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1. Introduction 

 Background 

1.1.1 Overview of fracture and damage modeling 

Quasi-brittle fracture, which is the main type of failure in mineral-based ma-
terials like rock, concrete, and limestone, causes significant damage to infra-
structure systems and loss of lives.  Hence, the prediction of failure for this class 
of material has captivated researchers’ attention over the past decades and has 
been a major branch of computational mechanics, besides theoretical and ex-
perimental approaches (see Irwin, 1957; Hillerborg et al., 1976; Nooru-Mo-
hamed, 1992; Koksal and Karakoc, 1999; Kuhl et al., 2000; Aliha et al., 2012; 
Carpiuc-Prisacari, 2019; and references therein). Some common numerical 
methods including the finite element method (FEM) (Fish and Belytschko, 
2007), isogeometric analysis (IGA) (Hughes et al., 2005; Nguyen et al., 2015), 
the extended finite element method (XFEM) (Moes et al., 1999; Moes and Be-
lytschko, 2002; Zhang et al., 2015, Salimzadeh and Khalili, 2015). The cohesive 
zone model (CZM) (Park and Paulino, 2016; Ferte et al., 2016), and the phase-
field method (Francfort and Marigo, 1998; Bourdin et al., 2000; Miehe et al., 
2010), with different underlying continuum descriptions (Bažant, 1994; Peer-
lings et al., 2001; Pjaudier-Carbot et al., 2004; Nguyen and Houlsby, 2007; 
Nguyen, 2011), have been extensively developed to study the fracture problems 
in materials and structures which are of significant challenges in practice. Be-
sides, plasticity theory has been utilized to describe the inelastic behaviors of 
concrete (Mikkola and Schnobrich, 1970; Willam and Warnke, 1975; Dragon 
and Mróz 1979; Menétrey and Willam, 1995; Grassl et al., 2002; Papanikolaou 
and Kappos, 2007). These models, however, are not capable to represent the 
gradual degradation of elasticity and the influences of microcracking. To rem-
edy these shortcomings, several researchers have combined damage and plas-
ticity, leading to very complicated models (Ibrahimbegovic et al., 2003; Grassl 
and Jirásek, 2006; Cicekli et al., Voyiadjis et al., 2008; Jefferson et al. 2016). 
Nevertheless, Mazars and Pjaudier-Carbot (1989, 1996) argued that inelastic 
behaviors of quasi-brittle materials are much more dependent on damage and 
microcracking processes than plastic deformations. Therefore, the damage 
models which do not include plasticity are adequate and have been employed 
for a majority of real-world problems. 

Within the numerical modeling and simulation of localized failure in quasi-
brittle materials, the aforementioned methods (without integrating plasticity) 
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can be grouped into two categories as discrete fracture and smeared damage. 
The former methods based on linear elastic fracture mechanics theory (LEFM) 
with the concept of Griffith’s energy release rate, e.g., XFEM and CZM represent 
the discontinuities of the crack geometries by embedding an additional field to 
the approximated primary variable (i.e., displacement field). Discrete methods 
are highly effective when tracking the macrocrack propagation and generating 
accurate results of the displacement in the cracked domain. Nonetheless, as they 
require the cracks to be initialized a priori and ad hoc criteria to track the evo-
lution of cracks, which are not trivial in practice, discrete approaches become 
less efficient when dealing with problems of multiple cracks.  Phase-field meth-
ods, which are constructed based on LEFM and the energy minimization con-
cept, regularize the discontinuities by a continuous coupling field variable by 
considering a length scale parameter. The discontinuous crack geometries are 
diffused through thin bands of a phase-field variable. In turn, the coupling 
phase field is set to propagate along the paths of least energy. Continuum dam-
age models, while being similar to phase-field methods in terms of mathemati-
cal structure, are developed based on the theory of damage mechanics (de Borst 
and Verhoosel, 2016). The smear damage approaches are appropriate to de-
scribe quasi-brittle fracture (Resende, 1987; Bažant and Pjaudier-Carbot, 1989), 
which exhibits a long softening phase post-peak and eventually leads to failure. 
In conventional local damage models, when the finite element mesh is refined 
to a certain level, the irreversible damage over-localizes in a very narrow zone 
consisting of a few elements. As a result, dissipated energy unphysically van-
ishes when the element size tends to zero (Jirásek, 2008). In such a case, the 
numerical solution heavily depends on the mesh size in the damaged area; 
hence, the local damage models require certain calibrations, e.g. adapting the 
material softening rate concerning element sizes (Rizzi, 1994; Rizzi et al., 1995; 
Kurumatani et al., 2016; Alfarah et al., 2017; Tran et al., 2019), to be utilized in 
practice. To alleviate these difficulties, a regularization method is adopted in the 
family of nonlocal damage models (Bažant, 1994; Peerlings et al., 1996; Giry et 
al., 2011; Jirásek, 2017, Bui et al., 2017). Specifically, in strain-driven damage 
approaches (Peerlings et al., 2004; Poh and Sun, 2017; Nguyen et al., 2018), the 
nonlocal equivalent strain is employed instead of its local counterpart to control 
the failure mechanism and distribute the released energy over neighboring 
zones. Besides, the nonlocal damage models are capable of producing mesh-in-
dependent and physically meaningful outcomes (Bažant, 1991). More details on 
the formulations and developments of the phase-field and continuum damage 
approach can be found in (Dragon et al., 2000; Comi and Perego, 2001; Amor 
et al., 2009; Ambati et al., 2014; Wu et al., 2015; Wang and Waisman, 2016; 
Vilppo et al., 2021).  

Applications in fracture modeling within these methods are immensely popu-
lar, ranging from brittle fracture (Duda et al., 2015; Sargado et al., 2018; Jan-
iszewski et al., 2019) to quasi-brittle fracture (Bui and Lani, 2011; Nguyen et al., 
2012;), and ductile fracture (Ambati et al., 2015) for two and three-dimensional 
solid elements, simulation of crack branching (Wolff, 2015) to explicit dynamic 
damage and phase-field models (Doan et al., 2016; Li et al., 2016; Doan et al., 
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2017; Ren et al., 2019, ) for structures under impact loading conditions, where 
the load rate notably influences the damage responses Considering the fracture 
modeling for thin-walled structures, one can refer to the works of Amiri et al. 
(2014) and Kiendl et al. (2016) about phase-field modeling in brittle Kirchoff-
Love plates and shells. Gradient-enhanced damage models for thin shells con-
stituted of composite laminates have been studied by Bazilevs et al. (2018), Pi-
gazzini et al. (2018; 2019). Hosseini et al. (2014) presented a quasi-brittle dam-
age description in a solid-like shell model by utilizing isogeometric analysis. 

1.1.2 Modeling of heterogeneous materials 

Studies on quasi-brittle fracture are based on micromechanics principles and 
heavily depend on the geometric representation of heterogeneity such as aggre-
gates and air voids (Roy and Gouda, 1973; Lian et al., 2011; Simon and Chandra-
Kishen, 2016; Le et al., 2019, Heidari-Rarani and Sayedain, 2019). In general, 
they aim to assess the influences of parameters such as fracture energy, fatigue 
properties, and aggregates/voids characteristics (shape, orientation, volume 
fraction) on the dynamic responses and fracture patterns. A common approach 
is the family of heterogeneous models which use explicit consideration of 
rock/voids aggregates (You et al., 2012; Caro et al., 2017; Yang et al., 2017; Su-
chorzewski et al., 2018; Qin et al., 2020). They are computationally heavy and 
a considerable part of these elevated computational costs is spent on the mod-
eling of the interface and contact between the particle and the binder. Recent 
applications (Yilmaz and Molinari, 2017; Heidari-Rarani and Bashadeh-
Khodaei-Naeini, 2018) take into account the inclusion of rocks within mortar 
by representing aggregates as two or three-dimensional ellipse or spheres and 
utilize the cohesive zone model (CZM) for fracture modeling. Han et al. (2018) 
presents a detailed scanning of air voids and employed the phase-field method 
to study the fracture process. Whereas, Guo et al. (2009) model the material 
with truss-like elements in a mesoscale computation where the microstructures 
are generated based on pictures of a real concrete specimen. Alternatively, the 
methods proposed in (Vanmarcke, 1983; Eliáš et al., 2015; Chen et al., 2018a; 
Chen et al., 2018b; Castillo et al., 2021) do not explicitly consider aggregate mi-
crostructures. Therein, the discretization enables a synthetics representation of 
the uncertainty of material properties in space and uses repetitive simulations 
with identical discretization but random differences in terms of material prop-
erties. The advantage of this approach is making each simulation manageable 
enough so that a high number of models can be set up and run while managing 
to obtain results that are representative of the damage and fracture of the ma-
terial. 

