 reached modal confinement factor above unity
in the explored parameter space. The dimer Dca mode seemed to show
only weak hybridization effect as the results seemed to follow very closely
the coated monomer HE11 mode results with relative insensitivity to the
nanowire separation. The dimer Dcb mode results showed clear difference
to the coated monomer HE11 mode results as a function of the nanowire
diameter and the coating thickness, but still only somewhat greater sen-
sitivity to the nanowire separation than the Dca mode. The tetramer Tca

and Tcb modes showed smaller modal cost function values with reducing
coating thickness which was the opposite to the observed coated monomer
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HE11 mode dependence.
The obtained results were also briefly compared with those reported

elsewhere for other nanowire laser structures. The uncoated InGaAs
dimer with the Db mode, having minimum modal cost function value of
0.913 at dnw = 375 nm and s = 100 nm, was compared against the GaAs
nanowire of Ref. [31], which was lying horizontally on a SiO2 substrate and
had dnw = 360 nm, L = 6000 nm, and n = 3.63 at 870 nm wavelength. The
estimated threshold bulk material gain for the uncoated InGaAs dimer
was gtb = 1520 cm−1, obtained with Equation 4.1 and the L = 6000 nm
length from the reference. This value was roughly five times higher than
the gtb = 300 cm−1 estimated for the GaAs nanowire [31] despite having
approximately twice the active region volume. However, a more reasonable
comparison would have required results at the same wavelength, which
were not readily available. Additionally, no suitable nanolaser references
were known to be available for comparing the Er-doped alumina coated
oligomer mode results against. However, the modal confinement factors
obtained for the oligomer modes were considerably higher than in the
Er-doped alumina filled slot waveguide (100 nm slot width and 460 nm
height) optical amplifier of Ref. [189], where the most confined mode was
estimated via simulations to have a modal confinement factor of only 0.315.

It was concluded in Publication II that, with the obtained modal proper-
ties of the coated oligomer modes, the Er-doped alumina gain might still
not be sufficient, and even better modal properties would be required for
a mode to reach lasing. Instead, the uncoated nanowire oligomer lasers
were considered a more promising further research direction. It was also
suggested that improving the substrate end modal reflectivity with ad-
ditional nanostructures, like in the case of Ref. [12], and simulating the
far-field emission profiles of oligomer nanolasers could be worth investigat-
ing. Furthermore, proper lasing action modeling and schemes to promote
single-mode lasing would also be of interest for actual laser devices based
on nanowire oligomers.

4.3 Symmetry reduction and numerical efficiency with the finite
element method

Symmetry-reduction is widely applied in optics modeling, whenever pos-
sible, to achieve reduced computational costs and hence more efficient
simulations. This is especially useful for tasks such as design optimization
of nanophotonics components, since the used optimization algorithms tend
to require many iterations where the design parameters are varied, and a
numerical model of the component needs to be solved to obtain the change
in its response. A formal way of treating spatial symmetry properties of
systems is achieved with well-known tools found in group theory, e.g., in
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the case of molecular chemistry [193]. For linear optics scattering problems,
the properties of Maxwell’s equations under symmetry transformations
have been considered [194, 195] and symmetry reductions have been ap-
plied in simulations, e.g., based on boundary integral formulations [196,
197], multiple scattering formalism [198], the discrete dipole approxima-
tion [199], and the FMM [143]. As discussed in section 3.3, a FEM optics
model with a symmetrically incident plane wave can be symmetry-reduced
such that only a half or one quarter of the full model domain is needed for
the simulation. However, in contrast to many other simulation methods,
the literature seemed to lack a treatment of symmetry reduction for the
real-space-based FEM and FDTD method implementations concerning
linear scattering problems with nonsymmetric plane-wave incidence.

In Publication III, the symmetry reduction of FEM optics models, specif-
ically, was extended to the case of nonsymmetric plane-wave incidence
and this reduction was demonstrated with numerical examples of incident
plane wave absorption in a single nanowire and a periodic nanowire array.
The presented symmetry reduction method could be applied when the
model geometry either belongs to the Cs or C2v symmetry point group or
when it belongs to a point group that has one or both of these groups as
a subgroup. The symmetry reduction procedure was based on first de-
composing the original problem (OP) background field (in the background-
field-scattered-field formulation) to its symmetry modes in the geometry.
Then, separate subproblems (SPs) were solved with the symmetry-reduced
simulation domain, one of the symmetry modes as the background field,
and simple PEC or PMC boundary conditions added or replacing the OP
boundary conditions. Finally, the OP solution could be constructed by
correctly summing the obtained SP solutions in the full domain. In the
summation, the SP solutions were mirrored from the reduced domain to
the full domain taking care of the applied sign due to the SP solutions being
either antisymmetric or symmetric with respect to the xz- and yz-plane
based on whether a PEC or PMC boundary condition was applied. Decom-
posing the OP non-symmetrically incident plane wave to the symmetry
modes and adding together the SP solutions to form the OP solution was
possible due to the linearity of the governing Maxwell’s equations (in the
form of Equation 3.16, as discussed in section 3.1).

Importantly, finding the correspondence between the symmetry modes
and boundary conditions allowed to employ the symmetry modes in sym-
metry reduction of the FEM optics models. A similar incident plane wave
field decomposition to symmetry modes with geometries belonging to the
Cs or C2v point group had already been performed before, e.g., in Refs.
[143, 200], for subsequent symmetry reduction of an FMM implementation.
In Publication III, these symmetry modes were associated with proper
combinations of PEC and PMC boundary conditions, i.e., each mode was
found to satisfy a specific combination of PEC or PMC boundary condition
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Table 4.4. The xz- and yz-plane boundary conditions for each symmetry mode (electric
field Ej(x, y, z), Equation 4.3) corresponding to the C2v point group symmetry.
Adapted from Publication III.

