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Leakage current of a superconductor-normal metal tunnel junction connected
to a high-temperature environment
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2Centre for Metrology and Accreditation (MIKES), P.O. Box 9, 02151 Espoo, Finland
3Low Temperature Laboratory, Aalto University, P.O. Box 13500, FI-00076 Aalto, Finland
(Received 20 July 2013; published 11 November 2013)

We consider a voltage-biased normal metal-insulator-superconductor (NIS) tunnel junction, connected to a
high-temperature external electromagnetic environment. This model system features the commonly observed
subgap leakage current in NIS junctions through photon-assisted tunneling which is detrimental for applications.
We first consider a NIS junction directly coupled to the environment and analyze the subgap leakage current
both analytically and numerically; we discuss the link with the phenomenological Dynes parameter. Then, we
focus on a circuit where a low-temperature lossy transmission line is inserted between the NIS junction and
the environment. We show that the amplitude of the transmitted frequencies relevant for the photon-assisted
tunneling is exponentially suppressed as the length ¢ and the resistance per unit length Ry of the line are
increased. Consequently, the subgap current is reduced exponentially as well. This property can not be obtained
by means of lumped circuit elements. We finally discuss our results in view of the performance of NIS junctions

in applications.

DOI: 10.1103/PhysRevB.88.174507

I. INTRODUCTION

The peculiar nature of single-particle electronic trans-
port through a normal metal-insulator-superconductor (NIS)
junction is at the origin of several interesting applications.
Such junctions are widely used in experiments of meso-
scopic physics as a spectroscopic tool,'? as a very sensitive
thermometer,> and as a key element in nanorefrigeration.>%’
Furthermore, NIS junctions are currently investigated in view
of achieving a high accuracy when controlling the current
through a single-electron SINIS turnstile. Such a device is
one of the interesting candidates for the completion of the
so-called quantum metrological triangle, i.e., it can be used to
obtain a precise realization of current.®° These applications are
all based on the existence of the Bardeen-Cooper-Schrieffer
(BCS) energy gap A in the density of states (DOS) of the
superconductor.'? Ideally, one would expect no single-electron
current to flow through a NIS junction at low temperature
as long as the bias voltage V satisfies the inequality —A <
eV < A.

In practice, the subgap current is different from zero.
This is a central problem which limits the performance of
applications based on energy-selective single-particle trans-
port in NIS junctions. The presence of unwanted accessible
states in the subgap region manifests itself as a smearing
of the junction’s current-voltage (/-V) characteristic as well
as of its differential conductance. Giaever was the first to
experimentally study the NIS junction. He noticed that this
deviation from the ideal behavior was present even if the
junction was kept at a temperature much lower than the
critical one T, of the superconductor.!" A possible source of
subgap leakage currents is the occurrence of many-electron
tunneling processes, such as Andreev reflection.'?~'* However,
these many-electron processes are strongly suppressed if the
tunnel resistance Ry of the junction is chosen high enough
and do not account for the observed residual subgap transport
either.
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Dynes modified the BCS superconducting DOS introducing
a single phenomenological dimensionless parameter ypypes in
order to fit the behavior of the subgap quasiparticle tunneling
current through a Josephson junction.'> The modified DOS,
normalized to the corresponding normal-state DOS at the
Fermi energy, is given by

E/A+iVDynes (1)
VE/A +iypges) — 1 ||

N™S(E) = ’Re|:

It can be seen that ypy,es indeed accounts for the broadening
of the DOS around A and the occurrence of states within
the gap. This expression is frequently used in both numerical
and analytical calculations,'® but concerning the microscopic
origin of the Dynes parameter ypynes, for temperatures far
below T, relatively little is known. In general, the smearing
of the DOS can be energy dependent.

Recently, it was realized that the exchange of energy
between the NIS junction and its surrounding electromagnetic
environment may be one of the causes of the smearing of
the BCS DOS.'"-!8 Indeed, under certain conditions, energy
absorption from such an environment enables the crossing of
the tunnel barrier by single electrons even for |V | much less
than A /e. Within this framework, an analytical expression for
YDynes has been obtained in terms of the parameters charac-
terizing the NIS junction’s environment.!” In this particular
case, the Dynes parameter found describes the smearing at
all energies. Following the idea of photon-assisted tunneling
demonstrated in Ref. 17, we generalize the approach here for
an external circuit characterized by an arbitrary impedance
Z(w), kept at a temperature Tg,, that is not necessarily the
temperature Tj,, of the NIS junction [see Fig. 1(a)]. We obtain
expressions for the subgap leakage current and the subgap
Dynes parameter yg;‘;es, valid for energies smaller than the
gap A. Then, we turn our attention to the circuit depicted in
Fig. 1(b), where we study the effects of the insertion of a
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FIG. 1. Circuit representation of the two configurations studied in this paper. (a) A NIS junction at temperature Tj,, is connected in parallel
to its capacitance C and to an impedance Z(w) which represents the high-temperature environment at temperature T,y > Tjy,. The whole
circuit is biased by the constant voltage V. (b) A transmission line of length ¢ is inserted between the junction and the impedance Z(w) of
circuit (a). It is described by the parameters R,, Cy, and L, the resistance, the capacitance, and the inductance per unit length, respectively, as

well as by its temperature Tji,e which is assumed equal to Tjy,.