1.1.3 Modeling of microarchitectural solids and structures 

Classical continuum theories have been used immensely in the macro-scale 
analysis of solids in good agreement with experimental outcomes. Nonetheless, 
when being applied to smaller-scale cases, e.g., materials with either natural or 
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artificial microstructure, composites, and heterogeneous materials, classical ap-
proaches show their limitations and fail to capture microstructural effects such 
as the size effect, i.e., the relationship between external geometric dimensions 
and internal structures. Multi-scale methods (Massart et al., 2007; Geers et al., 
2010; Nguyen et al., 2012) effectively tackle these challenges. However, they 
significantly increase the problem’s complexity and computational cost.  This 
motivates the development of single-scale continuum mechanics theories which 
boast some multi-scale capabilities when maintaining their homogenizing char-
acteristics (Askes and Aifantis, 2011; Niiranen et al., 2016). Approaches exploit-
ing the simplified theory (Altan and Aifantis, 1997) of Form II of Mindlin’s gra-
dient elasticity theory (Mindlin, 1964) have been proved to be applicable to cap-
ture size effects by including the strain gradient terms with their stress conju-
gates into the expression of the internal energy density. In this way, materials 
with microstructures are treated as continuum media with certain equivalent 
material properties. The strain gradient elasticity theories have shown their ap-
plicability in stress analysis problems beyond the classical linear fracture me-
chanics, to avoid stress singularity at crack tips (Akarapu and Zbib, 2006). Be-
sides that, high-order strain gradient models also boast their capability of pre-
dicting complex mechanical behaviors of pantographic structures (dell’Isola et 
al., 2019;  De Angelo et al., 2019; Spagnuolo et al., 2020; Laudato et al., 2021). 
In the numerical aspect, the integration of gradient terms demands high-order 
continuity of the approximated field variables. Therefore, along with theoretical 
formulations, numerical methods with higher continuity through the domain 
are developed. Recently, Niiranen et al. (2016) have constructed a robust varia-
tional formulation of the simplified Mindlin’s strain gradient theory based on 
isogeometric analysis for bar and plane strain/stress problems and numerically 
implemented through user-defined elements of the commercial software 
Abaqus (Khakalo et al., 2017). This approach is later adapted to the modeling of 
beams, plate, and shell structures made of microarchitectural materials (includ-
ing lattices and auxetics) (Niiranen et al., 2017; Khakalo et al., 2018; Balobanov 
et al., 2018; Balobanov et al., 2019). 

Regarding the fracturing process in this class of materials, continuum damage 
mechanics appears to be a strong candidate. In recent years, various approaches 
have been developed for representing the material degradation process under 
the influences of internal microstructures by different numerical methods. Pu-
tar et al. (2017) presented a damage model for quasi-brittle materials based on 
the first strain gradient theory, embedded into the two-dimensional -conti-
nuity triangular finite element, which was first derived by Lesicar et al. (2014). 
This type of element consists of three nodes and 36 degrees of freedom such as 
the displacements and their first and second derivatives concerning the two Car-
tesian coordinates. A variational strain gradient damage model introduced in 
(Placidi et al., 2015; Placidi et al., 2018a; Placidi et al., 2018b; Placidi et al., 
2020) where governing partial differential equations, boundary conditions, and 
the Karush-Kuhn-Tucker conditions for damage mechanics are derived from to-
tal energy functional. The works in (Yang and Misra, 2010; Wu et al., 2015) uti-
lized the high-order stress-strain theory for damage modeling implemented in 
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an element-free Galerkin method. A generalized damage model was used to sim-
ulate quasi-brittle failure in porous media by Mühlich et al. (2013), in which the 
damage parameter corresponds to the void radii. In other words, the void vol-
ume fraction increases as damage growth; when the material constitutive rela-
tions for porous elastic solids follow the first strain gradient law of the simplified 
Mindlin’s theory (Altan and Aifantis, 1997). Recently, Nguyen and Niiranen 
(2020) have introduced a single-scale damage model for microarchitectural ma-
terials that couples the second strain gradient theory and the evolving damage 
model (Nguyen et al. 2018). The mentioned models show interesting results in 
predicting damage initiation and propagation. However, thanks to the complic-
ity of materially nonlinear problems, closed-form solutions are essentially non-
existent. Hence, the outcomings from the generalized models can be validated 
by comparing with experimental results or classical models in which micro ar-
chitectures are fully modeled. 

1.1.4 Modeling of functionally graded structures 

  Composite functionally graded material (FGM) systems have numerous im-
plementations in engineering. In these materials, the properties vary seamlessly 
over the geometries. This smooth transition resolves some common problems 
in multi-material systems with discrete interfaces, such as debonding, stress 
discontinuity, and thermal stresses due to different thermal expansion between 
materials (Erdogan and Wu, 1996; Reddy, 2000; Schulz et al., 2003). FGMs also 
provide an effective way to tailor the material properties to satisfy certain struc-
tural requirements while keeping the weight of the structures minimal. In recent 
years, a wide range of research works within FGM has been accomplished, in-
cluding bending and eigenproblem studies for graded Euler and Timoshenko 
beams (Pradhan and Chakraverty, 2013; Su and Banerjee, 2015), experimental 
validation for bending and vibration of layered beams (Kapuria et al., 2008), 
structural stability, mechanical and thermal buckling of plates by using the first-
order shear deformation theory (Bouazza et al., 2010) and high-order shear de-
formation theory (Javaheri and Elasmi, 2002). The implementation of a physi-
cal neutral surface to represent a functionally graded (FG) plate is mentioned in 
(Prakash et al., 2009; Lee et al., 2016; Do et al., 2017) in which FG structures 
with various material arrangements are analyzed, underlying the effectiveness 
of the proposed formulations by improving the accuracy of the results. Besides 
that, the fracture behavior of FGMs has been addressed. Comi and Mariani 
(2007) presented an XFEM simulation of quasi-brittle fracture in various com-
positions of a glass and epoxy resin, where the material properties are governed 
by changing the fraction of the glass inclusion in the epoxy matrix. Hirshikesh 
et al. (2019) investigated the crack propagation in alumina-zirconia FGM for 
different spatial arrangements of the mixture through the phase-field method. 
Whereas, Torabi and Ansari (2020) analyzed the influences of phase-field pa-
rameters on the fracture procedure in functionally graded 2D structures. For 
shell structures made of an FGM, a phase-field model constructed on a locking-
free 7-parameter collocation framework for fracture analysis in FG shells was 
introduced (Guillén-Hernández, 2020). Recently, Nguyen and Niiranen (2021) 
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proposed a nonlocal damage model for FG plates of high-order shear defor-
mation theory. Experimental results for FG thin-walled structures, however, are 
relatively sparse. The validation of these dimensionally reduced models can be 
carried out by comparison with three-dimensional models, which fully repre-
sent the spatially varied material properties and undeniably demand much 
higher computational effort. 

