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Fulde—Ferrell-Larkin—-Ovchinnikov (FFLO) phases are superconducting phases
in which Cooper pairs have a nonzero total momentum. Despite experimental
efforts to directly observe this state, it has remained elusive, and its existence is
supported only by indirect evidence.

In systems featuring a constant dispersion band, also called flat band, unconven-
tional pairing mechanisms could help stabilize exotic superfluid phases. Those
systems could thus be good candidates for a direct observation of FFLO phases.

In this work, we study FFLO state in one such system, the kagome lattice, with
dynamical mean-field theory (DMFT). We use two different approaches. One
is based on including the FF ansatz, an order parameter modulated by a plane
wave, in cluster DMFT. The other is a partially real-space DMFT calculation.
With both methods, we find a stable FFLO state in the vicinity of the flat band
singularity.
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Chapter 1

Introduction

Superconductors are materials which, when cooled below a characteristic
critical temperature, acquire an infinite electrical conductivity and expulse
magnetic fields. The latter phenomenon is referred to as the Meissner effect,
and is a key difference between classical perfect conductors and supercon-
ductors: a perfect conductor only requires a magnetic field constant in time,
not that the magnetic field vanishes.

The first microscopic theory of superconductivity was devised in 1957 by
Bardeen, Cooper and Schrieffer (BCS) [1]. It explains superconductivity by
the formation of a condensate of Cooper pairs, pairs of fermions with different
spins and opposite momenta. Such pairs form for arbitrarily small attractive
interactions between fermions, provided the system has a Fermi sea [2|. BCS
theory is successful at predicting various phenomena, such as the existence
of an energy gap for single-particle excitations and the Meissner effect, and
has provided great insight into the physics of conventional superconductors.

However, many questions remain open concerning superconductivity. One
is whether it can exist in spin-density or mass imbalanced systems. Experi-
mentally, only phase separation has been directly observed [3—6]. However,
several possible spin-imbalanced superfluid phases have been proposed. One
is the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase, first proposed inde-
pendently by Fulde and Ferrell [7] and Larkin and Ovchinnikov [8] in 1962.
In this phase, Cooper pairs carry finite momentum even in the ground state.

Despite great efforts to observe the FFLO state, only indirect evidence of its
existence has been obtained [9-11]. One possible reason for the lack of direct
observations is that the stability region for the FFLO state is small and
easily missed. There are predictions that certain systems can particularly
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favour exotic pairing, and they can thus be good candidates for the direct
observation of an FFLO phase. For example, van Hove singularities and
Fermi surface nesting in lattices can enhance the FFLO phase [12, 13]. We
confirm in this thesis that flat bands can also have a profound effect on the
pairing mechnism as particles on a flat band can rearrange at zero energy
cost, making exotic spin-imbalance pairing more favourable [14].

Another obstacle in the observation of the FFLO phase may be fluctuations
that can make the state unstable [15, 16]. Some beyond mean-field studies of
the FFLO phase based on dynamical mean-field theory (DMFT) [17-19] and
quantum Monte Carlo (QMC) [20-22| have been done indicating it can be
stable even when fluctuations are present. However, most studies are done
at the mean-field level.

In this work, we study superfluidity in the kagome lattice using dynamical
mean-field theory, with particular interest in the FFLO state. The main
objective is to verify whether such a state is still stable when local fluctua-
tions are taken into account. Another aim is to verify wether the flat band
favours FFLO as, in mean-field theory, unconventional pairing was predicted
to facilitate exotic superfluidity.

This thesis is organised as follows. In Chapter 2, we give a review of the
physical background, including the Hubbard model, a presentation of the
kagome lattice, and an explanation of the pairing mechanism behind FFLO
phases. In Chapter 3, real-space and cluster dynamical mean-field theories
are explained, as well as the methods used to study the FFLO phase. In
Chapter 4, the two impurity solvers used in this work are briefly presented,
and in Chapter 5, results are discussed.



Chapter 2

Physical background

Hubbard model

The Hubbard model is a simplified theoretical model for studying interacting
Fermions in a lattice, originally proposed by J. Hubbard in 1963 [23]. It can
be used for example to describe electrons in solids, where the atoms form
a lattice of minima in the potential energy due to Coulomb interactions of
the electrons with the nuclei. The Hamiltonian corresponding to the model
takes the general form

H — Hkin + Hint; (21)

Hkln o Z Zt Jcaz o,7 (22)
1nt — Z UTLT ilb i, (23)

where ¢, ; = 1;,; is the hopping amplitude between lattice sites 7 and j, and U;

is the interaction strength at site i. The operator ¢, ; annihilates a particle

with spin o at site j, and ne,; = cT ¢, is the particle number operator.

The model therefore consists of two terms: a kinetic term allowing for the

tunneling of particles between lattice sites, and an on-site interaction.

This model highly simplifies the physics of actual electrons in solids. Firstly,
it assumes that there is only one non-degenerate orbital per lattice site, while
atoms typically have several orbitals. This approximation can however be
justified in some systems. When atoms form a solid, the electrons on the
outermost shells become itinerant, while electrons on inner shells remain
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near the nucleus. Between these two cases, there can be orbitals in which
the electrons are localized, but can tunnel to corresponding orbitals in nearby
atoms. If these orbitals are non-degenerate and neither the itinerant atoms
nor those on lower orbitals play an important role, the Hubbard model can
be appropriate to describe the solid. The second important approximation
is that interactions only occur on site: the repulsive Coulomb interaction
between electrons is long-ranged, so this seems inappropriate. The itinerant
electrons can however screen this interaction, making it effectively short-
ranged [23, 24].

The attractive Hubbard model can, surprisingly, also represent electrons in
a solid. Electrons can experience a phonon-mediated attraction [25], which
can overcome the Coulomb repulsion. The idea is that electrons cause de-
formations in the material, which in turn affect the electrons. This is the
interpretation for the BCS theory of superconductivity, which assumes an
attractive interaction.

Due to advances in the field of ultracold gases, it has also become possible
to realize the Hubbard model, for example with atomic gases in optical lat-
tices [26]. In these system, the average distance between atoms is typically
large compared to the range of interactions, justifying the on-site interac-
tion approximation. Feshbach resonances [27] make it possible to tune the
interaction, allowing to investigate a wide parameter region of the Hubbard
model experimentally.

