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ABSTRACT

Author Erik Schultheis

Name of the doctoral thesis Addressing statistical and computational challenges in extreme 

multilabel classification with unbiased estimators, macro-averaged metrics, and hardware-aware 

implementations

Article-based thesis

Number of pages 298

Keywords multilabel classification, missing labels, classification with large output spaces, long-

tailed prediction, sparse neural networks

This thesis tackles statistical and computational challenges in extreme multilabel classification

(XMC) problems, that is, in tasks where the label space is gigantic, possibly in the millions of  

labels. Such problems are plagued by missing labels and data scarcity, particularly in the form of 

tail  labels,  and the enormous label  space turns operations that  are cheap in  typical  machine 

learning problems, such as calculating the loss in the classification layer,  into computationally 

challenging tasks.

Towards addressing the missing-label problem, this thesis derives unbiased estimators for generic 

multilabel loss functions under the assumption that a propensity model is available. A critical look 

at the propensity model that is in widespread usage in the current XMC literature is provided, in 

particular regarding the the problematic double role of using propensities both to compensate for 

missing labels and as a measure for performance on infrequent tail  labels.  As an alternative, 

macro-averaged performance metrics are proposed, and prediction algorithms aiming to optimize 

these metrics in two different inference frameworks are presented.

The thesis presents a new approach to train linear extreme classifiers, still an important baseline, 

significantly faster than before, owing to a new weight initialization scheme, and code that is aware

of the memory layout of modern NUMA processors. Additionally, it presents a novel way to exploit 

weight sparsity, already at the training stage, to reduce the on-device memory consumption. This 

is  achieved by combining dynamic  sparse training algorithms with  an efficient  weight  storage 

format that at the same time allows for a fast implementation of matrix multiplication.
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This document represents the culmination of about five years of fun and
exiting work as a doctoral student at Aalto University. It certainly got off to
an interesting start: Move abroad, get a flat, trip to IKEA, lockdown... Still,
I think we managed to make the best out of it!
Maybe it was a consequence of Covid, maybe it would have happened like

this anyway, but a lot of the collaborations for the papers that comprise this
thesis have been organized remotely, but in the end, I did manage to meet
all of you in person. Special thanks to Krzysztof and Wojciech for inviting
me to visit PUT in Poznań, and to Yani and Mike for hosting me in Calgary.
Unfortunately, I missed Marek by a day or two when visiting Poland, but
we finally got together during ICLR in Vienna, three years after we started
working together. It’s been a pleasure meeting you all.
Of course, besides external collaborators, I’ve had the joy of working with

several people at Aalto. First and foremost, my initial supervisor and now
thesis advisor Rohit Babbar. He was there when needed, offering advice
and guidance, but also let me — encouraged me — to explore things that
were a bit outside (at least initially) of the original project plan. The two
dynamic sparse training papers presented here are an offshoot of just such
experimentation, so I think it paid off. At about the midpoint of my doctorate,
Rohit left Aalto for Bath university. While that meant an official demotion
from thesis supervisor to thesis advisor, in practice this did not change his
engagement with me or my colleagues. Still, a new supervisor was needed,
and Pekka Marttinen took up the task; not just for me, but for Rohit’s other
three PhD students as well. When that decision was made, it was certainly
a bit of a weird feeling at first, as I had not interacted much with Pekka
before, but he turned out to be a great supervisor.
I’d be remiss not to mention Prof. Inderjit Dhillon and Dr. Aditya Krishna

Menon, who graciously agreed to serve as pre-examiners for the thesis and
provided valuable feedback on the preliminary version of this work.
My thanks also goes to my fellow doctoral students in the XMC group,

Mohammadreza, Jinbin, and Nasib. We’ve had many interesting discussions
over the course of the last couple of years. Particularly memorable were
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those we had while barbecuing by the sea.
During my time at Aalto, I also took part in teaching two courses. The

Programming Parallel Computers course was awesome both from the per-
spective of a student and as a TA/developer, many thanks to Henrik and
Jukka. The Geometric Deep Learning course, though not related to any of
the research presented here, was a nice opportunity to reconnect a bit with
my physics background, and preparing the introductory lectures certainly
was an interesting challenge. A big thank you to Alison, Çağlar, Kate, and
Vikas for co-organizing the course. It couldn’t have happened without you!
I’d like to mention the Aalto ScienceIT team, too. The fact that, if there is

an IT problem of some form, you’ll generally get an initial response, if not a
full fix, within a few hours on any day of the week is amazing. Scientific
computing is one thing that is taken for granted when it works well, but
a source of endless frustration when it does not, and I’m certainly glad I
didn’t have to experience the latter.
Finally, I’d like to thank my family, my parents, brothers and sisters, as

well as my friends, for all the times they were there for me during these
years.

Helsinki, September 17, 2025,

Erik Schultheis
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1. Introduction

This thesis concerns extreme multilabel classification, that is, multilabel
classification problems that have a very large label space. Below, we give a
broad overview over the field, starting from defining characteristics of ex-
treme multilabel problems. Then, several application areas are introduced,
and the current challenges that are addressed in this thesis are discussed
and corresponding research questions formulated.

1.1 Defining Extreme Multilabel Classification

While Extreme Multilabel Classification (XMC) does not have a strict formal
definition [9], it generally designates multilabel classification problems
where the size of the label space poses a serious challenge. From a compu-
tational perspective, what constitutes a challenging label-space changed
(and changes) over time, as memory and compute capacity of typical hard-
ware resources increase. For example, in 2012, a high-end GPU like the
Quadro K5000 had 4 GB of memory, whereas ten years later the RTX 6000
has 48 GB, a twelve-fold increase in memory.1

To be less dependent on the specifications of ever-changing current-
generation hardware, one can instead consider the resource cost of the
classification layer in relation to the entire model; if classification represents
a sizable fraction of the total compute and memory requirements, then the
problem can be considered extreme. Of course, a large amount of research
effort in XMC is spent precisely on bringing down these costs, by, e.g.,
switching from methods that are linear in the number of labels to those that
have only a logarithmic dependency. Consequently, in a successful XMC
method, the classification part might no longer be dominating the cost.
As an illustration, consider a standard text classification task using Bert [32].

In its bert-base version, this model has 110 million parameters, and an
embedding dimension of 768. If the number of classes is small, say 1000,

1https://en.wikipedia.org/wiki/List_of_Nvidia_graphics_processing_
units
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Dataset #Labels #Training #Test PpL LpP

EURLex-4K 3993 15539 3809 25.73 5.31
AmazonCat-13K 13330 1186239 306782 448.57 5.04
Wikipedia-500K 501070 1813391 783743 24.75 4.77
Amazon-3M 2812281 1717899 742507 31.64 36.17

Table 1.1. Statistics of publicly available extreme classification datasets [11]. “PpL” indi-
cates the average number of positive training examples per label, “LpP” the
average number of labels per point.

then this corresponds to an additional 768 thousand parameters, a mere
0.7%. But in the extreme case, for example when classifying 501070 dif-
ferent Wikipedia categories [11], the classification layer takes 385 million
parameters, about 3 times as much as the embedding model! Chang et al.
[19, Table 1] gives a similar example showing memory consumption when
using an XLNet [166] backbone.
A second characterization that is independent on the resources available to

the researcher, instead identifies XMC problems based on dataset statistics,
examples of which are shown in Table 1.1. In that view, a problem is
“extreme” if the number of training samples is of comparable order of
magnitude as the number of possible labels.
Overall, the best approach might be to just collect a list of criteria, based

on these alternative definitions above, that make a problem XMC-like,
without trying to delineate the field precisely:

Computational feasibility a naïve approach is infeasible (or at least very
costly) on current-generation hardware

Cost distribution the computational cost to do classification is compara-
ble to, or even outweighs, the cost of feature extraction

Data scarcity the number of training points and the number of labels are
of similar order of magnitude