lossy transmission line, meant to act as a frequency-dependent
filter, between the cold junction and the high-temperature
external impedance Z(w). In particular, we use our results
to understand under which conditions the transmission line
will behave as a filter capable of reducing the photon-assisted
tunneling induced by the high-temperature external impedance
and thus reducing yg‘;lr’les to values that are compatible with
the accuracy requirements for applications such as the SINIS
turnstile.

II. NIS JUNCTION COUPLED TO A
HIGH-TEMPERATURE ENVIRONMENT

A. Single-particle current

We start by considering the basic circuit illustrated in
Fig. 1(a) where a NIS junction is connected in series to
an effective high-temperature impedance Z(w). The junction
itself is characterized by a tunnel resistance Ry in parallel
with a capacitance C. The entire circuit is voltage biased.
This constitutes a minimal model for a junction embedded in
an external electromagnetic environment at temperature Tg,y,
which can be much higher than the temperature 7., of the
junction.

According to the so-called P(E) theory,! the single-
particle tunneling current through a NIS junction coupled to
an external environment is given by

1
Ins(V) = Ede/dE’ Ns(ED[1 = f(E")]
X {f(E—eV)— f(E+eV)} P(E—E). (2)

Here, the energy E refers to the electrons of the normal
metal, E’ is the energy of the superconductor quasiparticles,
Ns(E’) is the BCS density of states of the superconducting
wire divided by the normal-metal DOS at the Fermi level,
and f(E) = [ef»F + 117! is the Fermi-Dirac distribution
with Bjun = 1/kpTju, the inverse temperature of the junction.
Expression (2) does not take into account the higher-order
processes in tunneling which will be ignored throughout this
paper. The validity of this assumption will be discussed in
Sec. IV.

The function P(E) in Eq. (2) is the probability density that
the tunneling electron exchanges an amount of energy E with
the environment. This process takes place through the emission

or absorption of photons. It is defined as

+00

1 A
P(E)= — di ™'/ ¢!, 3)

2nh J_o
i.e., it is the Fourier transform of the exponential of the
correlation function

+00
I = 2/ do Re[Zi(w)]
0 0] Rk

X { coth (%,Bm,ha)) [cos(wt) — 1] — i sin(wt)}. “4)

Here, Z,,(w) is the total impedance seen by the junction,
resulting from the connection in parallel of C and Z(w),
Ry = h/e? is the quantum resistance, and Bepy = 1/ kg Teny.

The function J(¢) determines the strength of the coupling
between the NIS junction and the environment. Indeed, if
J(t) = 0, the probability density P(E) is equal to a Dirac
delta §(E) and the single-particle tunneling current is elastic.
Expression (2) then reduces to the standard expression for
single-particle tunneling in NIS junctions valid in the absence
of environment. The environment-induced inelastic tunneling
processes occur only when J(¢) # 0. In general, the time
intervals where the inelastic effects are important are related
to the energy ranges where P(E) # 0. The order of magnitude
of J(¢) sets the number of photons responsible for the single-
particle tunneling. Depending on this number, the coupling
between the NIS junction and the multimode environment can
be considered weak or strong. Throughout this paper we will
treat both regimes of weak and strong coupling in more detail.

In order to analyze the smearing of the NIS junction’s
I-V characteristic due to the presence of the high-temperature
environment, we will ignore the thermal smearing induced by
finite temperature of the N and S electrodes. This is an adequate
approximation under standard experimental conditions where
Tiun < A/kp. Hereafter, we will set the temperature of
the junction Tjy, to zero. Under this assumption, the single-
particle current (2) becomes

1 +eV +o00
Ins(V) > E/ dE/ dE' Ng(E') P(E — E'). (5)
—eV A

We furthermore will focus on the subgap region of the -V
curve considering |eV| <« A. As a result, the integration
variables |E| < E’ in Eq. (5), and we can approximate
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P(E — E’) = P(—E’). The resulting integral over E can be
performed immediately to yield