Symmetry Mode xz-Plane yz-Plane

E1(x, y, z) PMC PMC

E2(x, y, z) PEC PEC

E3(x, y, z) PMC PEC

E4(x, y, z) PEC PMC

at the xz and yz mirror symmetry planes along which the OP domain was
partitioned. The four symmetry modes of C2v point group symmetry are⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

E1(x, y, z) = (Ê + Ĉ2 + σ̂xz + σ̂yz)E(x, y, z)

E2(x, y, z) = (Ê + Ĉ2 − σ̂xz − σ̂yz)E(x, y, z)

E3(x, y, z) = (Ê− Ĉ2 + σ̂xz − σ̂yz)E(x, y, z)

E4(x, y, z) = (Ê− Ĉ2 − σ̂xz + σ̂yz)E(x, y, z)

, (4.3)

where Ê denotes the identity operation, Ĉ2 denotes the operation of rotation
by the angle π around the rotational symmetry axis (here z-axis), and σ̂xz

and σ̂yz denote the operations of mirroring across the mirror symmetry
planes xz and yz, respectively. The found PEC and PMC combinations
corresponding to these modes are shown in Table 4.4. The two symmetry
modes of Cs point group symmetry, in turn, are{

E1(x, y, z) = (Ê + σ̂xz)E(x, y, z)

E2(x, y, z) = (Ê− σ̂xz)E(x, y, z)
, (4.4)

of which E1(x, y, z) corresponds to PMC and E2(x, y, z) to PEC boundary
condition on the xz-plane.

In the numerical examples, nanowires with regular hexagon cross-section
on top of a semi-infinite substrate were considered, which corresponds to
the C6v point group symmetry. The substrate surface was taken to be
the xy-plane and the vertical nanowire was centered on the z-axis. The
geometry with C6v point group has the following symmetry elements [193]:
the six-fold rotational axis C6, three mirror planes coinciding with the
hexagon vertices (σ1

v, σ2
v, and σ3

v), and three mirror planes coinciding
with the hexagon edge midpoints (σ1

d, σ2
d, and σ3

d). Therefore, the point
group can be expressed with the corresponding symmetry operations as
C6v = {Ê, Ĉ1

6, Ĉ
1
3, Ĉ2, Ĉ

2
3, Ĉ

5
6, σ̂

1
v, σ̂

2
v, σ̂

3
v, σ̂

1
d, σ̂

2
d, σ̂

3
d}, where Ĉ

l
m denotes the

operation of rotation by l times the angle 2π/m around the rotational
symmetry axis, and σ̂1

v, σ̂2
v, σ̂3

v, σ̂1
d, σ̂2

d and σ̂3
d denote the operations of

mirroring across the mirror symmetry planes. The nanowire geometry
and its symmetry elements are illustrated in Figure 4.7. The C6v point
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Figure 4.7. The geometry of a hexagonal cross-section nanowire on a semi-infinite sub-
strate and its symmetry elements. (a) Tilted view with the nanowire height
L indicated. (b) Cross-section view with the nanowire diameter D and the
symmetry elements C6, σ1

v, σ2
v, σ3

v, σ1
d, σ2

d, and σ3
d indicated. Reprinted from

Publication III.

group has both the Cs = {Ê, σ̂xz} and the C2v = {Ê, Ĉ2, σ̂xz, σ̂yz} as sub-
groups (note that Cs is also a subgroup of C2v), where σ̂1

v = σ̂xz, σ̂2
d = σ̂yz,

and Ĉ2 = σ̂xzσ̂yz = σ̂yzσ̂xz. For the considered periodic arrays of these
nanowires, symmetries of the geometry are defined by both the single
nanowire geometry and the 2D lattice to which they are arranged on the
substrate surface. An orthorhombic (rectangular) lattice arrangement
was selected, which belongs to the C2v point group. Therefore, the geome-
tries chosen for the numerical examples were, indeed, amenable to the
presented symmetry reduction method.

The full simulation domain can be reduced to half with the Cs symmetry
(along the xz-plane) and to one quarter with the C2v symmetry (along
both the xz- and yz-plane). In the periodic model, the Floquet periodic
boundary conditions of the unit cell change to PEC or PMC (depending on
the symmetry mode used in each SP) on all boundaries of the reduced sim-
ulation domain. However, in order to satisfy the PEC or PMC conditions on
the boundaries opposite to the xz- or yz-plane, additional phase-matching
conditions arise for the incident plane wave k-vectors: kix = −2πmx/px
and kiy = −2πmy/py, where px and py are the period lengths in x- and y-
direction, respectively, and mx and my are integers. Therefore, unlike with
the single nanowire, applying the presented symmetry reduction method
for periodic arrays is restricted to only certain plane-wave incidence angles.
This was considered to be a general consequence of the symmetry since
also the FMM symmetry reduction implementation [200] led to similar
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restrictions. Additionally, the C2v symmetry reduction requires a rectangu-
lar unit cell for the lattice in order to have simulation domain boundaries
parallel to either the xz- or yz-plane. If the primitive cell of the lattice
is non-rectangular, this makes using such symmetry reduction (with the
larger rectangular unit cell) less useful. If a rectangular unit cell does not
exist for a given lattice, the presented symmetry reduction methods cannot
be applied at all.

