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Preface

Making a literal difference, metaphorically...

Bo Burnham

Only during university years I have understood the true purpose of

school education. Surely, it provides some basic knowledge about the

world, although mainly it is supposed to teach students to study, or, in

other words, to develop their own way of learning. Later it turned out

that universities operate in a completely different way. They are less con-

cerned with the ways of learning. They rather provide more knowledge

in a narrower area of interest, which finally enables students to become

professionals in the field. With the ability to learn, they will quickly adapt

to any specialized occupation. However, at the same moment another op-

tion appears – to continue studies as a doctoral student. But why would a

fully capable professional need a doctoral degree? Does it offer anything

useful?

Doctoral studies provide deeper knowledge in even more special area,

and that is great, however, acquiring knowledge is not the same as mak-

ing a discovery. Even a bachelor student nowadays knows things that

A. Einstein could not think of. Undoubtedly, one of the goals in pursuing

a doctoral degree is to obtain even more knowledge, although it is hardly

the main goal. Looking at a bigger picture, it becomes evident that it is

rather about learning how to face an unknown problem and then method-

ically tackle it, and how to look at a complex task, starting from the very

fundamentals by splitting it into simple pieces. This approach becomes

extremely handy even in dealing with nonscientific problems. Quite often

the task seems too heavy to even start working on it, however, splitting

it into smaller tasks is naturally easier to handle. Another extremely

valuable skill that develops during doctoral studies is finding scientific

problems that have not yet been solved. Sometimes one needs to question
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the existing approaches, find their limitations, and try to remove them. It

is probably the most difficult skill to master, since it comes only as a com-

bination of creativity and knowledge. The skills that one obtains during

doctoral studies are indispensable, because they allow you to look at com-

mon things from an uncommon angle and question the very fundamen-

tals. Technological development gradually provides an increasing amount

of means that enable faster and easier resolution of well-established prob-

lems. However, the number of unknown problems in our world will always

prevail, and asking proper questions is exactly what pushes further the

horizon of human knowledge. Despite that exalted goal, I am hardly con-

vinced that this is what drives scientists. I strongly suspect that they

simply enjoy learning completely new things before everybody else does,

just like me.

During my bachelor studies I had not found the area of physics that

would really excite me, but I ruled out the ones that tired me. Thermo-

dynamics seemed outdated, quantum physics – too abstract, electronics,

plasma physics, space physics, and other subjects just seemed tedious. On

the other hand, the nature of light seemed mysterious and intriguing, so

my attention was eventually pinned down to the field of electromagnet-

ics. One day, one of the professors mentioned metamaterials and briefly

explained the concept of a cloak and a perfect lens. That sounded like fun

and I only wished I could do something like that. I consider myself lucky

that my wish came true: 6 years ago I became a member of metamaterials

group and that was a great experience thanks to my fellow students and

leading professors.

I would like to express my warmest gratitude to Prof. Sergei Tretyakov.

I feel very lucky that I worked in Sergei’s group during all these years.

Without his constant guidance and support this dissertation would not be

possible. Sergei has a very distinct approaches for guiding students and

solving problems. When a student comes with a problem, Sergei is the one

who is asking questions. The questions are simple, however, finally they

reveal the source of the problem and the solution naturally appears. It

definitely takes a lot of time to master such skill, however, I think I have

learnt at least the basics of this method and I can only wish to learn more.

I would also like to thank Prof. Constantin Simovski for multiple sci-

entific discussions and suggestions for my papers. Together with Sergei,

they have created a very welcoming and international environment in-

side their joint research group, which is extremely important. I am also
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very grateful to Prof. Carsten Rockstuhl, who hosted me during my re-

search visit in Karlsruhe Institute of Technology. It was a pleasure to

work among such talented students even for a short period of time be-

tween lockdowns.

I would like to express my special thanks to my thesis advisor Dr. Mo-

hammad Sajjad Mirmoosa, who patiently guided me every day during my

studies and practically became a teacher to me. He is truly a great teacher

and researcher. I would like to express my thanks to all my collaborators

and friends: Prof. Do-Hoon Kwon, Mr. Francisco Cuesta Soto, Dr. Xuchen

Wang, Dr. Viktar Asadchy, Mr. Aristeidis Lamprianidis, Dr. Theodosios

Karamanos, Dr. Ana Díaz-Rubio, Dr. Svetlana Tcvetkova, Dr. Fu Liu, Dr.

Xin Ma, Dr. Beibei Kong, Dr. Dimitrios Tzarouchis, Dr. Prasad Jayathu-

rathnage, Dr. Masoud Sharifian Mazraeh Mollaei, Mr. Reza Heydarian,

Dr. Sergei Kosulnikov, Dr. Pavel Voroshilov, Dr. Mikhail Omelyanovich,

Mr. Vladislav Popov, Dr. Andrey Generalov, Dr. Irina Nefedova, Mr. Mo-

hamed Hesham Mostafa, and Mr. Hamidreza Taghvaee. I will always

remember the time we have spent together.

I would like to say special thanks to my parents who supported me fi-

nancially and spiritually all these years. Finally, I wish to express my

sincere gratitude to my wife Kseniia, who initially proposed an idea to

study abroad and who makes me better every day.

Espoo, December 13, 2021,

Grigorii Ptitcyn
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Ẽ1,2 complex amplitudes of electric fields in media 1 and 2 [V·m−1]

Eav averaged electric field at the surface [V·m−1]

F arbitrary surface

f arbitrary function

11



List of Symbols

f1,2ex arbitrary functions

F arbitrary vector field

G Green’s function

Gir Green’s function under assumption of instantaneous response

H(t) instantaneous magnetic field [A· m−1]

H̃ complex amplitude of magnetic field [A· m−1]

H+
t surface averaged tangential magnetic field above the surface [A· m−1]

H−
t surface averaged tangential magnetic field below the surface [A· m−1]

H1,2 magnetic field produced by a source [A·m−1]

h(t, τ) shifted response function

H̃1,2 complex amplitudes of magnetic fields in media 1 and 2 [A·m−1]

Hav averaged magnetic field at the surface [A·m−1]

I(t) input signal

i(t) instantaneous electric current [A]

iL(t) instantaneous electric current through an inductor [A]

iC(t) instantaneous electric current through a capacitor [A]

ii instantaneous incident current [A]

ir instantaneous reflected current [A]

it instantaneous transmitted current [A]

iCl Fourier coefficient of current flowing through capacitor [A]

IB,C current source amplitude [A]

i arbitrary integer number

j imaginary unit

J electric volume current density [A·m−2]

Je electric surface current density [A·m−1]

Jm magnetic surface current density [V·m−1]

J1,2 electric volume current densities [A·m−2]

k0 free-space wavenumber [m−1]

k wavenumber [m−1]

K(t) periodic function

Lt differential operator

Leq equivalent value of inductance [H]

L(t) time-varying inductance [H]

l arbitrary integer number

l unit vector of a contour

m arbitrary integer number

me electron mass [kg]

M(t) instantaneous magnetic polarization density [A·m−1]

12



List of Symbols

Ms modulation strength

n arbitrary integer number

n unit vector, normal to a surface

N a specific positive integer number

N0 static density of polarizable particles [m−3]

N(t) time-varying electron density [m−3]

O(t) output signal

p1,2(t) time-periodic functions

pn amplitude of n-th harmonic

Pin(t) instantaneous external power [W]

Prad(t) instantaneous radiated power [W]

Preac(t) instantaneous reactive power [W]

Pdiss(t) instantaneous dissipated power [W]

p dipole moment [C· m]

p0 amplitude of a dipole moment [C· m]

P power that goes infinitely far away from the source [W]

p̃ complex amplitude of electric dipole moment [C·m]

P(t) instantaneous electric polarization density [C·m−2]

p(t) instantaneous amplitude of the dipole moment [C·m]

Q(t) instantaneous electric charge [C]

Q0 maximal value of charge stored [C]

Qtot total charge [C]

Req equivalent value of resistance [Ω]

r position vector

rb position vector on a boundary

S Poynting vector [W· m−2]

t time [s]

T period of oscillation [s]

u(z, t) wave function

u(z, t) amplitude of a wave function

ut(t) temporal part of a wave function amplitude

U electromagnetic energy stored within a certain volume [J]

v(t) instantaneous electric voltage [V]

v0 amplitude of the source signal [V]

vC(t) instantaneous electric voltage on a capacitor [V]

vL(t) instantaneous electric voltage on an inductor [V]

v+ incident voltage propagating towards the load [V]

v− reflected voltage propagating from the load [V]

13



List of Symbols

Vc arbitrary volume [m3]

vi instantaneous incident voltage [V]

vr instantaneous reflected voltage [V]

vt instantaneous transmitted voltage [V]

vCl Fourier coefficient of voltage on a capacitor [V]

v volume element [m3]

VB,C voltage measured in the antenna terminals [V]

W (y1, y2) Wronskian of two differentiable functions

X arbitrary complex number

x arbitrary variable

Y m magnetic sheet admittance dyadic [Ω−1]

Y e electric sheet admittance dyadic [Ω−1]

y arbitrary variable

y(t) arbitrary function

y1,2(t) linearly independent solutions

Ze electric sheet impedance dyadic [Ω]

Zm magnetic sheet impedance dyadic [Ω]

Z0 characteristic impedance of a transmission line [Ω]

Z1,2,3 sheet impedance dyadics [Ω]
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1. Introduction

From the dawn of humanity people faced the unknown and were asking

themselves why do certain things happen. Why and when does it rain?

Why does the lightning strike and why does it happen more often in cer-

tain places? People tried to classify unknown phenomena and somehow

explain them. Obvious things, like floating in water, seemingly required

no explanation at first, whereas the other were just too much to grasp. At

a certain point in the past people started to explain things using Gods,

their will, anger, and favor. The number of unanswered questions was

growing and so was the number of Gods introduced by people. Each tribe

had their own Gods, which however sometimes were responsible for sim-

ilar things. In thousands of years to come, the accumulated knowledge

by the humanity was able to give answers to some open questions. Cer-

tain natural phenomena were understood well enough to exploit them for

common needs. Like when it is safe to go fishing in the sea and when it is

better to stay at home. What you should do in order to get dye and what

to do with the ore in order to get metal? The complexity of the questions

asked kept growing and so was the complexity of the answers [1].

The enigma about light and human eyes bothered people all over the

world. It was not clear, whether an eye is a source or just a receptor, how

and what do we see. If an eye is a source that captures the reflection at

the same time, then how do we see stars right after we open the eyes? Is

our eye a perfect receptor and captures all incident light or there is some

invisible light? And finally, what is light? At first, people were making

only philosophical hypotheses about the nature of light, however, gradu-

ally mathematical and experimental efforts made these hypotheses more

substantial. In the XV century light was understood as a flow of particles

by some people and as a wave by other. Sir Isaac Newton supported the

particle theory in 1675 and explained such optical phenomena as reflec-
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tion, refraction, and diffraction [2]. During the XVII century the particle

theory was dominant and Newton’s reputation played a certain role in

that. In the beginning of the XVIII century numerous scientists indepen-

dently doubted the idea of light being a flow of particles and presented

convincing arguments supporting the wave theory. Perhaps, the largest

theoretical impact in the development of electromagnetism was done by

James Clerk Maxwell in his work “Treatise on Electricity and Magnetism”

in 1873 [3]. Inspired by works of Michael Faraday he developed a full

mathematical formalism of electric and magnetic fields which are known

as Maxwell’s equations. Soon after, his theory was confirmed experimen-

tally by Heinrich Hertz (see Ref. [4]) that led to numerous inventions such

as radio, radar, wireless communication, solar cells, television, and more.

In the XX century scientists made an enormous effort understanding how

electrons flow and how they can be manipulated. This resulted in the de-

velopment of electronics that influenced the society as nothing else ever

before.

The development of electronics and wireless communications was pro-

gressing towards increasing the operational frequency and at a certain

point light-matter interaction became of utmost importance. Interaction

of light with atoms and molecules defines the way how human eyes per-

ceive the world. Natural materials are composed of atoms. When dealing

with light whose wavelength is comparable to the distance between the

atoms, interaction of light with each individual atom has to be taken into

account individually. This is the case for very high frequencies such as

X-rays. At smaller frequencies atoms and distances between them are

of negligible size and while electromagnetic (EM) radiation still interacts

with each atom individually, however, it is much more convenient to oper-

ate with macroscopic material parameters that are also called collective

or effective. In solid materials atoms form crystal structures, and na-

ture provides a wide range of them made of different atoms. The set of

atoms and their arrangement in the lattice fully define the properties of

the material. In order to engineer materials’ properties, one can mix a

small portion of atoms of one sort inside periodic arrangement of atoms

of another sort. This is called doping, and it resulted in a wide range of

currently used materials with advanced electrical, mechanical, acoustic,

optical, and other properties. Even though this approach is practically in-

exhaustible since the number of materials and doping levels can be varied

indefinitely, doping is hardly a universal tool that can provide materials
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with any desired properties. Instead of mixing atoms from the periodic ta-

ble one can engineer their own artificial atoms and then carefully arrange

them in a lattice, thus engineering a custom material. This essentially

describes the field of metamaterials.

Engineering of natural atoms sounds complicated if not impossible. Luck-

ily that is not required since it is possible to engineer macroscopic “atoms”

whose size is still small compared to the wavelength of interest. They are

called meta-atoms and the material made of them can be homogenized

and described as an ordinary (natural) one. Obviously, the number of ac-

cessible options for material engineering rises dramatically compared to

natural materials. Meta-atoms can be made of various metals and di-

electrics, their shape can be chosen arbitrarily, provided that they can

be fabricated. Aside from the meta-atoms themselves, their arrangement

inside a cell can be engineered, they can be shifted or rotated with re-

spect to each other and similarly to natural materials the set of different

meta-atoms in metamaterial’s cell can be chosen arbitrarily. Only sev-

eral options for engineering are listed above, scientists have come up with

many more. Historically, one of the first works on materials with unusual

properties was written by Victor Veselago in 1967 [5]. He theoretically

assumed the existence of materials with negative effective material prop-

erties such as electric permittivity and magnetic permeability. He studied

properties of such materials and found that the refractive index of such

materials has to be negative, which is extremely odd. Back then his paper

was not taken seriously, sometimes it was called a waste of time and re-

sources since such materials seemingly do not exist in nature. It remained

a questionable idea up until the very first experimental verification of a

negative index of refraction in metamaterials, performed by David Smith

et al. in 2001 [6]. Since then the field of metamaterials expanded into a

flourishing research direction that has enormously extended our knowl-

edge of electromagnetism.

In general, all problems in the field of electromagnetics can be catego-

rized by the dimensionality. For instance, the general problem of scatter-

ing from an arbitrary object is a three-dimensional (3D) problem, in the

case of symmetry in one of the dimensions the problem becomes a two-

dimensional (2D), for instance scattering by an infinite cylinder. When the

symmetry increases further, the problem becomes one-dimensional (1D),

for example transmission lines. When all dimensions of the object can be

neglected, so that practically it can be considered a dot, the problem is
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called zero-dimensional (0D), like circuit lumped elements in electronics

are considered 0D since their size is extremely subwavelength. Conven-

tionally, the desired functionality from light-matter interaction is further

achieved by proper spatial modulation of the available dimensions. In

metamaterials, spatial modulation provides a vast range of possibilities

that is incomparably larger than that in natural materials. In order to get

more freedom for engineering, complexity or dimensionality of the prob-

lems can be increased, however, space has only three dimensions. Is it

possible to go beyond the 3rd dimension using time?

Space and time play complementary roles in Maxwell’s equations, which

means that time is as important as space. Modulation of material param-

eters in time adds the fourth dimension (4D) to electromagnetic problems.

