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Managing stock investments well is essential for both institutional and individ-
ual investors. The task is, however, so challenging that often a passive index
may perform better than actively hand-picking the stocks to invest in. Machine
Learning, which has successfully been applied to solve complex problems, could
provide a solution.

The Machine Learning approach called Reinforcement Learning is utilised to cre-
ate an independent trading system for managing a portfolio consisting of eleven
stocks and a cash option on a daily basis. The trading system is trained with
a policy optimisation algorithm, using information on both the stock prices and
fundamental information of the underlying companies.

The trading system is evaluated on historical data, previously unseen in training.
The results indicate that the constructed trading systems on average outperform
simple strategies, some of which represent a passive index consisting of the same
eleven stocks. The most advanced trading system constructed seems to outper-
form the passive index with a 97% probability based on the total return during
a fixed testing period.

The trading system appears to perform better than the passive index when mar-
kets are going up, but when the market drops the trading system performs no
better than the index even though it could allocate everything to cash. Overall,
the market tends to go up and therefore the trading systems seem to outper-
form the simple strategies. Despite promising results, some assumptions made
on the hypothetical trades performed back-in-time may not hold in practice. One
suggestion for improving the trading system is to use data of higher frequency,
which would decrease the inconsistency between the testing environment and the
real-world.
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Hantering av investeringar &r essentiellt for bade privata och professionella in-
vesterare. Aktiv aktieforvaltning dr dock en sa utmanande uppgift att manga
investerare istéllet foredrar en passiv aktiefond. Samtidigt har maskininléarning
applicerats framgangsrikt pa flera komplexa problem och 6verménsklig prestanda
uppnatts.

Forstarkningsinlédrning, en kategori inom maskininlarning, anvénds for att ska-
pa ett autonomt portfoljhanteringssystem, som dagligen forvaltar en portfolj
bestaende av elva aktier och ett kontantalternativ. Systemet baserar alloke-
ringsbesluten pa information om foretagens aktiekurs samt kvartalsrapporter och
trinas genom forstarkningsinlédrningsalgoritmen Policy Gradient.

Portfoljhanteringssystemet utviarderas med hjélp av historisk data som inte
anvints i traningsskedet. Resultaten indikerar att systemet i medeltal presterar
béttre dn ett passivt index bestaende av samma aktier samt andra simpla strate-
gier. Det mest avancerade systemet presterade béttre &n det passiva indexet med
97% sannolikhet under en viss testningsperiod.

Systemet verkar prestera vil da marknaden 6verlag gar uppat men da marknaden
faller sa forsdmras prestationen, trots att kontantalternativet existerar. Eftersom
marknaden generellt sett stiger sa verkar portfoljhanteringssystemet dnda sla de
simpla strategierna. Trots lovande resultat sa kan vissa antaganden géillande de
teoretiska affirerna bakat i tiden ifragaséttas. Ett utvecklingsforslag for syste-
met ar att anvinda mer frekvent data, vilket skulle minska pa klyftan mellan
experimenten och verkligheten.

Nyckelord: Forstarkningsinldrning, Policy Gradient, Portféljhantering,
Algoritmiskt Handelssystem, Kelly Kriteriet, Riskjusterad
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Chapter 1

Introduction

According to the efficient-market hypothesis (EMH), share prices reflect all
information available to the market participants. The hypothesis states that
when adjusting for the risk of an investment, it is impossible to consistently
get excess returns. In other words, the only way to increase ones returns is
by investing in riskier assets. This means that stocks are neither under- or
overvalued, making most stock analysis obsolete.

In support of the EMH, Malkiel [2007] shows that more than two-thirds
of professionally and actively managed portfolios have been outperformed
by the passive S&P 500 Index, thought to represent the large companies of
the United States stock exchange. Malkiel also argues that there was little
correlation annually between the outperformers, meaning that the (roughly)
third that managed to beat the market did not do it consistently.

There are however many critics of the EMH. For instance, Siegel [2010]
argue that market crashes are poorly explained by the EMH. According to the
hypothesis, the stock should be fairly priced at every time-instance, which is
not possible when stock prices fall rapidly. He also notes that by “2007-2009,
you had to be a fanatic to believe in the literal truth of the EMH”. Further,
Coval et al. [2005] found that there are some investors who consistently and
robustly beat the market. They also found investors who consistently under-
perform, demonstrating the complexity of the market.

Be as it may, adequate investment performance is essential for pension
funds, portfolio managers and many others. Highlighted by the two oppos-
ing views on EMH, predicting returns in the stock market is an extremely
challenging task.

Solving challenging problems is an area where Machine Learning (ML) has
gained a lot of attention. ML and Reinforcement Learning (RL) have been
around for a long time. However, due to improvements in data, hardware and
algorithms, tasks of increasing complexity are being solved. At the moment,
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some systems trained using RL match or even exceed human capabilities in
a variety of tasks. Examples of these tasks are playing games [Mnih et al.,
2015; Silver et al., 2017] and robotics [Levine et al., 2016].

1.1 Problem statement

Consequently, we take on the challenging problem of outperforming the mar-
ket by utilising a sophisticated ML algorithm. For the attained model to
be significant it should outperform simple portfolio management strategies
that any investor could employ. Therefore, the feasibility of outperforming
the basic strategies, including a passive index, using the proposed trader is
examined. The problem is quantified as follows.

The portfolio is formed by hand-picking a number of stocks from the
Information Technology sector of the S&P500 index. A risk-free asset, cash,
is also added to the portfolio. The reason for limiting the selection of stocks
to ones listed on the United States stock market, is to ensure a high trading
volume and liquidity. The stocks are chosen from a specific sector to have
similar underlying companies with interesting correlations and the I'T sector
is specifically chosen because of its generally higher volatility. The portfolio is
further limited by only allowing long positions in the stocks, meaning that the
value of the stocks is expected to increase. Consequently, during an extensive
drop in stock prices, cash may be the only option with a non-negative profit
and hence the best allocation as the trader naturally strives to maximise the
value of its portfolio.

The portfolio is managed on a daily basis, utilising daily information
of the market and allocating the assets of the portfolio accordingly. As
transaction costs are included when selling and buying stocks, the optimal
action in every time-step depends on the current allocation of the portfolio
assets. This makes the problem a dynamic one, motivating the usage of RL
techniques compared to other types of ML approaches.

A RL algorithm called Policy Gradient is utilised when training the port-
folio management system. Following the convention of Moody et al. [1998],
the system is referred to as the trading system. The trading system is trained
on historical data and evaluated using backtesting, meaning that the perfor-
mance is tested on historical data. In practise, the data is split into a training
set, roughly consisting of data from years 2001-2017, and a test set, roughly
with the data from 2018-2019. The backtesting is performed using the test
set, and the performance of the trading system is evaluated by a risk-adjusted
return of the portfolio.

There are two goals for this thesis. First, obtain an understanding of
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currently used predictive variables when modelling stock behaviour. The
predictive variables include both technical indicators, derived from trading
information of the stocks, and fundamental indicators, derived from the quar-
terly reports of the companies. The second objective is to test the perfor-
mance of the trained RL trading system compared to market indices and
commonly used strategies, to see whether the automatic trader is able to out-
perform them. If this seems feasible, the research simultaneously works as a
proof-of-concept for a similar trading system incorporating ntraday market
information, meaning information from within each trading day. Therefore,
the trading system is designed to scale well with respect to the frequency of
the information.

The scope of the thesis excludes derivation of new indicators for finan-
cial modelling, instead relying on existing research to provide relevant ones.
Further, closer examination of the relevance for the documented indicators
is excluded. Similarly, an existing algorithm in RL is relied upon when con-
structing and training the trading system.

1.2 Structure of the Thesis

In the more theoretical part, Chapter 2 presents relevant research and tech-
niques in portfolio management. Chapter 3 looks at RL, starting from the
basics, briefly introducing deep learning, discussing different algorithms and
finally presenting research done on utilising RL in the financial markets.

In the experimental part, Chapter 4 presents the data, discusses the
sources used to obtain the data, explores the stocks selected to the port-
folio and examines the indicators found in the scientific literature. Chapter
5 presents the implementation in detail. First, the environment is charac-
terised in mathematical terms suitable for RL. Next, the network architecture
and the training of the trading system is presented. In Chapter 6, the per-
formance of the trading system is compared to basic portfolio management
strategies, the allocations of the trading system are examined and the ro-
bustness of the trading system is evaluated. The experiments performed in
the thesis are discussed in Chapter 7 and the thesis is concluded in Chapter
8.
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Portfolio Management

2.1 Modern Portfolio Theory

This Section presents one of the most influential theories in portfolio man-
agement, Modern Portfolio Theory (MPT), introduced by Harry Markowitz
[1952]. This thesis and the eventual assessment of the trading system is based
largely on the ideas of MPT.

MPT is a mathematical framework for allocating assets in a portfolio.
One key argument in MPT is that it is possible to form a portfolio such that
the expected return of the portfolio is maximised for a given level of risk. The
theory assumes that investors are risk averse so that if two portfolios provide
the same expected return, the one with the lower risk will be preferred. As
a result, to accept an increase in risk investors will require compensation in
form of an increased expected return. Therefore also the converse holds: to
obtain a portfolio with a higher expected return one must also take on more
risk.

What is considered risk in practice, depends largely on the investor. A
long-term investor might consider the risk of ruin, meaning that money is
permanently lost, to be the real risk. For that investor a fluctuating port-
folio value is of lesser concern, as long as the general direction is positive.
Conversely, a short-term investor that plans to liquidate the portfolio within
a couple of years, may consider a fluctuating portfolio value to be risk. The
MPT takes the latter approach and quantifies risk as the variance of returns
for the portfolio.
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The task can be written as an optimisation problem

m m
min E E W;W;0 ;5

i=1 j=1
m
s.t. sz‘E[ﬁ] =7
i=1
m
3
i=1

Ww; Z 0 Vie {1, ...,m},

where m is the number of assets, w; the proportion of the portfolio allocated
in asset 4, 0;; the covariance between assets ¢ and j, E[r;] the expected return
of asset i, and 7 the desired expected return for the investor. The objective
function is the portfolio variance, which one aims to minimise while holding
the expected return of the portfolio at the desired level. The portfolio weights
are constrained to the feasible region, meaning that they sum to one and
are positive, as we do not allow short positions, which would benefit from
decreasing asset prices.

Another key argument advocated by MPT is that assets should not be
evaluated separately, but together as a portfolio. The investor can reduce
the risk of the portfolio, if the underlying assets are not perfectly positively
correlated, meaning that the correlation coefficient p;; < 1. Consider two
assets with the same expected return and the same variance, o7 = o7. If one
examines the assets separately, any combination of them is optimal, even one
where everything is allocated to one of the assets. Conversely, utilising the
MPT, we notice that the portfolio covariance decreases, as 0;; = 0,0;p;; < o2
Investing in multiple assets, or diversifying ones investments, is therefore
encouraged by MPT.

The solutions obtained from solving the optimisation problem for multi-
ple different desired expected returns, form an efficient frontier of possible
portfolios. These are so called Pareto optimal solutions, as one cannot choose
a portfolio that would both have a higher expected return and a lower risk
than any portfolio in the efficient frontier.

Figure 2.1 shows the efficient frontier, the possible portfolios and the
individual assets, in the mean-standard deviation diagram. One notices the
Pareto optimality of the efficient frontier when comparing it to the set of
possible portfolios.
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Figure 2.1: The individual assets (points), and the set of possible portfolios
one can obtain from different combinations of them (area within curve) form
a portfolio management problem. With Modern Portfolio Theory, one can
solve the set of optimal solutions, called the efficient frontier (red curve). De-
pending on the investors desired expected return, a portfolio on the efficient
frontier will be optimal.

2.2 Kelly Criterion

In recent years the Kelly Criterion, also called the Capital Growth The-
ory, has become part of the mainstream investment theory [Hagstrom, 2013].
While MPT focuses on portfolio selection in a single period, the Kelly Cri-
terion does so in multiple periods. The Kelly Criterion is therefore suitable
for portfolio management, where allocations are periodically managed.

The Kelly Criterion, presented by Kelly Jr. [1956], determines the opti-
mal size of an investment, in order to maximise the expected value of the
logarithm of wealth. Using the logarithm to quantify the value of money, was
already suggested in 1738 by Daniel Bernoulli, later translated in Bernoulli
[1954]. This essentially means that as the wealth increases, the value of in-
creasing the wealth with a unit, decreases. Kelly revisited this idea in his
paper, showing that it had notable properties. Maximising the one-period
expected logarithm of wealth is equivalent to maximising the long run growth
rate of wealth, or in terms of investments: the return, for each period. There-
fore the optimal bet now does not depend on the past or the future, it is still
optimal in the long run.
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We define b,,;, > 0 as the net odds for a bet. This implies that if the bet
is won, the bettor receives b,;, + 1 times the bet-size, and if lost, the bettor
looses the bet-size. The optimal bet according to the Kelly Criterion is then

* bwinpwin - (1 - pwm)
fr= (2.1)

Y

bwin

where py, is the probability of winning. The bet-size f* € (—o0, 1] is ex-
pressed as the proportion of the total wealth. However, a negative bet-size
indicates that the bettor should bet on the complement, which in some cases
is impossible.

Let us consider a bet made on a coin toss where one receives 3 times the
bet. Using the Equation above with the values b,;, = 2 and py;, = 0.5, the
optimal bet becomes f* = 25% of the wealth.

The bets produced by the Kelly Criterion are superior in the long horizon.
In practice however, the bets can be rather risky, especially in a shorter time-
frame. This can happen because the bets produced can be a large fraction of
the total wealth, and should that bet fail it takes longer to recover. Therefore,
the fractional Kelly Criterion is often used. This means wagering a proportion
a € [0,1] according to the Kelly bet and 1 — « in cash, to decrease the
riskiness while settling for a suboptimal growth rate. According to MacLean
et al. [2011], many high profile investors act according to some fractional
Kelly strategy. Furthermore, MacLean et al. [1992] argues that betting more
than the Kelly bet is never advisable, as the growth rate decreases while the
risk of bankruptcy increases.

2.3 Strategies

This Section presents some commonly used strategies, when sequentially
managing a portfolio. The strategies are surveyed by Li and Hoi [2014].

The proportion of the portfolio invested in the m different assets at time
t is denoted by w;. In mathematical terms,

w; = {wi b, € [0,1]™, such that Zw“ =1,

i=1

meaning that the portfolio weights are non-negative and sum to one, for each
t. Furthermore, 7, € R™ is considered to be the return of the assets at time
t. This, is defined as the price-relative vector, in other words, the prices of
assets at time ¢+ 1 divided by their prices at time ¢t. Therefore, the return of
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the portfolio from an investment made at time ¢ is 7 w; and the cumulative
return from investing in n periods becomes

R[l:n] = H’l“tT’wt. (2.2)
t=1

The cumulative return is equivalent to the portfolio value at time n divided
by the initial portfolio value. Possible transaction costs may occur that
reduces the return, but for now they are only mentioned and in Section 5.1
introduced explicitly.

2.3.1 Uniform Buy and Hold

The Uniform Buy and Hold (UBAH) strategy consists of investing an equal
portion in every asset and then holding the positions until the end.

The strategy starts off by investing w;; = % into every of the m as-
sets. Because the asset prices move, the allocation at time 2 will be slightly
different. In mathematical terms, it will be

W — T ® w1
2T Tw,
where ® is the Hadamard, or elementwise: (A® B);; = A;;B;;, product. The
division ensures that the new portfolio weights sum to one.
No rebalancing of allocations is done, meaning that the cumulative return

for the portfolio will be

n T
R[Ln} = (@ Tt) w;.
t=1

As all positions are held until the end, no transaction costs need to be paid,
apart from when obtaining the initial allocation.

2.3.2 Uniform Constant Rebalanced Portfolios

If one instead, chose to rebalance the weights at every time to match the ini-
tial allocation, one is employing the Constant Rebalanced Portfolios (CRP)
strategy. Passive equity funds that track some market index, for instance the
S&P500 index, are CRP that are rebalanced periodically.

In the special case, when one chooses to use the Uniform CRP (UCRP),
the cumulative return becomes

R[l:n] - Hrf [%7 )
t=1

I

3=
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Naturally, constantly rebalancing the portfolio imposes transaction costs as
one actively trades during the time period under examination.

Utilising a CRP based solution can be shown to be optimal, when the
returns of the assets are independent and identically distributed [Cover and
Thomas, 1991].

2.3.3 Follow the Leader

We move away from strategies that use some kind of case-insensitive alloca-
tion scheme. The idea of the Follow the Leader (FTL) approach is to increase
the weights of successful assets. The approach can therefore be classified as
a Follow-the-Winner type approach, where assets that have performed suc-
cessfully in the past are expected to do so also in the future.

Following F'TL, the allocation at time ¢ is done according to the optimal
CRP allocation at time [to,t — 1]. In other words, the allocation is done
according to the constant allocation that would have resulted in the highest
return in a historical time-interval. Mathematically,

t—1
wy = w;_, = argmax | | 7w,
t—1 w le_tj(; )
where w is still non-negative and sums to one. Thus assets that have per-
formed well in the past will get a greater weight in the FTL inspired portfolio.
The cumulative return can be calculated using Equation (2.2) and transac-
tion costs will occur.