 Main contributions 

1.2.1 New formulations to improve the accuracy of the nonlocal damage 
model 

This dissertation presents a new formula for the gradient coefficient in the 
implicit equation of the coupling equivalent strain field to overcome the spuri-
ous damage growth problem, which is observed in the conventional damage 
models. A novel equivalent strain law based on the bi-energy norm is proposed 
to capture the anisotropic behaviors of quasi-brittle materials under tensile and 
compressive loading conditions. For better uses of the damage model in practi-
cal applications, this introduces a formulation enabling the model internal 
parameters such as softening rate and nonlocal interaction length scale to be 
physically determined from fracture energy which can be measured from exper-
iments. These contributions help to improve the accuracy, performance, and ap-
plicability of the damage modeling of quasi-brittle materials.  

1.2.2 Implementation of the damage model to study the variability of 
strain, damage, and fracture in mineral-based materials 

In practice, building materials exhibit a wide variability of mechanical prop-
erties which significantly affect the performance of structures. The damage 
model developed in this study is adapted to be capable of modeling heterogene-
ous materials. It is explored that higher levels of input variability lead to greater 
possibilities of structural failure and each material parameter contributes dif-
ferently to the damage behaviors of the tested samples.   

1.2.3 Homogenization and damage modeling for micro-architectural ma-
terials  

It has been shown in the literature that structures made of micro-architectural 
materials exhibit strong size effects, especially when the size of the internal ar-
chitectures is comparable to the exterior dimension of the specimens. The pro-
posed damage model is extended to capture these size effects by supplementing 
the governing equation of the primary variable with the first and second gradi-
ent terms of strain to homogenize the micro-architectures. 
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1.2.4 Development of the damage model for high-order functionally 
graded plates 

The damage model is integrated into the structural model of functionally 
graded plates of third-order shear deformation theory. The primary field of dis-
placements and the coupling nonlocal equivalent strain field are calculated on 
the plate’s neutral surface which can be notably shifted from the middle surface. 
The plate stiffness coefficients at every cross-section can be calculated analyti-
cally and the integration over plate thickness is not required as in other ap-
proaches. This simplification helps to reduce the computational effort signifi-
cantly.  The dimensionally reduced model is capable of predicting adequate 
structural responses and damage propagation profiles which are demonstrated 
in several numerical examples. Parametric studies within a variety of FGM con-
figurations are conducted to propose optimal material arrangements, concern-
ing certain external loading conditions.  

 Outline of the dissertation 

The doctoral dissertation is organized into six Chapters as follows: 
-   Chapter 2: This chapter presents the formulations of the proposed damage 

model and its improvements over the previous works.   
-   Chapter 3: The setup of the heterogeneous panels and their spatially random 

materials properties are presented. Damage responses of the specimens are 
analyzed. The relations between the variability of the input parameters and 
the results are drawn. 

-   Chapter 4: Homogenization of the micro-architectural materials by the sim-
plified version of Mindlin’s strain gradient theory is performed. The damage 
model for the homogenized materials is presented. 

-   Chapter 5: Formulations for a third-order shear deformable plate with an 
integrated damage parameter are derived. Four FGM configurations are de-
signed numerically tested under different load cases. The load-displacement 
responses of these structures are analyzed to demonstrate the performance 
of these configurations.

-  Chapter 6: The main findings from the works presented in the thesis, their 
limitations, and recommendations for future research are given.
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2. Gradient-enhanced damage model 
with evolving nonlocal interactions 

This chapter comprises a brief description of a gradient damage model includ-
ing the features that have been developed or improved in the course of Publica-
tion 1, including the model formulation, determination of nonlocal interactions, 
and fracture energy-based damage laws. Weak formulations of the coupling 
boundary value problem and numerical calculation scheme are also mentioned.    

 Formulations of the gradient-enhanced damage model 

To describe the nonlinear softening behavior of quasi-brittle materials, a sca-
lar damage parameter  is introduced to represent the degradation of 
material integrity. The elasto-damage energy potential (Lemaitre and 
Chaboche, 1978) is given by 

  

where  denotes the four-order elasticity tensor in the intact state,  is the sec-
ond-order elastic strain tensor  with  denoting the vector of 

displacements. The stress tensor  and the damage energy release rate  are 
obtained by differentiating the free energy potential:  

 

The Clausius-Duhem inequality for dissipation (Mazars, 1989) must satisfy the 
thermodynamics condition: 

  

Since the damage energy release rate  is nonnegative due to its quadratic form, 
the nonnegative condition for the damage evolution rate  is always satisfied. 
In the nonlocal damage model presented in this thesis, the damage parameter 

 is driven by a non-decreasing value  as 
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where  is the history value of the nonlocal equivalent strain , in other words, 
the maximum value of   over the whole loading process 

  

Damage in a material domain can propagate when the following Kuhn-Tucker 
conditions are simultaneously satisfied 

  

where the loading function  describes the loading states as  
 is loading and  corresponds to unloading condition. Within the class 

of quasi-brittle materials, the damage parameter is assumed to follow the expo-
nential rule 

with  being the residual strength of the material in the entirely damaged 
state. In practice  is set to be a very small value to improve the numerical 
stability of the solver. And  denotes the softening rate, i.e., the slope of the de-
scending exponential curve.  Whereas,   denotes the ultimate strain state cor-
responding to complete failure.
The nonlocal equivalent strain can be calculated by an explicit or implicit diffu-
sion equation (Peerlings et al., 2001; Peerlings et al., 2004) coupling to the pri-
mary governing equation. In this work, the implicit form of second-order is uti-
lized as 

  

where the local equivalent strain  is the intensity of the strain tensor. 

 Determination of evolving nonlocal interactions 

2.2.1 Anisotropic gradient coefficient 

The gradient parameter  in Eq. (2.10) controls the diffusion of the nonlocal 
equivalent strain which physically represents the zone where micro defects in-
teract inside the material domain. Conventional nonlocal damage models em-
ploy a constant value of gradient parameters. These nonlocal approaches can 
get rid of the mesh dependence problem caused by the local ones. However, they 
still suffer from spurious damage issues at high levels of deformation and are 
incapable to predict shear damage bands in compression tests. In this research, 
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a new formulation of the gradient parameter  is constructed to alleviate the 
shortcomings of the conventional models (Publication 1). 
The implicit diffusion Equation (2.10) is reformulated in a local coordinate 

 which is directed to the principal stresses at a material point as 

  

by using the anisotropic gradient coefficient parameter  

  

with  the evolving coefficients in principal directions:  

  

where  is the damage threshold in terms of the nonlocal equivalent strain, 
which is defined as the ratio between the tensile strength  and the modulus of 
elasticity  as .  denote the principal stresses and  is the nonlocal 
interaction length scale.  is a heuristic parameter that provides a possibility to 
further calibrate the level of the nonlocal interactions. An illustration of the iso-
tropic (obtained by setting ) and aniso-
tropic nonlocal interaction zones is shown in Figure 1. 

 

Figure 1. Isotropic (left) and anisotropic (right) diffusions of the nonlocal interactions at a mate-
rial point (Publication 1, Figure 2); the color code shows the intensity of interactions 

2.2.2 Stress smoothing for low-order finite elements 

Low-order (linear) elements are commonly utilized in the modeling and sim-
ulation of solids and structures because of their simplicity and the relatively 
small number of degrees of freedom required to build a mesh. That helps to re-
duce computer memory usage and to save processing time. However, when two 
low-order fields of displacement and nonlocal equivalent strain are coupled, un-
physical stress oscillation is observed. This phenomenon is caused by the mis-
match of the two approximated fields as the local equivalent strain is element-
wise constant but the nonlocal one is linear (for the case of linear-linear cou-
pling fields) (Simone et al., 2003; Simone et al., 2004). Consequently, the evolv-
ing gradient coefficient in Equation (2.13) cannot be obtained correctly from 
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these unphysical stresses. To alleviate this difficulty, a stress smoothing tech-
nique based on weighted averaging is proposed (Publication 1). 