Despite its apparent simplicity, the Hubbard model can be solved exactly
only for small systems, since the Hilbert space has dimension 4%, where N
is the number of lattice sites. One common approximation is the mean-field
approximation, where fluctuations are assumed small. The operator product
in the interaction term can then be rewritten

Pt O | tot Pt
ChiCiCh,aCLe <CT,iC¢,z’> CpiCra T CriCli <C¢,ic¢,z’> - <CMC¢,¢> <C¢,ic¢,z’> - (2.4)

This gives the BCS theory on a lattice, where the order parameter is defined
as A; = (¢ ¢4). While the mean-field results can give a qualitative picture
of phenomena, they tend to overestimate the stability of superconducting
states, as quantum fluctuations that can break pairs are neglected. To take
those into account, one should use beyond mean-field methods. In this work,
we use dynamical mean-field theory (DMFT), which treats local fluctuations
exactly. The method is presented in more detail in Chapter 3.
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Figure 2.1: (a) Kagome lattice. The different colors indicate the three sub-
lattices, A, B and C. The dashed lines show the unit cell, containing three
sites. (b) Single-particle band structure. High-symmetry points of the Bril-
louin zone are indicated. The I' point is located at the center of the Brillouin
zone, K at a corner, and M at the middle of an edge. (c¢) The density of
states, which diverges at Van Hove singularities £ = —2¢ and ¥ = 0, as well
as at I/ = 2t, where the flat band is located. The density of states is zero at
I/ = —t due to Dirac points.

Kagome lattice

We study an attractive Hubbard model on the kagome lattice, shown in
Fig. 2.1. This is a tripartite lattice consisting in three triangular Bravais
sublattices, labeled A, B and C. We assume only nearest-neighbor hopping,
and equal interaction strength at all sites. The corresponding Hamiltonian
is

1 1
H=—t) chico; = (pnstpn) +UY <n¢,i — 5) <n¢,z’ — 5) ,
U7<i7j> i

| (2.5)

K2
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Figure 2.2: Schematic picture of a localized eigenstate on a hexagonal pla-
quette of the kagome lattice. The sign of the amplitude alternates between
adjacent sites on the plaquette. The state is localized on the hexagon (black
line) due to destructive interference.

where the sum in the first term runs over nearest neighbors. We have intro-
duced chemical potentials y,, which can be different for the two components.
The subtraction of 1/2 from the densities in the interaction term corresponds
to a shift in the chemical potentials, and the addition of a constant energy
U/4 per lattice site. In bipartite systems, this subtraction makes the inter-
action term explicitely particle-hole symmetric.

The single-particle band structure can be solved from the tight binding

Hamiltonian

Hyin = —1 Z c;icmj. (2.6)

o,{%.3)

The Hamiltonian is expressed in quasimomentum space by performing a
Fourier transform ¢, ; = (1/ N )Y Cokac™Ri where N is the total number
of sites and the sum runs over the Brillouin zone. The index o = A, B, C' cor-
responds to the sublattice of site . The kinetic Hamiltonian in momentum
space becomes

Hign = > Y el HiCpp, (2.7)
o k

0 cosky cosks
Hy, — =2t | cosk; 0 cosks |, (2.8)
cos ks cosks 0

Cote = (Coe,As Coe,B Copc) (2.9)
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The momentum components are defined as k; = k - a;, where a; and ay are
shortest vectors between sublattices A and B, and A and C, respectively, and
az = a; — ay (see Fig. 2.1). We take the distance between nearest neighbors
as our unit length. Diagonalizing Hy as Hp = GrepGi yields the band
dispersion relations, plotted in Fig. 2.1,

o — 21, (2.10)
e = —t+ /31 2A(k), (2.11)

where A(k) = 327 | cos(2k;). Notably, one of the dispersion relations is con-
stant in momentum, giving a flat dispersion band. This arises due to localized
eigenstates in the kagome lattice. These are constructed on hexagonal pla-
quettes by assigning amplitudes 41/4/6 with alternating signs to the corners
(see Fig. 2.2). The tunneling to the corners of the triangles adjacent to the
hexagon is then canceled by destructive interference. Localized eigenstates
that are more extended in space can also be created as a superposition of
eigenstates localized on different hexagonal plaquettes.

The flat band leads to a divergence of the density of states (DOS) p(FE),
shown in Fig. 2.1, at energy IF = 2t. The band structure also has other
important features impacting the DOS. The Dirac cones at I/ = —t lead to a
vanishing DOS at that energy. In contrast, the saddle points on the dispersive
bands at the M points of the Brillouin zone cause divergences of the DOS
at energies F© = —2t and I¥ = 0. These are called Van Hove singularities.
These density features are of particular interest when studying superfluidity,
as BCS theory predicts T, oc exp(—1/(Up(Er))), where U is the interaction
strength and p(FEr) is the density of states at the Fermi energy.

Fulde-Ferrell-Larkin-Ovchinnikov phases

The BCS state cannot sustain finite polarizations. Once the chemical poten-
tial difference |y — gy | exceeds the Clogston limit v/2A [28], where Ay is the
order parameter in the balanced case p4 = puy, the phase is destroyed. How-
ever, imbalanced superfluidity can still be possible through different pairing
mechanisms. Several mechanisms have been proposed, including a Sarma
phase in which particles at the Fermi surface of the minority component pair
with particles in the Fermi sea of the majority component [29, 30]. This
phase was initially found as an unstable solution to the gap equation [29],
and is indeed unstable in continuum when chemical potentials are fixed [31].
However, if particle densities are fixed instead of chemical potentials, the
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(a) (b

Figure 2.3: (a) Schematic representation of the conventional mechanism be-
hind the FF state. Red and blue lines represent the majority and minority
component Fermi surfaces, respectively. When the imbalance is large, the
Fermi surfaces are too different for pairing to take place (left). The momen-
tum g shifts the Fermi surface of one component, effectively matching the
two. This creates a region of favourable pairing. Cooper pairs now form
between particles with momenta k and g — k, and thus have a non-zero mo-
mentum q. (b) In a lattice, the Fermi surfaces can have a shape such that ¢
allows to match a large region. This is referred to as nesting. For example,
in the square lattice, the Fermi surfaces are square-shapes at the Van Hove
singularities.

Sarma phase can exist in continuum [32] as well as lattices [12, 33]. This
type of pairing was also found to occur in multiband systems, such as a
general two-band model [34], a mixed-geometry lattice [35] and the Lieb
lattice [14, 36]. Another possible mechanism is Fermi surface deformation,
where the Fermi surfaces of the two components are deformed to match in
some regions where the pairing occurs. The deformation in this case comes
at a kinetic energy cost, but remains favorable if the pairing allows to lower
the energy enough [37, 38]. A third possibility, which we focus on here, is
Fulde-Ferrell-Larkin-Ovchinnikov states.

