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Critical systems represent a valuable resource in quantum sensing and metrology. Critical quantum
sensing (CQS) protocols can be realized using finite-component phase transitions, where criticality
arises from the rescaling of system parameters rather than the thermodynamic limit. Here, we show
that a collective quantum advantage can be achieved in a multipartite CQS protocol using a chain of
parametrically coupled critical resonators in the weak-nonlinearity limit. We derive analytical solutions
for the low-energy spectrum of this unconventional quantum many-body system, which is composed
of locally critical elements. We then assess the scaling of the quantum Fisher information with respect
to fundamental resources. We demonstrate that the coupled chain outperforms an equivalent
ensemble of independent critical sensors, achieving quadratic scaling in the number of resonators.
Finally, we show that even with finite Kerr nonlinearity or Markovian dissipation, the critical chain
retains its advantage, making it relevant for implementing quantum sensors with current microwave

superconducting technologies.

Critical quantum sensing (CQS) is by now an established approach,
based on the exploitation of quantum properties spontaneously devel-
oped in proximity of phase transitions. In the context of quantum
metrology, the performance of parameter estimation protocols' is
assessed based on the precision that can be achieved using a limited
amount of fundamental resources, such as the size of the probe system
and/or the protocol duration time. By using non-classical properties
such as entanglement and superposition, it is possible to overcome the
performance of any sensing strategy based on purely classical resources’.
Numerous theoretical studies have shown that a quantum-enhanced
sensing precision can be achieved exploiting static’™" or dynamical**™"
properties of many-body systems in proximity of the critical point.
Despite critical quantum systems becoming divergingly slow as they
approach the phase transition, the optimal precision scaling can, in
principle, be saturated with respect to both probe size and time'®. Fur-
thermore, even if prior information on the parameter to be estimated is
required to operate the sensor close to the critical point, CQS protocols
work well also in a global-sensing scenario when adaptive strategies are
applied”'. First implementations with Rydberg atoms™, nuclear
magnetic resonance” and superconducting quantum circuits™*”
demonstrate the experimental feasibility of the CQS approach.
Recently, it has been shown™ that CQS protocols can also be con-
ceived using finite-component phase transitions (FCPTs), where the

thermodynamic limit is replaced with a rescaling of the system
parameters”*®, This class of phase transitions can emerge in quantum
resonators with atomic”** or Kerr-like’****® nonlinearities, and it is of
high relevance for CQS for two main reasons: (i) It provides a tractable
theoretical framework to analyze the fundamental precision bounds and to
design optimal parameter estimation protocols. For instance, FCPT's have
been used to demonstrate the intrinsic constant-factor advantage of
dynamical over statical CQS protocols”* and the presence of apparent
super-Heisenberg scalings when focusing on a single resource™™".
Continuous-measurement schemes'*’ have been designed to efficiently
retrieve information in the dissipative case, where the optimal precision
bounds are in general not achievable. In the presence of a thermal bath, CQS
outperforms passive strategies when preparation and measurement times
are not negligible*’. (i) As demonstrated by recent experiments, FCPTs can
be controllably implemented using atomic”, polaritonic**"’ and circuit-
QED *** platforms. Accordingly, CQS protocols can be implemented with
small-scale devices, without requiring the implementation and control of
many-body quantum systems. CQS protocols based on FCPTs have been
designed for quantum resonators**, single trapped-ions®,
optomechanical®** or magnomechanical® devices, spin impurities”** and
Rabi-like systems*®. Finally, physical devices undergoing FCPTs can be
interconnected to form one- or two-dimensional arrays of critical systems,
thereby extending CQS approaches to complex extended systems.
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Here, we theoretically show that collective quantum enhancement in
CQS can be achieved using an array of coupled critical quantum sensors. In
particular, we consider a model composed of a chain of nonlinear quantum
resonators coupled via a parametric nearest-neighbor interaction. We focus
on the weak-nonlinearity limit, where each resonator of the array can
become locally critical and undergo an FCPT. We assess the metrological
performance of a static CQS protocol by analytically evaluating the quan-
tum Fisher information (QFI) over the ground state manifold, under
Gaussian approximation. In proximity to the critical point, which is the
optimal working regime, we find closed-form analytical solutions for the
asymptotic scaling of the QFI with respect to fundamental resources, i.e., the
number of resonators, the number of excitations and the protocol-duration
time. This analysis allows us to benchmark the estimation precision
achievable with the coupled-resonator chain against that of an equal
number of independent critical sensors. We find that the coupled chain
yields a quadratic enhancement of the QFI scaling with respect to the
number of resonators, compared to the linear scaling observed in an
uncoupled array. We demonstrate that this conceptual result still holds
when including physically relevant corrections to the minimal model. We
first develop a perturbation theory to estimate the saturation point due to
local Kerr nonlinearities, and find that the resonator chain presents a
practically relevant advantage for finite values of physical parameters. We
then show that, using a dynamical CQS protocol, it is still possible to achieve
collective quantum advantage in an open-quantum-system setting. We
unveil a non-trivial transition between a short-time unitary regime and the
stationary regime achieved for long evolution times.

Results

Summary of results

Critical quantum sensing: adiabatic protocol. Here, we briefly intro-
duce the CQS protocol and the methods used to assess parameter-
estimation performance. We consider as a sensor a system whose
Hamiltonian depends on an unknown parameter w to be estimated, while
all other parameters are known, and such that one control parameter €
can be tuned in real-time. A static CQS protocol can be defined as a three-
step algorithm: (i) the system is initialized in its ground state in a trivial
region of the parameter space, say € = 0; (ii) the control parameter € is
adiabatically tuned close to the critical value €., slowly enough so that the
system never leaves its instantaneous ground state; (iii) a measurement is
performed on the final state, and the outcome is used to infer information
about the value of w. The working principle behind adiabatic CQS pro-
tocols is the exploitation of the high susceptibility of the system ground
state with respect to small variations of the parameter to be estimated.

The ultimate precision achievable in parameter estimation is given by
the quantum Cramér-Rao bound’. The mean squared error is lower-
bounded by Aw? > (MZ)™", where M is the number of independent mea-
surements and Z is the QFL For our adiabatic protocol, the QFI must be
evaluated [as in Eq. (8)] on the manifold defined by the system ground state
as the parameter w is varied. The QFI represents the maximum amount of
information that can be extracted on average for a given repetition of the
protocol, assuming that the optimal observable is measured after the adia-
batic sweep. The performance of a parameter-estimation protocol can be
assessed by analyzing the scaling of the QFI with the fundamental resources
used during the protocol, e.g,, the size of the probe system N. For example, in
Ramsey interferometry, the QFI for phase estimation can grow at most
linearlyas Z ~ N when the spins are in a separable state, while it can achieve
the quadratic scalingZ ~ N? when the spins are entangled”. This quadratic
enhancement is dubbed Heisenberg scaling and is achievable only using
nonclassical resources such as entanglement or squeezing.