2.3.4 On-line Moving Average Reversion

The underlying assumption that suggests using an CRP based approach does,
however, not always hold for the stock market. The Follow-the-Loser type
approach instead transfers allocation from winners to losers. The approach
is largely based on the assumption of mean reversal, meaning that deviations
from the mean tend to correct themselves. For instance, a stock that trades
over the average price is believed to decline in price in the future, while a
stock trading under the average price is believed to increase in price.

An example of such an approach is the On-line Moving Average Rever-
sion (OLMAR), published by Li et al. [2015]. The idea of mean reversal is
apparent, as OLMAR predicts the following return r;, at time ¢, using a
moving average, as

1 t
LT D ict—i+1 Pi
Pp=—
y o
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where the hat on 7, denotes that it is a prediction, [ is the window size for
the moving average and p; is the vector of closing prices at time j.
The allocation is then updated according to

1
w; = arg min EH'w — w,_1||?, such that 7] w > ¢,
w

where € is a threshold for the predicted return. The idea is to keep the
previously allocated weights, w; = w;_1, if such a predicted return is over
the threshold e. Conversely, if not, then find a new allocation that satisfies
the condition not too far from the earlier weights. The cumulative return
will again be calculated using Equation (2.2) and transaction costs will occur.
Because of the careful updating of the portfolio weights, these costs should
be more modest.

2.4 Metrics

From different theories and strategies of portfolio management, this Section
presents metrics used to compare portfolios against each other. The idea
of MPT, that risk is defined from the perspective of a short-term investor
and returns should be evaluated together with risk, is incorporated in all the
following risk-adjusted return metrics.

2.4.1 Sharpe Ratio

One of the most common performance metric of portfolio managers is the
Sharpe ratio, developed by William Sharpe [1966]. It compares the returns
of an investment to a risk-free asset and adjusts for riskiness.

Sharpe defined the ratio as

o "~ (2.3)

/Var[r]’
where 7 is the average return of the investment, 7 is the return of the risk-free
asset and Var[r| is the variance of the returns.

The Sharpe ratio has its weaknesses. One is the assumption that the
returns of investments are normally distributed, which is assumed when cal-
culating the standard deviation of the returns. However, the distributions
are often skewed and with abnormal kurtosis, making the standard deviation
less efficient and the Sharpe ratio biased. Furthermore, as the ratio defines
the risk as the standard deviation of the returns, both negative and posi-
tive volatility is seen as bad. Large positive swings in returns are therefore
discouraged, even though a rational investor would welcome them.
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In summary, the Sharpe ratio is an immensely popular metric, with many
drawbacks, the most crucial being that both positive and negative volatility
are seen as bad.

2.4.2 Sortino Ratio

In an effort to improve the Sharpe ratio, the Sortino ratio was introduced
by Sortino and Price [1994]. It addresses the main weakness of the Sharpe
ratio, by using Downside Deviation (DD), or negative volatility, instead of
overall volatility as denominator.
The Sortino ratio is defined as
SR — r—"1T ’
VI T = 2 f

where T is the annual target return, r’ a random variable and f(r’) the
distribution of annual returns.

The authors preferred the continuous version of the denominator over the
simpler discrete version. The reason for that is that the continuous version
is considered to attain the uncertainty of the realisation of returns, while
the discrete version does not. Essentially, all the outcomes that could have
happened, but did not, are better captured by the fitting of the continuous
probability distribution. In practice, however, many that use the Sortino
ratio employ the discrete, more simple, version for the downside risk. [Sortino
and Forsey, 1996]

Compared to the Sharpe ratio, the assumption of normally distributed
returns is no longer required. The distribution f can be fitted freely, thus
allowing asymmetrical returns that often occur in the stock market. The
fitting of the distribution does, however, not make the Sortino ratio bullet-
proof as one needs to find a distribution that explains the returns properly.
Furthermore, the problem with a negative numerator, that is shared but not
as probable with the Sharpe ratio, exists. If the target return 7' is higher
than the obtained one, the Sortino ratio becomes negative. In that case, a
portfolio with a higher Downside Deviation is preferred to one with a lower
DD, making no sense.

The Sortino ratio was the first element in Post-Modern Portfolio Theory
(PMPT), designed to fill the gap between MPT and the realities of the in-
vestment market. The two major limitations of MPT are the ones explained
above: the assumption of symmetric returns and the penalisation of positive
volatility, both successfully overcome by the Sortino ratio.
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In summary, the Sortino ratio is a definite improvement from the Sharpe
ratio, overcoming most of its weaknesses, provided that the portfolio performs
better than the target return 7.

2.4.3 Omega Ratio

In an attempt to find an even better performance measurement, the Omega
ratio was introduced by Keating and Shadwick [2002]. The Omega ratio re-
tains all the information that the Sharpe ratio and Sortino ratio discards.
Both those ratios contain only the first and second moment, mean and vari-
ance, of returns. Utilising the entire distribution, the Omega ratio contains
all moments. Furthermore, the Omega ratio belongs to the PMPT, overcom-
ing the same earlier limitations as the Sortino ratio did. In addition, the
Omega ratio works consistently, even though the return of the portfolio does
not reach the target return 7'
The Omega ratio is defined as

_ Jr [ = F(r)]dr
J2 . F(r)dr

T)

where T' is the target return and F' is the cumulative distribution function
of the returns. Similar as with the Sortino ratio, the distribution of returns
is to be fitted and the corresponding cumulative distribution function used
in the calculations.

One can examine the Omega ratio as a function of 1" and such compare
different investments with one another, depending on what target return the
individual investor has. The Omega ratio is also consistent with First-order
Stochastic Dominance (FSD) of returns. For an investments to FSD another,
it has to have a larger Omega ratio, regardless of the target return 7. If an
investment has FSD over another, then the first investment should always
be selected by the investor, assuming that the investor prefers more return
to less. According to Klar and Miiller [2017], the Sharpe ratio is, however,
not consistent with FSD, meaning that the ratio can prefer a portfolio that
surely leads to smaller returns.

In summary, the Omega ratio is in some ways a further improvement of
the Sortino ratio, by retaining all the information of the return distribution
and being consistent regardless of target return 7. The improvement is,
however, somewhat marginal.



Chapter 3

Reinforcement Learning

3.1 Background

This Section presents the history of RL and some recent advances which have
contributed to the popularity of the field. Even though the term reinforce-
ment learning did not appear in engineering literature until the 1960s, its
history stretches much further [Sutton and Barto, 2018]. RL as seen today
stems mainly from two fields.

One of the fields is trial-and-error learning. The idea originates from the
1850s, from the psychology of animal learning. The principle is that decisions
followed by a good or bad response have a tendency to be adjusted accord-
ingly, also called the Law of Effect. Even though stemming from psychology,
the idea of using trial-and-error slowly reached the field of engineering. In
one of the first thoughts of Artificial Intelligence (AI), Alan Turing presented
a computer system that worked similarly as the Law of Effect, in 1948.

The other field that RL stems from, optimal control, focuses on designing
a controller for a dynamic system over time, such that some measure is
optimised. One approach in the field was developed by Richard Bellman in
the 1950s, called the Bellman equation. He later also introduced the Markov
Decision Process, a discrete stochastic version of the optimal control problem.
Both of these approaches are essential to modern RL.

The two aforementioned fields remained separate for a while, probably
due to belonging to rather different disciplines. Finally, in 1980s the fields
were fully combined to form RL. During the last decade, advances in the
amount of data available and computational power and cost has laid the
foundation to the soaring interest and recent advances in AI, ML and RL,
taking place today.

Especially, Mnih et al. [2015] attracted a lot of attention towards RL, by

13
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combining Deep Learning and RL successfully on the Atari 2600 games. They
surpassed human-level control on 49 of the games, using the same algorithm
and network architecture. In other words, they did not only perform well in
one challenging task, but in a somewhat diverse range of task, starting from
the same machine.

Another advancement occurred with a popular board game. The game
Go was long considered to be a too challenging task for current Al tech-
nology, due to its vast search space and difficulty in evaluating moves and
positions. However, Silver et al. [2016] managed to train an agent, called
AlphaGo, using a combination of RL and supervised learning, that mastered
the game. Having beaten one of the best Go players in the world, they de-
cided to retire AlphaGo. Instead Silver et al. [2017] developed a new version,
AlphaGo Zero. While the previous version was trained using human “ex-
pertise”, consisting of observations of human experts playing the game, the
newer version was trained without any such information. AlphaGo Zero won
against the champion-defeating AlphaGo 100-0.

The advances in RL are not limited to games, even though they may have
received most attention. For example personalised web services, robotics and
optimising memory control are other domains with recent promising advances
[Sutton and Barto, 2018; Levine et al., 2016].

3.2 Markov Decision Process

This Section presents the mathematical framework used to describe a RL
problem, namely a finite Markov Decision Process (MDP). MDPs are used
to characterise sequential decision making, with both immediate and future
rewards, into mathematical terms.

In a MDP the decision maker is called the agent and its counterpart,
the environment. They interact at discrete time steps, the agent takes action
a; € A and the environment responds with a new situation, or state, s;11 € S
and reward 7,1 € R C R for the agent to take action a;;; € A based upon.
The set of possible states, actions, and rewards are S, A and R, respectively,
where A is shorthand for A(s;), as the actions available may depend on
which state the agent is in. The finiteness, in finite MDP, comes from the
assumption that the set of states, actions and rewards are of finite size. The
system is visualised in Figure 3.1.

Quantifying the goal of the task, as a reward is one of the distinct features
of RL. The agent simply strives to maximise the cumulative reward in the
long run. Therefore, the reward must be defined such that maximising the
reward accomplishes the exact goal of the task. Let us, for instance, consider
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Environment

State s,,,
Reward r,,,

Actione, ey
State s,

Reward r,

Agent

Figure 3.1: The interaction between the agent and the environment in a
Markov Decision Process. The dashed line moves clock-wise to elicit new
responses from the agent and the environment.

the game of chess. If the reward was quantified as taking the opponent’s
pieces, the agent may learn to do just that, but still loose the game. Instead
the reward must be defined from the end result of the game, win or loose,
and then mapped to the individual moves that lead to that result.

The agent decides which action to take in a specific state using a pol-
icy w. The policy can be either deterministic a; = m(s;) or stochastic,
when the probability of selecting action a; is m(as|s;). Likewise, the tran-
sition from state s; and action a; to the next state s;;; can be deterministic
Sir1 = f(s¢, ar) or stochastic, when the probability of arriving at state s;4q
is P(si41]st, ar).

If assumed that the MDP reaches a terminal state where the sequence
ends at time 7', the trajectory, or path, can be written as

T = S0, Q0,70,51,01,T1,...,S5T,

where s is randomly sampled from a state-start distribution Py(-). If as-
sumed that both the policy and the transition are stochastic, the probability
of said trajectory can be written as

T-1

P(rlm) = Po(so) [] Plserilse, an)m(adse), (3.1)

t=0

given that policy 7 is followed.
The return of the trajectory needs to be a finite value and is therefore
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defined as
T—1
R(r) = Z V', (3.2)
t=0

where v € [0,1) is the discount factor. The discount factor is introduced
for mathematical convenience but can be motivated, for instance by the
assumption that getting money now is preferred to getting money in the
future. This is reflected in the formula, as the reward now is worth the
full amount while future rewards are discounted. The expected return thus
becomes

T~

E [R(T)] = /P(T\W)R(T)ah' = J(m) (3.3)

where the expectation is over 7 and 7 ~ 7 denotes that the trajectory is
obtained following policy w. The central problem for RL to solve

7" = argmax J(m),

is essentially finding the policy that leads to the highest expected cumulative
return.

Other key functions in RL are the walue functions. The action-value
function gives the expected return when starting from state s, selecting action
a and then acting according to policy 7

Q" (s,a) = TIEW[R(T)’SO = S,a0 = al. (3.4)
Another value function, the optimal action-value function, is similar except
one acts according to the optimal policy after the initial action
Q*(s,a) =max E [R(7)|so = s, a9 = a]. (3.5)
™ T~
Using the optimal action-value function, the optimal action in every state
can be computed as

a*(s) = arg max Q*(s, a),

resulting in the agent following an optimal policy.

All the value functions obey the self-consistent Bellman equations, essen-
tially stating that the action-value now is the current reward plus the value
of the next state. The action-value function at time ¢t becomes

Q(s,a)= | E  [m+y E [Q7(sd)],

s'~P(:]s,a) a’~m(-|s")
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which is obtained by combining Equations (3.2) and (3.4), if the terminal time
T approaches infinity. Similarly, the optimal action-value function becomes

Q(s.0)=, B [re+ymax(Q'(s',a)]] (3.6)

s'~P(:|s,a)

when combining Equations (3.2) and (3.5).

3.3 Deep Learning

When the set of possible states S is large, finding the true optimal policy
or optimal action-value function becomes impossible. The problem is solved
via function approximation, meaning that desired function is approximated
using examples from it. This Section introduces Deep Learning, a function
approximation method.

Approximating the desired function can be done using an Artificial Neural
Network (ANN), which has contributed to some of the most impressive recent
advances in ML. The architecture of ANNs are inspired by the neurons in
the brain, with synapses connecting them, thus creating vast and complex
systems. When building complex ANNs and having them learn a task, it is
called Deep Learning.

Figure 3.2 shows a simple example of an ANN. Every circle depicts a
node containing a real number and the arrows are links between nodes. The
network consists of an input layer, two hidden layers and the output layer.
Every link is associated with a weight, and therefore the ANN is said to be
parameterised by a set of weights, @, that together with the input of the
network determines the output.

All the layers presented in the Figure are called fully-connected layers.
Every node in the previous layer is connected to the next, and therefore the
value in each node becomes a weighted sum of the previous layer. There
are also no loops in the layer. Generally, there are many different types
of layers, some are feed-forward like the previously introduced, while others
contains loops and are therefore called recurrent layers. Another example
of a feed-forward layer is the convolutional layer, which essentially connects
only a subset of the previous layer to nodes in the following one. If one
considers an image as the input, then only nearby pixels are connected to
form a node in the following layer. This mapping from a subset of nodes to
the next layer, is then applied to multiple different subsets of nodes, with
the same weights. This means that spatial positions of the input are utilised
in convolutional layers, making them well suited for image recognition, and
other similar tasks. Long short-term memory (LSTM) layer is an example of
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Hidden

Output

Figure 3.2: Example of an Artificial Neural Network. The network consists of
4 input nodes, connected to 5 nodes in a hidden layer, connected to 4 nodes
in another hidden layer, finally connected to the output layer consisting of
3 nodes. All layers are fully connected so that each node has a path from
every node in the previous layer.

a recurrent layer. LSTM layers can process arbitrary sequences of data with
a loop connecting the output of the previous input, as an additional feature
for the following input. One example of a use-case is interpreting sentences
were the loop enables some kind of memory, connecting earlier information
of words to the current input word.

Common for all kind of layers is to use activation functions. The ac-
tivation function of a layer operates on each node in that layer, usually
introducing non-linearity to the network. The activation functions are es-
sential for the approximation of complex functions. In the simple example
of Figure 3.2, the activation function would be applied after the weighted
sum in each layer and without them the network would be a linear mapping
from input to output. Commonly used activation functions are the Recti-
fier Linear Unit (ReLU) f(z) = max(x,0) € [0,00) and a sigmoid function
f(x) = == € (0,1). The ranges of the activation functions make the net-
work act somewhat similar to the biological neurons that are either activated
or not.

Sutton and Barto [2018] argue that the complex functions to be approx-
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imated in RL may need multiple simple layers in a hierarchical structure
to succeed. That means building deep structures, of many hidden layers,
potentially combining different type of layers and activation functions.

Increasing the complexity of the network, however introduces a problem.
Networks that contain a large number of weights, suffer from overfitting,
meaning that the model learns too well the specifics of the training data,
resulting in a model that does not perform well on new data. Several methods
exist to mitigate this risk. For instance, penalising networks that use large
weights, called regularisation, is one method. Examples of regularisation
include 11 and 12-regularisation. The former induces sparse weights while the
latter simply reduces weights towards origin. Another mitigation technique
is to randomly remove nodes during the training, called dropout, that forces
the model to only learn robust dependencies and not the rarely-occurring
cases. Further, when training the model using small random subsets of the
train data, overfitting usually occurs less.

Typically, the ANN learns using some version of Stochastic Gradient De-
scent (SGD). This means adjusting each weight in a directions such that some
objective function is optimised. To do so, derivatives are utilised, which indi-
cate how a small change in the variable differentiated with respect to changes
the objective function. Asthe ANN is parameterised by multiple weights, the
objective function depends on multiple variables and partial derivatives are
used. Each weight is therefore updated in its own direction that optimises
the objective function. Let us consider an objective f(@) that depends on
weights 0, that is to be minimise. The weights are updated via

0« 60— aVef(0),

where « is the learning rate, deciding the magnitude of each update, and
Ve f(0) is the gradient of function f(0) with respect to 6, in other words,
the vector of partial derivatives with respect to each weight.

3.4 Algorithms

The taxonomy of RL algorithms is not straightforward, but the different
algorithms can be divided roughly as in Figure 3.3, which covers relevant
groupings and algorithms presented in this Section.