\%
REWV) 2 Yeny = ©)

where the factor y,,, is given by the integral

+00
Yenv = 2] dE' Ns(E") P(=E'). (N
A

We see that for the parameter ye,[Eq. (7)] and hence the
subgap current given by Eq. (6) to be nonzero, the function
P(E) should be nonzero for energies £ < —A. This reflects
the fact that under subgap conditions eV, kpTiyn < A, a
nonzero single-particle current occurs only if the tunneling
electrons absorb an energy A from the environment. For
instance, Yeny = O for elastic tunneling in the absence of an
environment, when P(E) = §(E). We also expect Yeny to
vanish when the temperature of the environment kgTe,y iS
much less than the energy gap A. Indeed, due to detailed
balance,' P(—E) = ¢ E/ksTew P(E), the function P(E) is
strongly suppressed for negative energies E < —kgTepny. This
means that the integral in Eq. (7) will vanish unless the
environment is sufficiently hot, kg Teyy = A.

In order to make a connection with the aforementioned
approach due to Dynes, we linearize the usual expression for
elastic single-particle tunneling in a NIS junction, using the
Dynes DOS (1) to characterize the superconducting electrode.
One obtains the linear subgap current-voltage relationship

2
yDynes Vv

sub ~
ynes

Comparing this result with Eq. (6) above, we conclude
that, in the linear regime, y.,y can be related to the Dynes

parameter in the subgap region yg‘;l;es according to Yeny =

\/ yg‘;gesz/(yg‘;gesz 4+ 1). We see in particular that the two

CI sub _ sub
parameters coincide YDynes = Yenv whenever Yenvs Vpynes K 1.

This shows that fluctuations of a high-temperature electromag-
netic environment constitute a possible microscopic source of
the phenomenological Dynes parameter, at least under subgap
conditions eV kg Tjun < A.

B. Weak and strong coupling

As we have seen above, the strength of the coupling
between the NIS junction and the environment is determined
by the function J(¢). Let us assume that this function is small,
in a sense to be detailed in the following. Expanding the
exponential function exp[J(¢)] up to the first order in J(¢),
Eq. (3) becomes
+o0

P(E) ~ 1 dt &'EVM 1 4+ J (). (8)

27h J_o

The evaluation of the integral over time in Eq. (8) gives

1 (*®dw Re[Z ()]
P(E)ZS(E)—F—/ —_—
h 0 w RK

o (o) o
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1 E
+ I:C()th (zﬁen\,flw> + 1] 8(5 — a))
— 2h coth <%,Bem,ha)> S(E)}. C))

We see that the function P(E) has an elastic contribution and
an inelastic one involving the exchange of exactly one photon
between the junction and the environment. In fact, the first and
the fourth terms represent the elastic tunneling involving zero
and one virtual photon, respectively. The second and third
terms are related to the process of absorbtion and emission
of one real photon, respectively. We define this one-photon
regime as weak coupling. On the other hand, the coupling
becomes strong whenever the single-photon exchange between
the junction and the environment is no longer the dominant
effect. In this case, the higher-order terms can not be
neglected in the series expansion of exp[J(¢)], indicating that
multiphoton processes have to be taken into account.

We proceed by determining the time interval where the
expansion (8) holds. Given the fact that J(z = 0) =0, we
expect this to be the short-time interval.!® We set Z(w) = R for
simplicity and introduce the dimensionless time 7 = ¢/RgC
as well as the ratio p = R/Rg. The quantity exp{Re[J (7, p)]}
decays monotonically with increasing time t, starting from
unity at T = 0. The rate at which it decays depends on p: the
larger p, the faster it decays, in agreement with Ref. 19. We
determine the relevant short-time interval by determining the
characteristic time 7,09, at which the quantity exp{Re[J (7, 0)]}
dropped by 10%. Figure 2(a) shows 1j04, as a function of
the parameter p, keeping T,y and C fixed. The line t19%(p)
separates the weak coupling regime found at short times from
the strong coupling regimes reached for longer times. As
expected,l" with increasing p, the separatrix tj94(0) decreases
as 1/p, and then saturates at a value ts ~ /fi/ kg Teny Rx C for
P > pm ~ Ts. As shown in Fig. 2(b), the curve t94(p) shifts
up when decreasing the temperature of the environment Ty,
thereby increasing the time interval where the expansion (8)
holds.

