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Critical systems represent a valuable resource in quantum sensing and metrology. Critical quantum
sensing (CQS) protocols can be realized using finite-component phase transitions, where criticality
arises from the rescaling of system parameters rather than the thermodynamic limit. Here, we show
that a collective quantum advantage can be achieved in a multipartite CQS protocol using a chain of
parametrically coupled critical resonators in theweak-nonlinearity limit. We derive analytical solutions
for the low-energy spectrum of this unconventional quantummany-body system, which is composed
of locally critical elements.We then assess the scaling of the quantum Fisher information with respect
to fundamental resources. We demonstrate that the coupled chain outperforms an equivalent
ensemble of independent critical sensors, achieving quadratic scaling in the number of resonators.
Finally, we show that even with finite Kerr nonlinearity or Markovian dissipation, the critical chain
retains its advantage, making it relevant for implementing quantum sensors with current microwave
superconducting technologies.

Critical quantum sensing (CQS) is by now an established approach,
based on the exploitation of quantum properties spontaneously devel-
oped in proximity of phase transitions. In the context of quantum
metrology, the performance of parameter estimation protocols1 is
assessed based on the precision that can be achieved using a limited
amount of fundamental resources, such as the size of the probe system
and/or the protocol duration time. By using non-classical properties
such as entanglement and superposition, it is possible to overcome the
performance of any sensing strategy based on purely classical resources2.
Numerous theoretical studies have shown that a quantum-enhanced
sensing precision can be achieved exploiting static3–13 or dynamical14–17

properties of many-body systems in proximity of the critical point.
Despite critical quantum systems becoming divergingly slow as they
approach the phase transition, the optimal precision scaling can, in
principle, be saturated with respect to both probe size and time18. Fur-
thermore, even if prior information on the parameter to be estimated is
required to operate the sensor close to the critical point, CQS protocols
work well also in a global-sensing scenario when adaptive strategies are
applied19–21. First implementations with Rydberg atoms22, nuclear
magnetic resonance23 and superconducting quantum circuits24,25

demonstrate the experimental feasibility of the CQS approach.
Recently, it has been shown26 that CQS protocols can also be con-

ceived using finite-component phase transitions (FCPTs), where the

thermodynamic limit is replaced with a rescaling of the system
parameters27,28. This class of phase transitions can emerge in quantum
resonators with atomic27,29–33 or Kerr-like28,34–36 nonlinearities, and it is of
high relevance for CQS for two main reasons: (i) It provides a tractable
theoretical framework to analyze the fundamental precision bounds and to
design optimal parameter estimation protocols. For instance, FCPTs have
been used to demonstrate the intrinsic constant-factor advantage of
dynamical over statical CQS protocols37,38 and the presence of apparent
super-Heisenberg scalings when focusing on a single resource39–41.
Continuous-measurement schemes42,43 have been designed to efficiently
retrieve information in the dissipative case, where the optimal precision
bounds are in general not achievable. In thepresenceof a thermal bath,CQS
outperforms passive strategies when preparation and measurement times
are not negligible44. (ii) As demonstrated by recent experiments, FCPTs can
be controllably implemented using atomic45, polaritonic46,47 and circuit-
QED 48–53 platforms. Accordingly, CQS protocols can be implemented with
small-scale devices, without requiring the implementation and control of
many-body quantum systems. CQS protocols based on FCPTs have been
designed for quantum resonators24,54–59, single trapped-ions60,
optomechanical61,62 or magnomechanical63 devices, spin impurities64,65 and
Rabi-like systems66–69. Finally, physical devices undergoing FCPTs can be
interconnected to form one- or two-dimensional arrays of critical systems,
thereby extending CQS approaches to complex extended systems.
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Here, we theoretically show that collective quantum enhancement in
CQS can be achieved using an array of coupled critical quantum sensors. In
particular, we consider a model composed of a chain of nonlinear quantum
resonators coupled via a parametric nearest-neighbor interaction.We focus
on the weak-nonlinearity limit, where each resonator of the array can
become locally critical and undergo an FCPT. We assess the metrological
performance of a static CQS protocol by analytically evaluating the quan-
tum Fisher information (QFI) over the ground state manifold, under
Gaussian approximation. In proximity to the critical point, which is the
optimal working regime, we find closed-form analytical solutions for the
asymptotic scaling of theQFIwith respect to fundamental resources, i.e., the
number of resonators, the number of excitations and the protocol-duration
time. This analysis allows us to benchmark the estimation precision
achievable with the coupled-resonator chain against that of an equal
number of independent critical sensors. We find that the coupled chain
yields a quadratic enhancement of the QFI scaling with respect to the
number of resonators, compared to the linear scaling observed in an
uncoupled array. We demonstrate that this conceptual result still holds
when including physically relevant corrections to the minimal model. We
first develop a perturbation theory to estimate the saturation point due to
local Kerr nonlinearities, and find that the resonator chain presents a
practically relevant advantage for finite values of physical parameters. We
then show that, using a dynamicalCQSprotocol, it is still possible to achieve
collective quantum advantage in an open-quantum-system setting. We
unveil a non-trivial transition between a short-time unitary regime and the
stationary regime achieved for long evolution times.

Results
Summary of results
Critical quantum sensing: adiabatic protocol. Here, we briefly intro-
duce the CQS protocol and the methods used to assess parameter-
estimation performance. We consider as a sensor a system whose
Hamiltonian depends on an unknownparameterω to be estimated, while
all other parameters are known, and such that one control parameter ϵ
can be tuned in real-time. A static CQS protocol can be defined as a three-
step algorithm: (i) the system is initialized in its ground state in a trivial
region of the parameter space, say ϵ = 0; (ii) the control parameter ϵ is
adiabatically tuned close to the critical value ϵc, slowly enough so that the
system never leaves its instantaneous ground state; (iii) a measurement is
performed on the final state, and the outcome is used to infer information
about the value of ω. The working principle behind adiabatic CQS pro-
tocols is the exploitation of the high susceptibility of the system ground
state with respect to small variations of the parameter to be estimated.

The ultimate precision achievable in parameter estimation is given by
the quantum Cramér-Rao bound2. The mean squared error is lower-
bounded by Δω2 ≥ MIð Þ�1, whereM is the number of independent mea-
surements and I is the QFI. For our adiabatic protocol, the QFI must be
evaluated [as in Eq. (8)] on themanifold defined by the system ground state
as the parameter ω is varied. The QFI represents the maximum amount of
information that can be extracted on average for a given repetition of the
protocol, assuming that the optimal observable is measured after the adia-
batic sweep. The performance of a parameter-estimation protocol can be
assessed by analyzing the scaling of theQFI with the fundamental resources
usedduring the protocol, e.g., the size of the probe systemN. For example, in
Ramsey interferometry, the QFI for phase estimation can grow at most
linearly asI � N when the spins are in a separable state,while it can achieve
the quadratic scalingI � N2 when the spins are entangled70. This quadratic
enhancement is dubbed Heisenberg scaling and is achievable only using
nonclassical resources such as entanglement or squeezing.

The size of the probe system is not the only relevant resource. When
dealing with critical systems the protocol time must unavoidably be taken
into account as a fundamental resource. When the critical point is
approached, the energy gap between the ground andfirst-excited state tends
to zero, and so the time T required to perform an adiabatic sweep una-
voidably diverges. Analyzing the scaling of the QFI only with respect to the

number of probe systems can then lead to an apparent super-Heisenberg
scaling.Once time is taken into account18,26, under very general assumptions,
the optimal Heisenberg scaling is given by I � T2N2. However, this is
strictly valid only for closed quantum systems. When decoherence and
dissipation are included, stricter asymptotic bounds apply71–73. Here, we
limit ourselves to the unitary case, as our focus is on the collective
enhancement achievable with quantum-correlated probes, and our results
can be generalized to the dissipative case.

Critical parametric quantumsensor. Let us now introduce our physical
model of a critical quantum sensor, which is a quantum nonlinear
resonator with two-photon pumping terms, described by the Hamilto-
nian

H ¼ ωay1a1 þ
ϵ

2
a21 þ ay21
� �

þ χay1a
y
1a1a1 : ð1Þ

Here and throughout themanuscript,we setℏ=1.This systemundergoes an
FCPT in the limit χ→ 0, when ϵ approaches the critical point ϵc = ω. This
model is of direct experimental relevance50, and it effectively describes the
critical scaling of fully-connectedmodels38, a broad class of quantum-optical
critical systems. The CQS protocol consists of initializing the system in the
vacuumstate, and adiabatically tuning ϵ to a value close to ϵc. Towork in this
critical regime, we assume to have good prior information on the parameter
to be estimated, namelyω =ω0+ δω, whereω0 is known and δω≪ω0 is an
unknown frequency shift to be estimated. For global quantum sensing, i.e.,
when prior information is not available, efficient adaptive strategies can be
implemented19,20.