The size of the probe system is not the only relevant resource. When
dealing with critical systems the protocol time must unavoidably be taken
into account as a fundamental resource. When the critical point is
approached, the energy gap between the ground and first-excited state tends
to zero, and so the time T required to perform an adiabatic sweep una-
voidably diverges. Analyzing the scaling of the QFI only with respect to the

number of probe systems can then lead to an apparent super-Heisenberg
scaling. Once time is taken into account'**’, under very general assumptions,
the optimal Heisenberg scaling is given by Z ~ T>N?. However, this is
strictly valid only for closed quantum systems. When decoherence and
dissipation are included, stricter asymptotic bounds apply”*~”*. Here, we
limit ourselves to the unitary case, as our focus is on the collective
enhancement achievable with quantum-correlated probes, and our results
can be generalized to the dissipative case.

Critical parametric quantum sensor. Let us now introduce our physical
model of a critical quantum sensor, which is a quantum nonlinear
resonator with two-photon pumping terms, described by the Hamilto-
nian

" € . P
H= walal + 3 (a% + a12> +Xa{afa1a1 . (1)

Here and throughout the manuscript, we set /2 = 1. This system undergoes an
FCPT in the limit y — 0, when € approaches the critical point €. = w. This
model is of direct experimental relevance™, and it effectively describes the
critical scaling of fully-connected models™, a broad class of quantum-optical
critical systems. The CQS protocol consists of initializing the system in the
vacuum state, and adiabatically tuning e to a value close to €... To work in this
critical regime, we assume to have good prior information on the parameter
to be estimated, namely w = wy + dw, where w, is known and dw < wy is an
unknown frequency shift to be estimated. For global quantum sensing, i.e.,
when prior information is not available, efficient adaptive strategies can be
implemented'**.

Under Gaussian approximation (y = 0), we can obtain analytical results.
Indeed, we first compute the ground state manifold, and then evaluate the
QFI for the estimation of w. Consequently, we provide an upper-bound on
the estimation precision with respect to the involved resources, ie., the
number of photons N, = (aIa 1) and the protocol duration time T. Here,
the subscript stands for local and will be meaningful in the multipartite case.
By applying time-dependent perturbation theory, it can be shown™ that the
time required to perform the adiabatic sweep is of the order of T ~ (1),
where A is the energy gap between the ground and first-excited state, and 7 < 1
is a parameter which controls the adiabaticity of the protocol. As shown in
Fig. 1, when approaching the critical point the QFI and the photon number
diverge, while the energy gap between the ground and the first-excited state
vanishes, as expected. For a single-mode critical sensor, the QFI scales as
T ~ 21PT*NZ, . Here, the subscript “sm” stands for “single-mode”. We
stress that in the limit y — 0, this result can be analytically derived. Notice that
in any physical implementation nonlinear terms are always present, and
theoretically they are required to obtain a stable dynamics in the whole
parameter space™. In the case of finite nonlinearity, this scaling is valid until
the photon number becomes large enough to break the Gaussian approx-
imation and reach saturation. As shown in “Methods”, perturbation theory
reveals that the saturation point occurs when Ny ~ /w/132y.

Collective quantum advantage in CQS. In this work, we perform a
comparison between an ensemble of M independent critical sensors, with
a chain of parametrically-coupled resonators (see Fig. 1). The QFI is
additive when using M independent sensors or, equivalently, M uncor-
related repetitions of the parameter-estimation protocol. Accordingly,
when M independent critical sensors are used, we straightforwardly
obtain T, 4 ~ 2Mn*T?N%_, with the subscript “ind” standing for
“independent”. This result can also be rewritten in terms of the total
number of photons N = MNjo, as Z,4 ~ 24> T>*N? /M.

Our collective critical sensor is defined as a coupled-resonator chain
with Hamiltonian

€ .
H= Y foda + S (anu +al) Hrddan] @

-
—

Communications Physics| (2025)8:74


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-01975-9

Article

Independent Critical Resonators

Tl [=] [=T-

b Coupled-Resonators Array

o O s

Fig. 1 | Schematic representation of independent critical resonators and the
critical chain. We illustrate a) an ensemble of independent critical resonators and b) a
chain of parametrically-coupled critical resonators. A single critical sensor is described
by the Hamiltonian (1), while the coupled-resonator chain is modeled by the
Hamiltonian (2). Focusing on a single independent critical sensor, we plot c) the QFI
Z i, and d) the local number of photons Ny, as functions of €. As the squeezing
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parameter € approaches the critical point €. = w, both 7 and Ny, diverge. Fur-

thermore, we show e) the energy gap A and f) the estimate of the protocol duration time
T as a function of . When € — ¢, A tends to zero, indicating that the energy gap
between the ground and first-excited state closes. Consequently, the time required to
perform the adiabatic sweep diverges. To obtain the plot for T we set 77 = 1.

We derive analytical solutions for the QFI for the estimation of w, as
well as for the photon number and the energy gap, under Gaussian
approximation. The result for the QFI is shown in Egs. (21) and (22) for even
and odd M, respectively. We then obtain approximate closed-form analy-
tical solutions in two relevant limits: in proximity of the phase transition and
in the continuous limit (large M). The analysis unveils interesting features of
this many-body model composed of locally critical constituents. In this
summary, we focus on the most effective regime for quantum sensing, which
is the critical scaling of a chain with an odd number of resonators. The QFI
achievable in this case scales as I, = 21> M>T* N2, = 2 T*N2. Thus, the
critical chain presents a quadratic enhancement in the number of resonators
M with respect to the non-interacting case. The critical chain is advanta-
geous even when considering a finite value of the Kerr nonlinearity. Indeed,
it can be effectively described by a single-mode resonator with a diluted
nonlinearity y/M, and the saturation point is reached when
N ~ {/Mw/132y. Finally, the collective quantum advantage can also be
achieved in a dissipative setting, when a dynamical protocol is used. Different
regimes can be identified with respect to the timescale set by 3/(4MN,I),
where I'is the dissipation rate. For a very short evolution time, the dynamics is
effectively unitary, and a scaling advantage is still achievable. Conversely, for a
very long evolution time the collective quantum advantage fades away, in
accordance with fundamental bounds™ *. We also find a non-trivial transient
regime characterized by a collective constant-factor advantage.

Local models

In this section, we analyze the performance of single-and two-mode critical
quantum sensors. In both cases, we compute the QFI and express it in terms
of the resources involved, i.e., the average number of photons in each mode
and the duration time of the sensing protocol. The results will be used as a
benchmark, as well as an intermediate step to solve the interacting chain.

Single-mode critical quantum system. A single-mode critical quan-
tum sensor can be modeled, under Gaussian approximation, by the
Hamiltonian

€
Hsm = waIal + i (a% + a?) ) (3)

where € is the squeezing parameter, w is the mode frequency and a; is the
bosonic mode. The full model presented in Eq. (1) undergoes a second-
order phase transition in proximity of the critical point ¢, = w in the limit
x — 0. For € < e, the model is well approximated by the Hamiltonian (3),

which is diagonalizable via a Bogoliubov Transformation (BT), obtaining

1
Hm:AdIlerE(A—w). (4)
We defined A = v/ w? — €2, and d, is the normal mode related to a, via the
transformation

a, =td, —sd} , ©)
where the parameters t and s are

. A+ w) <
_\/2((4)2—62)—{—2(4%7 ©
€

T A )t 2ah @

Let us focus now on the estimation of the parameter w. Given a manifold of
pure states |y), the QFI can be evaluated as’

T = 4((0,¥10,¥) — [0, ¥¥)*) . ®)

where |0, y) is the partial derivative with respect to the parameter to be
estimated. To assess the performance of the adiabatic CQS protocol, we will
compute the QFI associated with the system ground state |g). The ground
state of the Hamiltonian (3) is the single-mode squeezed vacuum

lg) = $;(8)|0). We define the single-mode squeezing operator S;(§) =
=In(s 4+ +/s* + 1). This
state has an average number of photons Nj,. = sinh?(|¢|) = s?, where “loc”

stands for “local”. By inserting in (8) the expression of the system ground
state, we obtain the single-mode QFI for the estimation of w:

A4 =87) and the squeezing parameter £ = |&|

e?