The hierarchically highest grouping is whether the algorithm is model-free
or model-based. An algorithm is the latter if it has access to or tries to learn
a model for the environment. This allows the agent to think ahead, as it
can model what the consequences of actions are, and then select the optimal
one. Furthermore, the sample efficiency, and as a result, training time is
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Algorithms
|
v +
Model-free Model-based
|
] +
Policy optimisation Q-learning
Policy Gradient «—1——— DDPG <« » Deep Q-Network

> SAC «

Figure 3.3: A taxonomy of RL algorithms. The boxes form the groupings and
the free text represents the algorithms. DDPG stands for Deep Deterministic
Policy Gradient and SAC for Soft-Actor-Critic.

improved. A major disadvantage is that a real model of the environment is
rarely available, and therefore the agent must first learn the model. As a
result, the agent may perform well with the learned model but poorly in the
real situation. Algorithms are model-free if they do not attempt to utilise a
model for the environment. Even though they have poorer sample efficiency,
they are easier to implement and therefore currently more popular. This
survey therefore focuses on model-free algorithms.

The two main approaches for algorithms in model-free RL are policy opti-
misation and Q-learning. The two approaches tie together the two previous
Sections, as the different functions related to MDPs from Section 3.2 are now
approximated with ANNs presented in Section 3.3.

Let us begin by presenting the policy optimisation approach. The policy
7(+|s¢) discussed in Section 3.2 can be rewritten using some ANN function ap-
proximator presented in Section 3.3, as mg(+|s;) now parameterised by weights
0. With the policy optimisation approach some version of the expected re-
turn of trajectories, defined as J(7) in Equation (3.3), is directly optimised.
More specifically, the parameters @ are updated using SGD with, for instance,
J(mg) as the objective function. This update is always performed on-policy,
meaning that all data used is obtained using the most recent policy .

The Q-learning approach instead uses an ANN to model Qg(s, a) param-
eterised by @ that approximates the optimal action-value function Q*(s,a).
The objective function to use with SGD is based on the Bellman equation for
the optimal action-value function, presented in Equation (3.6). This can be
done off-policy, meaning that data collected using any policy can be utilised.
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The action in every state can then be obtained using
a(s) = argmax Qg(s,a).
a

While policy optimisation directly optimises the desired policy, the ap-
proach is not sample efficient. The Q-leaning approach on the other hand
is, but it is less stable, as one is only indirectly optimising the performance
of the policy. The Policy Gradient algorithm, which will be presented in
the next Section, is an example of a policy optimisation algorithm while the
Deep Q-Network, the algorithm Mnih et al. [2015] developed to master the
Atari games, is an example of a Q-learning algorithm.

In an attempt to combine the strengths of the two approaches presented
above, new algorithms have been presented. These, so called actor-critic,
approaches consist of an actor, the policy network mp, and a critic, the Q-
network (@Q,, meaning at least two ANNs are used. Examples of actor-
critic algorithms are the Deep Deterministic Policy Gradient (DDPG) algo-
rithm, presented by Lillicrap et al. [2015], and the Soft Actor-Critic (SAC)
algorithm, presented by Haarnoja et al. [2018]. Both algorithms gained a
lot of popularity at respective release. The DDPG algorithm obtains good
performance in multiple tasks, but, it is still rather unstable, and in high-
dimensional tasks basic on-policy algorithms still perform better. According
to Haarnoja et al. [2018], the SAC algorithm outperforms prior on-policy
and off-policy algorithms, reaching state-of-the-art performance. Further-
more, the approach seems stable and sample efficient, successfully combining
the strengths of the policy optimisation and Q-learning approach, while over-
coming their weaknesses.

Another way to group algorithms is by whether the learning is done off-
line or on-line. The former treats the data as a static dataset, while the
latter allows for a dynamic one, where new observations arrive periodically.
Off-line learning means dividing the data into a train and test set, collecting
batches of observations from the train set and updating the parameters, to
finally test performance on the test set. With on-line learning the train-
test grouping becomes less clear. In its most extreme form, the algorithm
sequentially predicts an observation, updates parameters on that observation
and then discards the observation. The algorithm first processes the train
set in this manner, and then the test set similarly, meaning that the model
also updates between every observation in the test set. The gradients used to
update the weights of the models are estimated using samples and therefore
the off-line learning that uses more samples should attain a better estimation
of the true gradient. Therefore, off-line learning usually results in a smoother
training process. On the other hand, on-line learning estimates the gradient
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using a single sample, resulting in a more volatile learning process that can
potentially avoid getting stuck in local minima more efficiently. The approach
can also adapt to a changing environment and more data can be utilised for
training as opposed to testing. The generalisation estimate in on-line learning
is however not nearly as reliable, as the model continuously changes.

3.5 Policy Gradient

This Section presents the Policy Gradient (PG) algorithm, which is a sim-
ple policy optimisation based approach. The PG algorithm is also called
REINFORCE, after the algorithms presented by Williams [1992].

As stated in the previous Section, algorithms using the policy optimisa-
tion approach update the parameters of the neural network via SGD using
some variant of the expected return of trajectories as the objective function.
The PG algorithm being one of the simpler approaches uses the expected
return of trajectories exactly as presented in Equation (3.3).

An expression for the policy gradient V.J(mg) is therefore needed. In the
Equation for the expected return of trajectories, the expected value is taken
over entire trajectories so that the gradient of the transition probabilities
P(s¢41]8¢, a¢) will be needed. PG, however, is a model-free approach and no
model for the environment that could describe the transition from one state
to another is available. Yet, the gradient can be rewritten so as not to include
the gradient of the transition probabilities.

Proposition 1. Assuming that the set of states, actions and rewards are
finite, the state transitions are stochastic, the RL agent follows a stochastic
policy g and the objective function J(mg) is as defined in Equation (3.3),
then

T-1

Ve J(mg) = TIE} R(T) Z Vo log mg(ay|s;)

t=0
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Proof. The gradient with respect to 0 is
Vo J(me) = Ve TIE??T[R(T)]
= Ve Z R(7") - P(7'|0)

—ZR - VgP(7'0)

_ ngy Vel (7'0)
= 2R PO )
:ZR P(7'0) - Vg log P(7'|0)

= E [R(1)Vglog P(7]0)]

T~

r -1
= E |R(17)Vyg <logP0 So —l—Z (log P 3t+1|st,at)+1og7r9(at|st)))]
L =0

T~

S
-

= E |R(7) Vo log mg(ays;)

T~
t

Il
o

The assumption of a finite number of states, actions and rewards, makes it
possible to write the expected value as a summation over all the possible
realisations 7/ of the random 7. The linearity of the derivative and sum func-
tion, allow interchanging the differentiation and summation. Furthermore,
the formula for the derivative of a logarithmic function is used before writing
the expression as an expected value again. The last two lines comes from
using the formula for the probability of a trajectory presented in Equation
(3.1) and removing all terms that do not depend on 6 as their derivative is
zero, which finishes the proof. O

Calculating the exact gradient in Proposition 1 via the expected value over
all possible trajectories becomes impossible as the number of states increases.
Therefore, the gradient is usually estimated using the sample average

T-1

S
1 / } :
EE R(TZ) VglOg’ﬂ'e(a/t’St) ’

where S is the size of the sample and 7/ is the realised trajectory of the it}
sample. Statistically this estimator is an unbiased and consistent estimator of
the gradient. Optimising the parameters using an estimation of the gradient,
instead of the actual gradient is what separates SGD from its exact variant:
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Gradient Descent. All model-free algorithms are, by the same reasoning,
forced to use some SGD approach as the environment is often too complex
for the exact version.

As described in Section 3.3, the ANN basically consists of sequential oper-
ations applied to the input to finally produce the output of the network, like
a function composition. Moving from input to output is called the forward-
pass. Now that the network is to learn and Vg logmg(a,|s;) is needed, one
essentially looks at those operations in the opposite order to construct the
partial gradients with respect to the parameters. It is called backpropagation
when moving backwards in the network to calculate the effect of individual
parameters. The chain rule can be applied when taking the partial derivative
of these function compositions, ending up with a sequence of operations that
ultimately comprises the partial derivative.

Figure 3.4: Simple example of network consisting of a fully connected layer
of one node, with a ReLLU activation function, followed by a fully connected
layer with one node. The arrows show the direction of the forward-pass,
meaning the direction from input to output.

Figure 3.4 shows a very simple ANN, where the circles denote nodes
and the arrows operations. The node divided into two parts uses the ReLU
activation function, making the input and output of the node different. In
this example the forward-pass is

T3 = T9fy = max (0, z5) - O = max (0, x16;) - O5.

To calculate the partial derivative with respect to #; the operations are ex-
amined in reverse order and the chain rule used to obtain

(9x3 o al'g @1’2 85(7/2
801 B 81’2 8(13/2 801

=0y Lyys0 @1,

where 1,0 is an indicator function that is equal to one, if z} is positive and
zero otherwise. Worth to notice is that the the ReLU activation function is
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not differentiable at zero, but it is defined to be zero at that point. Conse-
quently, the expression presented is not the true derivative, but this does not
affect its functionality.

Thus the tools needed to make the ANN learn can be combined. The
parameters are updated using SGD, as

s -1
1
0« 06— az Z R(T]) Z Vo log mg(aslst)| ,
=0

=1

where o again is the learning rate and the backpropagation is done with
respect to every parameter in the network, according to the idea presented
above.

3.6 Reinforcement Learning Based Trading
Systems

Most academic research on ML in finance utilises supervised learning tech-
niques. This forces a two-step approach, where first predictions of the future
are made and then these predictions are used to derive the actual trading
action. This approach poses several limitations that may lead to suboptimal
performance. RL instead conveniently merges the steps into a single one,
where other important aspects also can be taken into account. As a result,
RL has recently made considerable advances in the financial domain. In this
Section the research done at the intersection of RL and portfolio management
is presented.

Moody et al. [1998] presents a trading system using RL algorithms, ap-
plied to a single asset. They train the trading system using a novel objective
function called the differential Sharpe ratio, for on-line learning. Moody et
al. prefer on-line learning because of the speed of the convergence and be-
cause that allows the model to adapt to changing market conditions during
trading. To calculate the differential Sharpe ratio, Moody et al. estimate
the first and second moment of the return distribution using an exponential
moving average

A=A +nlr— Aiq)
B, =D+ T](T’f — Bz%l),

where 7 is the smoothing factor that controls the influence of new versus
old observations and r; is the return at time t. The authors initialise the
estimated moments, Ag and By, as zero. Assuming that the risk-free rate is
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zero, the Sharpe ratio, presented in Equation (2.3), at time ¢ can be written
as
Ay

Sy = T h A’
Kn(Bt — Aj)2

where K, is a proportionality constant. When expanding to first order in 7,
the ratio becomes

dS
Sy~ Si-1 + 77d_t>
n

where only ”Z—% depends on the return at time ¢. The differential Sharpe ratio

is thus defined as

Dt:

_ d_St - Btfl(rt - Atfl) - %Atfl(rg - Btfl)
dn (Bia— A2,

and maximising it is equivalent to maximising the original Sharpe ratio. As
the estimated moments were arbitrarily initialised to zero, one should let the
estimates converge before using the formula. The authors find that max-
imising the differential Sharpe ratio leads to more consistent results than
maximising profits. In support for using RL for these kind of tasks, they find
that trading systems trained using either of the objective functions outper-
form trading systems based on supervised learning.

Jiang et al. [2017] also presents an on-line RL trading system, for which
the performance is evaluated on multiple assets of the cryptocurrency mar-
ket. The network architecture they propose for the trading system shares
weights between assets, making it linear in the number of assets in the port-
folio. The trading system therefore scales well and learns patterns that work
for all assets, making the approach more robust. The authors find their trad-
ing system to outperform traditional portfolio-selection strategies, including
those presented in Section 2.3, in three separate backtests.

Liang et al. [2018] implement the DDPG, PG and another policy optimi-
sation approach called Proximal Policy Gradient, to a portfolio management
task. They propose adding random noise to the input state, in order to ob-
tain a more robust trading system, which they find to improve the return and
Sharpe ratio, with a 95% confidence level, backtesting the trading systems
on the Chinese stock market. They also find that the basic PG approach
works better than the more advanced Proximal PG and DDPG approaches.
They reason that the explicit and instantaneous reward of the actions: the
change in portfolio value, make approximating the value function useless,
and consequently the approaches that utilise the “critic” part ineffective.
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The PG trading system also seems to outperform some basic trading strate-
gies, including UCRP, a Follow-the-Winner and a Follow-the-Loser approach
presented in Section 2.3.

Yu et al. [2019] apply the DDPG algorithm to the dynamic portfolio
optimisation task. Furthermore, they add different modules to the trading
system to improve performance. The first module provides a prediction of
tomorrows returns, that can be used as an additional input to the RL model.
The second module is a data augmentation module, that generates synthetic
data of the market. The authors motivate this module by the scarcity of
data available in the stock market, and hypothesise that it should increase
the robustness of the model. The third module provides the model with the
greedily calculated one-step optimal allocation, that the actor can be nudged
towards. The authors provide a realistic backtest setting were the decisions
are executed on following prices and not instantaneously as is usually done.
The authors argue that their model outperforms a CRP and the model of
Jiang et al. [2017] discussed above, in robustness and risk-adjusted returns.
Their implementation of the model is however done using DDPG and not
PG, which Jiang et al. originally employ. With the DDPG approach, the
trading system does not even appear to beat the CRP strategy, which it
does by a margin in the original paper by Jiang et al.
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Data

4.1 Database

This Section presents the databases used to obtain the data and the combin-
ing of the databases, to obtain an accurate trading environment in terms of
information available. Two kinds of data are used in this research:

1. data related to the trading of the stock, provided by the stock ex-
changes,

2. data related to the underlying company of the stock, reported by the
companies.

To obtain the historical information of the stocks, data from the Center
for Research in Security Prices, LLC (CRSP) is used. This data contains
daily information on, for instance, prices and volume of stock trades. Stocks
included are ones listed on the New York Stock Exchange (NYSE) and Na-
tional Association of Securities Dealers Automated Quotations (NASDAQ),
among others.

To get fundamental information about the companies, Standard & Poor’s
Compustat North America database is used. The coverage of companies in
this database is even wider than that in the CRSP database. Examples of
information included in the database are income statements, balance sheets
and cash flow statements released in the quarterly reports.

The CRSP/Compustat Merged (CCM) database from [CRSP/Compustat,
2020] consists of these two databases, with a highly accurate linkage to match
companies and stock with one another. Though the coverage of the two
databases starts before 1950, the data used in this research is from 2000-
2019.

28
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4.1.1 Combining the Data

Even though CCM provides the linkage between stock and company, the time
matching still needs consideration.

When a company is traded on the stock exchange, it is required to follow
the rules of the U.S. Securities and Exchange Commission (SEC). This means
filing quarterly earnings reports of the financial state of the company, to the
SEC. These reports are public and from where the Compustat database draws
its data. In practice however, companies tend to make a public earnings
announcement, before filing the reports to the SEC. These announcement
are less regulated and the company can choose rather freely what to include.
The announcements often contain a portion of the information that goes into
the report.

When examining earning announcements during 2003-2004, Barron et al.
[2016] found that 86% and 50.4% of earning announcements contained the
balance sheet and cash flow information, respectively. They also noted that
during the first quarter of 2008, 98% of the earning announcements contained
the balance sheet information. This is in line with earlier results obtained by
Chen et al. [2002], who also found that once a firm disclosed one balance sheet
in combination with the earnings announcement, they tended to continue.

The Compustat dataset contains the complete information of the com-
pany’s fundamentals and when the data was finalised, but not of the time
when the information first became public. If only the Compustat data was
utilised to merge with the CRSP data, the merge would be done using the
date when the data was finalised to ensure that the data was indeed available
to the public at that time. There may however be significant delays between
the dates when the information was first published, then reported and finally
finalised.

In order to not delay vital information from our model, the Electronic
Data Gathering, Analysis, and Retrieval (EDGAR) system of SEC from
[EDGAR, 2020] is utilised. With this system, one can access filings sub-
mitted by the companies.

By examining the timestamps of the quarterly reports filed to the SEC,
using Form 10-K or Form 10-Q, the finalisation date found in the Compustat
database can be improved upon. As the reports filed are public all infor-
mation was available at that date. However, the stock market is not always
open and therefore the matching of the data is done to the following day if
the reports were filed after market close.

Moreover, since 28.03.2003 all public companies making a quarterly earn-
ings announcement must submit Form 8-K to the SEC, containing the an-
nouncement [SEC, 2003]. Therefore, the original announcements are down-
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loaded and scraped to observe what information was published already at
the quarterly announcement. This information can then be merged earlier,
at the date of announcement instead of at the date of the quarterly report.

As a result of the merge of the CRSP and Compustat databases, with the
help of the information from the SEC, the data includes all information and
contains a more accurate timestamp of when the information became public.

4.2 Selection of Stocks

This Section presents the process of selecting the stocks and simultaneously
some characteristics of the stocks are explored.

The selection process is started from the S&P 500 stocks to ensure that
the stocks have higher volume. This supports two big assumptions made on
the market. The first one is that the investments made by the trading system
has no influence on the market. The second one is that no slippage occurs,
meaning that the price the trading system makes its decision based upon is
still the same when it executes according to that decision. More specifically,
the trading system makes the allocation decision based on the closing prices
of a day but is still able to buy and sell stocks with those exact prices shortly
after. Higher volume indicates a higher liquidity of the stock, which mitigates
the risk that the two assumptions do not hold. It is critical that these
assumptions hold, as they enable our backtesting procedure, explained in
Section 5.3.

