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Most real-life graphs are large and sparse, consisting of billions of nodes connected by billions of
edges. Single-machine computation for such graphs is often slow and inefficient. The modern
approach is to deploy a fleet of machines that work on a given graph problem in parallel. The
Massively Parallel Computation (MPC) model captures the strengths and limitations of such
parallel systems and is a widely accepted theoretical framework for analyzing modern parallel
algorithms. This thesis considers fundamental graph problems for uniformly sparse graphs in the
MPC model, focusing on memory-optimal solutions. Computation is performed on arbitrarily many
machines simultaneously while using roughly the same amount of memory that is needed to store
the input itself.

We resolve open problems and advance the state of the art by developing novel deterministic
algorithms for graph problems such as connectivity, vertex coloring, maximal matching, and
maximal independent set. Our focus is on uniformly sparse graphs, technically known as low-
arboricity graphs. These graph families form the setting for most known lower bounds in MPC, and
designing memory-optimal algorithms for them is notoriously difficult.

Algorithm complexity is measured in communication rounds and is typically expressed as a
function of the total number of nodes n or the diameter of the graph D. We establish the first O(log
D)-round algorithm for connectivity, as well as the first O(log log n)- and O(log D)-round algorithms
for 3-coloring, maximal matching, and maximal independent set on forest graphs. We also show
that strengthening the MPC model, by allowing adaptive queries to a distributed data store,
enables a constant-round O(alpha)-coloring algorithm for graphs with bounded arboricity alpha.

One major technical contribution of this thesis is a novel graph exploration technique called
balanced exponentiation, on which many of our results rely. This technique has been developed
into a parameterized, standalone tool that allows nodes to explore surrounding sparse regions of
the graph without prior knowledge of their location, while incurring minimal memory overhead.



A?

TIVISTELMA
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Vaitoskirjan nimi Massively parallel algorithms for sparse graphs
Artikkelivaitoskirja

Sivumaara 167

Avainsanat Massiivisen rinnakkaislaskennan malli, tasaisen harvat verkot, yhtenaisyys, verkon
varitys, maksimaalinen pariutus, maksimaalinen riippumaton joukko

Useimmat tosielaman verkot ovat suuria ja harvoja, koostuen miljardeista solmuista, joita
yhdistavat miljardit kaaret. Yksittaisen tietokoneen suorittama laskenta tallaisille verkoille on usein
hidasta ja tehotonta. Nykyaikainen lahestymistapa on kayttaa useita tietokoneita ratkaisemaan
annettua verkko-ongelmaa rinnakkain. Massiivisen rinnakkaislaskennan (MPC) -malli on
vakiintunut teoreettinen viitekehys modernien rinnakkaisalgoritmien analysointiin, kuvaten
rinnakkaisjarjestelmien vahvuuksia ja rajoituksia. Tama vaitoskirja tarkastelee perustavanlaatuisia
ongelmia MPC-mallissa, keskittyen muistioptimaalisiin ratkaisuihin tasaisen harvoissa verkoissa.
Laskenta suoritetaan samanaikaisesti mielivaltaisella maaralla koneita, kayttden suunnilleen yhta
paljon muistia kuin itse sybtteen tallentamiseen tarvitaan.

Ratkaisemme avoimia ongelmia ja parannamme alan aiempia huipputuloksia uusilla
deterministisilla algoritmeilla yhtenaisyydelle, varitykselle, maksimaaliselle pariutukselle seka
maksimaaliselle riippumattomalle joukolle. Keskitymme tasaisen harvoihin verkkoihin, jotka
tunnetaan teknisesti matalan puumaisuuden verkkoina. Suurin osa tunnetuista alarajoista MPC-
mallissa on osoitettu juuri ndissa verkoissa ja muistioptimaalisten algoritmien suunnittelu niille on
tunnetusti haastavaa.

Algoritmien kompleksisuus mitataan kommunikaatiokierrosten kokonaismaarana ja se ilmaistaan
tyypillisesti solmujen maaran n tai verkon halkaisijan D funktiona. Kehitdmme ensimmaisen O(log
D)-kierroksisen algoritmin yhtenaisyydelle sekd ensimmaiset O(log log n)- ja O(log D)-kierroksiset
algoritmit 3-varitykselle, maksimaaliselle pariutukselle ja maksimaaliselle riippumattomalle joukolle
metsaverkoissa. Vahvistamalla MPC-mallia siten, ettd adaptiiviset kyselyt hajautettuun
tietokantaan ovat sallittuja, kehitimme vakiokierroksisen O(alfa)-varitysalgoritmin verkoille, joiden
puumaisuus alfa on vakio.

Yksi tdaman vaitoskirjan merkittavimmista teknisista kontribuutioista on uusi verkon
kartoitusmenetelma, nimeltaan tasapainotettu eksponointi, johon monet vaitéskirjan tulokset
perustuvat. Menetelma on jalostettu erilliseksi parametrisoiduksi tyokaluksi, jonka avulla solmut
voivat kartoittaa niitd ymparoivia verkon harvoja alueita ilman ennakkotietoa niiden sijainnista,
aiheuttamatta merkittdvaa muistikuormaa.
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1. Introduction

A graph is a mathematical structure consisting of nodes (or vertices) con-
nected by edges, used to represent relationships between objects. If two
nodes share an edge, they are called neighbors. The topology of a graph is
the arrangement of its elements, and can be derived from structures such
as social networks, transportation systems, molecular structures, or maps.

1.1 The Graph Coloring Problem

The graph coloring problem asks to color all nodes with a distinct color
(e.g., green, blue, or yellow) such that all neighbors have different colors,
while using as few colors as possible. When deriving a graph topology
from a map, every country is represented by a node, and if two countries
share a border, the corresponding nodes are joined by an edge. If a graph
represents a map, its coloring corresponds to coloring every country on
the map such that countries sharing a border have different colors. As an
example, we color a map of South African provinces and show that it is
equivalent to coloring its graph representation in Figure 1.1.

A trivial solution to the coloring problem would be to use a unique color
for every node, in which case it is obvious that all neighboring nodes will
have different colors. While this solution would be correct, it would use
an excessive number of colors — the same number as there are nodes in
the graph. Hence, the real challenge lies in using as few colors as possible,
regardless of the number of nodes in the graph.

Coloring is often encountered in practice, without even thinking about it
in terms of nodes and edges. The last time you saw a colored world map,
neighboring countries were most likely colored with different colors for
clarity. But how many colors were used? An even more intriguing question
is, what is the smallest number of colors one has to use? An old graph
theoretical result from 1890 by [Hea90] shows that 5 colors suffice for any
imaginable map. This result was later improved to just 4 colors by [AH76],
being the first major result with a computer-aided proof.

11



Introduction

Figure 1.1. A colored map of South African provinces and its graph representation.

While coloring maps is great fun, it is not particularly useful in the grand
scheme of things. Luckily, the coloring problem makes perfect sense for all
kinds of graph structures, not only for those derived from maps. This makes
graph coloring an important subroutine for solving advanced problems
across computer science and other disciplines such as statistical mechanics,
bioinformatics, and resource scheduling.

From a theoretical point of view, graph coloring is a fascinating problem
in itself. The focus is often on minimizing the number of colors used. Let A
denote the maximum number of neighbors any node has. A trivial greedy
approach shows that every graph can be colored with (A + 1) colors: fix
a color palette 1,...,A + 1, then visit every node, one by one, and color it
with some color from the palette that is not used by any of its neighbors.
This approach relies heavily on having exactly A + 1 colors, and it fails
when only A colors are available. This restriction is addressed by Brooks’
Theorem, which gives a clean characterization of graphs that admit a A-
coloring [Bro41; Lov75]. In general, coloring a graph with the minimum
number of colors, whatever that number may be, is shown to be an NP-hard
(essentially ‘extremely difficult’) problem by [Kar72].

In the context of distributed or parallel computing (defined formally in
Chapter 2), finding a A-coloring is significantly more difficult than finding a
(A + 1)-coloring; the latter can be solved by local greedy choices, whereas
the former requires navigating global constraints.

Besides restricting the number of colors, one could also focus on certain
types of graphs. How difficult is it to color a path, a cycle, or a tree graph?
We will define these different graphs in Chapter 2.

Graph coloring is a local problem, in the sense that the correctness of a
solution can be checked by inspecting only the immediate neighborhoods of
every node in the graph. Problems that follow this general line of thought
are called locally checkable labeling problems (LCLs), formally defined
in Section 2.3. In addition to coloring, this umbrella term encompasses
problems such as maximal matching and maximal independent set, which

12
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N IVJND

Gl G2

Figure 1.2. Graph G, is colored incorrectly and graph G- is colored correctly.

we will define in Section 1.2. What these problems have in common is that
their solutions consist of labeling all nodes and/or edges with some label,
and that the validity of any proposed solution can be verified by inspecting
the local neighborhoods of every node.

On the other hand, if a problem has to satisfy some condition that depends
on the whole topology of the graph, inspecting only the local neighborhoods
of every node is not sufficient to validate a solution. Such problems are
called global. In Section 1.3, we will define problems such as maximum
matching, maximum independent set, and connectivity, which are global
and whose candidate solutions may look valid in the local neighborhoods of
every node, but could nevertheless turn out to be invalid when considering
the whole graph.

This thesis is dedicated to solving problems from both ends of the locality
spectrum by developing novel techniques in a modern parallel computing
framework called the Massively Parallel Computation (MPC) model, defined
formally in Section 2.5.

1.2 Local Problems

The protagonist of this thesis is graph coloring, which is the canonical
example of an LCL problem. A coloring is correct, or is proper, if the color of
every node differs from the color of its neighbors. Otherwise, the coloring
is incorrect. Figure 1.2 presents a concrete example: a graph G that is
colored incorrectly and a graph G, that is colored correctly.

A candidate solution can be verified by only checking the immediate
neighborhoods surrounding every node in the graph. If the solution is
“locally” correct, meaning that the solution looks correct around every node
in the graph, then the solution is also “globally” correct, and vice versa.
Conversely, if there exists at least one node around which the solution
looks invalid, then the whole solution is invalid. More precisely, we can
validate a solution by inspecting and approving, one by one, the immediate
neighborhood of every node in the graph. We illustrate this explicitly
for graph G; in Figure 1.3 and for graph G5 in Figure 1.4. We can do

13
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Figure 1.3. The immediate neighborhoods of every node in G1. The upper left-hand corner
corresponds to the neighborhood of node 1, the upper right-hand corner to
node 2, and so on. The neighborhoods with conflicting colors are highlighted.

this because the correctness requirement of coloring is local: if a node is
colored blue, we only care that its neighbors are not colored blue, and we
don’t care about how the rest of the graph is colored (for the sake of this
particular node). Figure 1.3 shows that the coloring of GG; is incorrect, since
the neighborhoods of nodes 3 and 5 reveal a conflicting coloring. Using
the same verification method, Figure 1.4 shows that the coloring of Gs is
correct.