Despite the similarities between time and space in Maxwell’s equations,

there are several key differences. First, there are three spatial coordi-

nates, whereas there is only one for time. Second, there is no causality

for space, meaning that we can freely move along spatial axes. However,

the time dimension is causal, which means that we can move along the

time axis only forward and that events in the future cannot affect the

past. Time modulation does not simply add an extra degree of freedom, it

expands the room for design by an infinity. Temporal modulations can be

fast or slow, they can be periodic, harmonic, step-wise, or even arbitrary.

Time variations can be combined with spatial inhomogeneities or used

separately. Time modulation provides an enormous and very rich field for

research that became quite actively studied in the recent decade.

Time modulation is the central topic of this dissertation. The content

of this work is organized as follows. Chapter 2 overviews the history of

time-varying systems and how they were treated in different branches of

physics. That chapter also introduces the reader to linear time-invariant

(LTI) systems and discusses the assumptions that enable classical char-

acterization of these systems. Then a transition is made towards time-

varying systems, and an assumption of instantaneous response is dis-

cussed. In the latter part of the chapter periodic temporal modulations

are considered for which the Floquet theorem can be introduced. The use

of the theorem is shown on an example. Chapter 3 describes time-varying

circuit elements (spatially 0D EM problem) and shows that a capacitance

modulated arbitrary can mimic the behavior of negative capacitance, in-

ductance, and resistance. In addition to that, it is shown that in a trans-

mission line terminated by a time-varying reactive element (spatially 1D
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EM problem) one can fully control reflections. Chapter 4 considers scat-

tering from time-varying meta-atoms which represent a spatially 0D elec-

tromagnetic problem. For the analysis of scattering and radiation, an

instantaneous power balance equation is introduced. The problem of radi-

ation from elementary dipoles is considered from the far-field perspective

and from the general perspective that describes how much energy a mov-

ing charge transfers to electromagnetic fields. In Chapter 5, periodically

time-varying metasurfaces are considered, which depending on the sym-

metry can be regarded as spatially 1D or 2D problems. General approach

for analytical characterization of passive metasurfaces is presented and

further applied for a periodically time-varying capacitive layer. The latter

part of the chapter explains the concept of electromagnetic nonreciproc-

ity and shortly reviews possible ways for achieving it using conventional

methods and time modulation. Chapter 6 deals with a very fundamental

problem of incorporating of frequency dispersion in time-varying materi-

als. First, the model of a static atom polarizability is presented with a

transition towards static dispersive medium. Then from the nonstation-

ary atom polarizability model a transition is made towards time-varying

and frequency dispersive media. Matching of static and nostationary ap-

proaches is shown in the limiting cases of instantaneous response and

non-modulated media. In the latter part of the chapter spatial bound-

ary conditions are derived for a time-varying media, which are needed for

solving spatially 3D problems. Conclusions summarize the whole disser-

tation.
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2. Time-varying electromagnetic
systems

2.1 A historical overview

During the last decade, the possibility to vary system properties in time

has gained increasing attention among scientists in many fields of re-

search, spanning a wide range from acoustics to optics. However, the

interest in time-modulation techniques has got revitalized only in recent

years, whereas the field originates from the middle of the previous cen-

tury and a multitude of works have been published ever since. It is worth

stressing that the concept of time-varying systems was not only allocated

to electromagnetic (EM) systems. Lotfi A. Zadeh (1921–2017), the father

of Fuzzy Logic and one of the pioneers of artificial intelligence, made the

frequency analysis of variable networks in 1950 in order to give a prac-

tical tool for electrical engineers [7]. In a variable network, one or more

element values are dependent on time while they can also depend on the

input and output signals. In Ref. [7], Zadeh extends the frequency analy-

sis techniques that are conventionally used in connection with fixed linear

networks. Probably, this work by him is the first one that considers the

“frequency domain" approach rather than solely the “time domain" ap-

proach to study systems with temporally dependent parameters. In addi-

tion to that, Zadeh broadly studied the field and considered such topics as

stability of linear varying-parameter systems [8], the impulsive response

of variable networks [9], and power spectra in variable networks [10].

As mentioned above, in some problems time modulation can be brought

on purpose in order to realize some unconventional functionality. How-

ever, sometimes, time modulation is already present in the system, and

its effect has to be mitigated by some means. For example, in wireless

communications, an urban area represents a time-varying medium. Mov-
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ing cars and people walking in the streets alter the propagation chan-

nels dynamically. Practical relevance of this problem was realized long

time ago, and because of that the topic of linear time-variant channels

attracted a considerable interest in the fields of signal processing, com-

munications, propagation, information theory, and mathematics [11]. As

described previously, Zadeh in his pioneering work in 1950 proposed a way

to treat linear time-varying channels using a “system function” that is de-

fined in a joint time-frequency domain. This idea was further developed

by Kailath by discussing possible simplifications [12] and experimental

issues [13]. Gersho contributed to the general theoretical investigation of

time-varying systems [14, 15]. He studied such a fundamental property

as “time-frequency” duality which was also later studied by Bello [16]. In

addition to that, Bello investigated randomly time-variant channels and

introduced the assumption of wide-sense stationary uncorrelated scatter-

ing, which gathered huge attention universally [17]. Statistical analysis

of time-varying channels is also possible, and it was performed slightly

later [18, 19]. Beside telecommunications, in control engineering, consid-

eration of dynamic variations of parameters due to temporal changes in

the working environment is also a key issue. This has been a challenge for

the adaptive control system engineers who design controllers that need to

respond accurately to these changes [20].

In the following, concentrating only on temporally modulated electro-

magnetic systems, we appreciate the efforts of many people who worked

in this area from 1950 to 1980. In addition, we contemplate the current

situation and explain works which have recently contributed to the devel-

opment of the area. Even though I tried to present an extensive litera-

ture review, mentioning all the works represents an impossible mission.

Please, accept my apologies, if some works have not been cited.

1950 – 1980. Investigation of electromagnetic structures with time-

varying parameters started long time ago with creation of first antennas

and development of the newly born field of wireless communication. Radio

engineers were bothered with practical issues such as small bandwidth

and large antenna size, and time modulation of antennas was considered

as one of the possible means to solve these problems. However, the devel-

opment steadily moved to higher frequencies where time modulation of

antennas was not required. Interaction of light with time-varying struc-

tures continued from the general perspective and on the circuit level. The

earliest papers that consider structures with time-varying properties date
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back to 1958 and include the works of Morgenthaler [21], Cullen [22],

Tien [23], and Suhl [24]. Morgenthaler considered propagation of EM

waves through a dielectric material sample with time-varying permittiv-

ity or permeability and found an exact solution for the case when the

impedance of the medium is constant. He noticed that an abrupt jump

of permittivity creates forward and backward propagating waves, analo-

gously to a spatial discontinuity. Cullen and Suhl considered electrical cir-

cuits with distributed parameters (traveling-wave structures) and noticed

that they are capable of parametric amplification. In addition to that,

Tien found frequency mixing and envisaged many other phenomena that

can occur in parametric circuits with spatially distributed parameters.

Studies of amplification in these structures continued [25] together with

the discovery of a new functionality: nonreciprocity. Kamal in Ref. [26]

proposed and experimentally tested a parametric device made of just two

time-varying circuit elements that is capable of nonreciprocal wave trans-

mission. Nonreciprocity is essential for many applications, and time mod-

ulation brings a new way to realize it [27]. The device proposed by Ka-

mal necessarily uses both spatial and temporal modulations that makes

it possible to classify this device as a tandem phase modulator, which is a

subclass of travelling-wave modulators. Travelling wave modulation was

studied from the general perspective by Simon [28] and Oliner et al., in

1961 [29], who considered the problem of EM wave propagation in media

with a progressive sinusoidal disturbance. Studies of time-varying media

were going alongside with the studies of the time-varying electric circuits,

and in 1961 an exact solution for time-varying capacitance was obtained

by Macdonald and Edmondson [30], which significantly contributed to the

understanding of periodically varying structures. Ten years later, Felsen

and Whitman [31] considered slow and abrupt modulations of unbounded

media and focused their attention on the excitation problem and on the

source-dependent phenomena. Interestingly, they even incorporated spe-

cial cases of dispersion in their analysis and found a focusing effect in

an abruptly changing medium. In the same year, Fante [32] studied a

time-varying half space and considered slow and abrupt modulations as

well as included dispersion in his description. A very peculiar property

of time-varying materials was found in Ref. [33] by Holdberg and Kunz.

They studied fields inside a time-varying slab and discovered exponential

amplification of waves with certain wave numbers.

In the Soviet Union, the field of time-varying media was heavily stud-
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ied in plasma community [34–52]. They studied the problem from various

different directions being wave propagation in moving media [34, 45, 47],

transformation of waves on moving boundaries [44] and inside media

with slowly varying parameters [43, 44, 51], reflection and refraction of

waves on moving inhomogeneous plasma structures [39, 46, 53], energy

relation in time-varying media [50], and more. Perhaps, in one of the

most pioneering papers Stepanov considered dielectric constant of un-

steady plasma [49]. He noticed that the phenomenological theory gives

susceptibility kernel that depends on time explicitly [54], and in order to

treat time-varying media it has to be used in this form. For convenience

Stepanov performed Fourier transform of plasma susceptibility and intro-

duced a new quantity that simultaneously depends on time and frequency,

thus incorporating frequency dispersion in his model.

All of these studies (and not only) listed above provided a solid platform

for current research. Many of these papers are being developed further or

reworked for technologies available nowadays. Let us now briefly review

the actual status of research on time-modulated structures.

Time-modulated 
(TM) systems TM plasma with 

and without 
dispersion

Moving media/ 
traveling 

parametersrs
Temporal 

discontinuities

Doppler shift

Amplification

Nonreciprocity

Temporal 
photonic crystals

Time-reversal

Research subjects

Telecommunication

Figure 2.1. Schematic of the time-modulation research field.

1981 – 2021. Time-modualated materials are studied from the general

perspective in the research groups of R. Fleury and S. Tretyakov [55],

N. Engheta [56,57], and M. Soljačić [58]. In Ref. [55], Mirmoosa, Tretyakov,

and Fleury further developed the theoretical approach proposed by Zadeh [7].

They coined the term “temporal complex polarizability" to describe light-

particle interaction when the properties of the subwavelength particle

change in time. Their definition is exactly what Zadeh wrote in Eq. (2)

in his 1950 paper [7]. The group of N. Engheta exploits complementary
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roles of space and time in Maxwell’s equations in order to find temporal

analogues to spatial phenomena [59, 60]. Another very distinct method

is investigated in the group of M. Fink, where time reversal symmetry of

EM waves is uniquely capitalized [61–69]. Many researches tried to im-

plement time-modulated techniques in order to overcome certain funda-

mental limitations imposed for passive structures [70–72]. For instance,

breaking of antenna limitations was studied for example in the group of

A. Alù [73, 74]. Breaking of Lorentz reciprocity using time-varying struc-

tures was studied actively in many research groups including the groups

of C. Caloz [75–77], A. Alù [78–81], S. Fan [82–87], S. Tretyakov [88, 89],

V. Shalaev [90, 91], R. Fleury [92], M. Lipson [84, 84, 93], T. J. Cui [94],

A. A. Kishk [95], and many more. In addition to nonreciprocity, numer-

ous other applications were introduced such as frequency conversion [96],

amplification [92, 97], Doppler shift [98, 99], Fresnel drag [100], camou-

flage [101,102], temporal birefringence [103,104], temporal photonic crys-

tals [105–107], temporal discontinuities [108], power combiners [109], and

more. That is not a complete list of applications and works on time-

modulation, as the number of works that appeared in the recent decades is

massive, and the general interest towards this research topic only grows.

Figure 2.1 schematically shows methods and effects that were discovered

in the field of time-varying structures.

Before going to the next section, the difference between time-variation

and tuning (reconfiguration) needs to be clarified. Tunable systems are

capable of switching between several operational regimes and in each of

the regimes parameters of the system remain constant. For example, re-

configurable antennas can be shifted to different resonance frequencies

using a switchable capacitance bank as a load. This makes it possible to

use the antenna at several frequency bands, which might be quite handy.

For tunable systems, intermediate (transient) state is not taken into ac-

count, and only steady-state operational regimes are of interest. In con-

trast to that, time-modulated structures exactly capitalize on the tran-

sient regime when system parameters change dynamically. Exactly these

systems are in focus of this dissertation. In the following sections, let us

start from the very basics of structures with time-varying properties and

consider a general physical system from the mathematical point of view.
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2.2 Linear time-invariant systems

Any classical physical systems can be described by a differential equa-

tion or by a set of differential equations. That is, temporal variations of

a certain dynamic variable or variables O(t) (for example, electric field at

some point of space or current in a conductor) under action of some exter-

nal excitation I(t) (for example, an external voltage source or the field of

an incident wave) can be found as the solution of equation

LtO(t) = I(t), (2.1)

where Lt is a differential operator that act on function O(t). The solution

of this equation for an excitation in form of the Dirac delta function is

called Green’s function G(t, γ):

LtG(t, γ) = δ(t− γ). (2.2)

Here, γ is the moment of time when the excitation is applied, and t is

the observation time. Sometimes G is called the impulse response of a

system, since it is a reaction of the system to the input in form of a Dirac

delta function [110]. Sometimes it is also called the fundamental solution

of an operator, since any input can be viewed as a summation of delta

functions.

Most importantly, for linear systems, the response to excitations that

arbitrarily vary in time can be found in terms of the Green function. This

thesis is devoted to linear time-varying systems, and we will use this fact

in solving different problems. Let us prove this property of Green’s func-

tion can by multiplying Eq. (2.2) by an arbitrary function of time I(γ) and

integrating over γ:

∫ ∞

−∞
LtG(t, γ)I(γ)dγ =

∫ ∞

−∞
δ(t− γ)I(γ)dγ = I(t). (2.3)

Under the assumption that the operator Lt is linear (that is, for linear

systems), we can to take the operator outside the integral sign:

Lt

∫ ∞

−∞
G(t, γ)I(γ)dγ = I(t). (2.4)

Comparing Eqs. (2.1) and (2.4) we clearly see that the output of the system
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is given as

O(t) =

∫ ∞

−∞
G(t, γ)I(γ)dγ. (2.5)

Worth stressing that up until now only linearity has been assumed,

which makes Eq. (2.5) rather general. It is possible to simplify this equa-

tion for linear time-invariant systems when the operator Lt that describes

the system does not change in time. It means that shifting the input in

time by γ shifts the output also by γ, since the system does not change.

Exploiting this fact further, we can conclude that the output depends only

on the time interval between the application of input and observation of a

resulting output t− γ, which allows us to write

O(t) =

∫ ∞

−∞
G(t− γ)I(γ)dγ, (2.6)

where Green’s function depends on t − γ only. Changing the variables

under the integral, an alternative form of this equation can be obtained:

O(t) =

∫ ∞

−∞
G(γ)I(t− γ)dγ. (2.7)

Figure 2.2 shows a schematic of an LTI system, its response to a general

input signal I(t) and to a δ− function.

LTI system

Figure 2.2. Schematic of a linear time-invariant system and its response to a δ-function
input.

The integration in Eq. (2.7) is performed over the retardation time γ

including negative values. Negative retardation time means that exci-

tations that will happen at future moments of time affect the output at

present. This is against an extremely fundamental empirical law of na-

ture – causality. Causality principle says that the state of a system is

defined by its evolution in the past and it cannot be affected by events

at future moments of time. In our case, causality sets the bottom limit of

integration in Eq. (2.7) to 0, bounding the retardation times to be positive:

O(t) =

∫ ∞

0
G(γ)I(t− γ)dγ. (2.8)
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2.3 Linear, causal, and time-varying systems

In order to characterize a linear, time-varying system, we should start

again from the general Eq. (2.5). Applying only causality principle, makes

it applicable for nonstationary physical systems, in form

O(t) =

∫ ∞

0
G(t, γ)I(t− γ)dγ. (2.9)

Despite a very familiar form of Eqs. (2.8) and (2.9), the latter is far more

complicated to use in practice, since the response function is explicitly

dependent on two time variables.