This type of phases, first proposed in 1962 by Fulde and Ferrell [7], and
Larkin and Ovchinnikov [8], is characterized by the formation of Cooper pairs
with finite (quasi)momentum. This is translated in a spatial modulation
of the order parameter, A = Age'?™ in the Fulde-Ferrell (FF) ansatz and
A = Agcos(q - x) in the Larkin-Ovchinnikov (L.O) ansatz, where q is the
momentum of the Cooper pairs. A key difference between these two states
is the symmetries they break: the LO state breaks translational symmetry,
whereas the FF state breaks the time-reversal symmetry. As a consequence,
density modulations are found in the LO state, but not in the FF state.
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Figure 2.4: (a) Pairing correlations between different bands and (b) mo-
mentum distributions on the bands. The abreviations I-DB, II-DB and FB
designate the first dispersive band, second dispersive band and flat band re-
spectively. The orange and blue lines show the Fermi surfaces of the majority
and minority components, respectively.
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These two ansatzes are not the only ones possible, and a more complicated
FFLO type state with more than two wavevectors g can occur.

A schematic picture explaining the typical mechanism of formation of the FF
state is shown in Fig. 2.3. In the typical BCS state, pairing occurs between
particles of opposite momenta near the Fermi surfaces. When the chemical
potential difference is increased, the Fermi surfaces become so different that
this is not possible anymore. In the FF state, one Fermi surface is shifted
towards the other by a wave vector g, creating a region of favorable pairing
between particles of momenta k and —k + q. Even though the Cooper
pairs have net momentum g, there is no net current: the momentum of the
unpaired particles balances that of the Cooper pairs [13].

In addition to the size, the shapes of Fermi surfaces have an important effect
on the stability of the FF phase, as they influence the size of the region that
can be matched. As a consequence, FFLO states can be more favorable in
lattices, where the Fermi surfaces can have a high degree of nesting. For
example, in the square lattice, the Fermi surfaces are square-shaped at the
Van Hove singularities, which allows to match larger regions than in the case
of spherical Fermi surfaces [12, 39, 40|. In the kagome lattice, the Fermi
surface is hexagonal at the Van Hove singularities, a shape which is also
advantageous for nesting.

In lattices with a flat band, the pairing mechanism in the FF state is different
[14]. In addition to the conventional shift of a Fermi surface, a deformation of
the momentum distribution of particles on the flat band occurs. This defor-
mation has a vanishing energy cost due to the constant dispersion relation of
the flat band. An example of momentum distributions and correlations ob-
tained from mean-field calculations on the kagome lattice is shown in Fig. 2.4
for an FF phase involving the flat band (see the Appendix for details on the
mean-field theory). There are two dominant forms of pairing: intraband
pairing on the second dispersive band, and interband pairing between that
band and the flat band. The former is limited to the region where the Fermi
surfaces of the two components are matched. This region is quite small, as
the Fermi surface shrinks when approaching the flat band singularity. In-
terband pairing, on the other hand, takes place in a large portion of the
Brillouin zone, due to the possibility for atoms on the flat band to adjust
their momentum distribution freely.



Chapter 3

Dynamical mean-field theory

Dynamical mean-field theory (DMFT) is a family of methods used to solve
problems involving strongly correlated fermions [41]. It is based on the idea
of replacing the original lattice model by a quantum impurity problem. Con-
cretely, the problem is solved exactly for a small cluster, while the rest of the
lattice model is treated as an effective medium.

In this chapter, we first review the concept of Green’s functions, which is cen-
tral in the formulation of DMFT. Then, we will explain the DMFT algorithm
for single sites and clusters.

Green’s functions

Let D be a linear differential operator acting on the coordinate 7, and let us
consider the problem

Do(r) = p(r). (3.1)
To solve this, we introduce the Green’s function G(r), defined as the solution

to
DG(r —7')y=0d6(r —1'). (3.2)

Multiplying both sides of Eq. (3.2) by p(r'), and integrating with reference
to ' we get

/DGr—r = [ 6(r —r)p(r") dr’ (3.3)
(r)

:>D</G(r—r) (r )> p(r).

15

(3.4)
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It immediately follows that

¢W)/GW—WMW@m“ (3.5)

is a solution to the considered differential equation. This is intuitively clear:
the Green’s function can be interpreted as the action of a point source at 7/,
and the integral in Eq. (3.5) is therefore the superposition of the actions of
all sources in the system.

In physics, correlators of field operators are called Green’s functions, even
though they do not exactly fit the mathematical definition. The functions
used in DMFT are Matsubara Green’s functions, defined in general as

Gap(r,7') = = (T-(A(n)B(7'))) , (3.6)

where A and B are operators and 7T is the time-ordering operator in imag-
inary time. Imaginary time 7 is related to real time by the transformation
w—T.

The relation to the mathematical definition of a Green’s function is seen by
considering the equation of motion for the single-particle Green’s function

Glur, V7)) = — <TT(CV(T)CL,(T'))> , (3.7)

in the non-interacting case. Here, v is a quantum number describing the
state.

The equation of motion is obtained by differentiating the Green’s function
with reference to imaginary time:

e ;T (007 = ) (el (7)) £ 00 =) (b (Phel)))  (3.9)

or
=o(r =) ({eN)eL () F (e (P)eu(7)))
00 = ) ([ e ()l (7)) £ 06 = 7) (el () e )(7))

=0 = 7) (o) b (Dl ) + (T2 (I el (7)) ). (3.10)

Since [, (1), ¢! ()] = 6,,:8(1 — 7') for bosons and fermions, we get

7

- aaTG(W, /1) = (T, ) (e (7)) = 8(r =)o (3.11)
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Up to the term <TT([H, c,,](r)cjj,(r’))>, this is the mathematical definition of

a Green’s function.

For non-interacting Fermions, the Hamiltonian is

=ty (3.12)

v,v’

where t,,/ is the transition amplitude from a state described by 1/ to a state
described by v. In this case, the equation of motion becomes

_aaGo (v, V/7) thayw (D)) =3 =T (313)

-
0

= — EGQ(VT V7' ;tVV//Go(VHT, V'Y =0(r — 7). (3.14)

If we define a matrix Gy such that |Gy, ,» = Go(vr,/7'), the equation of

motion can be rewritten

GylGo =1, (0, — H) = G5 (3.15)

In the Heisenberg picture, the time dependence of operators is given by
A(t) = e A(0)e™" ¢ corresponding in imaginary time to A(1) = e A(0)e 1.
Assuming the Hamiltonian is time-independent, we can write for 7/ > 7

Glvr, V7)) = — <TT <CV(T)C1I;/(TI)>>
_ ;Tr[e—ﬁffc; (*)eu(7)]
= ;Tr[e_/BHeHT/cZ,(O)e_HTleHTCV(O)G_HT]

1 / 7
= ZTr[e_ﬁHcT A(0)e e, (0)e H=T)

= e (e (7 — )l (0)))
— Gl — 7).V [0)) (3.16)

The proof for 7 > 7' is similar. The Green’s function therefore only de-
pends on the imaginary time difference 7 — 7. As a consequence, we can

consider only the functions G(v,v/, 1) = — <TT (c,,(T)cT (O))> without loss of

V/

generality. The function G(v, v/, 7) is defined in the interval — 3 < 7 < §.
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The Fourier transform of the Green’s function can then be written as a series