Another example of an LCL problem is the maximal independent set
problem. Here, the goal is to select a set of nodes such that there are no
neighboring nodes within this set, and no nodes can be added to the set
without violating the aforementioned condition. In other words, every node
in the graph either belongs to the maximal independent set or one of its
neighbors belongs to it.

Much like the maximal independent set problem, but defined over edges
rather than nodes, is the maximal matching problem. In this setting, the
goal is to match neighboring nodes together, such that every node takes
part in only one matching, and no additional matches can be made. In other
words, neighboring nodes are either matched together or at least one of
them is matched with some other node. See Figure 1.5 for an example.

14
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Figure 1.4. The immediate neighborhoods of every node in G2. The upper left-hand corner
corresponds to the neighborhood of node 1, the upper right-hand corner to
node 2, and so on.

1.3 Global Problems

Global problems have some inherently global conditions baked in that they
are meant to satisfy, making it impossible to verify a candidate solution
solely based on the local neighborhoods of the nodes.

Let us dissect a popular global problem — maximum matching. Note that
there is a huge difference between maximal matching, which is an LCL
problem, and maximum matching, which is a global problem. A maximal
matching is maximum if the number of matches in the graph is the most you
can have for a given graph. In Figure 1.5 we see two maximal matchings
for the same graph. The left solution has 3 matches, while the right side
has 2. One can prove that for this graph, 3 matches is the most you can
have. Hence, the matching on the left side is maximum, while the one on
the right is simply maximal. It is straightforward to realize that a candidate
solution to the maximum matching problem can only be verified by looking
at the whole graph, and not by inspecting the local neighborhoods.

Similarly to maximum matching, the maximum independent set problem
is a global problem, whereas the maximal independent set problem is an
LCL problem. A maximum independent set is a maximal independent set
that is the largest you can have for a given graph.

Another example of a global problem is connectivity, where the goal is to
assign a unique identifier to each connected component of the graph, which
is a part of the graph where every node is connected via some series of
edges. Specifically, two nodes must receive the same identifier if and only if

15
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Figure 1.5. Two different maximal matchings for the same graph, where dashed edges
represent matched neighbors. The matching on the left is maximum, while
that on the right is not.

they belong to the same connected component. Connectivity is not an LCL
problem: since a local neighborhood only ever contains nodes from the same
connected component, it is impossible to verify (using local neighborhoods)
whether nodes in different components have received different identifiers.

1.4 How to Solve Graph Problems?

So far, we have introduced graph problems and their solutions, without
really diving into the algorithmic means to obtain them. What even is an
algorithm? An algorithm is a precise sequence of instructions that tells a
computer how to solve a problem. It entails a computational model, which
is a set of ground rules to be followed when working on the solution, and
some metric based on which the quality of an algorithm is evaluated. This
metric is referred to as computational complexity or simply complexity, and
it measures the amount of resources required to execute an algorithm.

The resource that is most commonly considered is time, which in itself
is quite ambiguous. The earthly units of time, such as seconds and min-
utes, are not used to measure time complexity, since they depend on the
choice of a specific computer and the evolution of hardware. For instance,
a specific algorithm will run much faster on a modern computer than on
one from the 90s. This, however, is not a virtue of the algorithm itself, but
rather a consequence of technological advances in computer architecture
and software. What time complexity aims to capture is the intrinsic time
requirements of algorithms — the basic, immutable time units an algorithm
would require on any computer. This is measured by tracking how many
elementary operations, like summation, multiplication, and comparison, are
executed until the algorithm terminates. Other complexities of interest be-
sides time include memory complexity (computer memory that is required)
and communication complexity (the necessary amount of communication
between computational entities when there are multiple).

16
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The model of computing that people unconsciously resort to when faced
with a graph problem is centralized, which is indeed very intuitive. Here,
the solver has a God’s eye view of the whole graph, and the complexity
measure is time complexity: the number of elementary operations it takes
to reach a solution. However, this is by far not the only computational model
that makes sense to study.

1.4.1 Distributed Computing Models

In distributed computing models like LOCAL and CONGEST, which we define
formally in Section 2.4, the approach to algorithm design is fundamentally
different from the centralized setting. Here, every node is thought of
as a processor with a unique identification number, and every edge is a
communication link over which the endpoints can communicate. The goal
is to design a communication protocol (algorithm) that is distributed to
every node (processor) to follow and eventually reach a solution. One
round of communication allows all nodes to communicate with all of their
neighbors once. The complexity measure is communication: the number of
communication rounds required to reach a solution.

For example, when solving a graph coloring problem, nodes communicate
with their neighbors to exchange information, and eventually every node
concludes that for the graph to be properly colored, they have to be labeled
with a certain color. In fast LOCAL algorithms, nodes can only communicate
with nodes that reside in close vicinity, highlighting the central theme of
this framework — locality. What kind of problems can be solved based only
on the information from nearby nodes, and how fast?

There are parallels to be drawn between distributed algorithms and nature.
Ant colonies and schools of fish seemingly consist of identical independent
entities that communicate only locally, while still achieving complex goals
efficiently.

1.4.2 Modern Parallel Computing Models

Modern parallel computing models like Massively Parallel Computation
(MPC) [KSV10; BKS17] and Adaptive MPC [Beh+19c] share some similari-
ties with distributed models, but differ fundamentally in their communica-
tion capabilities. We define them formally in Sections 2.5 and 2.6. These
parallel systems consist of multiple machines, each with a restricted amount
of local space (or local memory), which refers to the amount of memory
they have to store data. The amount of memory used by the whole system
is called global space (or total space). Graph problems are solved in such
a way that the input is first divided among the machines, so that each
machine knows parts of the graph, but no machine knows the topology of
the whole graph. One round of communication allows every machine to
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communicate with all other machines, as long as the message sizes are
small and machines do not exceed their local space. In this setting, there
are two complexity measures of interest: how many rounds of communica-
tion are required to reach a solution (communication complexity) and how
much local and global space is required throughout the algorithm execution
(memory complexity).

Note the difference in communication capabilities between these parallel
and distributed models. In parallel models, machines can communicate
with all other machines, whereas distributed models allow communication
only across the edges of a given graph. The main challenge of modern
parallel models is hence related to the communication complexity: how to
efficiently utilize this all-to-all communication? Another major challenge is
related to the memory complexity: how to solve problems space-efficiently,
without needing to store too much auxiliary data?

By allowing adaptive queries to a distributed data store on top of the MPC
model, we arrive at the Adaptive MPC model, AMPC for short. This model
is a practically motivated extension of the MPC model, which takes into
account the more advanced capabilities of real-world data centers, while
still serving as a clean theoretical framework for analysis.

The MPC model and its variants are inspired by real-life data centers,
where communication is the most time-consuming part of the operation,
and where memory is a limited resource. They are used as abstractions
of modern frameworks of parallel computing, such as Hadoop [Whi09],
Spark [Zah+10], MapReduce [DG08], and Dryad [Isa+07].

1.5 Research Output and Roadmap

In this thesis, we consider fundamental graph problems for uniformly sparse
graphs in the MPC model, focusing on memory-optimal solutions. We re-
solve open problems and advance the state of the art by developing novel
deterministic algorithms for graph problems such as connectivity, vertex
coloring, maximal independent set, and maximal matching.

Most of our algorithms are memory-optimal in two ways. First, the local
space of individual machines is strongly sublinear in the size of the input.
Second, the total space used by the whole system remains linear in the size
of the input — the best one can hope for.

By focusing on uniformly sparse graphs, we are forced to develop novel
algorithmic techniques, as current approaches fundamentally do not extend
to memory-optimal algorithms for these graphs. Even when not striving
for memory-optimal algorithms, these graph families are hard instances to
solve, since they form the setting for most known lower bounds in MPC.

Chapter 2 is dedicated to basic graph theoretical notations and the formal
definitions of the LOCAL model, the MPC model, and the AMPC model. In
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Chapter 3, we give an overview of the contributions of this thesis and the
related work. In Chapters 4 to 6 we dive deeper into the individual results
of this thesis.

In Chapter 4, we present the results of Publication I, which include
exponentially faster algorithms for LCL problems on forests in the MPC
model compared to the LOCAL model. In Chapter 5, we present the re-
sults of Publication II and Publication III, which give the first deterministic
O(log D)-round algorithm for connectivity, as well as the first O(loglogn)-
and O(log D)-round algorithms for 3-coloring, maximal independent set,
and maximal matching on forests. Here, n denotes the total number of
nodes in the graph, and D denotes the maximum diameter of the graph.
Publication IT and Publication III are grouped because both rely on our novel
graph exploration technique called balanced exponentiation, which is one of
the major technical contributions of this thesis. This technique has been de-
veloped into a parameterized, standalone tool that allows nodes to explore
surrounding sparse regions of the graph without prior knowledge of their
location, while incurring minimal memory overhead. Lastly, in Chapter 6,
we present the results of Publication IV, which include AMPC algorithms
for arboricity-dependent colorings. Arboricity is a general measure of the
density of a graph, and is defined formally in Chapter 2. We present several
algorithms with varying trade-offs between the number of colors and run-
time. Most notably, we achieve a constant-round O(«)-coloring algorithm
for graphs with bounded arboricity a.
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2. Preliminaries

This chapter is not meant to serve as an exhaustive survey of distributed
and parallel computing, but rather as prerequisite information for under-
standing the contributions of this thesis.

The theory of computation focuses on the asymptotic complexity of func-
tions, ignoring constant factors and lower-order functions. Big-O, Little-o,
Big-2, Little-w, and O are the basic formal notations for stating the growth
of a function. Formally,

 T(n) is O(f(n)), iff* for some constants c and ng, T(n) < c- f(n), Vn > no.
* T(n) is Q(f(n)), iff for some constants ¢ and ng, T'(n) > ¢ f(n), Yn > ng.
* T'(n)is ©(f(n)), iff T(n) is O(f(n)) and T'(n) is Q(f(n)).

* T(n) is o(f(n)), iff T(n) is O(f(n)) and T'(n) is not ©(f(n)).