The smoothed stress is formulated in the form of nonlocal stress as follows:  

  

The central idea of the nonlocal concept is to replace the local (oscillating) stress 
field with its nonlocal counterpart by using weighted averaging over a neighbor-
ing space of the point of interest, whose coordinates are  and  denoting the 
coordinate of its adjacent points in the material domain .  The weight function 

 can be selected as the Gauss distribution  

  

or the bell-shaped function, which contains a cutoff of the surrounding points 
when positioning outside a circular region of radius  

Figure 2 depicts the one-dimensional Gauss distribution functions in compari-
son with the bell-shape weight functions with different cutoff radii 

. A three-dimensional function of Gauss distribution is also plotted 
in the figure. 
 

 

Figure 2. 1-Dimensional weight functions (left); 3-Dimensional view of the Gauss distribution 
function (right) (Publication 1, Figure 1). 

The principal values  of the smoothed stress  are used in the calculation 
of the evolving gradient parameter in Equation (2.13) in the case of linear-linear 
coupling fields instead of . Figure 3 boasts the effectiveness of the presented 
stress smoothing technique via an example of a bar under tension (see Section 
4, Publication 1). It can be seen that no ill stress profile is observed when using 
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the Gauss distribution weight function or a bell-shaped function with . 
For higher orders (quadratic and beyond) of the fields, the stress oscillation is 
significantly less severe, as analyzed in (Verhoosel et al., 2011; Cuomo et al., 
2014; Tran et al., 2016) with IGA and confirmed in (Bui et al., 2016) with FEM. 
Therefore, the stress smoothing is not necessary to be performed in the isogeo-
metric analysis of the homogenized micro-architectural materials (Publication 
3) and the third-order plates (Publication 4) due to their high-order approxima-
tions. 

 

Figure 3. Stress oscillation and smoothed stresses by Gauss distribution and bell-shaped func-
tions with  and  (Publication 1, Figure 8). 

 

 Damage evolution laws based on fracture energy 

In the family of nonlocal damage models, the nonlocal interaction length scale 
parameter  plays a crucial role as it controls the width of the damage band and 
more importantly the global response of structures. However, it is still unclear 
that  would be treated as a material or a model parameter included to over-
come the mesh dependence problem of local damage models (Wu and Nguyen, 
2018). Hence, a direct method to measure the value of  is arguably impractical. 
In previous studies (Peerlings et al., 1996; Geers et al., 1998; Giry et al., 2011; 
Saroukhani et al., 2013; Poh and Sun, 2017, Negi, 2020), the nonlocal interac-
tion length parameter has been given intuitively, regarding material character-
istics, e.g., three times the size of the largest aggregate in concrete, or estimated 
based on the exterior size of the tested specimen (Jirásek et al., 2004). Nguyen 
et al. (Publication 1) propose a formula to determine the length scale parameter 
from a physical quantity, fracture energy, as a relation between the length scale, 
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the fracture energy, and the rate of softening. This formula is applicable by as-
suming that the damage evolution follows an exponential law. Motivated by the 
works of Volokoh (2012, 2013), in Publication 2, an improved formulation that 
can be applied for different rules of damage evolution in quasi-brittle materials 
(e.g. linear softening) is derived. 

Considering a cube of material, the edge length of which is , as shown in Fig-
ure 4. When the cube is completely damaged, with  denoting the volumetric 
work of fracture, the total dissipated energy of the whole volume is equal to . 
The work density  corresponds to the area limited by the horizontal axis and 
the stress-strain curve of a uniaxial tension test from the rest state until the 
complete failure.  

 

 

Figure 4. Schematic of the relation between the volumetric and surface work of fracture. 

For the two damage evolution laws mentioned in Equation (2.8) and Equation 
(2.9), the respective volumetric work of fracture is calculated as  

and 

On the other hand, the energy required to form the new crack
the cube of edge length  is equal to , where the fracture energy is defined 
as the surface work of fracture. By equating the two energy expressions as 

the damage evolution laws are tied to the corresponding nonlocal interaction 
length scale parameters by the following relations 

and  
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In comparison to the formula proposed by Nguyen et al. (2018) (see Publication 
1, Equation 30), the relation in Equation 2.20 includes the contribution of the 
elastic energy stored in the material domain, i.e., . Nevertheless, in prac-
tical applications (see Publication 4, Figure 13c), these energy terms (the area 
under the elastic part of the stress-strain curve) is substantially smaller than the 
external work of fracture (the area under the softening part of the stress-strain 
curve). By ignoring the elastic term in Equation (2.20), the two formulas are 
identical.  

 Bi-energy-norm based equivalent strain 

In the class of strain-driven damage models, the equivalent strain, as a scalar 
intensity of the strain tensor, has a strong impact on the damage propagation 
because it defines the damage surface which is the limit of the elastic regime in 
both stress and strain spaces. For quasi-brittle materials, the laws of the equiv-
alent strain namely Mazars (Mazars, 1989), smooth Rankine (Jirásek and 
Bauer, 2012), and the modified von Mises (de Vree et al., 1995) are commonly 
used. In this subchapter, these formulas are reviewed with their pros and cons, 
then a novel bi-energy-based equivalent strain law is presented. 

Mazar’s model takes into account the positive parts of the strain tensor as fol-
lows: 

with  denoting the principal strains and  being the Macauley bracket which 
extracts the positive value of a quantity: . 
The smooth Rankine equivalent strain is defined based on the scaled norm of 
the positive parts of the effective stress tensor, i.e., , as 

where  are the effective principal stresses. The Mazar’s and smooth Rankine 
rules are simple and have been well implemented in tension-dominated prob-
lems. Nonetheless, they are not able to capture crushing damage neither shear 
bands caused by compressive loads. That leads to the proposal of the modified 
von Mises equivalent strain law 

Where  and  are the first invariant of the strain tensor and the second 
invariant of the deviatoric strain tensor, respectively.  indicates the Poisson’s 
ratio and  is a model parameter included to normalize the influences of the 
tensile and compressive parts of the strain tensor. By setting  equal to the ratio 
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between the compressive strength and tensile strength of materials, the modi-
fied von Mises law can deal with a wide range of quasi-brittle materials such as 
concrete  and limestone . H in certain cases 
such as the test of an L-shaped panel (Publication 1, Section 5.2), the von Mises 
strain fails to predict the structural response when underestimating the peak 
loading capacity of the panel by 15%. 

This research introduces a new formula to calculate the equivalent strain 
based on the bi-energy norm which in turn is obtained by decomposing the 
strain tensor into a positive p

where  stands for the  principal strain and   is the unit vector in the 
 principal direction.  

with  being the principal strain. Correspondingly, the equivalent values of the 
two decomposed strain tensors are calculated in terms of energy norms

Then the bi-energy norm equivalent strain law is composed as 

where  is an empirical parameter, which scales the size of the damage surface, 
providing a way to further calibrate the model responses. In comparison to the 
aforementioned formulations, the bi-energy norm equivalent strain approxi-
mately matches the von Mises and smooth Rankine in the tensile zone (the top 
right quadrant in Figure 5), resulting in a better approximation of the damage 
behaviors of the L-shaped specimen in Publication 1, Section 5.2, while obsesses 
a possibility to be utilized within various quasi-brittle materials. 
 