We now return to the inelastic tunneling of single elec-
trons through the NIS junction. Under subgap conditions
kpTin,eV < A, the energy E relevant for the photon-assisted
tunneling processes is in the interval A < E < kpT.yy. The
upper bound corresponds to the largest energy the junction can
absorb from the environment. In time domain, we thus have
to consider the interval 7. < T < tp where tpn =h/ARgC
and 1. = h/kgT.nyRx C. This interval is represented by the
colored strip in Fig. 2(a). Note that on the logarithmic scale
used here, the lower bound 7. almost coincides with the
value tg at which the separatrix saturates for large values of
p. The intersection between 7o and the 10% curve ti99(0)
defines the characteristic resistance p separating the weak and
strong coupling regimes. When p < pa, coupling is weak and
only single-photon absorption processes occur (green area);
if p ~ pa, both single-photon and multiphoton processes
occur during single-electron tunneling (yellow-orange area);
as soon as p > pa, multiphoton processes become dominant
(red area). In particular, the two limiting cases p < pa, O
and p > pa, pn are equivalent to the conditions R/Rx <
A/kpTeny and R/Rg > A [kp Ty, respectively.
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FIG. 2. (Color online) Plot of the separatrix 7,94 (0) as a function of the dimensionless resistance p = R/ R, defined as the solution of the
equation exp{Re[J (t10%,0)]} = 0.9 with C fixed. Both plots are in double-logarithmic scale. (a) For a fixed value of T.,y, Ti0%(p0) separates
the weak and strong coupling regions (black thick line). The colored strip indicates the time interval bound by t, =7%/ARkC (dark green
dashed line) and t. =7/ kgT.,y Rk C (red dashed line). The intersection between 7, and the separatrix 704 (p) defines the resistance pa. The
asymptotic expression for ty94(p0) valid for p — 0 and proportional to 1/p is also shown (blue dashed line). Its intersection with the line
corresponding to ts ~ +/fi/ kg Tery R C defines the threshold resistance pg,. On the logarithmic scale used here, s almost coincides with ..
(b) As the temperature of the environment T, is decreased, the curve 7,04(0) moves up, thereby increasing the weak coupling region.

C. Subgap leakage current: Weak coupling

We start by dealing with the weak coupling case. Since
we are interested in the subgap region of the /-V character-
istic kpTjun,eV <K A, the behavior of the function P(E) at
energies £ > —A is irrelevant. Therefore, we can ignore the
elastic contributions in Eq. (9). Evaluating the integral over
frequencies in Eq. (9), the relevant contribution to the function
P(E) for energies E # 0 reads as

Re[Zio(E/1)] (1 + n(E))

P(E)x~ 2 (10)

Rk E
Here, n(E) = [ef~ — 117! is the Bose-Einstein distribution
of the photons of the environment.
The probability density (10) can be used to get a limiting
expression for Yeny:

Re[Zi(E/R)] n(E)
Rk E

Let us apply this result to the example of a purely resistive
external environment. This model has been used before to
study devices based on tunnel junctions in connection with
experiments.'7?%?! Replacing the external impedance Z(w) of
the circuit of Fig. 1(a) by a pure resistance R, the real part of
the total impedance is

“+o0
Vom = 4 / dE Ns(E) (11)
A

R
1+ (wRC)?"

Numerical integration of Eq. (11) using Eq. (12) is straight-
forward. Results for Rx Veny/ R as a function of kg T.ny /A are
shown in Fig. 3 for various values of the parameter ARC /h.
We see that y.,, increases monotonically with temperature.
Also shown is the asymptotic linear temperature dependence
of yeny reached for temperatures kg Topy > A:

Re[Zo ()] = (12)

R kpTuy ARC/h
Venv ~2m— 11— . (13)
Ry A J1+ (ARC/h)?

This high-temperature expression is correct up to a con-
stant shift ~A /kp along the temperature axis [see Fig. 3].

From Fig. 3 we see that as the parameter ARC/h is
increased, the slope characterizing the limiting dependence
decreases: photon-assisted inelastic tunneling is effectively
reduced by increasing the junction capacitance. Note that
in the limit ARC/h < 1, the result (13) tends to y2 =
27 (R/Ri)(kpTeny/A). This formula has been already ob-
tained in Ref. 17 using P(E) theory under similar conditions,
but for any bias voltage, using a high-temperature expansion
for the environment [see also Ref. 22].

Consequently, the subgap parameter y2 coincides with
the Dynes parameter ypynes. In other words, within this
limiting case, the thermal energy kg7, determines the NIS
junction’s I-V characteristic even around the superconducting
gape|V| ~ A.

D. Subgap leakage current: Strong coupling

We do not aim to present a general analysis in the strong
coupling limit. In the particular case where Re[Z(w)] is
strongly peaked around w = 0, the probability density P(E)
can be calculated explicitly'® and results for the parameter yep,
obtained. Let us illustrate this by considering a purely resistive
environment. When the resistance is big, R > Rx A /kpTeny

kBTenv/A

FIG. 3. (Color online) Plot of the rescaled parameter Rk Veny/R
as a function of kg7, /A for different values of the ratio ARC /h.
Solid lines are obtained by a numerical integration of Eq. (11) using
Eq. (12). Dashed lines refer to the asymptotic y.n,y given by Eq. (13).
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FIG. 4. (Color online) (a) Plot of the parameter y.,, as a function of k3 T.,,/A obtained considering the numerical integration of Eq. (16).
Each curve refers to a certain fixed value of the ratio E¢/A (see legend). (b) Numerical plot of the same quantity [Eq. (16)] as a function of

Ec /A for different values of the ratio kp 7%,y /A, as indicated.