Data imbalance the relative frequency of labels varies over many orders
of magnitude; the label-distribution is long-tailed

Data quality the cost of annotating training data is prohibitively high due
to the large number of labels; the training set will contain missing
labels

Next, we will illustrate these properties in example XMC applications.
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1.2 Application Areas

Document Classification When annotating documents with a fine-grained
set of categories, the resulting classification problem can end up with a
very large output space. Older examples, such as mapping European Union
legal texts onto a set of 3000 categories [101] would not be considered
extreme anymore; however, note that, if the problem is to be solved by
transforming the multilabel classification task into pairwise binary classi-
fication tasks,2 30002/2= 4500000 individual binary classifiers need to be
generated and stored, which does require special consideration even for
linear classifiers [101]. More recent works on large-scale legal document
classification include Chalkidis et al. [18] and Song et al. [141].
A larger example is the classification of clinical nodes into codes as speci-

fied by the International Classification of Diseases (ICD) [118, 3, 156, 179,
13, 97, 61].3 Such data is available, for instance, in the Mimic-II [135] and
Mimic-III [74] databases. With such fine-grained medical diagnosis comes
a huge imbalance in the relative frequencies of different classifications.
Among the over 70000 codes in the US version, ICD-10-CM, are such rare
events as V95.40 “Unspecific spacecraft accident injuring occupant” [104].
Of similar scale is the task of patent classification, with a total of 790394

International Patent Classification (IPC) codes [76].
For even more classes, one can consider the task of automatic association

of Wikipedia articles with their corresponding categories. In the Wikipedia-
500k dataset [11], there are 1699722 articles and 501070 categories. This
means that in order to manually annotate the entire dataset, human anno-
tators would have to check 1699722×501070≈ 8.52×1011 combinations of
article and category – something that is completely infeasible. Therefore,
one has to rely on data gathered in the wild, which means annotations
will be noisy. More specifically, since selected categories will be displayed
on Wikipedia’s website, any false positives would be quickly corrected,
whereas a missing category is generally invisible, leading to one-sided label
noise in the form of missing labels [64].

Recommendations A second class of applications uses XMC for different
kinds of recommendation. For example, in the Amazon-670k dataset [105,
11], the goal is to predict, for a given product, with which other products
it will be frequently bought together [64]. Other recommendation tasks
include predicting related searches out of a corpus of 100 million possible
queries [65], or matching advertisements to search phrases [2].
2Such transformations, or reductions, are discussed in more detail in section 2.1
3This is a non-representative sample of recent works on ICD classification that
mention typical XMC challenges such as long tails. Attempts at automatic ICD
identification go back at least to the 90s [88].
4January 2025, https://www.wipo.int/classifications/ipc/en/ITsupport/
Version20250101/transformations/stats.html
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Many of these recommendation tasks fall under the category of short-text
XMC, that is, the inputs to the classification task are not full documents, but
rather short phrases or sentences. For example, a search query usually con-
sists only of a few words. This means that frugal architectures [80] can be
sufficient to process the input, leading to essentially all of the models com-
pute and memory cost being located in the classification layer. Additionally,
short-text tasks often allow to address the data-scarcity problem because
labels can be short phrases too, creating a symmetry that can be exploited
in contrastive learning [26] or through dataset augmentation [23, 81].

Next-word prediction A multiclass extreme classification problem naturally
arises in unsupervised language modelling, when models are trained to
predict the next token (e.g., a word or character) in the sequence [89].
In this case, using a larger vocabulary of possible tokens means that

longer sequences of text can be represented within a fixed-length token
sequence. This is important as it decreases the computational cost, es-
pecially with dense attention layers that scale quadratically with the se-
quence length [154]. Consequently, several large language models have
been trained with vocabularies exceeding 100000 tokens, e.g., LLama3 [36]
achieves 3.94 characters per token with 128k vocabulary, compared to 3.17
of Llama2’s [149] 32k vocabulary. Tao et al. [147] derived scaling laws that
show that even this number might be below optimal.
Of course, in large language models with 10s to 100s of billions of param-

eters, even such a huge vocabulary does not make up a sizable portion of
the total parameter budget. But for applications on regular desktops, or
even laptops and mobile devices, small models are needed. For example,
the smallest model in the Gemma2 [132] series has just 2 billion parameters.
With a vocabulary size of 256k and an embedding dimension of 2304, the
token embeddings take up 590M, almost 30% of the total model.
Because of this, techniques from XMC have recently found their way into

LLM training, such as Liger [60] implementing a skip-loss classification
layer that never materializes the logits, similar to the same strategy in
Renee [66]. As such, even though next-word prediction might no longer be
considered a core XMC problem, it shares enough of the characteristics to
enable transfer of useful strategies.

1.3 Current Challenges

Despite many advancements in recent years, extreme multilabel classifi-
cation remains a challenging problem, both from a statistical and from
a computational perspective. This section introduces the particular chal-
lenges tackled within this thesis.
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Performance measures for long tails The extreme imbalance in data distri-
bution means that estimating the performance of an extreme classifier in
a meaningful way is in itself a difficult task. Many common performance
measures, such as precision-at-k, are insensitive to the performance of the
classifier on tail labels (c.f. Table 4.1). The currently-established way of
reporting a tail-label sensitive performance metric is via propensity-scored
metrics [64]. However, these metrics are derived as unbiased estimates of
standard metrics under a certain model of missing labels — only because
that model assumes that tail labels go missing with higher probability do
these metrics happen to indicate tail-label performance, conflating the
two independent issues. Even worse, these metrics contain two dataset-
dependent hyperparameters, estimated only on two datasets with the rec-
ommendation to “[...] are set to their values averaged over Wikipedia and
Amazon.” [64], making comparisons across datasets difficult.
This leads to the first question this thesis tries to solve:

Research Question 1a (Long-tail performance metrics). Can we find
(dataset-independent) performance measures that are sensitive to a classi-
fiers performance on tail labels; in particular, a classifier that never predicts
any tail labels should not be able to get a high score on such metrics.

The natural follow-up, once a performancemeasure of interest is identified,
is to ask what we need to do to perform well on that measure:

Research Question 1b (Optimal predictions). Can we design algorithms
that are consistent for these new performance measures, that is, algorithms
that lead to optimal decisions in the limit of infinite training data.

Due to the enormous label space size in XMC, an optimal algorithm will
not be useful in practice if its costs increase rapidly with the number of
labels. A refinement of the question above is thus:

Research Question 1c (Efficient approximately-optimal predictions). Can
we design consistent algorithms whose time complexity is no more than
linear in the number of labels? If not, are there approximations that can
reduce the cost towards linear in the label space?

Missing Labels As already mentioned above, propensity-scored losses
were originally derived as unbiased estimates for existing losses under a
specific model of missing labels [64]. However, the analysis is limited to
a restricted class of loss functions, those that decompose into a sum of
contributions over all positive labels. While this covers many losses, in
particular the popular precision-at-k, other important losses, notably the
binary cross entropy and recall-at-k, do not fall within this framework.

Research Question 2a (Unbiased estimates for general multilabel loss
functions). Can we design unbiased estimates for a larger class of loss
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functions than those covered by Jain et al. [64]? Of particular interest are
losses that arise from popular multilabel reductions [110], as these are
typically used during model training.

Again, for practical usefulness, unbiasedness is only one of the desirable
criteria [24]. Additionally, we need the ability to evaluate these losses
quickly, and they should lead to well-defined optimization problems. In
particular, unbiased losses are known to lead to increased variance [37],
which might make them unsuitable for training.

Research Question 2b (Efficiency of unbiased estimates). For which losses
can unbiased estimates be calculated in linear time in the number of labels?
Which losses can be used for stable model training without requiring a much
higher number of training samples than their non-unbiased counterparts?