It is reasoned that since fundamental information of the companies is
used as input to the trading system, comparable companies should be used.
This is based on the assumption that some fundamentals are only important
for certain companies. For instance, the R&D expense might be relevant for
pharmaceutical companies, but less so for hotel chains. The taxonomy of the
Global Industry Classification Standard is therefore used to select companies
from a single sector. The sector chosen is the Information Technology (IT)
sector, due to its larger volatility and well-known companies. The initial
selection is further limited to companies that contain complete data from
both the CRSP and Compustat database, for the time-interval 2001-2019.

We strive for a diversified selection of stocks, within the I'T sector. There-
fore stocks with the highest volatility and the lowest volatility, stocks with
strong direct correlation and with weak direct correlation, and stocks with
strong time-lagged correlation are selected to the portfolio.

All the returns examined in this thesis are adjusted for dividends, stock
splits, et cetera, to derive comparable returns. Table 4.1 shows the selected
stocks and some statistics of their rate of returns. For instance, Advanced
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name mean  mean-Y min max sd

FISERV INC 0.098% 28.186% -5.536%  6.164% 0.0116%
INTERNATIONAL BUSINESS M 0.001% 0.305%  -7.628%  8.864% 0.0126%
ORACLE CORP 0.037% 9.778%  -9.432%  10.18% 0.0131%
MICROSOFT CORP 0.115% 33.721% -9.253%  10.452% 0.0143%
CORNING INC 0.054% 14.573% -9.297% 11.331% 0.0153%
APPLE INC 0.106% 30.669% -9.961%  8.198% 0.0153%
JUNIPER NETWORKS INC 0.028% 7.235% -15.373% 10.245% 0.0168%
QUALCOMM INC 0.043% 11.578% -15.251% 23.207% 0.0189%
XILINX INC 0.077% 21.473% -17.077% 18.437% 0.0189%
WESTERN DIGITAL CORP 0.024% 6.194% -18.182% 15.348% 0.0244%
ADVANCED MICRO DEVICES T 0.234% 80.605% -24.229% 52.29% 0.0384%
Average for IT sector 0.082% 22.992% -11.613% 13.63% 0.0172%

Table 4.1: Descriptive statistics of the rate of returns of the selected stocks.
All values are reported in daily rate of returns, except the mean-Y column
that is the daily average, converted to annual rate of return. The returns of
the stocks are examined for the period 2014-2019 and sorted by the standard
deviation. The last row contains the averaged values over all the stocks in
the I'T sector, contained in our dataset.

Micro Devices and Western Digital were selected due to their higher volatility
while Fiserv and International Business Machines were selected because of
their lower volatility.

Figure 4.1 presents the smoothed direct correlations between the stocks
selected. For instance, Qualcomm Inc and Juniper Networks Inc were se-
lected due to their lower direct correlations with the other stocks, while
Oracle Corp and Microsoft Corp were selected because of their higher cor-
relation. The rest of the stocks seemed to have interesting time-lagged cor-
relations with the other stocks and were therefore included in the selection.
These time-lagged correlations are presented in Figure 4.2. In addition to the
eleven stocks presented above, the portfolio also consists of a twelfth asset:
cash.
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Figure 4.1: Correlation plot for the returns of the stocks selected. To the
left the complete company name is presented, while above the ticker symbol
is used. The correlations are calculated using the Pearson method, for data
from 2014-2019 and the average return for the IT sector is subtracted from
the returns of the individual stocks. The correlations are examined without
time-lagging, meaning that instantaneous correlations are examined, and to
smooth the results the correlations are calculated between the 3-day cumu-
lative returns. Above the diagonal, all correlations are presented in glyph
format, while below, the correlation coefficient is presented only for the sig-
nificant correlations, at a 99% confidence level. As comparison, the average
correlation, calculated similarly as above, between the companies in the IT
sector is —0.019.
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Figure 4.2: Time-lagged correlation plot for the returns of the stocks selected.
The correlations are calculated using the Pearson method, for data from 2014-
2019 and the average return for the IT sector is subtracted from the returns
of the individual stocks. The correlations are examined with time-lagging
and to smooth the results the correlations are calculated between the 3-day
cumulative returns. More specifically, the correlation is calculated between
the cumulative return from days t — 2 to t for the stock in the row, and the
cumulative return from days t+1 to t+3 for the stock in the column. A glyph
representing the magnitude and direction of the correlation is presented only
for the significant correlations, at a 99% confidence level.
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4.3 Initial Feature Selection

This Section presents the initial set of features used as input to the trading
system. These features are used to capture as much information about the
market as possible, for the trading system to interpret.

Earlier approaches to use RL in portfolio management, for instance the
research presented in Section 3.6, often use only basic information about
the stocks such as closing price, highest price, lowest price and volume of
the interval. However, in this thesis more complex features, including both
fundamental and technical features, are used.

Fundamental features pertain to the fundamental information of the com-
panies, for instance, the balance sheet. The majority of stock analyst believe
that the stock prices reflect the fundamentals of the company, and there-
fore examining the fundamentals is the most fitting way to analyse stocks.
As a consequence, much literature about fundamentals in predicting returns
exists. The extensive replication study by Hou et al. [2018] is relied upon
when selecting which features to use. The authors find that most of the 447
variables presented in earlier research are not significant. The fundamental
variables use in this thesis are therefore selected from the set of variables
deemed significant by Hou et al. The fundamental features used and their
category is in Table 4.2.

Technical features can on the other hand be derived from the informa-
tion about the stock. The stock analyst who use technical analysis when
predicting the stock prices are therefore called chartists, as they study the
past movements in stock prices. Even though technical analysis is not as
popular as fundamental analysis, there is plenty of literature on the subject.
Furthermore, these kind of features are better suited for shorter time trading
systems, as the frequency of new information arrival is much larger. Along
with the features with an asterisk (*) in Table 4.2, an arbitrary selection
of technical features, selected due to their general popularity, is also used.
These technical features are in Table 4.3, along with a categorisation of what
the feature attempts to identify. Most of the features are more thoroughly
covered in Murphy [1999].
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Name Category
Standardised Unexpected Earnings Momentum
*Cumulative Abnormal Returns Momentum
Around Earnings Announcement Dates
*Prior 11-month Returns Momentum
Book-to-market Equity Value-versus-growth
Earnings-to-price Value-versus-growth
Cash Flow-to-price Value-versus-growth
Enterprise Multiple Value-versus-growth
Net Operating Assets Investment
Net Stock Issues Investment
Changes in Net Non-cash Working Capital Investment
Changes in Financial Assets Investment
Changes in Return on Equity Profitability
Changes in Return on Assets Profitability
Operating Profits-to-lagged Assets Profitability
Cash-based Operating Profits-to-lagged Assets Profitability
R&D Expense-to-market Intangibles
*Seasonality Intangibles
*Total Skewness Trading frictions

Table 4.2: A subset of the variables found to be significant in predicting
returns according to Hou et al. [2018], used in this research. The asterisk (*)
denotes that the variable is not actually a fundamental variable, as it only
uses information related to the stock. The features are categorised by what
the features attempts to capture.
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Name Category
Relative Strength Index Momentum
Commodity Channel Index Momentum
Stochastic Oscillator Momentum
Directional Movement Index Momentum
Aroon Indicator Trend
Directional Movement Index Trend
Moving Average Convergence/Divergence Trend
Exponential Moving Average Trend
Chaikin Accumulation/Distribution Line Volume
On Balance Volume Volume
Bollinger Band Width Volatility

36

Table 4.3: Technical features used and selected due to their popularity. The
features are categorised according to a taxonomy of 4 categories, by what

the feature attempts to identify.
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Implementation and Training

5.1 Problem Formulation

This Section presents the problem in mathematical terms, the objective func-
tion for training the model and the model updating. We distinguish between
the RL model and the trading system. We refer to the model when consid-
ering a model that produces allocation weights based on market information
at a point in time, and to the trading system when considering the procedure
how the model produces allocation weights at any point in time.

We define the number of stocks as m and the number of assets, meaning
stocks and the cash option, as m™. We repeat the definitions of Section 2.3,
with w; being the allocation of the m™ assets at time ¢. Only long positions
in the investments are allowed and all weights are therefore required to be
non-negative. The weights should also sum to one for the portfolio allocation
to be feasible. Furthermore, r;, denotes the returns of the m™ assets at time
t. This is the daily return of the stocks, defined as the closing prices at day
t+1 divided by t. As a result, if one were to invest according to w; at closing
time on day ¢ the portfolio would be worth ! w; at closing time on day ¢+ 1.
Furthermore, the allocation weights at that time would be

;o Tt Owy
Wi = —7F )

T w,
where the apostrophe (') denotes that the new allocation weights have not
been decided yet.

Next, transaction costs are introduced into the return calculation. When
the decision for the new allocation is made at closing time on day ¢, the
allocation weights change from wj to w; and transaction costs are charged.
The convention of Moody et al. [1998] is followed and transaction costs at

37
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time ¢ approximated as

=Y wh —wl, (5.1)
=1

where ¢ is the commission rate and the summation is over all stocks. Cash
is not included in the summation, as one does not pay to solely change
the cash allocation. Even though many brokers nowadays offer commission-
free trading, a commission rate is imposed in this research. The average
transaction cost that would occur with the selected stocks is estimated for
a broker that offers an API. To allow some slippage, the estimate is slightly
incremented to obtain the commission rate ¢ = 10~ used in this thesis.

The return from a decision made on day ¢ then becomes rtth — iy
Furthermore, the cumulative return becomes

R[l:n} =

t

n

(r?wt - Mt) )
=1
when investing for n days. For the trading strategies in Section 2.3, the trans-
action cost p; is similarly subtracted from the cumulative returns defined.

Unlike games and robotics which tend to provide rewards sparsely, the
portfolio management problem offers an instantaneous reward. We therefore
agree with Liang et al. [2018] in that approximating a value function may
be fruitless. We therefore discard Q-learning and actor-critic approaches in
favour of policy optimisation approaches. Even many policy optimisation
approaches estimate a value function and consequently, we select the PG
algorithm in Section 3.5 that does not attempt to estimate a value function.
The instantaneous reward can therefore be utilised directly when training
the model.

Inspired by the differential Sharpe ratio presented in Section 3.6, a differ-
ential Sortino ratio is used as the objective function. The model is trained
using batches to increase the stability of the training process. This means
that some average of the daily returns over a batch is used when calculating
the differential Sortino ratio. Therefore, we change the notation from time ¢
to batch number k. The calculations are done similarly as in the differential
Sharpe ratio, except that the second moment, By, is estimated using Down-
side Deviation only and the denominator changes slightly. The differential
Sortino ratio becomes

Bi1(re — A1) — 3Ak-1(rf — Be-1)

DSRy, = 5
* (By1)?

: (5.2)
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where

1
t2 tg—t1+1
T
T = H(”"t’wt—ﬂt) )

t=t1

is the geometric mean of the returns from the decisions made in a batch that
starts at time ¢; and ends at time t,. Batches consisting of 20 consecutive
data points are used, so ty = t; + 19. This and the other variables that are
predetermined and not optimised, for instance the commission rate ¢, are
gathered in Appendix A.1.

Following Jiang et al. [2017], batches
with different starts are valid and dis-
tinctive, even though they may over-
lap. This is due to the time-order of
the data. The start time of the batch
t; is therefore drawn from a geometric
distribution so that the probability of
t1 is

Probability
0e+00 2e-04 4e-04 6e-04 8e-04 1e-03

P(t;) = p(1 —ﬁ)tn*tl, 2001 2004 2007 2010 2013 2016
Dates
where t,, is the latest data-point in the  Figure 5.1: The probability den-
training set and (3 is the distribution  sity function for the random start
parameter. One can consider the se-  date of a batch, if the latest ob-
lection process to start from the latest — servation in the training set is
observation, picking it with a probabil-  20.02.2018 and the geometric dis-
ity B and therefore not picking it with a  tribution parameter § = 1073.
probability 1 — . If the observation is
not picked the same Bernoulli trial is performed on the previous observation,
and so on. The probability density function is visualised in Figure 5.1.

The training of the model is done as follows. The batch start is drawn
from the geometric distribution, as explained above. The allocation that
the model starts from is always cash only. The model is then allowed to
sequentially allocate the portfolio for every time-step in the batch. How-
ever, inspired by Liang et al. [2018] a small random noise is added to each
observation in the batch before allocation to obtain a more stable and bet-
ter performing model. The performance of the model is estimated on that
batch, using the differential Sortino ratio presented in Equation (5.2). In
MDP terms, this is the return of the trajectory, R(7), and the parameters of
the ANN are updated accordingly.
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5.2 Network Layout

This Section presents the architecture of the Artificial Neural Network used
to transform the inputted market information into allocation decisions for the
portfolio. To quantify the information of the market, the trading system is fed
with information about technical and fundamental features. Furthermore, to
allow the model to utilise the time-lagged correlations between the stocks,
examined in Section 4.2, the system is also fed with time-lagged returns of all
the stocks. As a result three different types of information about the market
are fed into the model.

We strive for a light-weight model that converges faster and does not
require too much computation time. To obtain a light-weight model, the
network is constructed so that the three input types have rather separate
paths from input to output. We call these paths sub-networks. The entire
network could, on the other hand, be called an ensemble network, because
the outputs of the sub-networks are combined in a sort of voting procedure,
to produce the output of the entire network. The ensemble network and the
sub-networks are visualised in Figure 5.2. The sub-networks are defined as
the path from an input until the m vector, that is combined with the other
paths to become a vector of size m x 1 x 4. Given that the sub-networks are
mapped independently with regards to the other inputs, the sub-networks can
be trained separately. Furthermore, the training of the ensemble network will
require less training when the sub-networks are pretrained. Consequently,
the sub-networks are trained first and the pretrained weights then used in
initialising the training of the ensemble network. Furthermore, four separate
trading systems are obtained, amongst which performance can be compared.

As can also be seen in Figure 5.2, a fourth input is fed to the model, which
is the current allocation weights for the stocks, in other words a subset of wj.
This allows the model to control the amount of transaction costs paid. Given
the transaction cost in Equation (5.1), only the allocation for the stocks, not
cash, is needed when calculating the transaction cost imposed. This fourth
input is concatenated with the outputs of the sub-networks to eventually
form the final output.

5.2.1 Technical Network

The sub-network transforming technical features into allocation weights is
largely inspired by Jiang et al. [2017]. The technical features are fed in as
3-dimensional vectors. The first dimension is the number of stocks: m, the
second is the number of past values for a feature and stock, denoted by nseep,



CHAPTER 5. IMPLEMENTATION AND TRAINING 41

Technical sub-network
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Figure 5.2: The ensemble network visualised. The inputs are to the left and
the output to the right. In the middle of the Figure, the outputs of the sub-
networks and the currently allocated weights for the stocks, all of size m, are
concatenated together to form a vector of size mx1x4. The number of stocks
is denoted with m, the number of assets with m™, the number of technical,
fundamental and return features with diecn, dfuna and d,e, respectively, and
the number of past values used for every technical and fundamental feature
by Ngecn, and npynq, respectively. The sub-networks are visualised by dashed
rectangles.

and the third, diep, is the number of features. By providing the network
with multiple past values, the trading system can learn to interpret changes
in features that seem to affect future returns. As visualised in Figure 5.2, the
technical sub-network consists of two convolutional layers. The convolutional
layer connects different subsets of nodes from one layer to the next using the
same mapping, as described in Section 3.3. In this sub-network, the infor-
mation from the different stocks are mapped separately. This means that all
information regarding a stock remains separated from the information of the
other, all the way from input to the output of the sub-network. Furthermore,
the mapping from input to output uses the same weights regardless of stock.
Consequently the model interprets certain combinations of features to influ-
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ence prices of all stocks in the same manner. More in-depth details of the
sub-network are in Appendix B, where the specifics of the entire network are
presented. The output of the sub-network is the number of stocks, m, long.

Because ANNs usually learn better with normalised data, the normali-
sation is applied as follows. The technical indicators with an unconstrained
range are normalised relative to their most recent value. For instance the
closing price for a specific stock would be

1 Pi=1 pi2 Pt—niecptl
pt Dt Dt

In contrast, the intrinsically constrained technical indicators are transformed
onto the range [0,1]. For instance the Relative Strength Index that can
obtain values between 0 and 100, is simply divided by 100 to obtain the
desired range.

5.2.2 Fundamental Network

The sub-network for the fundamental features is presented next. The fun-
damental features are again fed in as a 3-dimensional vector. The first di-
mension is the number of stocks, the second, nfynq, is the number of last
reported fundamental values plus one and the third, dynq, is the number of
features. The four previous values are used for the fundamental features. As
the values are reported quarterly, this means values over a year. The plus
one feature in that dimension is time since the latest fundamental value was
reported, calculated in days. The second dimension, ngfy,,q, for the input
vector is therefore five. By providing the model with how recent the funda-
mental information is, the model can both separate fresh information from
stale and learn to anticipate when new information is imminent.

The fundamental features are normalised by subsector, or industry, ac-
cording to the Global Industry Classification Standard. Consequently, when
a company releases new information of some fundamental feature, that in-
formation is compared to the other companies in the same industry, and via
an affine transformation mapped to the interval [0, 1]. Value one means that
the fundamental feature is the largest in the industry at that time, while
zero means that it is the smallest. Furthermore, if another company in the
same industry releases new information, causing the affine transformation
to change, the values likewise change. For instance, a competitor releasing
exceptional fundamental information can have an effect on the market’s view
of a company in the portfolio. The three older feature values are normalised
with the same mapping so that the model can utilise how that fundamental
feature value has evolved over time. The days since the last reported value
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is divided by 70, roughly mapping it to the interval [0, 1], as there are on
average 62 trading days between quarterly earnings reports.