Ism - 2((4)2 _ 62)2 (9)
The dominant contribution to the duration of the sensing protocol is given
by the time T required to perform the adiabatic sweep, which must be
larger™ than the inverse of the gap between the ground and first-excited
state. From (4), it immediately follows that the energy gapisA = v w? — €.
Consequently, the protocol duration time can be expressed as T = (yA) ",
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with 77 < 1. To analyze the critical scaling approached when € — €, we define
€= (1 —x)w with 0 <x <1, and compute the QFI in the asymptotic reglme
x — 0. Close to the cr1t1cal point, we have Z,, ~ (2+/2wx)
(w«/ﬂ) and Ny, ~ (8x)~ 3 . Using the latter, we express x in terms of the
number of photons as x ~ (24/2N,,.) 2, which implies T = 2Njo/nw.
Finally, in terms of the resources involved the single-mode QFI scales as

T ~ 20°T* Ny (10)

Two-mode critical quantum system. Similarly to the single-mode case,
a two-mode critical quantum system can be modeled with a two-mode
squeezing Hamiltonian. The single-resonator critical sensor can be
generalized to a two-mode critical system as follows:

H,, = w(aIal + a;a2> + e(alaz + aIal) , (11)
where € is the parametric-coupling strength, w is the frequency of each mode
and a, and a, are two independent bosonic modes. Here, the subscript “tm”
means “two-mode”. Also in this case, the model undergoes a second-order
phase transition, when a vanishingly small Kerr nonlinearity is included™.
The normalization of the coupling parameter is chosen to have the same
critical point €. = w of the Hamiltonian (1). When € < e, the Hamiltonian
(11) can be diagonalized with the following BT:

a, = td, — sd} ,
1 1 2 (12)
a, =td, — sdi7
where d;, d, are the normal modes. We can then write
H, =Mdld, +did)+)—w. (13)

The ground state of the system is a two-mode squeezed vacuum state

g) = S$1,(©)I0), with S;;(&) = e(f*a"“f_f'lra;) a two-mode squeezing
operator. Notice that the squeezing parameter £ = |{] is the same as in the
single-mode case. The average number of photons in the ground state is
N = 2sinh?(|€]) = 2s* since now there are two normal modes with the same
eigenvalue A and the same number of photons Ny, = (aa,) = (aa,) = s%.
Using (8), we can compute the two-mode QFI for the estimation of w:

2
€

I =

tm (w2 _ 62)2

(14)
In the asymptotic limit x — 0, we have Z,, ~ (2wx)~* and N}, ~ (8x)?
Since the energy gap is still A, the protocol duration time remains unchanged
with respect to the single mode case. Indeed, expressing x as x =~
(2v/2N,,) "~ leads to T = 2Nj,/yw. Finally, in terms of the involved
resources the two-mode QFI scales as

Ty ~ AP T*Np,. . (15)
Comparing this result with Eq. (10), we see that 7, , is simply twice what is
obtained with a single critical sensor. A two-resonator chain is then
equivalent to two independent resonators, suggesting that there is no
advantage in considering coupled critical sensors. However, in the following,
we demonstrate that this conclusion does not hold for larger chains.

Critical resonator chain

Let us finally consider the critical resonator chain. Under Gaussian
approximation, it is described by the Hamiltonian

M
H="[wafa;+5 (aa +afal,)]. (16)

j=1

Assuming periodic boundary conditions a,; = a;, the Hamiltonian (16) is
diagonalizable in the reciprocal space. By applying the discrete Fourier
transform a; = (M) ™2 Z aze”™, we obtain

H = Hy + 8y H, + Z “’(“/i“k + “Lﬂ—k)
k>0

(17)
+ Z € cos(k) (aka,k + a,taik).

k>0

Here, 81, is @ Kronecker delta which is nonzero only for even M. The
terms Hy, H, are single-resonator critical models defined as in Eq. (3), but
replacing a; with a, and a,, respectively. The sign of the coupling for the a,
mode must be inverted, a phase difference that has no consequence for the
current analysis. The periodic boundary conditions imply that we can
restrict ourselves to the first Brillouin zone (FBZ), and k = 2nn/M, with
n € 7. The FBZ is defined as follows: if M is even, n € [ — M/2 + 1, M/2];if
Misodd,n e[ — (M — 1)/2, (M — 1)/2]. We point out that the mode a,, is
present only in the case in which the number of modes M is even.

In reciprocal space, the multi-mode Hamiltonian (17) consists of M
independent critical systems. Specifically, two single-mode systems defined
by ao and a,, along with a series of two-mode systems defined by pairs
{ar, a_i}. Each element can be independently diagonalized using the single-
and two-mode BTs derived previously, by replacing € — ¢ cos(k). Notice
that the BT can be performed only if € < ¢.. In the multi-mode case, we have
many critical points defined by the dispersion relation ¢, = w/ cos(k). This
means that the multi-mode Hamiltonian is diagonalizable via a BT only if
the parameter ¢ is smaller than the lowest among the critical points.
Therefore, we restrict ourselves to the case € < w. If this condition is satisfied,
applying the BT to (17) results in

H= Z)Lk(ddk—i—) Ajw,

keFBZ

(18)

where A, = \/w? — ¢%cos?(k), and dj, are independent normal modes. The
modes dy, d,are defined as in (5), while the modes d. as in (12), with the
substitution € — € cos(k). The ground state of the system is then a multi-
mode squeezed vacuum state

2) = SyE)SENQ, . Sk -#(ENIO) -

We recall that S,(¢;) = e%(ff*“rz_&“:z) with i = {0, 7} is a single-mode
squeezing operator associated with the modes a,, a, Conversely,
S k(&) = elGiaa—tiaal)) i a two-mode squeezing operator related to
pairs of coupled modes {a;, a_x}. The squeezing parameters are &, =
&l = ln(sk + /s + 1) for k € [0, 77/2) and & = |& e for k € [r/2, 7r]. The
parameter sy is obtained from (7) with the substitution € — € cos(k). The
total average number of photons in the multi-mode ground state is given
simply by the sum of the photons in each mode ay. Given that the ground
state is a multi-mode squeezed vacuum state, each mode contains N, =
sinh®(|€,]) = s} photons. Sinces? = s> ,, the total number of photons in the
ground state can be expressed as

(19)

N= ZNk _50+8M2msﬂ+225k

k>0

(20)

Moreover, the local number of photons at each site j is determined by
Nie = ( =3 akak )/M = N/M. A detailed derivation is provided
in “Methods” where we show that Ny, is independent of the specific site, i.e.,
each resonator has the same number of photons. It is important to stress that
in the reciprocal space, when the critical point is approached, the photons
are strongly confined only in the mode ay when M is odd and in the modes
ap, a, when M is even. The fraction of photons populating all the other
modes vanishes as € — ¢, (see Fig. 2). In this scenario, we can effectively
approximate the critical chain as a single-mode system with N = MNj,
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Fig. 2 | Local number of photons. We plot the ratio Ni/N, for a number of reso-
nators a)M = 31 and b)M = 30 for different values of x = 1 — e/w. As the critical point
is approached (x — 0), the majority of photons is strongly confined in the mode a,
when M is odd, and in the modes ay, a, when M is even (see yellow circles). The
fraction of the photons populating the remaining modes is vanishingly small.

photons if M is odd, or as a two-mode system with N = MN;,./2 photons per
mode when M is even.