UnderGaussian approximation (χ= 0), we can obtain analytical results.
Indeed, we first compute the ground state manifold, and then evaluate the
QFI for the estimation of ω. Consequently, we provide an upper-bound on
the estimation precision with respect to the involved resources, i.e., the
number of photons N loc ¼ hay1a1i and the protocol duration time T. Here,
the subscript stands for local and will be meaningful in the multipartite case.
By applying time-dependent perturbation theory, it can be shown26 that the
time required to perform the adiabatic sweep is of the order of T ~ (ηλ)−1,
whereλ is the energy gapbetween the ground andfirst-excited state, andη<1
is a parameter which controls the adiabaticity of the protocol. As shown in
Fig. 1, when approaching the critical point the QFI and the photon number
diverge, while the energy gap between the ground and the first-excited state
vanishes, as expected. For a single-mode critical sensor, the QFI scales as
I sm � 2η2T2N2

loc. Here, the subscript “sm” stands for “single-mode”. We
stress that in the limit χ→0, this result canbe analytically derived.Notice that
in any physical implementation nonlinear terms are always present, and
theoretically they are required to obtain a stable dynamics in the whole
parameter space34. In the case of finite nonlinearity, this scaling is valid until
the photon number becomes large enough to break the Gaussian approx-
imation and reach saturation. As shown in “Methods”, perturbation theory
reveals that the saturation point occurs when N loc �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω=132χ3

p
.

Collective quantum advantage in CQS. In this work, we perform a
comparison between an ensemble ofM independent critical sensors, with
a chain of parametrically-coupled resonators (see Fig. 1). The QFI is
additive when using M independent sensors or, equivalently, M uncor-
related repetitions of the parameter-estimation protocol. Accordingly,
when M independent critical sensors are used, we straightforwardly
obtain I ind � 2Mη2T2N2

loc, with the subscript “ind” standing for
“independent”. This result can also be rewritten in terms of the total
number of photons N =MNloc, as I ind � 2η2T2N2=M.

Our collective critical sensor is defined as a coupled-resonator chain
with Hamiltonian

H ¼
XM
j¼1

ωayj aj þ
ϵ

2
ajajþ1 þ ayj a

y
jþ1

� �
þ χayj a

y
j ajaj

h i
: ð2Þ
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We derive analytical solutions for the QFI for the estimation of ω, as
well as for the photon number and the energy gap, under Gaussian
approximation.The result for theQFI is shown inEqs. (21) and (22) for even
and odd M, respectively. We then obtain approximate closed-form analy-
tical solutions in two relevant limits: in proximity of the phase transition and
in the continuous limit (largeM). The analysis unveils interesting features of
this many-body model composed of locally critical constituents. In this
summary,we focuson themost effective regime forquantumsensing,which
is the critical scaling of a chain with an odd number of resonators. The QFI
achievable in this case scales as IO ¼ 2η2M2T2N2

loc ¼ 2η2T2N2. Thus, the
critical chainpresents a quadratic enhancement in the number of resonators
M with respect to the non-interacting case. The critical chain is advanta-
geous evenwhen considering a finite value of the Kerr nonlinearity. Indeed,
it can be effectively described by a single-mode resonator with a diluted
nonlinearity χ/M, and the saturation point is reached when
N �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mω=132χ3

p
. Finally, the collective quantum advantage can also be

achieved in a dissipative setting, when a dynamical protocol is used. Different
regimes can be identified with respect to the timescale set by 3/(4MNlocΓ),
whereΓ is thedissipation rate. For a very short evolution time, thedynamics is
effectively unitary, anda scaling advantage is still achievable.Conversely, for a
very long evolution time the collective quantum advantage fades away, in
accordancewith fundamentalbounds71–73.Wealsofindanon-trivial transient
regime characterized by a collective constant-factor advantage.

Local models
In this section, we analyze the performance of single-and two-mode critical
quantum sensors. In both cases, we compute theQFI and express it in terms
of the resources involved, i.e., the average number of photons in eachmode
and the duration time of the sensing protocol. The results will be used as a
benchmark, as well as an intermediate step to solve the interacting chain.

Single-mode critical quantum system. A single-mode critical quan-
tum sensor can be modeled, under Gaussian approximation, by the
Hamiltonian

Hsm ¼ ωay1a1 þ
ϵ

2
a21 þ ay21
� �

; ð3Þ

where ϵ is the squeezing parameter, ω is the mode frequency and a1 is the
bosonic mode. The full model presented in Eq. (1) undergoes a second-
order phase transition in proximity of the critical point ϵc = ω in the limit
χ→ 0. For ϵ < ϵc the model is well approximated by the Hamiltonian (3),

which is diagonalizable via a Bogoliubov Transformation (BT), obtaining

Hsm ¼ λdy1d1 þ
1
2
λ� ωð Þ : ð4Þ

We defined λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � ϵ2

p
, and d1 is the normal mode related to a1 via the

transformation

a1 ¼ td1 � sdy1 ; ð5Þ

where the parameters t and s are

t ¼ ðλþ ωÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðω2 � ϵ2Þ þ 2ωλ

p ; ð6Þ

s ¼ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðω2 � ϵ2Þ þ 2ωλ

p : ð7Þ

Let us focus now on the estimation of the parameterω. Given amanifold of
pure states jψi, the QFI can be evaluated as2

I ¼ 4 h∂ωψj∂ωψi � jh∂ωψjψij2
� �

; ð8Þ

where j∂ωψi is the partial derivative with respect to the parameter to be
estimated. To assess the performance of the adiabatic CQS protocol, we will
compute the QFI associated with the system ground state jgi. The ground
state of the Hamiltonian (3) is the single-mode squeezed vacuum

jgi ¼ S1ðξÞj0i. We define the single-mode squeezing operator SiðξÞ ¼
e
1
2 ξ�a2i �ξay2ið Þ and the squeezing parameter ξ ¼ jξj ¼ ln sþ ffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ 1
p� �

. This

state has an average number of photonsN loc ¼ sinh2ðjξjÞ ¼ s2, where “loc”
stands for “local”. By inserting in (8) the expression of the system ground
state, we obtain the single-mode QFI for the estimation of ω:

I sm ¼ ϵ2

2ðω2 � ϵ2Þ2 : ð9Þ

The dominant contribution to the duration of the sensing protocol is given
by the time T required to perform the adiabatic sweep, which must be
larger26 than the inverse of the gap between the ground and first-excited
state. From (4), it immediately follows that the energy gap is λ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � ϵ2

p
.

Consequently, the protocol duration time can be expressed as T ≈ (ηλ)−1,

Fig. 1 | Schematic representation of independent critical resonators and the
critical chain.We illustrate a) an ensemble of independent critical resonators and b) a
chain of parametrically-coupled critical resonators. A single critical sensor is described
by the Hamiltonian (1), while the coupled-resonator chain is modeled by the
Hamiltonian (2). Focusing on a single independent critical sensor, we plot c) the QFI
I sm and d) the local number of photons Nloc as functions of ϵ. As the squeezing

parameter ϵ approaches the critical point ϵc = ω, both I sm and Nloc diverge. Fur-
thermore,we show e) the energy gap λ and f) the estimate of theprotocol duration time
T as a function of ϵ. When ϵ→ ϵc, λ tends to zero, indicating that the energy gap
between the ground and first-excited state closes. Consequently, the time required to
perform the adiabatic sweep diverges. To obtain the plot for T we set η = 1.
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withη<1. To analyze the critical scaling approachedwhen ϵ→ ϵc, we define
ϵ = (1− x)ωwith 0 < x < 1, and compute the QFI in the asymptotic regime
x → 0. Close to the critical point, we have I sm � ð2 ffiffiffi

2
p

ωxÞ�2
, T �

ðω ffiffiffiffiffi
2x

p Þ�1
andN loc � ð8xÞ�1

2. Using the latter, we express x in terms of the
number of photons as x � ð2 ffiffiffi

2
p

N locÞ
�2
, which implies T ≈ 2Nloc/ηω.