(see Sec. II B), the impedance (12) becomes

14
Re[Zi(w)] =~ <E> $(w) . (14)
As a result, the function P(E) is given by
1 E — Ec)?
P(E) ~ —————— exp [—u } (15)
«/47TkBTenvEC 4kBTenvEC

Here, we defined the charging energy E¢ = e?/2C. Inserting
the function (15) in Eq. (7), we find

_(E+Ec)
4ECkBTenv )
(16)

Note that this result depends on R implicitly only, through the
requirement R >> Rg A /kpT.,y. Direct numerical integration
of (16) yields yeny as a function of kgT.ny/A and Ec¢/A, as
shown in Figs. 4(a) and 4(b). Some remarks are in order at
this point. First of all, for E¢ < A, the integral in Eq. (16)
can be evaluated approximately, yeny =~ ¢~ 2 /ksTevEc - Ag in
the weak coupling regime, large values of the capacitance lead
to a reduction of the parameter y.,y,. Upon increasing the ratio
Ec/A, yeny Will first increase, then it decreases again when
Ec/A > 1, whichis amanifestation of the Coulomb blockade.
As a function of temperature, y.,y increases monotonically,
similarly to the weak coupling limit. However, rather than
reaching an asymptotic linear dependence, y.,, saturates at
Yenv = 1 for temperatures kpTon Ec > A?: the noise is so
strong that features of the order of the gap A are washed out.

1 —+00
= — dE N¢(E)ex
Ve m/ s(E) p[

III. NIS JUNCTION COUPLED TO A
HIGH-TEMPERATURE ENVIRONMENT
BY MEANS OF A TRANSMISSION LINE

In the previous section, we have studied the subgap
leakage current in a NIS junction which is directly coupled
to the external environment Z(w). We have seen that a
reduction of the subgap leakage current is possible when
the capacitance of the junction C is increased and/or the
resistance of the environment R is decreased. Unfortunately,
in real experiments R, and in particular C, can not be
chosen arbitrarily and one needs other means to achieve the

accuracy requirements for the aforementioned NIS junction’s
applications. We therefore consider the circuit of Fig. 1(b)
where the junction is indirectly coupled to the external
environment via a cold, lossy transmission line acting as a
frequency-dependent filter.

A. Voltage fluctuations in the presence of a transmission line

In order to find the correlation function J(¢) in the presence
of the transmission line, we follow the method developed in
Ref. 23 to solve the intermediate problem of the propagation
of the noise generated by the high-temperature environment
with impedance Z(w) through the line towards the junction,
as shown in Fig. 5. The line has a length ¢ and is described by
the parameters Ry, Cy, and L, the resistance, the capacitance,
and the inductance per unit length, respectively. We ignore
the thermal noise produced by the impedance Z,(w) and by
the line, assuming both components at zero temperature. The
high-temperature element produces current noise §/ which in
turn induces voltage noise 6 V.

To understand how the potential drop §V; across Z;(w) is
connected to 8§V = Z(w) §1, we start considering the potential
V(x) and the current I(x) at a given point x along the
transmission line. They satisfy the two partial differential
equations

V(x) 31 (x)

= —I(x)[Rp — iwLy],
0x

=iwCy V(x).

Combining them, one obtains the wave equation

V()

2
- = K@) V), (17)
0 V4
: f xT
O
X
7
W sy
: TCIIV
Y Y
G ©

FIG. 5. Sketch of the circuit discussed in Sec. III A.
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where K%(w) = w?>LoCy + iwRyCy is the wave vector squared
of the signal which propagates along the line. A general
solution of Eq. (17) is given by

V(x) — AeiK(w)x _i_Be—iK(w)x. (18)

Consequently, the current along the line is

](x) — [AeiK(a))x _ Be*iK(w)X]’ (19)

Zoo(w)
with Z(w) = i(Ry — iwLy)/ K (w). The parameters A and B
can be determined by means of the boundary conditions
V) =Z()I)+ 681 = Z(w) I(£) + 8V,
V() = —Z;(w) I(0).
As a result, the potential drop 6V; = V(0) = A + B across

the impedance Z;(w) depends on the noise §V according to
the relation

8Vy =T(w)sV. (20)