Having obtained its ground state, we can now use (8) to calculate the
QFTI of the critical chain. From Eq. (19) we see that the ground state is
separable in reciprocal space, hence the QFI of the critical chain is given by
the sum of the QFIs of each individual mode a, and a,, and of each pair
{ar, a_i}. We obtain

€?cos? (22

M=

Iy = _— M (21)
. = [a)z — €2 cosz(zﬁ)] :
M1
2 2 €2COSZ (2%) (22)

€
T, = + ,
O 2(w? —e2)? ; [@? — e2cos? (1]

where 7, is the QFI for an even number of modes, while Z is the QFI
for an odd number of modes. Let us now provide closed-form analytical
expressions of the multi-mode QFI in relevant asymptotic regimes. First,
we consider a finite number of modes and compute explicitly the QFI
close to the critical point. Then, we compute the QFI in the continuous
limit M — oo. In both cases, we express the QFI in terms of the involved
resources, i.e., the local number of photons Nj,. and the total protocol
duration time T.

Asymptotic regimes: Critical scaling. In this section, we provide the
scaling behavior of the critical chain QFI in the asymptotic regime where
€ — €, assuming a finite M. To analyze the critical scaling we define
€ = (1 — x)w with 0 < x < 1, where the critical point is approached for
x — 0. We then expand Egs. (21) and (22) in power series, up to the first
order in x. Following this expansion, the QFI separates into two terms: the
first depends solely on x and diverges as the critical point is approached,
while the second term is a discrete sum dependent only on the number of
modes M. This sum can be analytically computed using established
results from trigonometric series, allowing us to derive a closed expres-
sion for the asymptotic QFIL See “Methods” for further mathematical
details. Thus, in the limit x — 0, up to the terms of order x, the QFI for
even and odd critical chains can be expressed as

1 /1 1 1 M*—20M>+64
T~ S T 23
BT 402 (xz x4t 180 ) (3)
1 /1 1 1 4M*—20M%+16
ITorR—|5————-F+——-]). 24
© 8w2(x2 x a2t 45 > (24)

A similar analysis applies to the average number of photons in the multi-
mode ground state. Notice that the expression for the number of photons is

given by (20), and the only distinction between odd and even M lies in the
range of k values in the discrete sum. Then, expanding (20) up to terms of
order /x yields

{ «/%7 + AT;[ [log(%) +y- g], M even (25)
N~ M M 7r
Je+ 3 [log(%) +y—3], Modd (26)
where y is the Euler-Mascheroni constant. See “Methods” for further details
on the derivation of Eqs. (25-26). Our aim now is to express the multi-mode
QFI in terms of the resources involved, namely the local number of photons
Nioc and the protocol duration time T. To achieve this, we first express the
parameter x as a function of the local number of photons using (25)-(26).
Specifically, we find x & (v2MN; loc)72 when M is even and x =~
(2/2MN loc)_2 when M is odd. It is important to note that these relations
hold true under the condition that the local number of photons is sufficiently
large, satisfying 7Ny,.>|In(M/n) +y—m/2| for M even, and
Ny, > | In(2M/7) + y — 7/2| for M odd. This assumption is reasonable
in the considered asymptotic regime, where M is finite and near the
criticality. On the other hand, from (18) we have that the lowest energy gap is
Ao, which means that the protocol duration time is estimated as
T~ (nhy) ' = (nw\/ﬂ)il. In terms of the local number of photons we
write T = MNjo/nw for M even and T = 2MNj,./nw for M odd. Finally,
inserting the expression of x in (23-24) and taking into account the protocol
duration time, the QFI scales as

Iy~ B*M*T*N?

loc?

27)

To~ 2P M*T*NE,_.

(28)

These solutions then predict a quadratic scaling of the QFI with the number
of resonators M, which implies a collective quantum enhancement of the
estimation precision. The difference between the even and odd cases arises
from the fact that, for an odd M, only the mode with k = 0 becomes critical
whereas, for an even M, both the modes with k = 0 and k = m become critical
(see Fig. 2). In Fig. 3(a) and (b), we plot the optimized ratio Z/ T? as a
function of M and as a function of N, respectively. We show that the
asymptotic expressions (27)-(28) align perfectly with the full analytical
solutions of Egs. (21)-(22), in the asymptotic regime where x — 0 and M
is finite.

Asymptotic regimes: Continuous limit. As M increases, the separation
between adjacent modes decreases. This is due to the periodic boundary
conditions, which impose Ak = 27/M, so that Ak — 0 when M — oo.
Consequently, in this regime we have a continuum of modes ay. There-
fore, we can compute the QFI in (21)-(22) by approximating the discrete
sums with definite integrals over this continuum, obtaining

2

T = ﬁ(l_—’% ) (29)
40 (x(2 - 2y

Notice that, of course, by making this approximation, a numerical error is

introduced. This error becomes negligible when the number of modes is

sufficiently large, such that Ak — dk. We estimate the absolute error

incurred when approximating a discrete sum with an integral via

> sk - /0 ’ Fdk|< % AR max{d, f0) . (30)

k>0
By imposing MAk® max{9,f(k)} /2<1, we can evaluate how large M should
be so that (29) is a good approximation of the QFI. In the limit of x — 0, we
find that max{, f(k)} ~ x~3/5, which implies that, to have a negligible
absolute error, we require M > 2772x 3 /5. This indicates that the closer we
are to the critical point, the larger the M needed to ensure the validity of (29).
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Fig. 3 | Quantum Fisher information. We show the ratio Z / T* as a function of a) the
number of modes M, for M odd (dark blue) and M even (light blue); and as a function of
b) the local number of photons Ny, for M = 11 (dark blue) and M = 10 (light blue). The
quadratic scaling (27-28) (solid lines) fits well with the exact ratio (small circles)
computed numerically from (21-22). ¢) Plot of log,, (I / Tz) as a function of Ny, for
M =101. The exact ratio computed numerically (small circles) is well approximated by
the exponential scaling (32) (solid green line) only when Ny, = O(1). However, as

Exact, odd chain
Exact, even chain

40

(c) M=101
g
1
< 6 /‘M
] i .
D 4 -
El gxp(éne[r;tlal
) == Quadratic
<2 ® Exact
(S : : ! i
60 80 100 0 5 10 15 20 25 30
Nloc N](m

soon as Nj,. becomes comparable to M, the quadratic scaling (28) fits well the exact ratio
(solid blue line), while the exponential scaling is no longer valid. The same behavior
holds also in the case of an even M. To obtain the plots, for each value of M we have
optimized the QFI under the constraint Ny, = N .., whereina)N, . = 100, while in
b)N ..« € (0,100] and in ¢)N .., € (0, 30]. We have set w = 1.