As visualised in Figure 5.2 of the ensemble network, the fundamental sub-
network consists of a convolutional layer and a fully connected layer. The
convolutional layer is thought to capture characteristics that work for all
stocks equally, while the fully connected one can capture specifics of individ-
ual stocks. The former follows from the same reasoning as for the technical
network, as information regarding the different stocks are examined sepa-
rately. The fully connected layer can then draw from information regarding
all the stocks, making it able to capture intermediate effects between the
stocks via the fundamental values. To prevent the second layer from over-
fitting, 11-regularisation and dropout are used, both presented in Section 3.3.
The specifics of the sub-network are presented in Appendix B. The output
of the sub-network is again the number of stocks, m, long.

5.2.3 Time-lagged Return Network

The transformation of the time-lagged returns, into allocation weights is pre-
sented next. The returns are fed into the trading system as a 2-dimensional
vector. The first dimension is the number of stocks and the second, n,.;, is
the number of interval lengths for the time-lagged returns. The initial selec-
tion of intervals are: three previous days, two previous weeks, the previous
month and three previous months. More specifically, the values denote the
cumulative return over that specific interval, for that specific stock, minus the
average cumulative return for the I'T sector. As the values describe returns,
they are already adequately centred and scaled.

As visualised in Figure 5.2, the time-lagged return sub-network con-
sists of two fully connected layers, and over-fitting is prevented by both
11-regularisation and dropout. This allows the network to fully exploit infor-
mation stemming from all stocks, while still finding only robust and gener-
alising characteristics in the data. More in-depth details of the sub-network
are again presented in Appendix B and the output of the sub-network is m
long.

5.2.4 Output Layer

The output layer finalising the allocation weights is presented next. The
same output layer is used regardless if training one of the sub-networks or the
ensemble network. However, the outputs of the sub-networks and the current
allocation weights need to be combined first when training the ensemble, as
can be seen in Figure 5.2. This combining is done using a convolutional layer,
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meaning that the same weights, and therefore mapping, is used for all stocks.
Consequently, the convolutional layer works as a weighted sum, or voting,
of the four different m vectors. The resulting vector from the convolutional
layer is of length m, the number of stocks.

If, on the other hand, one of the sub-networks is being trained, the output
layer is directly applied to the output of size m from the sub-networks, in
order to attain the allocation weights.

The output layer employs the Kelly Criterion, presented in Section 2.2.
First the sigmoid activation function in Section 3.3 is applied to the vector
of length m. The resulting vector belongs to [0, 1]™. This can be interpreted
as the probability of “winning” if one made the bet, or p,;, as denoted in
Equation (2.1). Furthermore, the net odds by, are estimated for every stock
by tracking earlier investments made by the trading system and the result-
ing win or loss obtained from them. The estimate is denoted by me and
estimated using an exponential moving average because the model continu-
ously changes. If the model often performs well with a given stock, its l;wm
will increase, resulting in larger investments in the future. The converse also
holds: if the model invests poorly in a stock, its Bwin will decrease and future
investments in that stock will be smaller or non-existent. As the model is
trained to maximise the Sortino ratio, it will try to maximise the return and
minimise Downside Deviation. This means that the allocation weights and
further backwards, the probabilities of “winning” will be optimised accord-
ingly. Therefore, by construction, the model will try to produce probabilities
to accurately match whether or not wealth should be allocated to each asset.

The Equation for the optimal bet according to the Kelly Criterion is used
to calculate the unnormalised allocation weights. As only long positions in
the portfolio are allowed, negative allocations are converted to zero. Further-
more, the total allocation weights produced can exceed one, which in practice
means investing with borrowed money, which we do not allow. Moreover, as
described in Section 2.2, the Kelly Criterion bets can be rather risky. Con-
sequently, to reduce risk, we do not allow the model to allocate more than
40% of the portfolio value to a single asset. Finally, the cash allocation must
be deduced.

The allocation weights are finalised as follows. The unnormalised weights
are limited to the range from 0 to 0.4. If the corresponding weights sum to
below one, the remaining part of the portfolio value is allocated into cash.
If, on the other hand, the capped weights sum to over one, they are scaled
down so that they sum to one and consequently nothing is allocated in cash.
As a result, the trading system never invests over the bets suggested by the
Kelly Criterion and it only invests in cash if the other assets collectively do
not appear appealing enough. The output layer therefore takes in a vector
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of size m and outputs one of size m™, the new allocation weights.

By construction, the policy of the trading system is deterministic, be-
cause it directly outputs the allocation weights. On the other hand, the PG
algorithm described in Section 3.5 assumed a stochastic policy. This is how-
ever not a problem, as Silver et al. [2014] show that the stochastic policy
gradient, V.J(mg), is a special case of its deterministic counterpart. When
the randomness of the stochastic policy approaches zero, the two policy gra-
dients are equivalent. Silver et al. [2014] also argue that in high dimensional
action-spaces, the deterministic policy optimisation approaches may signifi-
cantly outperform the stochastic ones. Consequently, our deterministic policy
gradient approach is considered to be theoretically valid and having similar
strengths and weaknesses as the stochastic PG algorithm.

Another key difference to the theoretical foundation is that our envi-
ronment is continuous and set of states, actions and rewards are therefore
infinite. However, the theory in Section 3.2, assumes a finite MDP. Sutton
and Barto [2018] argue that even though most of the RL theory is restricted
to the finite case, the ideas and methods apply more generally. Furthermore,
many of the RL use-cases presented in Section 3.1 have successfully overcome
this discrepancy.

5.3 Training of the Trading System

This Section describes the training process for the trading system and the
programming used to carry out the experiments.

We hypothesise that the stock market changes dynamically, meaning that
a strategy that is successful during some time period will most likely loose its
edge over time. Therefore, an on-line approach that can adapt to changing
market conditions is used when training the trading system, as is also done
in the earlier research presented in Section 3.6. Compared to the on-line
learning procedure presented in Section 3.4, a less extreme a form of on-line
learning is used. In the proposed approach the model is first trained as if
using an offline approach until a good model is obtained. The performance is
then tested on previously unseen data in an on-line manner, by sequentially
retraining the model when new data becomes available. The on-line approach
is the reason for distinguishing between the model, that is a point-in-time
realisation of the trading system, and the trading system, that involves the
retraining procedure of the model.

The entire process can be divided into two phases consisting of both
training and testing. The first phase is the hyperparameter search in which
parameters that control the training process are optimised. The second phase
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Static Training Set | On-line Testing Set
Hyperparameter Search | 01.02.2001 - 21.09.2016 | 28.10.2016 - 28.03.2018
Backtesting 01.02.2001 - 20.02.2018 | 29.03.2018 - 30.12.2019

Table 5.1: Training and testing ranges used during the hyperparameter search
phase and the backtesting phase.

is the backtesting phase, that supposedly estimates how well the trading
system would perform with unseen, for instance real-world, data, also called
the generalisation estimate. The intervals used for the training and testing
in the different phases is in Table 5.1.

In the hyperparameter search the parameters that control the learning
process are optimised. These hyperparameters are predetermined and static,
meaning that they are not iteratively updated during the training process,
as the ANN parameters are. The hyperparameters include, for instance, the
learning rate used in SGD, the regularisation parameters used to improve
generalisation as discussed in Section 3.3, and the feature selection process.
The feature selection is done to distinguish the relevant features that should
be used as input, from the set of initially selected features in Section 4.3. This
is because irrelevant input features complicate and slow down the learning
process.

As mentioned above, the sub-networks are first trained separately. A
major benefit from this is that the hyperparameter search is remarkably sim-
plified. This is because, for instance, the subset of those technical features
in the feature selection process that work best for the technical sub-network
will work best for the ensemble network as well. Consequently, the hyperpa-
rameter search is performed separately for all the sub-networks and then the
separately obtained optimal hyperparameters are combined to train the en-
semble network. Furthermore, the ANN parameters of the ensemble network
can be initialised to assume the same values as for the trained sub-networks
to speed up the training of the ensemble network.

In the hyperparameter search phase, the model is first trained on the
static training set as described in Section 5.1. This training is done off-line
until a model that performs well is found. We call 50 batches an epoch and
allow the model to be trained for up to 400 epochs. The performance is then
sequentially tested on the testing set, in an on-line manner.

Before presenting the proposed on-line testing, the gap between the train-
ing and testing sets is examined. A gap of 26 trading days is deliberately left
between the two sets. When performing on-line testing, the observations are
similarly moved from the testing range to the training range with a time-lag
of 26 days, more thoroughly presented in Figure 5.3. This is done to miti-
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gate risks involved in on-line learning. For instance catastrophic interference,
when the ANN updates parameters such that previously learned information
is completely and abruptly forgotten, can occur in an on-line setting. This
is due to the model being continuously updated with random observations
that may suddenly result in a below-par model.

‘ SKIP ‘ EVALUATE ‘
TRAINING ‘ GAP ‘ TESTING

>

Figure 5.3: The data handling scheme, in on-line testing. The small ver-
tical lines represent observations in their sequential order. Below these are
the data partitions. The leftmost partition denotes the training set, SKIP
the data discarded to unbias the model performance estimate, EVALUATE
the data used to evaluate the model performance on and TESTING the set
used for testing the model. The arrow depicts that the partition splits are
sequentially moved to the right.

Our procedure for the on-line testing is to start from the model that was
trained in the off-line manner on the static training set. The model first
produces allocation weights for the first observation in the testing set. The
partition splits presented in Figure 5.3 are then moved one step to the right
and the model is trained for 30 random batches on the new training set, as
described in Section 5.1. Next, the resulting model is evaluated using the
trading days in the gap before allowing it to produce the next allocation. As
seen in Figure 5.3, days 1 to 5 of the trading days in the gap are discarded to
prevent leakage when information in the train partition appears in the test
partition too. Leakage can bias the test performance metrics slightly and
discarding data from the split should prevent that. The remaining approxi-
mate month, days 6 to 26 of the trading days in the gap, can be used for the
model evaluation. If the evaluation suggests a poor model, the model can be
reverted back to the previously used one or simply retrained with random
batches until a model with a good evaluation score on the gap is obtained.
When the new model performs well enough, the allocation for the new first
observation in the testing set is done, the partition splits shifted again and
so on. The entire testing set is sequentially processed is this manner. The
performance on the testing set is then evaluated using the allocations made
for every observation in the testing set, stemming from equally many models.

Even though the model changes between every allocation in the testing
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set the procedure enables more control, by allowing supervision and guidance
of the on-line testing via the model evaluation on the trading days in the gap.
This control adds to the reliability of the trading system, compared to the
normal on-line procedure where no current model estimation is available.
Furthermore, the procedure allows for more data to be used for training,
compared to off-line approaches. For instance, when managing the portfolio
today the trading system can use all historical data available, except for the
preceding 26 days, to train the model used to allocate the portfolio with, for
which the one-day return is obtained tomorrow.

In practice, one finds the optimal hyperparameters by training multiple
trading systems using different hyperparameters, and comparing them with
one another. The hyperparameters that produce the best trading system on
the testing set are deemed to be optimal.

After obtaining the optimal hyperparameters as described above, the sec-
ond phase of backtesting is begun. Using the optimal hyperparameters, the
trading systems are trained as before, with the corresponding data intervals
in Table 5.1. Based on the optimal hyperparameters four trading systems are
trained, namely the three sub-networks and the ensemble network. Because
all the data in the testing set is completely unseen until now, the performance
on the test range serves as a generalisation estimate of the trading systems.
Naturally, the generalisation estimate is for the on-line testing procedure of
the model, and not only for the single model.

The experiments are implemented in the R software with the help of the
software library Tensorflow. The former is used to control the process for
training the trading system on a higher level and to visualise the results.
The latter is used for training the model, therefore on a lower level. Tensor-
flow, for instance, performs automatic differentiation and therefore handles
the backpropagation of the parameters in the ANN, covered in Section 3.5.
The calculations of Tensorflow are performed on a Graphics Processing Unit
(GPU), because the model has many input variables and a fair amount of
parameters, in which case, the training is usually faster on a GPU than
the normally used Central Processing Unit. Training and testing a trading
system takes roughly 10 minutes, when using the GPU.
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Results

6.1 Comparison via Backtesting

This Section compares the performance of the proposed trading systems to
the commonly used strategies in Section 2.3. All results are computed for the
testing set in the backtesting phase in Table 5.1. Transaction costs are con-
sidered in all the calculations and the absolute returns are reported, meaning
that the returns are compared to idle cash. The technical, fundamental and
time-lagged return sub-networks are referred to as tech, fund and ret, re-
spectively, and the ensemble network as ensemble, all described in Section
5.2.

S SR Omega DD VaR | median fAPV
tech 0.0846  0.1104 1.2012 | 1.13% 2.64% | 0.22% 77.4%
fund 0.0968 0.1275 1.2336 | 0.98% 2.28% | 0.17%  79.9%
ret 0.0921 0.1183 1.2162 | 0.92% 2.16% 0.15%  69.2%

ensemble | 0.0830 0.1101  1.2004 | 1.27% 2.98% | 0.14% 86.6%
UBAH 0.0816 0.1029 1.1871 | 0.98% 2.30% | 0.19% 62.5%
UCRP 0.0766  0.0930 1.1687 | 0.91% 2.12% | 0.16% 52.2%
FTL 0.0686  0.0853 1.1543 | 1.16% 2.71% | 0.17% 58.2%
OLMAR | 0.0337 0.0347 1.0613 | 1.24% 2.86% | 0.11% 22.5%

Table 6.1: Performances of the trading systems and other trading strategies
presented in Section 2.3. The best value is highlighted for every performance
metric. The trading systems exhibit better values for all the risk-adjusted
return metrics and for the final Accumulated Portfolio Value. No clear dis-
tinction between the trading systems and the strategies can be made based
on the remaining metrics.

Table 6.1 shows the comparison between the strategies and the trading
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systems in compact form. The strategies are the Uniform Buy and Hold, Uni-
form Constant Rebalanced Portfolio, Follow the Leader and On-line Moving
Average Reversion strategy. The metrics, or columns, are divided into three
categories, the first being risk-adjusted returns described in Section 2.4, with
the Sharpe, Sortino and Omega ratio. Zero is used as the risk-free rate of
return and a daily return that would yield an annual rate of return of 5% is
used as the daily target return. The second category measures only risk, via
Downside Deviation, the denominator used in the Sortino ratio, and Value-
at-Risk (VaRse). The latter value depicts the lower bound for a daily loss
that occurs with a 5% probability, based on the testing data. Conversely, a
daily gain of more than the negative VaRso, values is 95% certain. The third
category focuses on the rate of returns, via the daily median and the final
Accumulated Portfolio Value (fAPV), or cumulative rate of return.

Based on the risk-adjusted return measurements in the Table above, the
fundamental sub-network seems to perform best. In fact, all the trading
systems seem to perform better than the strategies based on risk-adjusted
return metrics. However, based on the second category the trading systems
appear to be no less risky than the strategies, especially not the ensemble
network that exhibits the poorest values in both the risk measurements.
Finally, based on the fAPV, the trading systems seem to outperform the basic
strategies, the best overall being the ensemble network while the OLMAR
strategy seems to perform the poorest.

Figure 6.1 shows the cumulative returns of the trading systems and strate-
gies during the backtest. The paths of the trading system largely resembles
the average movement of the selected stocks, depicted by the Uniform Buy
and Hold strategy and the Uniform Constant Rebalanced Portfolio. This can
partly be explained by the restriction used in the output layer, to not allow a
larger allocation than 0.4 for a single stock that forces the trading system to
spread out the investments more. In contrast, the OLMAR strategy, which
did not have a cap for the allocation weight often seems to deviate from the
market movement in both directions. Furthermore, the ensemble network
seems to perform well regardless of what time the period ends. The same
does not apply for the time-lagged return sub-network as it seems to perform
worse than most of the strategies for a large part of the interval.

The allocation weights for the trading systems during the backtest, is pre-
sented in Figure 6.2. The fundamental sub-network seems to change weights
more seldom than the other trading systems. This is logical, as new fun-
damental information becomes available much more seldom, than the other
type of information. The fundamental sub-network also uses a larger cash
allocation compared to the other trading systems. As described in Section
5.2, the output of the ensemble network can be considered to be the result
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Figure 6.1: The cumulative returns of the different algorithms and strategies,
for the backtest. The ensemble trading system seems to follow the market
average in direction, while obtaining a slightly higher return.

of a voting procedure involving the sub-networks. Judging by the weight
allocations, it appears that the vote of the technical sub-network is more
dominant than the vote of the other sub-networks as the allocations made by
the technical sub-network and the ensemble network resemble one another
most.
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Figure 6.2: The allocation weights for the different trading systems. The
weights are stacked on top of each other and the allocation weights always
sum up to one.
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6.2 Allocations of the Trading System

This Section examines the performance and the allocation weights during the
backtest period for the ensemble network closer. The ensemble network in
particular is chosen because it utilises all the information used to quantify
the market and its performance based on the fAPV seems to be the best.
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Figure 6.3: The cumulative returns of the ensemble network and the Uni-
form Buy and Hold strategy are plotted with the axis to the left. The cash
allocation is plotted with the axis to the right. The ensemble network seems
to generate excess return when the market is moving upwards, but market
falls are not dampened using a larger cash allocation.