For some incidence configurations, with both the single and periodic
structures, only some of the symmetry modes are non-zero meaning that
only part of the SPs (with the non-zero modes) need to be solved to construct
the OP solution. First, the simple symmetry reductions for symmetrically
incident plane waves discussed in section 3.3 are recovered. Second, with
the C2v symmetry reduction, the plane wave incident either along the
xz- or the yz-plane, and either s- or p-polarization, only two of the four
symmetry modes are non-zero at a time. These special incidence cases were
also taken into account in the numerical examples to take full advantage
of the available computational cost reductions.

The overall computational cost reduction achieved with the presented
symmetry reduction method is mainly based on the reduced simulation
domain size in each SP, although several SPs are solved instead of the
one OP. A direct solver was used in the simulations instead of an iterative
one since, although iterative solvers tend to use less RAM, direct solvers
are more robust and reliable. Additionally, the iterative solvers tend to
not work well with periodic Floquet boundary conditions. Therefore, as
discussed in section 3.3, the number of DOF, and hence maximum RAM
use, scale approximately linearly with the simulation domain size and
the solver run time scales superlinearly with the number of DOF. It is to
be expected then that the presented symmetry reduction method should
reduce the maximum RAM use for non-periodic models approximately by a
factor of 4 and 2 for C2v and Cs symmetry, respectively, and to possibly also
yield reduced total solver run time. With periodic models, the presented
symmetry reduction method should additionally reduce the RAM use and
total solver time due to changing Floquet boundary conditions to PMC or
PEC. With either periodic or non-periodic models, the total solver time is
reduced in the special incidence cases mentioned above due to the reduced
number of SPs to solve. All the example numerical simulations were
performed on the same local workstation computer to ensure that the
results were comparable.

The numerical examples with a single nanowire and a periodic array of
nanowires on top of a substrate were implemented with the commercial
FEM software COMSOL Multiphysics 5.6 with the Wave Optics Module.
The single nanowire models, denoted "No sym. red." and "Sym. red. 1/4",
corresponded to the full simulation domain and C2v symmetry-reduced
simulation domain, respectively. These models were used to compute the

63



Nanophotonics with group III–V compound semiconductor nanowires

0 10 20 30 40 50 60 70 80 90

i [°]

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3
A cs

 [
m

2 ]
p-pol No sym. red.
s-pol No sym. red.
p-pol Sym. red. 1/4
s-pol Sym. red. 1/4

9.25 105

91.68 h

21.63 GB

2.35 105

39.67 h

5.37 GB
Max RAM

Total solver time

Max DOF

No sym. red. Sym. red. 1/4

(a) (b)

Figure 4.8. Simulation results with the single-nanowire "No sym. red." and "Sym. red.
1/4" models. (a) Nanowire absorption cross-section as a function of θi with
φi = 30◦. (b) The maximum number of DOF, total solver time and maximum
RAM use for the whole θi and φi sweep. Reprinted from Publication III.

nanowire absorption cross-section (with Equation 3.37) for an incident
plane wave with varying incidence angle (polar angle θi and azimuth angle
φi) and either p- or s-polarization. The substrate material was selected as
Si, the nanowire material as GaAs, the nanowire diameter as D = 380 nm,
the nanowire length as L = 2500 nm, and the superstrate material as some
generic polymer with a refractive index of n = 1.4. The wavelength (in free
space) of the incident plane wave was chosen as λ0 = 800 nm, at which the
used refractive index values were n = 3.6750− 0.0054113i for Si [201] and
n = 3.6035− 0.091786i for GaAs [190].

The single nanowire simulation results verified the expected approxi-
mately linear scaling of maximum RAM use with the size of the symmetry
reduced simulation domain and the reduced total solver time due to the
superlinear scaling of the solver process run time with the reduced system
matrix size. In the simulations, the polar incidence angle θi was swept from
0◦ to 88◦ with 2◦ step and the azimuth incidence angle φi from 0◦ to 30◦ with
1◦ step, covering, with respect to the hexagonal nanowire cross-section, all
unique incidences from the upper half-space. The nanowire absorption
cross-section for φi = 30◦ obtained from the simulations and the maximum
number of DOF, total solver time and maximum RAM used for the whole
sweep are shown in Figure 4.8. It was also found that the overhead from
setting up the solver was increased for the "Sym. red. 1/4" model due to
several SPs being solved instead of just the one OP. However, this was
considered a minor effect compared to the reduction in solver time, at least
with finely meshed (high number of DOF) models.

Two types of periodic nanowire array numerical example models were
considered, all of which were used to compute absorption of incident plane
waves by the nanowires in the array with a specific incidence angle (mx =

