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1. Introduction

Quantum physics has paved the way for progress in modern technology.
Most electronic devices that have made our life easy are products of quan-
tum physics. Transistors and lasers are just two examples of many. The
second quantum revolution drives technology into a fully quantum world
through quantum computing and quantum communication. Importantly,
precise control and manipulation of quantum systems is vital for any such
applications.

One of the major bottlenecks of the technology is the unavoidable inter-
action between quantum systems and their environment, which leads to
the loss of coherence. Rather than pursuing better isolation of quantum
systems, an alternative route is offered by the emerging field of reservoir
engineering. This approach aims to control the properties of the environ-
ment to mitigate detrimental effects and use it as an asset [1, 2, 3, 4, 5].
The efficient design of such devices requires accurate modeling and simula-
tion of device dynamics in the dissipative environment(s). In principle, the
exact time evolution of the total system (device and environment) can be
determined by solving the Schrödinger equation for the whole state. How-
ever, the environments associated with quantum systems are generally
very large and complicated. Thus, exact modeling of the dynamics is rather
challenging, and inaccessible in many cases. Typically, approximative
master equations (MEs) are utilized to make the problem computationally
solvable. There are many approximative analytic and numerical methods
currently available for describing the dynamics of open quantum systems
[6, 7, 8]. Among these methods, the Lindblad approach is popularly used
to study dissipative dynamics of quantum devices [6, 9, 10, 11]. However,
the validity of the Lindblad method is limited to systems that are weakly
coupled to the environment. In the case of engineered environments, the
system-environment couplings terms are not restricted to weak ones, and
thus it is essential to understand device dynamics in the strong coupling re-
gion where system-environment correlations must be explicitly considered.
For example, strong coupling is vital in fast qubit initialization with engi-
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neered and tunable environments [4, 5]. In addition, quantum heat engines
and simulators may need relatively strong coupling to the bath [12, 13].
More advanced techniques are required for modeling devices in which
the system-environment interactions are relatively strong. The stochastic
Liouville-von Neumann (SLN) equation approach facilitates numerically
exact modeling of devices with very few assumptions [14, 15]. One of the
main drawbacks of this method is the high computational cost for systems
with more than just a few degrees of freedom. The Schrödinger-Langevin
equation (SLE) is another efficient method for describing phenomenological
aspects of open quantum system dynamics, but this equation also relies
on certain assumptions that restrict its application to quantum systems
interacting with a thermal bath [16, 17].

The system-environment interactions always induce correlations, which
play a central role in quantum information and quantum technology appli-
cations. In general, system-bath correlations include classical and quan-
tum parts. Quantum correlations can be used as a resource for novel or
enhanced ways of transmitting and processing information, such as quan-
tum cryptography and quantum computation [18, 19, 20, 21]. In addition
to the technological applications, correlations also provide hints to tackle
many fundamental problems in quantum physics, such as studying quan-
tum phase transitions [22, 23], analyzing mechanisms of energy exchange
between two quantum systems [24] and understanding thermalization
of quantum systems [25, 24]. Importantly, a complete characterization
of system-bath correlations is essential for these applications. However,
most of the existing methods, including Lindblad equations, lack explicit
information about these correlations. The approximations employed in
derivation of such equations, e.g., Born approximation, mask the explicit
correlation from the system dynamics.

This thesis presents efficient and more general methods for modeling
quantum devices beyond the Lindblad model. It is organized into two
parts: The first focuses on the dynamics and control of the superconducting
trasmon qubit, while the second focuses on the role of system-environment
correlations in open system dynamics. We briefly introduce master equa-
tion methods for the open quantum system and present a perturbative
derivation of Markovian master equations in Chapter 2. In Chapter 3, we
study the dissipative dynamics of a superconducting transmon qubit cou-
pled to a bosonic bath using the stochastic Liouville-von Neumann (SLN)
equation approach. We then present the control of a superconducting
transmon qubit in Chapter 4. We quantify the leakage errors in single-
qubit gates and illustrate their suppression with Derivative Removal by
Adiabatic Gate (DRAG) control for a five-level transmon in the presence of
decoherence. Chapters 3 and 4 summarise the results in Publication I.
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Chapter 5 introduces a new technique - the correlation picture approach
- that treats system-environment correlations in open quantum systems
in a tractable way. We further derive a universal Lindblad-like equation
(ULL) using the correlation picture approach. We show that systematic
weak-correlation expansions of ULL equation yield approximate master
equations that have relatively better accuracy than the widely used weak-
coupling master equations. This Chapter summarises Publication II.

In Chapter 6, we investigate the hidden correlations in quantum mas-
ter equations with the correlation picture formalism. We unfold system-
environment correlations by recasting master equations into a universal
form in which the system-bath correlation operator appears. Based on
this, we propose a corrected form of the Redfield equation that precisely
reproduces short-time dynamics. This Chapter summarises Publication
III. Finally, we conclude the results presented in this thesis and present
future directions for research in Chapter 7.
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2. Models for dissipation

Dissipation in quantum devices is conventionally modeled with open quan-
tum system methods. Many approximative techniques are available in
the literature to analyze the reduced dynamics of open quantum systems
[6, 7, 8]. In this chapter, we briefly discuss some of the commonly used
methods for describing open quantum system dynamics. We present a
perturbative derivation of Markovian master equations with details of the
approximations performed. We also introduce the projection operator and
stochastic Liouville-von Neumann equation methods.

2.1 Dissipation in quantum devices

Dissipation is a ubiquitous phenomenon in most physical systems. In
quantum systems or quantum devices, interaction with the environment
induces dissipative effects. The presence of dissipative sources is inher-
ent to any practical realization of quantum devices. For example, in the
case of a superconducting qubit coupled to transmission line resonators,
electromagnetic modes inside such resonators act as the dissipative envi-
ronment. Dissipative effects are utilized for many quantum technological
applications, such as efficient qubit initialization. Recent developments
in quantum technology have also opened new schemes to engineer the
environment [1, 2, 3, 4, 5].
We use the open quantum system description to model the dissipative
dynamics of quantum devices. Consider a general quantum system S (or
quantum device) interacting with its environment B: the total Hamiltonian
of the system and the environment is given by

ĤSB = ĤS + ĤB + ĤI, (2.1)

where ĤS is the system Hamiltonian, ĤB is the Hamiltonian of the envi-
ronment, and ĤI represents the interaction Hamiltonian. Note that the
Hilbert space of the composite system is HSB = HS ⊗HB, where HS is the
Hilbert space of the system, HB is the Hilbert space of the environment,
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and ⊗ is the tensor product. The environment associated with quantum sys-
tems can be finite-dimensional or infinite-dimensional, depending on the
microscopic description of the environment. Since the infinite-dimensional
environment has an infinite number of degrees of freedom, it is referred to
as a reservoir—a reservoir in thermal equilibrium is often called a thermal
bath.

2.2 Reduced density operator of the system

The density operator of a quantum system in a state ψk with probability
pk can be represented as �̂=∑k pk|ψk〉〈ψk|. A density operator �̂SB(τ) in
HSB space can describe the composite state of the total system at any mo-
ment in time τ. All measurable information about the composite system is
contained in �̂SB[6]. However, we are primarily interested in the informa-
tion about the system, which can be formally obtained by tracing out the
environmental degrees of freedom from �̂SB,

�̂S =TrB[�̂SB]. (2.2)

The partial trace TrB is defined as [26]

TrB
(|s1〉〈s2|⊗ |b1〉〈b2|

)≡ |s1〉〈s2| Tr[|b1〉〈b2|], (2.3)

where |s1〉, |s2〉 are any two states in the state space of S and |b1〉, |b2〉 are
any two states in the state space of B. Note that an arbitrary �̂SB can be
represented as a linear combination of such states.

The von Neumann equation describes the dynamics of �̂SB(t), which is
given by

i�
d�̂SB(t)

dt
= [ĤSB(t), �̂SB(t)], (2.4)

where the commutator [., .] is defined as [P,Q]= PQ−QP. Determining the
solution of the von Neumann equation is generally complicated, and even
impossible in many cases. Instead of finding �̂SB(t), we can determine the
�̂S(t) with approximative methods known as master equations in the open
quantum system description. For systems interacting weakly with a ther-
mal bath, the Lindblad equation has proven to be remarkably successful
in describing the dynamics reduced density operator [6, 9, 11]. It has the
general form

d�̂S(t)
dt

= −i
�

[ĤS, �̂S(t)]+
∑

k

γk
[
L̂k�̂S(t)L̂†

k −
1
2

{L̂†
kL̂k, �̂S(t)}

]
, (2.5)

where L̂k are the operators that describe the dissipative transitions in the
system caused by the environment, γk are the corresponding rates and {., .}
is defined as {P,Q}= PQ+QP.
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2.3 Perturbative derivation of Markovian master equations

Consider the von Neumann equation in the interaction picture for the total
system, which is given by

i�
d�̂SB(t)

dt
= [ĤI(t), �̂SB(t)]. (2.6)

Note that we use boldface symbols to represent operators in the interaction
picture. The formal solution to Eq. (2.6) can be written as

�̂SB(t)= �̂SB(0)− i
�

∫ t

0
ds[ĤI(s), �̂SB(s)]. (2.7)

By substituting Eq. (2.7) in Eq. (2.6) and tracing over the environmental
degrees of freedom, we obtain

d�̂S(t)
dt

=− 1
�2

∫ t

0
dsTrB[ĤI(t), [ĤI(s), �̂SB(s)]]. (2.8)

Note that we have assumed TrB[ĤI(t), �̂SB(0)] = 0. We perform the Born
approximation by assuming that the coupling between the system and
the environment is weak (in general, we can assume the system is small
compared to the environment). If the system has a negligible influence on
the environment, the density matrix can be approximated for all times as

�̂SB(t)= �̂S(t)⊗ �̂B, (2.9)

where �̂B is the constant state of the environment. We also perform the
Markov approximation by replacing �̂SB(s) with �̂SB(t) and obtain equations
of motion that only depend on the present state as

d�̂S(t)
dt

=− 1
�2

∫ t

0
dsTrB[ĤI(t), [ĤI(s), �̂SB(t)]]. (2.10)

The equation above still depends on the initial preparation �̂SB(t = 0), so it
does not satisfy the dynamical semigroup property [6, 9]. To rectify this
issue, we can substitute s with t−τ and set the upper limit of integral to
infinity [6]. We obtain

d�̂S(t)
dt

=− 1
�2

∫ ∞

0
dτTrB[ĤI(t), [ĤI(t−τ), �̂SB(t)]], (2.11)

which is sometimes referred to as the Redfield equation. The interaction
between the system and the environment is assumed to be bilinear, and
can be written as

ĤI(t)= �q̂(t)ζ̂(t). (2.12)

where q̂ and ζ̂ are Hermitian operators of the system and the environment,
respectively. By substituting this into Eq. (2.11), we obtain

d�̂S(t)
dt

=−
∫ ∞

0
dτ
{

Q̂t,t−τ〈ζ̂(t)ζ̂(t−τ)〉B +Q̂†
t,t−τ〈ζ̂(t−τ)ζ̂(t)〉B

}
, (2.13)
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where
Q̂t,t−τ =

[
q̂(t)q̂(t−τ)�̂S(t)− q̂(t−τ)�̂S(t)q̂(t)

]
.