Gn) — ; /_ Z dre™ /3 (r), (3.17)
() ; S TG n). (3.18)

This Fourier transform can be simplified by noting that for —3 < 7 < 0,

G,/ 7) = — <TT (cy(r)c;(()))>

_ ;me—ﬁﬂcy(r + B)el (0)]

= (Tr(co(r + B (0)1))
= -G,V , 7+ B). (3.19)
The proof for the case 0 < 7 is similar. We therefore get the translation
property
G(r) = —-G(r + B). (3.20)

Using this property, the Fourier transform in Eq. (3.17) can be rewritten

I LN I
G(n) = 2/0 dTe”mT//BG(T)JrQ/ dre™ /B G (1)

-5
1 (B . 1 . B .
= / dTe””T//BG(T)Jre_””/ dre”””/ﬁG(r—ﬁ)
2 Jo 2 0
1 . B .
- 2(1—6—””)/ dre™ /BG (7). (3.21)
0

The factor (1 — e™™) is zero for even n and 2 for odd n. The Fourier
transform is thus for Fermions

B
Clon) — /O dren (), (3.22)

where we have introduced the fermionic Matsubara frequencies w,, = 7(2n +

/8.
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With these properties, deriving the Green’s function for non-interacting fermions
from the equation of motion (Eq. (3.14)) is straightforward. Noting that the
imaginary time derivative corresponds to a multiplication by iw,, we get

Go(v, vV wn) = (iw, — L)t (3.23)

This non-interacting Green’s function is related to the general Green’s func-
tion through the Dyson equation

G(wn) = (Golwa) ™" = M{wn)) ™", (3.24)

where Y(w,) is the self-energy.

DMFT algorithm

Real-space DMFT

The focus in this work is on superfluidity, which is conveniently studied using
the Nambu formalism. The Nambu Green’s function is defined as 2 x 2 blocks:

Tre, (r)cl (0)) (Tre, (T)e, (0)
Gz] ) — ¢ 7 T4 1.7 325
) TTCLZ.(T)C¥].(O) TTCLZ.(T)CM(O) ( )
~ (Grig(r)  Fy(n)
(W anin) 20

The indices ¢ and j label lattice sites. The normal Green’s functions are
Ggss; and Iy are the anomalous ones. The latter are related to the order
parameter in the following way:

7—0

As discussed in the previous section, the Green’s function is related to the
non-interacting Green’s function through the Dyson equation (3.24). Using
the result in Eq. (3.23), the non-interacting Green’s function is written as

-1 o iwn + tij + MTéij 0
Goyz’j(wn) — < 0 iwn . tz’j N Miéz’j s (328)

where ¢;; is the hopping between sites ¢ and j. In this work, this is ¢ for
nearest neighbors and 0 otherwise.
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The key approximation in DMFT is that the self-energy is local, that is >;; =
0i522;. In real-space DMFT, the self-energy 3i; is allowed to vary from site
to site, which allows for the study of inhomogeneous phases. This local self-
energy is solved from single-site impurity problems. In these problems, the
original lattice model is mapped to a model where a single site is embedded in
a bath of non-interacting orbitals representing the rest of the lattice. Particles
can hop between the bath and the impurity.

More specifically, the impurity problem of site ¢ is solved to obtain the local
Green’s function G;, given the on-site interaction strength U and the local
Green’s function for the bath, G;patn. The bath Green’s function G, pan is
constructed by removing the self-energy of site ¢+ from G as follows. The
Neumann expansion of the Dyson equation in Eq. 3.24 is

Giy = Go,ij+z Go iy 2k Gokyj + Z Goiky >k Gor ks Yk Go ko - -+, (3.29)
k1

k1,k2

where we used that >.,,, = d,m2in. Removing 3J; from the expression for Gy,
we get

Gipath = Go,ii + Z Go,iky 2k Go kyi T Z Go,ikey 22k G0 ey by 2k GO kg -+ -
ey #4 k1, ka1
(3.30)

Rewriting G; in terms of G; patn, we obtain

Gii = Gibath + Gibath22iGibath 1+ Gibath2iTs bath2:Gi bath + - - -

(3.31)
= (Giparn — %) (3.32)
= gi,bath(wn)_l = (Giwn)) ™"+ i(wn). (3.33)

Once the local Green’s function G; is obtained, the local self-energy is com-
puted as
Niimp (W) = Gipaen (Wn) — G (wa)- (3.34)

For the solution to be physically correct, we should have G; = G;. As is
evident from equations (3.33) and (3.34), this is equivalent to having >; inp =
>, meaning the self-energy obtained as the result of the impurity problem
should be the same as the self-energy input in the Dyson equation (3.24).

This is achieved by performing a fixed point iteration using the following
algorithm:

0. Make an initial guess for the self-energy ;.
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Figure 3.1: Coordinates in real space and reciprocal space for a square lattice.
Black lines show the boundaries of clusters in real space and cells in reciprocal
space.

L. Compute G;; from Eq. (3.24).
Construct G; patn using Eq. (3.33).
Solve the impurity problems to obtain G; at all sites.

Compute ¥ jmp from Eq. (3.34).

BN ol

Check if 3};imp = > to the desired accuracy. Finish if the result has
converged. Otherwise, set >; = 3 imp and return to 1.

It should be noted that if the self-energy is not assumed to be translationally
invariant, the impurity problems are nonequivalent at different sites. One can
make the further assumption that >; is the same at all sites, in which case
only one impurity problem has to be solved at each iteration. In this work,
we use an exact diagonalization solver and a continuous time Monte-Carlo
solver to solve the impurity problem. These are discussed in Chapter 4.

Cluster extensions of DMFT

The real-space DMFT presented in the previous section assumes the self-
energy is local. To include also non-local fluctuations, one needs cluster
extensions of DMFT [42]. In these methods, quantum fluctuations are treated
exactly not only at a single site, but in a cluster of several sites. In the
limit of infinite cluster size, these methods become exact. Two examples of
such extensions are cellular dynamical mean-field theory (CDMFT) [43] and
dynamical cluster approximation (DCA) [44].
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In these methods, the lattice is divided in clusters of N sites, which are
unit cells possibly larger than the primitive unit cell. Correspondingly, the
first Brillouin zone is divided into a set of cells. We use ry to refer to the
origins of the clusters, and K to the origins of the cells in reciprocal space.
The positions of sites within a cluster with reference to its origin are R;, and
positions of &k points within cells in the reciprocal space are given by k (see
Fig. 3.1). We assume the lattice is finite with periodic boundary conditions.