1 and my = 0 in the phase-matching conditions) at varying period px.
First, two models with two plane waves symmetrically incident along
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the xz-plane with the same polarization but opposite phase, and second,
three models with just one plane wave incident along the xz-plane. The
antiphase plane waves incidence configuration was interesting as it directly
corresponded to one of the symmetry modes (for s- and p-polarization
each) and also demonstrated greatly reduced absorption for s-polarization
compared to p-polarization, which ties to coherent absorption of multiple
incident plane waves being of wider interest in the research field [202].
The single incident plane wave configuration was added as a further point
of comparison. The antiphase incidence models were denoted "APMI no
sym. red." and "APMI sym. red. 1/4", corresponding to the full simulation
domain and C2v symmetry-reduced simulation domain, respectively. The
single incident plane wave models were denoted "SI no sym. red.", "SI sym.
red. 1/2", and "SI sym. red. 1/4", corresponding to the full, Cs, and C2v

symmetry-reduced simulation domain, respectively (the Cs symmetry case
actually reduces to the simpler symmetry reduction discussed in section
3.3). In all these models, the substrate material was selected as Si, the
nanowire material as In0.52Ga0.48As, the nanowire diameter as D = 260 nm,
the nanowire length as L = 1400 nm, and the superstrate material as some
generic polymer with a refractive index of n = 1.4. The wavelength (in free
space) of the incident plane wave was chosen as the telecom wavelength
λ0 = 1550 nm, at which the used refractive index values were n = 3.4757

for Si [192] and n = 3.5307− 0.076399i for In0.52Ga0.48As [190].
The periodic nanowire array simulation results demonstrated how re-

placing the periodic Floquet boundary conditions in the OP full domain
with PMC or PEC boundary conditions in SPs with the symmetry reduced
domain further reduces maximum RAM use and total solver time. In
the simulations, the period px was swept such that, with the incidence
conditions mx = 1 and my = 0, the corresponding polar incidence angle
θi was swept from 10◦ to 60◦ with 0.5◦ step. The y-direction period was
selected as py = 950 nm due to good convergence in the absorption results
with reasonably fine meshing. The periodic nanowire array absorption
obtained from the simulations with the models "APMI sym. red. 1/4" and
"APMI no sym. red." and the maximum number of DOF, total solver time,
and maximum RAM used for the sweep are shown in Figure 4.9. The same
results for the models "SI no sym. red.", "SI sym.red. 1/2", and "SI sym.
red. 1/4" are shown in Figure 4.10. As can be seen in Figures 4.9(b) and
4.10(b), the reduction in maximum RAM use in the symmetry reduced
models is greater than what merely the corresponding reduction in the
number of DOF would entail. The aforementioned polarization dependence
in the antiphase incidence models is also quite clear when comparing the
p- and s-polarized absorption results in Figures 4.9(a) and 4.10(a).

The obtained computational cost reductions were also compared to the
FMM model symmetry reduction implemented for similar problems [200].
With the models "SI no sym. red.", "SI sym. red. 1/2" and "SI sym. red.
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Figure 4.9. Simulation results with the periodic nanowire array "APMI no sym. red." and
"APMI sym. red. 1/4" models. (a) Nanowire array absorption as a function of
px (or equivalently θi) with py = 950 nm. (b) The maximum number of DOF,
total solver time, and maximum RAM use for the px (or equivalently θi) sweep.
Reprinted from Publication III.
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Figure 4.10. Simulation results with the periodic nanowire array "SI no sym. red.", "SI
sym. red. 1/2", and "SI sym. red. 1/4" models. (a) Nanowire array absorption
as a function of px (or equivalently θi) with py = 950 nm. (b) The maximum
number of DOF, total solver time, and maximum RAM use for the px (or
equivalently θi) sweep. Reprinted from Publication III.
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1/4", the maximum RAM use is reduced by approximately a factor of three
and nine in the case of Cs and C2v symmetry reduction, respectively. With
the "APMI sym. red. 1/4" model, having only one SP per polarization, the
total solver time was reduced by a factor of approximately 10 compared to
the "APMI no sym. red." model. The authors of the FMM studies [200], on
the other hand, demonstrated maximum RAM use reduction by a factor of
4 and 16 in the case of Cs and C2v symmetry, respectively, and computation
time reduction by a factor of 4 to 64 depending on the symmetry and spe-
cific incidence configuration. Therefore, it would seem that the obtained
computational cost reductions in Publication III were rather modest in com-
parison. However, it was pointed out that these figures with the FEM and
FMM implementations are not necessarily directly comparable. Indeed,
although the FEM and FMM can both solve the same Maxwell’s equations
in a given problem, the fundamental differences in their implementations
can lead to vast difference in the required computational cost, even before
considering any symmetry reduction schemes.

The issue of relative numerical performance of the FMM, FEM, and
FDTD method in incident light absorption simulations was thoroughly
investigated in Publication IV. Specifically, the simulations considered nor-
mally incident light absorption in periodic GaAs nanowire and nanocone
arrays on top of a GaAs substrate. Additionally, arrays of core–shell
nanowires and large-scale quasi-random arrays of nanowires were consid-
ered. These geometries are illustrated in Figure 4.11. The differences in
required computational time and maximum RAM use between the FMM,
FEM, and FDTD method were found to heavily depend on the geometry of
the nanostructure, the accuracy (convergence) needed for the simulation
results, and the type of absorption data required: total, volume-integrated,
or spatially resolved and either spectrally broadband or narrowband ab-
sorption. Differences between the methods in computational time as high
as three orders of magnitude or even more were observed. Such a detailed
comparison of different simulation methods for analysis of absorption in
periodic semiconductor nanostructure arrays was found to be missing in
the literature, while existing comparisons with simulations of periodic
structures, like diffraction gratings [203], sub-wavelength anti-reflective
structures [204], or photonic crystal line defect cavities [205], do not di-
rectly translate to the case of simulating absorption. Although rather
technical in nature, such benchmark comparisons are valuable for improv-
ing the efficiency in numerical-modeling-aided design of nanophotonics
devices including photodetectors and solar cells.