In this last equation, we introduced 7 (w), the transmission
function

2 Zy(w) Zy(w)

T(w) =
[Zo(@) + Z(0) [ Zoo(@) + Z ()]
1
X K@ — 3 (@) ha(@) @K@ @D
where
(@) = Zos(w) — Z(w) ha(@) = Z(w) — Zj(w)

Zoo(0) + Z()’  Zn(@) + Zy()
are the reflection coefficients. Assuming that the potential §V
satisfies the quantum fluctuation-dissipation theorem
Re[Z(w)]
BV(@)sV(0)), = 2hewr ———————,
] — e_ﬂenvhw

the spectral density function of the potential (20) is

Re[Z(w)]

8V () 8V5 (0o = IT @) 2o —— =2

(22)

This expression describes the propagation of the noise from
Z(w) to the noiseless impedance Z;(w) through the noiseless
transmission line. The voltage-voltage correlation function
(22) is in agreement with the general formula given in Ref. 23.

B. Correlation function for the transmission line circuit

We use Eq. (22) to calculate the modified correlation
function J7(¢) which appears in Eq. (3). According to Ref. 19,
J(t) is defined as the correlation function

J (@) = (@, (D9 (0) — ¢;(0)p;(0)), (23)

where the phase ¢;(¢) is the time integral of the potential
6V, (1) across the NIS junction

0s(t) = %/ SV, (1) dr.

—00

In other words,

2
1
(0s(1) 9s(0))0 = <E> — (Vi) §V,(0))w.  (24)

h) w?

PHYSICAL REVIEW B 88, 174507 (2013)

Using the fluctuation-dissipation relation (22) in Eq. (24), we
rewrite Eq. (23) as a function of T'(w), Z(w), and T.,y. Taking
the impedance Z,(w) to be the one of a capacitance C, the
modified function Jr(t) reads as

Re[Z(w)]

+00 dw )
Jr(t) =2 —|Tc(w)]
0 ) Ry

X { coth (%ﬂenvhw> [cos(wt) — 1] — i sin(wt)}.

(25)
Here, T¢(w) is the function T(w) [Eq. (21)] with Z,;(w) =
Zc(w) = —1/iwC. Since the transmission line is considered

noiseless, its temperature Ty, should be low, T, < A/kp.
In what follows, we set Tiine = Tiun = 0.

C. Transmission function

In order to understand the effect of the insertion of the
transmission line in the circuit of Fig. 1(a), a discussion
about the general behavior of 7T¢(w) is necessary. In general,
the modulus squared of the transmission function (21) is
characterized by a series of resonance peaks, whose properties
depend on ¢, Ry, Cy, and Ly as well as on the external
impedance Z(w). To have an idea of the behavior of |T¢(w)|?,
let us consider the case of a purely resistive environment
Z(w) = R.

Figure 6 illustrates the behavior of |Tc(w)|? as a function
of wRC for different values of the dimensionless parameters
20 = +/Lo/Co/R,co = £Cy/C,and ro = £Ry/R. Also shown
is the Lorentzian result

I Tc(w)* = 1/[1 + (wRC)*] (26)

found for £ = 0, i.e., in the absence of the transmission line. In
other words, Eq. (26) describes the spectrum of the transmitted
signal through a lumped RC low-pass filter. In order for the
line to be an efficient filter, we require |T¢(w)|? to be below
this Lorentzian curve in the relevant frequency ranges. We see
that both the position and the width of the resonance peaks
are proportional to m/2cyz¢: the longer the transmission line,
the denser around zero and the sharper are the peaks. Their
height decreases rapidly as the dimensionless frequency w RC
is increased. This can be seen in particular when the line has no
losses, rg = 0 [see Figs. 6(a)-6(d)]. Although the Lorentzian
curve is approached for lossless lines when ¢ or z is reduced,
we observe no real reduction below it.

A significant reduction of the height of the peaks is possible
if the line which connects the NIS junction and the environment
is lossy, rp > 0. Indeed, we see from Figs. 6(e) and 6(f) that
the bigger is 7y the smaller are the local maxima of |T¢ ()|
Moreover, the transmission function is even much smaller than
1/[1 + (wRC)?] when the condition ro >> zo is satisfied, as is
seen in Figs. 6(f) and 7. Therefore, within this particular limit,
the insertion of a resistive transmission line may be convenient.