The environmental correlation functions are defined as

〈ζ̂(t−τ)ζ̂(t)〉B =TrB[ζ̂(t−τ)ζ̂(t)�̂B];

〈ζ̂(t)ζ̂(t−τ)〉B =TrB[ζ̂(t)ζ̂(t−τ)�̂B].

We further assume that the environment associated with the quantum sys-
tem is a thermal bath and thus 〈ζ̂(t)ζ̂(t′)〉B = 〈ζ̂(t− t′)ζ̂(0)〉B. We replace the
correlation functions with the inverse Fourier transform of the spectrum
of environmental fluctuations S(ω) as

〈ζ̂(τ)ζ̂(0)〉 = 1
2π

∫ +∞

−∞
dωe−iωτS(ω). (2.14)

Using Eq. (2.14), we can write the master equation as

d�̂S(t)
dt

=− 1
2π

∫ +∞

−∞
dω
∫ ∞

0
dτe−iωτ{S(ω)Q̂t,t−τ+S(−ω)Q̂†

t,t−τ
}

. (2.15)

The operator q̂(t) can be expressed in the eigenbasis of ĤS as

q̂(t)=
∑
n,m

qnme−iωnmt|n〉〈m| =
∑
n,m

e−iωnmtΠ̂nm, (2.16)

where ĤS|n〉 = �ωn|n〉, ωnm = ωm −ωn, qnm = 〈n|q̂|m〉, and Π̂nm = qnm|n〉〈m|.
Using these definitions, one can write Eq. (2.13) as

d�̂S(t)
dt

=− 1
2π

∑
nmkl

e−i(ωnm+ωkl )t
∫ +∞

−∞
dω
{∫ ∞

0
dτ
{

[e−i(ω−ωkl )τS(ω)Π̂nmΠ̂kl�̂S(t)]

+ [e−i(ω−ωnm)τS(ω)Π̂nm�̂S(t)Π̂kl]+ [e−i(ω−ωnm)τS(−ω)�̂S(t)Π̂nmΠ̂kl]

+ [e−i(ω−ωkl )τS(−ω)Π̂nm�̂S(t)Π̂kl]
}}

.

(2.17)

We note that ∫ +∞

−∞
dω
2π

∫ ∞

0
dτe−i(ω−ωkl )S(ω)=S(ωkl)

2
+ iλ(−ωkl), (2.18)

where λ(−ωkl) determines the Lamb shift of the energy level. Here, we
neglect the Lamb shift and obtain

d�̂S(t)
dt

=−1
2

∑
nmkl

e−i(ωnm+ωkl )t
{

[S(ωnm)+S(−ωkl)]Π̂nm�̂S(t)Π̂kl

−S(ωkl)Π̂nmΠ̂kl �̂S −S(−ωnm)�̂S(t)Π̂nmΠ̂kl
}

.

(2.19)
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After a transformation back to the Schrödinger picture, we obtain the
Redfield equation as

d�̂S(t)
dt

= −i
�

[ĤS,�S]+ 1
2

∑
nmkl

{
[S(ωnm)+S(−ωkl)]Π̂nm�̂S(t)Π̂kl

−S(ωkl)Π̂nmΠ̂kl �̂S(t)−S(−ωnm)�̂S(t)Π̂nmΠ̂kl

}
.

(2.20)

We perform the secular approximation by eliminating the terms with
ωnm +ωkl �= 0, which is equivalent to the rotating wave approximation, and
obtain the master equation in Lindblad form as

d�̂S(t)
dt

=−i
�

[ĤS,�S(t)]+ 1
2

∑
ωnm>0

S(−ωnm)
[
2Π̂nm�̂S(t)Π̂†

nm − {Π̂†
nmΠ̂nm, �̂S(t)}

]
+ 1

2

∑
ωnm>0

S(ωnm)
[
2Π̂†

nm�̂S(t)Π̂nm − {Π̂nmΠ̂†
nm, �̂S(t)}

]
+ 1

2

∑
n

S(0)[2Π̂nn�̂S(t)Π̂nn − {Π̂nnΠ̂nn, �̂S(t)}].

Notably, the Born–Markov approximation limits the validity of the Lind-
blad and Redfield equations. Additionally, efficiency of the Lindblad equa-
tion is restricted to systems in which the rotating wave approximation is
reasonable.

2.4 Projection Operator Techniques

The projection operator technique provides a general framework to obtain
the reduced dynamics of open quantum systems. The projection superoper-
ator P and the corresponding complementary superoperator Q are formally
defined as [6, 7]

P �̂SB(t)= �̂S(t)⊗ ρ̂B; (2.21)

Q �̂SB(t)= (1−P )�̂SB(t), (2.22)

where ρ̂B ∈ HB is a fixed state of the environment. We apply the projection
operators on the von Neumann equation in the interaction picture [Eq.
(2.6) ] and obtain two coupled differential equations.

dP �̂SB(t)
dt

= PV (t)�̂SB(t); (2.23)

dQ �̂SB(t)
dt

= QV (t)�̂SB(t) (2.24)
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Note that we have used the notation V (t)· = −(i/�)[ĤI, ·]. Using using the
identity P +Q = I the equations above can be written as

dP �̂SB(t)
dt

= PV (t)P �̂SB(t)+PV (t)Q �̂SB(t); (2.25)

dQ �̂SB(t)
dt

= QV (t)P �̂SB(t)+QV (t)Q �̂SB(t). (2.26)

By formally integrating Eq. (2.26) and inserting it into Eq. (2.25), one
obtains the so-called Nakajima-Zwanzig (NZ) equation

dP �̂SB(t)
dt

= PV (t)P �̂SB(t)+PV (t)G(t,0)Q �̂SB(0)+
∫ t

0
dsPV (t)G(t, s)QV (s)�̂SB(s),

(2.27)

where we set t0 = 0 as the origin. The propagator G(t, t0) is given by

G(t, t0)= T exp
(∫ t

t0

dt′QV (t′)
)
, (2.28)

where T is the time ordering operator. The NZ equations are formally
exact and hold for all initial conditions. However, solving the NZ equation
is as difficult as von Neumann equations. To obtain a more conveniently
solvable set of equations, we rely on perturbative expansion with certain
assumptions. Also, the time convolution in the NZ equations can be elimi-
nated with the time-convolutionless projection operator method to obtain a
time-convolutionless (TCL) form for the master equation [6, 7]. We discuss
more details of perturbative NZ and TCL equations in Chapters 5 and 6.

2.5 Stochastic Liouville-von Neumann equation

The weak coupling master equations fail to capture dynamics accurately
when there are strong system-environment interactions. Since the weak-
coupling approach can no longer be justified for such systems, other meth-
ods must be employed. In general, one has to rely on numerical methods
to solve the reduced dynamics of the system. Among such methods, the
stochastic Liouville-von Neumann (SLN) equation approach allows for an
exact solution of the reduced dynamics with very few assumptions [14, 27].
The SLN equation is formally derived from the Feynman-Vernon path
integral formalism and is valid for a system interacting with a bilinearly
coupled Gaussian bath. The path integral representation for the reduced
density operator dynamics can be cast into the form differential equation
called the stochastic Liouville–von Neumann (SLN) equation [14, 27].

i�
d�̂S(t)

dt
= [ĤS, �̂S(t)]−ξ(t)[q̂, �̂S(t)]− �

2
ν(t){q̂, �̂S(t)}, (2.29)

where ξ and ν are complex noise terms that arise from the exact treat-
ment of the coupling in the path-integral formalism, and it encodes the
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correlations between the system and the bath. The noise terms obey the
correlation functions

〈ξ(t)ξ(t′)〉 =Re[〈ζ(t)ζ(t′)〉];

〈ξ(t)ν(t′)〉 = iΘ(t− t′)Im[〈ζ(t)ζ(t′)〉];

〈ν(t)ν(t′)〉 = 0,

(2.30)

where Θ(t− t′) is the Heaviside step function and the bath correlation
function

〈ζ(t)ζ(t′)〉 =
∫ ∞

0

dω
2π

J(ω){coth[�βω/2]cos[ω(t− t′)]− isin[ω(t− t′)]}, (2.31)

where J(ω) is spectral density. Note the parameter β= 1/kBT, where T is
bath temperature. Consider an ohmic spectral density with a Drude cutoff,
J(ω)= ηω/(1+ω2/ω2

c )2, where ωc is the cutoff frequency. If ωc is much larger
than any of the system frequencies, the SLN equation can be written into
the form of the stochastic Liouville-von Neumann equation with dissipation
(SLED) as [15, 27, 28]

d�̂S(t)
dt

=− i
�

[ĤS, ρ̂S(t)]+ξ(t)[q̂, ρ̂S(t)]− iη
�β

[
q̂, [q̂, �̂S(t)]

]+ iη
2�

[
q̂,
{

[ĤS, q̂],ρS(t)
}]

.

(2.32)

Note that the large cutoff frequency approximation is only applied to the
noise process ν. Therefore, the real-valued noise term ξ(t) completely
characterizes the stochastic part of SLED. Both SLN and SLED treat the
interaction formally exactly. Thus, the equation of motion for the reduced
density operator of the system is stochastic and must be solved numeri-
cally. The density operator determined with individual noise realization is
unphysical, but the physical density operator can be obtained by taking
an average over the solutions obtained with different noise realizations.
SLED is computationally simpler than SLN, since it only contains a real-
valued single noise term. In the following chapter and Publication I, we
show applications of SLN and SLED in the dynamics of a superconducting
transmon qubit.
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3. Fast decay of a superconducting
transmon qubit

This chapter presents the decay dynamics of a superconducting transmon
qubit strongly coupled to a bosonic bath. We use the numerically exact
stochastic Liouville-von Neumann equation to simulate the dissipative dy-
namics. We characterize the influence of higher energy levels in transmon
dynamics and quantify the population leakage.

3.1 Superconducting transmon qubits

The quantum mechanical counterpart of a classical binary bit - a qubit -
leads modern quantum technology and computation. Qubits are physically
realized with either a two-level quantum system or a multilevel quantum
system in which two-level approximation is reasonable. Superconducting
Josephson junction qubits are considered as a promising candidate for
scalable quantum computation [29, 30]. There are three main types of
superconducting qubits: charge, flux, and phase qubits [29]. Ideally, these
qubits are anharmonic multilevel systems, and the qubit operation requires
a strict two-level approximation.