* T(n)is w(f(n)), iff T'(n) is Q(f(n)) and T'(n) is not O(f(n)).

Informally, Big-O describes the upper bound, Big-{2 describes the lower
bound, © describes the exact bound, and Little-o (Little-w) describes the
upper (lower) bound that can never be reached.

2.1 Graph Notations

A graph G = (V,E) is a pair of sets V and E, such that £ C [V]2. The
elements of V are called nodes or vertices, and the elements of F are called
edges. The number of nodes in the graph is denoted by n = |V| and the

number of edges in the graph is denoted by m = |E|. A common way to
picture a graph is by drawing a circle for each node and joining two of these

Liff stands for “if and only if”
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circles with a line if the corresponding two nodes form an edge. For this
thesis, we assume that graphs are undirected, finite, and simple.

The set of neighbors of a node v € V in a graph G is defined as Ng(v) =
{u | {u,v} € E}. The degree of a node v refers to the number of neighbors v
has in G and is defined as degq(v) := | N¢g(v)|. The maximum degree of any
node in G is denoted by A¢. The distance distg(u, v) between two vertices
v,u € V is the length of a shortest path between nodes v and u in G. If no
such path exists, we set distg (v, u) = co. Note that in undirected graphs,
it holds that distg(v,u) = distg(u,v). The largest distance between any
two vertices in G is the diameter of G, denoted by diam(G). The r-hop
neighborhood of a node v, or in other words an r-radius ball around node v,
is the subgraph B¢ (v,r) = (V(v,7), E(v,7)), where

V(v,r) = {u € V | dist(u,v) < r}, and
E(v,r) ={{u,w} € E | dist(v,u) < r and dist(v,w) < r} .

If the underlying graph G is clear from the context, we may omit the
subscript G from all of the notation above.

Consider graphs G = (V,E)and H = (V/,E'). If V' C V and E' C E, we
say that H is a subgraph of G. If V' C V and E' = {{u,v} € E |u,v € V'},
we say that H is a subgraph induced by the node set V’, and it can be
written as G[V'].

A graph G = (V, E) is called connected if dist(v,u) # oo, Yv,u € V. If
the graph is not connected, it is disconnected and consists of multiple
connected components. A connected graph where all nodes have degree 2
is a cycle. A connected graph where two of its nodes have degree 1, and
all other nodes have degree 2, is a path. A connected graph without cycles
as subgraphs is called a tree. A disconnected graph consisting of multiple
paths/cycles is called a collection of paths/cycles. A disconnected graph
consisting of multiple trees is called a forest.

Arboricity is a general measure of density. The arboricity « of a graph is
defined as the smallest number of forests into which its edge set can be
partitioned. More precisely, for any subgraph S of a graph G, let ng and
mg denote the number of vertices and edges in S. Then the arboricity of G
equals

mgx(ms/(ng -], ng>2.

Low-arboricity graphs are uniformly sparse, in the sense that they cannot
contain dense subgraphs. Conversely, any graph with high arboricity is
guaranteed to contain a dense subgraph.
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2.2 Nash-Williams Decomposition

Due to Nash-Williams [Nas64], it is well known that the edge set E of any
graph G = (V, E) with arboricity o can be decomposed into « edge-disjoint
forests. This fundamental theorem has many applications in graph theory
and combinatorics.

The first efficient distributed algorithm for computing such decompo-
sitions was given by Barenboim and Elkin [BE08], who coined the term
H-partitions for the resulting constructions. An H-partition entails parti-
tioning the vertex set of the graph into [ = |2/¢ - logn] disjoint subsets
Hy, Hs, ..., H; that satisfy that every vertex v € H;,i € {1,2,...,1}, has at
most (2 + €)a neighbors in the vertex set Ué-:iH ;. It is worth noting that
Miller and Reif introduced a related concept in the parallel setting for
trees [MR85], where a logarithmic number of so-called rake and compress
operations remove all nodes from a tree.

Many algorithms of this thesis will involve computing H-partitions, or
suitable variants thereof, for low-arboricity graphs efficiently and in parallel.

2.3 Locally Checkable Labeling (LCL) Problems

In their seminal work [NS93], Naor and Stockmeyer introduced the notion
of locally checkable labeling problems (LCLs, for short). Their definition
focuses on problems where nodes are labeled (e.g., vertex coloring), though
they remark that an analogous definition applies to problems where edges
are labeled (e.g., edge coloring). A modern formulation that unifies both per-
spectives and their combinations labels half-edges, i.e., pairs (v, e) where e
is an edge incident to vertex v. Furthermore, it is known that on trees every
LCL problem can be expressed in a special form called node-edge-checkable
LCL problems [Bal+21; GRB22]. Next, we define half-edge labelings for-
mally and then present this modern definition of LCL problems.

Definition 2.3.1 (Publication I, Definition 3, Half-edge labeling). A half-
edge in a graph G = (V, E) is a pair (v,e), where v € V is a vertex, and
e € E is an edge incident to v. A half-edge (v, e) is incident to some vertex
w if v = w. We denote the set of half-edges of G by H = H(G). A half-edge
labeling of G with labels from a set ¥ is a function g: H(G) — X.

We distinguish between two types of half-edge labelings: input labelings,
which are part of the problem instance, and output labelings, which are
produced by an algorithm executed on the instance. For our purposes,
we assume that any input graph G is equipped with an input labeling
gin: H(G) — Xi,, where Y, denotes the set of input labels. If an LCL
problem has no input labels, we simply take ¥;;, = 1 and assume that each
node is labeled with L.
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Although the formal definition of a node-edge-checkable LCL (see below)
may seem complicated, the underlying intuition is simple: we specify (i) a
set of allowed output label combinations around nodes, (ii) a set of allowed
output label combinations on edges, and (iii) a set of allowed input-output
label combinations. A correct solution to the LCL must satisfy all of these
constraints.

Definition 2.3.2 (Publication I, Definition 4, Node-edge-checkable LCL).
Let A be some non-negative integer constant. A node-edge-checkable
LCL is a quintuple I = (Zin, Zout, N, €, g) where %y, and Yo are finite
sets, N = {N1,...,Na} consists of sets N; of cardinality-i multisets with
elements from Y., £ is a set of cardinality-2 multisets with elements
from X, and g: Xy, — 2%out jg g function mapping input labels to sets of
output labels. We call N1 U --- U Na and € the node constraint and edge
constraint of II, respectively. Furthermore, we call each element of N a
node configuration, and each element of £ an edge configuration. For a node
v, denote the half-edges of the form (v, e) for some edge e by hy, ..., hgeg(v)
(in arbitrary order). For an edge e, denote the half-edges of the form (v, e)
for some node v by h§, kS (in arbitrary order).

A correct solution for Il on a graph G is a half-edge labeling gout: H(G) —
Yout Such that

1. for each node v, the multiset of outputs assigned by gous to hY, ..., hﬁeg(u)
is an element of Nyeg(v)

2. for each edge e, the cardinality-2 multiset of outputs assigned by gou to
h{, hs is an element of £, and

3. for each half-edge h € H(G), we have goui(h) € g(1), where v = gin(h) is
the input label assigned to h.

An algorithm A is said to solve an LCL problem II on a graph class §G if it
produces a correct solution for IT on every G € G. Note that the definitions
of LCL problems above implicitly require that class G has constant degree.

2.4 The LOCAL Model

Distributed computing [Pel00] studies the capabilities and limitations of a
network, where every node is occupied by a computing entity (computer,
processor) and messages can be exchanged only over the links of this
network. The primary focus of this research is locality: what problems can
be solved when each processor makes decisions based only on information
from nearby nodes.
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The LOCAL model [Lin92] has been the standard model for studying
locality in distributed computing for over 30 years, see surveys by [Suol3;
Roz24]. In this model, a given network is modeled as a connected simple
graph G = (V, E), with nodes being processors that can communicate with
each other only over the edges of the graph G. Every node has a unique
identification number (ID) of size O(logn) bits, where n is the number of
nodes in G. Initially, every node is only aware of its immediate neighbors.
The model is synchronous, so the computation proceeds in sequential rounds
with all nodes starting at the same time. In each round, every node sends
messages to its neighbors, receives messages from its neighbors, and
performs some unlimited computation. The message sizes are unbounded,
and nodes are assumed to be infinitely powerful, as in any computation
finishes instantly. Every node aims to output its part of the solution, e.g.,
in the case of coloring, nodes only need to output their own color. The
communication complexity, or round complexity, of an algorithm is the
number of rounds until all nodes have finished. The system is fault-free,
meaning that nodes never crash and messages never get corrupted.

There is an important alternative way to view LOCAL algorithms as pointed
out by [Lin92]. Any ¢-round algorithm A can be simulated by another t-
round algorithm B which proceeds in two distinct phases. First, every
node gathers all the information about the network at a distance ¢ around
it. Second, every node simulates the behavior of the original algorithm
A without communicating with other nodes. In other words, any ¢-round
LOCAL algorithm is simply a function from the ball Bg(v,t) of radius ¢
around every node v € V, to an output set.

There are two randomized variants of the LOCAL model. One allows
private randomness, as in every node is given access to an infinite string of
random bits that is guaranteed to be independent of the strings of other
nodes in the graph. Another allows shared randomness, where nodes are
given simultaneous access to the same infinite string. Both variants have
been proven to be stronger models than the deterministic LOCAL model for
many problems [Bal+20b; Bal+25].

The LOCAL model is a particularly clean and streamlined model that
has been the medium for a very active line of research for over 30 years.
However, despite all of its merits, the model has been subject to criticisms as
far as practical applications are concerned. Being fault-free, synchronous,
and having unbounded message sizes and computational power is not
something one can assume of a practical computing system. However,
it’s worth emphasizing that this apparent weakness is simultaneously a
strength: this ensures that any LOCAL lower bounds also hold in strictly
weaker models of computing. If some problem is impossible to solve faster
than, say, O(logn) time using unbounded message sizes and computational
power in LOCAL, it must also be impossible in models that limit message
sizes and computing power.
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2.5 The Massively Parallel Computation (MPC) Model

The Massively Parallel Computation (MPC) model [KSV10; BKS17] is a math-
ematical abstraction of modern frameworks of parallel computing such as
Hadoop [Whi09], Spark [Zah+10], MapReduce [DG08], and Dryad [Isa+07].
In the MPC model, there are M machines, each with local space S. Local
space refers to the amount of memory each machine has to store data.
Machines can communicate with each other in an all-to-all fashion, in syn-
chronous rounds. Within a round, every machine sends messages to any
other machine, receives messages from other machines, and then per-
forms some unbounded computation on local data. Initially, an input graph
G = (V, E) consisting of n nodes and m edges is arbitrarily and equally
distributed among the machines. Every node has a unique identification
number (ID) of size O(logn) bits. The time complexity, or round complexity,
of an algorithm is the number of rounds it takes until every machine knows
the output for each node and/or edge it holds in memory, e.g., whether or
not an edge belongs to the maximal matching.