The same reasoning can be applied to the average number of photons
in the ground state (20). However, the resulting integral cannot be computed
analytically as we did with the QFI. An approximated analytical solution in

the limit x — 0 is
1 8 1
M{—log <—) — —} .
2m X 2

Notice that in this regime, the local number of photons Nj,. = N/M is
independent of the number of modes but depends only on the proximity to
the critical point. In this case, the parameter x can be expressed in terms of
Nioe as x & 8¢~ 42N Furthermore, the protocol duration time is
approximately T ~ (17/10)_1 ~ (nw\/ﬂ)fl, which in terms of N
becomes T ~ (M) /4. Using these results, in terms of the involved
resources we express the QFI as

o

N (31)

I~ 1826 HMT? ™ (32)

By looking at (32), one might conclude that the optimal operating
regime of the critical chain is the continuous limit, given that the QFI
scales exponentially with the photon number resource. However, the
validity of this expression is related to (30). As mentioned above,
approximating the discrete sums defining the multi-mode QFI with
definite integrals is a good approximation only if M > 272x73/5.
Considering the expression of x in terms of Nj,., we find that M must
satisfy M 3> Ce>™ie, with C = 72e% /320+/2. This reveals that even fora
low number of photons, the required M to ensure a negligible error is
extremely large.

In Fig. 3(c), we plot the ratio log,, (I / T2) as a function of Nj,., and
compare the exact optimized ratio obtained numerically from (22) with the
quadratic scaling of (28) and the exponential scaling of (32). As expected, the
QFI goes exponentially with Nj,. only when Ny . = O(1). Indeed, as soon as
Nioc becomes comparable with M, the QFI is well approximated by the
quadratic regime of (28). The exponential in Eq. (32) is then only an
apparent super-Heisenberg scaling.

Performance analyses

We can now compare the performance of the critical resonator chain with
that of an ensemble of M independent single-mode critical resonators. In the
following, we first thoroughly analyze the collective precision enhancement
of the array of critical resonators in the relevant asymptotic regimes. Then,
we assess the validity of the Gaussian approximation of the critical models
and provide an estimate of the saturation of the QFI due to finite Kerr
nonlinearity. Finally, we discuss the effects of coupling with a Markovian
bath, identifying the regimes in which the collective advantage can be
achieved in the dissipative setting.

Asymptotic scaling. We first examine the case of an ensemble of M
uncoupled critical resonators. This scenario corresponds to applying the
CQS protocol with a single-mode system M times, independently. For
independent measurements, the QFI is additive, meaning that overall
Zing = MT . For an array of independent critical sensors, from (10) we
obtain

NZ

Iind ~ 27127-‘21\/11\7120c
Conversely, for a critical chain of M interacting resonators, the optimal QFI
scales as

Iy~ T°M’Ny,. =’ T*N?, (34)

To~ 2P T*M*Ny = 217 T*N?, (35)
for an even and odd M, respectively. The critical resonator chain presents a
collective enhancement in sensing precision, resulting in a quadratic scaling
of the QFI with respect to M. In Fig. 4, we show the growth of the QFI with
respect to M for fixed values of Nj,, comparing even and odd critical chains
with an equivalent ensemble of uncoupled resonators. The plot is numeri-
cally computed from Eq. (9) and Egs. (21)-(22).

This collective enhancement can be understood by analyzing the
photon distribution in the modes k in the reciprocal space. Let us focus first
on a chain with an odd M. In proximity of the critical point the photons are
strongly confined in the single mode 4y, see Fig. 2. As can be seen in Eq. (18),
this mode is effectively the closest to its critical point. Given that the QFI is
nonlinear with respect to the photon number, it is more favorable to con-
centrate all the photons into the most critical mode, rather than distributing
them uniformly. This also explains the origin of the 1/2 prefactor in the
scaling of the QFI for an even chain: when M is even the photons are
confined into the two modes {ay, a,}, so the collective enhancement is
achieved for two uniformly populated modes. In the following, we
demonstrate that confining all photons into a single critical mode is
advantageous also when considering saturation.

Saturation for finite nonlinearity. Let us now assess the validity of the
Gaussian approximation, which is strictly valid for a vanishing non-
linearity (y = 0) [see Egs. (1) and (2)]. In any physical implementation,
nonlinear effects will inevitably play a role at high energies, and non-
Gaussian properties emerge’. For finite values of y, as the critical point is
approached, the Kerr term induces saturation in the photon number and,
consequently, in the QFIL For a single critical sensor, the maximum
achievable QFI for finite y can be evaluated numerically”. However,
numerical simulations of the full quantum model for large chains are
beyond the capabilities of classical computers. We then take a
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Fig. 4 | Quantum Fisher information: comparison between independent
ensemble and critical chain. We plot the ratio Z /T as a function of the number of
modes M in the case of independent modes (9) (triangles) and coupled modes
(21-22) (circles). While the QFI scales linearly with M for decoupled modes,
interactions between the bosonic modes enhance the QFI, leading to a quadratic
scaling with respect to M. To obtain the plot, for each value of M we have optimized
the QFI under the constraint Nj,. = 100, and we have set w = 1.

perturbative approach to assess the saturation point of the QFI as a
function of the ratio between the frequency w and the nonlinearity y. For
the single-mode system, we applied perturbation theory directly on the
QFI, the details can be found in “Methods”. In this case, the validity
region of the Gaussian approximation is given by

Nloc s \ L’
132y

where Nj, is the number of photons in the unperturbed single-mode
ground state. Using the bound in (36), we can establish an upper limit also
for the QFI in relation to the physical parameters w and x. Indeed, recall that,
for a single-mode critical resonator T = 2Nj,./fw, the scaling of the QFI can
be written solely in terms of the number of photons as Z,, ~ 8N} _/w?.
Thus, for an ensemble of M independent critical resonators, the saturation

of the QFI is determined by the bound

(36)

8MN* M, 1 M 4/3
~ < o2 <9) (37)

7. loc el -
ind w7100\ w2yt T 10002 \ y

For the critical chain, we focus exclusively on the case where M is odd,
as it yields the most favorable QFI scaling. Applying perturbation theory in
this case is much more complex, as the Kerr terms in (2) are spatially local,
but highly non-local in the reciprocal space. However, close to the criticality
(when saturation effects are relevant), only a single critical mode is effec-
tively populated. In “Methods”, we show that when x — 0 the Hamiltonian
of the critical chain can be mapped onto a single critical mode, with a
rescaled nonlinearity y/M. In other words, for what concerns the critical
scaling, the nonlinearity of the interacting chain is effectively diluted. Under
single-mode approximation, we can calculate perturbations to the QFI in
spite of the nonlocality of the Kerr terms in the reciprocal space. In addition,
we confirm also the validity of this single-mode approximation by evalu-
ating perturbative corrections to the energy gap between the ground and
first-excited states in the multi-mode case. This perturbative analysis reveals
that, for the critical chain, the Gaussian approximation holds true if

N< ! oM
~\ 132y

(38)

where now N = MN,, is the number of photons in the multi-mode ground
state. It follows that, given T = 2MNj,/w, the multi-mode QFI (28) is
asymptotically upper-bounded by

474 4 4/3
7 SMIN 1M 1 (Mw) . (39)

w?> 7100 sz4= 10002 \ x

Note that the asymptotic bound (39) is ~/M times larger than the single-
mode bound (37). This shows that the collective enhancement of the critical
chain is not canceled by saturation effects. On the contrary, the critical chain
presents a scaling advantage also with respect to the ratio w/y.