The Hamiltonian of a superconducting charge qubit formed by a Joseph-
son junction with Josephson energy EJ and charging energy EC can be
defined as [29]

ĤQ = 4EC(n̂−ng)2 −EJ cos φ̂, (3.1)

where ng is the effective offset charge number, and n̂ and φ̂ are operators
corresponding to the net number of Cooper pairs transferred to the island
and superconducting phase difference across the Josephson junction, re-
spectively. We can represent ĤQ in the energy eigenbasis |k〉 by truncating
it to the subspace spanned by N lowest energy states as

ĤQ = �

N−1∑
k=0

ωk|k〉〈k|, (3.2)

where ωk are the corresponding eigenfrequencies. The charge insensitive
qubit design is called a transmon qubit. The insensitivity to charge noise
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Fast decay of a superconducting transmon qubit

Figure 3.1. (a) Schematic representation of transmon energy levels. Dotted green curve
represents the harmonic potential of the transmon; red solid curve repre-
sents the anharmonic potential of the transmon. Note that ωi j = ω j −ωi ,
and ωis are determined from the eigenvalue equation ĤQ|k〉 = �ωk|k〉, where
k = {0,1, ...., N −1}. Figure adapted from [31]. (a) Image of a four-qubit trans-
mon device fabricated by IBM; inset shows an optical micrograph of a single
transmon qubit. Figure adapted from [32].

achieved with a large shunt capacitor is added to the charge qubit cir-
cuit [29, 33]. In the transmon limit, EJ 
 EC and the sensitivity to the
charge noise is exponentially suppressed in this regime. Nonlinearity in
the Josephson junction generates a negative anharmonicity in the qubit
Hamiltonian, allowing higher energy levels to become closer to ground
state [34]. The anharmonicity can be quantified in terms of absolute anhar-
monicity α=ω12 −ω01, where ωi j =ω j −ωi. Figure 3.1(b) shows a schematic
representation of transmon energy levels. In the practical realization of
transmon circuits, the transition frequencies are in the order of 5 MHz
with α of approximately −200 MHz [33, 35].
Typically, microwave resonators are connected to the transmon to perform
the qubit readout and control operations [33, 32]. Circuit quantum electro-
dynamic techniques are used to design and model such resonator readouts
and controls. In Fig. 3.1 (b), we show a transmon device fabricated by
IBM, which consists of four qubits and four readout resonators [32]. The
qubit circuits are mounted on a dilution refrigerator with approximate
temperatures around 10 mK to maintain low thermal noise. The coherence
time of the qubit state is naturally limited due to the dissipation effects,
which can lead to errors in qubit operations. The energy relaxation time
T1 and dephasing time T2 quantify coherence of a qubit. Note that it is
possible to implement fault-tolerant qubit operations with quantum error
correction methods [33].
Qubit dynamics and control are usually studied with two-level approxima-

tion. However, accurate theoretical modeling requires consideration of the
influence of the higher excited states. It has been shown in Ref. [28] that
the truncation to N = 5 lowest eigenstates is sufficient for accurate studies
of a single excitation and low-temperature dynamics. In the following
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section, we investigate the decay of a five-level transmon and characterize
the influence of higher energy levels in decay dynamics.

3.2 Bath induced decay

We consider the dissipative dynamics of a transmon that is coupled to a
bosonic bath at temperature T with Hamiltonian ĤB =Σ j�ω j b̂

†
j b̂ j, where

b̂†
j and b̂ j are the bosonic creation and annihilation operators. The Hamil-

tonian that describes the interaction between the transmon and the bath
is assumed to be bilinear, and can be written as

ĤI = �q̂ζ̂, (3.3)

where q̂ =∑k,l〈k|n̂|l〉|k〉〈l| and ζ̂=Σ j g j(b̂+
j + b̂ j). The spectral characteristics

of bath can be modeled in terms of the spectral density, given by

J(ω)= 2π
∑

j

g2
jδ(ω−ω j), (3.4)

where g j is the coupling angular frequency between the transmon and
the bath oscillator j. We assume an ohmic spectral density for the bath
J(ω) = κ(ω/ω01)/(1+ω2/ω2

c )2, where ωc is the cutoff frequency and κ deter-
mines the coupling strength.
The Lindblad equation accurately captures the decay dynamics when
system-bath interactions are relatively weak. The two-level approximation
is also valid for low temperatures and single excitation subspace, however,
the study beyond Lindblad and two-level approximation requires systems
with relatively strong environmental interactions. A fast qubit initializa-
tion setup or a quantum heat engine with relatively strong coupling are
typical examples of such systems. In Fig. 3.2, we show the decay dynamics
of a transmon which is initially in the first excited state calculated using
SLED. We have used a relatively strong coupling κ/ω01 = 0.2, and a low-
temperature bath with �ω01β= 5. Such temperature corresponds to 38 mK
for a transmon with a frequency of ω01/2π= 4 GHz, and is close to the typi-
cal operational temperatures for transmon circuits. The strong coupling
can be realized using a superconducting quantum circuit refrigerator [4].
The data in Fig. 3.2 reveal that there is a significant deviation in tran-

sient dynamics and steady-state from two-level approximated dynamics.
The steady-state properties of a strongly coupled transmon beyond the
two-level approximation have been studied in Ref. [28]. In this chapter and
Publication I, we focus on transient dynamics, emphasizing state leakages.
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Figure 3.2. Dynamics of the diagonal elements of the reduced density matrix of an N-level
transmon initially in the first excited state �11(t = 0)= 1, where �11 = 〈1|�̂S|1〉.
We have used the parameters EJ/EC = 100, κ/ω01 = 0.2, β�ω01 = 5, ωc = 50ω01,
and κT = κcoth(β�ω01/2). Figure adapted from Publication I. We have scaled
the time axis with a weak coupling decay rate, enabling comparison with weak
coupling decay.

3.3 Short-time leakage and universal decoherence

The decay dynamics reveal a significant population leakage to the higher
excited states at short times, due to the universal decoherence described
in Ref. [36]. In the early time limit, system dynamics can be neglected,
and high-frequency reservoir modes determine the qubit dynamics. Con-
sequently, the excited state decays rapidly to the ground state and other
excited states, which leads to short-time leakage [28, 36]. To this end, we
can derive an analytic solution in the early time limit for a three-level
transmon using the operator method described in Ref. [28]. In the early
time limit, the free evolution of the system can be neglected, and the deco-
herence can be analytically calculated using the Hamiltonian Ĥ ≈ ĤI + ĤB.
As the result, one can write the elements of the reduced density matrix in
the eigenbasis of the operator q̂ as [28]

�nm(t)= e−(n−m)2 f (t)κ/(4πω01)+i(n2−m2)φ(t)κ/(4πω01)�nm(0), (3.5)

where
�nm(t)= 〈n|�̂S(t)|m〉;

f (t)= 2ω01

κ

∫ ∞

0
dω

J(ω)
ω2 coth(�βω/2)[1−cos(ωt)],

and
φ(t)= 2ω01

κ

∫ ∞

0
dω

J(ω)
ω2 )[ωt−sin(ωt)].

Note that we have extracted the above equations from Ref. [28]. We
consider a three-level transmon system (qutrit) to alleviate the complexity
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of analytic calculations. The operator q̂ of a qutrit can be approximated as

q̂ =

⎡⎢⎢⎣
0 1 0

1 0
�

2

0
�

2 0

⎤⎥⎥⎦ . (3.6)

The eigenvectors of q̂ can be written in the eigenbasis of the system Hamil-
tonian can be written as

|q0〉 =−
√

2
3
|0〉+ 1�

3
|2〉; |q±〉 = 1�

6
|0〉|±

√
1
2
|1〉+ 1�

3
|2〉. (3.7)

Thus,

|0〉 = |q+〉+ |q−〉−2|q0〉�
6

; |1〉 = |q+〉− |q−〉�
2

; |2〉 = |q+〉+ |q−〉+ |q0〉�
3

. (3.8)

Using these representations of the eigenvectors and Eq. (3.5), we obtain
the elements of the reduced density matrix in the eigenbasis of the system
Hamiltonian as

�00(t)=1
6

[
2�q0q0 (0)+�q+q+(0)+�q−q−(0)+ e−12 f (t)κ/(4πω01)[�q+q−(0)+�q+q−(0)]

−2e−3 f (t)κ/(4πω01){e3iφ(t)κ/(4πω01)[�q+q0 (0)+�q−q0 (0)]

−2e−3iφ(t)κ/(4πω01)[�q0q+(0)+�q0q−(0)]
}]

;

(3.9)

�11(t)=1
2

[
�q+q+(0)+�q−q−(0)− e−12 f (t)κ/(4πω01){�q+q−(0)+�q−q+(0)}

]
; (3.10)

�22(t)=1
3

[
1+ e−12 f (t)κ/(4πω01)[�q+q−(0)−�q−q+(0)]

+ e−3 f (t)κ/(4πω01){e3iφ(t)κ/(4πω01)[�q+q0 (0)+�q−q0 (0)]

+ e−3iφ(t)κ/(4πω01)[�q0q+(0)+�q0q−(0)]
}]

.

(3.11)

If the qutrit is initially in the state �S(0)= |1〉〈1|, we obtain

�q+q+(0)= �q−q−(0)= 1
2

; �q−q+(0)= �q+q−(0)=−1
2

;

�q0q+(0)= �q+q0 (0)= 0; �q0q−(0)= �q0q−(0)= 0; �q0q0 (0)= 0.
(3.12)

For the above initial conditions, we obtain the diagonal elements as

�00(t)= 1
6

[1− e−12 f (t)κ/(4πω01)]; (3.13)

�11(t)= 1
2

[1+ e−12 f (t)κ/(4πω01)]; (3.14)

and
�22(t)= 1

3
[1− e−12 f (t)κ/(4πω01)]. (3.15)
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Figure 3.3. Short-time dynamics of the diagonal elements of the density matrix for decay
from the first excited state calculated with SLN (solid lines), SLED (dotted
lines) and analytic solutions (dashed lines). The transmon is initially in
the first excited state �11(t = 0) = 1. We have used EJ/EC = 100, κ/ω01 = 0.2,
β�ω01 = 5, ωc = 50ω01 and N = 3. Figure adapted from Publication I.

In Fig. 3.3, we show the analytic solution for the early time dynam-
ics and the corresponding numerical data obtained with the SLN and
SLED methods. The numerical data closely follow the analytical results,
which confirms that the short-time leakage in the transmon is due to the
universal short-time decoherence.

3.4 Quantification of population leakage

In Fig. 3.2, we have illustrated population leakage in a five-level transmon
system. Our results above reveal considerable population leakage from
the first excited state to several higher states of the transmon.Thus, it
is essential to quantify the leakage, which can be done in terms of state
leakage L, defined as [39]

L(�̂)= 1−Tr[P̂1�̂], (3.16)

where P̂1 = |0〉〈0|+ |1〉〈1| is the projector onto the computational (ideal) sub-
space, and �̂ is the density matrix of the system. To further understand
the characteristics of state leakage during the dynamics of the transmon,
we calculate the maximum of state leakage Lmax over time for different
values of the coupling constant κ using SLED and the data shown in Fig.
3.4. The data demonstrate the dependence of state leakage on the coupling
constant and temperature. The maximum state leakage is a monotonically
increasing function of the coupling constant κ. The maximum state leakage
is more significant than the state leakage in thermal equilibrium, and is
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different from the Lindblad solutions. The Lindblad equation predicts that
the leakage increases monotonically towards the steady-state value given
by the Boltzmann distribution. Note that the temperature enhances the
state leakage, especially at high temperatures.
In Fig. 3.5, we show the time at which Lmax occurs tmax = argmaxt L(ρ),
for different values of κ and β. For a relatively weak coupling (κ< 0.1ω01),
the time at which the maximum leakage occurs is approximately 100/ω01.
Thus, we expect that the weak coupling short-time leakage could be stud-
ied experimentally for moderate temperatures using fast measurement
techniques.

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

Figure 3.4. Maximum state leakage Lmax for different values of κ/ω01. We have EJ/EC =
100, ωc = 50ω01 and N = 5. The system is initially in the first excited state.
Dotted lines indicate the steady-state thermal leakage calculated using the
Boltzmann distribution for β�ω01 = 2. Figure adapted from Publication I.
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Figure 3.5. The time at which maximum state leakage occurs tmax for different values of
κ/ω01. The system is initially in the first excited state. We have EJ/EC = 100,
ωc = 50ω01 and N = 5. Figure adapted from Publication I.
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4. State leakage during the control of
superconducting transmon qubit

In this chapter, we analyze control dynamics of the transmon beyond two-
level approximation. We quantify the single-qubit gate fidelities for a
five-level transmon in the presence of decoherence. We also demonstrate
the suppression of leakage errors with derivative removal adiabatic gates
(DRAG) control.