The MPC model is typically divided into three regimes according to the size
of the local space S. The memory unit used is a word of size O(logn) bits,
which is enough to store a node or a machine identifier from a polynomial
(in n) domain. The superlinear regime allows for S = n!*®(1) words of
space, and the linear regime allows for S = 5(71) words?. The local space
of a machine restricts the amount of data a machine can store during the
execution of an algorithm, and hence also restricts the amount of data
a machine is allowed to send and receive within one round. Both linear
and superlinear regimes allow for very fast algorithms because machines
can get a “global view” of the graph in the sense that they can store some
information about every node in the graph. Due to the size of ever-growing
real-world graphs, it is impractical to assume that a single machine can get
such a global view. Hence, the research in recent years has focused on the
most challenging low-space (scalable, sublinear) regime with S = O(n5),
for some constant 6 € (0,1). In this regime, it is possible that a machine
cannot even store its immediate neighborhood in its local space. As each
machine can only gather a small amount of local graph information around
a node, the low-space regime is closely connected to the study of locality
and the LOCAL model of distributed computing.

The total space T that the collection of M machines uses has historically
been an overlooked metric of the model. However, it has gained traction in
recent years, partly due to the contributions of this thesis. The aim is to use
as little total space as possible, with linear T' = ©(n + m) being the gold
standard, as Q(n + m) words are required to even store the input graph.

2The O notation hides polylogarithmic factors, so O(f(n)) equals O(f(n)-log(f(n))).
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2.5.1 Node-Centric Approach

To make graph algorithm design simpler in the MPC model, one often adopts
a node-centric framework, which has some conceptual connections to the
LOCAL model. This approach is common in literature, but is rarely written
down explicitly. In this approach, every machine is assumed to simulate
several virtual machines, such that every node in the graph is assigned to a
unique virtual machine. Now, an algorithm can be designed from a node’s
perspective, like in the LOCAL model, except that it can communicate with
any other node in the graph directly. This approach comes with one major
caveat with regard to total space.

We would like to assume that during an algorithm, every virtual machine
hosting a node has S local space available. However, if we were to reserve
this amount of space for every virtual machine, it would defeat the purpose
of having virtual machines, since every node would require its own physical
machine, and the total space would always be O(n - S). The workaround
for obtaining better total space bounds is as follows. During every round of
an algorithm, we bound the total space by O (3° .y, S,), where S, = O(S5)
is how much local space the virtual machine hosting a node v is actively
using. We assume that the underlying architecture does load balancing for
us and re-shuffles the virtual machines between physical machines so that
the local space S of every physical machine is not violated.

2.5.2 Graph Exponentiation

A technique called graph exponentiation [LW10] is so integral to the MPC
model that it is worth defining as a preliminary.

Lemma 2.5.1 (Graph exponentiation). Let G = (V, E) be a graph. In the
low-space MPC model, every node v € V can collect its 2"-hop neighbor-
hood B(v,2") in O(r) rounds as long as for every node v € V it holds that
|B(v,2")| < n®.

Proof. Initially, every node v € V knows its 1-hop neighborhood B(v, 1).
For the induction step, consider a node u in some round ¢ < r that knows
B(u,?2%). Node u can communicate with every node v € B(u,2!) and acquire
their neighborhoods B(v, 2!), effectively collecting B(u, 2!*!). By induction,
node u collect B(u,2") after O(r) rounds. O

2.5.3 Lower Bounds and the 1 vs. 2 Cycles Conjecture

All current lower bounds in low-space MPC are conditional, meaning that
they hold if some other commonly assumed statement is true. The con-
jecture, on which essentially all lower bounds in this model condition, is
the widely believed 1 vs. 2 cycles conjecture. It states that Q(logn) rounds
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are required to distinguish between an n-node cycle and two n/2-node
cycles [GKU19].

It is worth noting that establishing unconditional lower bounds appears
unattainable. Any unconditional non-constant lower bound in the low-space
MPC model for any problem in P would imply a breakthrough result in
circuit complexity, namely a separation between NC! and P [RVW16], which
seems far beyond the reach of current techniques [RR97; AB09].

2.5.4 Component Stability

The concept of component-stable low-space MPC algorithms was introduced
by [GKU19] as the first broad class of MPC algorithms for which meaningful
conditional lower bounds can be derived. This is achieved by lifting lower
bounds in the LOCAL model to the MPC model via a sophisticated lifting
framework. In essence, algorithms in this class require that the outputs of
nodes belonging to different connected components are independent.
After its introduction, the notion of component stability has been refined
by [CDP21a], encompassing many existing randomized MPC algorithms,
and allowing for more robust conditional lower bounds. These refinements
extend the original framework to also cover deterministic algorithms as
well as algorithms whose runtime depends on the maximum degree A.

Definition 2.5.2 (Component-stability, [CDP21a]). A randomized MPC
algorithm Appc is component-stable if its output at any node v is entirely,
deterministically, dependent on the topology and IDs (but independent
of names) of v’s connected component (which we will denote CC(v)), v
itself, the exact number of nodes n and maximum degree A in the entire
input graph, and the input random seed S. That is, the output of Apypc at
v can be expressed as a deterministic function Aypc(CC(v),v,n,A,S). A
deterministic MPC algorithm Appc is component-stable under the same
definition, but omitting dependency on the random seed S.

This thesis adopts the revised version of component stability by [CDP21a].

2.6 The Adaptive MPC Model

The Adaptive MPC (AMPC) model [Beh+19c] is designed to reflect the chal-
lenges faced by modern large-scale data processing platforms. It extends
the standard MPC model in a practically motivated way: communication
takes place through distributed key-value storage rather than all-to-all
message passing. In this model, there are P machines, each equipped
with S = O(n®) local space where § € (0,1) and n denotes the number of
vertices in the input graph G = (V, E). The total space across all machines
is T = S - P. The basic unit of measure is a word consisting of O(log n) bits.
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Communication among machines is represented by a sequence of dis-
tributed data stores (DDS), denoted by Dy, D1, ..., Dy. Each DDS supports
key-value semantics: it maintains collections of key-value pairs, where
querying with a key retrieves its associated value. Both keys and values
are of constant size. The initial input resides in Dy, which is indexed by a
set of keys known to all machines, such as consecutive integers. The final
solution to the problem must be written into the last data store Dy. If a key
x is associated with £ > 1 values in some DDS, then these values can be
accessed via extended keys (z,1),..., (z, k), where the indices from 1 to k
are assigned arbitrarily. A query to a key not present in the DDS returns an
empty result.

The computation proceeds in synchronous rounds. In round ¢, each ma-
chine reads from D;_; and writes to D;. During a round, a machine may
issue O(S) queries (reads) and perform O(S) writes, in addition to carrying
out unrestricted computation on local data. A query with key x corresponds
to reading the value linked with x in D;_;, and each write represents storing
a single key-value pair in D;.

The defining feature of the model is adaptivity, which distinguishes it from
the standard MPC model. Specifically, queries within the same round may
depend on one another. For example, suppose ¢ is a function mapping a
set X to itself, and for every x € X, the store D;_; contains a pair (x, g(z)).
Then, in round 4, a machine can compute g*(y) for any y € X, provided
k = O(S). A more detailed discussion of the practical realism of the AMPC
model can be found in [Beh+19c].
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3. Contributions and Related Work

There is a successful line of research on MPC algorithms that are exponen-
tially faster than the best LOCAL algorithms. Most such results are achieved
with superlinear global space, that is, w(m + n) words [Beh+19a; GGJ20;
CDP21b; CDP21a], where n is the number of nodes and m the number of
edges in the input graph. One of the main themes of this thesis is that we
deviate from the usual approach of using superlinear global space, and
instead strive for strictly linear global space, forcing us to develop novel
algorithmic techniques. We restrict ourselves to optimal MPC parameters
across the board: we only allow O(n®) words of local space and O(m + n)
words of global space. A simple example illustrates why minimizing global
space matters: for an input of one million data points, would you prefer
storing 10% values (linear global space) or 1012 (quadratic global space)?

Most of our algorithms are for forests and other low-arboricity graphs.
At first glance, it may seem that forests are an easy graph class for which
to develop algorithms because they are sparse. We would like to point out
that, when striving for linear global space, the converse is actually true.
When the input graph is dense, it requires a huge amount of global space to
store it, which can be leveraged by an algorithm via sparsification. Indeed,
a common algorithm design pattern for dense graphs is to first sparsify the
input graph, i.e., make the graph less dense, and then solve the problem in
this sparser instance [And+18; GU19; CDP21a; CDP20] using superlinear
global space with respect to the current graph size, while remaining linear
with respect to the original graph size. An additional step is then needed to
show how a solution for the original input can be derived from a solution
for the sparsified graph. Such techniques are fundamentally incompatible
with low-arboricity graphs such as forests, as they are already maximally
sparse by definition.

Another compelling reason to focus on trees and forests is their central role
in understanding problem complexity in the LOCAL model: many problems
of interest are challenging even on trees, and often even in regular balanced
trees of small degree. In fact, most known lower bounds in the LOCAL model
are established in this setting. Through lifting techniques, these lower
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bounds naturally extend to forests in the MPC model. Therefore, decreasing
the significance of trees and forests would require a fundamental shift in
techniques: either the development of entirely new lower bound frameworks
for the LOCAL model, along with new lifting theorems, or novel lower bound
techniques tailored directly for the MPC model.

3.1 Exponential Speedup Over Locality

The central result of Publication I is that for any LCL problem (see Sec-
tion 2.3) on trees with deterministic (respectively, randomized) complexity
T in the LOCAL model, we can systematically derive an exponentially faster
MPC algorithm with deterministic (respectively, randomized) complexity
O(logT') on forests. While there have been prior works focusing on individ-
ual LCL problems in the MPC model, this kind of automated procedure that
solves all LCL problems is the first of its kind. In particular, we establish
the following.

Theorem 3.1.1. [Publication I, Theorem 1] Consider an LCL problem
on trees with deterministic time complexity f(n) and randomized time
complexity g(n) in the LOCAL model. This problem has deterministic time
complexity O(log f(n)) and randomized time complexity O(log g(n)) in the
low-space MPC model on forests using optimal O(m + n) words of global
memory. The provided algorithms are component-stable.