Finally, in cases where the unbiased versions do not lead to reliable
training, one could drop the exact unbiasedness constraint, and instead
aim for a more relaxed condition.

Research Question 2c (Surrogates for unbiased estimates). Can we find
surrogate losses for the unbiased versions, that are more amenable to
gradient-descent based optimization in the data-scarce XMC regime.

Efficient Implementations In addition to making sure the newly proposed
extensions above remain compatible with the extreme setup, we also want
to improve the underlying models themselves.
Linear models still serve as a strong baseline for XMC tasks, and have the

convenient property that they lead to embarrassingly parallel training tasks.
In theory, that could mean that increasing the number of cores assigned
to a training run would linearly decrease the training duration. However,
this is not the case on modern hardware. In particular, directly running the
parallel Dismec [4] training on a 128-core CPU is slower if all 128 cores are
used, than if the same training is run using only 32 cores. This discrepancy
arises because even though the computations are completely independent,
the memory interface is shared between threads, creating a bottleneck.

Research Question 3 (Efficient linear models). Can we, using knowledge
of modern hardware and algorithmic improvements, speed up the training
of sparse linear extreme classifiers?

The independence of individual classifiers in the linear setting means that
one can train the classifiers sequentially, or in a distributed manner, and
sparsify their weights directly after training. As such, one can avoid storing
the dense representation of the full classifier matrix in system memory, and
is only required to keep the small subset of classifiers that are currently be-
ing trained. Switching from linear to deeper models, unfortunately, breaks
the independence, as hidden features are learned for all labels jointly.
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The basic strategy of first training a dense classifier and sparsifying the
final weights remains valid, but in the deep learning setup, the full memory
cost for the entire dense weight matrix of the classifier has to be paid during
training. We could try to leverage sparsity already during the training phase.
This is a highly challenging prospect, as sparse matrix multiplications are
typically much less efficient on GPUs than dense matrix multiplications,
leading to much sparsity research being conducted in what is termed “fake
sparsity” [91], that is, the sparse matrix is stored in a dense format together
with a binary mask. Thus, in order to gain any memory savings, we need to
turn to truly sparse training, which requires special attention to be paid to
the actual implementation of matrix multiplication, and the storage format
of sparse weights. This leads us to:

Research Question 4 (Dynamic Sparse Training). Can dynamic sparse
training (DST) techniques scale to problems at extreme classification level?
In particular, can we match both the predictive performance and com-
putational cost of standard dense training, while reducing the memory
consumption to that of sparse training?

1.4 Contributions

The publications collected in this thesis contribute in various ways towards
answering the questions posed above. In particular, Publication I addresses
RQ 2a for several popular loss functions used in XMC, combining them
with techniques designed to adapt to highly-imbalanced data (RQ 1a), and
ensuring convergence by proposing convex surrogates (RQ 2c). This is
extended in Publication II, which provides unbiased estimates for any loss
function derived using commonly employed multilabel reductions [110] (cf.
section 2.1); in particular, it covers loss functions that do not decompose
over the label space. In the general case, the computational cost is growing
exponentially in the number of positive labels, not potential labels (RQ 2b),
but high variance limits the practical applicability of these losses in the
data-scarce XMC regime.
A second limitation is that the unbiased estimates assume knowledge

of a model of propensities [64], describing the rate at which labels go
missing. These rates have been estimates (with some caveats) in Jain et al.
[64] for two datasets, and since been applied to other datasets without
careful consideration. Publication III presents a critical look at the role
of propensity models, including the current practice of using them for
both compensating missing labels, but also interpreting propensity-scored
metrics as tail-label specific measures of a model’s performance.
Publications VII and VIII then turn to the question of more principled

versions of long-tail metrics (RQ 1a). In particular, macro-averaged per-
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formance metrics are proposed (cf. section 4.2), which calculate a value
for each label individually, and then form the final metric by taking the
arithmetic mean over all labels, thus giving each label equal contribution.
When switching from loss functions that are defined on the level of a single
instance to more general formulations, however, two distinct frameworks
arise for formally defining optimal predictions (RQ 1b): the population-utility
(PU) and expected test utility (ETU) frameworks, detailed in section 4.1. As
such, Publication VII investigates the ETU setting, developing a block coor-
dinate ascent [58, 150] based algorithm to approximate the combinatorial
optimization problem inherent in the ETU setting (RQ 1c). Publication VIII
proposes to use the Frank-Wolfe [44] algorithm for optimal predictions in
the PU setting. Finally, a follow-up that is not part of this thesis, extends
these results to cover the online-learning setup [84].
Publications IV, V, and VI tackle the efficiency aspect of XMC algorithms.

Publication IV adapts Dismec [4] to run efficiently on modern 128-core AMD
GPUs, and proposes a new way to initialize the weight vectors based on
simple dataset statistics in a way that decreases the overall running time
drastically (RQ 3). Publication V serves as a proof-of-concept that dynamic
sparse training can be used to learn classifier weights in the extreme setting
(RQ 4). In that work, a simplified setting of fixed input features was assumed,
i.e., only a linear classifier is trained. This limitation is lifted in Publication
VI, which demonstrates that end-to-end training of an extreme classification
system using dynamic sparsity is possible, but requires a few additional
tricks. In particular, training with a sparse classification layer seems to yield
less effective gradients to train the text embedding model, so an auxiliary
loss that bypasses the sparse layer becomes necessary.

1.5 Structure of the Thesis

In chapter 2, background relevant to the thesis as a whole is introduced:
a more formal specification of the XMC problem and associated loss func-
tions (section 2.1), and an overview over different existing XMC methods
(section 2.2). Background that is specific to a single chapter is introduced
in a dedicated section of that chapter.
Next, chapter 3 describes themain results of the thesis concerningmissing

labels, that is, the derivation of unbiased estimators for generic XMC loss
functions from Publication I and II, as well as a critical discussion of the
use of such estimates in the current XMC literature presented originally in
Publication III.
The main point of critique is the dual use of unbiased estimates for both

addressing missing labels and long tails. Consequently, chapter 4 dis-
cusses the results of Publication VII and VIII towards using and optimizing
macro-averaged metrics for the purpose of judging long-tail predictive
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performance.
The computational contributions are detailed in chapter 5, and describe

improvements made to Dismec [4] from Publication IV, as well as methods
to use dynamic sparsity for XMC training proposed in Publication V and VI.
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2. Preliminaries

2.1 Task Losses and Multilabel Reductions

Before describing concrete XMC models, we first need to introduce the
specific tasks we want to solve, by defining task losses1 that need to be
optimized. As these are generally non-differentiable, they cannot be han-
dled with standard gradient-descent methods, and instead, differentiable
convex surrogate losses need to be defined, usually by means of a multilabel
reduction.

Setup and Notation Let x ∈X denote a data point (e.g., the content of a
Wikipedia article), then the task of an XMC model φ is to map that point to
a set P̂ ⊂ [m],2 φ : x ↦→ P̂ . For notational convenience, we usually represent
label sets through their indicator vector ŷ ∈ {0,1}m such that ŷi = 1⇔ i ∈ P̂ .
We assume that instances and their corresponding labels are distributed
according to some joint distribution (X ,Y )∼P, where we use captial letters
to indicate that X and Y are random variables.

Bayes Classifier and Consistent Algorithms What makes a good classifier?
This is task-dependent, and is encoded in a classifier’s risk Rℓ[φ,P]. In
this chapter, we will consider only simple risks that can be written as an
expectation of a loss function ℓ over individual instances sampled i.i.d. from
the data distribution P:

Rℓ[φ,P]=EX ,Y∼P
[︁
ℓ
(︁
φ(X ),Y

)︁]︁
. (2.1)

A good classifier among a family of candidates H is characterized by having
low risk; in particular, the optimal — or Bayes — classifier φ∗ for a given

1In slight abuse of terminology, we use the term loss for any quantity that we want
to optimize for, whether it is by minimization (loss) or by maximization (utility).
2We denote with [m] := {1,2, . . . ,m} the set of integer up to m, and with 1[.] the
indicator function.