2.3.1 Instantaneous response

In order to be able to use Eq. (2.9), one can make assumptions about the

system that simplify the integration. One of these assumptions is instan-

taneous response, which immensely simplify the Green’s function of the

system

Gir(t, γ) = G(t, γ)δ(γ), (2.10)

where superscript "ir" stands for instantaneous response. One immedi-

ately can see how easy and compact the relation between the input and

output becomes

O(t) = G(t, 0)I(t). (2.11)

Written in this form the equation is very convenient to use, however this

simplicity comes with a dramatic cost. Instantaneous response means

that atoms get polarized instantaneously without inertia, which is, strictly

speaking, never the case. It always takes some time (transition time) for

an atom to start oscillating in response to the incident field. In systems,

where the transition time is negligible, compared to the period of the inci-

dent field, it is possible to use the instantaneous response approximation.

In other words, Eq. (2.11) remains valid if the input interacts with the

system that is modulated slowly enough such that it is practically can be

treated as static at all moments of time.

As an example, let us consider a time-varying capacitance under as-

sumption of instantaneous response. Analogously to Eq. (2.9) charge Q

and voltage v on the capacitance are related as

Q(t) =

∫ ∞

0
C(t, γ)v(t− γ)dγ. (2.12)
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Function C in this equation is an integration kernel that corresponds to

a nonstationary capacitance. Quite often in electronics it is possible to

use instantaneous response approximation of a capacitance. In this case

we get a simple relation (analogous to Eq. (2.11)) between instantaneous

values of charge, voltage and capacitance,

Q(t) = C(t)v(t), (2.13)

where C(t) is the conventional time-varying capacitance.

Capacitance of a capacitor is defined by area A of the plates, distance

d between them and the material εd filling the gap. Modulation of the

dimension parameters d and A makes the assumption of the instanta-

neous response completely valid (unless these parameters are modulated

in a huge range, when the capacitance stops being a lumped element).

Modulation of the material properties inside the gap has to be done care-

fully in a specific frequency range. Real devices that mimic time-varying

capacitors are called varactor diodes, which essentially are semiconduc-

tor devices. The specified characteristics allow us to find an operational

frequency range where instantaneous response of these devices can be

assumed.

2.4 Periodically modulated systems

One of the design approaches that is frequently used in time-modulated

systems considers only periodic modulations. Periodic modulations are

very convenient from the practical point of view, since the modulation

speed and modulation range can be accommodated at the design stage.

Interestingly, periodicity of modulation allows us to use the Floquet theo-

rem which was introduced by Gaston Floquet (1847–1920) in 1883 [111].

Let us shortly explain how this theorem can be used in solving problems

for time-modulated structures.

2.4.1 Floquet theorem

The Floquet theorem is applicable to any structure with periodically var-

ied properties, including spatial and temporal variations. In the case

of spatially varied parameters, this theorem is known as Bloch’s theo-

rem [112, 113]. Conventionally, it is applied for periodic lattices of atoms

in condensed matter physics or for photonic crystals which are periodi-
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cally arranged layers of materials with different permittivities. However,

the Floquet theorem is a mathematical tool that can be also used for ma-

terials with properties periodically varying in time.

The theorem is quite general, and it can be applied for vector and scalar

quantities, for unbounded media, slabs, and boundaries. In the following,

let us consider an unbounded homogeneous dielectric medium whose ef-

fective properties, ε(t), periodically vary in time with periodicity T . Since

the medium is homogeneous in space and all the directions are identical,

let us assume that there is an EM wave propagating in the z−direction.

Note that the derivations for a boundary will remain very similar, only the

z−direction shall be chosen along the boundary. Therefore, these deriva-

tions will be omitted. In order to find waves propagating in such time-

varying medium, one has to solve the wave equation

∂2

∂z2
u(z, t)− 1

c2
∂2

∂t2

[
ε(t)u(z, t)

]
= 0, (2.14)

where c is the speed of light in vacuum, and u(z, t) represents a field quan-

tity in the time domain. In order to find the field amplitude at a given mo-

ment of time at a given point in space, one has to search for real-valued

solution of Eq. (2.14) as �(u(z, t)). Without the loss of generality, we can

assume a certain polarization of u(z, t) that lies in the xy−plane and fur-

ther consider only its amplitude. As a mathematical solution of equation

(2.14), the function u(z, t) is in principle a complex-valued function. Since

the medium is modulated only in time, we can separate the variables and

consider spatial dependency as that of a plane wave, e−jkz, where k de-

notes the wavenumber. Thus, we look for solutions in form

u(z, t) = ut(t)e
−jkz. (2.15)

Here, the exponent e−jkz accounts for spatial phase accumulation during

propagation along the z axis. Substitution of (2.15) simplifies Eq. (2.14) to

1

c2
d2

dt2

[
ε(t)ut(t)

]
+ k2ut(t) = 0, (2.16)

which can be rewritten further as

d2

dt2
y(t) +K(t)y(t) = 0, (2.17)

where y(t) = ut(t)ε(t) and K(t) = k2c2/ε(t). Interestingly, in this form

Eq. (2.17) as a second order differential equation with a time-dependent
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coefficient can be clearly recognized as Hill’s equation [114,115].

Let us move forward and analyze this equation for a given periodic

function K(t). Due to its order, this homogeneous differential equation

possesses two linearly independent solutions, y1(t) and y2(t), which are

referred to as normalized if the following conditions are satisfied:

y1(0) = 1, y′1(0) = 0, y2(0) = 0, y′2(0) = 1. (2.18)

Here, ′ denotes derivative with respect to t. Using normalized solutions,

any other solution can be expressed in the form

y(t) = c1y1(t) + c2y2(t), (2.19)

where c1 and c2 are constants. They are defined by initial conditions: c1 =

y(0) and c2 = y′(0). In accordance with Eq. (2.17) and due to the linearity

of the problem in parallel with the fact that K(t) is periodic [K(t + T ) =

K(t)], we conclude that the solutions at moments t and t+ T are different

only by some constant λe, i.e.,

y(t+ T ) = λey(t). (2.20)

Employing Eqs. (2.19) and (2.20), one can write

c1y1(t+ T ) + c2y2(t+ T ) = λec1y1(t) + λec2y2(t),

c1y
′
1(t+ T ) + c2y

′
2(t+ T ) = λec1y

′
1(t) + λec2y

′
2(t). (2.21)

This is a system of homogeneous equations for c1 and c2. Therefore, the

corresponding determinant should vanish in order to have nonzero solu-

tions for these coefficients. Since we have the initial conditions for the

normalized solutions expressed by Eq. (2.18), we particularly choose t = 0

and subsequently make the determinant zero. Hence,

∣∣∣∣∣∣
y1(T )− λe y2(T )

y′1(T ) y′2(T )− λe

∣∣∣∣∣∣ = 0, (2.22)

which gives an equation for λe as

λ2
e − λe

(
y1(T ) + y′2(T )

)
+
[
y1(T )y

′
2(T )− y′1(T )y2(T )

]
= 0. (2.23)

The expression standing inside the square brackets is the Wronskian of
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two differentiable functions y1 and y2 at t = T , because according to the

definition, the Wronskian at each moment is given by W (y1, y2) = y1y
′
2 −

y′1y2.

Next, let us show that the corresponding Wronskian is a nonzero con-

stant, meaning that y1 and y2 are linearly independent for all values of t.

To do that, we calculate the time derivative of the Wronskian. The result

reads
d

dt
W (t) = y1(t)y

′′
2(t)− y′′1(t)y2(t). (2.24)

Since y1(t) and y2(t) are both solutions of Eq. (2.17), we substitute the

second derivatives by y′′1,2 = −K(t)y1,2 and simplify Eq. (2.24). We find

that
d

dt
W (t) = −K(t)y1(t)y2(t) +K(t)y1(t)y2(t) = 0, (2.25)

which explicitly means that the Wronskian should be time independent.

The value of W (y1, y2) can be derived by employing the initial conditions

in Eq. (2.18). Therefore,

W (y1, y2) = constant = y1(0)y
′
2(0)− y′1(0)y2(0) = 1. (2.26)

Thus, we have proven that y1 and y2 are linearly independent. Besides

of that, the above conclusion is also very important for the next steps to

finding the functions y1,2. In view of (2.26), Eq. (2.23) is transformed to a

compact characteristic equation which is written as

λ2
e −
(
y1(T ) + y′2(T )

)
λe + 1 = 0. (2.27)

Contemplating the above results, we see that there are two solutions λe,1,2

such that

λe,1λe,2 = 1,

λe,1 + λe,2 = y1(T ) + y′2(T ).
(2.28)

The coefficient y1(T )+y′2(T ), representing the summation of the solutions,

has significant impact on the nature of the two solutions and on how the

field is temporally evolving. If y1(T ) + y′2(T ) > 2, the two solutions are

real and have the same sign. Importantly, since their multiplication gives

unity, the absolute value of the first real solution should be larger than 1,

while the absolute value of the second real solution should be smaller than

1. What does this indicate? We previously showed that y(t+ nT ) = λn
e y(t)

(see Eq. (2.20)). Based on this expression, it is easy to conclude that the
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first solution of the field is constantly amplified in time (because |λe,1| > 1),

and the second solution of the field is decreasing in time (because |λe,2| <
1).

Let us concentrate on the other scenario when y1(T ) + y′2(T ) < 2. We

know that in this case the two solutions are complex-valued and conjugate

of each other. Remember that λe,1λe,2 = 1. In consequence, the magnitude

of these complex-conjugate solutions is unity. Thus, we can always write

λe,1 = ejαT , λe,2 = e−jαT , (2.29)

where α is real-valued and is called the characteristic exponent.

At this point, let us introduce a nonzero periodic function p1(t), such that

p1(t+T ) = p1(t), and write y1(t) as the multiplication of p1(t) and another

unknown function f1ex(t): y1(t) = f1ex(t)p1(t). By applying Eq. (2.20) and

knowing the value of λe,1 from Eq. (2.29), and after doing some algebraic

manipulation, we find that f1ex(t) = ejαt. We repeat the same procedure

for y2(t) by introducing functions p2(t) and f2ex(t). Consequently, we can

write

y1(t) = ejαtp1(t), y2(t) = e−jαtp2(t). (2.30)

This is what the Floquet theorem states. The linearly independent so-

lutions of differential equations with periodically time-dependent coeffi-

cients are expressed as an exponential function multiplied by a periodic

function. Note that since p1,2(t) is periodic, it is possible to present it as

an infinite Fourier series of frequency harmonics:

p1,2(t) =
+∞∑

n=−∞
pne

−jn 2π
T

t, (2.31)

where pn denotes the amplitudes of harmonics. For convenience, let us

represent 2π/T as the modulation angular frequency ωM. By using the

expression in Eq. (2.31), the solution y1(t) in Eq. (2.30), for example, can

be rewritten as

y1(t) =

+∞∑
n=−∞

pne
j(α−nωM)t. (2.32)

Worth noting that y1(t) is a complex-valued function and the real-valued

solution can be obtained by taking the real part of it. Equation (2.32)

shows that the solution of the wave equation (2.14) can be written as an
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infinite series of frequency harmonics that are separated in frequency by

ωM. Let us further consider a simple example that shows how useful the

Floquet theorem is.

2.4.2 Example of periodically time-varying capacitance

Let us consider a time-harmonic voltage source connected to a capaci-

tor that is varied in time periodically. In the following, we are going to

consider a capacitor under assumption of instantaneous response. The

voltage created by the source is vs(t) = v0 cos(ω0t + φ0), where v0 is the

amplitude, ω0 is the angular frequency, and φ0 is the phase of the sig-

nal. Since capacitance is varied periodically, let us express it as a Fourier

series

C(t) =

+∞∑
n=−∞

Cne
jnωMt, (2.33)

where the coefficients are defined as

Cn =
1

T

∫ T/2

T/2
C(t)e−jnωMtdt, (2.34)

ωM is modulation angular frequency of capacitance, and T is the period

of modulation. It is easy to spot here that the Fourier coefficients have

this property, C−n = C∗
n, where symbol ∗ denotes complex conjugation. In

this simple example, electric circuit is modulated periodically by means of

capacitance modulation, voltage represents external excitation, and cur-

rent is the wave solution that can be expressed as an infinite series of

harmonics, according to the Floquet theorem. Let us see that it is indeed

so.

Under the assumption of instantaneous response, we can use Eq. (2.13)

and get an expression for the current i(t) flowing in the circuit in the

time-domain as

i(t) =
d

dt

(
C(t)vs(t)

)
. (2.35)

Using Eq. (2.33) and remembering that the source is time-harmonic and

therefore can be expanded into Fourier series, expression for the current

reads

i(t) =
d

dt

(
+∞∑

n=−∞
Cne

jnωMtv0 cos(ω0t+ φ)

)
. (2.36)

The cosine function can be presented using Euler’s formula as

cos(ω0t+ φ) =
ej(ω0t+φ) + e−j(ω0t+φ)

2
. (2.37)
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Plugging it into the expression for the current and splitting the sum into

two we get

i(t) =
d

dt

(
+∞∑

n=−∞

v0Cn

2
ej(ω0+nωM)tejφ +

+∞∑
n=−∞

v0Cn

2
e−j(ω0−nωM)te−jφ

)
.

(2.38)

The terms in the second sum can be rearranged in reverse order, replacing

n → −n. It changes the sign of the frequency in the exponent and makes

the whole exponent in the second sum a complex conjugate of the exponent

in the first sum. Recalling the property of the coefficients Cn, one can

write

i(t) =
d

dt

(
+∞∑

n=−∞

v0Cn

2
ej(ω0+nωM)tejφ +

( +∞∑
n=−∞

v0Cn

2
ej(ω0+nωM)tejφ

)∗)
.

(2.39)

Here we can use a well-known property of complex numbers which says

that a sum of a complex number, X, with its complex conjugate X∗ is

simply half of its real part, 1
2�(X). Therefore, the expression for current

reads

i(t) =
1

2
�
( +∞∑

n=−∞

jv0Cn(ω0 + nωM)

2
ej(ω0+nωM)tejφ

)
, (2.40)

which is exactly the expression of the type given by the Floquet theorem

in Eq. (2.32).
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3. Time-varying reactive elements and
their applications

3.1 Non-Foster impedance matching

As mentioned before, the concept of systems with time-varying parame-

ters originates from the middle of the previous century, possibly, even from

the dawn of antenna engineering. Pioneers of antenna engineering oper-

ated with nonlinear circuits [116] and later with time-varying [117–121]

components. They proposed several antenna geometries that provide effi-

cient information transfer, however, only in 1950’s a general understand-

ing of fundamental limitations on small antennas was formed by Chu [70]

and Wheeler [71]. In these works the authors proved that for linear,

passive, and time-invariant antennas, their size, bandwidth, and effi-

ciency cannot be optimized simultaneously. Naturally, in order to over-

come Chu’s limitation one needs to utilize either active, nonlinear, or time-

varying systems. Interestingly, back then the transient analysis of anten-

nas using differential equations was more common than the steady-state

approach, therefore taking time-varying and nonlinear elements into con-

sideration was not significantly increasing the complexity of the problem.