A rich line of work [NS93; Cha+19b; CP17; Bal+19; Bal+18; Bal+20a;
Cha20; GRB22] recently came to an end, showing that a problem in the
LOCAL model can only have deterministic complexity

f(n) € {©(1),0(log" n),O(logn)} U {@(nl/k) ckeN}.

We show that knowing the asymptotic value of f(n) is enough to obtain a
deterministic MPC algorithm with complexity

O(log(f(n))) € {O(1),0(loglog" n), O(loglogn),O(logn)} .

Furthermore, it is known that for all complexities f(n) ¢ ©O(logn), the
randomized and deterministic LOCAL complexities coincide. However, when
f(n) € ©(logn), the randomized LOCAL complexity g(n) can be either
O(logn) or O(loglogn). In the latter case, we present an MPC algorithm
with randomized complexity O(logloglogn). If the component-stability (see
Section 2.5.4) condition is dropped, the same O(logloglogn) complexity
can be achieved deterministically in the MPC model.

Theorem 3.1.2. [Publication I, Theorem 2] Consider an LCL problem on
trees with randomized time complexity g(n) = ©(loglogn) in the LOCAL
model. This problem has deterministic time complexity O(logloglogn) in
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the low-space MPC model on forests using optimal O(m+ n) words of global
memory. This algorithm is component-unstable.

The work of [GKU19] (Theorem I1.4) and [CDP21a] (Theorem 14) show
that Theorem 3.1.1 is optimal for LCL problems with complexity O(logn)
in the LOCAL model: if a problem requires 7" rounds in the LOCAL model,
then any component-stable algorithm in the low-space MPC model requires
Q(log T') rounds — assuming the widely believed 1 vs. 2 cycles conjecture
holds (see Section 2.5.3).

Consider an LCL problem P with deterministic complexity ©(logn) and
randomized complexity ©(loglogn) in the LOCAL model. By [CDP21a],
problem P has a low-space MPC lower bound of (2(log log n) for deterministic
component-stable algorithms. In Theorem 3.1.2, we show that a component-
unstable algorithm can solve problem P deterministically in O(logloglogn)
rounds. In other words, we show that the lower bounds obtained by the
lifting framework of [GKU19] can be bypassed for all LCL problems in
the aforementioned complexity class with component-unstable algorithms.
Obtaining the same improvement for even a single problem while preserving
component stability would constitute a breakthrough, as it would refute
the 1 vs. 2 cycles conjecture mentioned in Section 2.5.3.

As a key subroutine for speeding up problems to O(logn) complexity in
the MPC model, we provide a component-stable MPC algorithm for rooting
a forest in O(logn) rounds. This algorithm supports arbitrary degrees and
may be of independent interest.

3.2 Forest Connectivity

The primary contribution of Publication II is a deterministic algorithm that
detects the connected components of a forest in time logarithmic in the
maximum diameter of any component. Crucially, without any dependence
on the total number of nodes n.

The problem of connectivity has attracted considerable attention in recent
years. Most notably by [And+18] who developed a randomized O(log D -
loglogn) algorithm for general graphs and by [Beh+19b] who achieved a
randomized O(log D + loglogn) algorithm for general graphs. Later, [CC22]
derandomized the work of [Beh+19b], achieving the same runtime. Another
notable result is by [ASW19] who designed an O(log logn + log(1/\))-round
algorithm that finds all connected components with spectral gap at least .

Our result contrasts these prior approaches, where the runtime seems to
inherently depend on n. Our algorithm is deterministic and has a runtime of
O(log D) for forests. Moreover, we prove that our algorithm is asymptotically
optimal under the 1 vs. 2 cycles conjecture. Formally, we prove the following
statement.
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Theorem 3.2.1. [Publication II, Theorem 1.1] Consider the family of
forests. There is a deterministic low-space MPC algorithm to detect the
connected components on this family of graphs. In particular, each node
learns the maximum ID of its component. The algorithm runs in O(log D)
rounds, where D is the maximum diameter of any component. The algorithm
requires O(n + m) words of global memory, it is component-stable, and it
does not need to know D. Under the 1 vs. 2 cycles conjecture, the runtime
is asymptotically optimal.

We can extend the techniques from Theorem 3.2.1 to also obtain a rooting
algorithm with the same time and space complexity guarantees.

Theorem 3.2.2. [Publication II, Theorem 1.2] Consider the family of forests
with component-wise maximum diameter D. There is a deterministic low-
space MPC algorithm that roots the forest in O(log D) rounds using O(n+m)
words of global memory, and it is component-stable.

While rooting a forest is not particularly groundbreaking, it does provide a
convenient handle for algorithm design and symmetry breaking in low-space
MPC. As a concrete example, consider the 2-coloring problem. Without
a rooting in place, this is a daunting task. However, if you can invoke a
O(log D) time rooting algorithm as a black-box, the task of 2-coloring in
O(log D) time becomes almost trivial. Without going into technical details,
this can be achieved using a rather simple and efficient algorithm: each
node is colored based on the parity of its distance to the root, which can
be computed via pointer jumping, which is a similar technique to graph
exponentiation of Lemma 2.5.1.

Observe that the rooting algorithm in Theorem 3.2.2 supports arbitrary
degrees, making it the only known O(log D) time forest rooting algorithm.
Prior connectivity algorithms for general graphs by [Beh+19b; CC22] yield
slightly slower rooting algorithms, achieving a runtime of O(log D -log logn).

Our final contribution is a component-stable algorithm for solving any
LCL problem (which includes 2-coloring) deterministically in O(log D) time.
Our result employs the rooting algorithm of Theorem 3.2.2 as a subroutine.
Furthermore, we show that if D € Q(logn) and D € n°"), there cannot
exist (under the 1 vs. 2 cycles conjecture) an MPC algorithm that solves all
LCL problems in time o(log D) on forests with component-wise maximum
diameter D. This claim holds even for component-unstable algorithms and
even when allowing poly(n) global space. This implies that our O(log D)
time LCL solver is conditionally optimal.

Theorem 3.2.3 (Publication II, Theorem 1.3). Consider an LCL problem I1
on forests and let D be the component-wise maximum diameter. There is
a deterministic low-space MPC algorithm that solves 11 in O(log D) rounds
using O(n+m) words of global memory. Under the 1 vs. 2 cycles conjecture,
the runtime is asymptotically optimal.
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3.3 Coloring, MIS and Maximal Matching

Since LCL problems are limited to graphs with only constant degree by
definition, a very natural question to ask is how fast can we solve classical
symmetry-breaking problems such as coloring, maximal independent set
(MIS), and maximal matching on forests when degrees are arbitrary?

A long line of research has studied this question [BFU19; Beh+19a; LU21;
GGJ20; FGG23]. In Publication III, we consolidate and unify these works
by presenting a conceptually simple deterministic algorithm that simulta-
neously solves 3-coloring, MIS, and maximal matching. Our approach is
based on computing a variant of the classical H-partition (see Section 2.2),
which provides a unified framework for addressing these problems. While
H-partitions are a natural tool for trees and forests, efficiently computing
them in the MPC model had remained beyond the reach of prior techniques.

Theorem 3.3.1 (Publication III, Theorem 1). There are deterministic
O(log log n)-round low-space MPC algorithms for 3-coloring, maximal match-
ing, and maximal independent set (MIS) on forests. These algorithms use
O(n) global space.

Our algorithms are conditionally optimal under the 1 vs. 2 cycles conjec-
ture, at least when restricted to the class of component-stable algorithms.

Algorithms achieving similar guarantees for maximal matching and maxi-
mal independent set on forests were recently obtained by [FGG23]. How-
ever, their methods are highly technical, and they rely on sophisticated
derandomization machinery. Moreover, their techniques inherently cannot
extend to coloring with a small number of colors. Our main result, which
is 3-coloring, is widely considered to be harder than MIS and maximal
matching. For example, once a graph is 3-colored, an MIS can be trivially
computed in constant time. Furthermore, prior MPC algorithms for MIS and
maximal matching crucially exploit the property that any partial solution
can be extended to a full solution for the entire graph — a property that
does not hold for 3-coloring.

The best previously known deterministic algorithm for 3-coloring trees,
due to the author of this thesis in an unpublished manuscript [LU21],
achieves a runtime of O(log2 logn). Allowing one extra color and random-
ization makes the problem substantially easier: the best such algorithm
[GGJ20] uses 4 colors and runs in O(loglogn) rounds using a divide-and-
conquer strategy. Each node joins one of two partitions uniformly at random,
creating induced connected components of logarithmic diameter. Due to
their small diameter, each component can then be 2-colored independently
in O(loglogn) rounds in a straightforward manner.

How is this different to LCLs? It is worth emphasizing that the problems
addressed in Theorem 3.3.1 are not LCL problems because the degrees
of the graphs can be arbitrary, whereas LCL problems are only defined
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for constant-degree graphs. This seemingly minor change in the initial
conditions leads to a fundamentally harder algorithmic setting.

One might ask whether the techniques developed in Publication I can be
ported to this setting? Unfortunately, the answer is no. The underlying
techniques in Publication I are either too slow or heavily exploit the fact
that nodes have constant degree.

Another avenue of approach could be to employ the LCL solver from
Publication II (Theorem 3.2.3), since under the hood, this solver can handle
arbitrary degrees. However, this approach is also too slow. The solver runs
in O(log D) rounds, where D is the component-wise maximum diameter,
which in the worst case, can result in an O(logn) runtime.

3.4 Coloring Sparse Graphs in AMPC

The problem of finding arboricity-dependent colorings has received sig-
nificant attention across various settings, including LOCAL [BE08; BE10;
Barl5; FHK16; Mau21; MT20], MPC [GS19; FGG23; BCG20; GG25], dy-
namic algorithms [HNW20; CNR23; CR22; Bha+24], and streaming al-
gorithms [BCG20]. Obtaining an O(«)-coloring on graphs with arboricity
«a efficiently remains a challenging open problem in low-space MPC. A
step towards solving this open problem was taken by [GG25], who gave a
poly(loglog n) algorithm for O(«aloglogn)-coloring. The solution relies on
computing an edge orientation such that the maximum out-degree of any
node is O(aloglogn).

By shifting from the MPC to the AMPC model, we gain a new avenue of
attack. While a randomized constant-time! (A + 1)-coloring algorithm in
the AMPC model is already known [Cha+19a], this number of colors is often
far from optimal for sparse graphs, where A can be significantly larger
than «. In Publication IV, we present deterministic AMPC algorithms that in
constant, or near-constant, time give poly a- and O(«)-colorings for sparse
graphs.