Quantities that are translationally invariant in the superlattice formed by
points r; can be Fourier transformed in the r; coordinates to obtain an ex-
pression in reciprocal space. The Dyson equation for the full Green’s function
then reads

G(k) = (Gy'(k) = %), (3.35)

where Go(k) is the non-interacting Green’s function of the lattice model. In
real-space DMFT, we assumed the self-energy was diagonal, but in cluster
methods, it is assumed block-diagonal. This means that all intercluster com-
ponents are neglected, but intracluster components are taken into account.
Like in real-space DMFT, the self-energy block corresponding to one cluster
is obtained as the solution of a quantum impurity problem.

In this case, the impurity is the cluster instead of a single site. Key ele-
ments in formulating the problem are the coarse-grained Green’s function
and interaction. For the impurity problem, we need to modify these quanti-
ties so that they are purely local to the cluster, which means they should be
k-independent. This is achieved by taking the average over the k points:

— 1
G = N Xk: G(k), (3.36)

and similarly for the interaction matrix. Here, N, is the number of k points,
or equivalently, the number of clusters in the lattice. More explicitely,

_ 1 . .
G(Wn) — ﬁk zk:(lwn - tk - E(wn)) ) (337)
where g is the Fourier transform of the hopping matrix. The difference

between DCA and CDMFT is in how this Fourier transform is calculated.
In CDMFT,

te = Y _torexp(ik - (ro — 1)), (3.38)
1
where g7 is the hopping matrix between clusters 0 and I. For DCA,

tkyz'j = ZtOI’ij exp(ik . ('ro —7rr+ Rz — Rj)), (339)
I
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where o7 ;; is the hopping amplitude between site ¢ of cluster 0 and site 7 of
cluster I. The Fourier transformation used in CDMFT breaks the transla-
tional invariance within the cluster, whereas the one used in DCA does not.
CDMFT may therefore overestimate the stability of non-uniform phases. It
should also be noted that the hopping matrix in DCA depends also on the in-
tracluster coordinates. This means that the coarse-grained Green’s function
depends on the momentum K in reciprocal space.

The bath Green’s function for the impurity problem can be computed from

the coarse-grained Green’s function in a way similar to what is done in real-

space DMFT:

—1 _
Ghath = (G (wn) + X(wa)) ™" (3.40)

Note that in DCA, since G depends on K, also the self-energy depends on K.

Solving the impurity problem for the self-energy closes the self-consistency

loop.

Based on the cluster DMFT formalism, it is possible to formulate a partially
real-space DMFT. The idea is to split the cluster in subclusters. The self-
energy is then approximated to be block-diagonal so that the components
between subclusters are neglected. An impurity problem is then solved for
each subcluster.

FFLO states in DMFT

As explained in Sec. 2.3, FFLO states are such that the order parameter is
modulated in real space. To study such states, one possibility is to consider
large clusters with the possibility for a space-dependent order parameter.
However, this usually requires large cluster sizes, which demand prohibitively
long computation times when using cluster DMFT. In this case, real-space or
partially real-space DMFT is better suited. It has indeed been used to study
the FFLO phase in the 1D-3D crossover [45] and the striped phase in the
repulsive Hubbard model [46]. The latter is related to the FFLO phase in
particle-hole symmetric systems: the striped phase in the repulsive Hubbard
model corresponds to the FFLO state in the attractive Hubbard model.

Another option to study FF phases without having to consider large clus-
ters is presented below. The principle is to perform a transformation on
the creation and annihilation operators that cancels the momentum depen-
dence of the order parameter in the FF ansatz, A; = U {¢y.¢14) = Ay, e,
where «; designates the Bravais sublattice of lattice site i. There are many
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1_

13

equivalent transformations that achieve this, for example CL. — e¥ric

and ¢,  — e_iq'ricTi, where g is the Cooper pair quasimomentum. As a

1,4
result of this transformation, <c¥icm> becomes <CL.CT7 j> e (ri=ry) - Effec-
tively, this modifies the hopping amplitudes between sites: ¢;; is replaced by
Lij = tyyet(mima),

A system with hopping amplitudes ¢;; where the ground state has order
parameters A; = Aaie"q'ri is thus equivalent to a system with hopping am-
plitudes #;; where the order parameters in the ground state are A; = A,..
Note that in the latter case, the order parameter can be different between
sublattices, but does not vary otherwise. This makes it possible to study the
FF state with cluster DMFT using the primitive unit cell as a cluster. This is
typically much smaller than what would be needed to study an FFLO state
using the previously mentioned method.

To determine whether the FF state is the ground state, one has to perform
a DMFT computation for different quasimomenta q, each one for a lattice
model with hopping amplitudes #;;. The thermodynamic potential of the
states obtained as a result of these computations is compared to determine
which one is the ground state. If this ground state occurs at ¢ # 0 with at
least one order parameter A, # 0, the ground state is an FF state.

One shortcoming of this method is that it requires the assumption that the
state is indeed an FF state, as opposed to a more complicated FFLO state.
In real-space DMF'T, such states should naturally arise if they are the ground
state. However, considering the FF state can give a good picture of the sta-
bility region of FFLO states even when the ansatz does not correspond to the
true ground state [40]. Another issue is the necessity to perform the DMFT
computation separately for different g. In practice, considering all possible
values in the irreducible Brillouin zone is cumbersome, and some educated
guess on the direction of q can be needed. Finding a very precise value for q
can also be difficult. However, the method can still give information on the
possible stability of the FF' state, even if the exact quasimomentum is not
known.

The advantage is that a cluster equal to the irreducible unit cell is sufficient.
In the kagome lattice, this corresponds to only three lattice sites. At this
cluster size, it is possible to fully take into account the quantum fluctuations
in the cluster. Moreover, the computation time is much shorter than for the
larger unit cells needed to study other FFLO states.
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Impurity solvers

In this chapter, we briefly present the two impurity solvers used in this work.
The first one is an exact diagonalization solver, which can be used at zero
and low temperatures. The second is a continuous time Monte-Carlo solver
based on an iteraction expansion (CT-INT), which is more appropriate for
higher temperatures.

Exact diagonalization

Exact diagonalization is a method used to calculate the Green function of a
cluster by representing the impurity problem with a Hamiltonian acting on
a finite-dimensional Hilbert space, which is then diagonalized [47-49]. The
initial impurity problem has an infinite number of degrees of freedom, so the
first step in exact diagonalization is to fit a model with a finite number of
orbitals to the impurity model.

The impurity has a finite number of orbitals n;, so the problem is to discretize
the bath to represent it by a finite number n; of orbitals. The kinetic term
in the Hamiltonian of the discretized system should have the form

T v
Hkin _ <V Tb> ) (41)

where T} is a n; x n; block containing the hopping parameters between the
impurity orbitals, T}, is a np x np block containing those between the bath
orbitals, and V is a ny x n; block containing hopping parameters between the
impurity and bath. Note that T}, can always be chosen to be diagonal: as it

25
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is Hermitian, we can perform a unitary trasformation that diagonalizes the
block.