CHAPTER 6. RESULTS o4

Figure 6.3 shows the cumulative return of the ensemble network in com-
bination with its cash allocation weight. To be able to compare the return
with some estimate of how the market, or a passive index, moves the return
of the UBAH strategy is also visualised. The backtesting is started from an
all-cash portfolio, similarly as in training described in Section 5.1. The small
allocation in cash in the beginning of the period is therefore explained by the
trading system not immediately buying stocks for all cash, but instead dur-
ing two consecutive trading days. As seen in the Figure, the market dropped
at the end of 2018, in which case the optimal allocation for the trading sys-
tem would have been to allocate everything in cash. The system is however
unsuccessful in doing this as nothing is allocated in cash during this time-
period, which can largely be explained by the on-line scheme proposed in
Section 5.3 involving the trading gap. Observations that exhibit a dropping
market do not appear in the training set until after more than a month. If
one however examines the following smaller drop in May 2019, the trading
system allocates some money to cash. At this time, observations from the
previous drop is in the training set and probably frequently selected to the
batches, still drawn from a geometric distribution that favours more recent
observations to earlier ones. Comparing the market with the ensemble trad-
ing system, it appears that when the market is bullish, i.e. going up, the
trading system performs well and perhaps even better than the market. On
the other hand, when the market is bearish, i.e. drops, the trading system
seems to drop at least as much as the market does.

min max mean
CASH 0.0000 0.2950 0.0333
AAPL  0.0000 0.2376 0.0544
AMD 0.0786 0.4000 0.3183
FISV 0.0000 0.4000 0.1021
GLW 0.0000 0.2416 0.0223
IBM 0.0000 0.0000 0.0000
JNPR  0.0000 0.1457 0.0083
MSET  0.0000 0.3242 0.1455
ORCL  0.0000 0.0839 0.0052
QCOM 0.0000 0.4000 0.0954
WDC 0.0000 0.1830 0.0057
XLNX 0.0000 0.4000 0.2096

Table 6.2: Key measurements of the allocation stock-wise, for the ensemble
network. Higher volatility stocks seem to be favoured by the model, while
some stocks are not invested in at all.
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Table 6.2 shows key statistics of the allocation weights during the backtest
period. The only stock the model always invests in is AMD, which is also the
stock with the highest average allocation, followed by XLNX and MSFT. The
stocks that at some point reach the maximal allocation limit 0.4, are AMD,
FISV, QCOM and XLNX. As discussed in Section 4.2, FISV was selected due
to its lower volatility while AMD was selected due to its higher volatility. The
two remaining, QCOM and XLNX, are both higher than average volatility
stocks in Table 4.1. Consequently, there is only one higher volatility stock
that the trading system does not allocate the maximal amount to, WDC,
indicating that the trading system may prefer stocks with a higher volatility.

Figure 6.4 shows the trades that the trading system performs during the
backtest. Some stocks are more actively traded and some less, or in the case
of IBM: not at all traded. The trading system appears to buy and sell very
quickly, as a green arrow is often immediately followed by a red one. The
quantities of the orders are however not visualised in this Figure, making it
possible for one of the orders to be significantly larger than the other. The
stock with the highest cumulative return is AMD, which the model seems
to capture based on the previous Table. Also MSFT and XLNX that were
popular with the model offer decent cumulative returns. The number of
orders the trading system makes per month is roughly 100, corresponding to
approximately 5 per day, all executed at closing time of the market.
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Figure 6.4: The cumulative return of the individual stocks, with green and red
triangles denoting when the ensemble trading system increases and decreases
the allocation in that specific stock, respectively. Due to the possible down-
scaling in the output layer described in Section 5.2, the change in allocation
need not stem from a change in the trading system’s evaluation of the stock.
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6.3 Robustness of Trading Systems

This Section provides an estimate of the robustness of the trading systems.
As described in Sections 5.1 and 5.3, there is plenty of randomness involved
in the training of a trading system. The four trading systems in the previ-
ous Sections were only single realisations of all the possible trading systems.
Consequently, 100 trading systems were trained for each of the technical,
fundamental, time-lagged return and ensemble network, to obtain an under-
standing of the robustness of the proposed trading systems. Each trading
system presented in the previous Sections was the trading system that ob-
tained the median performance on the fAPV from the 100 trading systems
trained, respectively.

measure S SR Omega DD VaRsy | median fAPV
min 0.0479  0.0527 1.0943 | 1.00% 2.34% | 0.08% 33.3%
toch max 0.1014 0.1372 1.2520 | 1.18% 2.76% 0.26% 99.3%
mean 0.0847 0.1100 1.2006 | 1.08% 2.53% | 0.19% 74.5%
median 0.0870 0.1135 1.2071 | 1.09% 2.54% 0.19% 77.5%
min 0.0095 -0.0017 0.9971 | 0.86% 1.99% | 0.00% 0.3%
fund max 0.1504 0.2235 1.4204 | 1.33% 3.12% | 0.30% 198.8%
mean 0.0849 0.1121 1.2053 | 1.12% 2.61% 0.14% 82.3%
median | 0.0882 0.1166 1.2127 | 1.12% 2.60% | 0.14% 80.3%
min 0.0524  0.0550 1.0987 | 0.73% 1.70% 0.04% 30.4%
rot max 0.1288 0.1787 1.3325 | 1.07% 2.49% 0.25%  105.0%
mean 0.0921 0.1188 1.2176 | 0.93% 2.17% 0.16% 70.3%
median | 0.0924 0.1186 1.2166 | 0.93% 2.18% 0.16% 69.3%
min 0.0544 0.0637 1.1143 | 0.89% 2.07% | 0.08%  42.2%
ensemble | 18X 0.1171  0.1639 1.3032 | 1.36% 3.18% | 0.29% 131.7%
mean 0.0904 0.1203 1.2199 | 1.15% 2.68% | 0.19% 88.0%
median 0.0908 0.1205 1.2201 | 1.14% 2.68% | 0.20% 86.8%
UBAH - 0.0816 0.1029 1.1871 | 0.98% 2.30% | 0.19% 62.5%

Table 6.3: Key measurements of the trading systems obtained when running
each training process 100 times. The best value in a column per measure is
highlighted and the UBAH strategy is appended for reference. The entire
list of trading systems can be found in Appendix C. The time-lagged return
trading system seems to perform best based on the riskiness measures while
the ensemble network seems to be the best trading system based on the
returns and most risk-adjusted returns.

Key statistics of all the trading systems trained are in Table 6.3. The
ensemble network seems to be the best based on minimum, average and
median of the Sortino ratio, the Omega ratio and the final Accumulated
Portfolio Value. The maximal value in those columns is however obtained
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by the fundamental trading system. Nevertheless, the fundamental trading
system appears to be a rather risky trading system in view of its minimal
values. Performing both exceptionally well and poorly makes it suitable for a
risk-seeking investor. In terms of risk, the time-lagged return trading system
seems superior. Interestingly, the Sharpe ratio and the other risk-adjusted
returns favour different trading systems based on the mean and the median
measurement. This could be connected to one of the weaknesses of the Sharpe
ratio described in Section 2.4.1.
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Figure 6.5: The cumulative returns of the 100 ensemble trading systems and
the Uniform Buy and Hold strategy for the backtest. The ensemble networks
seem to generate excess return in most of the runs.
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The ensemble trading system seems to be the most robustly well perform-
ing trading system and therefore Figure 6.5 shows the cumulative returns of
the ensemble trading systems. The returns seem to follow the market return
in direction while gaining some additional return compared to the market.
Some trading systems, however, perform worse than the market.
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Figure 6.6: The distribution of the Omega ratio calculated with a daily target
return corresponding to an annual rate of return of 5%, for the different trad-
ing systems. The red vertical line corresponds to the Omega ratio obtained
using the UBAH strategy and the corresponding percentage depicts the pro-
portion of trading systems that performed worse than that. The volatility
for the fundamental trading system is the largest while the ensemble network
seems to most robustly beat the UBAH.

Figure 6.6 shows the Omega ratio of the trading systems compared to the
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UBAH strategy. Compared to the others, the fundamental trading system
seems more volatile in performance and to less frequently obtain a better
Omega ratio than the UBAH strategy. The technical trading system appears
to be more robust but its distribution is negatively skewed meaning that
larger Omega ratios are not reached. The Omega ratio of the ensemble
network seems to most robustly obtain a better Omega ratio than the UBAH
strategy, but the larger Omega ratios are still absent.
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Figure 6.7: The distribution of the final Accumulated Portfolio Value, for the
different trading systems. The red vertical line corresponds to the cumulative
return obtained using the UBAH strategy and the percentage depicts the
proportion of trading systems performing worse than that. The fundamental

trading system appears to be volatile while the ensemble trading system
obtains a better fAPV than UBAH in 97% of the runs.
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Figure 6.7 shows the fAPV of the trading systems compared to the UBAH.
All the trading systems except the time-lagged return are more frequently
beating the UBAH based on this metric compared to the Omega ratio dis-
cussed above. This is due to the time-lagged return system being the least
risky one in Table 6.3, even less so than the UBAH strategy on average.
The fundamental trading system appears to be the most volatile based on
this performance metric, reaching both the lowest and highest cumulative
returns. Of the sub-networks, the technical trading system seems to be the
most robust in obtaining a larger fAPV than the UBAH strategy but its val-
ues again seem negatively skewed. Only 3 out of the 100 ensemble networks
perform worse than the UBAH, during the backtest period.



Chapter 7

Discussion

This Chapter discusses the implementation and the results of the trading
system. Shortcomings of the analysis and suggestions for further development
are also addressed.

Even though the trading system is fed with both technical and fundamen-
tal information, plenty of information regarding the market situation remains
unseen by the system. For instance, news, social media and macroeconomic
indicators, like interest rates and Gross Domestic Product, may influence
the stock market as a whole. The inability of the trading system to predict
larger swings in the stock market may stem from this omission. The trading
system does not receive information about the swings until the stock prices
in the training set reflects it. Furthermore, the trading gap proposed delays
the arrival of new information to the training set used in training the trading
system. In the trade-off between training with the newest information or
having a more stable trading system, stability is, however, preferred.

Another remark on the implementation is that even though the light-
weight ensemble network architecture described in Section 5.2 provides many
benefits, there are also drawbacks. A major one is that more complex com-
binations of the three different input types, namely technical, fundamental
and time-lagged return information, cannot be learned. This is because the
only information shared between the sub-networks comes from their outputs,
which essentially describes the stock evaluation of the respective sub-network.
For instance, if an increase in both a technical value and a fundamental value
has some effect on the return, but the same increase in only one of them does
not, then this pattern cannot be learned by the ensemble network.

During the period under examination, 2001-2019, the stock market exhib-
ited mostly steady increase in stock prices and a few abrupt market declines.
The market behaviour partly explains why the trading system seems to per-
form well in bull markets but poorer in bear markets. The trading system
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simply observes more bullish market days than bearish ones. Furthermore,
the market corrections, meaning that the stock index falls more than 10%,
only happened eight times during the entire time period. As a result, a
trading system that performs well on bullish market days will in the long
run be preferred to one that performs well when the market falls. Another
explanation is that the on-line approach combined with the geometrically
distributed batches guide the updating of the model to recent observations.
Consequently, the previous market correction is often forgotten before the
next one occurs. The assumption that the market changes, however, strongly
favours utilising recent observations compared to stale, older ones.

Even though the performance on the backtest serves as a generalisation
estimate of how the model would perform on previously unseen data, the on-
line procedure makes this estimate less robust. Using an off-line procedure
is however not possible due to two reasons. First, the market is dynamic
and consequently the performance of a static model would decrease over
time. The second reason is that the amount of relevant data is not enough.
Given that the dataset contains daily data from 19 years the total number
of trading day observations is approximately 5000, which is not enough to
train a model and obtain a reliable generalisation estimate. The on-line
procedure instead allows usage of data-points in both training and testing,
and the multiple models obtained during the procedure provide a significantly
larger set of test observations, by the reasoning that the same observation
predicted by multiple different models can be regarded as multiple different
test observations.

The results in Chapter 6 indicate that all the proposed trading systems on
average perform better for this particular set of stocks and backtesting period
than the strategies on the Sharpe ratio, Sortino ratio, Omega ratio and fAPV.
Especially the ensemble network seems to robustly beat the market in both
return and risk-adjusted return, in 97% and 85% of the runs, respectively.
The median fAPV for the ensemble system is 24.3 percentage points higher
than for the UBAH strategy, corresponding to an excess annual return of
approximately 11 percentage points compared to a sort of market index.

Even though the results seem promising, there are a number of assump-
tions that could affect the performance if the trading system was used in
real-time. Perhaps the biggest assumption is that the model could make the
decision for the following allocation based on the closing price of a day, and
then still be able to execute the orders at that same price even though the
market is closed. In practise one could implement the trading system to read
the current prices some minutes before the market closes and then allocating
the portfolio with the following prices. Given that there is a minimal time
difference between those events, the slippage should be small. However, a
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large proportion of the volume per day occurs just before closing time, which
can cause the price to deviate, only minutes apart.

Another assumption is that the generalisation estimate obtained using
this particular testing set is reliable for new data. Even though a fairly large
proportion of the data is used in testing, the number of observations is not
too large. Furthermore, with the assumption that the market continuously
changes, there is always the risk that at some point in the future the market
changes so that the trading system is unable to produce models that capture
the new market behaviour, due to either lack of information fed to the system
or a too simple network architecture.

A shortcoming of the analysis is that some values for the hyperparame-
ters were selected based on the earlier research in Section 3.6, for instance,
the batch size and the number of previous feature values for the technical
sub-network are not optimised in the hyperparameter search. It is possible
that these selections could be improved upon, potentially leading to a bet-
ter trading system. Another decision based on the previous research was to
approximate the transaction cost as described in Section 5.1. If the initial
portfolio value is huge, this approximation corresponds to reality. However,
the transaction cost would often be larger in reality, as most brokers have a
fixed minimal transaction cost per trade that would make small allocation
changes more expensive.

The limitation of only allowing long positions, is a potential subject for
future research. The potential loss in a short position is infinite, which greatly
increases the risk of ruin for the trading system. However, allowing short
positions would enable the trading system to gain money even on decreasing
markets. The change in the output layer described in Section 5.2 would be
minimal as the Kelly Criterion naturally outputs negative bet-sizes when the
complement bet is suggested, which in this case is betting that the stock
price decreases. Performing adequately also in decreasing markets is highly
important for the usability of the trading system and therefore an important
issue to address in the future development of the system.

One of the larger problems with this task is the lack of data. The robust-
ness of the trading system could therefore be improved upon by either using
a synthetic data generator similar as Yu et al. [2019] or by increasing the
dataset in another way. The latter could be done by involving more stocks
and therefore obtaining a more robust technical sub-network, because it uses
the same mapping regardless of stock as described in Section 5.2. Another
option would be to utilise intraday data and allow the model to trade, for
instance, every 30 minutes increasing the amount of data by a factor of 13.

If the intraday data was used, one could also allocate the portfolio in way
that corresponds to reality better. The trading system could, for instance,
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read the asset prices at one minute, produce the allocation decision and then
execute according to that decision on the prices for the following minute.
Another improvement that would make the trading system correspond to
reality more is to model the transaction costs exactly. That would require
feeding the trading system the current portfolio value and selecting the broker
whose pricing scheme to follow. The system would most likely learn that if
the portfolio value is small, then only larger allocation changes should be
performed, while a larger portfolio value allows the model to make smaller
changes as well.

Another suggestion for further research is to use a different selection of
stocks, perhaps the entire S&P 500 index, which could reveal stocks better
suited for this type of algorithmic trading. Furthermore, using another or
even multiple other testing periods when running the training procedure
for the trading systems could provide more insight to the robustness of the
solution.



Chapter 8

Conclusions

Performing adequately in one’s investments is essential for professional money
managers and aspiring individual investors. The task, however, seems so
complex that many recommend investing in a passive stock index compared
to actively selecting the stocks to invest in. Machine Learning, on the other
hand, is a field that has recently exceeded human capabilities in many chal-
lenging tasks. This thesis seeks to combine the two, in constructing a ML
based portfolio manager that independently allocates funds into stocks and
cash, on a daily basis. This automated portfolio is compared with basic
strategies, some depicting how the market moves, to see whether the ML
based portfolio manager is relevant.

The eleven stocks used are selected from the Information Technology sec-
tor of stocks in the S&P 500 index. Stocks with both high and low volatility,
that have interesting intermediate correlations are selected. Data on fun-
damental values for companies and the prices of their stocks, is combined
to match the public information back-in-time as accurately as possible. The
initial selection of features consists of fundamental indicators found to be sig-
nificant when predicting returns and technical indicators that are commonly
used by technical analysts. A subset of these features are used as input to
the portfolio manager, modelled by an Artificial Neural Network that directly
outputs the following allocation for the portfolio. A light-weight network ar-
chitecture that converges quickly and learns robust patterns in the data is
constructed. Four different portfolio managers are produced using different
combinations of the input information.

After finding the optimal parameters that control the learning process,
the data is split into a training and testing set. The training set is used
in training the model using a Reinforcement Learning algorithm called the
Policy Gradient algorithm. An on-line approach is used when testing the
performance on the testing set, meaning that the model is retrained with all
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available data at that time, between every prediction. Consequently, we call
the procedure of sequentially updating the model to allocate the portfolio for
the following day, the trading system.