Theorem 3.4.1 (Publication IV, Theorem 1.3). For any constant € > 0 on
graphs with possibly non-constant arboricity «, there are deterministic
low-space AMPC algorithms to compute:
1. An O(a**¥)-coloring in O(1/¢) rounds.

2. An O(a?)-coloring in O(log o) rounds.

3. A ((2+ ¢)a + 1)-coloring in O(a/e) rounds.

LUnder the assumption that A is a small enough polynomial in n.
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Although Theorem 3.4.1 offers several trade-offs between the number of
colors and runtime, its main strength is captured in the following corollary.

Corollary 3.4.2 (Publication IV, Corollary 1.4). For any constant ¢ > 0,
there is a constant time AMPC algorithm to compute a ((2+¢)a+1)-coloring
on any graph with bounded arboricity a = O(1).

A standard and powerful approach for computing arboricity-dependent
colorings is based on H-partitions (see Section 2.2), which define an acyclic
edge orientation where each node has bounded out-degree. Our main
technical contribution is designing efficient deterministic algorithms to
construct such orientations, and showing how to leverage them to obtain
colorings in AMPC.

Why using less than A + 1 colors is hard? The standard approaches for
(A + 1)-coloring are essentially oblivious to the graph’s topology. They
rely on the fact that any partial coloring can always be extended to a valid
coloring of the entire graph. However, this property no longer holds when
aiming for colorings with only O(«) (or similarly small in terms of «) colors,
which is typically far fewer than A + 1. In such cases, extending partial
colorings may be impossible, giving rise to intricate dependencies that must
be carefully resolved.
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4. Exponential Speedup Over Locality

In this chapter, we give an overview of the main techniques used to address
the challenges encountered in Publication I. Earlier work has established
that in the LOCAL model, the deterministic complexity of a problem on trees
can only take the following forms:

f(n) € {©(1),0(og* n),O(logn)} U {O(n'/*) | k e N} .

We show that knowing the asymptotic behavior of f(n) is sufficient to design
a deterministic MPC algorithm with runtime

O(log(f(n))) € {O(1),O(loglog* n), O(loglogn),O(logn)} .

It is known that for all f(n) ¢ ©(logn), the randomized and determinis-
tic LOCAL complexities coincide. In contrast, when f(n) € ©(logn), the
randomized complexity g(n) in the LOCAL model can be either O(logn) or
O(loglogn). In the latter case, we design an MPC algorithm with randomized
complexity O(logloglogn).

Our central result can be summarized as follows.

Theorem 3.1.1. [Publication I, Theorem 1] Consider an LCL problem
on trees with deterministic time complexity f(n) and randomized time
complexity g(n) in the LOCAL model. This problem has deterministic time
complexity O(log f(n)) and randomized time complexity O(log g(n)) in the
low-space MPC model on forests using optimal O(m + n) words of global
memory. The provided algorithms are component-stable.

We group these runtimes into four distinct regimes:
* the tiny-regime: f(n) € {6(1),0(log*n)},
* the low-regime: f(n) = ©(logn)},
* the mid-regime: g(n) = ©(loglogn),

« the high-regime: f(n) = ©(n'/¥), Vk € N .
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The tiny-regime is the simplest case, which still illustrates the difficulties
in staying within the optimal global space bound. The most technically
demanding case is the high-regime, where we establish that every LCL
problem admits a deterministic O(logn)-round MPC algorithm.

Graph exponentiation. A central obstacle across all regimes is the restric-
tion to linear global space, which in practice means that each node is
limited to using only a constant amount of space on average. This is partic-
ularly problematic because nearly all recent advances in MPC algorithms,
especially those achieving exponential speedups, depend heavily on the
memory-intensive technique of graph exponentiation (see Lemma 2.5.1).
Informally, this method allows a node to collect its 2¥-hop neighborhood
within £ communication rounds. However, performing this in parallel for all
nodes incurs a global space overhead of A", Almost all effective algorithms
need k = w(1), which results in a super-constant multiplicative increase
in global space. In order to use this technique effectively while using only
linear global space, we develop new techniques outlined in the following
sections.

4.1 Tiny-Regime f(n) = ©(1) and f(n) = O(log" n)

For f(n) = ©(1), the approach is straightforward: any LOCAL algorithm
for LCL problems can be directly simulated in the MPC model. For f(n) =
O(log* n), prior work has shown that such problems in the LOCAL model can
be solved by reducing them to computing a distance-k coloring, where k is
a constant depending on the specific problem. In a distance-k c-coloring,
each vertex is assigned a color from {1,...,c} such that no two vertices
within distance k share the same color. This coloring can be obtained in
O(log* n) rounds in the LOCAL model. Using graph exponentiation, the
same can be achieved in the MPC model in O(loglog* n) rounds, but this
requires an additional factor of O(log* n) in global space.

We show that this space overhead is not necessary. It is known that, in the
LOCAL model, coloring general graphs can be reduced to coloring directed
pseudoforests, i.e., graphs in which every edge is oriented and each node
has at most one outgoing edge. We give a memory-efficient MPC algorithm
for coloring such structures using a variant of graph exponentiation that
only requires keeping track of a constant number of IDs. As a result, each
node uses constant memory, and the overall space requirement remains
linear.
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4.2 High-Regime f(n) = O(n'/*),forall k € N

For every solvable LCL problem, we design a novel algorithm with runtime
O(logn). The algorithm processes each tree in the input forest indepen-
dently, so it suffices to consider the case of trees. On a high level, we first
root the tree in O(logn) rounds, and then solve the problem in two phases:

1. Working bottom-up from the leaves, we compute, for a substantial number
of nodes v, the set of output labels that could be assigned to v such that
any assignment would extend to a valid solution within the subtree rooted
at v.

2. Using the information from Phase 1, we construct a valid solution top-
down, starting from the root.

While this outline appears simple, there are several technical difficul-
ties. For example, the input tree may have depth w(logn), preventing a
purely sequential execution of the above idea. Furthermore, storing the
required compatibility information using standard graph exponentiation
causes an exponential blowup in memory requirements, violating the linear
global space constraint. The key technique for resolving these challenges
is a method for interleaving graph exponentiation with graph compres-
sion, while also storing compatibility information in a reversible way (so
it can be reused in Phase 2). The most difficult aspect of this approach
is that exponentiation processes on different subtrees must be merged —
sometimes simultaneously, sometimes at different times — into a single
coherent process. In order to analyze the resulting complex and highly
non-sequential algorithm, we develop a finely tuned potential function.

4.3 Mid-Regime f(n) = O(logn)

Ideally, one would hope to use the algorithm of Chang and Pettie [CP17]
as a black box. On a high level, their LOCAL algorithm constructs a rake-
and-compress decomposition of depth O(logn), resembling the classical
decomposition introduced by Miller and Reif [MR85]. Compatibility infor-
mation is then propagated upward layer by layer, labels are fixed at the top,
and the assignments are propagated downward.

However, directly applying this algorithm in the MPC model does not work
out of the box. First, the compatibility information grows exponentially,
which causes congestion in MPC communication. Second, a straightforward
application of graph exponentiation would exceed the linear global space
limit. We overcome these barriers as follows. We show that the compatibility
information can be reduced to a constant size at each iteration, preventing
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congestion. We interleave graph exponentiation with memory-releasing
steps in a balanced fashion, ensuring that the overall space usage remains
linear.

4.4 Low-Regime g(n) = O(loglogn)

For this regime, prior work by [Bal+21] shows a constant-time reduction
to instances of size N = logn, and gives a LOCAL algorithm with run-
time poly(log V) = poly(loglogn). With a naive application of graph expo-
nentiation, this reduction translates into an MPC algorithm with runtime
O(logloglogn) and an O(logn) multiplicative factor in global space.

Without using additional global space, however, solving these reduced
instances within triple-logarithmic time is more challenging. Our solution
is to apply the algorithm developed for the mid-regime to the reduced in-
stances, yielding a memory-efficient algorithm with runtime O(logloglogn).
To the best of our knowledge, no prior work is capable of efficiently handling
such small instances under strict global space constraints.
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5. The Balanced Exponentiation
Technique

This chapter introduces the balanced exponentiation technique, explaining
its origins, motivation, and applications. The method was first developed
for solving connectivity in Publication II, was later adapted for coloring
forests with arbitrary degree in Publication III, and was the inspiration for
the coin-dropping game used in arboricity-based colorings (see Chapter 6)
in Publication IV.

5.1 Forest Connectivity

Our goal is to design a deterministic algorithm for connectivity on forests
with runtime O(log D), where D denotes the maximum diameter of any
connected component. Prior algorithms for general graphs achieve runtimes
with an unavoidable dependence on n, the number of nodes, which we are
determined to eliminate.

A natural approach for solving connectivity on forests is to root each
tree and then identify it by the ID of its root. Rooting, however, already
illustrates the inherent difficulty of the problem. A standard rooting method
is to iteratively perform rake operations: at each step, every leaf chooses
its unique neighbor as their parent. This procedure roots a tree in O(D)
parallel rounds, and in a forest, each tree can be rooted independently. If we
disregard space constraints, this process could be accelerated to O(log D)
rounds using graph exponentiation: in O(log D) rounds, every node could
collect its D-hop neighborhood, effectively the entire graph. However, in
the low-space MPC model, where local and global space are restricted to
O(n?) and O(n + m) respectively, this is infeasible. Graph exponentiation
requires every node to simultaneously expand its neighborhood, which,
under the strict space limit, means that each node can only afford to gather
its constant-radius neighborhood. On graphs with arbitrary degrees, even
this is not possible, since the degree of a single node could be w(n?). As a
result, only a constant number of rake steps can be simulated in an MPC
round, preventing the desired speedup.
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Figure 5.1. (Publication II, Figure 1) Light subtrees highlighted in green.

One might hope to exploit the fact that the ratio of the “original” total space
to the number of active nodes increases as we rake the graph, an observation
made in earlier work [And+18; Beh+19b; CDP21a]. If each round shrinks
the graph by a constant factor, then the average available space per node
also increases, potentially enabling nodes to gather progressively larger
neighborhoods. Yet, even with such a guarantee, the runtime would remain
dependent on n, since progress would still be measured using the size of
the graph. This suggests that a fundamentally different approach is needed,
rather than one that gradually sparsifies the graph.