31



Preliminaries

data distribution and loss function is the one that minimizes the risk3

φ∗ := argmin
φ∈H

Rℓ[φ,P] . (2.2)

In the case of decomposable risk as described above, the Bayes-classifier
can be computed point-wise, and is given by

φ∗(x)= y∗ = argmin
ŷ

E[ℓ( ŷ,Y ) |X = x] . (2.3)

In chapter 4, we will consider a setup in which this no longer holds.
Of course, the actual data distribution P is not available to us. Instead,

we can only calculate an empirical version of the risk over a finite dataset
D = {(x1, y1), . . . , (xn, yn)} through

R̂ℓ[φ,D] := n−1
n∑︂

i=1
ℓ
(︁
φ(xi), yi

)︁
, (2.4)

and try to choose a classifier that minimizes (a regularized version of) the
empirical risk.

Task losses for XMC This definition of risk still leaves open the choice of
loss function. One option is to check whether the two vectors are identical

ℓSS01( ŷ, y) :=1[y ̸= ŷ]= 1−
m∏︂

i=1
1[yi = ŷi] . (2.5)

This subset zero-one loss is not suitable for XMC tasks, however, as the
likelihood of all entries being correct in the label vector becomes very small
as the vector size increases to hundreds of thousands of entries.
On the other extreme of potential loss functions is the Hamming loss,

defined as

ℓHam( ŷ, y) := 1
m

m∑︂

i=1
1[ ŷi ̸= yi] , (2.6)

the fraction of labels classified incorrectly. This loss is also unsuitable for
XMC, because of the extreme class imbalance. Even a trivial classifier that
predicts ŷ≡ 0 everywhere would get almost perfect Hamming-loss.
Instead, XMC losses are typically derived by exploiting that usually, XMC

methods produce a ranking over possible labels by assigning a real-valued
score to each label, and then predict the highest-ranked labels. Selecting a
fixed number k of labels to predict, i.e. restricting ∥ ŷ∥= k, one can define
precision-at-k and recall-at-k through

P@k( ŷ, y) := 1
k

m∑︂

i=1
y · ŷ , R@k( ŷ, y) := 1

∥y∗∥1

m∑︂

i=1
y · ŷ . (2.7)

3We tacitly assume that such a classifier exists; in full generality, one can only
define the Bayes risk as the infimum of the risk over all classifiers, and consider
sequences of classifiers whose risk converges towards the Bayes risk.
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Note that, contrary to traditional precision and recall metrics, which admit
trivial classifiers that predict nothing or everything as optimal, respectively,
the “at-k” constraint does not allow such trivial solutions. To make this more
explicit, we can instead formulate these losses to operate on the scores
directly, e.g.,

P@k( ŷ, y)= 1
k

k∑︂

j=1
yarg j( ŷ) , (2.8)

where arg j( ŷ) denotes the index of the jth largest entry in ŷ.
With a ranking of labels available, we might want to put more emphasis

on the highly ranked labels. This is achieved with discounted cumulative
gain (DCG) [68]

DCG@k( ŷ, y) := 1
k

k∑︂

j=1

yarg j( ŷ)

log( j+1)
, (2.9)

or its normalized variant

nDCG@k( ŷ, y) := DCG@k(y∗, ŷ)
∑︁min(k,∥y∗∥1)

j=1 log( j+1)
. (2.10)

Additionally, given the long-tailed label distribution in XMC, an upweight-
ing of tail labels using propensity scores p ∈ (0,1]m might be desired, leading
to propensity-scored precision

PSP@k( ŷ, y) := 1
k

k∑︂

j=1

yarg j( ŷ)

p j
, (2.11)

with analog definitions for propensity-scored recall and DCG. An important
caveat is that, while publications usually provide the formula as in (2.11),
the actual numbers reported are in fact normalized4 to ensure that they lie
between zero and one, through

nPSP@k( ŷ, y)= PSP@k( ŷ, y)
PSP@k(y, y)

. (2.12)

All losses above have in common that they require the transformation
of continuous scores into discrete predictions, making them not directly
learnable via gradient descent. This problem is not specific to XMC; bi-
nary task losses such as precision, accuracy, recall, or F1 measure are
also non-differentiable. This is typically addressed by means of surrogate
losses, convex and differentiable functions which when optimized lead to a
minimum that also optimizes the corresponding task loss [6]. Consider a
sequence of classifiers φn that minimizes the empirical surrogate risk w.r.t.
ℓ̃ as the dataset size goes towards infinity,

φn ∈ argmin
φ∈H

R̂ℓ̃[φ,Dn] for Di = {(x1, y1), . . . , (xn, yn)}∼Pn , (2.13)

4A more elaborate discussion of this problem, and the dual role of PSP@k as a tail-
label metric as well as an unbiased estimate under missing labels, see section 3.4.
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then we want
lim
n→∞

Rℓ[φn,P]→ inf
φ∈H

Rℓ[φ,P] . (2.14)

In that case, optimizing the surrogate ℓ̃ is consistent for optimizing the task
loss ℓ.
While it is possible to derive surrogates for XMC losses directly, the more

common approach is to map the multilabel problem into multiclass or binary
problems, for which a rich literature on surrogate losses already exists.

Multilabel reductions For example, one could map the 2m different binary
vectors of possible combinations of labels to one class each, y ↦→ y1+2y2+
. . .+2m−1ym, and then solve a 2m-class multiclass problem. Of course, this
transformation is completely intractable at the extreme label scale.
Instead, the most commonly used multilabel reduction in XMC is one-vs-

all (OVA),5 in which the m-label multilabel problem is decomposed into m
separate binary problems, so that surrogates such as the (squared) hinge
loss and binary cross-entropy can be applied.
Similarly, one can transform the multilabel problem into a multiclass

problem as follows: From any given data point (x,P ) with label set P =
{p1, . . . , pt}, we create t new data points {(x, p1), . . . , (x, pt)} that have exactly
one label each. This allows model training to employ categorical cross-
entropy as a surrogate loss. This is called the pick-all-labels (PAL) reduction.
Instead of picking all labels, one could also uniformly select one (pick-one-
label, POL) as the multiclass target.
It turns out that these two variations lead to models that converge to

different optima: Whereas PAL and OVA are consistent for precision-at-k
and Hamming task-loss, POL is not [162].6 On the other hand, POL, and
normalized versions of OVA and PAL, do lead to consistent classifiers with
regard to the recall-at-k metric [110].

Two-stage prediction Another perspective on optimizing task losses can be
gained by splitting the inference procedure into two parts. If we can show
that for determining the optimal prediction, the vector of label probabilities
η j(x) =P[Y j = 1 | X = x] is a sufficient statistics, i.e., we can write y∗(x) =
I (η(x)) for some inference algorithm I , we can reduce the problem of
optimal decisions under the task loss to the problem of estimating η. This
strategy is used in Publications VII and VIII to derive consistent classifiers
that optimize macro-averaged losses, cf. chapter 4.
5Also called one-vs-rest
6Except in the special case when labels are independent.
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2.2 XMC methods

After the task is defined, a wide variety of models can be considered. These
include shallow models like linear classifiers, deep models based on trans-
former networks, and models designed to exploit label features.

Linear Models Potentially the simplest method for extreme classification
is to use a large linear classifier to produce prediction scores. This requires
to embed the input text documents into a vector space. These can be bag-of-
word representations like tf-idf [57]. Even though these purely statistical
features ignore any information about word ordering, they have long per-
formed on par with or better than deep-learning based approaches. This has
been attributed to the extreme data-scarcity affecting XMC methods [130],
and thus only with the arrival of transformer models pre-trained on huge
amounts of non-XMC data (to be discussed below) have linear methods lost
the prime position among XMC classifiers.
Naïvely, it might seem that this approach would be completely intractable.