Due to this fact, it did not take long before the first attempts to overcome

Chu’s limitation for small antennas were made. The approach called “an-

tenna keying” used nonlinear properties of ferrite materials in order to

modulate a signal in a time-varying inductor [117]. It indeed helped to

transmit signals in the kHz frequency range beyond the fundamental lim-

itation, however, the presence of a ferrite core in the structure hindered

applicability of this system at higher frequencies, since the saturation

effect of ferrite cores sets the maximal modulation speed of such induc-

tors. This problem was later resolved using a switchable capacitor bank

that was used as a time-varying capacitor [118]. Worth mentioning, that
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antenna keying approach was later reinvented and renamed as “direct

antenna modulation” [122–124], keeping all the essential features.

In the 60’s antenna engineers moved to higher frequencies, where sizes

of resonant antennas are smaller and the data rate can be higher, even

without time modulation used. However, low frequency applications as

well as the need for electrically small antennas with a wide bandwidth

still create a strong demand for nonlinear, active, and/or time-varying an-

tennas. In recent years, the possibilities that time-modulation techniques

can provide, provoked a surge of interest in many fields of research such

as microwave engineering, antenna engineering, electronics, and even op-

tics.

One of the problems that is always present in any EM system regard-

less the frequency range is impedance matching. It is well recognized,

although sometimes under different names. Nevertheless, the conven-

tional ways to tackle this problem are well known as well, but usually

they provide an ideal solution at a single frequency only. For instance, in

antenna design, electrically small antennas can be modelled using a re-

sistor and a single capacitor, therefore in order to match such antenna one

needs to load it with a proper inductor that will provide zero imaginary

part of the input impedance at a certain frequency, see Fig. 3.1(a). In the

vicinity of this frequency the total reactance of the antenna is still small,

which makes it possible to use the antenna within this frequency range.

However, away from this frequency range the antenna will not work at

all, unless we use another matching method, so-called “non-Foster" impe-

dance matching [125].

Matched 
impedance

Matched 
impedance

Figure 3.1. (a)– Conventional impedance matching. (b)– Non-Foster impedance match-
ing.

Ideal non-Foster elements behave as circuit elements characterized by

negative capacitances and negative inductances. Figure 3.1(b) schemat-
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ically shows matching of a capacitor with an ideal negative capacitance

component, resulting in zero total reactance at all frequencies. Using

such circuit elements, a single antenna can be used at any frequency.

Surely, practical realization of these elements brings limitations on the

bandwidth, making it finite. Another practical issue is potential insta-

bility of negative-capacitance circuits, since essentially they are active

circuits and contain a positive-feedback amplifier. One of the recently

proposed approaches suggests a new realization of non-Foster capacitors

using a time-varying capacitance [126]. In the following chapter the ap-

proach proposed by Silvio Hrabar in Ref. [126] is developed further and

generalized. In addition to emulation of static negative capacitance, a

general scenario is considered that allows emulation of static circuit ele-

ments (such as inductors and resistors) whose parameters can take nega-

tive values.

3.1.1 Emulating static circuit elements with time-varying
capacitance

Let us consider a time-varying capacitance C(t) and denote the voltage

over this lumped element and the electric current flowing through it by

v(t) and i(t), respectively. Generalizing the basic definition of static capac-

itance, under assumption of instantaneous response we express the elec-

tric charge Q(t) through voltage and capacitance using Eq. (2.13). Based

on this relation we can find that

dQ(t)

dt
=

d

dt

[
C(t) · v(t)

]
. (3.1)

The expression on the left is simply electric current, therefore by opening

the brackets we can write

i(t) =
d

dt

[
C(t) · v(t)

]
=

dC(t)

dt
v(t) + C(t)

dv(t)

dt
. (3.2)

Here, it is clear that if the capacitance does not temporally vary, the corre-

sponding time derivative is zero, and we achieve the usual current-voltage

relation for static capacitors. Obviously, this additional term in Eq. (3.2)

gives a certain freedom for engineering the response of time-varying ca-

pacitances, however, it is not clear how powerful this approach is. Is it

possible to modulate the capacitance in such a way that it mimics “vir-

tual” constant capacitance Ceq with an arbitrary value, including nega-

tive? Our goal is to find such time-varying capacitance C(t), that the
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following relation holds:

d

dt

[
C(t) · v(t)

]
= Ceq

dv(t)

dt
. (3.3)

If we integrate both sides of the equation, we obtain

C(t) · v(t) = Ceqv(t) + β1, (3.4)

where β1 is a constant that can be positive or negative. From Eq. (3.4)

immediately follows the required function for C(t) [126]:

C(t) =
β1
v(t)

+ Ceq. (3.5)

This result is intriguing, since it means that a properly modulated ca-

pacitance, whose temporal function follows the above expression, behaves

precisely like a static capacitance with a desired value. Most importantly,

this value can be negative, realizing a theoretically perfect non-Foster cir-

cuit element, providing ideal impedance matching for mainly capacitive

systems, such as electrically small antennas.

Let us now extend the analysis and show that the time-varying capaci-

tance not only can perform as an effectively static capacitance, but it can

be also employed efficiently to emulate a static resistance and inductance.

According to the Ohm law, for a linear resistor, we have v(t) = Reqi(t) or

i(t) = v(t)/Req. Therefore, we can require that

d

dt

[
C(t) · v(t)

]
=

v(t)

Req
. (3.6)

From the above equation, after some small algebraic manipulations, we

conclude that the modulated capacitance should have the following tem-

poral dependence:

C(t) =
β1
v(t)

+
1

Reqv(t)

∫
v(t)dt. (3.7)

Regarding the constant inductance, we can do the same procedure, namely

d

dt

[
C(t) · v(t)

]
=

1

Leq

∫
v(t)dt+ β2, (3.8)

where β2 is an arbitrary constant. The right side of this equation corre-

sponds to the electric current which is flowing through a static inductance

(remember that v(t) = Leq[di(t)/dt] for inductors). Therefore, by simplify-
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ing the equation, we find that

C(t) =
β1
v(t)

+
β2
v(t)

t+
1

Leqv(t)

∫∫
v(t)dtdt. (3.9)

Equations (3.5), (3.7), and (3.9) present formulas that allow mimick-

ing static values of circuit elements using time-varying capacitance C(t).

That is a very powerful tool that can help matching small antennas and

in principle can be applied in more sophisticated structures such as meta-

surfaces.

3.2 Instantaneous control of reflection

The information presented in this part shortly overviews the main re-

sult of Publication I. Time-varying circuit elements alter electric currents

flowing in a circuit. For instance, in the previous section we saw how

the current could be changed in such a way, that a time-varying capaci-

tance “looked" like a capacitance, inductance, or resistance with arbitrary

values. In addition to that, time-varying circuit elements can be used in

transmission lines, which represent a very handy tool that gives an in-

sight on reflection and transmission phenomena taking place in various

EM systems. Interestingly, it can be used for the analysis of systems that

are not only passive, but also active. In this section I will show how this

theory can be used in order to gain full control over reflected waves.

For a linear and time-invariant transmission line fed by a time-harmonic

voltage/current source, the supplied energy is fully transferred to the load

if the characteristic impedance of the line is equal to the load impedance

of that line [127]. Apparently, for the case of a lossless line terminated by

a conventional inductance or capacitance, the energy is entirely reflected

back after the transition period. Therefore, in the steady state regime

there is no absorption nor accumulation of energy in the load. Mathemati-

cally, this property follows from the fact that the characteristic impedance

of the line is real while the load impedance is purely imaginary (reactive).

Due to this impedance mismatch all the energy is reflected back.

It is easy to see that by making the load reactance vary in time, it is

possible to emulate resistance, although there is no actual power dissipa-

tion or generation. Indeed, the voltage over a capacitor/inductor and the
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Figure 3.2. Full reflection of incident power from a stationary inductor (a) and a station-
ary capacitor (b).

current flowing through the element are related to each other as

vL(t) = L(t)
diL(t)

dt
+

dL(t)

dt
iL(t),

iC(t) = C(t)
dvC(t)

dt
+

dC(t)

dt
vC(t),

(3.10)

where vL,C(t) and iL,C(t) denote the instantaneous voltage and current in

a time-varying inductor or capacitor, respectively. Conventionally, when

the element is time-independent, the second terms in the above equations

(dL(t)dt or dC(t)
dt ) vanish and, therefore, the voltage and current are propor-

tional by a factor which is purely imaginary in the frequency domain.

However, the scenario is completely different as the inductance or capac-

itance vary with respect to time. The second term is not zero any more,

and it has the form of the usual Ohm law, where the role of the resis-

tance or conductance is played by the time derivatives of the circuit re-

actances. Clearly, this virtual resistance or conductance describes virtual

absorption of energy, which can be actually accumulated in the reactive

element or inside the pump. Next, we will study how this possibility can

be exploited for accepting and accumulating incident energy in reactive

elements.

Let us consider a lossless transmission line loaded by a time-varying

inductance L(t). Worth noting that the case of a time-varying capacitance

is a dual problem, therefore, all the derivations for capacitive loads will

remain almost identical to the following. Let us denote the voltage of

the wave propagating towards the load as v+(t) and the amplitude of the

reflected voltage wave as v−(t). The instantaneous voltage over the load

and the current flowing through the load are written as

vL(t) = v+(t) + v−(t),

iL(t) =
v+(t)− v−(t)

Z0
,

(3.11)

where Z0 represents the characteristic impedance of the line. On the other
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hand, the voltage and current are related to each other by Eq. (3.10). Sub-

stituting Eqs. (3.10) into Eqs. (3.11), we derive a general formula for the

incoming and reflected waves at the load position as

L(t)
dv−(t)
dt

+

[
dL(t)

dt
+ Z0

]
v−(t)

= L(t)
dv+(t)

dt
+

[
dL(t)

dt
− Z0

]
v+(t).

(3.12)

In this equation, the left-hand side contains terms measuring the re-

flected wave, while the right-hand side depends on the incident voltage

v+(t) only. For a given incident voltage v+(t) and any time-dependent

inductance L(t) we can find the reflected wave by solving the above first-

order differential equation. In general, Eq. (3.12) can be used in order

to manipulate reflected waves at will by choosing the proper function for

L(t). Requiring zero reflection and assuming usual time-harmonic inci-

dent voltage, we get a solution for the modulation function for L(t):

L(t) =
Z0

ω0
tan(ω0t). (3.13)

This example is considered in detail in Publication I, where the energy

balance and possible experimental realizations are discussed. It is worth

noting that Eq. (3.12) is very general, and in principle we can assume any

functions for the incident and reflected voltages. Since it is the first-order

differential equation with respect to L(t), it can be easily solved.
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4. Time-varying meta-atoms

Conventionally, time-modulated materials are studied on the level of time-

varying material parameters such as conductivity [79, 96] or permittiv-

ity [75, 78, 80, 86, 87, 97, 128]. In order to be able to assume time-varying

permittivity, one needs to impose severe limitations on the material prop-

erties and on the modulation function. First, using the conventional con-

cept of permittivity in time domain is possible only when instantaneous

response of the material is assumed. This assumption makes permittiv-

ity a constant over the frequency, with no resonances (see more in Chap-

ter 6), which makes this model unsuitable for studying the effects of dis-

persion. Naturally, every material is dispersive, however, in certain fre-

quency ranges the permittivity curve might become flat, therefore, the

material can be assumed nondispersive in this frequency range. Time

modulation brings coupling between oscillations at different frequencies

– the stronger and the faster the modulation is, the wider the output spec-

trum is. In order to make use of the instantaneous response assump-

tion, one needs to stay within the frequency range where the permittivity

remains approximately constant. Therefore, instantaneous response as-

sumption limits the speed and the strength of possible external modula-

tion.

From the fundamental point of view, materials are formed by atoms (and

metamaterials by meta-atoms). Time modulation of materials means,

thus, time modulations of atoms and meta-atoms, or varying positions of

atoms in material bulk. In order to understand time-modulated materials

and develop consistent models of dispersive time-modulated materials, it

is not enough to assume that the material permittivity is just “somehow”

made time varying. It is necessary to study time modulations of its con-

stituents – atoms and meta-atoms.

As it was shown in the previous chapter, time-varying circuit elements
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can control currents flowing in the circuit and in transmission lines. Ex-

ploiting further this strategy, one can load a small antenna, which rep-

resents a meta-atom, with a time-varying capacitance or inductance and

control the current flowing in it. Obviously, this current defines the radi-

ation and therefore scattering produced by the meta-atom. In addition to

that, current also defines the reactive fields in the vicinity of the antenna,

thus controlling the reactive power. In order to keep generality of possi-

ble time modulations, we should analyse the meta-atom in time domain,

therefore instantaneous formulas for reactive and radiated powers should

be used.

4.1 Power balance equation

This section represents the main results obtained in Publications II and III.

Conservation of energy in the circuit theory is synonymous to the instan-

taneous power balance law, which says that the summation of all instan-

taneous powers, related to resistance, capacitance, inductance, and the

sources, must be zero. The Kirchhoff current and voltage laws can be

derived from the instantaneous power balance. In antenna engineering

an analogy between an electrically small dipole and an RLC circuit is

well known [129, 130]. In this analogy, the external instantaneous power

Pin(t) supplied to the dipole splits into three parts: the radiated power

Prad(t), the reactive power Preac(t), and the dissipated power Pdiss(t). The

last term, which is the absorbed power due to the inherent losses in the

particle materials from the meta-atom point of view, accounts for resis-

tance in the circuit. Therefore, we can write the following equation which

represents the power balance for the dipole:

Pin(t) + Preac(t) + Prad(t) + Pdiss(t) = 0. (4.1)

In the case of time-harmonic excitation and time-invariant elements, we

use the values of power that are averaged over a period of harmonic os-

cillations. Average of the reactive power is always zero, and it does not

contribute to the power balance in the frequency domain. However, for

time-modulated meta-atoms the instantaneous reactive power even in the

case of a time-harmonic source is not zero and, since we treat the problem

in the time domain, the reactive power cannot be dropped out. This is-

sue is important because the reactive energy represents the stored energy

45



Time-varying meta-atoms

near the dipole in form of electric and magnetic field energies. At first, let

us consider reactive energy of a stationary dipole in the time domain and

later we will show how this model transforms for a nonstationary dipole.

In the aforementioned RLC analogy, the reactive energy is described with

the help of an inductance and a capacitance. Since, we consider a static

dipole, these circuit elements are constant and the expression for the re-

active power reads

Preac(t) =
Q(t)

C
i(t) + L

di(t)

dt
i(t), (4.2)

where C and L are the effective capacitance and inductance of the meta-

atom and i(t) is current at the antenna terminals. Charge at one arm of

the dipole is denoted as Q(t) (the total charge is 0), and it is simply an

integral of current i(t).

Considering a dipole antenna made of a lossless material, dissipated

power can be put to zero, leaving only the radiated power for the analysis.

In the RLC analogy, the radiated power is described by the radiation re-

sistance, however, it will be shown that this notion cannot be used in the

instantaneous power balance equation.

4.2 Radiation resistance

The power carried by electromagnetic fields is described using the Poynt-

ing vector. In the time domain it is defined as the vector product of electric

and magnetic fields:

S(t) = E(t)×H(t). (4.3)

For time-harmonic fields at angular frequency ω the fields can be written

in phasor notations as

E(t) = �[Ẽejωt], H(t) = �[H̃ejωt], (4.4)

where Ẽ and H̃ are complex amplitudes of the fields. Using these nota-

tions, the average value of the Poynting vector can be calculated as

〈S〉 = 1

2
�(Ẽ× H̃∗), (4.5)

where ∗ denotes complex conjugation and 〈. . . 〉 denotes averaging of a

quantity over one period of time oscillations. The Poynting vector in
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Eq. (4.5) shows the time-averaged energy transfer through a unit area.