The results indicate that based on return and risk-adjusted return, the
trading systems outperform simple strategies and the market, on average.
That edge seems to originate solely from the excess return that the trading
systems generate as no clear difference can be seen in the measures of risk
between the trading systems and the strategies. The resulting trading sys-
tem appears to trade actively, performing roughly five trades per day while
favouring more volatile stocks. Furthermore, the system seems to perform
better than the market when the general direction is upwards but when the
market is falling, the system is unsuccessful in outperforming the market
even though it has the option of investing in cash.

The reliability of the results is evaluated by training each trading system
multiple times. Due to the randomness of the training and testing procedure,
a different trading system will be obtained at every run. The four trading
systems seem to perform better than the market on average and median
but their worst run is still worse than the market. Based on the Omega
ratio, a risk-adjusted return, the most advanced trading system appears to
perform better than the market with a probability of 85%. The corresponding
percentages for the less advanced trading systems indicate a probability of
60%-76%. The corresponding probabilities for the the final Accumulated
Portfolio Value, or cumulative return, is 97% for the advanced system and
70%-83% for the less advanced. The most advanced trading system earns an
excess annual return of eleven percentage points, on median.

Even though the results indicate that a RL based trading system could
outperform the market, the amount of data available is not too extensive,
potentially making the generalisation estimate biased. Furthermore, the en-
vironments where the test was performed and the real-world differ slightly, as
it is assumed in the testing that the price of a stock does not deviate much
during the last minutes of trading before the market closes. One way to
improve in both aspects would be to use intraday data, resulting in a larger
dataset and a more realistic trading environment.
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Appendix A

Hyperparameters

Hyperparameter | Value Description
batch size 20 Size of minibatch when training
batches per epoch 50 Number of batches per epoch
epochs 400 Number of epochs when training
train test gap 26 Gap between train set and set
discarded days ) Discarded days in train test gap
Ntech 20 Number of previous technical feature values
N fund 5 Number of previous fundamental feature values
I6 1073 Geometric distribution parameter
c 104 Commission rate
m 11 Number of stocks
m™ 12 Number of assets

Table A.1: Predetermined hyperparameters in this thesis. These parameters
control the learning process but are not optimised in the hyperparameter
search. The data is examined daily and therefore, the corresponding units

are days.
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Appendix B

Network Specifics

Path Layer Filter Padding Stride Activation Regularisation

tech convolutional (1x3) No 1 ReLU 12

tech convolutional (1 X (Ngeen — 2)) No 1 linear 12

fund convolutional (1 X npyna) No 1 ReLU 12

fund fully-connected full - - linear 11&dropout

ret fully-connected full - - ReLU 11&dropout

ret fully-connected full - - linear 11&dropout
ensemble  convolutional (Ix4) No 1 ReLU 12
ensemble output (Ix1) - - sigmoid -

Table B.1: The specifics of the ensemble network. The specifics for the
different sub-networks are deducible from the Table and Section 5.2. The
Table is created from the perspective of convolutional layers. Padding means
to surround the data with zeros in the calculations and stride controls which
all subsets are used in the mapping of the convolutional layer.
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Appendix C

Trading Systems

S SR Omega DD VaR  median S SR Omega DD VaR  median

tech2l  0.0894 0.1174 1.2144 1.08% 251% 0.21% fundl  0.0798 0.1056 1.1918 1.27% 2.97% 0.09%
tech27  0.0896 0.1177 1215  1.08% 2.53% 0.19% fund2  0.0402  0.043  1.0767 1.23% 2.86% 0.09%
tech30  0.0862 0.1133 1.2065 1.13% 2.65% 0.18% fund3  0.0748 0.0959 1.1739 1.18% 2.76% 0.17%

0.0895 0.1178 12152 1.1% 257% 0.19% fund4 01 01376 1.2524 1.24% 291% 0.17%

0.0662 0.081 1.1463 1.11% 2.58% 0.2% fund5  0.0839 0.1095 1.1993 1.13% 2.63% 0.17%

0.0885 0.116 1.2116 1.09% 2.54% 0.23% fund6  0.0718 0.0894 1.1618 1.08% 2.52%  0.06%

0.0838 0.1084 1.1974 1.08% 2.52% 0.17% fund7  0.101  0.1369 1.2513 1.08% 2.53%  0.09%

0.0818 0.1056 1.1921 1.11% 2.58% 0.18% fund8  0.0767 0.0943 1.1712 0.93% 2.17% 0.07%

0.0916 0.1209 1.221  1.09% 2.54% 0.15% fund9  0.0812 0.1046 1.1902 1.1% 257% 0.1%

0.0837 0.1085 1.1976 1.1% 257% 0.21% fund10  0.0566  0.0672 11208 1.2% 2.79% 0.14%
tech57  0.0746  0.0937 11699 1.09% 2.55% 0.16% fund1l 0.0943 0.1267 12318 1.14% 2.68% 0.3%
tech60  0.0753 0.0949 1.1721 1.1% 2.56% 0.19% fund12  0.0813 0.1046  1.1902 1.08% 2.53%  0.09%
tech61  0.0912 0.1211 1.2213 1.11% 2.6% 0.21% fund13  0.0815 0.1071 1.1947 1.2% 2.79% 0.17%
tech64  0.0741 0.0933 1.1692 1.11% 2.6%  0.18% fund14 0.0973 0.1318 1.2414 1.11% 2.6% 0.1%
tech71  0.0784 0.0987 2.39%  0.15% fund15 0.1036 0.1415  1.26 11%  2.57%  017%  103.1%
tech72  0.093  0.1232 2.53%  0.18% fund16  0.0782 0.0998 1.1813 1.1% 2.56% 0.08%  66.6%
tech74  0.0939 0.1243 2.48%  0.22% fund17 0.0968 0.1275 12336  0.98% 017%  79.9%
tech77  0.0891 0.1172 2.57%  0.2% fund18  0.09 01207 12204 1.19% 0.16%  91%
tech80  0.0772  0.0986 2.65% 0.16% fund19  0.1018  0.1388  1.2549 1.08% 0.16%  98.5%
tech81  0.0773  0.098 2.52%  0.14% fund20 0.0884 0.117  1.2135 1.13% 0.13%  83.2%
tech98  0.0882 0.1139 234%  02%  71.6% fund21 0.0833 0.1095 1.1993  1.2% 02%  80.9%
tech107  0.0776  0.0981 2.5%  0.18%  63.9% fund22 0.0896 0.1174 1.2143 1.07% 0.12%
tech110  0.0784  0.0986 2.38%  0.19% 61.5% fund23  0.0666 0.0809 1.1461 1.05% 0.14%
tech113  0.0828 0.1072 2.6% 0.19% T73.4% fund24  0.1054  0.1421  1.2615 0.99% 0.18%
techl115 0.0934 0. 243% 021% 81.4% fund25  0.1012  0.1397  1.2564 1.2% 0.1%
techl118 0.0921 0.1219 251% 0.24%  83.3% fund26  0.0788 0.1016  1.1846 1.13% 2.64% 0.09%
tech128  0.0653 0.0782 2.44%  0.19%  48.5% fund27  0.054  0.0603 1.1082 1.02% 2.37% 0.12%
tech131 0.0927 0.1229 2.54%  0.19% 85.1% fund28 0.0965 0.1297 1.2375  1.1% 2.57% 0.19%
tech132  0.0824 0.1063 5T%  0.2% fund29  0.0375  0.0363 1.0646 1.08% 2.49% 0.02%
tech134  0.0659 0.0786 2.36%  0.08% fund30 0.0594  0.0702 11263 1.11% 2.58%  0.1%
tech140  0.0867 0.1122  1.2046 242%  0.19% fund31 0.0757 0.0964 11749 1.13% 0.09%
techl142  0.0885 0.1164 1.2125 26% 0.24% 8L5% fund32 0.1167  0.164 1.08% 0.17%
tech143  0.0913 0.1203 1.2198 25%  017% 8L5% fund33 0.123 111% 259%  0.13%
tech153  0.0833 0.1076  1.1959 . 2.54% 0.16% 72.1% fund34 0.0569 1.11% 2.58%  0.01%
tech163  0.0569 0.0652 1.1173 1.05% 243% 0.1%  39.8% fund35 0.1451 1.06% 248% 0.17% 102.7%
tech167 0.0902 0.1188 1.217  1.09% 2.54% 0.17% 815% fund36 0.0657 1.14%  2.65% 0.06%  42.6%
tech180 0.0851 0.1113 1.2027 1.13% 2.65% 0.21% fund37 0.1618 1.14% 2.67% 0.13% 129.3%
tech183  0.0859 0.1114 1203  1.07% 2.49% 0.21% fund38 0.1251 1.26% 294% 0.22%  101.2%
tech191 0.0712  0.088 1.1593 1.08% 2.52% 0.17% fund39  0.0224  0.0165 1.0291 1.23% 2.85% 0.08% 11.2%
tech192 0.0793 0.1002 1.182  1.02% 2.39% 0.17% fund40  0.1453  0.2143 1402 1.12% 2.66% 0.28% 194.4%
tech195 0.0909 0.1197 1.2188 1.07% 2.5%  0.23% fund4l 0.0721 0.0918 1.1663 1.21% 2.83% 0.12%  65.8%
tech198  0.0896 0.1181 12157 1.1% 2.57% 0.17% fund42 0.1166 0.1672  1.3091 1.29% : 158.3%
tech201  0.0894 0.118  1.2154 1.1% 2.58% 0.26% fund43  0.0926  0.121  1.2213 T7.4%
tech204  0.0852 0.1097 1.2 1.04% 242%  0.2% fund44  0.09  0.1186 1.2167 82.3%
tech208 0.0797 0.1017 1.1849 1.08% 2.53% 0.17% fund45  0.1312  0.1899  1.3537 163.1%
tech209 0.0924 0.1224  1.2239 1.09% 2.55% 0.18% fund46  0.1184  0.1652  1.3058 119.4%
tech217  0.0906  0.12 1.2193 1.11%  2.6%  0.18% fund47 0.0879 0.1162  1.212 83.1%
tech222  0.0839 0.1093 1.199  1.13% 2.63% 0.19% fund48 0.0782  0.1003  1.1821 67.3%
tech224  0.0851 0.1102 12008 1.07% 2.5%  0.2% fund49  0.1171  0.1654  1.306 135.4%
tech229  0.0827 0.1067 11942 1.09% 2.55% 0.21% fund50 0.1089  0.153  1.2819 133.1%
tech230  0.0929 0.1232  1.2252 2 0.2% fund51  0.0871  0.113  1.206 73.3%
tecl 0.0875 0.1147 1.2092 1.09% 2.55% 0.21% fund52  0.0198 0.0111  1.0196 0.07% 8.7%
tech 0.0867 0.1131 1.2062 1.09% 2.55% 0.22% fund53  0.0705 0.0856  1.1549 0.1% 52.1%
tech236  0.0842 0.1091 1.1987 1.09% 2.54%  0.2% fund54  0.038  0.0371  1.0662 0.04%  23.2%
tech241  0.0954 0.1266 1.2318 1.05% 2.46% 0.19% 85.5% fund55 0.0782 0.1 11816 1.1% 2.56% 0.14%  66.6%
tech244  0.0879 0.1142 1.2085 1.05% 245% 0.19%  75% fund56  0.0095 -0.0017 0.9971 1.29% 297% 0.11%  0.3%
tech253  0.0572  0.0666 1.1197 1.1% 2.56% 0.15% 42.2% fund57 0.0928 0.1221  1.2233 1.05% 2.46% 0.16% 81.8%
tech255 0.0928 0.1225 1.224  1.06% 2.49% 0.18% 82.9% fund58 0. 0.0616  1.1106 1.13% 2.62% 0.07%  39.4%
tech258 0.0948 0.128  1.2342  1.18% 2.76% 0.21% 97.5% fund59  0.0566 0.0669 1.1203 1.19% 2.76% 0.16%  44.7%
tech261  0.0891 0.1169 12133 1.08% 2.53% 02%  79.5% fund60  0.0559  0.0679 11219  1.3% 3.03% 0.16% 48.4%
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APPENDIX C. TRADING SYSTEMS