D. Subgap leakage current: Weak coupling

We expect that the single-photon and multiphoton regimes,
weak and strong coupling, respectively, are strongly related to
the resistance per unit length Ry. Let us analyze the situation
proceeding as in Sec.Il B. We consider the function (o) for
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FIG. 6. (Color online) Plots of the transmission function | T¢(w)|?* as a function of the dimensionless variable w RC. Each panel corresponds
to a different set of the parameters zg, co, and ro: (@) 7o =0, ¢o = 1, 20 = (7,5,4,3); (b) 19 = 0, 29 = 5, ¢ = (10,7,5,3); (¢) 1o =0, ¢p = 1,
2o = (0.8,0.6,0.5,0.3); (d) ro = 0, 2o = 0.7, co = (10,7,5,3); (e) zo = 10, co = 1, ro = (1,2,3,4); (f) 2o = 10, ¢y = 1, ro = (7,9,10,12).

a purely resistive environment. In Fig. 8, we plot 1194 (p) as a
function of the dimensionless resistance p for different values
of Ry. We see that the lossier the transmission line is, the more

1.0 =22 "
~~_~~-~ —_ = 1
0.8F TNl — o =2
a — rg=3
/3\ 0.6 —_—rg=4
~— —_ =50 -~
0 i "o
i 04 ====Lorentzian

02¢

0,0 - —r1

0.0 0.2 04 0.6 0.8 1.0
wRC

FIG. 7. (Color online) Plot of the transmission function | T¢(w)|?
as a function of the dimensionless variable w RC for different values
of the parameter ry. The other parameters are ¢y = 1, zo = 0.7. Also
shown is the Lorentzian corresponding to the function | T¢(w)|? in the
limit £ — 0, given by Eq. (26).

the weak coupling region spreads out. The resistance pa, given
by the intersection between (¢, (p) and the line corresponding
to the dimensionless time t, = i/ AR C, significantly shifts
towards higher values of p as Ry is increased; the lossy
line indeed protects the junction from the high-temperature
external environment. Hereafter, we will therefore focus on a
highly resistive transmission line and only the weak coupling
regime will be treated.

With the help of Eq. (25), the function P(E) for the circuit
of Fig. 1(b) can be obtained in the weak coupling regime.
Proceeding as in Sec. II C, we find

P(E) ~ 2 |To(E )2 RAEE] h)](l +”(E)). @7
Rk E

Evaluating the relation (27) for negative energies and inserting
the result into Eq. (7), the parameter y,,, can be written as

Re[Z(E/R)] n(E)
Ry E
(28)

+o00
" / dE N(E)|Te(E/h)?
A
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FIG. 8. (Color online) Plot of the dimensionless time 7194 (p) as
a function of the dimensionless resistance p = R/Rk for different
values of the resistance per unit length R, of the transmission line
(see legend). Also shown is the curve 719¢(p), valid for the circuit of
Fig. 1(a) (black dashed line). The values of the other parameters are
A >~ 200 peV (energy gap of aluminum), 7., =5 K, C = 10 fF,
Co = 680, L() = Mo, =10 Mm.

We next specialize to the case of large resistance per unit
length Ry. In order to obtain a limiting expression for | T¢ ()|
for Ry — oo, let us assume that the inductive properties of
the line are negligible compared to Ry. Since the relevant
frequency scale is given by A /A, this means that the condition
Ry > LyA /h should hold. Within this RC limit, we find that
the wave vector K(w) of the signal propagating through the
transmission line has an imaginary part equal to /& RyCy/2.
As aresult, the amplitude of the noise is exponentially attenu-
ated along the line [see Egs. (18) and (19)] being proportional
to exp[—€+/2wRyCo]. We see that the bigger ¢ and Ry are,
the smaller is the voltage noise which reaches the junction.
In particular, an exponential suppression of the propagating
signal is achieved when the inequality £ \/2ARyCo/h > 1 is
valid as well. This additional condition allows us to write the
equation

|e—il((cu)£ _ )\,1(60) )»2(50) eiK(a))Z|2 ~ 4 eZ«/2wR0C0.

Then, the modulus squared of the transmission function T¢(w)
becomes

2
Zoo(@) Ze(w) e V2R

| Te(w)]* ~ :
[Zoo(@) + Z(@)[ Zoo(@) + Zc(w)]

(29)

where Z(w) =~ (1 + i)/ Ro/2wC for a line in the RC limit.
Combining the two conditions used so far, we find that the
approximated function (29) holds when the resistance of the
transmission line Ry is much bigger than its characteristic
impedance Z, = «/Lo/Co.