Conventionally, the power that is radiated by some time-harmonic source

is calculated using integration of the time-averaged Poynting vector over

a surface F that encloses the source:

〈Prad〉 =
∮
F
〈S〉 · da, (4.6)

where a is the unit vector, perpendicular to the surface F . Calculations

are usually done in the far zone. Antenna engineers did one step further

and introduced the concept of radiation resistance, Rrad, that relates the

current flowing at the antenna terminals, i(t), with the averaged radiated

power:

Rrad = 〈Prad〉/〈i(t)2〉. (4.7)

Worth noting that not only the radiated power but also the current squared

are time-averaged quantities. This brings us to the conclusion that radia-

tion resistance can be used in order to calculate the time-averaged power

radiated by the antenna, but it cannot be used for studies of instantaneous

radiated power.

4.3 Instantaneous radiation from electric dipole

In order to describe radiation from a meta-atom that is modulated in time

arbitrarily, one needs to know the instantaneous radiated power. Follow-

ing the same procedure as for reactive power, let us first find an expression

for the instantaneous radiated power of a static dipole and then modify it

for a nonstationary one. As it will become evident in this chapter, even the

problem of radiation from a static dipole is not completely trivial when it

is considered in the time domain. In classical electrodynamics, radiation

from an electric dipole moment can be calculated instantaneously using

the Poynting vector. Let us consider two tiny ideally conducting spheres

that are separated by a distance dd. At moment t the charge on one sphere

is Q(t) and on the other sphere it is −Q(t). Let us now assume that we

drive the charge from one sphere to another with angular frequency ω:

Q(t) = Q0 cos(ωt), (4.8)

where Q0 is the maximum value of charge stored on one sphere. Let us

also assume that the separation distance dd is infinitesimally small, so
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that we are not bothered with the fields in between the spheres and close

to them. In other words, under all these assumptions we will be consider-

ing a Hertzian dipole with the dipole moment p(t), defined as

p(t) = p cos(ωt), (4.9)

where the dipole moment p = p0ẑ is directed along the z-axis and has

the amplitude p0. The fields produced by such a classical object are well

known, however, for convenience usually harmonically excited dipoles are

considered, and the radiated power is given as averaged over one period.

The general approach can be found in Refs. [131–134], and the content

of the following section is based on them. In the general approach, an

arbitrary source with charge density ρ and volume current density J is

considered. The fields can be expressed via the scalar potential φp and

the vector potential A as

E = −∇φp(r, t)− ∂A(r, t)

∂t
,

H =
1

μ0
∇×A(r, t), (4.10)

where

φp(r, t) =
1

4πε0

∫ ρ
(
r′, t− 1

c
|r− r′|)

|r− r′| dr′,

A(r, t) =
μ0

4π

∫ J
(
r′, t− 1

c
|r− r′|)

|r− r′| dr′.

(4.11)

Furthermore, r is the position vector, c is the speed of light, and inte-

gration is performed over the source volume using a numb variable r′.

Since in the following we are concerned about the fields far away from the

source, we can assume that r 	 r′, which allows us to use

1

|r− r′| =
1

r

(
1 +

r · r′
r2

)
,

|r− r′| = r − r · r′
r

. (4.12)

Under the assumption of large r we can also write

ρ(r′, t− |r− r′|/c) = ρ

(
r′, t− r

c
+

r · r′
c

)
. (4.13)
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Reassigning t0 = t − r/c, Eq. (4.13) can be expanded into Taylor series.

Under assumption of small r · r′/c,

ρ(r′, t− |r− r′|
c

) = ρ(r′, t0) +
∂ρ(r′, t0)

∂t

r · r′
c

+
1

2

∂2ρ(r′, t0)
∂t2

(
r · r′
c

)2

+ . . . (4.14)

The scalar potential can now be written as

φp(r, t) ≈ 1

4πε0

[
1

r

∫
Vc

ρ(r′, t0)dr′ +
r

r2

∫
Vc

r′ρ(r′, t0)dr′

+
r

rc

∂

∂t

∫
Vc

r′ρ(r′, t0)dr′
]
,

(4.15)

where Vc denotes the volume of the source. Here, higher-order terms are

dropped, since they decay faster than 1/r. Introducing the total charge

Qtot as

Qtot =

∫
Vc

ρ(r′, t)dr′, (4.16)

the first term in Eq. (4.15) is simply the Coulomb contribution propor-

tional to ∼ Qtot/r. The formula for the dipole moment reads

p =

∫
Vc

r′ρ(r′, t)dr′, (4.17)

therefore, the other terms in Eq. (4.15) can be simplified:

φp(r, t) ≈ 1

4πε0

[
Qtot

r
+

r · ṗ(t0)
rc

+
r · p(t0)

r2

]
, (4.18)

where dot in ṗ(t0) denotes first order full time derivative of the dipole

moment. Later we will use two dots and three dots for indication of second

and third order full time derivatives, respectively. The first and the last

terms in Eq. (4.18) correspond to the static multipole expansion, therefore

later they can be dropped.

Let us now consider the vector potential A. Leaving only the first term

in the expansion with respect to small r′, it reads

A(r, t) =
μ0

4πr

∫
J(r′, t0)dr′. (4.19)

Time derivative of the dipole moment can be calculated from Eq. (4.17) as

ṗ =

∫
Vc

r′
∂ρ(r′, t)

∂t
dr′, (4.20)
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which can be simplified using the continuity relation

∇ · J(r′, t0) = ∂ρ(r′, t)
∂t

. (4.21)

Since we are considering an electric dipole, it is possible to assume that

current density is, in fact, a line of current, that is directed along one of

the axes (let us chose z−axis). This allows us to rewrite Eq. (4.20) in the

following way [130]

ṗ = ẑ

∫ ld

−ld

z
∂I(z, t0)

∂z
dz, (4.22)

where ld is half length of the dipole, ẑ denotes unit vector along z−axis,

and I is amplitude of the current along the dipole. Using integration by

parts, expression in (4.22) can be simplified as

ṗ = ẑ

∫ ld

−ld

I(z, t0)dz. (4.23)

Having dipole moment in this form, we can write the vector potential as

A(r, t) =
μ0

4π

ṗ(t0)

r
. (4.24)

Having at hand the expressions for the potentials in Eqs. (4.18) and (4.24)

we can write expression for the fields. Let us start with the calculation of

the gradient of the scalar potential

∇φp(r, t) ≈ ∇
[

1

4πε0

r · ṗ(t0)
rc

]
≈ 1

4πε0

r · p̈(t0)
rc

∇(t0) =
1

4πε0c2
r · p̈(t0)

r
r.

(4.25)

The time derivative of the vector potential reads

∂A(r, t)

∂t
=

μ0

4π

p̈(t0)

r
, (4.26)

which immediately gives a compact expression for the electric field:

E(r, t) ≈ μ0

4πr

(
r̂× (r̂× p̈(t0))

)
, (4.27)

where r̂ is the radial unit vector in spherical coordinates, and it is as-

sumed that the source is located at the origin. Magnetic field can be cal-

culated using Eq. (4.10) as

H(r, t) ≈ − 1

4πrc
(r̂× p̈(t0)). (4.28)

In order to calculate the Poynting vector, let us open the vector products
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in Eqs. (4.27) and (4.28). The result reads

E(r, t) ≈ μ0

4π

sin θ

r
p̈(t0)θ̂,

H(r, t) ≈ 1

4πc

sin θ

r
p̈(t0)φ̂, (4.29)

where θ̂ and φ̂ are the polar and azimuthal unit vectors of spherical coor-

dinates, respectively. In these equations the symbol ≈ indicates approx-

imate equality, meaning that the terms that decay faster than 1/r are

dropped. This can be done due to the fact, that the terms of Poynting vec-

tor decaying as only 1/r2 give a finite contribution to the radiated power.

By using the fields defined in Eqs. (4.29), the Poynting vector can be easily

derived:

S =
μ0

16π2c

(
sin2 θ

r2

)
[p̈(t0)]

2r̂. (4.30)

In this form the Poynting vector can be easily integrated over a sphere

using Eq. (4.6) with the radius r, and the total radiated power can be

obtained as

Prad(t) =
μ0

16π2c
[p̈(t0)]

2

∮
A

sin2 θ

r2
r̂ · da

=
μ0

16π2c
[p̈(t0)]

2

∫ 2π

0

∫ π

0

sin2 θ

r2
r2 sin θdφdθ =

μ0

6πc
[p̈(t0)]

2, (4.31)

which is the well-known classical result [131, 132]. This formula shows

the power that is carried away from the source by the fields. However,

the radiated fields act back on the source. This effect is called radiation

reaction, and as we show in Publications II and III, this effect has to be

taken into account when dealing with the transient description of meta-

atoms. In the next section we will demonstrate how the radiation reaction

can be accounted for.

4.4 Radiated power including radiation reaction

This section represents the main results obtained in Publications II and III.

As in the previous section, let us consider the general scenario of radiation

from currents, i.e., the electric current density can be an arbitrary func-

tion of time and space (bound inside a small volume, so that the dipole

model is valid). In the following we show that it is possible to derive a

formula for the radiated power if we consider the fields inside the volume
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containing all the radiating currents and determine how much energy

and momentum from moving charges are transferred to electromagnetic

fields at any moment of time. For this purpose, we express the Poynting

theorem in form

−
∫
Vc

J ·Edv = P +
dU

dt
. (4.32)

Here, E is the electric field generated by J, and Vc is the volume of the

radiating system. The above expression states, in fact, the conservation

of energy: The time rate of change of energy which flows out through the

boundary surface of the volume (P ) plus the time rate of change of the

energy within the volume (dU/dt) is equal to the time rate at which the

energy is transferred to the electromagnetic fields (the negative of work

done by the fields on J).

In order to calculate the integral in the left-hand side of Eq. (4.32) we

will be using the same scalar and vector potentials defined in Eq. (4.11).

Assuming that |r − r′|/c is small compared to the characteristic time of

variation of the charged-particle system (the non-relativistic approxima-

tion), the charge and current densities are expanded into power series of

|r− r′|/c. Under this assumption, the expansion for the potentials results

in

φp(r, t) ≈ 1

4πε0

[∫
Vc

ρ(r′, t)
|r− r′|dr

′ −
∫
Vc

1

c

∂ρ(r′, t)
∂t

dr′+

∫
Vc

1

2c2
∂2ρ(r′, t)

∂t2
|r− r′|dr′ −

∫
Vc

1

6c3
∂3ρ(r′, t)

∂t3
|r− r′|2dr′ + . . .

] (4.33)

and

A(r, t) ≈ μ0

4π

[∫
Vc

J(r′, t)
|r− r′|dr

′ −
∫
Vc

1

c

∂J(r′, t)
∂t

dr′ + . . .

]
. (4.34)

Let us start from the scalar potential and consider the first four terms in

the expansion. The first term is the static contribution and accordingly

we can write

∫
Vc

J · ∇φp |term1 =
d

dt

[
1

8πε0

∫
Vc

ρ(r, t)ρ(r′, t)
|r− r′| drdr′

]
. (4.35)

Notice that we use the equation of continuity (Eq. (4.21)) for deriving ex-

pression Eq. (4.35). The second term in the expansion does not contribute
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to the energy transfer since for the dipole radiation we have

1

c

∫
Vc

∂ρ(r′, t)
∂t

dr′ = 0. (4.36)

The third term, which is related to the second derivative of the charge

density, is certainly a dynamic term, and we can calculate the contribution

of this term into the energy transfer in a similar way as we do for the first

term. Hence,

∫
Vc

J · ∇φp |term3

=
d

dt

[
μ0

16π

∫
Vc

∂ρ(r, t)

∂t

∂ρ(r′, t)
∂t

|r− r′|drdr′
]
.

(4.37)

The fourth term is important since it is associated with the dipole ra-

diation. The gradient of this term is the dynamic force exerted on unit

charge:

∇
[∫

Vc

1

6c3
∂3ρ(r′, t)

∂t2
|r− r′|3dr′

]
=

1

3c3

∫
Vc

|r− r′|∂
3ρ(r′, t)
∂t3

dr′. (4.38)

Using the definition of the dipole moment from Eq. (4.17), the above Eq. (4.38)

is simplified and reduces to

∇
[
−
∫
Vc

1

6c3
∂3ρ(r′, t)

∂t3
|r− r′|2dr′

]
=

1

3c3
˙̈p(t). (4.39)

Having the time derivative of the dipole moment defined in Eq. (4.23) we

can finally write

∫
Vc

J · ∇φp |term4 =
μ0

12πc
ṗ(t) · ˙̈p(t). (4.40)

Next is the vector potential whose study appears easier. The first term

in the expansion in Eq. (4.34) corresponds to the static part and therefore

we can readily conclude that

∫
Vc

J · ∂A
∂t

|term1 =
d

dt

[
μ0

8π

∫
Vc

J(r′, t) · J(r, t)
|r− r′| dr′dr

]
. (4.41)

However, similarly to the fourth term related to the scalar potential, here

the second term is associated with the radiated power. The time deriva-

tive of the vector potential is the second time derivative of the second

term in the expansion which indeed means the third time derivative of
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the dipole moment. Therefore,

∫
Vc

J · ∂A
∂t

|term2 = − μ0

4πc
ṗ(t) · ˙̈p(t). (4.42)

From the above equations, the transferred energy can be written as

−
∫
Vc

J ·Edr = −
∫
Vc

J ·
(
−∇φp(r, t)− ∂A(r, t)

∂t

)
dr ≈

− μ0

6πc
ṗ(t) · ˙̈p(t) + d

dt

[
1

8πε0

∫
Vc

ρ(r′, t)ρ(r, t)
|r− r′| dr′dr

+
μ0

16π

∫
Vc

∂ρ(r, t)

∂t

∂ρ(r′, t)
∂t

|r− r′|drdr′

+
μ0

8π

∫
Vc

J(r′, t) · J(r, t)
|r− r′| dr′dr

]
.

(4.43)

The above equation must include the total stored electromagnetic energy

U and the radiated power P [see Eq. (4.32)]. The full time derivative terms

written inside brackets [. . . ] are associated with the electromagnetic en-

ergy. Therefore, the radiated power can be written as

P (t) = − μ0

6πc
ṗ(t) · ˙̈p(t). (4.44)

This equation is of major significance because it reminds us the Lorentz

friction force [131, 133, 135] describing the fact that radiation exerts a

reaction force back on the source. Interestingly, the above expression can

be written as a summation of two terms:

ṗ(t) · ˙̈p(t) = −p̈(t) · p̈(t) + d

dt

(
ṗ(t) · p̈(t)

)
. (4.45)

As it was shown in the previous section, the first term, p̈(t) · p̈(t), is the

dipole radiation power which propagates infinitely far [131,132,136] while

the second term is usually set aside because it is a full time derivative

and therefore it vanishes in the time-averaged scenario. Conventional

instantaneous radiated power in Eq. (4.31) does not include radiation re-

action, whereas formula in Eq. (4.44) includes it. When dealing with the

instantaneous power balance this difference appears to be of utmost sig-

nificance. In Publications II and III we show simulation results where

the necessity to use the radiated power in Eq. (4.44) becomes clearly ev-

ident. We present simulation results performed for time-harmonic and

non-harmonic sources. In addition to that we consider short and long

electric dipoles in transmitting and receiving regimes. Aside from that,
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in Publication II we show how scattering from a single meta-atom can

be controlled instantaneously. We calculate theoretically the modulation

functions for the meta-atom loads that realize very peculiar scattering

phenomena such as cancelled radiation and any-frequency shifting. In

Publication III in addition to electric dipoles we consider magnetic dipoles

from the electromotive force perspective.
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5. Periodically time-varying
metasurfaces

As mentioned in Chapter II, periodically modulated structures allow us to

use the Floquet theorem, that enables convenient accommodation of prac-

tical limitations (such as modulation speed and strength) at the design

stage. In addition to that, the Floquet theorem defines the set of harmon-

ics present in the system which makes possible the matrix representation

of the problem. This matrix can be written in a specific form, such that it

relates signals at different Floquet frequencies, i.e., it describes frequency

conversion in the system. Periodic time variations become increasingly

useful when combined with metasurfaces. Analogously to bulk materi-

als which can be modeled by volume-averaged material parameters such

as permittivity and permeability, metasurfaces are conventionally char-

acterized by surface-averaged material parameters, i.e., polarizabilities,

susceptibilities, or surface impedances [137]. In this chapter we are going

to discuss only the model based on impedances, and consider how time

variation of metasurface properties comes to the model. In addition to

that, we discuss harmonically varying capacitive sheets and explain how

this knowledge applies to more complicated metasurfaces. Finally, we

discuss Lorentz nonreciprocity and explain how it can be achieved using

metasurfaces that are modulated solely in time.