For a vocabulary size of 100000 terms in the documents, and one million
labels, the resulting classifier matrix would have a total of 100 billion
parameters, corresponding to 400 gigabytes of memory in single precision.
There are two important insights that keep this method possible: First, when
using the one-vs-all reduction, the problem is turned from a single one-
million-parameter task into one million independent binary classification
problems. Second, only a small subset of document terms will be relevant
to any given label, so that the classifier weights can be highly sparse. This
is the key to methods like Dismec [4] and ProXML [5], which train L2 and L1

regularized linear classifiers, respectively, in a massively parallel fashion.
Still, training such large linear classifiers remains computationally costly.

As we show in Publication IV, a careful implementation adapted to the
underlying hardware, along with a clever initialization scheme, can still
provide significant speed-ups to the methods while yielding identical results
(cf. section 5.1).
Because the average number of labels relevant to a document, and the

average number of documents relevant to a label, are both small compared
to the problem size in XMC (cf. Table 1.1), it can be shown that a primal-
dual formulation of optimizing the max-margin loss leads to highly sparse
solutions [171, 170].
Combined with hierarchical label clusters (described below), linear models

can even be scaled to millions of labels [174].

Shallow Embeddings In (shallow) embedding models, the input features
are projected to a lower-dimensional vector space, before applying linear
classification in the extremely large label space. Embedding approaches
include Sleec [12], Annexml [146], and Leml [173]. Initially, it was believed
that linear embeddingmethods cannot be successful, because they implcitily
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assume a low-rank structure in the label matrix that is violated in real-world
data [12]; however, Guo et al. [51] showed that, in fact, linear embedding
methods are sufficiently expressive as long as the number of relevant labels
for each sample can be bounded by a small number.

Shortlisting and Label Trees In order to avoid the linear growth of compute
cost with the label space size, several tree-based and shortlisting methods
have been devised. For example, probabilistic label trees (PLT) [69, 70] build
a tree data structure in which the leaf nodes are the labels, and decompose
the computation of label probability according to the chain rule [10]. In this
way, PLT can be seen as a generalization of the hierarchical softmax [117]
to the multilabel case [162]. During training, only the nodes along the paths
leading to ground-truth labels need to be visited, and during inference,
efficient search algorithms like beam search or A* can be used to achieve
sublinear compute cost [87, 163].
That still leaves the question of constructing the label tree. In Parabel [127]

and many follow-up works, first each label is associated with a feature vec-
tor by taking the average of features of all positive instances for this label.
Based on this representation, a hierarchical k-means clustering procedure
then produces the label tree. Bonsai [78] impove upon Parabe by using
shallow trees with a large branching factor, which results in more accurate
classification.
Instead of exactly modeling the factorized probability, one can also take

the view that, in the presence of a large amount of easy negatives, many loss
functions can be approximated by a small subset of contributions, positives
and hard negatives:

ℓ(ŝ, y)=m−1∑︂

i∈P
(ℓ(ŝi,1))+m−1 ∑︂

i∈[m]\P

(ℓ(ŝi,0)) (2.15)

≈m−1∑︂

i∈P
(ℓ(ŝi,1))+m−1 ∑︂

i∈N+

(ℓ(ŝi,0)) , (2.16)

where the set N+ of hard negatives is chosen in a way that tries to minimize
the difference between (2.15) and (2.16). This choice might be guided by
label-trees, too. At each level of the tree, the classifier solves a coarse-
grained version of the XMC problem, where a node is labeled as a positive
if any of its descendants lead to a positive leaf node. The short-list can
then be formed by selecting only the highest-scoring of these intermediate
nodes.
Note that, in contrast to the PLT technique above, the predicted scores

for each shortlisted label are determined purely by the classification at the
last layer, and any label not in the shortlist has a score of −∞.
Alternatively, the shortlist can be constructed using some form of approxi-

mate maximum inner product search (MIPS), e.g., through locality-sensitive
hashing (LSH) [49, 155, 21]. This is straightforward for inference, when
the corresponding data-structures can be pre-computed offline, but during
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training the weight vectors change. Therefore, one needs to find a balance
computational cost of frequent hash updates against the quality cost asso-
ciated with stale shortlists [107, 129]. Another challenge is that the gap
between logits of positive and the highest-ranked negative labels might be
small, making it difficult for LSH to ensure good recall of positives [98].
In addition to elaborate shortlisting schemes, simple heuristics can be

used, too, such as sampling negatives uniformly or according to some
fixed distribution based on label frequencies. From the computational
perspective, the most attractive scheme is in-batch negative mining, were
the positive labels for other instances in a batch are used as negatives
during that batch. By careful construction of training batches, as opposed
to i.i.d. sampling, one can choose batches so that in-batch negative mining
serves as hard-negative mining [28].
Most modern methods for XMC combine some form of shortlisting with

multiple layers of learned features, as described below.

Deep-Learning Methods Early attemps at using deep learning methods
for XMC include the convolution-based XML-CNN [95]7 and the LSTM-based
AttentionXML [172]. However, it is only with the advent of large pre-trained
Transformer models [154] like Bert [32] or XLNet [166] that deep methods
have started to supplant simpler models.
The first methods to fine-tune such large pretrained Transformer models

were X-Transformer [19] and APLC-XLNet [168]. Both methods employ clus-
tering of labels to reduce the computational cost. X-Transformer uses the
clusters also to achieve a more balanced training objective for its separately-
trained submodules, whereas APLC-XLNet performs end-to-end training with
a PLT formulation of the cross-entropy loss. LightXML [72] learns the short-
listing module jointly with the extreme classifier, and XR-Transformer [177]
extends X-Transformer to use a multi-level tree. CascadeXML [79] brings this
two improvements together with end-to-end learning of a multi-level classi-
fier that extracts classification features for coarse-grained label clusters
from earlier layers of the Bert model. Despite the success of Transformer
models, it still proves helpful to combine the Transformer-based represen-
tations with the simpler tf-idf representation for best results [19, 177, 79].
A general framework for modular deep extreme classification is intro-

duced in Dahiya et al. [27], which proposes a 4-stage process: First, deep
embeddings are trained by means of an auxiliary task. Then, these pre-
liminary embeddings are used to generate an indexing data structure,
which in turn can be used to generate a shortlist of hard negative labels
for each training instance. Finally, the extreme classifier itself is trained
jointly with fine-tuning the embeddings. Care needs to be taken to ensure
the fine-tuned embeddings remain close to the original ones, so that the

7Note that there is a significant discrepancy between the algorithm as described
in the paper, and its reference implementation [22]
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precomputed shortlists remain meaningful. If each of these steps can be
performed in O (logm) time, then the entire method scales to even many
millions of labels, and many different instantiations of this blueprint can be
implemented [113, 26, 136, 113].
While the increase in available hardware resources, as well as improved

implementation of key components such as the loss calculation, have made
it possible to train extreme classifiers with deep-learning backends fully
end-to-end without any shortlisting [66], this requires long training times,
so sublinear approaches are still highly desirable [107].

Label Metadata In order to alleviate the lack of training data, especially for
tail labels, recent approaches have started to take into account additional
label metadata, instead of treating labels as featureless integers. Examples
of such metadata include textual descriptions of labels (label features) or
the label co-occurrence matrix. Co-occurrence statistics can be used, for
example, to constrain the Gram matrix of classifier weights to reflect the
relative frequencies of labels co-occurring with each other [51].
Textual label features are of particular relevance in short-text XMC set-

tings; datasets in which the training points themselves are only short
phrases of a few words, like the titles of a website, product, or Wikipedia
article, or a user’s search query [27]. In that case, the paucity of available
training data, also in the input texts, makes frugal architectures a competi-
tive alternative to transformers [27, 113, 80]. As typical label descriptors
are also short phrases, this often leads to a symmetric learning problem in
which label and document features are interchangeable. This enables the
use of Siamese [138] architectures such as SiameseXML [26] and NGame [28],
as well as data-augmentation strategies [81, 23].