4.1 Control

The coherent control of qubit states is vital for the realization of qubit
operations or quantum gates. The universal quantum state control can
be achieved with single and two-qubit quantum gates [32, 37]. A pulsed
microwave drive is typically used for the implementation of single-qubit
gates. Electromagnetic coupling associated with a microwave signal in-
duces Rabi oscillations in the qubit state, which is utilized for the control
operations [33, 32]. Figure 4.1 shows a transmon control circuit, where
the transmon is capacitively coupled to a microwave drive that produces
|0〉↔ |1〉 transitions [38].

Figure 4.1. Image of a transmon control circuit, where the XY control port is capacitively
coupled to the microwave drive that permits the |0〉 ↔ |1〉 transitions in the
qubit. A linear resonator is connected to the qubit for the qubit state readout.
Figure adapted from [38].
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In multi-level systems like transmons, the driving induces excitations out
of the qubit subspace. This population leakage and decoherence limits the
gate fidelities. In the following section, we analyze the dynamics of an
isolated-driven qubit and quantify the leakage errors.

4.2 Dynamics of a driven qubit

Here, we consider the case of an isolated transmon driven by an external
classical field. The Hamiltonian reads,

ĤS = �

N−1∑
k

ωk|k〉〈k|+�Ωq̂cos(ωdt), (4.1)

where q̂ =∑k,l〈k|n̂|l〉|k〉〈l|, Ω and ωd are the amplitude and the driving
angular frequency of the cosine pulse, respectively. To transform the
Hamiltonian ĤS into the rotating frame, we use the unitary operator
Û = eiωd tâ† â, where â = |0〉〈1|+ ε|1〉〈2| and ε= 〈1|n̂|2〉 ≈�

2. Note that we use
truncation to N = 3 to make analytic calculations simple. The transformed
Hamiltonian ĤR

S is given by

ĤR
S = ÛĤSÛ† + i�Û ˙̂U†,

= �

⎡⎢⎢⎣
0 Ω f (t) 0

Ω f (−t) ω01 −ωd
�

2Ω f (−t)

0
�

2Ω f (t) ω02 −2ωd

⎤⎥⎥⎦ ,
(4.2)

where f (t)= e−iωd t cos(ωdt). We apply the rotating wave approximation by
eliminating the fast oscillating terms and assume resonance condition
ω01 =ωd. We obtain

ĤR
S = �

⎡⎢⎢⎣
0 Ω/2 0

Ω/2 0
�

2Ω/2

0
�

2Ω/2 ω02 −2ωd

⎤⎥⎥⎦ . (4.3)

Figure 4.2 shows diagonal elements of the density matrix calculated with
the von Neumann equation for the Hamiltonian in Eq. (4.3). We observe
state leakage to the second excited state during the control dynamics. The
parametric plot in Fig 4.3 shows the maximum state leakage during one
rabi cycle for different values of the relative anharmonicity and the driving
amplitude. We also indicate the parameter region in which the maximum
state leakage is Lmax < 0.01 (the white region in the plot). It is interesting
to note that decreasing anharmonicity enhances state leakage because the
transitions between adjacent excited states become closer to resonance
with the drive.
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Figure 4.2. Dynamics of the diagonal elements of the density operator of a driven trans-
mon in the rotating frame. The transmon is initially in the ground state, and
Ω= 0.01ω01. Figure adapted from Publication I.
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Figure 4.3. Maximum state leakage during one Rabi cycle for a three-level transmon as a
function of the relative drive coupling Ω/ω01 and energy ratio EJ/EC or |α|/ω01.
The white region corresponds to Lmax < 0.01. Figure adapted from Publication
I.
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4.3 Control with single-qubit gates : Simple NOT-gate

In this section, we discuss the implications of our leakage results for single-
qubit gate operations. The single-qubit gates are constructed with discrete
controls acting on the qubit. The circuit Hamiltonian for a transmon
single-qubit gate can be written as

ĤS = �

N−1∑
k

ωk|k〉〈k|+�q̂ε(t), (4.4)

with

ε(t)=
{
εx(t)cos(ωdt)+εy(t)sin(ωdt), for 0< t < tg;

0, otherwise,
(4.5)

where εx(t),εy(t) are mutually independent quadrature controls, and tg is
the gate time. The average fidelity of single qubit gate operations can be
defined as [40]

Fg = 1
6

∑
j={σ±

z ,σ±
x ,σ±

y }

Tr[Ûideal�̂
j(0)Û†

ideal�̂
j(tg)], (4.6)

where Ûideal is the unitary operation for the corresponding gate operation in
an ideal basis, �̂ j is the density matrix corresponding to the gate operation
on the initial state j, and σ±

i=x,y,z are the eigenstates of the corresponding
operators σ̂i.

We first consider a simple NOT-gate, and choose the following form for
the controls

εx(t)=

⎧⎪⎪⎨⎪⎪⎩
ΩR(t), for 0< t ≤ tr ;

Ω, for tr ≤ t < tg + tr;

ΩR(t− tg +2tr), for tg + tr < t ≤ tg +2tr ,

(4.7)

and εy(t)= 0, where R(t)= [cos(cos(πt/2tr))−cos(1)]/[1−cos(1)] is the ramping
function, and tr is the ramp time to and from the constant value of Ω.
Note that we use the ramping function to imitate the realistic experimen-
tal pulse shape. We investigate the gate operation in the presence of a
bilinearly coupled low-temperature bosonic bath. We choose an ohmic
spectral density for the bath J(ω) = κ(ω/ω01)/(1+ω2/ω2

c )2, where ωc is the
cutoff frequency, and κ determines the coupling strength. We model the
dynamics with the Redfield equation instead of the Lindblad equation to
avoid errors due to the secular approximation. Note that both SLED and
Redfield results agree for the gate operations in the weak-coupling limit
[28].
Figure 4.4 shows the average infidelity 1−Fg for the simple NOT-gate
control with different drive amplitudes Ω and bath coupling strength κ.
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0.4 0.45 0.5 0.55 0.6 0.65 0.7
10-6

10-4

10-2

100

Figure 4.4. The infidelity of a simple NOT-gate calculated using the Redfield equation.
Here t′g = tg +2tr with tr = tg/20, and we have used β�ω01 = 10, EJ/EC = 100.
Figure adapted from Publication I.

We note that the optimal gate time is tg = π/Ω with ramp time tr = tg/20.
The optimal fidelity values depend on the coupling strength and Ω. The
difference between optimal fidelity for a transmon with N = 2 and N = 5
shows the presence of leakage error. The data also confirms the error due
to dissipation, even in the weak coupling and low-temperature limit.

4.4 Control with single-qubit gates : DRAG NOT-gate

This section considers the derivative removal adiabatic gates (DRAG)
method, which successfully reduces the leakage errors, as shown in Ref.
[40]. DRAG utilizes two quadrature controls in which the second control
is proportional to the time derivative of the first. The additional control
suppresses the spectral weight of |1〉 to |2〉 transitions and permits the
system to only adiabatically couple to the leakage subspace. As a result,
leakage out of the computational subspace is successfully eliminated [40,
41]. Here, we consider the first-order DRAG control with a Gaussian pulse
for εx(t) and Gaussian derivative component εy(t)=−ε̇x(t)/α, where α is the
anharmonicity. We chose following form for εx(t)

εx(t)=ΩA[e−(t−tg/2)2/(2t2
g) − e−(tg/2)2/(2t2

g)], (4.8)

where the amplitude A determines the desired rotation (here we use π for
the NOT-gate). In Fig. 4.5, we show the εx(t) pulse shape for simple and
DRAG NOT-gate.
Similar to the simple NOT-gate example, we investigate the gate operation
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x

Figure 4.5. Pulse shape for the simple and the DRAG NOT-gate.
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Figure 4.6. The infidelity of a DRAG NOT-gate with different drive amplitudes and bath
coupling strengths calculated using the Redfield equation for N = 5. We have
used β�ω01 = 10 and EJ/EC = 100. Figure adapted from Publication I.

in the presence of a bilinearly coupled bosonic bath with ohmic spectral
density. Figure 4.6 presents the average infidelities 1−Fg for an isolated
and weakly coupled transmon NOT-gate with DRAG driving. Note that
we have ultra-weak coupling κ = 10−5ω01 and thus, we use the Redfield
equation to simulate the gate dynamics. The optimal gate time shifts from
π/Ω due to the Gaussian pulse, and the corresponding infidelities depend
on the amplitude Ω. The figure also demonstrates that even an ultra-weak
coupling with the environment can cause notable variation in the gate
fidelities. Thus, shielding of dissipative effects is required for error-free
qubit operations.
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4.5 Comparison of the fidelities and state leakages.

This section compares the leakage errors and fidelities for simple NOT-gate
and DRAG NOT-gate. We also demonstrate how DRAG control suppresses
leakage errors. We quantify the leakage error in terms of average state
leakage

L̄g = 1
6

∑
j={σ±

z ,σ±
x ,σ±

y }

L[�̂ j(tg)], (4.9)

where L[�̂ j(tg)] is the state leakage corresponding to the gate operation
on the initial state j. Figure 4.7 contains plots for average gate infidelity
and state leakage for a five-level transmon, and for comparison, we show
the results with two-level approximation results. The dissipative effects
are more prominent for slow gate-time operations (for small values of Ω).
However, fast driving reduces fidelity and enhances leakage errors. Thus, a
moderate driving amplitude and shielding the system from the dissipative
channels are required for error-free single-qubit operations. Note that
DRAG-NOT can be optimized to obtain higher fidelity [42, 43]. Figure 4.7
(b) clearly shows the suppression of leakage with the DRAG gate. The state
leakage for the isolated (κ= 0) DRAG gate is always less than or equal to
Ω4/α3, in accordance with the result predicted in Ref. [40] for the case of
an isolated three-level transmon.

0 0.005 0.01
10-4

10-2

(a)

0 0.005 0.01

10-10

100
(b)

Figure 4.7. (a) Average infidelity of the simple and DRAG NOT-gates. (b) Average state
leakage for the simple and DRAG NOT-gates. We have used EJ/EC = 100,
β�ω01 = 10, κ= 10−5ω01(solid lines) and κ= 0 (dotted lines). Black dashed lines
represent the curve for Ω4/α3, which is the theoretically predicted leakage
range for the DRAG gate. Note that for N = 0 the state leakage is absent;
hence it is not included in (b). Figure adapted from Publication I.
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5. Correlation-Picture Approach to
Open Quantum System Dynamics

This chapter presents a method that incorporates all correlations between
the system and its environment in a tractable way. We first introduce a
dynamic picture that relates a correlated state of the bipartite system to
its uncorrelated counterpart. We derive universal Lindblad-like master
equations (ULL) in this correlation picture. The ULL equation is exact and
includes system and environment correlation explicitly. We illustrate the
universality of ULL with the exactly solvable Jaynes-Cumming model. We
further present a systematic weak correlation expansion for the ULL equa-
tion and compare the approximated ULL equation with existing methods
for a qubit in the bosonic bath.