The numerical simulations were performed on the same local worksta-
tion computer to ensure that the obtained run times and maximum RAM
use were comparable. For the FMM simulations, an in-house implementa-
tion in Fortran was used, while the FEM simulations were implemented
with the commercial FEM software COMSOL Multiphysics with the Wave

67



Nanophotonics with group III–V compound semiconductor nanowires

pp

L D

p
p

L

x
y

z

pp

L

D Dshell

N=1
N=2

N=3
N=4

N=5
N=6

(a) (b) (c)

(d)

Figure 4.11. The considered geometries in the numerical performance benchmarking
study: (a) periodic nanowire array, (b) periodic nanocone array, (c) periodic
core–shell nanowire array, and (d) quasi-random (periodic) nanowire arrays
with N2 nanowires in the supercell. The diameters D and Dshell, length L
and period length p are also indicated. Adapted from Publication IV.

Optics Module and the FDTD simulations were implemented with the
commercial Lumerical FDTD Solutions software. The reported run times
were obtained when all four cores of the central processing unit of the
computer were utilized such that, for the FEM and FDTD method, all
of them were employed by a single instance of the software, and for the
single-core-only FMM implementation, four instances were run in parallel
in a wavelength study, requiring four times the RAM of a single instance.
Some of the computationally more demanding simulation sweeps were
performed at the Triton computational cluster available through the Aalto
Science-IT project to obtain the absorption values for comparison, while
the reported run times and maximum RAM use were obtained with the
local workstation from a smaller subset of the sweep. Furthermore, since
the considered periodic nanowire and nanocone arrays and the normally
incident plane wave share the xz- and yz-plane mirror symmetries, the
models were symmetry reduced to make them more efficient. Additionally,
due to the symmetry and the square lattice, only x-polarization was con-
sidered without loss of generality. With the FMM, symmetry respecting
basis functions were used which reduced the system matrix size by approx-
imately a factor of four (for a large number of basis terms included). With
the FEM and FDTD method, the simulation domain was reduced to one
quarter along the xz- and yz-plane with PEC or PMC boundary conditions
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as discussed in section 3.3. In the nonsymmetric supercell simulations
with N ≥ 2, the full simulation domain was used and the average of x-
and y-polarization was considered. It should also be noted that, since the
simulations were performed on a single workstation, the results may not
directly apply to optimally configured parallel runs on a computational
cluster.

In the periodic nanowire and nanocone array simulations, the considered
period was p = 400 nm, nanowire diameter and length were D = 160

nm and L = 2000 nm, and the nanocone base diameter and length were
D = 400 nm and L = 960 nm (such that the nanowires and nanocones had
the same volume). In the wavelength sweeps, the incident light intensity
was assumed to follow the AM1.5G solar spectrum, and the range from
around λ = 270 nm to λ = 900 nm was considered (with the FMM and FEM,
the wavelength step in the sweep was Δλ = 10 nm). In order to represent
the absorption across the entire spectral range, the short-circuit current
was computed with the AM1.5G spectrum and under the assumption that
each absorbed photon gives rise to one charge carrier in the short-circuit
current:

jsc = q

∫ λg

0

Iinc(λ)A(λ)

Ep(λ)
dλ , (4.5)

where q is the elementary charge, λg is the (free space) wavelength cor-
responding to the GaAs band gap energy (around 872 nm in room tem-
perature), Iinc(λ) is the incident AM1.5G spectral intensity, A(λ) is the
absorption spectrum, and Ep(λ) is the energy of a photon with wavelength
λ. The intensity Iinc(λ) was assumed negligible for λ < 270 nm, so the
integration in Equation 4.5 effectively started at this wavelength. The
core-shell nanowire simulations served to further investigate the optics
simulation of systems with passivated nanowires. For these simulations
a 20 nm thick AlGaAs (with 80 % Al content) shell around the GaAs
nanowires was considered. The refractive index values were obtained from
Ref. [206] for GaAs and from Ref. [207] for AlGaAs. In all simulations,
more converged results were obtained by increasing the number of basis
function terms in the FMM, using a finer mesh (increasing the number of
DOF) in the FEM, and reducing the discretization step size (finer grid) in
the FDTD method. Since no analytical results were available to compare
against, the most converged result from further simulations with any of
the three modeling methods was taken to be the reference value based on
which relative error of other results was calculated.

It was first validated that the methods yield essentially the same results
when converged enough. With regard to both the electric field distribution
and the absorption spectrum, the results from all three methods were
found to agree well, except for some discrepancies in the FDTD method
absorption spectrum. This was attributed to the difference in refractive
index values due to both the FMM and FEM using tabulated values but
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(a) (b)
Figure 4.12. Simulation run time at different relative error levels in jsc for the simulations

of the periodic arrays of (a) nanowires and (b) nanocones. Reprinted from
Publication IV.

the FDTD method having to use a limited number of oscillator functions
fitted to said tabulated values. Such fitting does not necessarily reproduce
the tabulated values accurately across the entire wavelength range, which
was especially seen near the GaAs band gap wavelength. Therefore, the
FDTD method convergence reference results were obtained using the fitted
refractive index values.

The connection between the run time and the relative error in jsc with
each method for the periodic arrays of nanowires and nanocones is shown
in Figure 4.12. With nanowires, the FMM performed the fastest at any
relative error level, while the FEM provided smaller relative error than
the FDTD method at similar run times. However, the FDTD method could
provide results faster than the FEM at higher relative error levels. With
nanocones, it was noted that the FMM slows down drastically, while the
FEM and FDTD method performed more consistently with the FEM pro-
viding the smallest relative error. The worse performance of the FMM with
the nanocones than with the nanowires is due to the staircase approxi-
mation (discussed in section 3.4) needed for the slanted sidewalls of the
nanocones, which makes the FMM simulation computationally much heav-
ier. Depending on the required level of relative error, the best performing
method was found to vary.