Related Settings While most works dealing with extremely large output
spaces, including this thesis, focus on the classification setting, such prob-
lems also arise in other domains.
In the bandit setup, the output space is given by the set of possible arms,

and instead of a labelled dataset, the machine learning system has to make
inferences purely based on the reward given for selected arms. If the arms
correspond to, e.g., possible advertisements to present to a user, out of a
pool of millions of ads, and the only feedback is whether the user clicked
on the presented ad (no information is available for non-presented ads),
then one has to do “Learning from Extreme Bandit Feedback” [100]. Other
works dealing with extreme action spaces include Sen et al. [139], Saito
and Joachims [137] and Sachdeva et al. [134]. Other recent developments
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are zero-shot extreme classification [52, 165, 178, 175] (generalization to
unseen labels), multimodel XMC Mittal et al. [114], and regression [128].
Note that many XMC methods implicitly solve the regression problem of
estimating the conditional probabilities η of labels given the input text, even
if the corresponding task losses do not take these probabilities into account.
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3. Missing Labels

This chapter presents the contributions of Publication I, II, and III towards
addressing missing labels in extreme multilabel classification. The main
results of I and II are unbiased estimators and surrogates for generic one-
vs-all losses (I), as well as pick-all-labels and the corresponding normalized
reductions (II). Note that the original publications do not use the same no-
tation consistently; thus the equations presented here may not be verbatim
copies, but are instead cast in a common notation.

3.1 Background: Noisy- and Missing-Label Learning

As discussed in the introduction, the sheer scale of XMC problems makes
it impossible to collect carefully human-annoted datasets. Without any
additional assumptions, however, it is impossible to make any progress on
that task. To formalize the setting, let Y denote the true label vector, and
Ỹ the observed (i.e., noisy) labels, defined on a joint probability space and
distributed according to PY and PỸ respectively. Then, in their most general
form, noisy labels can be described as a transformation of one distribution
into the other, either as PỸ = t(PY ) in the instance-independent case, or
PỸ |x = t(PY ,x) if the noise is instance-dependent, where t is a transition
function.

General theory for learning with corrupted labels As Y ∋Y is a finite set, a
distribution PY can be identified by the vector of probabilities p for each
element in that set. If t can be represented as an invertible linear map
T ∈GL(2m), i.e., PỸ =TPY , then Van Rooyen and Williamson [152, Theorem
5] show that, for any function f : Y −→R, there exists an unbiased version
f̃ such that

∀ ŷ : E[ f ( ŷ,Y )]=E
[︁
f̃ ( ŷ, Ỹ )

]︁
. (3.1)

The argument is quite simple, albeit abstract: Gathering all possible values
of f ( ŷ,Y ) in f , the expectation E[ f (Y , ŷ)] can be written as an inner product
〈f ,p〉. Similarly, in the noisy case we have 〈 f̃ ,Tp〉. To make these equal,
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consider
〈f ,p〉= 〈f ,T−1Tp〉= 〈T−† f ,Tp〉 , (3.2)

where T−† is the adjoint of the inverse of the corruption operator. Thus f̃ =
T−† f is the unbiased version of f , which exists for any invertibe corruption
T.
While this is a fully general statement, it does not give much insight into

more specific cases of interest, and implementing it as-is would require
inverting a potentially very large corruption matrix T.

Learning from noisy, binary labels For the specific case of noisy labels in
binary classification, Natarajan et al. [122, 123] show that with noise rates
ρ+1 and ρ−1 for positive and negative instances, respectively, any function
f : {0,1}−→R can be made unbiased by

f̃ ( ŷ, y)= (1−ρ−y) f ( ŷ, y)−ρ y f ( ŷ,−y)
1−ρ+1−ρ−1 , (3.3)

where y ∈ {+1,−1} denotes a binary label, and ρ±1 are the noise rates for
positives and negatives, respectively.
Setting ρ−1 = 0 (i.e., negative labels remain unchanged), this tells us that

in the missing-labels setting,

f̃ ( ŷ,1)= f ( ŷ,1)−ρ+1 f ( ŷ,−1)
1−ρ+1

, f̃ ( ŷ,−1)= (1−ρ+1) f ( ŷ,−1)
1−ρ+1

. (3.4)

Jain et al. [64] define the propensity

p :=E[Ỹ |Y = 1]= 1−ρ+1 (3.5)

as the rate of a label not going missing, and additionally assume that loss
functions used in XMC fulfill f ( ŷ,−1)= 0, that is, they focus on the positive
labels. Summing up individual binary losses in an OVA decomposition yields

f̃ ( ŷ, y)=
m∑︂

j=1

f ( ŷ j, yj)
p j

, (3.6)

which can be used to define unbiased estimators for the precision-at-kmetric
and is in widespread use under the name of propensity-scored precision-at-
k [11]. However, other typical loss functions, like recall-at-k, do not admit
an OVA decomposition, and thus are not directly addressable using (3.6).1

In addition to considering Y and Ỹ as two separate random variables
constrained by the probabilistic model of the noise, one can also make their
relation algebraic by introducing mask variables [148]

Ỹ =M ·Y . (3.7)

where M ∼Ber(p) are Bernoulli-distributed.
1Jain et al. [64] provide an unbiased estimator, but that requires a-priori knowledge
of the number of relevant labels for each instance.
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Related Settings Two settings closely related to the missing-labels prob-
lem are Positive-Unlabeled learning [38, 35, 7] and off-policy estimation,
presented below.
Positive-unlabeled learning can be considered in two variations. The

censoring setting is just another name for missing labels. There is a single
dataset that was sampled i.i.d. from some distribution, but some of the
positives are not marked as such (i.e., they are censored). The case-control
setting, in contrast, allows for the positive examples to be generated by a
process distinct from the unlabeled data. In particular, this means that the
ratio of positives to negatives in the training data differs from that in the
test data, yielding another parameter that needs to be estimated [38].
In off-policy estimation, one wants to calculate some statistics under

a certain data distribution, having available only data gathered with a
different distribution. For example, in Joachims et al. [73], implicit user
feedback is collected based on click data, in a batch-learning from logged
bandit feedback setup [144, 142]. As in each interaction, only a small subset
of candidates will be available to the user to click on, leading to similar
missing labels problems as in the XMC setup. However, a crucial difference
is that the logged actions (i.e., whether a candidate was presented) are
known. Thus, in off-policy learning, one has available the values of the mask
variables M defined above, whereas these are unknown in a pure missing
labels setup. Thus, the equivalent to (3.6) looks like

f̃ ( ŷ, y)=
m∑︂

j=1

Mi

p j
f ( ŷ j, yj) (3.8)

Problems with unbiased estimators While unbiasedness is a desirable
property for an estimator, it is not the only criterion that determines whether
the estimator is useful. If we plan on using it as an optimization objective,
it should be lower-bounded and ideally also convex.
Unfortunately, even if the original quantity fulfills all these properties, its

unbiased estimator often does not [82, 34, 24]. Natarajan et al. [122] show
that a sufficient condition for a convex unbiased version of a binary loss
function is ∂2ŷ f ( ŷ, y)= ∂2ŷ f ( ŷ,−y). However, this condition does not guarantee
lower-boundedness.
An additional problem of unbiased estimators, and (inverse) propensity-

scored estimators in particular, is that they can suffer from high vari-
ance [37]. This is particularly problematic when using these estimates
as optimization objectives, where it can lead to propensity overfitting [145].