5.1 System-environment correlations

In general, an open quantum system interacting with the environment
induces system-environment correlations that include both classical and
quantum parts. Quantum correlations manifest themselves in entangle-
ment and discord. As such, measurement and quantification of correlations
are essential for many quantum information tasks. Indeed, the role of
quantum correlations has become crucial as experimental advances in
manipulating quantum systems continue. It has been shown in Ref. [44]
that the separation of total correlations in a given quantum state into
classical correlation and quantum correlation is possible with the con-
cept of relative entropy. However, a detailed understanding of the role
of system-environment correlations in open quantum system dynamics
remains unclear, and explicit information about such correlation is masked
in the dynamical equations.

Consider a general open quantum system interacting with its environ-
ment. The total Hamiltonian of the system and the environment is given
by

ĤSB = ĤS + ĤB + ĤI, (5.1)
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where ĤS is the system Hamiltonian, ĤB is the Hamiltonian of the envi-
ronment and ĤI represents the interaction Hamiltonian. At any moment
in time τ, the system and bath states can be described by a density oper-
ator for the total system �̂SB(τ). Moreover, we can define the correlation
operator,

χ̂(τ)= �̂SB(τ)− �̂S(τ)⊗ �̂B(τ), (5.2)

where �̂S(τ) = TrB[�̂SB(τ)] and �̂B(τ) = TrS[�̂SB(τ)] are the reduced density
operators of the system and the bath, respectively. This traceless correla-
tion operator carries information about quantum and classical correlations
between the system and the environment.

5.2 Correlating transformations and correlation picture

Consider a correlating transformation Eχ(τ), which transforms the un-
correlated state �̂SB(τ) = �̂S(τ)⊗ �̂B(τ) to a correlated state �̂SB(τ) = �̂S(τ)⊗
�̂B(τ)+ χ̂(τ). In order to find Eχ(τ), let us assume a weakly correlated state
�̂S ⊗ �̂B + χ̂ (||χ̂||� 1) generated by the application of an operator Ûχ = e−iĤχ

Ûχ�̂S ⊗ �̂BÛ†
χ = �̂S ⊗ �̂B − i[Ĥχ, �̂S ⊗ �̂B], (5.3)

where Ĥχ is referred to as a correlation Hamiltonian (technically not ex-
actly a Hamiltonian). We emphasise that Ĥχ is not necessarily Hermitian,
and to preserve Hermiticity of χ̂(τ) we use the generalized commutator
[[A,B]]= AB−B† A†[45]. As a consequence,

χ̂=−i[[Ĥχ, �̂S ⊗ �̂B]]. (5.4)

There exits a solution for Ĥχ, if P̂0(τ)χ̂(τ)P̂0(τ)= 0, where P̂0(τ) is the projec-
tor onto the null-spaces of �̂S(τ)⊗ �̂B(τ) [46]. For any given pair of quantum
states �̂1 and �̂2 in the finite-dimensional Hilbert space, there exists a
non-unitary map E[�̂1]= �̂2 [10]. With Eq. (5.4) we can define correlation
picture transformation

�̂SB = Eχ[�̂S ⊗ �̂B]

:= �̂S ⊗ �̂B − i[[Ĥχ, �̂S ⊗ �̂B]].
(5.5)

With the definition of the correlation picture, we can associate the gener-
ator of dynamics Dc in the correlation picture with the generator Ds[◦] =
−i[ĤSB,◦] in the Schrödinger picture by

Ds[�̂SB(τ)]= Dc[�̂S(τ)⊗ �̂B(τ)]

= Ds
[
Eχ[�̂S(τ)⊗ �̂B(τ)]

]
.

(5.6)

Figure 5.1 shows an illustrated description of the correlation picture.
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Figure 5.1. An illustrated description of the correlation picture. A correlating trans-
formation Eχ transforms an uncorrelated state �̂S ⊗ �̂B to a correlated state
�̂SB = �̂S ⊗ �̂B + χ̂ at the same moment in time. Temporal evolution of the
uncorrelated state of the system with a universal Lindblad-like generator
Lχ constructed from ĤSB, the generator of the total system dynamics in the
Schrödinger picture. Figure adapted from Publication II.

5.3 Derivation of Lindblad-like master equations in the correlation
picture

The dynamics of the total system (with �= 1) is given by

˙̂�SB(τ)=−i[ĤSB, �̂SB(τ)]=−i[ĤSB, �̂S(τ)⊗ �̂B(τ)+ χ̂(τ)]

=−i([ĤS + ĤB + ĤI, �̂S(τ)⊗ �̂B(τ)]+ [ĤS + ĤB + ĤI, χ̂(τ)]). (5.7)

In the correlation picture, we can write

˙̂�SB(τ)= Dc[�̂S(τ)⊗ �̂B(τ)]

=−i[ĤSB, �̂S(τ)⊗ �̂B(τ)]−[ĤSB,[[Ĥχ, �̂S(τ)⊗ �̂B(τ)]]
]
. (5.8)

By tracing over the environmental degrees of freedom on both sides of the
dynamical equation, we obtain

˙̂�S(τ)=−iTrB[HSB, �̂S(τ)⊗ �̂B(τ)]−TrB[HSB,[[Ĥχ, �̂S(τ)⊗ �̂B(τ)]]]. (5.9)

Substituting ĤSB = ĤS + ĤB + ĤI and the following identities

TrB[ĤS,[[Ĥχ, �̂S ⊗ �̂B]]]= i[ĤS,TrB[χ]]= 0;

TrB[ĤB,[[Ĥχ, �̂S ⊗ �̂B]]]= i[ĤB,TrB[χ]]= 0, (5.10)

into Eq. (5.9), we obtain

˙̂�S =−iTrB[ĤS +TrB[ĤI�̂B(τ)], �̂S(τ)]−TrB[ĤI, [[Ĥχ, �̂S(τ)⊗ �̂B(τ)]]]. (5.11)
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We expand the interaction Hamiltonian on a basis formed by orthonormal
Hermitian operators {Ŝi}

d2
S−1

i=1 as,

ĤI =
∑d2

S−1
i=1 Ŝi ⊗ B̂i, (5.12)

where Ŝ0 = Î and B̂i are the arbitrary Hermitian operators of the bath
arising from the general expansion above. Substituting ĤI into Eq. (5.9)
yields

˙̂�S(τ)=− i
[
H̃S, �̂S(τ)

]−∑
i

[
Ŝi,TrB

(
B̂i[[Ĥχ, �̂S ⊗ �̂B]]

)]
, (5.13)

where H̃S = ĤS +TrB[ĤI�̂B(τ)]. Here, we expand Ĥχ in terms of the same
basis

Ĥχ(τ)=∑d2
S−1

j=0 Ŝ j ⊗ B̂χ
j (τ), (5.14)

and insert it into Eq. (5.13). We obtain

˙̂�S(τ)=−i
[
ĤS + ĥχ

l (τ), �̂S(τ)
]
+
∑

i �=0, j �=0

ai j(τ)
(
2Ŝ j�̂S(τ)Ŝi − {ŜiŜ j, �̂S(τ)}

)
, (5.15)

where

ĥχ
l (τ)= 〈ĤI〉B + 2√

dS

[∑
i �=0

Im(ci0)Ŝi +
∑

i �=0, j �=0

bi j(τ)ŜiŜi

]
. (5.16)

Here, ai j and bi j for i, j �= 0 are the elements of Hermitian operators (matri-
ces) A [τ] and B[τ] defined in terms of a C [τ] matrix with ci j =Tr[�̂B(τ)B̂iB̂

χ
j ],

and
A (τ)= [C (τ)+C †(τ)]/2;

B(τ)= [C (τ)−C †(τ)]/2i.

In addition, we define the jump operators

L̂χ
m =
∑
j �=0

Vm j Ŝ j,

where Vm j are the elements of the unitary matrix that diagonalizes A , i.e.,∑
(i, j)�=(0,0) Vmiai jV∗

m j = γ
χ
m. Substituting these definitions in Eq. (5.15) leads

to the universal Lindblad-like master equation (ULL)
˙̂�S(τ)= Lχ[�̂S(τ)]

=−i[ĤS + ĥχ
l , �̂S(τ)]+

∑
m

γ
χ
m
(
2L̂χ

m�̂S(τ)L̂χ†
m − {L̂χ†

m L̂χ
m, �̂S(τ)}).

(5.17)

The quasirates γ
χ
m (which are not necessarily positive) and the jump opera-

tors explicitly depend on the correlation. The ULL equation is entirely gen-
eral and we don’t make any assumptions on the initial system-environment
correlation or the strength of it. Nevertheless, by comparing with known
master equations in the literature, one may infer time-local Lindblad-like
forms for the dynamics under the assumptions of linearity or absence
of initial system-environment correlations. However, the ULL is not a
Lindblad equation as quasirates are not necessarily positive semi-definite,
and the jump operators become explicitly correlation-dependent.
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5.4 Example I: Jaynes-Cummings model

We demonstrate the universality of ULL with the Jaynes-Cummings model.
Consider a two-level atom with the Hamiltonian ĤS =ω0σ̂z/2 interacting
with a single mode cavity. The cavity Hamiltonian is given by ĤB =ωâ†â,
where â and â† are the annihilation and creation operators, respectively.
The cavity acts as an environment for the atom. The interaction Hamilto-
nian is given by

ĤI =λ(σ̂+⊗ â+ σ̂−⊗ â†).

Assume that the initial state of the total system is |ψ(0)〉 = r1|e,0〉+r1|g,1〉,
where r1 and r2 are real numbers, r2

1 + r2
2 = 1 and |na,nc〉 is a product state

of the total system ( na ∈ {e,g},nc ∈ {0,1}). By identifying the appropriate
basis for the system operators (Ŝ0 = I/

�
2, Ŝ1 = σ̂x/

�
2, Ŝ2 = σ̂y/

�
2, Ŝ3 = σ̂z/

�
2)

we find
B̂0 = 0; B̂1 = (λ/

�
2)(â+ â†);

B̂2 = (iλ/
�

2)(â− â†); B̂3 = 0.

With the exact solution of the Jaynes-Cummings model, we can write
|ψ(τ)〉 = e−iτω0/2

[
(r1 cos(λτ)− ir2 sin(λτ))|e,0〉 + (−ir1 sin(λτ)+ r2 cos(λτ))|g,1〉)]

(see Ref. [47]). We can then use this to calculate the correlation at any
moment in time as

χ̂(τ)= �̂SB(τ)− �̂S(τ)⊗ �̂B(τ)

= 1
8

(1+4r2
1 −4r4

1 −α2
1 +α2

2)
[|e,0〉〈e,0|+ |g,1〉〈g,1|]+ 1

4
(α2

1 −1)
[|e,1〉〈e,1|

+ |g,0〉〈g,0|]+ r1r2
[|e,0〉〈g,1|+ |g,1〉〈e,0|]+ i

α2

2

[|g,1〉〈e,0|− |e,0〉〈g,1|],
(5.18)

where α1 = (1−2r2
1)cos(2λτ) and α2 = (1−2r2

1)sin(2λτ). The correlation Hamil-
tonian can be calculated using Eq. (5.4) as

Ĥχ(τ)=
4∑

i=0

Ŝi ⊗ B̂χ
i ,

where

B̂χ
0 = iα1�

2(1−α1)
|0〉〈0|− iα1�

2(1+α1)
|1〉〈1|;

B̂χ
1 = 2ir1r2 +α2�

2(1+α1)2
|0〉〈1|+ 2ir1r2 −α2�

2(1−α1)2
|1〉〈0|;

B̂χ
2 = −2r1r2 + iα2�

2(1+α1)2
|0〉〈1|+ 2r1r2 + iα2�

2(1−α1)2
|1〉〈0|;

B̂χ
3 = i�

2(1−α1)
|0〉〈0|− i�

2(1+α1)
|1〉〈1|.