Driven-dissipative case. Let us now consider an open-quantum-system
setting. Notice that an in-depth analysis would require considering a
microscopic derivation of the bath properties, which strongly depend on the
specific physical platform and the specific readout mechanism. For exam-
ple, in a chain of solid-state resonators only one or two sites would be
coupled with input-output transmission lines. Furthermore, the multi-
mode nature of the output field should be taken into account to assess the
precision that can be achieved with continuous-measurement schemes*>*.
Here, our goal is to show the conceptual differences between the perfor-
mances achievable with unitary dynamics and with an open quantum
system. Accordingly, we will assume that each resonator is weakly coupled
to independent Markovian environments at zero temperature. In this case,
the system time evolution can be written in terms of the Lindblad equation

op .
=, = “ilHpl + T Dl (40)
j
where T is the decay rate, and we defined
Dilp] = Zajpa]T - a;ajp - pajajA (41)

Also in the dissipative case, we can switch to the Fourier space. It is easy to
show that > Dj[p] = >, Dilp], which means that the dissipation acts
locally on the operators defined in the momentum space. For the sake of
simplicity, we will restrict the analysis to odd resonator chains and to the
critical region. As previously discussed, when x — 0 only a single collective
mode gives a relevant contribution to the QFL. Consequently, we will con-
sider the dissipative evolution (40) of the k = 0 mode defined in Eq. (17). This
simplification does not affect the main results, as including all modes can
only increase the estimation precision.

The single-mode case has been thoroughly analyzed. Here, we are
going to use those results to analyze the differences in the multi-mode case.
So far in this work, we have considered static CQS protocols, where an
adiabatic sweep is used to push the system in proximity of the critical point.
In the dissipative case, static CQS protocols consists in exploiting the sus-
ceptibility of the system-steady state, achieved after a long evolution time
determined by the inverse of the smallest Liouvillian eigenvalue. By com-
puting the QFI over the steady-state manifold, for an odd chain we find
T~ N?/T? = M?>N3, /T*>. Whenever time is not considered as a
resource, a quadratic enhancement in M can be found in static dissipative
protocols. However, the time required to reach the steady-state scales as
Ts ~ MNjo /T, meaning that 7, ~ MN,,. T, /T. Consequently, when time
is a resource no collective advantage is found over the use of M independent
single-mode sensors (recall that 7, y = MZ ).

We now show that a quantum advantage in M can be found in the
dissipative case even for finite evolution times, when a dynamical CQS
protocol is used. In this case, the scaling of the QFI depends on the protocol
duration time itself, so we fix a maximum time T, in which the protocol
can be performed. In this way, time is treated as a resource on the same
footing of the local photon number, for which we impose a maximum value
Nioe. Weassume the system is initialized in the vacuum p(0) = |0) (0]. Then,
we evaluate the instantaneous QFI on the state p(¢) evolved according to Eq.
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Fig. 5 | Collective enhancement in the driven-dissipative case. Plot of the
instantaneous quantum Fisher information ratio Z,/Z,,4 as a function of the
number of modes M. We plot the ratio at different time snapshots T, considering
a dynamical protocol. Specifically, for a time T, <3/(4MN,I') the system
dynamics is still unitary and we observe a collective enhancementin MasZ, ~ M*,
with 1 < « <2. When T, >3/(4MN;,.I'), the scaling coefficient becomes a = 1.
However, it is still possible to have a constant advantage using the coupled-resonator
chain since Z,/Z,,4>1. This advantage is washed out when the time is long enough
to make the advantage due to short-time unitary evolution negligible. To obtain the
plot, we considered w = /MN,,./T? T, which is optimal in the unitary regime"’.
In addition, we set N, = 10, and we work close to the criticality (regime in which the
odd multi-mode array can be mapped onto a single critical mode). Specifically, we
choose e in order to satisfy the constraint N(t = T, ) = MN, .. Inred (dashed line)
we highlight the reference case Z,/Z,,q = 1, which corresponds to the absence of
any collective advantage.

(40). This evaluation can be done analytically at arbitrary time*. However,
the expression of the instantaneous QFI is too complex to show explicitly. In
the following, we present approximate solutions for the unitary regime, and
we analyze the general behavior in Fig. 5. For short times, we can expand the
QFI in series up to the first order in T as

8 32
To~5% ThaN” — > T3 NT +0(I?).

(42)
For sufficiently short times, we recover the quadratic scaling in both time
and photon number observed in the unitary case (35). Indeed, from Eq. (42)
we identify the regime in which the quantum collective advantage of the
coupled-resonator chain is present also in the dissipative case:

3
T L

8
Io~-T2
4MN,, T

It is important to notice that the time in which the quantum advantage is not
spoiled by dissipation is bounded by the resources themselves, in agreement
with fundamental bounds”””. Comparing Egs. (43) and (35), one can also
see the constant-factor advantage of dynamical over static CQS protocols”,
due to the adiabatic parameter # < 1. Finally, in Fig. 5 we analyze the
transition from the unitary to the dissipative regime, for different number of
modes M. For sufficiently short T ., the dynamics is effectively unitary
(black dots), so that T, ~ M? while Z, ; ~ M. Notice that, as T, is
increased, even though the quadratic advantage in M fades there is a wide
transition during which 7, ~ M* with «a > 1. This behavior is reminiscent
with what has been predicted for uncertainties on the system parameters’.
Interestingly, from Fig. 5 we see that a constant-factor advantage in the
collective case can still be observed for large M.

Table 1 | Quantum Fisher information scaling

Scaling of the QFI

Independent Sensors Coupled chain
Nioc scaling 2P T?MINZ,, 2P T2MPNE,
N scaling onPT2 N 2n°T°N?
Saturation YA L TAGE
70002 (}) 10002 (7)

The table shows the scaling of the quantum Fisher information in the case of independent modes
and coupled modes.

the QFI with respect to both photon and resonator numbers. Beyond
asymptotic scalings, the coupled chain offers practical advantages in terms
of physical parameters. This collective quantum advantage in critical
quantum sensing is significant even for a small number of resonators. We
have analyzed a variety of parameter regimes, and we summarize the QFI
scaling for the most interesting cases relevant to quantum sensing appli-
cations in Table 1.