Finally, in terms of the resources involved the single-mode QFI scales as

I sm � 2η2T2N2
loc : ð10Þ

Two-mode critical quantum system. Similarly to the single-mode case,
a two-mode critical quantum system can be modeled with a two-mode
squeezing Hamiltonian. The single-resonator critical sensor can be
generalized to a two-mode critical system as follows:

Htm ¼ ω ay1a1 þ ay2a2
� �

þ ϵ a1a2 þ ay1a
y
2

� �
; ð11Þ

where ϵ is theparametric-coupling strength,ω is the frequencyof eachmode
and a1 and a2 are two independent bosonicmodes. Here, the subscript “tm”
means “two-mode”. Also in this case, the model undergoes a second-order
phase transition, when a vanishingly small Kerr nonlinearity is included28.
The normalization of the coupling parameter is chosen to have the same
critical point ϵc = ω of the Hamiltonian (1). When ϵ < ϵc, the Hamiltonian
(11) can be diagonalized with the following BT:

a1 ¼ td1 � sdy2 ;

a2 ¼ td2 � sdy1 ;
ð12Þ

where d1, d2 are the normal modes. We can then write

Htm ¼ λðdy1d1 þ dy2d2Þ þ λ� ω : ð13Þ

The ground state of the system is a two-mode squeezed vacuum state

jgi ¼ S1;2ðξÞj0i, with Si;jðξÞ ¼ e ξ�aiaj�ξayi a
y
j

� �
a two-mode squeezing

operator. Notice that the squeezing parameter ξ = ∣ξ∣ is the same as in the
single-mode case. The average number of photons in the ground state is
N ¼ 2sinh2ðjξjÞ ¼ 2s2 sincenow there are twonormalmodeswith the same

eigenvalueλand the samenumberofphotonsN loc ¼ hay1a1i ¼ hay2a2i ¼ s2.
Using (8), we can compute the two-mode QFI for the estimation of ω:

I tm ¼ ϵ2

ðω2 � ϵ2Þ2 : ð14Þ

In the asymptotic limit x→ 0, we have I tm � ð2ωxÞ�2 andN loc � ð8xÞ�1
2.

Since the energy gap is still λ, the protocol duration time remains unchanged
with respect to the single mode case. Indeed, expressing x as x �
ð2 ffiffiffi

2
p

N locÞ
�2

leads to T ≈ 2Nloc/ηω. Finally, in terms of the involved
resources the two-mode QFI scales as

I tm � 4η2T2N2
loc : ð15Þ

Comparing this result with Eq. (10), we see that I tm is simply twice what is
obtained with a single critical sensor. A two-resonator chain is then
equivalent to two independent resonators, suggesting that there is no
advantage in considering coupled critical sensors.However, in the following,
we demonstrate that this conclusion does not hold for larger chains.

Critical resonator chain
Let us finally consider the critical resonator chain. Under Gaussian
approximation, it is described by the Hamiltonian

H ¼
XM
j¼1

ωayj aj þ
ϵ

2
ajajþ1 þ ayj a

y
jþ1

� �h i
: ð16Þ

Assuming periodic boundary conditions aM+j = aj, the Hamiltonian (16) is
diagonalizable in the reciprocal space. By applying the discrete Fourier
transform aj ¼ Mð Þ�1

2
P
k
ake

�ikj, we obtain

H ¼ H0 þ δM;2mHπ þ
X
k>0

ω aykak þ ay�ka�k

� �

þ
X
k>0

ϵ cosðkÞ aka�k þ ayka
y
�k

� �
:

ð17Þ

Here, δM,2m is a Kronecker delta which is nonzero only for even M. The
termsH0, Hπ are single-resonator critical models defined as in Eq. (3), but
replacing a1 with a0 and aπ, respectively. The sign of the coupling for the aπ
mode must be inverted, a phase difference that has no consequence for the
current analysis. The periodic boundary conditions imply that we can
restrict ourselves to the first Brillouin zone (FBZ), and k = 2nπ/M, with
n 2 Z. The FBZ is defined as follows: ifM is even, n∈ [−M/2+ 1, M/2]; if
M is odd, n∈ [− (M− 1)/2, (M− 1)/2].We point out that themode aπ is
present only in the case in which the number of modesM is even.

In reciprocal space, the multi-mode Hamiltonian (17) consists of M
independent critical systems. Specifically, two single-mode systems defined
by a0 and aπ, along with a series of two-mode systems defined by pairs
{ak, a−k}. Each element can be independently diagonalized using the single-
and two-mode BTs derived previously, by replacing ϵ ! ϵ cosðkÞ. Notice
that the BT can be performed only if ϵ < ϵc. In themulti-mode case, we have
many critical points defined by the dispersion relation ϵc ¼ ω= cosðkÞ. This
means that the multi-mode Hamiltonian is diagonalizable via a BT only if
the parameter ϵ is smaller than the lowest among the critical points.
Therefore, we restrict ourselves to the case ϵ<ω. If this condition is satisfied,
applying the BT to (17) results in

H ¼
X
k2FBZ

λk dykdk þ
1
2

� �
�M

2
ω; ð18Þ

where λk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � ϵ2cos2ðkÞ

p
, and dk are independent normalmodes. The

modes d0, dπ are defined as in (5), while the modes d±k as in (12), with the
substitution ϵ ! ϵ cosðkÞ. The ground state of the system is then a multi-
mode squeezed vacuum state

jgi ¼ S0ðξ0ÞSπðξπÞ
O

k > 0
Sk;�kðξkÞj0i : ð19Þ

We recall that SiðξiÞ ¼ e
1
2 ξ�i a

2
i �ξia

y2
ið Þ with i = {0, π} is a single-mode

squeezing operator associated with the modes a0, aπ. Conversely,
Sk;�kðξkÞ ¼ e ξ�kaka�k�ξka

y
ka

y
�kð Þ is a two-mode squeezing operator related to

pairs of coupled modes {ak, a−k}. The squeezing parameters are ξk ¼
jξkj ¼ ln sk þ

ffiffiffiffiffiffiffiffiffiffiffiffi
s2k þ 1

p� �
for k∈ [0,π/2) and ξk= ∣ξk∣eiπ for k∈ [π/2,π]. The

parameter sk is obtained from (7) with the substitution ϵ ! ϵ cosðkÞ. The
total average number of photons in the multi-mode ground state is given
simply by the sum of the photons in each mode ak. Given that the ground
state is a multi-mode squeezed vacuum state, each mode contains Nk ¼
sinh2ðjξkjÞ ¼ s2k photons. Since s

2
k ¼ s2�k, the total numberof photons in the

ground state can be expressed as

N ¼
X
k

Nk ¼ s20 þ δM;2ms
2
π þ

X
k>0

2s2k : ð20Þ

Moreover, the local number of photons at each site j is determined by
N loc ¼ hayj aji ¼

P
khaykaki=M ¼ N=M. A detailed derivation is provided

in “Methods”wherewe show thatNloc is independent of the specific site, i.e.,
each resonator has the samenumber of photons. It is important to stress that
in the reciprocal space, when the critical point is approached, the photons
are strongly confined only in the mode a0 whenM is odd and in the modes
a0, aπ when M is even. The fraction of photons populating all the other
modes vanishes as ϵ → ϵc (see Fig. 2). In this scenario, we can effectively
approximate the critical chain as a single-mode system with N = MNloc
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photons ifM is odd, or as a two-mode systemwithN=MNloc/2 photons per
mode whenM is even.

Having obtained its ground state, we can now use (8) to calculate the
QFI of the critical chain. From Eq. (19) we see that the ground state is
separable in reciprocal space, hence the QFI of the critical chain is given by
the sum of the QFIs of each individual mode a0 and aπ, and of each pair
{ak, a−k}. We obtain

IE ¼
XM2�1

n¼0

ϵ2cos2 ð2πnM Þ
ω2 � ϵ2 cos2ð2πnM Þ	 
2 ; ð21Þ

IO ¼ ϵ2

2ðω2 � ϵ2Þ2 þ
XM�1

2

n¼1

ϵ2cos2 ð2πnM Þ
ω2 � ϵ2cos2 ð2πnM Þ	 
2 ; ð22Þ

where IE is the QFI for an even number of modes, while IO is the QFI
for an odd number of modes. Let us now provide closed-form analytical
expressions of the multi-mode QFI in relevant asymptotic regimes. First,
we consider a finite number of modes and compute explicitly the QFI
close to the critical point. Then, we compute the QFI in the continuous
limitM→ ∞. In both cases, we express the QFI in terms of the involved
resources, i.e., the local number of photons Nloc and the total protocol
duration time T.