(5.19)
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With this we obtain, c10 = c20 = 0, c11 = c22 =λ(−2ir1r2 +α1α2)/(2α2
1 −2), and

c12 =−c21 = λ(2r1r2α1 + iα2)
2(1−α2

1)
. (5.20)

By diagonalizing A and B, we obtain

L̂χ
1 =iσ̂−; γ

χ
1 =−λα2/

(
2(1−α1)

)
;

L̂χ
2 =− iσ̂+; γ

χ
2 =λα2/

(
2(1+α1)

)
;

L̂χ
3 =σ̂z; γ

χ
3 = 0;

ĥχ
l (τ)=−r1r2λ

α2
1 −1

Î + 4λr1r2

(1+4r2
1 −4r4

1 − (α2
1 −α2

2)
) σ̂z. (5.21)

Thus, we obtain the dynamical equations,

˙̂�S =− i[ĤS + ω̃0σ̂z, �̂S]−γ
χ
1(2σ̂−�̂Sσ̂+− {σ̂+σ̂−, �̂S})+γ

χ
2(2σ̂+�̂Sσ̂−− {σ̂−σ̂+, �̂S}),

(5.22)

where
ω̃0 = 4λr1r2α1(

1+4r2
1 −4r4

1 − (α2
1 −α2

2)
) .

This exact equation is in the Lindblad-like form and is valid for initially
correlated and uncorrelated states.

5.5 Derivation of Markovian Lindblad-like master equation (MLL)

We further simplify the dynamical equation (5.17) by applying weak corre-
lation approximation. We assume that the initial correlation is zero, and
obtain

[ĤSB, �̂SB(τ0)]=−i[ĤSB, �̂S(τ0)⊗ �̂B(τ0)+ χ̂(τ0)]

=−i[ĤSB, �̂S(τ0)⊗ �̂B(τ0)]. (5.23)

Using the relation [[Ĥχ(τ0), �̂S(τ0)⊗ �̂B(τ0)]]= iχ̂(τ0)= 0, we further simplify

˙̂�S(τ)|τ=τ0 =−i[ĤS +TrB[ĤI�̂B(0)], �̂S(τ0)], (5.24)

and similarly for the environment

˙̂�B(τ)|τ=τ0 =−i[ĤB +TrS[ĤI�̂S(0)], �̂B(τ0)]. (5.25)

By Taylor expanding χ̂(τ) around the initial time τ0,

χ̂(τ0 +τ)= χ̂(τ0)+τχ̇(τ0)+O(τ2),

To first order in the time argument τ, we obtain

χ̂(τ0 +τ)=− iτ
[
H̃I(τ0 +τ), �̂S(τ0 +τ)⊗ �̂B(τ0 +τ)

]
, (5.26)
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where
H̃I(s)=∑i �=0Ŝi ⊗ (B̂i −〈B̂i〉B)−∑i �=0〈Ŝi 〉SB̂i . (5.27)

Note that the approximated correlation in Eq. (5.27) is valid for sufficiently
small τ′s or in the vicinity of time instants at which the correlation vanishes.
Comparing Eq. (5.27) with Ĥχ(τ)=∑d2

S−1
j=0 Ŝ j ⊗ B̂χ

j (τ), we obtain

Ĥχ(τ0 +τ)= τH̃I(τ0 +τ). (5.28)

and for j �= 0, B̂χ
j = τ(B̂ j −〈B̂ j〉B). We obtain ci j for (i, j) �= (0,0) as

ci j(τ)= τ(〈B̂iB̂ j〉B −〈B̂i〉B〈B̂ j〉B)

=: τCovB(B̂i, B̂ j). (5.29)

Note that Cov(Ôi,Ô j) = 〈ÔiÔ j〉− 〈Ôi〉〈Ô j〉 is always positive, and C [τ] is a
positive matrix, hence A [τ] is positive and B[τ] = 0. With this we obtain
the Markovian Lindblad-like equation (MLL) as

˙̂�S(τ)=− i
[
H̃S(τ)+ 2√

dS

∑
i �=0

Im(ci0)Ŝi, �̂S(τ)
]

+
∑

i �=0, j �=0

ci j(τ)
[
2Ŝ j�̂S(τ)Ŝi − {ŜiŜ j, �̂S(τ)}

]
.
ć (5.30)

Positivity of A implies that rates γ
χ
m ≥ 0, which is a feature of a Markovian

dynamical equation. The weak-correlation approximation for the deriva-
tion of the MLL equation is exact up to first order in time τ, and it can
provide accurate dynamics when the correlation repeatedly becomes zero
or in the vicinity of zero correlation. Although the weak-correlation limit of
the ULL equation is similar to the Born approximation, the MLL equation
can be different from the other Markovian master equations as we will
discuss later on.

5.6 Systematic weak-correlation expansion and the second-order
ULL equation

The systematic weak-correlation approximation for the ULL equation
provides an approximative structure, making the ULL equation more
accessible. The correlation operator in the interaction picture can be
expanded in terms of the interaction Hamiltonian ĤI as

χ̂(τ)=∑∞
�=0 f̂�(τ), (5.31)

where f̂0 = χ̂(0) and f̂�(τ)= Ô(Ĥ�
I ), l denotes the order of ĤI and �� 1. With

expansion of the correlation operator, we can derive associated �th-order
approximate ULL equations (denoted as the ”ULL�” equations).
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In Publication II, we systematically approximate the correlation and the
ULL dynamical equation using a similar method as the one adopted to
derive the MLL equation in the previous section. The first-order approxi-
mation (with respect to ĤI) for the case of the initially uncorrelated state
is then given by

χ̂(1)(τ)=−i
∫ τ

0 ds [H̃I(s), �̂S(s)⊗ �̂B(s)]. (5.32)

Using this relation, we can obtain a weak-correlation approximation for
the ULL dynamical equation, which is of second order with respect to ĤI

(referred as the ”ULL2” equation). The ULL2 equations for ˙̂�S(τ) and ˙̂�B(τ)
take the form

˙̂�S(τ)=−i[TrB[ĤI(τ)�̂B(τ)], �̂S(τ)]−TrB[ĤI,
∫ τ

0 ds [H̃I(s), �̂S(s)⊗ �̂B(s)]]; (5.33)

˙̂�B(τ)=−i[TrS[ĤI(τ)�̂S(τ)], �̂B(τ)]−TrS[HI,
∫ τ

0 ds [ ˜̂HI(s), �̂S(s)⊗ �̂B(s)]]. (5.34)

Applying extra approximations on χ̂(1) by imposing time-locality and as-
suming that the bath state remains constant in time, we obtain χ(1) ≈
−i
∫ τ

0 ds [H̃I(s),�S(τ)⊗�B(0)]. This approximated correlation yields a time-
local ULL2 equation. In the following sections, we compare the approx-
imate ULL equation with existing methods (Lindblad, NZ2, TCL2) for
a qubit in the bosonic bath, and a quantum harmonic oscillator within
the bath of harmonic oscillators. We also compare our solutions with the
coarse-graining (CG) method [7, 48, 49, 50].

5.7 Example II : Qubit in a bosonic bath

Let us consider a qubit interacting with a bosonic bath. The total Hamilto-
nian reads

ĤSB =ω0σ̂+σ̂−+∑nωnâ†
nân − σ̂x ⊗ ÔB, (5.35)

where ÔB =∑n gn(ân + â†
n) and ân is the annihilation operator for mode n.

We assume that the qubit is initially in the excited state and the bath
is in the thermal state �̂

β
B = e−β

∑
n ωnâ†

nân /Tr[e−β
∑

n ωnâ†
nân ] at temperature

T = 1/β, where kB = 1. We can derive MLL by assuming Ŝi = 1
2 (σ̂++ σ̂−)= σ̂x ,

B̂i = gi(b̂+
i + b̂i), and obtain the dynamical equation as

d�̂S(τ)
dτ

=−i[ĤS, �̂S(τ)]+γ(τ)[σ̂x�̂S(τ)σ̂x − �̂S(τ)], (5.36)

where γ(τ) = 2τ CovB0(ÔB,ÔB) and B0 is the initial state of the bath. We
assume that the qubit is initially in the excited state, and obtain the
occupation of the excited state of the qubit as

�ee(τ)= 1
2

(1+ e−2 CovB0 (ÔB,ÔB)τ2
) (5.37)
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From Eq. (5.37), we obtain the short-time dynamics

�ee(τ)= 1−CovB0(ÔB,ÔB)τ2 +O(τ3) (5.38)

We compare this solution with the exact solution in Ref. [36] when ω0 = 0.
The exact solution for the case in which the qubit is initially in the excited
state is

�ee(τ)= 1
2

(1+ e−4 f (τ)), (5.39)

where f (τ)= τ2〈O2
B〉B0/2. The exact solution for the short-time dynamics can

be written as
�ee(τ)= 1−τ2〈Ô2

B〉B0 +O(τ3) (5.40)

which coincides with Eq. (5.38) when 〈OB〉B0 = 0. In Fig 5.2, we compare
the dynamics of the excited state population calculated with the MLL
and ULL2 methods with the exact solutions. Additionally, we show the
dynamics calculated with the Redfield equation (same as Lindbald for this
case), the time-convolutionless (TCL2) master equation [6, 7], and the CG
dynamical equation [49]. The time-local ULL2 dynamical equation is the
same as the TCL2 dynamical equation, which entirely agrees with the
exact dynamics. The MLL equation follows the dynamics relatively better
than the Redfield equation and CG solutions. However, the MLL predicts
short-time dynamics accurately (see the inset plot in Fig.5.2 ).

ULL2 &TCL2 & Ex
MLL

R

R

MLL

�ee

τ

ULL2 & TCL2 & Ex

CG

CG

Figure 5.2. Dynamics of the population of the excited state of the atom vs. time for
β = 1, η = 0.5, ωc = 100, and ω0 = 0 (all in dimensionless units), when the
qubit is initially in the excited state. The labels Ex, TCL2, MLL, ULL2, CG,
and R respectively denote the data from the exact, the second-order time-
convolutionless, MLL, time-local ULL2, coarse-graining, and the Redfield
solutions. The inset plot shows the population vs. time for short times. Figure
adapted from Publication II.

In Publication II, we demonstrate that the ULL2 equation captures the
dynamics more accurately than other methods for a damped harmonic
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oscillator within a bath of oscillators. In all of these examples, ULL
equations describe the dynamics more than, or at least as accurately as,
the weak-coupling equations. The following chapter and Publication III
use the correlation picture formalism to unfold the correlations in open
quantum system master equations.
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6. Unfolding correlation from open
quantum system master equations

Motivated from the correlation picture formalism presented in the previous
chapter, we unfold the correlation disguised in open quantum system
master equations. The equations include the Lindblad, Redfield, second-
order time-convolutionless, second-order Nakajima-Zwanzig, and second-
order universal Lindblad-like cases. We further illustrate our results in
the case of a qubit interacting with a bath of two-level systems.