5.1 Analytical modeling of metasurfaces

Metasurfaces can be modeled as infinitely thin layers that support electric

and magnetic surface currents, Je and Jm, that are induced by electromag-

netic fields. In a linear system, surface impedance or admittance directly
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relates fields with the induced surface currents as
⎡
⎣Je

Jm

⎤
⎦ =

⎡
⎣Y e κ

ξ Zm

⎤
⎦
⎡
⎣Eav

Hav

⎤
⎦ , (5.1)

where Eav and Hav are defined as

Eav =
E+

t +E−
t

2
, Hav =

H+
t +H−

t

2
. (5.2)

Here, ± signs denote the macroscopic fields above and below the surface

and subscript t indicates the tangential component of the fields. The

fields E±
t and H±

t are surface-averaged tangential components of fields.

In Eq. (5.1) Y e is the electric sheet admittance dyadic, Zm is the magnetic

sheet impedance dyadic, κ and ξ are the magnetoelectric and electromag-

netic coupling dyadics, respectively.

It is convenient to classify the metasurfaces depending on the properties

of dyadics Y e, Zm, κ, and ξ. First, if there is only electric surface current

related to the total surface-averaged electric field (Y e �= 0 and Ze = κ =

ξ = 0) then the metasurface is called electrically polarizable, and Eq. (5.1)

reduces to

Je = Y e ·Eav. (5.3)

The fields to the both sides of electrically polarizable metasurfaces are

related as

E+
t −E−

t = 0, n× (H+
t −H−

t ) = Je, (5.4)

where n is the unit vector normal to the metasurface. The tangential com-

ponent of electric field is continuous across the surface, while the tangen-

tial magnetic field is discontinuous due to the existence of electric surface

current. Figure 5.1(a) shows schematic representation of an electrically

polarizable metasurface. Interpreting the electric field as vectorial volt-

age and magnetic field as vectorial current, the surface can be regarded

as a two-port circuit element. Figure 5.1(d) shows such a circuit, where
¯̄Ze is the sheet impedance dyadic, defined as Ze = Y

−1

e , which becomes a

scalar in the case of isotropic metasurfaces.

Metasurfaces that support only magnetic surface currents induced by

magnetic field (Zm �= 0, Y e = κ = ξ = 0) are called magnetically polar-

iziable. In this case Eq. (5.1) reduces to

Jm = Zm ·Hav. (5.5)
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Figure 5.1. Electrically polarizable metasurfaces: (a) Schematic representation and (d)
equivalent circuit. Magnetically polarizable metasurfaces: (b) Schematic rep-
resentation and (e) equivalent circuit. Bianisotropic and reciprocal metasur-
faces: (c) Schematic representation and (f) equivalent circuit.

The fields to the both sides of magnetically polarizable metasurfaces are

related as

(E+
t −E−

t )× n = Jm, H+
t −H−

t = 0, (5.6)

which means that the tangential components of magnetic fields are the

same at both sides of the sheet, and the electric field has a jump caused by

magnetic current. Schematic representation and equivalent two-port net-

work for magnetically polarizable matesurfaces can be found in Fig. 5.1(b)

and (e).

In the most general scenario a metasurface can support both electric and

magnetic currents, Je �= 0 and Jm �= 0, and both of these currents can be

excited by electric and magnetic fields. It means that all the components

of the matrix in Eq. (5.1), Y e, Zm, κ, and ξ are nonzero. Such surfaces

are called bianisotropic, and the fields to the both sides of bianisotropic

metasurface are related as

(E+
t −E−

t )× n = Jm, n× (H+
t −H−

t ) = Je. (5.7)

Figure 5.1(c) schematically shows a surface that supports both surface

currents. Assuming a reciprocal metasurface, it can be characterized us-

ing three parameters Z1, Z2, and Z3. The tangential components of elec-

tric and magnetic fields above and below the metasurface can be related

using the impedance matrix [130,138]:

⎡
⎣E+

t

E−
t

⎤
⎦ =

⎡
⎣Z1 + Z3 Z3

Z3 Z2 + Z3

⎤
⎦
⎡
⎣ n×H+

t

−n×H−
t

⎤
⎦ . (5.8)
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Figure 5.1(f) shows a circuit model for a reciprocal bianisotropic sheet,

which is built out of impedance dyadics Z1, Z2, and Z3 in form of a T−circuit.

Importantly, the theory presented above remains valid for time-varying

metasurfaces as well, therefore let us demonstrate how it can be applied

on a simple example.

5.1.1 Example: A periodically varying capacitive metasurface

For simplicity we will consider a capacitive time-modulated metasurface

that can be modeled with a single shunt capacitance varying in time. For

compactness of the derivations let us write all the quantities without time

dependency, remembering that they are, in fact, functions of time. The

Figure 5.2. Thin capacitive metasurface modeled as a shunt capacitor in a transmission
line.

currents in node ‘O’ (see Fig. 5.2) can be expressed as

ii − ir = iC + it, (5.9)

where indices i, r, t stand for incident, reflected, and transmitted cur-

rents, and iC denotes the current flowing through the capacitor. The volt-

ages in the circuit can be written as

vi + vr = vC = vt, (5.10)

where subscripts have the same meaning as for currents. Looking closely,

one can recognize Eqs. (5.4) in Eqs. (5.9) and (5.10), which clearly indi-

cates that a shunt capacitor represents an electrically polarizable sheet.

Indeed, voltage across such capacitive layer does not have a discontinuity,

however current has. Let us now find an instantaneous relation between

the incident and transmitted voltages. Since the capacitive layer is time-

varying, current and voltage for it are related as

iC =
d

dt
[CvC] = C

dvC
dt

+
dC

dt
vC (5.11)
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Using the relation between the current and voltages at the ports (vbi,r,t =

Z0i
b
i,r,t, where Z0 is the characteristic impedance of transmission line), we

can rewrite Eq. (5.9) as

vi − vr =
iC
Z0

+ vt. (5.12)

Using known Eq. (5.10) and Eq. (5.11) one can finally get

vi = vt +
1

2Z0
C
dvt
dt

+
1

2Z0

dC

dt
vt. (5.13)

This is a first-order differential equation that can be easily solved for

known functions of the incident voltage vi and capacitance C. This equa-

tion gives the solution for arbitrary functions, however, for time-harmonic

excitation it can be simplified using the Floquet theorem.

Let us consider a periodically varied capacitive layer with the modula-

tion frequency ωM. Due to the periodicity of modulation, the correspond-

ing capacitance can be decomposed into the Fourier series:

C(t) =

+∞∑
n=−∞

Cne
jnωMt, (5.14)

where Cn are the Fourier coefficients. According to the Floquet theorem,

the modulation induces an infinite number of harmonics with the frequen-

cies ωl = ω0 + lωM, where ω0 is the frequency of excitation. Therefore, the

current going through and the voltage across the capacitor can be written

as

iC(t) =
+∞∑

l=−∞
iCl e

jωlt, vC(t) =
+∞∑

l=−∞
vCl e

jωlt. (5.15)

For a time-dependent capacitance, the voltage and current satisfy the

following relation in the time domain:

vC(t)C(t) =

∫
iC(t)dt. (5.16)

Substituting Eqs. (5.14) and (5.15) into (5.16), we obtain equation

+∞∑
l=−∞

+∞∑
n=−∞

Cnv
C
l e

jωl+nt =
+∞∑

l=−∞

1

jωl
iCl e

jωlt. (5.17)

By replacing l with l − n in the left side of Eq. (5.17), both sides have the

same basis functions, and therefore the expression for the current of each
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harmonic can be simplified as

+∞∑
m=−∞

jωlCnv
C
l−n = iCl . (5.18)

Considering a finite frequency range, harmonic numbers can be truncated

symmetrically, below n = −N and above n = +N . Therefore, in total we

have 2N+1 such linear relations as (5.18), which can be written in matrix

form explicitly as

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

jC0ω−N jC−1ω−N · · · jC−2Nω−N

jC1ω1−N jC0ω1−N · · · ...
...

... . . . ...

jC2NωN jC2N−1ωN · · · jC0ωN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

vC−N

vC1−N
...

vCN

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

iC−N

iC1−N
...

iCN

⎞
⎟⎟⎟⎟⎟⎟⎠

. (5.19)

It is easy to see that the matrix at the left side becomes diagonal in the

case of constant capacitance, which means that current and voltage at

each harmonic are related simply via a coefficient jωnC0. This matches

perfectly with the well-known stationary case. When the capacitance is

time varying, the Fourier coefficients Cn are not zero, which makes the

matrix nondiagonal, indicating inevitable coupling among different har-

monics.

The method explained above is quite powerful, since it makes it possible

to solve matrix equations instead of differential equations. In addition

to that, the method can be extended to a parallel or series connection of

multiple elements using transfer matrices [127]. Transfer matrix relates

incident and transmitted voltages and currents. Each element in the cas-

cade can be presented by a transfer matrix, and a stack of these elements

also can be described by a total transfer matrix that can be obtained by

multiplying the transfer matrices of each component in the stack. Thanks

to the matrix representation of the problem one can immediately predict

and engineer the metasurface response.

5.2 Nonreciprocal transmission through a metasurface

Reciprocity is a fundamental principle of physical systems governed by

time-reversal symmetric equations, requiring that the transmission be-

tween two ports does not change if the source and receiver are inter-

changed. Mathematically it can be expressed using two current densities
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Figure 5.3. (a) Defined quantities for reciprocity theorem: currents and fields in a closed
volume Vc. (b) and (c) Test of reciprocity theorem on the example of two an-
tennas. Current source connected to electric dipole antenna and the voltage
measured in a loop antenna. (c) Current source is connected to a loop antenna
and the voltage is measured in a dipole antenna.

J1, J2 in the volume Vc and the fields that they produce E1, H1 and E2, H2

(see Fig. 5.3(a)). The reciprocity theorem states that

∫
Vc

(J1 ·E2 − J2 ·E1)dv =

∮
F
(E1 ×H2 −E2 ×H1) · da, (5.20)

which is valid for any surface F enclosing volume Vc. Let us consider the

whole space allowing the volume to grow infinitely large. In addition to

that, let us assume a small loss, which is always present in any system. In

this case, the surface F can be chosen such that right-hand side integral

reduces to zero, therefore Eq. (5.20) transforms to

∫
V
J1 ·E2dv =

∫
V
J2 ·E1dv. (5.21)

Equation (5.21) is called the reciprocity relation simply because an inter-

change of indices 1 and 2 does not change the integral.

Let us demonstrate how reciprocity can be used on a simple example

with two antennas. Here, we take dipole and loop antennas and first we

connect a current source IB to a dipole antenna and measure the voltage

VB in the gap of the loop antenna (see Fig. 5.3(b)). Then, in order to be able

to test the reciprocity theorem, one should connect a source IC to the loop

antenna and measure the voltage at the terminals of the dipole antenna

VC , like it is shown in Fig. 5.3(c). This way the reciprocity theorem reads

IBVC = ICVB. (5.22)

The reciprocity theorem defines certain restrictions on the medium sur-

rounding the sources. The restriction is the time-reversal symmetry of
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Maxwell’s equation in the medium. It remains valid for passive, linear,

and time-invariant systems, and in general represents a very useful tool

for analysis of various electromagnetic systems. However, sometimes it is

beneficial to break reciprocity.

Nonreciprocity is essential for unidirectional wave propagation, such as

wave isolation and circulation [77, 89]. In order to to break the time-

reversal symmetry one naturally needs to violate at least one of the re-

striction: passivity, linearity, and time invariance. Active media imply the

existence of external to the system sources which break the time symme-

try. The conventional way is to exert external bias in electromagnetic sys-

tems, for instance magnetic bias on magneto-optical materials [139,140],

which, however, has rather weak effect at high frequencies. Moreover, the

devices based on magneto-optical materials are bulky and incompatible

with many integrated systems. Nonlinear devices rely on the fact that

field distributions in direct and reciprocal processes can be significantly

different. Positioning nonlinear objects where the field is high for forward

propagation direction and weak for backward propagation direction also

results in breaking of the time symmetry [141–144]. However, as any

nonlinear system, it will operate at a certain strength of the incident sig-

nal. Aside from that, the overall functionality of nonlinear nonreciprocal

devices is limited by the dynamic reciprocity constraint [145].

Another way to break reciprocity is to use time-varying structures. In

the last decade, due to advances in electronics and photonics, research

interest in nonreciprocal wave propagation in space-time modulated sys-

tems has rapidly revived and yielded various designs of nonreciprocal

devices: isolators [82, 84, 85, 146, 147], circulators [87], phase shifters

[85, 148], and one-way amplifiers [83, 149, 150]. However the possibil-

ity of achieving nonreciprocity using solely temporal modulations was not

intensively investigated [151]. In Publication IV, we study this question

and show that it is indeed possible to achieve nonreciprocal wave trans-

mission at the fundamental frequency using uniform time-modulation. In

the publication, we carefully explain the necessary conditions that must

be fulfilled in order to provide that functionality. As an example, we apply

our general theoretical approach to circuits and metasurfaces.
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6. Time-modulated and dispersive
media

Maxwell’s equations govern the interaction of light with matter. While

known for more than 150 years, they continue to give rise to innova-

tions when considering novel materials. Dispersive or anisotropic ma-

terials are nowadays subjects of any course on electrodynamics. In recent

times, slightly more sophisticated properties such as chirality attracted

an increasing share of interest [152–154]. Spatially modulated artifi-

cial materials provided a large number of interesting applications such

as ideal anomalous refraction [155–157] or wave conversion [158, 159].

In the fields of optics and nanophotonics resonant dielectric nanostruc-

tures brought a large number of applications [160–162]. In order to fur-

ther extend the range of possibilities and get more levers for control of

light, additional means were added into consideration introducing var-

ious coherent phenomena, where auxiliary excitation enables necessary

tuning [163–165]. The most recent addition constitutes considerations of

materials with time-modulated properties. This unlocks an additional de-

gree of freedom in electromagnetic systems that immensely increase the

number of possibilities to control scattering [56, 148, 166]. Time modula-

tion enables novel approaches to overcome natural limitations [86, 167]

and realize unconventional functionalities [59,60,88,105,168].

As it was mentioned in the preceding chapters, probably the first stud-

ies of time-modulated structures were carried out in antenna engineering

for bandwidth manipulation. However, in electronics, time modulation is

well known in form of a parametric amplifier, that has been introduced

even in the XVIII century. Investigation of time modulation in the optical

domain started later, and in the recent years this field experiences only

a revival. The majority of all prior contributions considered modulation

of effective material parameters without dispersion, which is synonymous

to the assumption of instantaneous response. This assumption is, strictly

64



Time-modulated and dispersive media

speaking, nonphysical and can be acceptable as an approximation only

under severe limitations. In an extended spectral region it is applicable

only in a frequency domain where the material has negligible dispersion.