This work paves the way to the exploration of collective quantum
advantage in critical quantum sensing, both at experimental and theoretical
levels. The considered class of finite-component phase transitions has
already been experimentally observed using atomic®, polaritonic*** and
circuit-QED*™ devices. Parametric resonators with extremely low static
nonlinearity can be implemented using high kinetic inductance cavity
arrays”. More generally, nonlinear coupled-resonator chains can be
implemented using a broad variety of solid-state platforms, including
semiconducting’®, opto- and electro-mechanical systems”””* and super-
conducting quantum circuits”’, among others. Further theoretical work is
needed to properly support the development of collective CQS protocols.
The driven-dissipative case should be addressed considering platform-
specific couplings with the environment, which will also depend on the
chosen readout mechanism. The need for adiabatic processes, responsible
for the # < 1 prefactor in the scaling of the QFI, can be lifted by designing
dynamical protocols”*. Continuous-measurement schemes”* can be
designed to optimize information retrieval from the output signals. Finally,
topological properties have been shown™ to enhance the sensing precision
in sensors based on non-Hermitian lattice dynamics. The inclusion of
topological properties in critical chains could potentially enhance the pre-
cision and resilience to parameter fluctuations of collective CQS protocols.
Besides quantum sensing and metrology, this work presents a phenomen-
ological study of the ground-state properties of an unconventional quantum
many-body model, which is critical both at the local and global levels. We
analyzed the regime of weak nonlinearity before symmetry breaking occurs.
Numerical simulations of the full quantum model are challenging due to
large photon numbers and long-range correlations. Phase-space methods
appear to be the most suitable for analyzing lattices of critical resonators
with weak but finite nonlinearity, where the ground state of the system is
approximately Gaussian.

Methods
Local number of photons
In this section, we provide details on the calculation of the local number of
photons in the critical resonator chain. The local number of photons in the
ground state is given by

N, = (glala;lg) , (44)
where |g) is defined in (19). We express the operators g; in the reciprocal
space as

1 y
. . a=——=>y aqe "
Discussion N1 ; R (45)
We have demonstrated that a critical quantum sensor based on a chain of M
parametrically coupled Kerr resonators exhibits a quadratic enhancement of
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K
= E:%”» (46)
and rewrite the expectation value in (44):
; 1 b
Nipe = (gl > apape™*g). 47)
kK

Thus, to obtain Nj,, we have now to compute the expectation values
(glakakr |g), knowing that the ground state is the multi-mode squeezed
vacuum state of Eq. (19). Let us consider first the case (k, k') #0 and
(k, K')#m. Then, the expectation value becomes

0|®k’ Sy iy ®k, oSk —x10)

= (Olsk"_kakukskr,k IO)

(g|“k“k lg) =
(48)

= (glalalg)

which is valid since, in the case in which k#k'#k”, all the operators com-
mute, and the expectation values are null. Following the same reasoning, if k
or k' are equal to 0 or 7, the expectation value is always zero unless k = k. It
follows that

loc = Z a4 A |g

which does not depend on the particular site location j. The photons in the
system are uniformly distributed across each cavity. We can further simplify
(49) by expanding the discrete sum over k > 0:

N loc » (49)

L+
Nloc = M<g|a0a0 + 8N2m 4 nlg)

1
+ @2 (s + alia )l

From Eq. (19), the photon number in each collective mode aj is
N, = sinh*(|€]) = s}, where s; is defined as in (7) with the substitution
€ — ¢ cos(k). Finally, since sﬁ = o we write the local number of photons
as

(50)

Nloc (51)

1 1
:MZNk :M <S§+8M2m n+225k)
k

k>0

Series expansions

In this section, we present the mathematical details concerning the trigo-
nometric series that appear when computing the QFI and Nj,. in the
asymptotic limit x — 0. Let us first consider the QFI when M is odd.
Expanding the QFI (22) up to the first order in x yields

Y (52)
+ % ; {csc4 (2Mﬂ> — csc? (%)} + o(x) .

A closed analytical expression for the QFI in this limit can be obtained using
the following identities on trigonometric series"':
<2n7r) M?—1
S () -

, (53)
6

2 M* + 10M? — 11
Sac(z) Mmoo
90
Thus, in our case we have
M= 4 2
5o (2] - () A
= M 90

which then leads to (24). On the other hand, when M is even, expanding the
QFI (21) leads to

l 1
T 40 \ 2

%—1 (56)

7 [csc ( ") - ()] ot

From the symmetry properties of the cosecant functions and their peri-

odicity, it follows
el (2"_”)] _
M

which then leads to (23).
Let us now focus on the average number of photons. For an even M,
expanding (20) up to the first order in x yields

[4

M* — 20M? + 64

57
720 ’ (57)

4
1 M 3 2nm
N=—— ——i— csc| — ) +o(vx). (58)
=5 ee(57) o
The summation of the cosecant functions can be approximated as*

M_y

: 2nm M M 1
2= log( — o= 59

Yolin) =7 ()] o) @

where y is the Euler-Mascheroni constant. Thus, we obtain Eq. (25).
Conversely, for an odd M, expanding in series (20) results in

(60)

+chc( >+o(f)

Due to the symmetry properties of the cosecant function and its periodicity,
we have

from which we retrieve Eq. (26).

Finite non-linearity: single-mode
In this section, we go through the details of the perturbation theory applied
to assess the validity of the Gaussian approximation.

The squeezing Hamiltonian (3) is an approximation of the general
model:

H=wd'a+ g (az + aTZ) + XaTaTaa (62)
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with y representing the Kerr non-linearity. The Gaussian approxima-
tion is obtained by setting y = 0. However, when the number of photons
in the system state increases beyond a certain limit, dependent on y and
w, the nonlinear term becomes significant and cannot be neglected. We
take a perturbative approach to identify an upper bound on the allowed
number of photons, and, consequently, estimate the saturation of
the QFIL.

Let us start by analysing the energy gap AE between the ground and the
first excited state. Up to the first order in y; it is defined as

AE = AE + yAEY +o(y?),

where AE® = 1 = Vw? — €2 and AEYV = (e|Hy |e) — (g|Hyy |g)- Here,
lg) = S(£)|0) is the ground state, |e) = S(§)|1) is the first excited state and
Hyp, = a'a’aa. We recall that the squeezing parameter is defined as
E=1In (s + /52 + 1) , with s given by (7). Since |g) and |e) are single-mode
squeezed Fock states, AE can be easily computed as

(63)

AED = (e|Hy le) — (g|Hynlg)
= (9N + 15N?) — (N + 3N?)
= 8N + 12N?,

(64)

with N = sinh?(|&]) the number of photons in the ground state. In the
Gaussian approximation, we have AE = AE®, Thus, when y > 0, it must hold
that

(1) 2
XAE x(8N + 12N?) <1

NQ = 1 (65)

By expressing A in terms of Nas A = w/(1 4+ 2N), we obtain an estimate of the
desired upper bound on the number of photons in the ground state, i.e.,

w
24)(

NS (66)

This means that, as far as N is well below the upper bound (66), the
Gaussian approximation is valid and the non-linearity can be safely
neglected.