6.1 Correlation operator in open quantum system dynamics

We first re-write the exact dynamical equation in terms of the correlation
operator and compare the dynamical equation with the general form. Con-
sider the von Neumann equation of the total system ˙̂�SB(τ)=−i[ĤSB, �̂SB(τ)].
Note that we assume the dimensionless units with �= 1 throughout this
chapter. Substituting �̂SB(τ)= �̂S(τ)⊗ �̂B(τ)+ χ̂(τ) in the von Neumann equa-
tion yields

˙̂�SB(τ)=−i[ĤSB, �̂S(τ)⊗ �̂B(τ)]− i[ĤSB, χ̂(τ)]. (6.1)

By tracing over the environment degrees of freedom or the system degrees
of freedom, we obtain the exact dynamical equations of the system and
environment as

˙̂�S(τ)=−i[H̃S(τ), �̂S(τ)]− iTrB[ĤI, χ̂(τ)]; (6.2)

˙̂�B(τ)=−i[H̃B(τ), �̂B(τ)]− iTrS[ĤI, χ̂(τ)], (6.3)

in which H̃S(τ) = ĤS + TrB[ĤI�̂B(τ)], and H̃B(τ) = ĤB + TrS[ĤI�̂S(τ)]. We
have used the identities TrB[ĤI, �̂S(τ)⊗ �̂B(τ)] = [TrB[ĤI�̂B(τ)], �̂S(τ)

]
and

TrS[ĤI, �̂S(τ)⊗�̂B(τ)]= [TrS[ĤI�̂S(τ)], �̂B(τ)
]

for the above simplification. Note
that working in the interaction picture is more convenient and the interaction-
picture version of the approximate equations are more common, hence we
re-write Eq. (6.2) in the interaction picture:

˙̂�S(τ)=−i
[
TrB[ĤI(τ)�̂B(τ)], �̂S(τ)

]− iTrB[ĤI, χ̂(τ)], (6.4)
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In the following sections, we find the hidden correlation in various approxi-
mate methods to understand the role of correlation in system dynamics.
Note that for all the dynamical equations, we assume that there is no
initial system-environment correlation, i.e., χ̂(0) = 0 and the bath initial
condition satisfies

TrB[ĤI(τ)�̂B(0)]= 0. (6.5)

6.2 System-environment correlation in ULL2 and MLL equations

Consider the ULL2 dynamical equation

˙̂�S(τ)=− i
[
TrB[ĤI(τ)�̂B(τ)], �̂S(τ)

]−TrB
[
ĤI(τ),

∫ τ
0 ds [H̃I(s), �̂S(s)⊗ �̂B(s)]

]
,

(6.6)

where H̃I(τ)= ĤI −TrB[ĤI�̂B]−TrS[ĤI�̂S]. Comparing with exact equations
in Eq. (6.4), we can read the approximated correlation as

χ̂ULL2(τ)=−i
∫ τ

0 ds [H̃I(s), �̂S(s)⊗ �̂B(s)], (6.7)

which is equivalent to χ̂(1)(τ) shown in the previous chapter. The system-
environment correlation in the MLL equation is already obtained in the
previous chapter, and is given by

χ̂MLL2(τ)=−iτ[H̃I(τ), �̂S(τ)⊗ �̂B(0)]. (6.8)

Note that in the MLL equation, �̂B(τ) is later replaced by �̂B(0) to remove
the dependence on the simultaneous state of the environment.

6.3 System-environment correlation in second-order
Nakajima-Zwanzing equation

The NZ dynamical equation can be simplified with the perturbative expan-
sion, and the second-order NZ equation is given by [6, 7]

˙̂�S(τ)=− i
[
TrB[ĤI(τ)�̂B(0)], �̂S(τ)

]−TrB
[
ĤI(τ),

∫ τ
0 ds [ĤI(s), �̂S(s)⊗ �̂B(0)]

]
.

Note that in the NZ equation, �̂B(τ) is approximated as �̂B(0). By comparing
the NZ equation with the exact dynamics in Eq. (6.4), we obtain the
correlation as

∫ τ
0 ds [ĤI(s), �̂S(s)⊗ �̂B(0)]. To ensure the vanishing partial

trace conditions for the correlation operator (TrS[χ̂]= 0 and TrB[χ̂]=0), we
re-write the approximated correlation in the NZ2 dynamical equation as

χ̂NZ2(τ)=−i
∫ τ

0 ds
(

[ĤI(s), �̂S(s)⊗ �̂B(0)]− (ÎS/dS)⊗TrS[ĤI(s), �̂S(s)⊗ �̂B(0)]

−TrB[ĤI(s), �̂S(s)⊗ �̂B(0)]⊗ (ÎB/dB)
)
+ Ŷ ,
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where dS and dB are the dimensions of the system and the environment,
respectively. The operator Ŷ is an arbitrary operator with vanishing partial
traces such that TrB[ĤI, Ŷ ]= 0, and we assume Ŷ = 0.

6.4 System-environment correlation in the second-order
time-convolutionless master equation

Let us consider the form of the second-order time-convolutionless master
equation (TCL2) equation in the interaction picture [6, 7],

˙̂�S(τ)=−TrB
[
ĤI(τ),

∫ τ
0 ds [ĤI(s), �̂S(τ)⊗ �̂B(0)]

]
, (6.9)

which again has been obtained under the assumption in Eq. (6.5). Similar
to the NZ2 case, we add two vanishing terms to the TCL2 equation in order
to be consistent with vanishing partial trace condition for the correlation
operator, according to

˙̂�S(τ)=−TrB

[
ĤI(τ),

∫ τ
0 ds
(

[ĤI(s), �̂S(τ)⊗ �̂B(0)]

− (ÎS/dS)⊗TrS[ĤI(s), �̂S(τ)⊗ �̂B(0)]

−TrB[ĤI(s), �̂S(τ)⊗ �̂B(0)]⊗ (IB/dB)
)]

. (6.10)

Thus, by comparing with Eq. (6.4), we obtain the approximated correlation
in the TCL2 equation as

χ̂TCL2(τ)=−i
∫ τ

0 ds
(

[ĤI(s), �̂S(τ)⊗ �̂B(0)]− (ÎS/dS)⊗TrS[ĤI(s), �̂S(τ)⊗ �̂B(0)]

−TrB[ĤI(s), �̂S(τ)⊗ �̂B(0)]⊗ (ÎB/dB

)
. (6.11)

Note that the TCL2 equation is the time-local version of the NZ2 equation.
Consequently, the correlation in TCL2 can also be obtained by making the
time-local approximation for �̂S(s) in the NZ2 correlation.

6.5 System-environment correlation in Redfield equation

The Redfield equation for a general system in the interaction picture is
given by

˙̂�S(τ)=−TrB
[
ĤI(τ),

∫∞
0 ds [ĤI(τ− s), �̂S(τ)⊗ �̂B(0)]

]
. (6.12)

Using a technique similar to that employed in the NZ2 case, we obtain a
system-environment correlation in the Redfield equation as

χ̂R(τ)=− i
∫∞

0 ds
(

[ĤI(τ− s), �̂S(τ)⊗ �̂B(0)]− (ÎS/dS)⊗TrS[ĤI(τ− s), �̂S(τ)⊗ �̂B(0)]

−TrB[ĤI(τ− s), �̂S(τ)⊗ �̂B(0)]⊗ (IB/dB))
)

. (6.13)
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The Redfield equation assumes an initially uncorrelated state for the
total system. However, the approximated correlation in Eq. (6.13) is not
necessarily zero at τ= 0. To eliminate the appearance of non-zero initial
correlations, we redefine the approximated correlation as

χ̂CR(τ)= χ̂R(τ)− χ̂R(0). (6.14)

Note that the corrected Redfield correlation χCR(τ) changes the dynamics.
Thus, we obtain a modified version of the Redfield equation with corrected
correlation (CR) as

χ̂R(τ)=−∫∞0 ds {TrB[ĤI(τ), [ĤI(τ− s), �̂S(τ)⊗ �̂B]−TrB[ĤI(τ), [ĤI(−s), �̂S(0)⊗ �̂B]}
(6.15)

In Publication III, we show that the corrected Redfield precisely predicts
the short-time dynamics of a qubit interacting with a bath of two-level
systems.

6.6 System-environment correlation in Lindblad equation

The Lindblad master equation can be obtained by applying a rotating wave
approximation on the Redfield equation in Eq. (6.12). However, it is not
straightforward to read the correlation from the Lindblad equation because
the structure is not similar to the exact dynamics in Eq. (6.4). To mitigate
this difficulty, we reconstruct the Lindblad equation in a comparable form.
Consider the decomposition of the interaction Hamiltonian,

ĤI =
∑

i

Ŝi ⊗ B̂i (6.16)

where Ŝi and B̂i are the system and the bath operators, respectively. Note
that any operator Ô in the system-environment Hilbert space can be de-
composed on the eigenprojector basis {Π̂E} of the system Hamiltonian as

Ô =∑ω∈ΩÔ(ω), (6.17)

where Ω= {E−E′|E,E′are eigenvalues of ĤS} and Ô(ω) =∑E′,E|E′−E=ω Π̂E ⊗
ÎB Ô Π̂E′ ⊗ ÎB. With this decomposition, we can write the interaction Hamil-
tonian as ĤI(τ)=∑ω ĤI(ω;τ), where

ĤI(ω;τ)=∑i e
−iωτŜi(ω)⊗ B̂i(τ). (6.18)

Replacing this expansion into Eq. (6.12), the Redfield equation becomes

˙̂�S(τ)=−TrB
[∑

ωĤI(ω;τ),
∫∞

0 ds [
∑

ω′ĤI(ω′;τ− s), �̂S(τ)⊗ �̂B(0)]
]
.

We apply the rotating wave approximation in the above equation by elimi-
nating the terms with ω+ω′ �= 0, leading to the Lindblad equation as

˙̂�S(τ)=−∑ωTrB
[
ĤI(ω;τ),

∫∞
0 ds [ĤI(−ω;τ− s), �̂S(τ)⊗ �̂B(0)]

]
. (6.19)
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We can obtain the form of the Lindblad equation shown in Chapter 2 by
inserting Eq. (6.18) into the above equation and taking the partial trace
over the environment. Note that we can also write ˙̂�S(τ)=∑ω

˙̂�S(ω;τ), and
the Lindblad equation can be decomposed into a set of coupled equations:

˙̂�S(ω;τ)=−iTrB̂

[
ĤI(ω;τ), χ̂(ω;τ)

]
, ω ∈Ω. (6.20)

Thus, we can read the approximated correlation as

χ̂(ω;τ)=−i
∫∞

0 ds [ĤI(−ω;τ− s), �̂S(τ)⊗ �̂B(0)]. (6.21)

This result reveals that the system-environment correlation in the Lind-
blad equation is local between each energy gap mode of the system and the
environment.

Understanding explicit correlation in each method opens a new toolbox to
compare various approaches and study the role of correlation in dissipative
dynamics of open quantum systems. In the following section, we compare
correlation and dynamics calculated with different techniques. We use the
Hilbert-Schmidt distance to compare the correlation. The Hilbert-Schmidt
distance of the exact correlation χ̂EX and χ̂K is given by

DHS(χ̂K, χ̂EX)=
√

Tr[(χ̂K − χ̂EX)2] (6.22)

where K= {ULL2, NZ2, TCL2, Redfield, CR, Lindblad}. To compare the ac-
curacy of the dynamical equations, we use the trace distance of the density
matrices. The trace distance of the density matrix in each technique �̂M

from the exact one �EX is defined as[51]

D(�̂K, �̂EX)= 1
2

Tr[
√

(�̂K − �̂EX)2]. (6.23)

We further calculate the integrated distances
∫ τ

0 dsDHS(χK(s),χEX(s)) and∫ τ
0 dsD(�K(s),�EX(s)) to obtain the cumulative error.