Asymptotic regimes: Critical scaling. In this section, we provide the
scaling behavior of the critical chain QFI in the asymptotic regime where
ϵ → ϵc, assuming a finite M. To analyze the critical scaling we define
ϵ = (1 − x)ω with 0 < x < 1, where the critical point is approached for
x→ 0. We then expand Eqs. (21) and (22) in power series, up to the first
order in x. Following this expansion, theQFI separates into two terms: the
first depends solely on x and diverges as the critical point is approached,
while the second term is a discrete sum dependent only on the number of
modes M. This sum can be analytically computed using established
results from trigonometric series, allowing us to derive a closed expres-
sion for the asymptotic QFI. See “Methods” for further mathematical
details. Thus, in the limit x → 0, up to the terms of order x, the QFI for
even and odd critical chains can be expressed as

IE � 1
4ω2

1
x2

� 1
x
� 1

4
þM4 � 20M2 þ 64

180

� �
; ð23Þ

IO � 1
8ω2

1
x2

� 1
x
� 1

4
þ 4M4 � 20M2 þ 16

45

� �
: ð24Þ

A similar analysis applies to the average number of photons in the multi-
mode ground state. Notice that the expression for the number of photons is

given by (20), and the only distinction between odd and evenM lies in the
range of k values in the discrete sum. Then, expanding (20) up to terms of
order

ffiffiffi
x

p
yields

N �
1ffiffiffiffi
2x

p þ M
π log M

π

� �þ γ� π
2

	 

; M even ð25Þ

1ffiffiffiffi
8x

p þ M
π log 2M

π

� �þ γ� π
2

	 

; M odd ð26Þ

(

where γ is the Euler-Mascheroni constant. See “Methods” for further details
on the derivation of Eqs. (25–26).Our aimnow is to express themulti-mode
QFI in terms of the resources involved, namely the local number of photons
Nloc and the protocol duration time T. To achieve this, we first express the
parameter x as a function of the local number of photons using (25)–(26).
Specifically, we find x � ð ffiffiffi

2
p

MN locÞ
�2

when M is even and x �
ð2 ffiffiffi

2
p

MN locÞ
�2

whenM is odd. It is important to note that these relations
hold trueunder the condition that the local numberofphotons is sufficiently
large, satisfying πN loc ≫∣ ln M=π

� �þ γ� π=2∣ for M even, and
πN loc ≫∣ ln 2M=π

� �þ γ� π=2∣ forM odd. This assumption is reasonable
in the considered asymptotic regime, where M is finite and near the
criticality.On theotherhand, from(18)wehave that the lowest energy gap is
λ0, which means that the protocol duration time is estimated as
T � ðηλ0Þ�1 � ðηω ffiffiffiffiffi

2x
p Þ�1

. In terms of the local number of photons we
write T ≈ MNloc/ηω for M even and T ≈ 2MNloc/ηω for M odd. Finally,
inserting the expression of x in (23–24) and taking into account the protocol
duration time, the QFI scales as

IE � η2M2T2N2
loc; ð27Þ

IO � 2η2M2T2N2
loc : ð28Þ

These solutions then predict a quadratic scaling of theQFIwith the number
of resonators M, which implies a collective quantum enhancement of the
estimation precision. The difference between the even and odd cases arises
from the fact that, for an oddM, only the mode with k = 0 becomes critical
whereas, for an evenM, both themodes with k= 0 and k= π become critical
(see Fig. 2). In Fig. 3(a) and (b), we plot the optimized ratio I=T2 as a
function of M and as a function of Nloc, respectively. We show that the
asymptotic expressions (27)–(28) align perfectly with the full analytical
solutions of Eqs. (21)–(22), in the asymptotic regime where x→ 0 and M
is finite.

Asymptotic regimes: Continuous limit. AsM increases, the separation
between adjacent modes decreases. This is due to the periodic boundary
conditions, which impose Δk = 2π/M, so that Δk → 0 when M → ∞.
Consequently, in this regime we have a continuum of modes ak. There-
fore, we can compute the QFI in (21)–(22) by approximating the discrete
sums with definite integrals over this continuum, obtaining

I ¼ M
4ω2

ð1� xÞ2
xð2� xÞð Þ32

: ð29Þ

Notice that, of course, by making this approximation, a numerical error is
introduced. This error becomes negligible when the number of modes is
sufficiently large, such that Δk → dk. We estimate the absolute error
incurred when approximating a discrete sum with an integral via

���X
k>0

f ðkÞΔk�
Z π

0
f ðkÞdk

���<M
2
Δk2 maxf∂k f ðkÞg : ð30Þ

By imposingMΔk2 maxf∂kf ðkÞg=2≪1,we canevaluatehow largeM should
be so that (29) is a good approximation of the QFI. In the limit of x→ 0, we
find that maxf∂k f ðkÞg � x�

5
2=5, which implies that, to have a negligible

absolute error, we requireM≫ 2π2x�
5
2=5. This indicates that the closer we

are to the critical point, the larger theMneeded to ensure the validity of (29).

(a) (b)

x=10-1

x=10-3

x=10-5

Fig. 2 | Local number of photons. We plot the ratio Nk/N0 for a number of reso-
nators a)M = 31 and b)M = 30 for different values of x = 1− ϵ/ω. As the critical point
is approached (x→ 0), the majority of photons is strongly confined in the mode a0
when M is odd, and in the modes a0, aπ whenM is even (see yellow circles). The
fraction of the photons populating the remaining modes is vanishingly small.
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The same reasoning can be applied to the average number of photons
in the ground state (20).However, the resulting integral cannotbe computed
analytically as we did with the QFI. An approximated analytical solution in
the limit x→ 0 is

N � M
1
2π

log
8
x

� �
� 1

2

� 

: ð31Þ

Notice that in this regime, the local number of photons Nloc = N/M is
independent of the number of modes but depends only on the proximity to
the critical point. In this case, the parameter x can be expressed in terms of
Nloc as x � 8e�ð1þ2N locÞπ . Furthermore, the protocol duration time is
approximately T � ðηλ0Þ�1 � ðηω ffiffiffiffiffi

2x
p Þ�1

, which in terms of Nloc

becomes T � e
1
2þN locð Þπ=4ηω. Using these results, in terms of the involved

resources we express the QFI as

I � e
π
2

16
η2MT2eπN loc : ð32Þ

By looking at (32), one might conclude that the optimal operating
regime of the critical chain is the continuous limit, given that the QFI
scales exponentially with the photon number resource. However, the
validity of this expression is related to (30). As mentioned above,
approximating the discrete sums defining the multi-mode QFI with
definite integrals is a good approximation only if M≫ 2π2x�

5
2=5.

Considering the expression of x in terms of Nloc, we find that M must
satisfyM≫Ce5πN loc , withC ¼ π2e

5π
2 =320

ffiffiffi
2

p
. This reveals that even for a

low number of photons, the required M to ensure a negligible error is
extremely large.

In Fig. 3(c), we plot the ratio log10 I=T2
� �

as a function of Nloc, and
compare the exact optimized ratio obtained numerically from (22) with the
quadratic scaling of (28) and the exponential scalingof (32).As expected, the
QFI goes exponentiallywithNloc onlywhenN loc ¼ Oð1Þ. Indeed, as soon as
Nloc becomes comparable with M, the QFI is well approximated by the
quadratic regime of (28). The exponential in Eq. (32) is then only an
apparent super-Heisenberg scaling.

Performance analyses
We can now compare the performance of the critical resonator chain with
that of an ensemble ofM independent single-mode critical resonators. In the
following, we first thoroughly analyze the collective precision enhancement
of the array of critical resonators in the relevant asymptotic regimes. Then,
we assess the validity of the Gaussian approximation of the critical models
and provide an estimate of the saturation of the QFI due to finite Kerr
nonlinearity. Finally, we discuss the effects of coupling with a Markovian
bath, identifying the regimes in which the collective advantage can be
achieved in the dissipative setting.