 

Figure 5. Plane stress equivalent strains in principal stress space with different brittleness   
(Publication 1, Figure 5). 
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 Weak forms of the damage model for solids 

The boundary value problem in a solid domain  is expressed as 

where  represents the body force vector,  is the vector of enforced displace-
ments over the essential boundary  and  denotes the tractions on the natural 
boundary , respectively.  is the normal vector of . 
The variational formulations of the boundary value problem are stated as fol-
lows: for  and  , find   such that 

where the bilinear form  and the load functional  are de-
fined as  

and  

The weak form of the implicit equation of the nonlocal equivalent strain is for-
mulated in the same manner: for  find   such that 

with the bilinear form  

and the analogous load functional 

 
Numerically, the weak formulations of the nonlocal damage model for homoge-
neous isotropic solids presented in Equations (2.30 2.35) required approxima-
tion functions of  -continuity. Therefore, the finite element method with lin-
ear Lagrange basis functions is applied. 

 Scheme for numerical solutions  

The governing systems of equations at an equilibrium state are written as the 
balance between the internal and external forces: 
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where the superscripts  and  correspond to the primary variable of displace-
ments and the coupling nonlocal equivalent strain. The internal forces are de-
rived from the bilinear forms of the boundary value problem, whereas, the load 
functionals result in the external forces.  
In an incremental form, the field variables at the current step  are calcu-
lated from a linearized system of equations based on the converged solutions of 
the previous step  as 

Denoting  and  as the incremental solutions of the displacement and non-
local equivalent strain, respectively, the left-hand side of the incremental Equa-
tion (2.37) is separated as     

where the tangent stiffnesses are obtained by differentiating the internal forces: 

Arranging Equation (2.38) in a matrix form yields: 

Then, the incremental equation is iteratively solved by employing the displace-
ment-controlled Newton-Raphson method. 

The presented damage model is verified through a variety of numerical exam-
ples by convergence studies within different discretization configurations, i.e., 
element sizes and types, under different boundary and loading conditions. For 
model validation, the results are compared with that of other numerical meth-
ods as well as experiments, showing good agreement (see Sections 4 and 5 of 
Publication 1). 
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3. Study of variability of strain, damage, 
and fracture in concrete 

This chapter summarized the main  of Publication 2. The evolving nonlocal 
damage model is employed to explore the numerical simulations of nonlocal 
strain, damage, and fracture in a typical quasi-brittle material in civil engineer-
ing such as concrete, which is treated as heterogeneous thanks to its compli-
cated ingredients. The research considers the isolated contribution of two spa-
tially random properties, being crucial in the fracture process: the elasticity 
modulus  and the tensile strength  

 Methodology 

The procedure of modeling the spatial variability of mechanical properties is 
conducted in three steps. 

3.1.1 Defining the domain geometry and mesh 

Two geometries as shown in Figure 6 are used in this study: a square plate of 
side  with a central hole of diameter  and an L-shaped panel with 

 height. Both the plates have a thickness of .

 

Figure 6. Geometries and boundary conditions of the tested specimens: Holed panel (left); L-
shaped panel (right) (Publication 3, Figure 1). 

External loads are imposed on the two geometries in terms of prescribed dis-
placements. The boundary conditions and loading configurations are chosen to 
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induce different damage/failure mechanisms in the two plates: pure tensile 
damage in the holed plate and mix-mode damage in the L-shaped plate. 
The two plates are generated and meshed by using the open-source software 
Gmsh (Geuzaine and Remacle, 2009). The mesh orientations are set to be ran-
dom so that the nodes and elements do not align with the weakest section of the 
plates. The holed plate consists of linear triangular (T3) elements while the L-
shaped plated is discretized with linear quadrilateral (Q4) elements. The meshes 
of the two plates are locally refined where the damage paths are predicted to 
propagate through. The two plates are tested with different mesh sizes from 

 to  in the refined zones and an optimal size of  is selected to 
ensures mesh independent results while saving computational effort.

3.1.2 Assigning material properties 

For each specimen of the two types of geometries, two spatially random sets 
of material properties, i.e., the modulus of elasticity  and the tensile strength 

 are generated following the standard distribution rule, by using the matrix 
decomposition method reported by (El-Kadi and Williams, 2000). In total, 400 
specimens in four groups are generated with geometric types and material prop-
erties as shown in Table 1, with  and  denoting the mean values and  
and   being the standard deviations. 

Table 1. Material parameters of the specimens. 

Geometry 
type 

Number of 
specimens 

 
 

 
 

  
 

Holed 100 20 1.5 2 0 
Holed 100 20 0 2 1.5 

L-shaped 100 20 1.5 2.7 0 
L-shaped 100 20 0 2.7 0.2025 

 

Figure 7. Example random fields of material properties in a holed plate and an L-shaped plate. 
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The random fields of parameters are assigned to the specimens in an element-
wise manner where every element possesses a unique set of  and  based on 
the coordinates of its geometric center. Exemplary random fields of Young’s 
modulus and tensile strength of a holed plate and an L-shaped are illustrated in 
Figure 7. It is worth noting that the values of the two random fields are not re-
peatable over all the specimens

3.1.3 Finite element simulations for localized strain and damage 

The evolving gradient damage model introduced in Publication 1 is utilized 
herein and adapted to tackle the simulation of the 400 random specimens made 
of heterogeneous materials.  

 

Figure 8. Calculation scheme for the random specimens of heterogeneous materials by using 
the evolving gradient damage model (Publication 3, Figure 3). 
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For each simulation, the random material properties are mapped from the cor-
responding random field to the elements in the mesh of a specimen. Outcomings 
of the calculation such as the localized strain, the damage profile, and the reac-
tion force at the displacement-prescribed points are stored for further analyses. 
The whole computation process comprising of the above steps is depicted in 
Figure 8 as a flow chart. 

 Analysis of the simulation results 

Damage behaviors of the specimens of the two geometries are collected and an-
alyzed in comparison with two homogeneous (fixed values of both  and ) pan-
els. The outcomings can be categorized into three types: force-displacement re-
sponse, localized strain and damage, and fracture path. The corresponding sta-
tistical quantities such as mean, standard deviation, and coefficient of variation 
are derived. 

3.2.1 Force-displacement responses 

The simulation results reveal that the spatial variations in terms of  and  
differently contribute to the force-displacement curves. For both types of geom-
etries, the variability of tensile strength does not show any effect in the elastic 
regime but leads to much higher dispersion (3~4 times) than that of the elastic-
ity modulus when damage is propagating.  

The probability that the peak loading capacity of a random specimen exceeds 
that of a homogeneous plate is consistently smaller than 50% for all the studied 
cases. This observation suggests that material heterogeneity weakens struc-
tures; in other words, it increases the probability of failure of structures. Hence, 
numerical calculations may overestimate structural integrity by assuming that 
materials are homogeneous. 

 

Figure 9. Comparison of the structural responses for an L-shaped concreted plate, including re-
sults from experiment and XFEM (Publication 3, Figure 6). 
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The force-displacement curves of the L-shaped panel, with both variabilities 
of  and  almost fall inside the experimental zone reported by Meschke and 
Dummstorff (2007) as shown in Figure 9. This finding confirms the ability of 
this numerical simulation approach to offer an inexpensive alternative to the 
laboratory results. 

3.2.2 Strain and damage 

Observations from the nonlocal equivalent strain and damage profiles in all 
the specimens show that the variability of Young’s modulus has a low influence 
on the overall results, while the tensile strength variability contributes substan-
tially. For both of the two geometries, the average profiles approach to which 
obtained from the homogeneous domains. 

High uncertainty zones locate at the frontier of the damaged areas, and pro-
gress as the damage propagates. In general, the uncertainty in damage and lo-
calized strain increase in the later steps of the loading procedure. 

3.2.3 Failure paths 

The failure paths in this research are constructed by connecting the nodes with 
maximum nonlocal equivalent strain to generate shaper fracture lines that rep-
resent the actual macro cracks. The wandering of these paths is plotted in Figure 
10 for the holed plate and in Figure 11 for the L-shaped plate. 