Some additional notions were also made, which are not immediately ap-
parent from the presented simulation results. First, it is worth noting that
these simulations considered a rather broad wavelength range, whereas
e.g., a photodetector could be designed to operate over a relatively narrow
wavelength band. For a smaller wavelength sweep or a single wavelength,
the FMM and FEM simulations would gain a significant relative perfor-
mance increase compared to the FDTD method. In absolute values, the
FDTD simulation could also gain a performance increase due to being
able to use constant refractive index values instead of the fitted oscillator
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functions. Second, the FMM method would gain a significant performance
advantage with very large or varying nanowire length L, since the run
time stays constant with increasing L at a given basis size (typically set by
the lateral size of the simulation domain). Additionally, much of the partial
calculation results could be re-used for subsequent computations when
varying L, leading to a significant reduction in the run time. In contrast,
the run time of the FDTD simulation is expected to scale linearly with
L, and the run time of the FEM simulation is expected to scale slightly
superlinearly with L (with linear scaling for the number of DOF). With
both the FDTD and FEM, a completely new simulation run is required for
each L.

The connection between the run time and the relative error in jsc for
the core–shell nanowires, computed for the core and the shell separately,
is shown in Figure 4.13. For the FMM and FDTD method, obtaining the
required spatially resolved absorption leads to a considerable difference
in how the simulations are set up and hence affects the performance (as
discussed in section 3.4). The relative performance between the methods
was similar to the previous nanowire results (Figure 4.12(a)), except that
for jsc in the shell, the FEM could perform better than the FMM for relative
error levels better than 10−2. In simulations of an actual photodetector
or solar cell device, the spatially resolved absorption could actually be
important. There would typically be a noticeable spatial variation in the
probability for photogenerated carriers to contribute to the short-circuit
current jsc and, therefore, the spatially resolved photogeneration rate
based on the spatially resolved absorption would be extracted from such
simulations. The jsc estimate could then be obtained by performing further
simulations, e.g., drift-diffusion modeling of electron-hole transport with
the spatially resolved photogeneration rate as a source term for charge
carriers.

Although not presented in the results, a similar case of investigating
spatially resolved absorption could arise when considering an additional
transparent conductive oxide (TCO) layer, sometimes utilized in photode-
tector and solar cell designs. Obtaining the spatially resolved absorption in
such a TCO and the nanowires would affect the performance of the three
methods differently. With a planarized TCO layer on top of the nanowire
array, the FMM performance is expected to decrease due to the additional
z-invariant section added, whereas the performance decrease with the
FEM or FDTD method, due to the added simulation domain volume, is
expected to be only minor in comparison. With a conformal TCO layer and
spatially resolved absorption within, similar effects on the performance
would be expected as in the above discussed core-shell nanowire simulation.
Additionally, if the conformal TCO layer had a non-flat tip, e.g., dome or
cone shape, the FMM is expected to experience a significant computational
cost increase similar to the difference between the cases of nanowires and
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Figure 4.13. Simulation run time at different relative error levels in jsc for the simulations
of the periodic array of core–shell nanowires. Here, jsc is computed over the
core and the shell separately with the total being their sum. Reprinted from
Publication IV.

nanocones.
A different case of spatially resolved absorption occurs when consid-

ering variation of the absorption in the nanowires as a function of the
axial direction (z-direction). This was demonstrated with simulations of
nanowires of length L = 2000 nm and a resolution of 10 nm in the ax-
ial direction. With the FMM, the power flow over any given transverse
plane at some z position along the nanowire can be integrated, and the
axially resolved absorption is obtained from the difference in the power
flow between such planes. Compared to obtaining the total absorption
across the entire nanowire, this resulted in an increase in the run time
of approximately 45 % and a negligible increase in the maximum RAM
use. With the FEM, a volume integration approach was taken instead of
computing the power flow through the planes as this led to much faster con-
vergence of the results. This post processing volume integration resulted
in significant increase of approximately 1500 % to 7000 % in run time
without any increase in the maximum RAM use. Finally, with the FDTD
method, additional power monitors can be placed at varying position in the
axial direction to resolve the axial variation (200 such monitors were used
with L = 2000 nm and 10 nm axial resolution). The resulting additional
processing and data storage requirements led to an increase in run time on
the order of 50 % and a significant increase in the maximum RAM use in
the order of 1000 %. Overall, requiring axially resolved absorption led to
increased run time with all three methods and also to increased RAM use
with the FDTD method. However, these percentage values should not be
taken as general results, since the increased computational costs were due
to additional computations which do not necessarily scale, with varying
geometry or settings for better convergence, similarly as the computational
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(a) (b)
Figure 4.14. Simulation run time (a) and maximum RAM use (b) as a function of the

number of nanowires N2 in the supercell in the quasi-random nanowire
array simulations. Reprinted from Publication IV.