Asymptotic scaling. We first examine the case of an ensemble of M
uncoupled critical resonators. This scenario corresponds to applying the
CQS protocol with a single-mode system M times, independently. For
independent measurements, the QFI is additive, meaning that overall
I ind ¼ MI sm. For an array of independent critical sensors, from (10) we
obtain

I ind � 2η2T2MN2
loc ¼ 2η2T2 N

2

M
: ð33Þ

Conversely, for a critical chain ofM interacting resonators, the optimal QFI
scales as

IE � η2T2M2N2
loc ¼ η2T2N2; ð34Þ

IO � 2η2T2M2N2
loc ¼ 2η2T2N2 ; ð35Þ

for an even and oddM, respectively. The critical resonator chain presents a
collective enhancement in sensing precision, resulting in a quadratic scaling
of the QFI with respect toM. In Fig. 4, we show the growth of the QFI with
respect toM for fixed values ofNloc, comparing even and odd critical chains
with an equivalent ensemble of uncoupled resonators. The plot is numeri-
cally computed from Eq. (9) and Eqs. (21)–(22).

This collective enhancement can be understood by analyzing the
photon distribution in the modes k in the reciprocal space. Let us focus first
on a chain with an oddM. In proximity of the critical point the photons are
strongly confined in the singlemode a0, see Fig. 2. As can be seen in Eq. (18),
this mode is effectively the closest to its critical point. Given that the QFI is
nonlinear with respect to the photon number, it is more favorable to con-
centrate all the photons into themost critical mode, rather than distributing
them uniformly. This also explains the origin of the 1/2 prefactor in the
scaling of the QFI for an even chain: when M is even the photons are
confined into the two modes {a0, aπ}, so the collective enhancement is
achieved for two uniformly populated modes. In the following, we
demonstrate that confining all photons into a single critical mode is
advantageous also when considering saturation.

Saturation for finite nonlinearity. Let us now assess the validity of the
Gaussian approximation, which is strictly valid for a vanishing non-
linearity (χ = 0) [see Eqs. (1) and (2)]. In any physical implementation,
nonlinear effects will inevitably play a role at high energies, and non-
Gaussian properties emerge74. For finite values of χ, as the critical point is
approached, the Kerr term induces saturation in the photon number and,
consequently, in the QFI. For a single critical sensor, the maximum
achievable QFI for finite χ can be evaluated numerically55. However,
numerical simulations of the full quantum model for large chains are
beyond the capabilities of classical computers. We then take a

(a) (b) (c)

Exponential

Exact
Quadratic

Even chain
Odd chain

Exact, odd chain

Exact, even chain

M = 10
M = 11

Exact, odd chain
Exact, even chain

Fig. 3 |QuantumFisher information.Weshow the ratioI=T2 as a functionof a) the
number ofmodesM, forModd (darkblue) andM even (light blue); and as a function of
b) the local number of photonsNloc, forM= 11 (dark blue) andM=10 (light blue). The
quadratic scaling (27–28) (solid lines) fits well with the exact ratio (small circles)
computed numerically from (21–22). c) Plot of log10 I=T2

� �
as a function of Nloc, for

M = 101. The exact ratio computed numerically (small circles) is well approximated by
the exponential scaling (32) (solid green line) only when N loc ¼ Oð1Þ. However, as

soon asNloc becomes comparable toM, thequadratic scaling (28)fitswell the exact ratio
(solid blue line), while the exponential scaling is no longer valid. The same behavior
holds also in the case of an evenM. To obtain the plots, for each value ofM we have
optimized theQFI under the constraintN loc ¼ Nmax, where in a)Nmax ¼ 100, while in
b)Nmax 2 ð0; 100� and in c)Nmax 2 ð0; 30�. We have set ω = 1.
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perturbative approach to assess the saturation point of the QFI as a
function of the ratio between the frequency ω and the nonlinearity χ. For
the single-mode system, we applied perturbation theory directly on the
QFI, the details can be found in “Methods”. In this case, the validity
region of the Gaussian approximation is given by

N loc ≲
ffiffiffiffiffiffiffiffiffiffi
ω

132χ
3

r
; ð36Þ

where Nloc is the number of photons in the unperturbed single-mode
ground state. Using the bound in (36), we can establish an upper limit also
for theQFI in relation to the physical parametersω and χ. Indeed, recall that,
for a single-mode critical resonatorT ≈ 2Nloc/ηω, the scaling of the QFI can
be written solely in terms of the number of photons as I sm � 8N4

loc=ω
2.

Thus, for an ensemble ofM independent critical resonators, the saturation
of the QFI is determined by the bound

I ind �
8MN4

loc

ω2
≲

M
100

ffiffiffiffiffiffiffiffiffiffi
1

ω2χ4
3

s
¼ M

100ω2

ω

χ

� �4=3

: ð37Þ

For the critical chain, we focus exclusively on the case whereM is odd,
as it yields the most favorable QFI scaling. Applying perturbation theory in
this case is much more complex, as the Kerr terms in (2) are spatially local,
but highly non-local in the reciprocal space. However, close to the criticality
(when saturation effects are relevant), only a single critical mode is effec-
tively populated. In “Methods”, we show that when x→ 0 the Hamiltonian
of the critical chain can be mapped onto a single critical mode, with a
rescaled nonlinearity χ/M. In other words, for what concerns the critical
scaling, the nonlinearity of the interacting chain is effectively diluted. Under
single-mode approximation, we can calculate perturbations to the QFI in
spite of the nonlocality of theKerr terms in the reciprocal space. In addition,
we confirm also the validity of this single-mode approximation by evalu-
ating perturbative corrections to the energy gap between the ground and
first-excited states in themulti-mode case. This perturbative analysis reveals
that, for the critical chain, the Gaussian approximation holds true if

N ≲

ffiffiffiffiffiffiffiffiffiffi
ωM
132χ

3

s
; ð38Þ

where nowN =MNloc is the number of photons in the multi-mode ground
state. It follows that, given T ≈ 2MNloc/ηω, the multi-mode QFI (28) is
asymptotically upper-bounded by

I � 8M4N4
loc

ω2
≲

1
100

ffiffiffiffiffiffiffiffiffiffi
M4

ω2χ4
3

s
¼ 1

100ω2

Mω

χ

� �4=3

: ð39Þ

Note that the asymptotic bound (39) is
ffiffiffiffiffi
M3

p
times larger than the single-

mode bound (37). This shows that the collective enhancement of the critical
chain is not canceled by saturation effects. On the contrary, the critical chain
presents a scaling advantage also with respect to the ratio ω/χ.

Driven-dissipative case. Let us now consider an open-quantum-system
setting. Notice that an in-depth analysis would require considering a
microscopic derivation of the bathproperties,which strongly dependon the
specific physical platform and the specific readout mechanism. For exam-
ple, in a chain of solid-state resonators only one or two sites would be
coupled with input-output transmission lines. Furthermore, the multi-
mode nature of the output field should be taken into account to assess the
precision that can be achieved with continuous-measurement schemes42,43.
Here, our goal is to show the conceptual differences between the perfor-
mances achievable with unitary dynamics and with an open quantum
system. Accordingly, we will assume that each resonator is weakly coupled
to independent Markovian environments at zero temperature. In this case,
the system time evolution can be written in terms of the Lindblad equation

∂ρ

∂t
¼ �i H; ρ

	 
þ Γ
X
j

Dj½ρ� ; ð40Þ

where Γ is the decay rate, and we defined

Dj½ρ� ¼ 2ajρa
y
j � ayj ajρ� ρayj aj : ð41Þ

Also in the dissipative case, we can switch to the Fourier space. It is easy to
show that

P
jDj½ρ� ¼

P
kDk½ρ�, which means that the dissipation acts

locally on the operators defined in the momentum space. For the sake of
simplicity, we will restrict the analysis to odd resonator chains and to the
critical region. As previously discussed, when x→ 0 only a single collective
mode gives a relevant contribution to the QFI. Consequently, we will con-
sider thedissipative evolution (40) of thek=0modedefined inEq. (17).This
simplification does not affect the main results, as including all modes can
only increase the estimation precision.