 

Figure 10. Comparison of the fracture paths for a holed plate (Publication 3, Figure 11). 
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The variability of the tensile strength results in many diverse fracture paths 
for both geometries. In the holed plate, the fracture path of the homogeneous 
specimen shows some zagged line segments due to the way it is constructed, 
depending on the position of the nodes in the unstructured mesh. However, the 
average path of the random specimens is nearly horizontal, which matches the 
theoretical crack line of the homogeneous plate. In the L-shaped panel, the av-
erage fracture path is close to that of the homogeneous specimens and well com-
pared to the experimental result (Winkler, 2001). 

 

Figure 11. Comparison of the fracture paths for an L-shaped plate, including results from exper-
iment and XFEM (Publication 3, Figure 12). 
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4. Second strain gradient damage mod-
eling of quasi-brittle materials with 
microarchitectures 

The evolving nonlocal damage model proposed in Publication 1 is extended to 
cope with micro-architectural materials, as presented in detail in Publication 3. 
Developed according to the simplified Mindlin’s theory, the elasto-damage en-
ergy potential contains not only the classical strain but the first and second gra-
dient terms as well. The numerical implementation is performed within the 
framework of isogeometric analysis to exploit the higher continuity of the 
NURBS basis functions. 

 Second strain gradient homogenization 

The free energy potential in Equation (2.1) is enriched with higher-order 
strain energy terms and written in a tensorial form by 

 

 
 

The first product term represents the classical elasto-damage energy in damage 
mechanics. Whereas, the second and third terms are nonlocal internal energy 
corresponding to the third-order and fourth-order micro deformation tensors, 
which are denoted by  and , respectively. Notation  and , accordingly, 
denotes the sixth-order and eight-order tensor of elastic moduli. The contrac-
tion operators are built in such a way that Equation (4.1) can be rewritten in the 
index notation as follows 

 

 
 

Form II of Mindlin’s theory defines  as the first gradient and  as the second 
gradient of the macroscopic strain tensor: 
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The work conjugates of the strain tensors , and , i.e., the classical stress , 
the double stress , and the triple stress  are derived by partial differentiation 
of the free energy potential: 

  

The damage energy release rate  is obtained in the same manner: 

  

The Clausius-Duhem inequality for dissipation has to satisfy the following ther-
modynamics condition: 

  

Similar to the case of classical elasticity presented in Chapter 2, herein, the dam-
age energy release rate  is non-negative so that the condition for damage evo-
lution  always holds. Based on the simplified (one-parameter) form of 
Mindlin’s th (Altan and Aifanis, 1997), the double stress  and the triple 
stress  can be reduced to 

  

where  and  stand for the length parameters, which characterize the influ-
ence of the micro-architectures.  
Under the principle of virtual work, the virtual internal energy of a body  is 
given by

Substitution of Equations (4.4 4.6) and (4.9) into Equation (4.10) yields the 
virtual internal energy of a damaged body  

The damage parameter  is driven by the nonlocal equivalent strain  which 
is calculated through the implicit diffusion Equation (2.10). 
 
Remark 1: The two length parameters  and  represent the length scale pa-
rameters enabling to capture the size effects constituted by microarchitectures. 
They are, in essence, distinguishing from the nonlocal interaction length scale 

 which models the influences of micro defects in the damage process.  
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 Weak forms and isogeometric analysis 

4.2.1 Weak forms of the nonlocal damage problems with micro-architec-
tural materials  

By employing the second strain gradient formulations, the material domains 
with micro-architectures can be treated as solids and coupled with the evolving 
nonlocal damage model presented in Chapter 2. For simplicity, the nonclassical 
external loads are omitted.  The weak form of the second strain gradient damage 
problem is given as follows: for  and  , find  

 such that 

where the bilinear form  and the load functional  are de-
fined as  

 

and 

The weak form of the implicit diffusion equation of the nonlocal equivalent 
strain is inherited from Equations (2.33 2.35). 

4.2.2 Basics of Isogeometric Analysis 

The numerical modeling of the second strain gradient elasticity requires -
continuity over element boundary, that the traditional FEM with Lagrange or 
Hermite polynomial basis functions is not capable of without additional degrees 
of freedom, e.g., derivatives the primary variable, resulting in much more de-
manding numerical models which require a huge amount of computer memory 
and processing ability. Alternatively, isogeometric analysis (IGA) with the non-
uniform B-spline (NURBS) basis functions can be exploited.  

IGA was introduced by Hughes et al. (2005) to bridge the gap between com-
puter-aided design (CAD) and computer-aided engineering (CAE). In modern 
CAD software, complex geometries, e.g., free-form surfaces and watertight con-
nectors, are built with NURBS functions because of their “exact geometry” fea-
ture.   In IGA, geometries imported from CAD are meshed exactly by the same 
functions as they were constructed on, unlike the polynomial approximation in 
FEM. That nicely eliminates the discretization errors caused by the mismatch of 
the stages in the design and analysis process, in addition to the higher continuity 
of the NURBS shape functions, as mentioned above. These two unique features 
over FEM make IGA gain more popularity in research and commercial applica-
tions recently.  
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The NURBS description of a three-dimensional body  in a parametric space 
 is given as a geometrical mapping between the parameter space and the 

physical space : 

  

where  denotes the vector of control 
point coordinates.  is a three-dimensional NURBS basis functions 

of order  defined as 

  

Herein, the independent univariate B-spline basis functions , , and  
of order , and , respectively, are constructed by using the Cox-de Boor re-
cursive formula: 

  

  

where  denotes the coordinates of element boundaries in the parametric space 
 characterized by a knot vector 

.  
 

 

Figure 12. Univariate 3rd-order B-spline basis functions for a knot vector  
and their first and second derivatives (top to bottom) (Publication 3, Figure 3) 
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The NURBS basis functions of order  provide up to -continuity over ele-
ment (knot span) boundaries; and generally, a geometry approximated by three-
dimensional NURBS basis functions of 3rd-order assures -continuity in the 
whole domain, which is beneficial in the context of the second strain elasticity. 
For the illustration of this advantage, a sample set of B-spline basis functions 
and their derivatives is depicted in Figure 12. 

 Numerical examples 

In this subchapter, a parametric study of square panels subjected to compres-
sive load is conducted to demonstrate the applicability of the second strain gra-
dient damage model in capturing the size effects of microarchitectural materi-
als. This example is studied in detail in Section 5 of Publication 3 which includes 
other benchmarks and examples as well, e.g., a one-dimensional bar under ten-
sion and a plane stress L-shaped panel undergoing mixed-mode fracture. The 
geometry and boundary conditions of the panel are depicted in Figure 13 and 
the bulk material parameters are listed in Table 2.  

 

Figure 13. Geometry and boundary conditions of a microarchitectural plate (left), a repre-
sentative element (middle), and a homogenized plate by the second strain gradient theory 
(right). The black area in the bottom left corner is slightly weakened to trigger the damage. 

Table 2. Bulk material properties of the specimen. 

Property Description Value 

 Modulus of elasticity  
 Poisson’s ratio  
 Tensile strength  
 Nonlocal damage interaction parameter  
 Fracture energy  

 Compressive/tensile strength  

 
The plates contain circular holes with various radii while keeping the same vol-
ume fraction of the voids, i.e., the ratio between the radius of a hole and edge 
length of a representative element (RVE). These micro architectures are homog-
enized by employing the second strain gradient theory (Equation (4.11)) with 
the length parameters  corresponding to the hole radii. Numerically, the ho-
mogenized plates are analyzed in the framework of IGA with the third-order 
NURBS basis functions, and their damage propagation profiles are illustrated 
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in Figure 14. Whereas, reference solutions (in Figure 15) with explicitly modeled 
holes are carried out by using the smoothing damage model in Publication 1 with 
linear quadrilateral (Q4) finite elements. 