Examples of nearly dispersionless materials whose properties can be mod-

ulated in time include lithium niobate (LiNBO3) [169] and silicon [170]

(in their transparency frequency regions). But the modulation depth of

such dispersionless materials is typically very low, being of the order of

10−4−10−3 [171]. In contrast, material candidates that allow large modu-

lation depths of the permittivity are usually strongly dispersive at the fre-

quencies of interest (specifically, the epsilon-near-zero region). Examples

of such materials include electron plasmas [172] and recently emerged

aluminum-doped zinc [173] and indium tin [108] oxides. To our knowl-

edge, only a few papers tackled the problem and studied the influence of

frequency dispersion in time-modulated materials [55,57,58].

In this chapter, we develop theoretical model that describes a time-

varying medium with frequency dispersion. We begin by considering the

static dispersive model, prior to adding time modulation. Prior to static

media we treat its constituent: a stationary atom. From a dipole moment

of a single atom we make a transition towards a static medium. We study

how material properties come to Maxwell’s equation as well as clarify the

origin of frequency dispersion. Following the same procedure for time-

varying media with dispersion, we begin with a model of a nonstationary

dipole and introduce a dipole polarizability function that is dependent on

two time variables. A transition towards time-varying medium with dis-

persion is made further, by deriving the corresponding polarization densi-

ties that incorporate material response functions dependent on two time

variables. In addition to that, we derive the corresponding Maxwell equa-

tions for time-varying media with dispersion and consider limiting cases

of non-time-varying and nondispersive media. We also show how spatial

boundary conditions are constructed with the introduced material rela-

tions.

6.1 Static atom polarizability and medium polarization density

In order to describe a static medium we should analyze its constituents:

atoms. For a linear and stationary subwavelength particle with electric

response, there is a temporally nonlocal connection between the instanta-

neous electric dipole moment p(r, t) and the exciting electric field E(r, t),
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similar to Eq. (2.8). This connection reads

p(r, t) =

∫ ∞

0
α(γ)E(r, t− γ)dγ, (6.1)

where α(γ) is a time-dependent function called electric polarizability ker-

nel, and γ is the retardation time during which the atom “remembers" its

evolution. As it was explained in Chapter 2, integration in this equation

is up to ∞, which indicates that the whole history of the atom affects the

system at a given moment of time. Importantly, the lower limit of integra-

tion is 0, as defined by the causality principle (see Chapter 2 for details).

Here, we assume that the dipole and the field are parallel and the electric

dipole moment is induced by the electric field only.

In order to describe material properties of the medium comprised of

atoms with the dipole moment defined in Eq. (6.1) we need to solve the

following differential equation,

[
∂2

∂t2
+ γD

∂

∂t
+ ω2

n

]
p(r, t) =

e2

me
E(r, t), (6.2)

where γD is the damping coefficient, ωn is the natural frequency, and me

and e are the electron mass and charge, respectively. This equation comes

from the equation of motion for a single oscillating electron and the solu-

tion for it is well known. It can be easily solved in the frequency domain

under the assumption of time-harmonic fields. In order to rewrite this

equation, let us introduce complex amplitude Ẽ(r, ω) for the electric field

and p̃(r, ω) for the dipole moment in the phasor domain using

E(r, t) = �
(
Ẽ(r, ω)ejωt

)
, p(r, t) = �

(
p̃(r, ω)ejωt

)
. (6.3)

Plugging these notations into Eq. (6.2) allows us to get the solution in a

very simple form:

p̃(r, ω) =
e2/me

ω2
n − ω2 + jγDω

Ẽ(r, ω). (6.4)

In order to characterize the whole medium sample comprised of atoms

with these properties, one needs to get an expression for the polarization

density P(r, t) in the frequency domain. In the time domain it is given

simply as

P(r, t) = N0p(r, t), (6.5)

where N0 is the static density of polarizable particles (number of particles
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per unit volume) in the medium. Since it is a constant value in time, the

solution in the frequency domain can be easily found:

P̃(r, ω) =
ε0ω

2
p

ω2
n − ω2 + jγDω

Ẽ(r, ω), (6.6)

where ε0 is the vacuum permittivity and ωp denotes the plasma frequency

which is given by

ωp =

√
N0e2

ε0me
. (6.7)

Here we assume that the parameters of the equation of motion of an elec-

tron (the electron mass and the damping coefficient) are the effective pa-

rameters, taking into account interactions of atoms in the medium.

The prefactor before Ẽ in Eq. (6.6) divided by ε0 is conventionally called

susceptibility,

χ̃conv
e (ω) =

ω2
p

ω2
n − ω2 + iγDω

, (6.8)

which describes media with Lorentzian dispersion. Let us now see why

susceptibility is conventionally used, when describing electromagnetic field

propagation inside a medium.

6.2 Maxwell’s equations for stationary media

Time-domain Maxwell’s equations govern electromagnetic wave propaga-

tion inside a medium. In the case of source-free media they read

∇ ·D(r, t) = 0

∇ ·B(r, t) = 0

∇×E(r, t) = − ∂

∂t
B(r, t)

∇×H(r, t) =
∂

∂t
D(r, t), (6.9)

where E and H are the electric and magnetic fields, respectively, D and B

are the electric and magnetic flux densities, r denotes the position vector

and t denotes time. Electric and magnetic flux densities D and B are

defined in terms of the electric and magnetic polarization densities P and

M as

D(r, t) = ε0E(r, t) +P(r, t)

B(r, t) = μ0H(r, t) +M(r, t), (6.10)
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where μ0 denotes vacuum permeability.

To be able to solve Maxwell’s equations, we need to supplement them

with constitutive relations that model material response. In the case of

linear, local, isotropic media they express the relation between the elec-

tric and magnetic fields E and H and the polarization densities P and M

based on Eq. (6.1) as

P(r, t) = ε0

∞∫
0

χe(r, γ)E(r, t− γ)dγ,

M(r, t) = μ0

∞∫
0

χm(r, γ)H(r, t− γ)dγ. (6.11)

The material response is expressed in terms of the response functions χe

and χm. Integrals in Eqs. (6.11) are of convolution type, therefore when

transforming these equations to the frequency domain, these integrals

transform to simple multiplications. Let us demonstrate it by applying

the Fourier transform to all quantities in the equations above:

E(r, t) =
1√
2π

+∞∫
−∞

Ẽ(r, ω)e−jωtdω, (6.12)

H(r, t) =
1√
2π

+∞∫
−∞

H̃(r, ω)e−jωtdω, (6.13)

χe(r, γ) =
1

2π

+∞∫
−∞

χ̃e(r, ω
′)e−jω′γdω′, (6.14)

χm(r, γ) =
1

2π

+∞∫
−∞

χ̃m(r, ω
′)e−jω′γdω′, (6.15)

where the frequency domain analogues of response functions are marked

with .̃ The Fourier transform notations are written in the “physics" form,

as they are used in Jackson’s book [174]. In order to write frequency do-

main Maxwell’s equations we need to plug Eqs. (6.12-6.15) into Eqs. (6.11)
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and then into Eqs. (6.9). The result of the fist substitution reads

1√
2π

∞∫
−∞

D̃(r, ω)e−jωtdω =
ε0√
2π

∞∫
−∞

Ẽ(r, ω)e−jωtdω

+
1√
2π

ε0
2π

∞∫
0

∞∫
−∞

χ̃e(r, ω
′)e−jω′γdω′

∞∫
−∞

Ẽ(r, ω)e−jω(t−γ)dωdγ, (6.16)

1√
2π

∞∫
−∞

B̃(r, ω)e−jωtdω =
μ0√
2π

∞∫
−∞

H̃(r, ω)e−jωtdω

+
1√
2π

μ0

2π

∞∫
0

∞∫
−∞

χ̃m(r, ω
′)e−jω′γdω′

∞∫
−∞

H̃(r, ω)e−jω(t−γ)dωdγ. (6.17)

The outer integral in the convolution is from 0 to ∞, due to causality,

however, it is possible to extend the integration limit to −∞, remembering

that the response function is zero for negative retardation times. In this

form we can make use of an integral property of Dirac δ-function

2πδ(X) =

+∞∫
−∞

ejXtdt, (6.18)

where X is an arbitrary complex number. Using this property, Eqs. (6.16)

transform into

1√
2π

∞∫
−∞

D̃(r, ω)e−jωtdω =
ε0√
2π

∞∫
−∞

Ẽ(r, ω)e−jωtdω

+
1√
2π

ε0

+∞∫
−∞

χ̃e(r, ω)Ẽ(r, ω)e−jωtdω, (6.19)

1√
2π

∞∫
−∞

B̃(r, ω)e−jωtdω =
μ0√
2π

∞∫
−∞

H̃(r, ω)e−jωtdω

+
1√
2π

μ0

+∞∫
−∞

χ̃m(r, ω)H̃(r, ω)e−jωtdω. (6.20)

It is easy to see from here the conventional frequency domain expressions

for flux densities, which read

D̃(r, ω) = ε0Ẽ(r, ω) + ε0χ̃e(r, ω)Ẽ(r, ω),

B̃(r, ω) = μ0H̃(r, ω) + μ0χ̃m(r, ω)H̃(r, ω). (6.21)

It is easy to see that these material relations are obtained for a medium
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made of particles with dipole moment given by Eq. (6.1). Material disper-

sion as well as causality are incorporated in Eqs. (6.21), since Eq. (6.1) has

integration in proper limits. In order to consider time-varying and disper-

sive media, at first, we have to consider dipole moments of nonstationary

atoms.

6.3 Nonstationary atom polarizability and polarization density of
the corresponding medium

For a linear nonstationary atom with electric response, the expression for

the dipole moment should be written similarly to Eq. (2.9). Such expres-

sion reads

p(r, t) =

∫ +∞

0
α(γ, t)E(r, t− γ)dγ, (6.22)

where the polarizability kernel α is a function of the observation time

t and the retardation time τ . Following the same procedure as in the

previous sections, the material response can be described by using the

second order differential equation for a dipole atom of a nonstationary

atom

∂2p(r, t)

∂t2
+ γD(t)

∂p(r, t)

∂t
+ ω2

n(t)p(r, t) =
e2

me
E(r, t), (6.23)

which comes from the equation of motion for a single electron. Unlike the

case of static media, material parameters γD and ωn are now functions

of time in order to model external modulation. This equation relates the

instantaneous dipole moment and the excitation field. On the other hand,

Eq. (6.22) relates the instantaneous dipole moment and the field in terms

of the polarizability kernel. Therefore, by bringing these two models to-

gether, we can find the polarizability kernel in terms of the time-varying

damping coefficient and the natural frequency.

For convenience, let us introduce a response function h that depends on t

and τ = t−γ. Polarizability kernel can be constructed using this response

function, by simple renaming the variables. That is a valid step, since the

variables remain independent and the total response function depends on

both of them. This changes the definition of the dipole moment as

p(r, t) =

∫ t

−∞
h(t, τ)E(r, τ)dτ. (6.24)

To find the first and second derivatives of the dipole moment based on this
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expression, we use the chain rule and the Leibniz integral rule which says

that for any integrable function f(x, y) we can write

d

dx

∫ b(x)

a(x)
f(x, y)dy

= f(x, b(x))
db(x)

dx
− f(x, a(x))

da(x)

dx
+

∫ b(x)

a(x)

∂

∂x
f(x, y)dy,

(6.25)

where a(x) and b(x) denote the lower and upper limits, respectively. By

employing Eq. (6.25), therefore, the first and the second derivatives of

the dipole moment are written in terms of h(t, τ) and the corresponding

partial derivatives of h(t, τ) as

dp(t)

dt
= h(t, τ)|τ=tE(t) +

∫ t

−∞
∂h(t, τ)

∂t
E(τ)dτ,

d2p(t)

dt2
=

[
2
∂h(t, τ)

∂t
|τ=t +

∂h(t, τ)

∂τ
|τ=t

]
E(t)

+ h(t, τ)|τ=t
dE(t)

dt
+

∫ t

−∞
∂2h(t, τ)

∂t2
E(τ)dτ.

(6.26)

Substituting the above values into Eq. (6.23), we arrive to three crucial

expressions that determine the polarizability:

1)
∂2h(t, τ)

∂t2
+ γD(t)

∂h(t, τ)

∂t
+ ω2

n(t)h(t, τ) = 0,

2) 2
∂h(t, τ)

∂t
|τ=t +

∂h(t, τ)

∂τ
|τ=t =

e2

me
,

3) h(t, τ)|τ=t = 0.

(6.27)

More detailed derivations are presented in Publication V. In the follow-

ing let us consider a special case when modulation changes dynamically

only the electron density N(t), leaving the other material parameters ωn

and γD constant. Omitting the derivation, the response function χe can

written as

χe(t, γ) =
N(t)

ε0
α(t, γ)

=
N(t)

ε0

e2

me

√
ω2
n − γ2

D
4

exp
(− γD

2
γ
)
sin
(√

ω2
n −

γ2D
4
γ
)
.

(6.28)

Using the definition of the plasma frequency from Eq. (6.7) one can notice

that dependency on t is only through the plasma frequency ωp(t), and the

rest depends on the retardation time γ which changes from 0 to ∞. The

volume density of electric dipole moment or the polarization density is

71



Time-modulated and dispersive media

written as

P(r, t) = N(t)p(r, t) =

∫ t

−∞
N(t)h(t, τ)E(r, τ)dτ

=

∫ t

−∞
ε0χe(t, τ)E(r, τ)dτ,

(6.29)

Let us now see how the response function in this form comes to Maxwell’s

equations.

6.4 Maxwell’s equations for time-varying media with dispersion

In order to study fields in time-varying media, one needs to write proper

expressions for the polarization densities. For convenience let us choose

the response function to be dependent on t and t− τ . This does not change

the meaning of the integral in Eq. (6.29), since the response function de-

pends on two time variables that are independent. The corresponding

expressions for the polarization densities read

D(r, t) = ε0E(r, t) + ε0

t∫
−∞

χe(r, t, t− τ)E(r, τ)dτ,

B(r, t) = μ0H(r, t) + μ0

t∫
−∞

χm(r, t, t− τ)H(r, τ)dτ. (6.30)

In order to find equations that are convenient to work with, it is possible

to express the susceptibility as a double Fourier transform of the response

function with respect to t and τ :

χe(r, t, t− τ) =
1

4π2

+∞∫∫
−∞

χ̃e(r, ω1, ω2)e
−j(ω1t+ω2(t−τ))dω1dω2. (6.31)

Applying double Fourier transform to both parts of this equation gives

+∞∫∫
−∞

χe(r, t, t− τ)ej(ω
′
1t+ω

′
2τ)dtdτ =

1

4π2

+∞∫∫
−∞

⎡
⎢⎣
+∞∫∫
−∞

χ̃e(r, ω1, ω2)e
−j(ω1t+ω2(t−τ))dω1dω2

⎤
⎥⎦ ej(ω′

1t+ω
′
2τ)dtdτ. (6.32)
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Rearranging terms at the right side of the equation gives

+∞∫∫
−∞

χe(r, t, t− τ)ej(ω
′
1t+ω

′
2τ)dtdτ =

1

4π2

+∞∫∫
−∞

χ̃e(r, ω1, ω2)

⎡
⎢⎣

+∞∫
−∞

ej(ω
′
1−ω1−ω2)tdt

⎤
⎥⎦
⎡
⎢⎣

+∞∫
−∞

ej(ω
′
2+ω2)τdτ

⎤
⎥⎦ dω1dω2, (6.33)

where for terms in the square brackets we can use Eq. (6.18), and thus it

becomes

+∞∫∫
−∞

χe(r, t, t− τ)ej(ω
′
1t+ω

′
2τ)dtdτ =

+∞∫∫
−∞

χ̃e(r, ω1, ω2)
[
δ(ω

′
1 − ω1 − ω2)

] [
δ(ω

′
2 + ω2)

]
dω1dω2. (6.34)