The single-mode case has been thoroughly analyzed44. Here, we are
going to use those results to analyze the differences in the multi-mode case.
So far in this work, we have considered static CQS protocols, where an
adiabatic sweep is used to push the system in proximity of the critical point.
In the dissipative case, static CQS protocols consists in exploiting the sus-
ceptibility of the system-steady state, achieved after a long evolution time
determined by the inverse of the smallest Liouvillian eigenvalue. By com-
puting the QFI over the steady-state manifold, for an odd chain we find
IO � N2=Γ2 ¼ M2N2

loc=Γ
2. Whenever time is not considered as a

resource, a quadratic enhancement in M can be found in static dissipative
protocols. However, the time required to reach the steady-state scales as
Tss ~MNloc/Γ, meaning that IO � MN locT ss=Γ. Consequently, when time
is a resource no collective advantage is found over the use ofM independent
single-mode sensors (recall that I ind ¼ MI sm).

We now show that a quantum advantage in M can be found in the
dissipative case even for finite evolution times, when a dynamical CQS
protocol is used. In this case, the scaling of the QFI depends on the protocol
duration time itself, so we fix a maximum time Tmax in which the protocol
can be performed. In this way, time is treated as a resource on the same
footing of the local photon number, for whichwe impose amaximumvalue
Nloc.We assume the system is initialized in the vacuum ρð0Þ ¼ ∣0i 0h ∣. Then,
we evaluate the instantaneousQFI on the state ρ(t) evolved according to Eq.

Odd chain

Independent

Even chain

Fig. 4 | Quantum Fisher information: comparison between independent
ensemble and critical chain.We plot the ratio I=T2 as a function of the number of
modes M in the case of independent modes (9) (triangles) and coupled modes
(21–22) (circles). While the QFI scales linearly with M for decoupled modes,
interactions between the bosonic modes enhance the QFI, leading to a quadratic
scaling with respect toM. To obtain the plot, for each value ofM we have optimized
the QFI under the constraint Nloc = 100, and we have set ω = 1.
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(40). This evaluation can be done analytically at arbitrary time44. However,
the expression of the instantaneousQFI is too complex to show explicitly. In
the following, we present approximate solutions for the unitary regime, and
we analyze the general behavior in Fig. 5. For short times, we can expand the
QFI in series up to the first order in Γ as

IO � 8
9
T2
maxN

2 � 32
27

T3
maxN

3Γþ o Γ2
� �

: ð42Þ

For sufficiently short times, we recover the quadratic scaling in both time
and photon number observed in the unitary case (35). Indeed, fromEq. (42)
we identify the regime in which the quantum collective advantage of the
coupled-resonator chain is present also in the dissipative case:

IO � 8
9
T2
maxM

2N2
loc for Tmax≪

3
4MN locΓ

: ð43Þ

It is important to notice that the time inwhich the quantumadvantage is not
spoiled by dissipation is bounded by the resources themselves, in agreement
with fundamental bounds71,72. Comparing Eqs. (43) and (35), one can also
see the constant-factor advantage of dynamical over static CQS protocols37,
due to the adiabatic parameter η ≪ 1. Finally, in Fig. 5 we analyze the
transition from the unitary to the dissipative regime, for different number of
modes M. For sufficiently short Tmax, the dynamics is effectively unitary
(black dots), so that IO � M2 while I ind � M. Notice that, as Tmax is
increased, even though the quadratic advantage inM fades there is a wide
transition during which IO � Mα with α > 1. This behavior is reminiscent
with what has been predicted for uncertainties on the system parameters75.
Interestingly, from Fig. 5 we see that a constant-factor advantage in the
collective case can still be observed for largeM.

Discussion
Wehave demonstrated that a critical quantum sensor based on a chain ofM
parametrically coupledKerr resonators exhibits a quadratic enhancementof

the QFI with respect to both photon and resonator numbers. Beyond
asymptotic scalings, the coupled chain offers practical advantages in terms
of physical parameters. This collective quantum advantage in critical
quantum sensing is significant even for a small number of resonators. We
have analyzed a variety of parameter regimes, and we summarize the QFI
scaling for the most interesting cases relevant to quantum sensing appli-
cations in Table 1.

This work paves the way to the exploration of collective quantum
advantage in critical quantum sensing, both at experimental and theoretical
levels. The considered class of finite-component phase transitions has
already been experimentally observed using atomic45, polaritonic46,47 and
circuit-QED48–52 devices. Parametric resonators with extremely low static
nonlinearity can be implemented using high kinetic inductance cavity
arrays53. More generally, nonlinear coupled-resonator chains can be
implemented using a broad variety of solid-state platforms, including
semiconducting76, opto- and electro-mechanical systems77,78 and super-
conducting quantum circuits79, among others. Further theoretical work is
needed to properly support the development of collective CQS protocols.
The driven-dissipative case should be addressed considering platform-
specific couplings with the environment, which will also depend on the
chosen readout mechanism. The need for adiabatic processes, responsible
for the η < 1 prefactor in the scaling of the QFI, can be lifted by designing
dynamical protocols37,38. Continuous-measurement schemes42,43 can be
designed to optimize information retrieval from the output signals. Finally,
topological properties have been shown80 to enhance the sensing precision
in sensors based on non-Hermitian lattice dynamics. The inclusion of
topological properties in critical chains could potentially enhance the pre-
cision and resilience to parameter fluctuations of collective CQS protocols.
Besides quantum sensing and metrology, this work presents a phenomen-
ological study of the ground-state properties of an unconventional quantum
many-body model, which is critical both at the local and global levels. We
analyzed the regime of weak nonlinearity before symmetry breaking occurs.
Numerical simulations of the full quantum model are challenging due to
large photon numbers and long-range correlations. Phase-space methods
appear to be the most suitable for analyzing lattices of critical resonators
with weak but finite nonlinearity, where the ground state of the system is
approximately Gaussian.

Methods
Local number of photons
In this section, we provide details on the calculation of the local number of
photons in the critical resonator chain. The local number of photons in the
ground state is given by

Nj
loc ¼ hgjayj ajjgi ; ð44Þ

where jgi is defined in (19). We express the operators aj in the reciprocal
space as

aj ¼
1ffiffiffiffiffi
M

p
X
k

ake
�ikj ; ð45Þ

Tmax=10-3/Г

Tmax=5∙10-3/Г

Tmax=2∙10-2 /Г

Tmax=1.5∙10-1 /Г

Fig. 5 | Collective enhancement in the driven-dissipative case. Plot of the
instantaneous quantum Fisher information ratio IO=I ind as a function of the
number of modesM. We plot the ratio at different time snapshots Tmax, considering
a dynamical protocol. Specifically, for a time Tmax ≲ 3=ð4MN locΓÞ the system
dynamics is still unitary and we observe a collective enhancement inM as IO � Mα ,
with 1 < α ≤2. When Tmax>3=ð4MN locΓÞ, the scaling coefficient becomes α ≈ 1.
However, it is still possible to have a constant advantage using the coupled-resonator
chain since IO=I ind>1. This advantage is washed out when the time is long enough
to make the advantage due to short-time unitary evolution negligible. To obtain the
plot, we considered ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MN loc=T

2
max

q
Γ, which is optimal in the unitary regime44.

In addition, we setNloc = 10, andwework close to the criticality (regime in which the
odd multi-mode array can be mapped onto a single critical mode). Specifically, we
choose ϵ in order to satisfy the constraintNðt ¼ TmaxÞ ¼ MN loc. In red (dashed line)
we highlight the reference case IO=I ind ¼ 1, which corresponds to the absence of
any collective advantage.