cost of solving the models.
The connection between the run time and maximum RAM use with the

number of nanowires N2 in the quasi-random supercells is shown in Figure
4.14. Here, a random nanowire array was approximated with a periodic
structure where the unit cell (supercell) was composed of N ×N nanowire
cells with p = 400 nm. The nanowire position within each cell was adjusted
by a random displacement in the range of −0.25× p to 0.25× p in both x-
and y-direction. Each nanowire also had a random diameter in the range
of 60 nm to 260 nm and the diameters were further scaled such that the
total volume was equivalent to a periodic array of D = 160 nm nanowires
(the N = 1 case). With N = 1, 2, ..., 6, the FEM had the worst performance
with longest run time and highest maximum RAM use. With N = 1

and N = 2, the FMM showed the best performance, whereas the FDTD
method yielded the best performance with larger N . Furthermore, the
FMM seemed to exhibit the fastest performance decrease with increasing
N , suggesting that the FEM could also yield better performance than the
FMM with large enough N . It was approximated that the FMM run time
and maximum RAM use would scale as N5.8 and N4, respectively, while
with the FDTD method these would both scale simply as N2. With the
FEM, the number of DOF would scale as N2 with the maximum RAM use
scaling approximately linearly and the run time scaling superlinearly with
the number of DOF (when using direct solvers, as discussed in section
3.3). However, if the nanowires also had random lengths L, the FEM
and FDTD method performance would stay relatively unaffected, while
the FMM would require sectioning in the z-direction into N2 z-invariant
slices (instead of just one slice of length L) which would increase the
computational cost proportionately.

Overall, it was concluded in Publication IV that none of the three methods
can have the best performance in all simulation cases. Based on the results,
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the FMM implementation seemed particularly well suited to the case
of a periodic square array of nanowires or other z-invariant structures
with a relatively small unit cell area. The FEM implementation could
be outperformed in computational efficiency by either the FMM or FDTD
method in several simulations. Regardless, the FEM could be, in general,
considered a robust simulation method with good convergence, and it
can benefit from the adaptability of the mesh and directly obtaining the
solution in real space for the full simulation domain. Finally, the FDTD
method implementation was found to lead to the smallest computational
cost in a system where the unit cell has a very large area. The FDTD
method could also gain an advantage for simulating large spectral sweeps
as the spectral response can be obtained in one simulation run.
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5. Conclusions

Bottom-up-grown III–V nanowires for nanophotonics applications and ef-
ficient numerical optics modeling techniques for the analysis and design
of light manipulation in such applications were discussed in this thesis.
First, group III–V compound semiconductor nanowire growth and optical
properties, as well as single-photon emission from an embedded semicon-
ductor QD, were discussed. This was followed by introducing the theory
and methods used in this work for numerical optics modeling concerning
nanowires and other nanostructures, including linear scattering problems,
waveguide modes, the FEM modeling technique, and a brief look on the
FMM and FDTD method in comparison. Finally, the main research results
of this work were presented from the three focus topics: the nanowire
SPS review, the nanowire oligomer waveguide modes investigation, and
the FEM symmetry reduction method together with numerical efficiency
comparison between the FMM, FEM, and FDTD method.

Efficient SPSs are important components for emerging quantum infor-
mation science applications, and this thesis addressed the previous lack
of a detailed nanowire-focused SPS comparison, especially taking into
consideration their fabrication. The fabrication and performance of group
III–V compound semiconductor nanowire SPSs with an embedded QD
emitter was reviewed with comparison to top-down-fabricated QD-based
designs. The state of the art in such nanowire SPSs was discussed and
current challenges and possible future research directions were presented.
Arguably, the main benefit in the studied nanowire SPSs was considered
to be the controlled and deterministic positioning of the nanowire and
the QD emitter within, as allowed by the bottom-up growth fabrication.
Most of these nanowire SPSs followed the nanowire nanoantenna design,
which can also potentially provide high extraction efficiencies. However,
based on the conducted literature study and the state-of-the-art perfor-
mance comparisons, it was concluded that one of the main challenges for
these nanowire SPSs is improving their performance in order to provide
a truly viable alternative to the top-down fabricated SPS structures with
a QD in a cavity. In particular, the nanowire SPSs were found to fall
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short in the single photon indistinguishability metric due to the lack of a
feasible way to form a cavity structure with the nanowire nanoantenna
fabrication process. It was suggested that further developing and opti-
mizing the nanowire growth and device fabrication processes along with
employing techniques like resonant excitation could still be expected to
lead to significant progress in improving the nanowire SPS efficiency and
indistinguishability. Further research on nanowire SPSs could focus on
widening the available emission wavelength range and adding ways to
fine-tune the emission wavelength after fabrication. For on-chip integrated
applications, electrical excitation and a truly scalable fabrication process
compatible with conventional planar integrated photonics components
were both considered as important open issues. Finally, exploring novel
schemes, other than the nanowire nanoantenna, for integrating nanowires
in their as-grown vertical geometry was considered an interesting avenue
for future research.

Numerical FEM simulations were used in this work to investigate waveg-
uide modes in vertical nanowire oligomers, and the suitability of such
modes for lasing was considered based on their modal confinement factor
and nanowire end facet reflectivities. This was found to be a rather novel
research direction, as previously reported studies had largely considered
guided modes and laser applications for single nanowires only. Both single
nanowires and nanowire oligomers can strongly confine the guided light
and act as a Fabry–Pérot cavity for optical feedback. However, as shown by
the previous studies, vertical III–V nanowires on a III–V or a Si substrate
in their as-grown geometry tend to have low refractive index contrast
between the nanowire and substrate, which can lead to problems in ob-
taining a high enough modal reflectivity to allow a strong enough optical
feedback to reach lasing. Furthermore, while nanowires lying horizontally
on a substrate of smaller refractive index tend to express better modal
reflectivities, they cannot be directly grown. It was noted in this work, that
a greater variety of modal field profiles can be obtained with hybridized
nanowire oligomer modes, potentially allowing for higher modal confine-
ment and reflectivities compared to single-nanowire modes. Both uncoated
nanowires with inherent gain and nanowires coated with Er-doped alu-
mina gain material were considered in this work with emission in the
telecom wavelength range at 1533 nm. Although only dimer and tetramer
configurations and a limited number of modes were included in the study,
modes with better modal properties than those in a corresponding single
nanowire were found for both uncoated and coated nanowires. It was
concluded that the Er-doped alumina gain might actually not be sufficient
in practice, and even better modal properties would still be required for a
mode to reach lasing. Instead, the uncoated nanowire oligomers were con-
sidered a more promising further research direction, although the found
estimated gain threshold values were not yet considered sufficiently low. It
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was further suggested that improving the substrate end modal reflectivity
with additional structuring and simulating the far-field emission profiles of
oligomer nanolasers could be worth investigating. For actual laser devices
based on nanowire oligomers, proper lasing action modeling and schemes
to promote single-mode lasing would also be of interest.