The algorithm. The core idea of our algorithm in Publication II is to itera-
tively compress parts of the graph while preserving connectivity, ensuring
that the maximum identifier within each compressed part is retained in the
reduced graph. This process is repeated until only a single node remains,
which holds the maximum identifier (ID) of the whole connected component.
We then reverse the process by iteratively decompressing the graph and
propagating ID back to all nodes. Eventually, the original graph is restored,
with every node aware of ID.

The two types of structures we compress are light subtrees and paths.
The definition of a light subtree (highlighted in green in Figure 5.1) is a bit
convoluted, because we are in an unrooted setting. Intuitively, a subtree
T, at a node v is the graph connected to v if we ignore exactly one edge
adjacent to v. This subtree is light if |T},| < n%/%. We refer to v as the root of
T,, and we refer to the nodes in T, as the descendants of v, even though we
do not have any global rooting in place. To make the definition more formal,
one needs to include the ignored edge in the notation, which is precisely
what we do in the technical parts of the paper.

The algorithm proceeds in ¢ = O(1) phases, followed by the same number
of reversal phases. In each phase, all light subtrees are compressed into sin-
gle nodes, and paths are compressed into single edges, yielding a sequence
of graphs Gg, Gy, ..., Gy. During the reversal phases, the compression steps
are undone in reverse order, spreading ID across the graph.
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Balanced exponentiation. The main technical challenge lies in compressing
light subtrees, or in other words, ensuring that every root of a light subtree
can gather the subtree. Tackling this challenge led to the development
of the balanced exponentiation technique, which ensures that every root
of a light subtree gathers a part of its neighborhood that is balanced in
the following sense. If a node u is the root of a light subtree T, of size
9/8, we ensure that u gathers T}, as well as only O(v) nodes in the
direction of the edge that was ignored when defining 7;,. Thus, the memory
requirement at u is O(v).

A crucial step in our analysis is showing that even if every node gathered
its v descendants and some other O(~) additional nodes, the total space
increases by only a multiplicative D factor. The following lemma is central
to this argument.

T<n

Lemma 5.1.1 (Publication II, Lemma 4.5). Consider an n-node tree T with
diameter D that is rooted at node r. Let T'(v,r) denote the subtree rooted at
v (including v) when T is rooted at r. It holds that ) ., [T (v,r)| < (D+1)-n.

Proof. Consider the unique path P,, from the root r to a node v. Observe
that v appears only in the subtrees of the nodes in P,,. Since |P,,| < D +1,
node v is overcounted at most D times, and ), i, [T'(v,7)| < (D +1)-n. O

By the lemma above, if every node u would gather min{n’, O(|T,|)} infor-
mation, where T, is a light subtree rooted at u, the global space would be
bounded by O(m - D). With some simple preprocessing, we can eliminate
the extra factor of D, ensuring that the algorithm operates within linear
global space.

The major crux of this approach is the fact that the input graph is not
rooted, so nodes do not know in advance who their descendants are and
whether or not they are roots of light subtrees. Nevertheless, we show
that, without asymptotic slowdown, each node can deterministically identify
its “worst-case” parent choice and gather information accordingly. Using
this strategy, nodes with light subtrees can identify them in O(log D) time,
independent of n. Since the number of phases is constant, the overall
runtime is O(log D).

Another issue is that executing balanced exponentiation requires knowing
the diameter D, which is not given as input. This issue is resolved by
running O(loglogn) parallel instances of the algorithm with exponentially
increasing diameter guesses, one of which will be sufficiently close to the
correct value.

5.2 Coloring, MIS and Maximal Matching

In Publication III, we present a unified algorithmic framework that solves
3-coloring, maximal independent set (MIS), and maximal matching in
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O(loglogn) rounds. The core technical ingredient enabling this unifica-
tion is an efficient procedure for computing H-partitions (see Section 2.2).

Theorem 5.2.1 (Publication III, Theorem 2). There is a deterministic
O(loglog n)-round low-space MPC algorithm that computes a strict H-decom-
position with O(logn) layers on forests in O(n) global space.

On forests, an H-partition entails partitioning the vertex set into layers
such that each node has at most two neighbors in the same or higher layers.
It is known that every forest admits an H-partition with O(logn) layers. In
the LOCAL model, such a decomposition immediately yields an O(logn)-
round algorithm for 3-coloring. Essentially, one can process the layers
in reverse order sequentially, coloring all nodes in a layer while avoiding
conflicts with already colored neighbors in higher layers.

The novelty of our work does not lie in the use of H-partitions to obtain a 3-
coloring — this approach is already well known and even taught in graduate
courses — but rather in how we compute the decomposition efficiently. We
extend the balanced exponentiation technique, originally developed for
our connectivity algorithm in Publication II, and adapt it to this setting.
Our method steers each node to explore portions of the graph (largely
in an uncoordinated manner) so that it can locally construct a partial H-
partition. These partial partitions are then combined in a non-trivial way
into a consistent global decomposition. To the best of our knowledge, this
is the first MPC algorithm for H-partitions that follows such an approach.

Furthermore, we formulate balanced exponentiation as a standalone
technique, making it available as a general tool that can be applied to a
broader range of problems.

Balanced exponentiation. Our balanced exponentiation procedure enables
nodes to explore meaningful, by some metric, parts of the graph, while
keeping space usage minimal. To describe this method, we first need to
introduce the notion of a subtree: a connected subgraph of a tree whose
removal does not disconnect the graph. A node is considered important if
it lies within a subtree of size at most n?/5. Informally, balanced exponen-
tiation can be summarized as follows (the precise formulation is given in
Lemma 5.2.2).

Publication III, page 23:5: Let 0 < k < n%/® be a parameter. There is a
deterministic low-space MPC algorithm that, given an n-node forest F, uses
O(log k) rounds in which every important node v € F discovers its k-hop
neighborhood in every direction of the graph, except for at most one.

For a node v € F, each neighbor = € N(v) defines a direction relative to
v. The portion of the forest that v can explore in direction x is simply the
subgraph of F' that is connected to v via x. This subgraph is unique because
F'is a forest.
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The above technique may be of independent interest and could find ap-
plications in other graph problems. We obtain it by generalizing the expo-
nentiation technique introduced in Publication II. In that earlier work, the
parameter k£ was fixed to be the maximum diameter of the graph, which en-
abled an O(log D)-round algorithm for solving connectivity on forests. The
same technique has since been adapted for certain dynamic programming
tasks on tree-structured data by [Gup+23] (a publication by the author not
included in this thesis), also achieving runtimes logarithmic in the diameter
of the graph.

The key advantage of our generalized result is its flexibility: parameter &
can be tuned so that both runtime and space remain small whenever nodes
require only a limited “view” of the graph. This property plays a central
role in our algorithm for computing H-partitions. For completeness, we
include the formal statement of this generalized balanced exponentiation
procedure below.

Lemma 5.2.2 (Full version of Publication III [Gru+23], Lemma 8.4). Let
0 < k < n%8 be a parameter that may or may not be constant. Given
an n-node forest F, there is a deterministic O(log k) time low-space MPC
algorithm after which the following holds. For every important node v €
V(F), there is a node z € N(v) and a machine that for all x € N(v) \ z holds
N*(v) N Fy—, in memory. The algorithm requires O(n - poly(k)) total space.

Our algorithm in a nutshell. As outlined previously, the central technical
component of our approach is computing an H-partition of the input forest
F. Concretely, we seek a partition

VF)=ViuVaU...uVy

of L = O(log n) layers such that each node in V; has at most two neighbors
in Y i>i V;. A straightforward way to obtain such a decomposition is via an
iterative peeling process: in each step, remove all nodes of degree at most
2 and define V; as the set of nodes removed in the i-th round. A simple
counting argument shows that at least half of the remaining nodes are
removed in every iteration, which yields a decomposition of O(logn) layers.
Moreover, one can determine the layer of a node solely based on its O(log n)-
hop neighborhood. Hence, if we could store the O(log n)-neighborhood of
each node, the layer assignment could be decided locally without further
communication.

However, the space constraints of the low-space MPC model prevent us
from gathering the full O(logn)-neighborhood for every node. To overcome
this, we employ the balanced graph exponentiation technique for forests
described earlier. When setting parameter & to O(log n), balanced exponen-
tiation provides a slightly weaker guarantee than collecting the complete
O(log n) neighborhood of every node:
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The Balanced Exponentiation Technique

1. It only applies to nodes within small subtrees, specifically of size < nd/s,

2. For such nodes, it gathers the O(logn)-neighborhood in all directions
except one.

We first address the limitation of handling only small subtrees. Suppose
we repeatedly remove, from F’, all nodes that either belong to a subtree
of size at most x or have degree 2 outside said subtrees. Within O(log, n)
iterations, the entire forest is removed using a simple argument presented
in Publication II. Consequently, if we assign nodes in subtrees of size at
most n%/8 together with nodes of degree 2 to one of O(logn) layers in each
round, then after O(1/0) such rounds every node has been assigned to some
layer. This results in a decomposition of O((1/4)logn) layers. Hence, it
suffices to restrict our attention to nodes contained in subtrees of size at
most n%/® (nodes of degree 2 are trivial to handle).

Addressing the second challenge is more involved. In general, no machine
stores the full O(logn) neighborhood of any node, making it impossible to
directly replicate the peeling process. Instead, each node v runs a conserva-
tive peeling algorithm based only on the portion of the graph stored locally.
In this conservative peeling algorithm, not all nodes are assigned a layer
— some remain unlayered and must be handled in subsequent iterations.
Consequently, each iteration yields only a partial H-partition, consisting of
both layered and unlayered nodes. An additional complication is that these
partial decompositions may not be globally consistent because a node might
get assigned to different layers by different nodes. This discrepancy arises
because balanced exponentiation can give different nodes very different
perspectives on the graph. Fortunately, this inconsistency does not pose a
real obstacle. We prove a key structural property of (partial) H-partitions:
given multiple (partial) decompositions, one can construct another valid
(partial) decomposition by assigning each node to the smallest layer it is
assigned to across all decompositions. Using this property, we can merge
the various locally computed partial H-partitions into a single globally con-
sistent partial H-partition, ensuring that every node in a sufficiently small
subtree is assigned to one of the O(logn) layers.
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6. Coin Dropping Game via Adaptive
Queries

Balanced exponentiation makes an appearance in the AMPC model in the
form of the so-called coin-dropping. This technique is used to develop a
deterministic local computation algorithm (LCA) [Rub+11; Alo+12] that
enables us to compute poly(«)- and O(«)-colorings in constant, or near-
constant, time on graphs with arboricity « in the AMPC model. On a high
level, the approach is very similar to the tree-coloring algorithm in the MPC
model from Publication III, in that the core task reduces to computing an
H-partition of the graph. The key difference, however, is that the input
graphs are no longer trees. This alone renders the generalized balanced
exponentiation technique from Publication III useless because it fundamen-
tally relies on a property unique to trees: the subgraph connected to a node
v via its neighbor u € N(v) is disconnected from the subgraph connected
to a node v via some other neighbor w € N(v),w # u. However, we show
that we can bypass this limitation in the AMPC mode by designing an LCA
that computes (partial) H-partitions efficiently, even on graphs with cycles.