Table 1 | Quantum Fisher information scaling

Scaling of the QFI

Independent Sensors Coupled chain

Nloc scaling 2η2T2MN2
loc 2η2T2M2N2

loc

N scaling 2η2T2 N2

M
2η2T2N2

Saturation M
100ω2

ω
χ

� �4=3
1

100ω2
Mω
χ

� �4=3
The table shows the scaling of the quantum Fisher information in the case of independent modes
and coupled modes.
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ayj ¼
1ffiffiffiffiffi
M

p
X
k

ayke
ikj ; ð46Þ

and rewrite the expectation value in (44):

Nj
loc ¼ hgj 1

M

X
k;k0

aykak0e
�iðk0�kÞjjgi : ð47Þ

Thus, to obtain Nloc, we have now to compute the expectation values
hgjaykak0 jgi, knowing that the ground state is the multi-mode squeezed
vacuum state of Eq. (19). Let us consider first the case ðk; k0Þ≠ 0 and
ðk; k0Þ≠π. Then, the expectation value becomes

hgjaykak0 jgi ¼ h0j
O

k00 > 0
Syk00;�k00a

y
kak0
O

k00 > 0
Sk00;�k00 j0i

¼ h0jSyk;�ka
y
kakSk;�kj0i

¼ hgjaykakjgi ;
ð48Þ

which is valid since, in the case in which k≠k0≠k00, all the operators com-
mute, and the expectation values are null. Following the same reasoning, if k
or k0 are equal to 0 or π, the expectation value is always zero unless k ¼ k0. It
follows that

Nj
loc ¼ hgj 1

M

X
k

aykakjgi ¼ N loc ; ð49Þ

which does not depend on the particular site location j. The photons in the
system are uniformly distributed across each cavity.We can further simplify
(49) by expanding the discrete sum over k > 0:

N loc ¼
1
M

hgjay0a0 þ δN;2ma
y
πaπjgi

þ 1
M

hgj
X
k>0

aykak þ ay�ka�k

� �
jgi :

ð50Þ

From Eq. (19), the photon number in each collective mode ak is
Nk ¼ sinh2 jξkj

� � ¼ s2k, where sk is defined as in (7) with the substitution
ϵ ! ϵ cosðkÞ. Finally, since s2k ¼ s2�k, we write the local number of photons
as

N loc ¼
1
M

X
k

Nk ¼
1
M

s20 þ δM;2ms
2
π þ

X
k>0

2s2k

 !
: ð51Þ

Series expansions
In this section, we present the mathematical details concerning the trigo-
nometric series that appear when computing the QFI and Nloc in the
asymptotic limit x → 0. Let us first consider the QFI when M is odd.
Expanding the QFI (22) up to the first order in x yields

IO ¼ 1
8ω2

1
x2

� 1
x
� 1
4

� �

þ 1
ω2

XM�1
2

n¼1

csc4
2πn
M

� �
� csc2

2πn
M

� �� 

þ oðxÞ :

ð52Þ

Aclosed analytical expression for theQFI in this limit can be obtained using
the following identities on trigonometric series81:

XM�1
2

n¼1

csc2
2nπ
M

� �
¼ M2 � 1

6
; ð53Þ

XM�1
2

n¼1

csc4
2nπ
M

� �
¼ M4 þ 10M2 � 11

90
: ð54Þ

Thus, in our case we have

XM�1
2

n¼1

csc4
2nπ
M

� �
� csc2

2nπ
M

� �� 

¼ M4 � 5M2 þ 4

90
; ð55Þ

which then leads to (24). On the other hand, whenM is even, expanding the
QFI (21) leads to

IE ¼ 1
4ω2

1
x2

� 1
x
� 1
4

� �

þ 1
ω2

XM2�1

n¼1

csc4
2πn
M

� �
� csc2

2πn
M

� �� 

þ oðxÞ :

ð56Þ

From the symmetry properties of the cosecant functions and their peri-
odicity, it follows

XM2�1

n¼1

csc4
2nπ
M

� �
� csc2

2nπ
M

� �� 

¼ M4 � 20M2 þ 64

720
; ð57Þ

which then leads to (23).
Let us now focus on the average number of photons. For an even M,

expanding (20) up to the first order in x yields

N ¼ 1ffiffiffiffiffi
2x

p �M
2
þ
XM2�1

n¼1

csc
2nπ
M

� �
þ oð ffiffiffi

x
p Þ : ð58Þ

The summation of the cosecant functions can be approximated as82

XM2�1

n¼1

csc
2nπ
M

� �
¼ M

π
γþ log

M
π

� �� 

þO 1

M

� �
; ð59Þ

where γ is the Euler-Mascheroni constant. Thus, we obtain Eq. (25).
Conversely, for an oddM, expanding in series (20) results in

N ¼ 1ffiffiffiffiffi
8x

p �M
2
þ
XM�1

2

n¼1

csc
2nπ
M

� �
þ oð ffiffiffi

x
p Þ : ð60Þ

Due to the symmetry properties of the cosecant function and its periodicity,
we have

XM�1
2

n¼1

csc
2nπ
M

� �
¼ M

π
γþ log

2M
π

� �� 

þO 1

M

� �
; ð61Þ

from which we retrieve Eq. (26).

Finite non-linearity: single-mode
In this section, we go through the details of the perturbation theory applied
to assess the validity of the Gaussian approximation.

The squeezing Hamiltonian (3) is an approximation of the general
model:

H ¼ ωayaþ ϵ

2
a2 þ ay2
� �þ χayayaa ; ð62Þ
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with χ representing the Kerr non-linearity. The Gaussian approxima-
tion is obtained by setting χ = 0. However, when the number of photons
in the system state increases beyond a certain limit, dependent on χ and
ω, the nonlinear term becomes significant and cannot be neglected.We
take a perturbative approach to identify an upper bound on the allowed
number of photons, and, consequently, estimate the saturation of
the QFI.

Let us start by analysing the energy gapΔE between the ground and the
first excited state. Up to the first order in χ, it is defined as

ΔE ¼ ΔEð0Þ þ χΔEð1Þ þ o χ2
� �

; ð63Þ

where ΔEð0Þ ¼ λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � ϵ2

p
and ΔEð1Þ ¼ hejHNLjei � hgjHNLjgi. Here,

jgi ¼ SðξÞj0i is the ground state, jei ¼ SðξÞj1i is the first excited state and
HNL = a†a†aa. We recall that the squeezing parameter is defined as
ξ ¼ ln sþ ffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ 1
p� �

, with s given by (7). Since jgi and jei are single-mode
squeezed Fock states, ΔE(1) can be easily computed as

ΔEð1Þ ¼ hejHNLjei � hgjHNLjgi
¼ 9N þ 15N2
� �� N þ 3N2

� �
¼ 8N þ 12N2 ;

ð64Þ

with N ¼ sinh2 jξjð Þ the number of photons in the ground state. In the
Gaussian approximation, we haveΔE=ΔE(0). Thus, when χ> 0, itmust hold
that

χΔEð1Þ

ΔEð0Þ ¼ χ 8N þ 12N2
� �

λ
≪ 1 : ð65Þ

By expressing λ in terms ofN as λ=ω/(1+ 2N), we obtain an estimate of the
desired upper bound on the number of photons in the ground state, i.e.,

N ≲
ffiffiffiffiffiffiffi
ω

24χ
3

r
: ð66Þ

This means that, as far as N is well below the upper bound (66), the
Gaussian approximation is valid and the non-linearity can be safely
neglected.

The same procedure may be applied directly to the QFI. In the fol-
lowing, we show that this leads to an upper bound with the same scaling in
ω/χ as in (66) but slightly tighter. To apply the perturbation theory to the
QFI, we use (8) with the ground state defined as

jgi ¼ ∣gð0Þi þ χ∣gð1Þi þ o χ2
� �

: ð67Þ

Here, ∣gð0Þi ¼ SðξÞj0i is the unperturbed ground state, while ∣gð1Þi is the
first-order correction to the unperturbed ground state. Up to the first order
in χ, the QFI can be expressed as

I ¼ I ð0Þ þ χI ð1Þ þ o χ2
� �

; ð68Þ

where I ð0Þ is the unperturbed QFI defined in (9), while I ð1Þ ¼
8Re h∂ωgð0Þj∂ωgð1Þi
	 


is thefirst order correction. Perturbation theory allows
us to easily compute ∣gð1Þi. Indeed, in our case

∣gð1Þi ¼
X4
j¼1

hjð0ÞjHNLjgð0Þi
�jλ

∣jð0Þi ; ð69Þ

with ∣jð0Þi ¼ SðξÞjji. The sum is performed for j ∈ [1, 4], since when
j > 4 all the expectation values are null due to the orthogonality of the
Fock states. The transition elements in (69) can be then analytically
evaluated as ∣jð0Þi are single-mode squeezed Fock states. The first

order correction to the ground state is then

∣gð1Þi ¼ vω;ϵSðξÞj2i þ hω;ϵSðξÞj4i : ð70Þ

The amplitude probability functions vω,ϵ and hω,ϵ are defined as

vω;ϵ ¼
ð1þ 6NÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðN þ N2Þ

p
2λ

;

hω;ϵ ¼ �
ffiffiffiffiffi
24

p
N þ N2
� �
4λ

;

ð71Þ

and depend on ω and ϵ according toN =N(ω, ϵ) and λ = λ(ω, ϵ). If we now
rewrite the squeezing operator as SðξÞ ¼ e f ω;ϵO, where fω,ϵ = ∣ξ∣/2 and
O = a2 − a†2, the derivatives with respect to the parameter ω read