The bath Green function Gy.¢y, is equal to the non-interacting Green function
of the impurity, Go;. The fitting procedure is therefore done by demanding
that the Green function Go; corresponding to the Hamiltonian (4.1) is as
close as possible to Gp;. Explicitely, gNOJ is given by the upper left n; x n;
block of the full non-interacting Green function,

g~0,i(wn) = [(an - Hkin)_l} (4-2)

1..ng,1..n; "

The fitting is done by minimizing a cost function describing the ”distance”
between Gy ; and Gy ; = Gpatn, with T3, T}, and V' as the fitting parameters [50].

Once the fitting is done, the full Hamiltonian matrix H can be constructed.
A basis of the Hilbert space of H is given by

|n{,ng,...,n2i+nb>|n%,n$,...,ni&ﬁnb% (43)

where ny = 0 or 1 is the number of particles with spin ¢ at site . Often H
is block diagonal, as the number of particles of each component is conserved.
In this case, the Hilbert space is divided in subspaces described by the to-
tal number of particles of each spin, (n',n*). Each corresponding block can
be diagonalized independently. However, in the superfluid phase, the con-
servation of components no longer holds, so the size of the problem cannot
generally be reduced.

If the matrix is small enough, all eigenstates and eigenvalues can be solved.
The Green’s function can then be calculated at finite temperatures from
them [48]. If the matrix is too large, however, it is still possible to study
the zero-temperature case by using a Lanczos algorithm [48, 51]. Even using
this method, exact diagonalization is limited to a quite small number of
sites. However, this solver has the advantage to make it possible to study
low temperatures and the zero-temperature case. Moreover, the method has
no sign problem, contrary to quantum Monte-Carlo methods.

Continuous time Monte-Carlo solver

Metropolis Monte Carlo

The Monte Carlo method is used to compute sums of the form ) p(z) f(z),
where p is a probability distribution. The idea is to replace the sum by an
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average over a set {x;} of stochastically generated configurations such that
the probability of getting x,, is p(x,).

The set is generated as a Markov chain, that is, a sequence where the
transition probabilities towards other configurations depend only on the
current configuration. If p is the equilibrium distribution of the Markov
chain, the chain will converge to it provided it is ergodic, meaning all states
can be reached, and that the transition rates satisfy the balance condition
> sta DWWy = >0, p(X)wyy. Here, wy, is the transition probability
in the Markov chain to go from y to z. This is often replaced by the stricter

condition

Generating the Markov chain is commonly achieved with the Metropolis-
Hastings algorithm. In this algorithm, a change to configuration y is proposed
with some probability F,,. The proposal is then accepted with probability
Ay y. Otherwise, the configuration is left the same. Then the total transition
rate from x to y is wyy = Ay yPyy. Defining the acceptance probability as

. P, xp(y)>
Ay, = min | 1, 2520 4.5
i (1 o)

we obtain a transition rate w,, that satisfies the conditions given above.

Interaction expansion

We consider the Hubbard model
H = Ho -+ Hint —_ — Ztiyjc;icm + UZ(”TJ — 1/2)(?”%7, — 1/2) (46)

%,7,0
The interaction term can be rewritten as
U
Hin = Z ;ﬂ;mm —1/2 = s8)(nys — 1/2 + s6). (4.7)

This corresponds to adding a constant /62, which has no physical meaning.
However, the introduction of é will be helpful for solving sign problems.

In this work, we use a method based on a weak-coupling expansion of the
partition function (CT-INT). This expansion takes the form [52]

ZZ ~ Y wie, (4.8)
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with
Zy = Tr[e P (4.9)
we - (=Y nintM(cJ) (4.10)
e 2 n! AN '
Z Z/ dTlZ / dr, Z) (4.11)
M, (Cr) =
zlz ( — Qg (Sl) G?l 12(7—177—2) cee G?l zn(Tth)
ng i 7'2, 7'1) G%’iz (7'2, 7'2) — OZU(SQ) N Gig,' (7'2, Tn)
z 1 Tn? 7—1) G?n,ig (TTH 7-2) s G?n Jn (TTU Tn) - aU(Sn)
(4.12)
as(s) =1/2+ osd. (4.13)

The functions GY; are the Green functions GY (1, 72) = <TCI(7'1)CJ.(7'2)>O,
with (), = Tr[e o]

These give the expression for the weigths W (C,,) of the configurations C,, =
{li1, 71, 81] - - - [tns T, Sn]}. In the metropolis Monte Carlo algorithm, the pro-

posed updates to the configuration C,, are the additions and removals of
vertices of the form [i, 7, s| to or from the list C,,.

Expectation vaues of observables O(7) can then be computed as an average

20, W(G) ({O(1),

(O() = S e,

(4.14)

_ Ho’ (T o(11) — ag(s)] .. 04, 0(70) — aU(Sn)]OU(7)>o

Ha (T[niy (1) — ag(s)]. - [4,,0(m0) — av(sn)]>o
(4.15)

With this impurity solver, there can be a sign problem, which occurs when
configurations with negative weight appear. From Eq. (4.10), it is clear this
happens when the sign of [[_ detM,(C,) has a sign different from (—U/2)".
This sign can be changed by tuning 6. For example in one dimension, the
sign problem is removed by setting § > 1/2.



Chapter 5

Results

Critical temperature

Before studying the FFLO state, we first present the critical temperatures
at different interactions given by DMFT calculations in Fig. 5.1. For these
calculations, we used the three-site unit cell as a cluster, and restricted to
the balanced case h = (p4 — p1)/2 = 0. The impurity solver used here is the
CT-INT solver, as it allows to study non-zero temperatures. Moreover, the
sign problem does not occur in the balanced case.

As can be seen from the results, the critical temperature obtained from
DMEFT calculations is lower than the one obtained from mean-field calcu-
lations. This is not surprising: mean-field theories typically overestimate
the critical temperature, as fluctuations are neglected. With increasing in-
teraction, the difference becomes more pronounced: for fillings near the flat
band, the mean-field critical temperature is about twice the DMFT critical
temperature at U = —2t, but is more than three times larger at interaction
U= —A4t.

Table 5.1: Ratio Tomr/Tepmrer for different fillings and interactions.
‘ f~02 [f=07

U=-2t 2.2 2.2
U=-3t 2.1 2.6
U=—-4t 2.7 3.1

29
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Figure 5.1:  (a) Critical temperature at interactions U = —2t (yellow),
U = =3t (red) and U = —4t (blue). Connected points show cluster DMFT
results, while dashed lines show mean-field results. (b) Comparison of cluster
DMFT and partially real-space DMFT results at interaction strengths U =
—3t and U = —4t. Colors are the same as in (a). The cluster DMFT results
are indicated by connected points, and real-space DMFT results are plotted
with connected triangles.