A method was presented in this work for extending the symmetry reduc-
tion of FEM optics models concerning linear scattering problems to the case
of nonsymmetric plane-wave incidence, and the achieved computational
cost reductions with this method were demonstrated with numerical sim-
ulation examples of incident plane wave absorption in a single nanowire
and a periodic nanowire array. In contrast to many other numerical optics
modeling techniques, such a symmetry reduction method for the real-space-
based FEM technique implementation was found to be previously missing
in the literature. The presented symmetry reduction method could be
applied when the model geometry either belongs to the Cs or C2v symmetry
point group or when it belongs to a point group that has one or both of
these groups as a subgroup. The symmetry reduction procedure was based
on first decomposing the OP background field (in the background-field-
scattered-field formulation) to its symmetry modes in the geometry using
known techniques based on group theory. Then, separate SPs were solved
with the symmetry-reduced simulation domain and one of the symmetry
modes as the background field. Importantly, the use of simple PEC or PMC
boundary conditions was found to be applicable, consequently enabling the
symmetry reduction in the FEM implementation. Finally, the OP solution
could be constructed by correctly mirroring the obtained SP solutions to
the full domain and adding them together. The single nanowire simulation
example results verified the expected approximately linear scaling of maxi-
mum RAM use with the size of the symmetry reduced simulation domain
and the reduced total solver time due to the superlinear scaling of the
solver process run time with the reduced system matrix size. Furthermore,
the example results for the periodic nanowire array demonstrated how
replacing the standard periodic Floquet boundary conditions in the OP
full domain with PMC or PEC boundary conditions in the SPs with the
symmetry reduced domain further reduces maximum RAM use and total
solver time. The obtained computational cost reductions with the symme-
try reduction method for the FEM were also found reasonable compared to
those obtained in an FMM implementation symmetry reduction based on
similar symmetry modes.

Finally, the issue of relative numerical performance of the FMM, FEM,
and FDTD method in incident light absorption simulations was addressed
in this work. Specifically, the simulations considered normally incident
light absorption in periodic nanowire and nanocone arrays on top of a
substrate. Additionally, arrays of core–shell nanowires and large-scale
quasi-random arrays of nanowires were considered. This comparison was
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considered to extend previously reported studies, which lacked a detailed
comparison of different simulation methods for analysis of absorption in
periodic semiconductor nanostructure arrays, specifically. The differences
in required computational time and maximum RAM use between the FMM,
FEM, and FDTD method were found to heavily depend on the geometry of
the nanostructure, the accuracy (convergence) needed for the simulation
results, and the type of absorption data required: total, volume-integrated,
or spatially resolved and either spectrally broadband or narrowband ab-
sorption. Differences between the methods in computational time as high
as three orders of magnitude or even more were observed. The obtained
benchmarking results can be used as guidance for selecting a suitable sim-
ulation method for an absorption problem based on the features considered
in the study. Overall, it was concluded that none of the three methods can
have the best performance in all simulation cases. Based on the results,
the FMM implementation seemed particularly well suited to the case of a
periodic square array of nanowires or other z-invariant structures with a
relatively small unit cell area. The FEM implementation was considered a
good general and robust simulation method, although it could be outper-
formed in computational efficiency by either the FMM or FDTD method
in several simulation cases. Furthermore, it was concluded that the FEM
can benefit from the adaptability of the mesh and directly obtaining the
solution in real space for the full simulation domain. Finally, the FDTD
method implementation was found to lead to the smallest computational
cost in a system where the unit cell has a very large area. The FDTD
method could also gain an advantage for simulating large spectral sweeps
as the spectral response can be obtained in one simulation run.

The results presented in this thesis will aid in advancing the burgeon-
ing semiconductor nanowire and nanophotonics modeling research fields.
Indeed, nanowire SPSs have already shown promise, and the review pre-
sented in this work will help to elucidate the advantages and disadvantages
of the bottom-up nanowire growth compared with the top-down approaches
to direct future research efforts. It was also shown that novel guided modes
in nanowire oligomers can have interesting and useful modal properties,
and that they are worth further studying. The importance of numerical
optics modeling for nanoscale optoelectronics and other nanophotonics
devices was also emphasized, and the presented extended symmetry re-
duction for the FEM and benchmarking comparisons for the FMM, FEM,
and FDTD method will help to improve the efficiency of linear scattering
problem simulations. Such improvements in simulation efficiency can lead
to faster device design process with reduced costs and energy consumption.
Furthermore, the presented overview of numerical electromagnetic optics
modeling for nanophotonics will help to guide new researches entering this
important and interesting research field.
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