∣∂ωg
ð0Þi ¼ f 0ω;ϵO∣g

ð0Þi ;
∣∂ωg

ð1Þi ¼ v0ω;ϵ þ vω;ϵ f
0
ω;ϵO

� �
∣2ð0Þi

þ h0ω;ϵ þ hω;ϵ f
0
ω;ϵO

� �
∣4ð0Þi ;

ð72Þ

where the apex stands for ∂ω. Finally, using (72), we are able to compute the
first-order correction to the QFI:

I ð1Þ ¼ 8h∂ωgð0Þj∂ωgð1Þi
¼ � 8

ffiffiffi
2

p
f 0ω;ϵ v0ω;ϵ þ

ffiffiffiffiffi
12

p
f 0ω;ϵhω;ϵ

� �
:

ð73Þ

From the definition N = s2, we obtain an expression for ϵ in terms of the
unperturbed ground state number of photons, i.e.,
ϵ ¼ 2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ N2

p
= 1þ 2Nð Þ. With this in mind, the leading terms of the

zeroth-order QFI and its first-order correction are

I ð0Þ � 8N4

ω2
; I ð1Þ � � 1056N7

ω3
: ð74Þ

In theGaussian approximation, it holds thatI ¼ I ð0Þ. Thus, when χ> 0, we
have to impose jχI ð1Þj ≪ jI ð0Þj, from which we obtain a new estimate for
the upper bound on the number of photons in the ground state:

N ≲
ffiffiffiffiffiffiffiffiffiffi
ω

132χ
3

r
: ð75Þ

This bound has the same scaling in ω/χ as that in (66), but is tighter by
roughly a factor of two.

Finite non-linearity: resonator chain
For the multi-mode case, the Hamiltonian in (16) can be thought of as the
Gaussian approximation of the general model

H ¼
XM
j¼1

ωayj aj þ
ϵ

2
ajajþ1 þ ayj a

y
jþ1

� �
þ χayj a

y
j ajaj

h i
; ð76Þ

where χ represents the local Kerr non-linearity. To assess the validity of the
Gaussian approximation, we can apply perturbation theory, as we did for
the single-mode case. In the following, we considerM odd, since this choice
leads to the most favorable scaling of the QFI. Close to the criticality, the
majority of the photons are then confined in the mode a0, leaving the other
modes a±k unpopulated. Thus, we approximate the unperturbed ground
state defined in (19) as

∣gð0Þi � S0ðξ0Þj0i : ð77Þ
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This allows us tomap themulti-mode system to a single-mode system. The
low-energy excited states can be written as ∣jð0Þi � j!

� ��1
2S0ðξ0Þ ðay0Þ

jj0i.
The single-mode system has now N = MNloc photons in the mode a0,
whereNloc is the local number of photons in each site j. Let us now focus on
the effect of the nonlinear terms, which can be written in the reciprocal
space as

χHNL ¼ χ
XM
j

ayj a
y
j ajaj

¼ χ

M2

XM
j

X
k1;k2 ;k3 ;k4

ayk1a
y
k2
ak3ak4e

�iðk3þk4�k1�k2Þj

¼ χ

M

X
k1;k2 ;k3;k4

ayk1a
y
k2
ak3ak1þk2�k3

:

ð78Þ

Given the structure of the low-excited states, the expected value and
transition elements of the nonlinear term are nonvanishing only for
k1 = k2 = k3 = k4 = 0. In this single-mode approximation, the Hamiltonian
(76) can bemapped onto a single critical resonatorwith a rescalednonlinear
term, such that

χHNL !
χ

M
ay0a

y
0a0a0 : ð79Þ

We can then perform the same calculations we did for the perturbation of
the QFI in the single-mode case, but with the ground state (77) and a
rescaled nonlinear Hamiltonian. It follows that the bounds found for the
single-mode case are still valid for the multi-mode one, provided that we
replace N → MNloc and χ → χ/M. Finally, to ensure the validity of the
Gaussian approximation in the multi-mode scenario, we require

N ≲

ffiffiffiffiffiffiffiffiffiffi
ωM
132χ

3

s
: ð80Þ

So far, we have assumed that the unperturbedmulti-mode ground state can
be written as (77). This allowed us to evaluate the first-order correction to
theQFI. In this section,we analytically compute thefirst-order correction to
themulti-mode energy gap, without resorting to Eq. (77). In the limit where
N ≈ N0, with N the number of photons in the ground state and N0 the
number of photons in themode a0, the single-mode bound (66) is retrieved,
thus endorsing the validity of the single-mode approximation. The multi-
mode energy gap between the ground and the first excited state is defined as
in (63), with ΔEð0Þ ¼ λ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � ϵ2

p
and ΔEð1Þ ¼ Eð1Þ

e � Eð1Þ
g , where Eð1Þ

e
and Eð1Þ

g are the first order corrections to the eigenvalues of the first-excited
and ground state, respectively. Let us start by computing the first-order
correction to the ground state Eð1Þ

g . By using (78) and the relabeling
k1 ! k0 þ q, k2 → k − q, k3 ! k0, we write Eð1Þ

g as

Eð1Þ
g ¼ 1

M

X
k;k0;q

hgjayk0þqa
y
k�qak0akjgi

¼ 1
M

X
k;k0;q

hgjayk0þqak0a
y
k�qakjgi � N ;

ð81Þ

where we have used ½ak0 ; ayk�q� ¼ δk0;k�q andMN ¼Pk;qhgjaykakjgi. Since
the ground state jgi is defined as in (19), any expectation value hgjakjgi is
null. This means that the non-zero terms in (81) are those in which the
ladder operators refer to the samemode in pairs, leading to the constraints:
(i) k0 þ q ¼ k0 and k− q= k,meaning q=0; (ii) k0 þ q ¼ k� q and k0 ¼ k,
meaning q = 0 and k ¼ k0; (iii) k0 þ q ¼ k, meaning q ¼ k� k0.
Implementing these constraints in (81) allows us to obtain a much simpler

expression:

Eð1Þ
g ¼ 1

M
2
X
k;k0

hgjayk0ak0a
y
kakjgi

2
4

�
X
k

hgjaykakaykakjgi � N

#
:

ð82Þ

On the other hand, the first excited state in the multi-mode system is

jei ¼ Sðξ0Þj1i
O

k>0
Sk;�kðξkÞj0ki : ð83Þ

Thus, the expression (82) holds also for Eð1Þ
e , provided that jgi ! jei and

N→N+ 1+ 2N0 (it is straightforward to verify that the number of photons
in jei is indeedN+ 1+ 2N0). The first-order correction to the multi-mode
energy gap is then

ΔEð1Þ ¼ Eð1Þ
e � Eð1Þ

g

¼ 1
M

2
X
k;k0

hejayk0ak0a
y
kakjei � hgjayk0ak0a

y
kakjgi

� �2
4

�
X
k

hejaykakaykakjei � hgjaykakaykakjgi
� �

� 1� 2N0

#
:

ð84Þ

Since the first excited state jei differs from ground state jgi only in the terms
related to the mode a0, the differences between expectation values in (84)
will always give zero unless k = 0 or k0 ¼ 0. Then, we can further simplify
ΔE(1):

ΔEð1Þ ¼ 1
M

4 1þ 2N0

� �
N � N0

� �	
þ hejay0a0ay0a0jei � hgjay0a0ay0a0jgi
� 1� 2N0



:

ð85Þ

The remaining expectation values in (85) can be computed easily, being
jei and jgi single-mode squeezed Fock states for what concerns
a0. We have that hejay0a0ay0a0jei ¼ 1þ 12N0 þ 15N2

0 and
hgjay0a0ay0a0jgi ¼ 2N0 þ 3N2

0. Finally, we write

ΔEð1Þ ¼ 1
M

4N þ 8N0N þ 4N0 þ 4N2
0

	 

; ð86Þ

and, up to the first order in χ, the multi-mode energy gap is given by

ΔE ¼ λ0 þ
χ

M
4N þ 8N0N þ 4N0 þ 4N2

0

	 
þ oðχ2Þ : ð87Þ

Close to the critical point, we have N =MNloc ≈ N0, so that

ΔE � λ0 þ
χ

M
8N þ 12N2
	 


: ð88Þ

We retrieve the same result obtained in the single-mode case in (66), with a
larger number of photons N =MNloc and a rescaled non-linearity χ/M.
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