Even though the critical temperature in DMFT is lower than in mean-field
theory, it presents the same features. There is a dip at filling f = (ny +
ny)/2 = 1/3, which corresponds to the filling where the density of states at
the Fermi surface vanishes due to the Dirac cones in the dispersion relation.
The largest critical temperature is found for fillings above 2/3, where the flat
band is reached. Two maxima are found near the Van Hove singularities at
f=1/3+1/12. However, the difference of DMFT results compared with the
mean-field ones depends on filling. In Table 5.1, we present the ratio of the
mean-field critical temperature T vp with the DMFET critical temperature
Tepmrer. The difference is larger for fillings near the flat band than it is
at fillings on the dispersive bands. Fluctuations therefore seem to be more
important to the physics near the flat band.

To know how important nonlocal fluctuations are, it is instructive to com-
pare the critical temperature obtained above using cluster DMFT with those
computed with a partially real-space DMFT. In Fig. 5.1, we show both. In
the partially real-space DMF'T, the three-site cluster is divided in single-site
subclusters, and only quantum fluctuations local to each site are taken into
account. This approximation leads to a slight overestimation of the critical
temperature, but the behavior is essentially the same.
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FF state

In this section, we will present results regarding the FF state. The results
were obtained using the method described in Sec. 3.3: the momentum de-
pendence of the order parameter was moved to the hopping matrices through
a unitary transformation. The computation was then performed for different
momenta ¢, tuning the chemical potentials to reach the same filling fractions
for all momenta. The direction of q is fixed along the axis perpendicular to
ay, as this is the direction that is the most favorable in mean-field theory. We
refer to this direction as the y axis. Here, we use an exact diagonalization
(ED) solver, and consider zero temperature. Since we compare results at
fixed filling fractions, we are effectively considering the canonical ensemble,
and the ground state is the one with the lowest Helmholtz free energy. At
zero temperature, this corresponds to the total energy.

Since the FF regions can be small, the phase can be difficult to find if one
considers the whole parameter space. Mean-field results can give an indica-
tion to the regions where it is most likely to be found. In the kagome lattice,
our mean-field results predict two major regions [14]. One is located around
the crossing point of a flat band singularity and a Van Hove singularity, and
the other is at the crossing point of two Van Hove singularities. Out of these
two, the former seems to be the most robust, as it is the only one found
at small interaction strengths and higher temperatures. Physically, this is
probably explained by the unconventional pairing mechanism in the presence
of a flat band, explained in Sec. 2.3. We therefore focus on this region in the
following calculations.

Near the flat band, the iteration has a tendency to converge to a state with
either a filled or empty flat band. The convergence can also be affected by
the flat band, since small changes in the chemical potential can lead to large
changes in the density, and thus for example the Hartree energy can cause
problems. To help convergence to filling fractions between 2/3 and 1, we add
a "tunable field” to the iteration. This is a diagonal matrix added to the
hopping matrix which is fitted to the constant part of the self-energy. The
contribution of this tunable field to the total energy is removed from the final
result.

The total energy and order parameters are shown as a function of g in Fig. 5.2
for different filling fractions. As can be seen from the figures, the FF phase
is indeed found, as the smallest total energy is found for states with g # 0
and A, # 0. At both FF points, Ay = Ap # A¢. This is due to the finite
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Figure 5.2: Total energy per unit cell (upper panel) and order parameters
(lower panel) for different ¢, at filling fractions f = (ny +ny)/2 = 0.619 and
p = (ny —ny)/2 = 0.043 in (a) and f = 0.621 and p = 0.044 in (¢). The
interaction strength is /' = —5¢. (b) and (d) show the Fermi surfaces in the
non-interacting case at the same filling fractions as the DMFT calculations,
one of them being shifted by the momentum found in the FF phase. The red
and blue lines indicate the majority and minority Fermi surfaces, respectively.
The blue dashed line shows the position of the minority Fermi surface before
the shift, and gray dashed lines correspond to the boundary of the first
Brillouin zone.
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Figure 5.3: Points at which an FF phase with energy lower than the normal
state was found. The dashed line indicates the parameters for which the
majority component reaches the flat band. The interaction strength is U =
—5t.

momentum q: when it is perpendicular to a;, sites A and B are equivalent,
but C is different. The difference is however quite small, which is likely
explained by the small magnitude of q.

The momentum at which the FIF state was found is quite close to kf, —kpi |,
where kg, is the Fermi momentum for spin ¢ on the y axis (see Fig. 5.2),
meaning the momentum is such that it connects the two Fermi surfaces. This
is an indication that the conventional pairing mechanism explained in Sec. 2.3
plays a role in the formation of the FF state. The iteration did not converge
properly for q near these momenta, so it is not certain that the found state
is indeed the ground state. However, the reason for bad convergence may be
that those values of q are unfavorable for the FF state, exactly because they
do not allow to match the Fermi surfaces properly. The energy would then
be closer to that of the normal state, which can impact convergence.

One feature that was not found in this study, but present at the mean-field
level, is the n phase. This is an extreme version of the FF phase, where the
quasimomentum is saturated at the edge of the Brillouin zone. The reason it
does not appear here is probably that the FF region is at lower polarizations
than those predicted by the mean-field theory. The size difference of the
Fermi surfaces is not as large, so the momenta are correspondingly smaller.

Studying the momentum distributions is difficult with DMFT, as one would
need to consider large clusters to obtain a good resolution. For example,
DCA allows to compute quantities in reciprocal space, but the number of
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k points is the number of lattice sites in the cluster [44]. A more real-
istic option to include the momentum-dependence of the self energy is to
use a method that combines DMFT with a method that can describe the
momentum dependence, such as the fluctuation-exchange (FLEX) approx-
imation [53], the dynamical vertex approximation (DI'A) [54] or the dual
Fermion approach [55]. The implementation of these methods is outside of
the scope of this thesis, so we do not directly check whether the momentum
distribution deformation observed at the mean-field level occurs here. How-
ever, the FF state was found at several points near the flat band singularity,
as is shown in Fig. 5.3. This confirms the mean-field result that the vicin-
ity of the flat band singularity is favorable to the stability of the FF state.
Moreover, the matched region of the Fermi surfaces is small, as the Fermi
surface of the majority component shrinks near the flat band. This indicates
another pairing mechanism than the conventional matching of the surfaces,
such as momentum distribution deformation, probably plays a role.

Real-space DMFT

The method used in the previous section requires the assumption that the FF
ansatz is representative of the ground state. If the FFLO state has any more
than one wave vector g, it becomes impossible to use, as the g dependence
cannot be transferred to the hopping matrices anymore. However, it has
been shown before that the LO ansatz with two opposite wave vectors q is
more favorable than the FF ansatz, for example in the square lattice [40].
It is therefore interesting to study the FFLO phase using real-space DMFT,
which allows for FFLO phases more complicated than the simple FF phase.