 

 

Figure 14. Damage profiles in plates, homogenized by the second strain gradient theory with 
different values of the gradient parameters: (a) ; (b) ; (c) 

; (d)  (Publication 3, Figure 20) 

 

 

Figure 15. Damage profiles in plates with different size of micro architectures: (a) ; 
(b) ; (c) ; (d)  (Publication 3, Figure 24) 

Comparison of the results reveals substantial size effects of the internal archi-
tectures on the damage behaviors:  when the sizes of the hole are closer to the 
exterior size of the domain (  and ), the plates fail 
by crushing damage (Figures 14a and 15a). Whereas, in cases of the smaller mi-
cro architectures, shear band formations are found (Figures 14d and 15d) and 
the damage behaviors tend to which of the homogeneous plate.    
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5. Damage modeling of third-order 
functionally graded plates 

This chapter covers the main contents of Publication 4. In which, the evolving 
nonlocal damage model has been integrated into the formulations of third-order 
shear deformable plates which are made of functionally graded quasi-brittle 
material. The concept of the neutral plane is utilized and a single damage pa-
rameter is defined for each plate cross-section, enabling the analytical compu-
tation of the plate stiffness coefficients. The numerical solutions of the problem 
are solved by using isogeometric analysis. 

 Plates of functionally graded materials 

5.1.1 Material descriptions 

Considering a bi-material plate domain where the material proportions con-
tinuously alter along with its thickness direction (Z-axis), as illustrated in Figure 
16a. Two types of material arrangements are defined: in an asymmetric config-
uration (Figures 16b, 16c), the top surface of the plate consists of material 1, 
whereas the whole bottom is made of material 2. The proportions of each mate-
rial, denoted by  and , are given by 

  

The symmetric or sandwich arrangement (Figures 13d, 13e) is set up as follows: 

  

where  is the exponent coefficient that controls the kind of material mix-
ture. The rule of mixture (Reddy, 2000) defines the variation of material prop-
erties over the plate thickness as 

  

with  and  denote any properties of materials 1 and 2, respectively.  is 
the corresponding properties of the mixtures varying in the Z-direction. 



Damage modeling of third-order functionally graded plates 

40 

 

Figure 16.  Functionally graded plates within different material configurations (Publication 4, 
Figure 1) 

5.1.2 The physical neutral surface 

In asymmetric functionally graded plates, due to the change in material prop-
erties, the stress distribution over the plate thickness is different from that of 
homogeneous or symmetric plates. Consequently, the plane where the stresses 
vanish is shifted from the geometrical middle surface of the plates and the equi-
librium of stress resultants is no longer satisfied. To alleviate this problem, the 
neutral surface is introduced as a reference plane for deformation based on the 
equilibrium of forces. 
 The physical neutral surface of an inhomogeneous plate is determined so that 
integration of the first moment of elasticity modulus in the thickness direction 
is equal to zero  

 

Thus, the position of the neutral surface is obtained as  

 

Moreover, the dimensionless location of the plate neutral surface can be defined 
as follows: 

  

 



Damage modeling of third-order functionally graded plates 
 

41 

 Damage modeling of FGM-HSDT plates with von Kármán 
strains 

5.2.1 Dimensional reduction model 

The displacements   of an arbitrary point inside the plate domain 
are given in terms of the translational and rotational movements of the corre-
sponding point in the neutral surface  as cubic functions of the thickness 
coordinate :

 

 

 
 

with . , denote the translations and (  are the rota-

tions of the neutral surface.  
This plate model takes into account the geometrical nonlinearity by employing 
von Kármán’s formulation (Reddy, 1990) where the transversal (bending) and 
the in-plane (stretching) deformations are coupled. Accordingly, the non-zero 
strain components read:

 

 

 

 

 

Rewriting the kinematic relations in a vectorial form yield: 

  

where  and the tensors of the non-zero strain compo-
nents are denoted as 
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with the superscripts of the strain tensors indicating their indices. 
The plate is assumed to be in the plane stress state whose elasticity matrices are 
given by 

 

with  being Young’s modulus and  standing for the out-of-

plane shear modulus in the intact state of the mixture of the functionally graded 
material, depending on the thickness coordinate as depicted in Equation (5.3); 
and  stands for the Poisson ratio. Accordingly, the plate stiffness coefficients 
are defined as follows 

 

5.2.2 Incorporation of the nonlocal damage formulations into the plate 
model 

In the softening regime, when the nonlocal equivalent strain at a certain point 
inside the plate domain exceed the damage threshold , the damage parameter 

 is introduced into the expressions of material parameters  

 

Herein,  is driven by the coupling field of nonlocal equivalent strain given in 
Equation (2.10) where its right-hand side term, i.e., the local equivalent strain 
on the plate neutral surface, is interpolated from the ones on the top and bottom 
surfaces by 

 

with  and  being the equivalent values calculated 

from the strains on the top and bottom surfaces. 
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The force resultants are derived from the above kinematic conditions and the 
constitutive relations as 

 

where  denote the membrane forces, the bending moments, the 
higher-order moments, the out-of-plane shear forces, and the higher-order out-
of-plane shear forces, respectively. Following the principle of virtual work, the 
virtual strain energy of the plate is given by 

 

 

 

 
 

 

5.2.3 Weak forms of the plate damage problem 

The variational formulations of the primary field boundary problem read as fol-
lows: for , , and  , find 

 and  such that 

 

where the bilinear form  (  and the load functional 
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with , , , , , 
and , , , , , 

 

with and  denoting the natural boundaries where force and moment are 
applied, respectively. 
The variational form of the coupling diffusion Equation (2.10) to calculate the 
nonlocal equivalent strain is similar to that of a boundary value problem for sol-
ids which is provided in Equation (2.33 2.35). The weak forms are discretized 
and numerically implemented by using isogeometric analysis with the NURBS 
basis function as described in Chapter 4.2.2. 

 Numerical examples 

Herein, a numerical investigation of a thick plate of length , 
width , and thickness  is presented. The plate is simply 
supported and subjected to line load along its middle section as illustrated in 
Figure 17. This example is studied in detail in Section 5 of Publication 4 which 
includes other benchmarks and examples as well, e.g., a notched FG panel un-
der tension and an FG L-shaped plated subjected to bending load. For the veri-
fication of the proposed formulations, convergence studies are conducted 
within a v  mesh sizes for different geometries, boundary, and loading 
conditions. The results of the plate damage model are validated by comparing 
to experimental data and outcomings of existing approaches (see Subsections 
5.1, 5.2, 5.3 of Publication 4) and commercial software, e.g. the Abaqus concrete 
damaged plasticity model. 

First, the rectangular plate is tested with a single material whose properties 
are described in Table 3. 

Figure 17. Functionally graded plates within different material configurations (Publication 4, Fig-
ure 12) 

Table 3. Material properties of the rectangular plate in bending. 

Property Description Value 

 Modulus of elasticity  
 Poisson’s ratio  
 Tensile strength  
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 Nonlocal damage interaction parameter  
 Fracture energy  

 Compressive/tensile strength  

The numerical model of the plate is constructed based on the weak form in 
Equation (5.17) and approximated by using IGA with third-order basis functions 
for both the displacement, rotation, and nonlocal equivalent strain fields. The 
damage evolution in the plate is depicted in Figure 18 at different stages of the 
loading process. For comparison, a two-dimensional beam which is a cross-sec-
tion in the XZ-plane of the plate is modeled with solid elements (cf. Publication 
1). The damage profile of the reference beam is plotted in Figure 18f.

 

Figure 18. Damage propagation at various loading steps: (a) , (b) , 
(c) , (d) , (e) , (f)  with the 2D refer-

ence beam model) (Publication 4, Figure 15) 

Next, a parametric study for functionally graded plates with the same geome-
try as the one in Figure 17 is conducted within four bi-material configurations, 
namely FGM-N1, FGM-N2, FGM-S1, and FGM-S2. The arrangements of the 
four FG plates follow Figures 16b, 16d, 16d, and 16e, respectively, where the 
darker shade represents material 1 and the lighter shade represents material 2. 
Volume fractions of the two materials along the plate thickness direction follow 
the exponential rules in Equations (5.1) and (5.2). Properties of the bi-material 
system are listed in Table 4 and corresponding properties of the mixture are 
calculated by the rule in Equation (5.3). 