Alternatives to unbiased estimators While this chapter focuses on the
method of unbiased estimators to deal with the missing-labels problem,
there are other approaches worth mentioning:
If one chooses the right loss function, and the label noise is sufficiently

benign, it might be possible that doing nothing is actually sufficient; in this
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case, the loss function is robust to noise. This happens, for example, in
binary classification with noise rates of less than 50% if the loss function
fulfills a symmetry condition ℓ(·,0)+ℓ(·,1)= c for some constant c [48, 153].
Other examples include the balanced error or the AUC [109], but typical
convex losses are not robust [99].
Instead of trying to adapt the learning process to the presence of noise,

another approach is to try and filter the training data in an attempt to
remove mislabeled instances [54, 71, 164]. In the XMC setting, the soft
labels used in Lever [15] and Gandalf [81] could be seen in this light, though
they are not motivated purely from a missing-labels perspective.
Finally, if the model is designed to out a probability distribution over

labels, and the noise rates are known as in the unbiased setting, then one
can also just train the model to produce the corrupted probabilities as
outputs, and use the inverse of the noise model to convert to ground-truth
probabilities only during the inference procedure [163, 126].

3.2 Unbiased estimates and their surrogates for One-vs-All loss
functions

The results derived in Jain et al. [64], equation (3.6), allow for calculating
unbiased estimates for common task losses such as precision-at-k, but due
to the requirement that ℓ( ŷ,0)= 0, loss functions used during training, such
as binary cross-entropy or hinge loss, cannot be treated with this equation.
Thus, Publication I presents a corollary of Natarajan et al. [122, Lemma

1], giving the form of the unbiased version of a generic binary loss function
under missing labels as

ℓ̃( ŷ, y)=
{︄
p−1 (ℓ( ŷ,1)+ (p−1)ℓ( ŷ,0)) y = 1

ℓ( ŷ, y) y = 0
. (3.9)

However, functions thus defined turn out to be ill-suited for model training,
as they can be not lower-bounded due to the (p−1)ℓ( ŷ,0) term if ℓ( ŷ,0) is
not upper-bounded. To address this problem, one approach is to remember
that these losses can be interpreted as surrogates to the non-differentiable
0-1 loss. As demonstrated in Figure 3.1, the order of operations, that is,
of forming a convex upper-bound and of forming the unbiased version,
matters. In particular, forming an unbiased estimate of the 0-1 loss results
in a bounded function, and taking a convex upper-bound surrogate of that
guarantees that the constructed function is both lower-bounded and convex,
and thus a good candiate for an optimization objective.
To follow common convention, one can shift the resulting function so

that it results in zero loss for classifications that are correct with sufficient
margin. In fact, the method presented above is equivalent to the method of
label-dependent costs from Natarajan et al. [122, section 4].
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1[ ŷ ≤ 0] (1− ŷ)+
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+ (p−1)1[ ŷ > 0])

1
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p
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Figure 3.1. Non-commutativity of taking the unbiased estimate and forming a surrogate by
a piecewise-linear function (hinge-loss). The transformations for the positive
part of the loss, ℓ(1, ·), are illustrated on the left side, the graph on the right
visualizes these formulas for p= 0.75. The 0-1 loss and corresponding unbiased
version are shown in solid and dashed blue, respectively; The hinge loss and its
unbiased version are solid and dashed red. The black line indicates first taking
the unbiased version of the 0-1 loss, and then matching a piecewise-linear
function with a margin of 1 as an upper bound.

In addition to compensating missing labels, XMC methods might also
want to explicitly address the class imbalance, e.g., through dataset re-
sampling [40] or augmentation [20], as well as through adaptations of the
loss function [25, 16, 111, 133]. In Publication I, we focus on the latter,
assuming to have a generic weighting factor c+(n j,n) that is a function of
the number of positive samples n j for a given label, and the total number if
samples n.
For a given binary loss function ℓ, the corresponding reweighted one-vs-all

version is thus given by

ℓ( ŷ, y)=
m∑︂

j=1

(︁
1
[︁
yj = 1

]︁
c+(n j,n)+1

[︁
yj = 0

]︁)︁
·ℓ
(︁
ŷ j, yj

)︁
. (3.10)

As above, there are again two possibilities of applying the transformation
that given different results: Either apply re-balancing of classes first, and
then adapt to missing labels, or vice versa. For the 0-1 loss, these two
orders of operations yield

ℓ̃( ŷ,1)= c+(n j,n)(2/p−1)1[ ŷ < 0] (3.11)

ℓ̃( ŷ,1)= (c+(nj/p,n)/p+ 1/p−1)1[ ŷ < 0], (3.12)

where we used the shifted version of the unbiased 0-1 loss. The first version
allows the loss function to be written down in a particularly simple form,

ℓ̃ j( ŷ j, yj)=
{︄
w+

j c
+
j ℓ
(︁
ŷ j,1

)︁
yj = 1

ℓ
(︁
ŷ j,0

)︁
yj = 0

. (3.13)

When choosing Cui et al. [25] as the rebalancing method, this results in

w+
j =

2
p j

−1, c+j =
1−β

1−βn j
. (3.14)
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Empirically, we find that when training deep networks, directly applying
these scaling factors can result in unstable model training. Therefore, an
additional normalization step is applied.
Tables 3, 4, and 5 in Publication I show the results of applying these loss

functions for Dismec [4], AttentionXML [172], and APLX-XLNet [168].

3.3 Unbiased estimates and their surrogates for general multilabel
reductions

While Publication I gives a comprehensive treatment to loss functions
derived using the one-vs-all reduction, the other reductions presented in
Menon et al. [110] (cf. section 2.1) are still left open.
In order to make progress here, Publication II reformulates the problem

in two ways: First, observed labels are described as the product of a mask
variable and the unobserved ground truth labels2

Ỹ =M⊙Y . (3.15)

This is convenient, because under the standard assumption that the mask
M is independent of labels Y and instances X ,3 it can be pulled out of
expectations and be replaced by E[M]= p.
The second insight is that any arbitrary multilabel loss function ℓ : Rm×

{0,1}m −→R can be cast as a linear function in its second argument, due
to the discrete nature of the observed labels. The rewriting is done in two
steps. First, note that due to the finite set of possible observed labels, we
can always write

ℓ( ŷ, y)=
∑︂

y′∈{0,1}m
1
[︁
y′ = y

]︁
ℓ
(︁
ŷ, y′

)︁
. (3.16)

Next, note that an indicator function of binary variables can be written as a
linear function

1
[︁
y = y′

]︁
= y′ · y+ (1− y′)(1− y) , (3.17)

and the vector-valued indicator can be written as a product of element-wise
indicators.
For the binary case, the linearization looks as follows:

ℓ( ŷ, y)= y(ℓ( ŷ,1)−ℓ( ŷ,0))+ℓ( ŷ,0) . (3.18)

In this form, reading off the unbiased loss function becomes straightforward:

2For the binary case, this has been considered also in Teisseyre et al. [148].
3Note that this is a non-trivial statement; Noise of the missing-label variety is
clearly label-dependent, but because we multiply with the ground-truth labels, the
value of Mj does not matter whenever Y j = 0, so we can choose a random-variable
M that fulfills the desired independence.
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E
[︁
ℓ̃(Ŷ , Ỹ )

]︁
=E[MY (ℓ(Ŷ ,1)−ℓ(Ŷ ,0))+ℓ(Ŷ ,0)]=

E[M ]E[Y (ℓ(Ŷ ,1)−ℓ(Ŷ ,0))+ℓ(Ŷ ,0)]=
pE[Y (ℓ(Ŷ ,1)−ℓ(Ŷ ,0))+ℓ(Ŷ ,0)] . (3.19)

Thus, the unbiased version can be formed by replacing any occurrence of
Y with Y /p. In the multilabel case, the linearized expression can contain
products of labels, and correspondingly, products of masks. In that case,
it is further required that the individual components of the mask are inde-
pendent, that is, whether label j goes missing has no influence on whether
label j′ goes missing.
With these tools, Publication II derives additional results in the binary

and decomposable multilabel case:

Generalization Theorem 9 presents Rademacher-complexity based gen-
eralization bounds. The statement is a corrected version of Natarajan
et al. [123, Lemma 8], which takes into account that the unbiased
estimate can have a different range than the original function, see
Publication II, p.42.