Increasing the resistance per unit length Ry, one also
expects that interference effects become negligible. Indeed,
when Ry is very big, the amplitude of the signal across the
junction is much smaller than its starting value and its reflected
counterpart vanishes rapidly before reaching the noise source
again. In terms of our description of the transmission line given
in Sec. IIT A, this happens when the reflection coefficients
M(w) and Ay (w) tend to 1. In fact, in this limit, the potential
drop (18) tends to O across the junction and to §V across
the impedance Z(w). For a purely resistive environment, this
regime is reached when Ry is such that the two inequalities
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FIG. 9. (Color online) Plot of the parameter y.,, [Eq. (28)] as a
function of the length of the transmission line £. The red solid line
is obtained by means of the numerical integration of Eq. (28) for a
purely resistive environment. The blue dashed line is the plot of the
asymptotic parameter given by Eq. (31). These two curves are plotted
for different values of the resistance per unit length Ry (€2/m) (as
indicated in the graph). All the plots are obtained considering the gap
parameter of the aluminum, A ~ 200 peV. The other parameters are
Tenvst,CZ10fF,R=109,C0=680,L0=,bL0.

R? < hRy/2CyA and ARyC?/hCy > 2 hold, in other words,
when the resistance of the environment R is much smaller
than RyC/2Cy. Equation (29) then reduces to the asymptotic
expression

) e*f«/Z&)RoC{)

T o 30

Te@l = e, (30)
Unlike the lumped RC low-pass filter described by the 1/w-
decaying Eq. (26), in this case we see that the amplitude of
the transmitted frequencies relevant for the photon-assisted
tunneling is exponentially suppressed as the length ¢ and the
resistance per unit length Ry of the line are increased. By
means of Eq. (30), the integral in Eq. (28) can be evaluated
approximately with the result

R 1

Veny = 4 Rg eMkoTon — |

o— VARG

T
/ . 3l
“\ CAARCE T+ ARCYRC, OV

We notice that also the asymptotic parameter y.,, decreases
exponentially in terms of ¢ and Ry; the dependence on the
junction capacitance C is rather weak. The insertion of a
highly resistive and noiseless transmission line between the
NIS junction and the high-temperature environment indeed
helps to suppress the subgap leakage current. The plot of
Fig. 9 shows the exponential decay for a set of values of
Ry and £ that can be used in real experiments. Particularly
interesting is the region where 108 Q/m < Ry < 10! Q/m
and 10 um < ¢ < 10> um. A transmission line with these

values of Rj and £ allows one to go far below yepy =~ yg‘;,tr’les ~

1077, i.e., a value of .,y Which guarantees the achievement of
the accuracy requirements for the superconducting gap-based
technological applications of the NIS junction.’

IV. MULTIPARTICLE TUNNELING

Our analysis focuses on the single-particle subgap current
through the NIS junction. We ignore the contribution due

174507-8
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to higher-order processes in tunneling, such as Andreev
reflection.!>'* Hence, in order to establish the validity of
our single-particle tunneling assumption, one has to compare
the parameter y.,, characterizing the leakage current with the
dimensionless Andreev subgap conductance g4 = G4 R7. In
ballistic junctions, second-order perturbation theory yields the
standard two-particle subgap conductance

G~ Re/[R}(59)]

where k%S is the number of conduction channels in the tunnel
barrier. Two-electron tunneling can be ignored as long as
Yenw > Ri/Rrk%S. Typical estimates'* yield Rg/Rrk%S ~
1077,

On the other hand, in the diffusive case, the electrons
reflected by the barrier are backscattered by the impurities
randomly situated close to the barrier in the normal metal.
Interference between the electrons in a region characterized
by the coherence length &y = \/hD/ max {eV,kpTju}, where
D is the diffusion coefficient, affects the two-particle tunneling
probability.24 As aresult, G4 is given by

GA >~ RN/RZ,

(32

(33)

where Ry is the resistance of the diffusive normal metal over
alength &y. General estimates are hard to give in this situation
since the result is strongly geometry dependent; the condition
Yenv > Ry /Rr will be more stringent than the one for the
ballistic case, especially under subgap conditions where &y
and hence Ry can be large.

Should Andreev reflection become dominant, one can
always suppress it efficiently using the Coulomb blockade
feature'# that suppresses two-particle tunneling more strongly
than single-particle tunneling.
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V. CONCLUSIONS

In conclusion, we studied the single-particle tunneling
current through a voltage-biased NIS junction. Due to the
presence of the superconducting energy gap A in the BCS
density of states, when the junction is kept at the temperature
Tiun < A/kp, no current is expected to flow within the subgap
region —A < eV < A. Actually, even if the higher-order
tunneling processes are suppressed, a small subgap current is
still measured experimentally. This leakage current limits the
accuracy in applications involving NIS junctions. The origin
of the leakage current is the exchange of energy exceeding the
gap A between the junction and the external high-temperature
environment in which it is embedded. We studied this mecha-
nism analytically and numerically. In particular, we found that
acold and lossy transmission line inserted between the junction
and the environment reduces exponentially the subgap leakage
current acting as a frequency-dependent filter. This indirect
configuration helps to achieve the required suppression of
noise.
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