The same procedure may be applied directly to the QFIL In the fol-
lowing, we show that this leads to an upper bound with the same scaling in
w/y as in (66) but slightly tighter. To apply the perturbation theory to the
QF]I, we use (8) with the ground state defined as

1) =18 + xlg™) + (i) - ©7)
Here, [¢©) = S(£)|0) is the unperturbed ground state, while [g)) is the
first-order correction to the unperturbed ground state. Up to the first order
in x, the QFI can be expressed as
T =T +47V +0(y?), (68)
where Z© is the unperturbed QFI defined in (9), while Z"W =
8Re[(0,8®[0,g")] is the first order correction. Perturbation theory allows
us to easily compute [¢1)). Indeed, in our case

(1) Z <](0)|HNL|g( )

(0)
e R

(69)
=1

with U(O)) = S(&)|j). The sum is performed for j € [1, 4], since when
j > 4 all the expectation values are null due to the orthogonality of the

order correction to the ground state is then

1) = vy S®)I2) + by SE)14) (70)
The amplitude probability functions v,,. and h,,. are defined as
_ (14+6N)\/2(N +N?)
@e 21 '
(71)
V24(N + N?)
hw,e = - 41 ’

and depend on w and ¢ according to N = N(w, €) and A = Mw, €). If we now
rewrite the squeezing operator as S(£) = efa<, where f,. = [§)/2 and
O =a — a® the derivatives with respect to the parameter w read

0,8 = £, 08",
19,8") = (Voo + Ve S0 0) )

+ (Hyet hucfo 0) ),

(72)

where the apex stands for 9. Finally, using (72), we are able to compute the
first-order correction to the QFI:

Z(l):8<a g(O)Ia g(l))
= _Sffwe< w€+\/_‘fwe we)'

(73)

From the definition N = s>, we obtain an expression for € in terms of the
unperturbed  ground  state  number of  photons, ie,
€ = 2wv/N + N?/(1 + 2N). With this in mind, the leading terms of the
zeroth-order QFI and its first-order correction are

8N*
©
z "

1056N’

e (74)

L IW ~ —

In the Gaussian approximation, it holds that 7 = 7' © . Thus, when x>0, we
have to impose |[yZ O] « 179, from which we obtain a new estimate for
the upper bound on the number of photons in the ground state:

w
Sty (75)

This bound has the same scaling in w/y as that in (66), but is tighter by
roughly a factor of two.

Finite non-linearity: resonator chain
For the multi-mode case, the Hamiltonian in (16) can be thought of as the
Gaussian approximation of the general model

M
H= Z[‘U“ a+5 ( jp1 + 4 J+1> + xa]a] “J“J] (76)

j=

—

where y represents the local Kerr non-linearity. To assess the validity of the
Gaussian approximation, we can apply perturbation theory, as we did for
the single-mode case. In the following, we consider M odd, since this choice
leads to the most favorable scaling of the QFL Close to the criticality, the
majority of the photons are then confined in the mode 4y, leaving the other
modes a., unpopulated. Thus, we approximate the unperturbed ground
state defined in (19) as

Fock states. The transition elements in (69) can be then analytically |g(°)) ~ 8y(£,)10) . (77)
evaluated as |f®) are single-mode squeezed Fock states. The first
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This allows us to map the multi-mode system to a single-mode system The
low-energy excited states can be written as [](0)) ~ ( '!) ZSO(EO) (a ) 10).
The single-mode system has now N = MNj,. photons in the mode g,
where Ny, is the local number of photons in each site j. Let us now focus on
the effect of the nonlinear terms, which can be written in the reciprocal
space as

XHNL_XZ““ a,a;

M
_ X Z Z alal a a, e—itkatki—ki—k,)j (78)
M2 ky Py P ks Yk,
J kyky ks kg
_ X ot
= M (lk] akzaksak1+kz_k3 .
ky kg ks ky

Given the structure of the low-excited states, the expected value and
transition elements of the nonlinear term are nonvanishing only for
ky = k; = ks = k4 = 0. In this single-mode approximation, the Hamiltonian
(76) can be mapped onto a single critical resonator with a rescaled nonlinear
term, such that

(79)

X +
XHy, — M“gaoaoao .

We can then perform the same calculations we did for the perturbation of
the QFI in the single-mode case, but with the ground state (77) and a
rescaled nonlinear Hamiltonian. It follows that the bounds found for the
single-mode case are still valid for the multi-mode one, provided that we
replace N — MNj,. and y — y/M. Finally, to ensure the validity of the
Gaussian approximation in the multi-mode scenario, we require

5 oM

NS —.
132y

(80)

So far, we have assumed that the unperturbed multi-mode ground state can
be written as (77). This allowed us to evaluate the first-order correction to
the QFL In this section, we analytically compute the first-order correction to
the multi-mode energy gap, without resorting to Eq. (77). In the limit where
N = Np, with N the number of photons in the ground state and N the
number of photons in the mode gy, the single-mode bound (66) is retrieved,
thus endorsing the validity of the single-mode approximation. The multi-
mode energy gap between the ground and the first excited state is defined as
in (63), with AE© = Ay = Vw? —€? and AED = Egl) — EW, where Egl)
and E( are the first order corrections to the eigenvalues of the first-excited
and ground state, respectively. Let us start by computing the first-order
correction to the ground state E(. By using (78) and the relabeling
ky = K +q k= k — g ky — K, we write E}V as

1
D _ oot
B = M];(g\“k’+qak—q“k/“k|g)
! (81)
= —Z g\aﬂqak al_ K18) —
kk q

where we have used [ay, ak a = O x—qgand MN = qu(glukaklg ). Since
the ground state |g) is defined as in (19) any expectation value (g|a,|g) is
null. This means that the non-zero terms in (81) are those in which the
ladder operators refer to the same mode in pairs, leading to the constraints:
(i) K + q = kK andk — g=k meaningq=0; (i) K + g = k — gand k' =k,
meaning ¢ = 0 and k=k’; (iii) K +g=k meaning q=k— k.
Implementing these constraints in (81) allows us to obtain a much simpler

expression:

E‘(gl) = 2 Z(glaz,akra;:ak 1g)

(82)
Z glakakakak|g
k

On the other hand, the first excited state in the multi-mode system is

&) = SENNE),., k€10 . (83)
Thus, the expression (82) holds also for Egl), provided that |g) — |e) and
N — N+ 1+ 2N, (it is straightforward to verify that the number of photons
in |e) is indeed N + 1 4 2Ny). The first-order correction to the multi-mode
energy gap is then

AEY = EY — EY

1

= —12 ((e|ata ala le) — ( |aT,a ala | ))
M%{; K A Ay G gl apa, a8 (34)

— Z((emiuka;tu“e) - (g|a,takazak|g)> —1- 2N0:| .
[

Since the first excited state |e) differs from ground state |g) only in the terms
related to the mode ay, the differences between expectation values in (84)

will always give zero unless k = 0 or k' = 0. Then, we can further simplify
AEY:
1
AEY = 37 4(1+2No) (N = N)

(85)

.
+ (elajayapagle) — (glabagayaylg)

— 1-2N,].

The remaining expectation values in (85) can be computed easily, being
ley and |g) single-mode squeezed Fock states for what concerns

do. We have  that (e|a0a0a0a0|e> =1+ 12Ny + 15N?  and
(g |u0a0a0a0 lg) = 2N, + 3N2. Finally, we write
AEY = % [4N + 8NN + 4N, + 4N | , (86)
and, up to the first order in y, the multi-mode energy gap is given by
AE =1, + % [AN + 8NN + 4N, + 4N2] + o). (87)
Close to the critical point, we have N = MNj,. = Ny, so that
AE ~ Xy + 2‘—4 [8N + 12N?] . (88)

We retrieve the same result obtained in the single-mode case in (66), with a
larger number of photons N = MNj, and a rescaled non-linearity y/M.

Data availability
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