S SR Omega DD VaR median S SR Omega DD  VaR median fAPV
tech270  0.0998 0.1353 12482 1.12% 2.62% 0.22% fund61 0.0494 0.0544 1.0975 1.08% 25% 0.06% 33.7%
tech275  0.0852 0.1101  1.2006 1.06% 2.48%  0.19% fund62 0.1012 01397 1.2564 1.22% 2.86% 0.24% 114.2%
tech281  0.0873 0.1145 1.2089 1.11% 2.59%  0.2% fund63 01076 0.1502  1.2766 1.23% 2.89% 0.18% 127.6%
tech283  0.0479  0.0527 1.0943 1.12% 2.6%  0.15% fund64 0.0919 01231 1.225 116% 2.71% 0.13%  91%
tech286  0.0668 0.0813 1.1469 1.09% 2.55%  0.12% fund65 0.0467 0.0466 1.0833 0.91% 21% 0.12% 26.4%
tech288  0.0925 0.1229 1.2246 1.09% 2.55%  0.2% fund66 01376 02018 1.3772 1.18% 2.78% 0.19% 188.1%
tech289 0.0844 0.1102 1.2007 1.13% 2.64% 0.21% fund67 0.0505 0.0564 11012 1.11% 2.58% 0.07%  35.6%
tech292  0.0909 012 12192 1.09% 2.54% 0.24% fund68 0.0894 0.1184 12162 1.11% 2.6% 0.12%  83.2%
tech296  0.0858 0.1101 12007 1.01% 2.36% 0.12% fund69 0.0823 0.1069 1.1945 1.15% 267% 0.24% 75.3%
tech300 0.0721 0.0894 1.1619 1.07% 2.5%  0.16% fund70 0.0776 0.1 11815 1.18% 2.76% 0.11%  71.4%
tech303 0.0828 0.1064 1.1937 1.07% 2.49% 0.22% fund71 0.076  0.0934 1.1695 0.96% 2.24% 0.12% 55%
tech307 0.0815  0.105  1.191  1.1% 258% 02% fund72 01446  0.211  1.3957 1.02% 2.42% 0.28%  167%
tech308  0.085  0.1107 1.2018 1.11% 2.59%  0.19% fund73 0.0901 0.1188 1.2169 1.08% 2.52% 0.17%  80.7%
tech312 0.0707 0.0864 1.1564 1.03% 2.4% 0.17% fund74 0.1171 0.1645 1.3044 1.08% 2.55% 0.08% 124.9%
tech316  0.0876 0.1151 1.21 112% 2.61% 0.18% fund75 0.0564  0.0603 1.1083 0.86% 1.99% 0% 32.2%
tech317 0.0988 0.1325 1.243  1.07% 2.51% 0.23% fund76 0.1086 0.1523 1.2806 1.19% 28%  0.14% 125.8%
tech328  0.0767 0.0967 1.1754 1.07% 2.5%  0.21% fund77 0.031  0.0265 1.0472 1.07% 248% 0.11% 17.3%
tech329 0.0878 0.1137 1.2075 1.03% 2.41% 0.21% fund78 0.1044 0.1425 1.2619 1.06% 2.49% 0.15% 100.5%
tech346 0.0928 0.1236 1.226 1.12% 2.63% 0.22% fund79 0.0823 0.1096 1.1994 1.33% 3.12% 0.26%  90.1%
tech349 0.0867 0.1138 12076 1.12% 2.61% 0.23% fund80 0.079  0.0975 11771 0.93% 217% 0.15% 56%
tech353  0.0772 0.0971 1.1764 1.05% 2.44% 0.17% fund81 0.0593 0.0711 1128 1.18% 2.74% 0.14%  47.6%
tech363  0.0889 0.1163 12122 1.07% 2.5%  0.23% fund82 0.0955 0.1291 1.2363 1.17% 2.74% 0.24%  97.9%
tech374  0.0965 0.1202 12368 1.08% 2.54% 0.21% fund83 0.109  0.1502  1.2768 1.09% 2.55% 0.16% 110.7%
tech377 0.0874 0.1143 12085 1.09% 2.55% 0.18% fund84 0.0609 0.0725 1.1307 1.12% 2.6% 0.14% 46.8%
tech379  0.0591 0.0698 11257 1.11% 0.17% fund85 0.1152 0.1615 1.2985 1.13% 2.65% 0.15% 127.5%
tech381 0.0772 0.0986 1.179  1.13% 2.64% 0.12% fund86 0.0788 0.1016 11846 1.16% 2.71% 0.13% 71.7%
tech384  0.0957 0128 1.2345 1.09% 2.56% 0.23% fund87 0127 081  1.3364 1.09% 2.58% 0.18% 145.1%
tech390 0.0878 0.1132  1.2066 1% 2.34%  0.15% fund88 0.0218 0.0143 10254 1.15% 2.66% 0.05%  10.4%
tech393 0.0846 0.1104 12012 1.13% 2.64% 0.22% fund89 0.1114  0.1553  1.2866 1.09% 2.56% 0.18% 116.4%
tech396  0.0864 0.1134 12067 1.14% 2.65% 0.16% fund90 0.1005  0.1387  1.2545 2.82% 0.12% 111%
tech397 0.0903 0.1191  1.2175 1.09% 2.56%  0.23% fund91 0.1092  0.1502  1.2768 25%  0.18% 108.4%
tech401  0.0966 0.1291  1.2365 1.06% 2.49% 0.17% fund92 0.0644 0.0784 1.1415 26% 0.09% 51.1%
tech403 0.0906 0.1192 1.2178 1.08% 2.52% 0.19% fund93 0.1268 0.1822 1.3386 2.68% 0.14% 153.9%
tech406  0.0973 0.1312  1.2405 1.13% 2.64% 0.24% fund94 0.0747  0.0954 1173 2.72%  0.19%  66.7%
tech413  0.0956 0.1273  1.2332  1.07% 2.51% 0.23% fund95 0.1504  0.2235  1.4204 2.58% 0.22% 198.8%
tech417 0.0969  0.13  1.2382 1.09% 2.55% 0.21% fund96 0.1074 0.1464  1.2696 2.38% 0.17%  99.2%
tech428  0.1014 01372 1.252  1.08% 2.54% 0.23% fund97 0.0979 0.1319 12418 2.55%  0.16%  93.3%
tech433 0.0892 0.1165 12127 1.06% 2.47% 0.22% fund98 0.0966  0.1258  1.2304 2.13%  0.02%  73.5%
techd39 0.0927 0.1227 1.2245 1.08% 2.52% 0.21% fund99 0.1016  0.1392  1.2556 2.63% 0.2%  103.5%
tech441 0.0701 0.0872 1.1577 1.12% 2.61% 0.16% fund100  0.0625 0.0758 1.1367 2.68% 0.12%  50.3%
retl 0.0938 0.1227 12244 097% 2.26% 0.12% ensemblel 0.079  0.1024  1.1861 277% 0.14%  73.8%
ret2 01031 0.1369 1.2516 0.94% 2.2%  0.22% ensemble7  0.0903  0.1196 1.2184 2.63% 0.15%  85.1%
ret3 0.114 01549 1.2862 0.93% 2.19% 0.18% ensembled  0.0901 0.1184 1.2162 251%  0.17%  80.3%
retd  0.0901 0.1185 12165 1.07% 249% 0.19% ensemblel0  0.0837 0.1081 1.1968 251% 0.19%  71.8%
rets 0.0867 0.1119 12041 1.01% 2.37% 0.17% ensemblell  0.0923 0.1242 1.2271 2.8% 0.2% 95.3%
ret6 0.0989 0.1278 1.2344 0.87% 2.04% 0.19% ensemblel3  0.0896 0.1195 1.2182 2.78% 0.17% 90%
ret7  0.0779 00948 11721 0.9% 21% 0.17% ensemblel6  0.0775  0.0993  1.1803 2.69% 0.18%  69.1%
ret8  0.0941 01216 12226 0.94% 2.19% 0.17% ensemble25  0.0745 0.0975 1.1767 3.18% 02%  787%
ret9 01288 0.1787 13325 0.85% 2%  0.17% ensemble43  0.0931 0.1249 2.69% 0.22%  91.9%
retl0  0.0771 0.0962 1.1747 1.01% 2.35% 0.14% ensemble5l  0.105  0.1437 2.59% 0.21% 106%
retll  0.0928 0.118 1.2158 0.86% 2.02% 0.18% ensemble5s  0.0989  0.1352 281% 0.24%  106.9%
retl2 01066 0.1442 12655 0.98% 2.3%  0.13% ensemble60  0.0807  0.1051 2.75%  0.18%  75.7%
retl3  0.0765 0.0949 1.1722 0.99% 23%  0.15% ensemble61  0.0878 0.1173 2.84% 0.18%  89.5%
retld  0.0957 0.1265 1.2317 0.99% 2.31% 0.15% ensemble63  0.1001  0.138 2.94% 0.23% 115.6%
retl5  0.0901 0.1155 1.211  0.93% 2.18% 0.08% ensemble67  0.1171  0.1639 257% 0.29% 125.7%
retl6  0.1007 0.1341 1.2461 0.98% 229% 0.15% ensemble72  0.1066 0.1468  1.2701 2.64% 0.21% 111.4%
retl7  0.0801 0.1004 1.1826 0.99% 2.31% 0.18% ensemble78  0.0857 0.1126 1.2052 2.68% 02%  80.4%
retl8  0.0828 0.1039 1189 0.95% 221% 0.16% ensemble79  0.0748 0.0966 1.1751 293% 024%  72.3%
retl9  0.1127 0.1529 1.2822 0.92% 2.15% 0.19% ensemble81  0.0908 0.1221  1.223 2.84%  0.17%  94.7%
ret20  0.0725 0.0887 1.1606 1% 2.34%  0.12% ensemble82  0.1096  0.1538  1.2835 2.88% 0.25% 13L.7%
ret2l  0.0921 0.1183 1.2162 0.92% 2.16% 0.15% ensemble85  0.0953  0.1262  1.2311 244%  0.13%  84.3%
ret22  0.1109 0.1488 12745 0.89% 2.08% 0.19% ensemble86  0.0856  0.1128  1.2056 2.71% 0.14%  81.5%
ret23  0.0896 0.1149 1.2099 0.95% 2.22% 0.17% ensemble96  0.0847 0.1119  1.2038 2.78%  0.14%  82.8%
ret24  0.1062 0.1424 1.2621 0.96% 225% 0.22% ensemble105 0.0981  0.132  1.2421 2.56% 0.23%  93.9%
ret2d  0.0948 0.121 0.85% 1.98% 0.18% ensemblel10  0.0797 0.1015 1.1844 248% 0.16%  65.9%
ret26  0.0978  0.128 0.94%  22%  0.16% ensemblelll 0.0622 0.0745 1.1344 26% 0.17%  48.3%
ret27  0.0951 0.1231 1.2253 0.91% 2.13%  0.2% ensemblel16  0.0936  0.1266 1.2315 2.8% 0.23% 97.8%
ret28  0.096 0.1249 12288 0.93% 2.16% 0.16% ensemble130  0.0804  0.106 296% 0.19% 82.1%
ret29  0.0685 0.0821 1.1485 0.99% 231% 0.11% ensemblel38  0.0933  0.1266 2.89% 0.12% 101.2%
0.1001  0.1334  1.2447 1% 2.34%  0.19% ensemblel46  0.0848  0.1105 26% 021%  76.3%
0.0916 0.1186 1.2168 0.95% 223% 0.18% ensemblel56  0.1041  0.1437 2.79% 0.23% 115.3%
0.1003  0.1336  1.2453  0.98% 229% 0.15% ensemblel58  0.0888 0.1162 249%  0.12%  78%
0.0524  0.055 1.0987 0.89% 2.07% 0.08% ensemblel59  0.092  0.1236 1.2259 2.8% 0.16%  94.7%
0.0762 0.0923 11674 0.9% 2.1%  0.13% ensemblel70  0.0911 0.1206 1.2204 2.6% 0.2% 85%
0.0912 0.1178 12153 0.97% 2.28% 0.15% ensemblel78  0.0789  0.1023  1.1858 277%  0.19%  73.5%
0.0664 0.0789 1.1425 0.97% 227% 0.12% ensemblel81 0.1093 0.1519  1.28 2.7%  021%  119.7%
0.0566 0.0616 1.1107 0.9% 2.1% 0.11% ensemblel84 0.0826  0.1084 1.1972 2.83% 0.21%  80.7%
0.0842 0.1068 1.1945 0.98% 2.29% 0.14% ensemblel86  0.0969 0.1317  1.2412 2.79% 0.21% 1024%
0.0718 0.0873 11581 0.98% 2.29% 0.13% ensemblel88  0.0904 0.1202  1.2196 267% 0.17% 87%
0.0899 0.1155 1.2109 0.94% 2.19% 0.14% ensemble192  0.093  0.1251  1.2289 281% 02%  96.7%
0.0907 0.1161 12122 0.93% 2.17% 0.17% ensemble194  0.0873  0.1146  1.209 2.64% 0.18%  81.1%
0.1152  0.1582  1.2925 0.96% 2.26%  0.18% ensemblel96  0.0972  0.133  1.2436 2.9% 0.2%  108.2%
0.0789 0.0987 1.1793 1% 2.34%  0.16% ensemble206  0.083  0.1101  1.2004 2.98% 0.14%  86.6%
0.0664 0.0777 11403 0.94% 2.2%  0.07% ensemble207  0.0891 0.1181  1.2156 2.68% 0.24%  85.3%
0.085 01077 1.1962 0.94% 2.18% 0.16% ensemble210  0.1059  0.1455  1.2678 2.63% 0.19% 109.9%
0.0855 0.1087 1.1981 0.96% 224% 0.19% ensemble213  0.0869 0.1139  1.2077 2.59%  0.19%  79%
0.1088 0.1455 1.2681 0.91% 2.12% 0.14% ensemble217  0.0934 0.1252  1.2291 2.71% 0.24%  93.1%
0.0853 0.1086 1.1979 0.97% 2.26% 0.16% ensemble220  0.0897 0.1181 1.2156 254%  0.16%  80.9%
01202 0.1643 1.3045 0.89% 2.09%  0.2% ensemble224  0.0989  0.1372  1.2514 3.1%  0.26% 121.8%
0.1141  0.1558 1.2879 0.93% 2.19% 0.16% ensemble231  0.1159  0.162  1.2996 2.56%  0.16%  123%
0.0957 0.1246  1.2282 0.92% 2.16%  0.18% ensemble232  0.0846  0.113  1.2057 2.99%  0.2% 89.8%
0.0913 0.1111 1203  0.73% 1.7%  0.04% ensemble234  0.1056  0.1415  1.2603 2.26% 0.21%  89.7%
0.088 0.1104 12014 0.88% 2.06% 0.16% ensemble240  0.0701  0.0892  1.1614 2.94% 0.13%  65.7%
0.0915 0.1178 1.2153 0.93% 2.18% 0.2% ensemble247 0.0818 0.1029  1.1871 23%  0.18%  62.6%
0.0877 0.1116 1.2036 0.93% 2.17% 0.15% ensemble254  0.0996  0.1356  1.2487 2.7%  02%  102.8%
0.1052  0.1407 1.2588 0.94% 2.21% 0.25% ensemble255 0.0995  0.1337  1.2452 247%  0.2% 92%
0.0885 0.1128 1.2058 0.94% 2.19% 0.17% ensemble260  0.0997  0.1359  1.2494 2.74%  0.21%  104.9%
0.1003 0.1324 1243 091% 2.13% 0.09% ensemble262  0.0993  0.134  1.2459 259% 0.21%  97.1%
0.0915 0.1154 1.2109 0.83% 1.93% 0.06% 60.6% ensemble264  0.0966 0.1321  1.2419 2.89% 021%  107%
0.099 01301 1.2386 0.94% 221% 017% 79.2% ensemble273  0.0931  0.1268 1.2318 298% 021% 104.4%
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APPENDIX C. TRADING SYSTEMS

S SR Omega DD VaR  median APV S SR Omega DD VaR  median
ret6l  0.1155 0.1556 0.86% 2.01% 0.19% 89.1% ensemble277  0.0765 112%  26% 0.17%
ret62  0.088  0.1117 0.92% 2.16% 0.17%  64.8% mble278  0.1069 0.93% 0.24%
ret63  0.0743  0.0894 0.9% 2.09% 0.13%  49.5% ensemble279  0.0883 101 0.21%
ret64  0.1002 0.1292 12372 0.85% 1.98%  0.2% 70.5% ensemble284  0.0946 0.21% b
ret65  0.086  0.1098 1.2002 0.96% 2.24% 0.17%  65.9% e mble289  0.0964 .29 0.15%  103.3%
ret66  0.1044  0.1327 1.2439 0.74% 1.72% 0.12%  63.3% ensemble299  0.0941 1.2296  1.11% 0.23%  89.2%
ret67  0.0686 0.0819 1.1481 0.97% 226% 0.16% 48% ensemble302  0.0929 1.2321  1.31% 0.2%  107.9%
ret68  0.1272 0.1752 1.3258 0.85% 1.99% 0.21% 102.3% ensemble307  0.0951 1.2342  1.14% 0.24%  94.2%
ret69  0.0992 0131 1.2402 0.94% 22% 0.17%  79.6% ensemble316  0.098 1.2407  1.07% 0.24%  91.1%
ret70 0.1008 0.1306 1.2396 0.83% 1.95% 0.16%  70.2% ensemble319  0.0909 1.2105  0.89% 0.16%  64.5%
ret71  0.1059 0.1413  1.2599 0.92% 2.15% 0.15%  84.9% ensemble322  0.1023 1.2531  1.04% 0.22%  94.4%
2 0.0905 0.1157 12113 0.9% 211% 0.14% 66% ensemble324  0.0995 1.2501 1.21% 0.19%  109.2%
0.0957 0.121 1.2216 0.82% 1.91% 0.13% 63.1% 0.076 11796 1.26% 0.18% 5%
0.1051  0.1393 0.12%  8L.6% 0.0892 1.2149  1.11% 0.2% 82.2%
ret75  0.0879 0.1115 0.16%  64.6% 0.0887 5 1.2108  1.03% 0.15%  74.9%
ret76  0.0755  0.0895 - 0.16%  47.4% 0.1017 0.1383  1.254 1.1% 0.15%  100.9%
ret77  0.0985  0.1304 .34 0.2% 84.1% 0.0814 0.1051 1.1911 1.11% 021%  71.8%
ret78  0.097  0.1268 1232 0.93% 2.18% 0.16%  75.6% 0.0837  0.1098 1.2 117% 0.14%  79.5%
ret79 0.0763 0.0945 11715 0.99% 2.31% 0.17% 57% 0.0935 0.1237 5 .06 0.2% 84%
ret80  0.0727 0.0864 1.1565 0.89% 2.06% 0.15%  47.2% 0.0942  0.1266 1.2317 1.16% 0.23%  94.4%
ret81  0.1026 0.1376 1.2528 0.99% 2.32% 0.19%  89.1% ensemble372  0.0809 0.1044 1.1898 1.13% 0.16% 0
ret82  0.1138 0.1528 1.2821 0.87% 2.04% 0.17% 88.7% ensemble374  0.0959 0.1284 1.2351 1.09% 0.24%
ret83  0.095 0.1239 1.2268 0.94% 2.2%  0.14% T4.3% ensemble375 0.0912 0.1215 1.2221 1.15% 0.21%
ret84  0.0758 0.0925 1.1678 0.94% 2.19% 0.11%  53.2% ensemble377  0.0763  0.0969 1.1759 1.13% 0.18%
ret85  0.1035  0.139  1.2556  0.98% 2.29% 0.15%  89.2% ensemble378  0.0872  0.1141 % 0.16%
ret86  0.108 0.1469 1.2707 0.97% 2.28% 0.21%  94.8% ensemble379  0.0849 0.1141 3.06% 0.18%
ret87  0.0952 0.1232 091% 2.13% 0.12% 7TL.7% ensemble381  0.081  0.1071 2.94%  0.08%
ret88  0.0625 0.0702 0.9% 2.09% 0.14%  38.6% mble384  0.0917 0.1204 2.46% 0.16%
ret89 0.0743 0.0897 1.1627 0.93% 2.16% 0.16%  50.9% e mble389  0.0944  0.1275 3 2.79%  0.2%
ret90  0.0642  0.0747 : 0.95% 2.22% 0.11%  42.9% ensemble397  0.0797 0.1022  1.1857 0.18%
ret9l  0.0945 0.1235 0.93% 2.18% 0.11%  73.4% ensemble399  0.0651 0.0795  1.1435 0.18%
ret92  0.0928 0.119 0.89% 2.09%  0.1% 67.4% e mbled01  0.0898 0.1192 1.2176 0.16%
ret93  0.0905 0.1173 1.2143 097% 2.28% 0.14% 72.1% ensemble: 0.0819 0.1047  1.1905 0.18%
ret9d  0.0806 0.0996 1.1811 0.92% 2.14% 0.2%  56.5% ensemble410  0.0913 0.1219  1.2228 0.16%
ret95  0.1244 01713 1.3181 0.85% 2.01% 0.15%  100% ensemble: 0.077  0.0987 1.1791 0.2%
ret96  0.1012 0.1309 1.2403 0.82% 1.91% 0.13%  68.9% ensemble438  0.0544 0.0637 1.1143 1.18% 2.75%  0.09%
ret97 0.0881 0.112  1.2043 0.92% 2.15% 0.16%  64.8% ensembled40  0.0906 0.1206 1.2203 1.14% 2.67% 0.18%
ret98  0.1172 0.1589  1.294  0.86% 2.01% 0.16%  91.5% ensembled4l 0.1164 0.1624 1.3004 1.07% 2.51% 0.24%
ret99  0.0931 0.1211 1.2215 0.97% 2.26% 0.18%  74.3% ensembled42 0.0908 0.1205 1.2202 1.13% 2.64% 0.25%
ret100  0.067 0.0796 1.1438 0.98% 2.28% 0.13%  46.8% ensembled59  0.0835 0.1101 12004 1.21% 2.83% 0.22%

Table C.1:

trading systems are obtained for every run. A threshold for the performance

The trading

systems obtained

76

when running the training pro-
cess many times. Due to the randomness of the training procedure, different

during the off-line training part described in Section 5.3 was used and mod-
els not overcoming the threshold were discarded before the on-line testing.
That is the reason why the numbering of the 100 trading systems of each
type is not exhaustive. The metrics tracked are Sharpe ratio, Sortino ratio,
Omega ratio, Downside Deviation, Value-at-Risk, daily median value and
final Accumulated Portfolio Value.
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