Table 4. Material properties of the functionally graded plate in bending. 

Property Description 
Value 

Material 1 Material 2 
 Modulus of elasticity   
 Poisson’s ratio 0.18 0.2 
 Tensile strength   
 Nonlocal damage interaction parameter   
 Fracture energy   

 Compressive/tensile strength 10 10 
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Figure 19 depicts the structural responses for a range of the volume fraction ex-
ponential coefficient . The results indicate that the material gradient 
profiles have significant influences on the structural behaviors of the plates. For 
example, in the FGM-N2 pattern, by increasing the volume fraction exponent , 
the plate contains higher proportions of material 1 which is chosen to be 
stronger than material 2 (since the volume fraction  in Equation (5.1) is always 
equal or smaller than unity). Specifically, higher values of  lead to more con-
centration of material 1 on the bottom surface of the plate bearing high tensile 
stress values in bending. As a result, the plate is stiffer and can endure greater 
loads before failure. On the other hand, FGM-N1, in which the material is ar-
ranged in the opposite manner to FGM-N2, appears to be much weaker. The 
symmetric material arrangement FGM-S1 follows the same trend as FGM-N2. 
In FGM-S1, the bottom area is majorly made of material 1, as in FGM-N2, and 
the placement of the stronger material on the surface subjected to high tensile 
stress values enables the plate to have higher endurance. Compared to the con-
figuration FGM-S2, where material 1 is set to concentrate in the middle zone of 
the plate, the sandwich material pattern FGM-S1 suits much better for bending 
(e.g., for , the loading capability of FGM-S1 is , whereas FGM-S2 
only reaches , although the two configurations have the same weight). 

 

Figure 19. Force-displacement responses of FG plates subjected to bending load with various 
volume fraction coefficients (Publication 4, Figure 20) 
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6. Conclusions and recommendations 
for future works 

 Conclusions 

This research is dedicated to studying an improved version of continuum 
damage models. Fundamental and crucial features are analyzed and developed 
to enhance the accuracy, stability, and applicability of the damage model. The 
main contents and findings of this study, via the four Publications are presented 
as follows: 

Publication 1: The nonlocal interactions of the intrinsic micro defects in 
quasi-brittle materials are addressed. A novel evolving gradient parameter is 
formulated to describe the nonlocal interactions in the damage micro process in 
a more appropriate manner. The intensity and orientation of the microscopic 
nonlocal interaction zones are characterized and controlled by the stress and 
strain states. A convenient law to calculate the scalar equivalent strain is pro-
posed based on the bi-energy norm concept, comprising both contributions of 
the tensile and compressive strains. A formula to determine the model parame-
ters, e.g., the softening rate and the nonlocal interaction length, from the phys-
ical fracture energy is derived.  That results in a correct capturing of damage 
zones surrounding notch tips and shear bands under compressive loads, where 
the conventional approaches struggle. A stress smoothing process is introduced 
to tackle the stress oscillation caused by the mismatch of the coupling fields. 
That enables the damage model to be employed within low-order finite ele-
ments, which significantly reduces the computational resource requirements. 
The proposed features have been demonstrated through a variety of numerical 
experiments as well as in different applications in Publications 2, 3, and 4.

Publication 2: The damage model is adapted so that it can be utilized for the 
simulation of heterogeneous materials. A methodology to virtually generate ma-
terial domains with spatially random and correlated properties, e.g., Young’s 
modulus and tensile strength, is employed. Random specimens with different 
geometries and loading configurations are simulated and the outcomings are 
statically analyzed to find out the influence of uncertain inputs on the output 
values. The results reveal, in general, that the tensile strength variability con-
tributes to the damage behaviors substantially more (up to 4 times) than the 
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elasticity modulus; and material heterogeneities reduce the loading capability 
of structures. The good agreement between the numerical and experimental re-
sults suggests that this approach can offer a relatively inexpensive alternative to 
replicate the expensive laboratory tests. 

Publication 3: The damage model is developed to deal with quasi-brittle ma-
terials containing microarchitectures. The governing equation of the displace-
ment field adopts a simplified version of Mindlin’s theory, where the material 
internal structures are effectively homogenized by the second strain gradient 
formulations with corresponding length scale parameters. Hence, the micro-
structural materials can be treated as homogeneous media in the damage mod-
eling process. This approach vastly reduces the geometric complexity of the clas-
sical models, which require explicit modeling of internal structures.  

Numerically, this damage model is implemented by using the framework of 
isogeometric analysis. The NURBS basis functions of third-order are exploited 
to satisfy the -continuity across element boundaries required by the second 
strain gradient theory. By the way, this damage model has been developed as a 
single-scale approach, enabling a simple application and integration to current 
finite element packages. Compared to the damage model proposed by Putar et 
al. (2017), this approach does not demand proprietary elements which include 
more degrees of freedom for the derivatives at the vertices and the middle of 
element edges; as well as a multiscale simulation. In general, this second strain 
gradient damage model takes into account both the nonlocality induced by the 
interactions of micro defects which are the nature of quasi-brittle damage; and 
the size effects caused by the manufactured microarchitectures.  

Publication 4: The evolving damage model is tailored to the functionally 
graded plates of third-order shear deformation theory. The concept of a physical 
neutral surface is adopted to increase the simulation accuracy since the neutral 
surface is significantly shifted from the geometric middle plane in cases of in-
homogeneous materials. The coupling governing equations of displacement and 
nonlocal equivalent strain that drive the damage propagation are defined on the 
neutral surface. For each plate cross-section, stiffness coefficients can be com-
puted by analytical integration in contrast to numerical integration over the 
plate thickness, as in other approaches. That helps to reduce computational ef-
fort and maintain the simplicity of the dimensional reduction model. Regarding 
the implementations, plates are intensively tested within homogeneous and 
four graded material configurations with different geometries, in comparison to 
results from experiments, other numerical approaches, as well as a predefined 
concrete damaged plasticity model in Abaqus. The results demonstrate the va-
lidity, accuracy, and applicability of the proposed formulations. 

 Recommendations for future works 

While boasting the improved features and implementations in a wide range of 
applications, the study presented in this dissertation has certain shortcomings, 
which are the subject of interest for further research: 
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- The damage model is limited to certain quasi-brittle materials and tensile-
dominated loading schemes. Although it can be adjusted to tackle various 
brittleness by altering the compressive/tensile strength ratio, ductile dam-
age is out of scope since it requires a regime of plastic deformation. As well, 
modeling of highly confined quasi-brittle substances like deeply under-
ground rocks is not applicable. 

- The damage model is limited to quasi-static simulations. 
- Concerning the numerical implementation aspect, the damage model is de-

veloped by using an in-house MATLAB finite element package, which is con-
venient for the algorithm testing process but is unfavorable in terms of cal-
culation speed and usage of computational resources. That refrains the dam-
age model from practical/engineering large-scale applications. 

- The damage model introduces certain intuitive parameters for model cali-
bration from experimental measurements. However, in this work, they are 
obtained by trial-and-error method or from the author’s experience, thanks 
to the lack of laboratory testing.  

For future research, it is worth incorporating a plasticity model into the cur-
rent damage model, which will open the door to the modeling of a large number 
of materials, under a wide range of loading conditions, e.g.,  rocks subjected to 
triaxial compression, more accurately and practically. Next, a high-performance 
finite element package developed in Fortran, C++, or Python is necessary as it 
can greatly save computational time, offer more computing features and enable 
quick development of algorithms and applications. Lastly, establishing more 
collaboration with groups that are specialized in experimental studies is admi-
rable. 
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