Computations were performed for the 18 site unit cell shown in Fig. 5.4. The
self-energy was assumed local within the unit cell, and translationally invari-
ant in the superlattice of the enlarged unit cells. It is usually better to choose
the unit cell so that it has the same symmetries as the original lattice [42].
However, to study FFLO states, the unit cell needs to be large enough that
the modulations can fit within, at least in one dimension. Choosing a long
cluster like the one used here keeps the number of lattice sites relatively small
while fulfilling this condition.

As the impurity solver, we used CT-INT, with temperature 7' = 1/20. While
the sign problem does not appear in the balanced attractive Hubbard model,
it can occur when polarization is introduced. We thus set ¢ to 0.6, which
solves the sign problem for single-site impurity problems [52].
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Figure 5.4: (a) Real-space dependence of the order parameter A;. The com-
putation was performed for the 18-site enlarged unit cell indicated by the
dashed rectangle. The figure is obtained by stacking the unit cell in x and y
direction. (b) Order parameter and (c) polarization p = (ny — n;)/2 depen-
dence in the enlarged unit cell. The density is f = 0.612 and the polarization
is 0.0469.
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Figure 5.5: Order parameter A; along the y direction, and least-squares fit of
the sinusoidal function f(y) = asin(2rvy+ @)+ ¢, where a, v, ¢ and ¢ are the
fitting parameters. The obtained parameters are a — —1.33, v — 9.60 - 1072,
¢=—979-10"2 and ¢ = 1.18 - 1072,

The results for the order parameter and polarization are shown in Fig. 5.4.
The order parameter shows clear modulations, characteristic of an FFLO
type phase. These modulations are accompanied by modulations in the par-
ticle densities at the lattice sites, as is manifest from the polarizations at
different sites. Where the order parameter is zero, the polarization reaches a
maximum. The modulation period is the same as that for the absolute value
of the order parameter. This is a feature found in the LO state.

In fact, the modulation of the order parameter is very close to sinusoidal, as
can be seen from Fig. 5.5. The direction of q is along the y-axis, which is
the same as the one obtained in mean-field calculations, and was assumed
in the previous subsection. The amplitude of the quasimomentum obtained
from the fitting is ¢ = 27 - 0.0960 ~ 0.603. The same way as in the previous
section, this corresponds to the momentum that joins the Fermi surfaces in
the non-interacting case.

The effect of the shape of the unit cell should however be kept in mind.
If the true ground state was for example one with order parameter A =
|Al(cos(qy - ) + cos(q, - y)), it would likely not appear with the unit cell
used here. The reason is that for the modulation to fit in the x direction,
the sign of the order parameter would need to change from site to site in
that direction. This requires a quasimomentum q, at the boundary of the
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Brillouin zone, which is not likely to happen for low polarizations if the Fermi
surfaces are to be matched.

The filling fraction and polarization correspond quite well to the ones found
for the FF state in the previous section, giving further confirmation that
FFLO states can be stable near the flat band singularity. This result is also
at finite temperature, showing the stability is not an effect only found at zero
temperature.



Chapter 6

Conclusions

We studied the stability of FFLO states in the Kagome lattice using DMFT.
We used two different approaches: one based on a unitary transformation
allowing us to include the FF ansatz in the hopping matrices instead of the
order parameters, and a partially real-space approach.

The former method fully took into account the quantum fluctuations in the
three-site unit cell used as a cluster. It gave a region of stable FF state in
the vicinity of the flat band singularity, confirming the mean-field prediction.
Even though mean-field theory overestimates the critical temperature more
in that region, indicating that fluctuations are particularly important, the
FFLO state is stable. This was further confirmed by the partially real-space
calculation at non-zero temperature, which gave an LO type state.

The momentum in both computations was close to the difference between
Fermi momenta of the two components, meaning it allowed to match the
surfaces. This is a strong indication that the conventional mechanism for the
formation of FFLO is present.

It should be noted that at the FFLO points found with both methods, the
Fermi surfaces are nearly spherical, so Fermi surface nesting does not play
a role in stabilizing the FFLO. Instead, the momentum distribution defor-
mation of particles on the flat band probably favors the FFLO state, as the
state was found in the vicinity of the singularity. To verify this effect does in-
deed take place also beyond mean-field level, a method that takes long-range
fluctuations should be used.

38
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The results in this work confirms that the kagome lattice can be a good
candidate for a direct observation of FFLO states. The kagome lattice has
already been realized experimentally for bosonic ultracold atoms [56].
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Appendix A

Mean-field theory

In this appendix, we give a short explanation of mean-field theory for the
Hubbard model in the kagome lattice. This theory assumes fluctuations are
small, so that the operator product CL.CLZ.CMCM can be expressed as

o el o Pt bt
CriCLiCiCle <CMCM> Cuicta T Cricli <C¢,ic¢,z’> - <C¢,ic¢,z’> <C¢,ic¢,z’> (A1)
f f f f Y
+ <CMCM> CliChi T i <C¢,z'c¢,z'> - <C¢,ic¢,z’> <C¢,z'c¢,z'> (A2)

f t f t ot t
- (< M%z’> ClLiCra T CaC <C¢,ic¢,z’> - <C¢,z'c¢,z'> <C¢,ic¢,z’>)
(A.3)

The pairing fields on the first line are related to the order parameter by
A =U (c1ict,i)- The second line contains Hartree fields, which are commonly
included as a shift in the chemical potential. The third line contains Fock
fields, which are ignored in BCS mean field theory. With this approximation,
the interaction term of the Hamiltonian becomes

H,=U codoe e A4
' Mo ia - ia i
A Z hiaCliala 1+ Cinlrinla — |Aa]?/U. (A.5)

Here, 4 labels the unit cells, and a the Bravais sublattices. In the FI" ansatz,
the order parameter is modulated by a plane wave: A, = A,e*4®. Taking
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the Fourier transform of the Hubbard Hamiltonian, we obtain

Hyi — A

H = cl < § T . >c +C, A6
zk:[ k Al _(quk—ﬁ%) k } (A.6)

C

AWK

==Y (i 15h), (A7)

a=A
Cp — (CkTA7 CrtBr Crroo Cg—mm Cg—kw) CL—MC)T (A.8)

The matrix A is a diagonal matrix containing the order parameters. The
kinetic energy matrix is the same as Eq. (2.8) in the main text.

As Hjy, is real and symmetric, it can be diagonalized: Hy = GrerGi. The
Hamiltonian is then rewritten

— GEAG, &
H— dT<€’“ N k=Y >d el A9
2ot aig, —E, )t (A9
d; = (dm,p dkT,27 dm,s) Cg—m,p Cg—kma Cg—m,s)T- (A.10)

This is the basis in which dispersion-band resolved densities and pairing
correlations are computed.

The grand potential 2 = Tr(exp(—FH)) is computed most easily in the basis
that diagonalizes H. To determine the equilibrium state, the grand potential
is minimized at fixed chemical potentials pi4 and f.