6.7 Example: qubit in a bath of two-level systems

The model system consists of a qubit interacting with a bath of M two-level
systems (TLS) with the total Hamiltonian

ĤSB =ω0σ̂+σ̂−+∑M
k=1ωkΣ̂

k+Σ̂k−+∑M
k=1 gk(σ̂−Σ̂k++ σ̂+Σ̂k−), (6.24)

in which σ̂± = (σ̂x ± iσ̂y)/2 are the raising and lowering operators of the
system qubit, σ̂x and σ̂y are the Pauli matrices, and Σ̂k± are the raising and
lowering operators associated with the kth TLS of the environment. The
coupling constants gk determine the strength of the interaction between
the system and the kth TLS of the environment, defined with spectral
density function

J(ω)=∑k g2
kδ(ω−ωk). (6.25)
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The spectral densities are generally defined in the continuum limit, with an
infinite environment assumption. Thus, to simulate the finite-dimensional
environment, we must select the coupling strengths gk precisely. We choose
gk =

√
J(ωk)Δω, where ωk = kΔω and the parameter Δω is determined from

the condition
∫ ωmax

0 J(ω)dω≈∑M
k g2

k, where ωmax = MΔω [52].
This model is essential in quantum computation applications, especially
solid-state qubits. The solid-state qubit designs are inherently associated
with bath two-level systems, and act as a decoherence channel. In the
following sections, we study the dynamics and correlation of the model
with two typical choices of the spectral density functions, the Ohmic and
Lorentzian.

6.7.1 Ohmic bath

We first consider ohmic spectral density for the bath. Here we choose,

J(ω)= ηω

π
e−ω/ωc , (6.26)

where ωc is the cutoff frequency and η controls the coupling strength.
We assume that the environment is initially at zero temperature, i.e.,
�̂B(0)= (|0〉〈0|)⊗M and (|0〉+ |1〉)/�2 is the initial state of the system.

In Fig.6.1, we show the dynamics of the excited-state population �11 =
〈1|�̂S(τ)|1〉 and the coherence C(�̂S)= |〈0|�̂S(τ)|1〉| (where |0〉 and |1〉 form the
computational basis) calculated with exact numerical simulations (ULL),
ULL2, TCL2, NZ2, Redfield and corrected Redfield approximations. Note
that in this example, the Lindblad equation is equivalent to the Redfield
equation since the system has only one energy gap. It is seen from the
plots that the ULL2 equation accurately captures both the population and
coherence for the given parameters set. In short times, both TCL2 and
CR also predict dynamics precisely. To further understand the error in
each method, we have calculated the integrated trace distance from the
exact density matrix for the system and bath density matrices as shown in
Fig. 6.2. These results again confirm the accuracy of the ULL2 equation,
and also show that the corrected Redfield equations perform better than
the standard Redfield equations. The error due to the constant bath
approximation in NZ2, TCL2, Redfield equations is evident from the trace
distance plot for the bath density matrix. Figure 6.3 shows the norm of the
correlation matrix and distance from the exact correlation. The features
of the system-environment correlation are also captured more precisely
by the ULL2 than the other methods. Note that NZ2 fails to capture
dynamics well, but the corresponding ‖χ̂‖2 is exact in a short time interval
around τ = 0.1. However, the integrated distance plot demonstrates the
difference, indicating that ‖χ̂‖2 is not a good measure for correlation, as it
only measures its strength.
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(a)

s

(b)
Figure 6.1. Qubit in an Ohmic bath of two-level systems. (a) Dynamics of the excited

state population �11, and (b) coherence C(�S) calculated with exact (≡ ULL),
ULL2, NZ2, TCL2, Redfield (R), and corrected Redfield (CR) master equations.
We have M = 255, ωc/ω0 = 10, η/ω0 = 1, Δω = 0.1, and δτ = 0.0005, when the
initial state of the system is (|0〉+ |1〉)/�2. Note that δτ is the time step for the
numerical simulation. Figure adapted from Publication III.
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S
S

(a)

B
B

(b)
Figure 6.2. Qubit in an Ohmic bath of two-level systems. Dynamics of the integrated

trace distance of the system (a) and the bath (b) density matrices from the
exact solutions calculated with ULL2, NZ2, TCL2, Redfield (R), and corrected
Redfield (CR) master equations. Note that in all techniques except ULL2 a
constant state is assumed for the bath as �B(τ)= �B(0). The parameters and
initial conditions are the same as in Fig.6.1. Figure adapted from Publication
III.
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(a)

D

(b)
Figure 6.3. Qubit in an Ohmic bath of two-level systems. Dynamics of norm of correlation

(a) and (b) integrated distance from the exact correlation for the correlation
calculated with ULL2, NZ2, TCL2, Redfield (R), and corrected Redfield (CR)
master equations. The parameters and initial conditions are the same as in
Fig.6.1. Figure adapted from Publication III.
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6.7.2 Lorentzian bath

In the second case, we assume a Lorentzian spectral density

J(ω)= 1
2π

Γλ2

ω2 +λ2 , (6.27)

where Γ is the coupling strength and 1/λ determines the environment-
correlation time. The parameters λ and Γ control the non-Markovanity
of the dynamics [53] and for λ/Γ< 1 one can expect some non-Markovian
characteristics in a reasonably small time scale. The initial system and
bath states are the same as in the Ohmic case.

Similar to the previous case, we show the dynamics, integrated distances,
and characteristics of the correlation in Figs. 6.4, 6.5, and 6.6, respectively.
Note that in this case NZ2 and the corrected Redfield equations lead to
negative a population which is unphysical, and therefore we did not plot
it in Figs. 6.5 and 6.6. We observe that the ULL2 is not as accurate as
in the previous Ohmic case, however it is still more accurate than other
techniques in the Lorentzian environment. The ULL2 method captures
the oscillatory character of the population. However, it shows deviations
in later times, and there is a phase difference with the exact behavior of
the coherence. Comparing different methods through studying integrated
DHS(χ̂K, χ̂EX) indicates that the ULL2 equation can capture the system-
environment correlation better than other techniques.
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(a)

s

(b)
Figure 6.4. Qubit in a Lorentzian bath of two-level systems. (a) Dynamics of the excited

state population �11, and (b) coherence C(�S) calculated with exact (≡ ULL),
ULL2, NZ2, TCL2, Redfield (R), and corrected Redfield (CR) master equations.
We have M = 255, λ/Γ= 0.2 , Δω= 0.05, and δτ= 0.0005, and the initial state of
the qubit is (|0〉+ |1〉)/�2. Figure adapted from Publication III.
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Figure 6.5. Qubit in a Lorentzian bath of two-level systems. (a) Dynamics of the integrated

trace distance of the system and (b) the bath density matrices from the
exact solutions calculated with ULL2, NZ2, TCL2, Redfield (R), and corrected
Redfield (CR) master equations. Note that in all techniques except ULL2 a
constant state is assumed for the bath as �B(τ)= �B(0). The parameters and
initial conditions are the same as in Fig.6.4. In this case, NZ2 and CR give
an unphysical result, hence they are not shown here. Figure adapted from
Publication III.
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(a)

D

(b)
Figure 6.6. Qubit in a Lorentzian bath of two-level systems. (a) Dynamics of the norm

of correlation and (b) integrated distance from the exact correlation for the
correlation calculated with ULL2, NZ2, TCL2, Redfield (R), and corrected
Redfield (CR) master equations. The parameters and initial conditions are
the same as in Fig.6.4. Note that in this case, NZ2 and CR give an unphysical
result, hence they are not shown here. Figure adapted from Publication III.
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7. Summary and Conclusions

This thesis has focused on modeling open quantum system dynamics of
quantum devices beyond the Lindblad model. The work was conducted
in two parts. In the first part, we studied the dynamics and control of a
superconducting transmon qubit using numerically exact methods. Our
results revealed that the two-level approximation of a transmon qubit does
not yield exact dynamics, even at low temperatures and small excitation
numbers, especially in the case of systems that are strongly coupled to the
environment. We showed that due to universal decoherence, there is signif-
icant short-time leakage during the decay of a transmon. This short-time
leakage is more notable for transmons that are strongly interacting with
the bath, which can lead to errors in fast qubit initialization techniques
with relatively strong environmental coupling. We further analyzed state
leakage during the coherent driving of the qubits, particularly in single-
qubit gate operations. We observed considerable variations in the Rabi
oscillations in the driven qubit due to higher energy states. This causes
significant leakage in the single-qubit gate operations, which introduces
additional errors in the presence of a dissipative environment. Finally,
we demonstrated the variations in the gate fidelities and leakage errors
for single-qubit gates in the presence of a low-temperature dissipative
environment.

We emphasize that our results are within practical limits and are vital for
the design of superconducting quantum devices. Our results also predict
the limitations of the values of the relevant parameters for a two-level
approximation to be acceptable for superconducting qubits. We note that
our findings also shed light on fundamental quantum phenomena such as
universal decoherence in strongly coupled systems.

In the second part, we studied system-environment correlations in open
quantum systems. We introduced the concept of the correlation picture
to open quantum system dynamics. With the correlation picture trans-
formations, we obtained a universal Lindblad-like master equation for
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open quantum systems. The universal Lindblad-like master equation has
the following properties: (i) the equation is valid for any Markovian and
non-Markovian dynamics, (ii) valid for systems with or without initial
system-bath correlations, (iii) it has a Lindblad-like mathematical form,
(iv) is time-local for any dynamics. We illustrated the universality of this
method with the Jaynes-Cummings model. In addition to constituting a
major theoretical step in open quantum dynamics, the correlation picture
allows a systematic construction of approximations in terms of the strength
of the correlations without resorting to, e.g., the Born approximation. Fur-
thermore, we derived approximate weak correlation master equations and
demonstrated the superiority of the those over other existing methods in
two examples.

Motivated by the correlation picture formalism, we unraveled hidden
correlation in the quantum master equations. We characterized the system-
environment correlation with a correlation operator that incorporates all
types of correlations. We unfolded the correlations in the Lindblad, Red-
field, second-order time-convolutionless, second-order Nakajima-Zwanzig,
and second-order universal Lindblad-like methods. We showed that: (i)
in the Lindblad equation, the system-environment correlation appears
in the form of a set of sub-correlations, each of which corresponds to a
given energy gap of the system; (ii) the Redfield equation’s inconsistency
at initial or short times arises for nonvanishing initial correlations. We
corrected this initial condition inconsistency and obtained an updated
version of the Redfield equation; (ii) our results, through an important
example, imply that the second-order universal Lindblad-like equation
captures correlation more accurately than other techniques.

We emphasize that our results provide a comprehensive understand-
ing of the reduced system dynamics by analyzing system-environment
correlation. In other words, we have unraveled the salient feature of
reduced-system master equations by which we can read information of
a system-bath correlation from the information of the system dynamics
alone. The potential applications are far-reaching, going from fundamen-
tal quantum physics problems to the efficient design of modern quantum
devices.

An interesting future research direction includes a detailed study of
correlations in the context of quantum information processing and quan-
tum cryptography. Exploring the possibility of separating or identifying
quantum and classical part correlations in some practical quantum devices
is another exciting avenue worth exploring.
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