6.1 Sublinear LCA

We develop a deterministic LCA that produces an acyclic orientation with
small out-degree 8 = Q(«) for the vast majority of nodes on a graph with
arboricity «, using a sublinear number of queries. In particular, we construct
a (-partition, i.e., a layering of the vertex set where each node has at most
8 neighbors in its own or higher layers, while minimizing the total number
of layers. Such a partition directly induces the desired acyclic orientation:
inter-layer edges are oriented from lower to higher layers, and intra-layer
edges are oriented from lower to higher ID (or, if a layer is colored, from
lower to higher color). Previous work suggests that achieving this for
all nodes with sublinear query complexity is highly unlikely. Instead, our
algorithm focuses on computing layers for most of the vertices, thereby
achieving an LCA with sublinear-query complexity that produces a near-
complete S-partition (see Figure 6.1).
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Figure 6.1. (Publication IV, Figure 1) An illustration of a 3-partition where most nodes are
assigned a layer.
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Black nodes form the dependency counter-example to naive volume-based
graph D(v) of node v. querying.

Figure 6.2. (Publication IV, Figures 2 & 3) Examples of different dependency graphs.

The informal guarantee we achieve is summarized below.

Lemma 6.1.1 (Publication IV, Lemma 1.1). For any constant § > 0 there is
deterministic LCA that uses at most O(n°) queries per node on a graph G
with arboricity « and assigns each node a layer from NU {oco} such that the
following holds:

> There exists a subset S C V containing at least a 1 — 1/n0(5) fraction of
vertices such that the layering of S forms a -partition of G[S] with O(logg n)
layers. «

6.1.1 Where Should One Query?

A fundamental question to answer is which part of the graph a node needs to
query to determine its layer? The answer is straightforward to answer if we
assume that the target -partition / is already known, because this partition
naturally defines the dependency graph of each node v. The dependency
graph D(v) is the set of all nodes « that can be reached from v along a path
of strictly decreasing layers (see Figure 6.2a). Every node in D(v) has at
most 8 neighbors outside of D(v). The dependency graph certifies the layer
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of v, in the sense that the layer of v in ¢ can be determined solely based
on the nodes in D(v) and their degrees (see Figure 6.2a for an example).
Once a node has discovered its dependency graph through queries, it can
correctly compute its layer. While this imagined partition ¢ is not available
to guide the algorithm, simply because it is not known beforehand, it is
precisely what we aim to compute, and it provides valuable intuition and a
useful framework for analysis.

Observe that if a node’s dependency graph is too large, then learning it
with a sublinear number of queries is impossible. Thus, our strategy relies
on the fact that many nodes have small dependency graphs (of size < n?%).
For such nodes, we hope to explore their dependency graphs and determine
their layers.

Everything boils down to solving what appears to be an impossible task:
guiding the exploration of a node v so that most queries are concentrated
within its dependency graph, despite having no prior knowledge of where
this region lies. Deterministic exploration is particularly difficult, as the
local neighborhood of v can look identical in every direction. However, only
a fraction of these directions actually lead to D(v), and there is no obvious
way to identify them in advance. Let us briefly explain why the classic
search paradigms fail in this setting.

* Depth-First Search (DFS): A node v may have up to 5 neighbors outside
its dependency graph. If the algorithm initiates DFS from one of these,
all queries may end up being wasted on irrelevant parts of the graph.

* Breadth-First Search (BFS): To avoid the pitfalls of DFS, one might try BFS
in hopes of balancing exploration. At first glance, this seems promising:
after the first round of queries, at leasta 1/(8+1) fraction of queried nodes
belong to D(v). However, the gains of this approach quickly deteriorate.
Suppose v has a neighbor u outside D(v) with very high degree, say
deg(u) = n’. Then, most second-level queries are spent on exploring
u’s neighbors, which most likely lie outside D(v) and provide no useful
information.

Clearly, a more refined exploration strategy is needed. Our solution is to
explore the graph in a volume-balanced manner, rather than in a distance-
balanced way like BFS or DFS. This method draws direct inspiration from
the balanced exponentiation technique of Publication II and Publication III.

Volume-based querying. To guide the queries, consider the following coin-
dropping game. Suppose node v is given n° coins. A naive strategy (which,
as we will see, still fails) is for v to distribute its coins evenly among its
neighbors, so that each neighbor receives the same share. Each neighbor
then repeats this process recursively, forwarding the coins it received to
its own neighbors, and so on, until the coins can no longer be divided.
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Conceptually, this procedure acts like a “volume-based” version of BFS. The
act of passing a coin corresponds to querying a node, and any node that
receives at least one coin is thereby “discovered” by v. Ideally, this process
would succeed in forwarding a coin to every node in D(v). Unfortunately,
this approach breaks down in the presence of skewed dependency graphs,
an example of which is depicted in Figure 6.2b: a long “descending” path
where each node has n9/1° neighbors in the lowest layer. In this case, the
initial n® coins given out by node v are exhausted already after ten rounds
of distribution, discovering only around 10 - n%/1° nodes of the dependency
graph — far fewer than desired. The exploration stalls because most of
the coins get “stuck” at the lowest layer very fast and cannot be utilized
where they are truly needed. Repeating this coin-dropping game yields no
improvement, since the coins will always get stuck in the same way.

6.1.2 Our Solution

Our approach builds on the coin-dropping game described earlier, but in-
stead of naively distributing coins, we design more refined forwarding rules
that dictate how coins are passed along. These rules are changed dynami-
cally as more of the graph is revealed by the queries of node v, allowing us
to steer exploration more effectively and fully exploit the adaptivity of the
queries.

Let us think about how to guarantee that a coin-dropping game will always
reveal new parts of the dependency graph. The previous approach failed
because nodes distributed coins to all of their neighbors blindly. What if
nodes only forwarded coins to a carefully chosen subset of their neighbors?
Recall that every node in D(v) has at most 5 neighbors outside of D(v).
Consequently, if every node u € D(v) forwards coins to S+ 1 of its neighbors
(chosen by some rule), then at least one of those neighbors must belong
to D(v). Hence, at least a 1/(8 + 1) fraction of u’s coins is guaranteed
to stay inside the dependency graph. After k forwarding rounds, at least
x/(B+ 1) of the original = coins distributed by v remain within D(v), which
sounds promising. Does this approach work? Is it possible to distribute
coins long enough to learn new parts of the dependency graph? Crucially,
does performing multiple of these coin-dropping games lead to v learning
the whole dependency graph?

Everything boils down to how we choose, for every node v € D(v), the
B + 1 neighbors that u forwards coins to. It seems that any fixed choice is
insufficient: after some number of coin-dropping games, coins will begin
accumulating within already discovered regions of D(v). In such cases,
the process does not lead to v to querying new, undiscovered parts of the
dependency graph. Hence, the rules for selecting which neighbors receive
coins must be defined adaptively.
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Our coin forwarding rules. We aim to define forwarding rules such that
a sufficient fraction of coins flows into unexplored regions of D(v) while
minimizing leakage outside of the dependency graph or stagnation in areas
already known. To achieve this, node v maintains an approximation of the
(-partition (called the induced [-partition) of the subgraph it has discovered
so far (denoted S,). In this approximation, every node in S, is assigned
a tentative layer (or oo if no layer is yet assigned). Every time a coin-
dropping game is initiated by node v, a new approximation is computed
and every node u € D(v) forwards coins to its 5 + 1 neighbors with the
highest tentative layer, with ties broken arbitrarily. These adaptive rules
guarantee that enough coins flow toward undiscovered parts of D(v) in
every coin-dropping game.

Interestingly, the process cannot simply stop once node v is assigned a
tentative layer different from oco. Even if v has already uncovered most of
D(v), its tentative layer might still be an overestimate: for example, n/1°,
while its true layer (had the entire dependency graph been explored) could
be much smaller. Such inaccuracies are unacceptable, since we aim for
O(logn) layers overall. The success of our method, therefore, hinges on how
many times we reinitiate the coin-dropping game and how long individual
games are allowed to run.

6.2 Using Our LCA Recursively

Our LCA computes the S-partition layers for a large majority of the nodes,
but not for all of them. To obtain a complete 3-partition, one would hope
to simply recurse on the subgraph that remains after removing all nodes
assigned a finite layer. Unfortunately, this step turns out to require more
care. From Lemma 6.1.1, we only know that there exists a subset S C V of
size at least (1 — 1/n°®) . |V| such that the layering of S forms a valid j3-
partition of G[S]. Utilizing this property is difficult because we do not know
which nodes belong to this “good” set S, since there may be nodes outside
of S that also compute a finite layer. Including such nodes in the partition
risks creating a globally inconsistent layering. For example, consider nodes
w,u ¢ S. It can happen (because the nodes are not in S) that w assigns itself
to layer 10 because it has computed « to be in layer 9, while u independently
assigns itself to layer 11. Which result to accept, and could this create an
unwanted domino effect? By choosing poorly, nodes could end up with more
than S neighbors in higher layers, violating the (§-partition property. To
overcome this issue, we strengthen our LCA beyond the informal guarantee
of Lemma 6.1.1. In addition to outputting its own layer, each node v € V
also provides a proof in the form of a S-partition! ¢,. Intuitively, this proof

lwe actually require this partition to be partial, analogous to partial H-partitions
introduced in Chapter 5.
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acts as a local certificate that justifies why u can be safely assigned to layer
£, (u): it describes how to layer parts of the graph so that u’s assignment is
valid. With access to these proofs, we no longer need to decide between
different layer assignments or identify which finite-layer nodes belong to S.
Instead, we can merge all discovered [-partitions into a single partition by
defining
L(v) = gg‘r/l £, (v)

to be the layer of a node v. This construction yields a valid and globally
consistent S-partition of the subgraph induced by all finite-layer nodes. This
consistency guarantee is sufficient for applying our LCA recursively in the
AMPC model.
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