Using the filtering property of the δ-function twice and renaming the vari-

able we finally get

χ̃e(r, ω − ω′, ω′) =

+∞∫∫
−∞

χe(r, t, t− τ)ej(ωt−ω′τ)dtdτ. (6.35)

Analogously for the magnetic response function we get

χ̃m(r, ω − ω′, ω′) =

+∞∫∫
−∞

χm(r, t, t− τ)ej(ωt−ω′τ)dtdτ. (6.36)
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Having now all the necessary quantities at hand we can plug Eqs. (6.35,6.36)

into Eqs. (6.30) and then into Eqs. (6.9) to get

+∞∫
−∞

∇× Ẽ(r, ω)e−jωtdω =

+∞∫
−∞

jωμ0H̃(r, ω)e−jωtdω

+

+∞∫
−∞

⎡
⎢⎣ 1

4π2

+∞∫∫
−∞

j(ω1 + ω2)μ0χ̃m(r, ω1, ω2)e
−j(ω1t+ω2(t−τ))dω1dω2

⎤
⎥⎦

⎡
⎢⎣

+∞∫
−∞

H̃(r, ω′′)e−jω′′τdω′′

⎤
⎥⎦ dτ, (6.37)

+∞∫
−∞

∇× H̃(r, ω)e−jωtdω =

+∞∫
−∞

jωε0Ẽ(r, ω)e−jωtdω

+

+∞∫
−∞

⎡
⎢⎣ 1

4π2

+∞∫∫
−∞

j(ω1 + ω2)ε0χ̃e(r, ω1, ω2)e
−j(ω1t+ω2(t−τ))dω1dω2

⎤
⎥⎦

⎡
⎢⎣

+∞∫
−∞

Ẽ(r, ω′′)e−jω′′τdω′′

⎤
⎥⎦ dτ, (6.38)

Using again the property of the δ-function in Eq. (6.18), we get a very

convenient representation of Maxwell’s equations:

∇× Ẽ(r, ω) = jωμ0H̃(r, ω)

+
jωμ0

2π

+∞∫
−∞

χ̃m(r, ω − ω′, ω′)H̃(r, ω′)dω′, (6.39)

∇× H̃(r, ω) = −jωε0Ẽ(r, ω)

− jωε0
2π

+∞∫
−∞

χ̃e(r, ω − ω′, ω′)Ẽ(r, ω′)dω′. (6.40)

These equations contain integration over a numb variable ω′, meaning

that the whole right part of equations depends only on ω. However, it is

clear that integration over ω′ accounts for frequency dispersion as well as

for time-modulated properties of the medium.

Having all the quantities at hand, it is easy to write Gauss’s laws for
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time-varying media:

∇ · Ẽ(r, ω) +
1

2π

+∞∫
−∞

χ̃e(r, ω − ω′, ω′)∇ · Ẽ(r, ω′)dω′ = 0, (6.41)

∇ · H̃(r, ω) +
1

2π

+∞∫
−∞

χ̃m(r, ω − ω′, ω′)∇ · H̃(r, ω′)dω′ = 0, (6.42)

which together with Eqs. (6.39) and (6.40) complete the full set of Maxwell’s

equations for time-varying media.

6.5 Special cases

It is very satisfying to see how Eqs. (6.39) and (6.40) reduce to conven-

tional Maxwell’s equations in the non-modulated case. Let us demon-

strate it for the electric response function only, since derivations for the

magnetic one will be identical. The response function from Eqs. (6.35) in

the non-modulated case transforms as

χ̃ntv
e (r, ω − ω′, ω′) =

+∞∫∫
−∞

χe(r,∼, t− τ)ej((ω−ω′)t+ω′(t−τ))dtdτ

= 2πδ(ω − ω′)χ̃e(r, ω − ω′, ω′), (6.43)

where we have made use of the δ-function property in Eq. (6.18) once

again. Superscript “ntv” denotes a non-time-varying response function.

By plugging this new response function into Maxwell’s equation in Eq. (6.40)

we get

∇× H̃(r, ω) = jωε0Ẽ(r, ω) + jωε0χ̃e(r, 0, ω)Ẽ(r, ω), (6.44)

which is the conventional equation for fields in stationary dispersive me-

dia that was given earlier in Eq. (6.21).

A large share of papers about time modulation assumes instantaneous

response of a material. Let us see how Maxwell’s equations in Eqs. (6.39)

and (6.40) change in the dispersionless medium case. In the time domain

instantaneous response means a simple multiplication of field with the

response function, i.e. χir
e (r, t, t − τ) = χe(r, t, t − τ)δ(t − τ), where super-

script “ir” stands for instantaneous response. Let us see how Eq. (6.35)
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transforms for instantaneous response:

χ̃ir
e (r, ω − ω′, ω′) =

+∞∫∫
−∞

χe(r, t, t− τ)δ(t− τ)ej((ω−ω′)t+ω′(t−τ))dtdτ

= 2πχ̃e(r, ω − ω′,∼). (6.45)

The response function of this form when plugged into Maxwell’s equation

in Eq. (6.40) transforms it to

∇× H̃(r, ω) = −jωε0Ẽ(r, ω)

− jωε0

+∞∫
−∞

χ̃e(r, ω − ω′,∼)Ẽ(r, ω′)dω′. (6.46)

The integral in the right side of this equation is of the convolution type in

the frequency domain, therefore in the time domain this integral becomes

a simple multiplication of the response function and the field, indicating

instantaneous response of the medium.

6.6 Spatial boundary conditions

In order to be able to solve a scattering problem in presence of sharp spa-

tial and time boundaries, one needs to introduce boundary conditions. To

do so, we can make use of the Stokes theorem

∮
Γ
F · dl =

∫∫
F
∇× F · da, (6.47)

which practically states that surface integral of ∇ × F over surface F is

circulation of F around the boundary of the surface. Applying this theo-

rem to Eqs. (6.39) and (6.40) we can get the following boundary conditions

between two media

a× Ẽ1(rb, ω) = a× Ẽ2(rb, ω), (6.48)

a× H̃1(rb, ω) = a× H̃2(rb, ω), (6.49)

where a is a vector perpendicular to the surface and rb denotes a position

at the boundary. Another set of boundary conditions can be derived using

the divergence theorem:

∫∫∫
Vc

∇ · Fdv =

∫∫
F
F · da, (6.50)
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which says that the sum of all sources of the field in a region Vc gives the

net flux out of volume Vc enclosed by surface F . Applying this theorem to

Eqs. (6.41) and (6.42) one can obtain

a · Ẽ1(rb, ω) +
1

2π

+∞∫
−∞

χ̃e(ω − ω′, ω′)a · Ẽ1(rb, ω
′)dω′ = a · Ẽ2(rb, ω), (6.51)

a · H̃1(rb, ω) +
1

2π

+∞∫
−∞

χ̃m(ω − ω′, ω′)a · H̃1(rb, ω
′)dω′ = a · H̃2(rb, ω), (6.52)

which completes the set of boundary conditions at sharp spatial bound-

aries. Here, for simplicity we have assumed that medium 1 is time-

varying and dispersive, whereas medium 2 is vacuum.

The derivations up to now are very general and can be applied to any

geometry and any linear and isotropic media. In Publication VI we study

scattering by a sphere made of a time-varying medium with Lorentzian

dispersion. First, we derive the dispersion relation for unbounded medium,

and then, by applying the boundary conditions, we finalize the solution of

the scattering problem. We compare the obtained results with simula-

tions made in Comsol. In the following section, let us analyze and study

the band structures that appear in periodically modulated materials with

and without dispersion.

6.7 Band diagrams of time-harmonically varied material

6.7.1 Dispersionless materials

First, let us consider a static dispersionless medium. The dispersion rela-

tion for plane waves in this medium reads

κ2 = k20(ω)(χ̃e + 1), (6.53)

where k0 = ω/c is the free-space wave number and (χ̃e + 1) = εr is the

permittivity of the medium, which in our case is simply a number (not a

function of frequency). This way the dispersion relation provides a unique

wavenumber κ for a wave inside the medium for each frequency ω of the

wave in vacuum. At the moment when we turn on time modulation, this

simple relation breaks [168], and, as the Floquet theorem dictates, peri-

odic modulation couples different frequencies. Proper description of dis-
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persionless harmonically modulated media can be found in Ref. [168].

As an analogue to spatially periodic photonic crystals, time-periodic mod-

ulation enables us to treat materials using similar notations. A spatially

unbounded medium that is modulated periodically in time is a “time crys-

tal", and one can construct its band diagram. For conventional crystals

and photonic crystals, band structures are periodic in k-space. Band struc-

tures of time crystals have periodicity in frequency. Figure 6.1(a) shows

an example of the dispersion plot for a static nondispersive medium and

how it folds into a band diagram for negligibly small modulation ampli-

tudes. We have chosen a static medium with permittivity εstatr = 15.5. The

modulation strength defines the modulation depth of the permittivity as

Δε = Msε
stat
r and the modulation frequency is denoted as ωm. Figure 6.1(b)

shows the band diagram for a large modulation strength Ms = 0.9, where

Ω on the x-axis denotes the Floquet frequency, and index i for κ denotes

the number of an eigenmode (or a band).

Figure 6.1. (a) Dispersion diagram for static (Ms → 0) and weakly modulated nondisper-
sive medium. (b) Band diagram for a harmonically modulated material with
the modulation strength Ms = 0.9.

For small modulation strength the dispersion relation remains practi-

cally unaffected whereas for large modulation strength a band gap ap-

pears. Interestingly, it appears for certain values of κ, unlike for photonic

crystals, where the band gap appears for certain frequencies.

6.7.2 Dispersive materials

Let us study now a dispersive case and see how time modulation alters

the dispersion plot and folds it into a band diagram. As it was explained

previously in this chapter, a static dispersive medium is characterized by

equation of motion of electrons in static atoms, Eq. (6.2). Based on it, one

can derive the medium susceptibility, i.e., find its frequency dependent re-

sponse, as it is given in Eq. (6.8). The dispersion relation for such medium
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reads

κ2 = k20(ω)
(
χ̃conv
e (ω) + 1

)
, (6.54)

which in not a linear relation as it was in the dispersionless case. The

denominator in (Eq. 6.8) has a pole at frequency ωn, where the real and

imaginary parts of susceptibility become large. As it was mentioned ear-

lier in this chapter, in the dispersive medium model temporal modulations

can be introduced by considering time-varying parameters in Eq. (6.23).

Let us further assume only one parameter changing in time harmonically:

the electron density

N(t) = N0(1 +Ms cosωmt), (6.55)

which affects only the plasma frequency in Eq. (6.7). Dispersion plot for a

static Lorentz medium is presented in Fig. 6.2(a). It exhibits clear peaks

of the real and imaginary parts of the wave number κ near the resonant

frequency ωn. Figure 6.2(a) also shows how the dispersion relation folds

into a band structure for a weakly modulated medium with the modula-

tion frequency ωm = ωn/2. In order to calculate the band structure for

larger modulation strengths, one needs the corresponding response func-

tion of the medium, which can be calculated employing Eq. (6.35) as

χ̃e(ω − ω′, ω′) =
N0e

2

mε0

·δ(ω − ω′) + Ms
2

[
δ(ω − ω′ + ωm) + δ(ω − ω′ − ωm)

]
ω2
n − ω2 − iγDω

. (6.56)

Plugging this response function into Maxwell’s equations one can finally

Figure 6.2. (a) Dispersion relation in the static case and the band structure for a weakly
modulated case. (b) The band diagram of a strongly modulated (Ms = 0.9)
medium. The opening of a band gap can be observed.

obtain the wave equation. Eigensolutions of this wave equation define

wave propagation in such time-varying and dispersive media. We do not

present this procedure in full detail, since this is partially explained in
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Publication VI and represents a subject for future publication. Here, in

Fig. 6.2(b), we present the band structure for a strongly modulated case,

with Ms = 0.9, where the real part of κ is shown at the y-axis and the

imaginary part is encoded by the color of the line. The graph exhibits an

opening of a band gap, which however gets spoiled by strong losses that

appear due to absorption close to the resonance. By adjusting the modula-

tion it is possible to achieve a clear band gap even for the same dispersive

material. Band structure also is highly affected by static material proper-

ties.
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7. Conclusions

This dissertation is devoted to an expanding field of time-modulated elec-

tromagnetic systems. At the moment this field experiences an increased

interest among researches working in various branches of physics and

in different frequency domains. First, this dissertation presents an ex-

tensive literature review of previous contributions done in various re-

search fields on the subject of time modulation. It overviews the evolu-

tion of studies of time modulated structures, starting from the previous

century until our days, in such fields as telecommunications, antenna en-

gineering, circuit design, control systems, and plasma physics. In order

to build a general understanding of time-varying systems, regardless of

the frequency range and area of application, the dissertation begins with

a discussion of mathematical concepts standing behind time modulation.

Chapter 2 treats a general time-varying system, that is not necessarily

electromagnetic, and discusses its properties under assumptions of lin-

earity and causality. Such general approach enables us to clearly follow

the limitations under the assumption of instantaneous response, which

is frequently exploited. In addition to that, Chapter 2 carefully treats a

special case of periodic time variations and explains in detail the Floquet

theorem. Further chapters of the dissertation are organized in order of

increasing spatial complexity, i.e. Chapters 3 and 4 consider spatially 0D

and 1D problems, whereas Chapters 5 and 6 consider 2D and 3D prob-

lems.

The main scientific contribution of the thesis can be split into three

parts.

• First, the dissertation demonstrates an effective use of time-varying

circuit elements. Under assumption of instantaneous response, it

is shown how arbitrary varying time-varying circuit elements can

mimic other circuit elements, even with negative characteristic pa-
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rameters. The dissertation also shows the use of time-varying reac-

tive elements in transmission lines and metasurfaces. For instance,

Publication I demonstrates how a single time-varying inductance is

capable of accumulation of theoretically infinite energy. Conceptu-

ally, that can be realized in form of a metasurface for energy accu-

mulation purposes. In addition to that, the dissertation shows how

circuit elements can be used in order to model a metasurface even

with time-varying properties. Publication IV shows how such rep-

resentation can be used in order to engineer metasurfaces with the

desired response. Particularly, it is shown how nonreciprocal wave

amplification can be achieved using a single harmonically varying

element.

• Second, the dissertation discusses the instantaneous power balance

for elementary dipole antenna. This concept requires proper treat-

ment of the reactive and radiated power in time domain. The disser-

tation builds a model for electric dipole suitable for dynamic mod-

ulation, and in Publication III this model is adapted for magnetic

dipoles. Publications II and III explicitly demonstrate the necessity

to include radiation reaction when treating a dipole in time domain.

In addition to that, Publication II shows the use of power balance

equations and shows peculiar scattering properties of a modulated

dipole. The problem of time-modulated meta-atoms is a necessary

initial step towards creation of time-varying metamaterials.

• Third, a rigorous formalism for a general time-varying medium with

dispersion is presented. Publication V considers a model of a general

nonstationary dipole and in Publication IV it is further developed to-

wards time-varying media with dispersion. The dissertation shows

the whole formalism of the model and tests it in two limiting cases:

instantaneous response and zero modulation strength, and match-

ing with the known cases is confirmed. In order to display the differ-

ence that nonstationarity brings, this dissertation briefly shows the

analysis of band structures that are obtained for harmonically var-

ied material without and with dispersion. The impact of the devel-

oped model is rather substantial, since it can be utilized for different

geometries and arbitrary modulation functions. In order to demon-

strate the correctness of the theoretical model, Publication VI con-

siders scattering from a sphere made of a harmonically modulated
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material with Lorentz dispersion analytically and in simulations.

The result exhibits almost ideal matching. However, the analytical

study developed in this dissertation and in Publication VI is advan-

tageous as compared to simulations, since it requires dramatically

less computation time.
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