Uniqueness It can be shown (Theorem 10) that the derived unbiased esti-
mator is essentially unique, in the sense that any unbiased estimator
is of the form ℓ̃

′( ŷ, y) = ℓ̃( ŷ, y)+γ(y− q), where γ ∈R is an arbitrary
number, and q=E[Ỹ ] is the observed prior for the label. As the free
term does not depend on the prediction ŷ, it does not matter from an
optimization perspective.

Pick-all-labels A loss function under the pick-all-labels reduction can be
written in linear form as ℓ( ŷ, y) =

∑︁m
j=1 yjℓj( ŷ), so that its unbiased

form is ℓ̃( ŷ, y)=∑︁m
j=1

yj
p j

ℓj( ŷ).

For the generic case of non-decomposable multilabel losses, Theorem 19
provides the following expression

ℓ̃( ŷ, ỹ)=

⎛
⎝ ∏︂

j: ỹ j=1

1
p j

⎞
⎠∑︂

y′⪯ ỹ

ℓ
(︁
ŷ, y′

)︁ ∏︂

j′:yj=1,y′j=0
(1− p j′) . (3.20)

The “sum over all sub-labelings”-structure of the equation indicates that
evaluating this loss function can be expensive. To be precise, it requires
2∥ ỹ∥1 evaluations of the original function. As XMC generally assumes ∥y∥1 ≪
m,4 however, this is still much more efficient than applying the result of
Van Rooyen and Williamson [152] (c.f. section 3.1) directly, as this requires
evaluating all 2m possible values of ℓ( ŷ, ·), which is intractable even for
moderate values of m.
4see Table 1.1, column LpP, for the average number of labels per point in example
datasets.
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A second problem of (3.20) is that the division by products of propensities
can lead to terms that are strongly amplified. Consequently, (3.20) is an
estimator with very high variance.
Therefore, we want to find an upper-bound surrogate that trades off some

bias against a reduction in variance. To handle both normalized one-vs-all
and pick-all-labels reductions, the random variable T :=Y /∥Y∥, representing
normalized labels, is introduced. Thus, these reductions can be written as

ℓ(Ŷ ,Y )= h(Ŷ )+
m∑︂

j=1
T j g j(Ŷ ) . (3.21)

Under the convention 0/0= 0, the normalized label T j can be written also as

T j =
Y j

1+∑︁
j′ ̸= j Y j′

, (3.22)

separating the contributions of noise in the numerator and denominator.
This enables the application of Jensen’s inequality to yield

E
[︁
T̃ j

]︁
=E

[︃
Ỹ j/p j

1+∑︁
j′ ̸= j Ỹ j′ /p j′

]︃
≥E

[︁
T j

]︁
. (3.23)

If g j ≥ 0, which is true for pick-all-labels, but not for one-vs-all, then replac-
ing T by T̃ gives an upper bound on the unbiased estimate.
The bias-variance trade-off can be demonstrated in two ways. First, using

an artificially generated dataset (including its labels), the proposed unbiased
estimator and upper bound can be used to estimate the instance-averaged
recall, which has the form of a normalized pick-all-labels reduction. The
resulting estimates, along with their standard deviation, are plotted in
Figure 3.2.
The blue line shows that if propensities are sufficiently high, the unbi-

ased estimator works well, and has reasonably low variance, but quickly
deteriorates for propensities less than 50%. Both the upper bound and just
applying the loss function without any special considerations for missing
labels lead to stable variance, but the bias of the upper bound is generally
larger than the vanilla estimate, which, at least in this case, consistently
underestimates the true recall.
To analyze the effects of the proposed estimators also in a training setting,

Publication II derives a version of the AmazonCat [105] dataset where only
the 100 most frequent (and thus expected to be least likely to have low
propensity) labels are kept. Two versions of the training split are created,
one in which these 100 labels are kept for all instances, and a second in
which an artificial propensity is imposed, removing the labels from some
instances.
This gives four different ways of training a classifier: a) Using the original

loss function on clean training data, b) using the original loss function
on noisy training data, c) using the unbiased estimator, and d), using the
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Figure 3.2. Unbiased estimate of per-example recall with artificial data (c.f. section 6
of Publication II). The shaded region corresponds to one standard deviation,
estimated over 100 repetitions. The black line denotes the true recall. Adapted
from Publication II, Figure 2.

upper bound. Additionally, there are three ways to evaluate the resulting
classifiers: Using the original loss function on clean test data, using the
original loss function on clean training data, and using the unbiased estimate
on noisy training data.
We can then train multiple classifiers using varying amounts of regu-

larization, to see how the bias-variance trade-off of the different training
methods varies. For the normalized pick-all-labels reduction applied to
the categorical cross-entropy loss, the results of such an experiment are
presented in Figure 3.3.

10−5 10−4 10−3 10−2 10−1 100

L2

-1

0

1

2

3

4

5

6

lo
ss

Setting
clean a)
standard b)
unbiased c)
bound d)

Evaluation

clean test R∗
ℓ∗

noisy train R̂ℓ

clean train R̂∗
ℓ∗

Figure 3.3. Normalized categorical cross-entropy for different regularization strengths,
evaluated on noisy training data, clean training data, and clean test data. The
gaps between dashed and dotted lines correspond to overfitting to the noise
pattern, the smaller gaps between dotted and solid lines show the generaliza-
tion gaps due to the finite training sample.
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It becomes immediately obvious that the unbiased estimate is quite un-
usable in this setup, with its training error diverging to large negative
numbers and high testing error except in cases with very strong regular-
ization. The second main takeaway is that the phenomenon of overfitting
is more nuanced in the missing-labels setup than in a standard machine
learning setting: When training on clean data (blue lines), the estimated
loss on the clean and noisy training set version (dotted and dashed lines)
are similar, and there is a significant gap towards the loss on the test set.
But in the other cases, we observe an overfitting to the noise pattern itself,5

with most of the gap being between the noise and clean training set.
For amore thorough discussion of this topic, as well as further experiments

using other loss functions and reductions, refer to section 7 in Publication
II.

3.4 Critical Discussion of the Propensity Model

The results presented above all assume access to a model for the propensity
p j = P

[︁
Ỹ j = 1

⃓⃓
Y j = 1

]︁
. In XMC, the de-facto standard for modelling the

propensity is the formula developed by Jain et al. [64]. In their model, the
propensity of a label can be determined as a function of its number of
positives, and the total number of points in the dataset, through

p j = pJPV(nj,n) :=
1

1+ (logn−1)(b+1)ae−a log(nj+b) (3.24)

Despite its widespread adoption, however, the model has some important
flaws, as elucidated in Publication III:

Dataset generalization The two free parameters a and b have been es-
timated only for two datasets and show distrinctly different values
for these two datasets, a ∈ {0.5,0.6}, b ∈ {0.4,2.6}. For all other datasets,
the common approach is to use the arithmetic mean of the two values,
without any further justification.

Scaling behaviour If you consider gatheringmore data points for a dataset
using the same generating distribution, that is, n and nj increasing
proportionally, the expression in (3.24) always converges to one.

Independence assumptions By construction, this model assumes that a)
labels go missing independently of the instance’s features, b) the rate
with which labels go missing only depends on the number of positives
nj, and c) whether one label goes missing has no influence on whether
another label goes missing.

5Propensity-overfitting in counterfactual estimation [145]
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Of course, in order to make any progress on the problem of missing labels,
some assumptions have to be made, even if they are not perfectly realistic.
Publication III provides two main lines of evidence that the assumptions are
problematic. First, an attempt to reproduce the estimated propensities on
the Wikipedia dataset, as shown in Figure 3.4, demonstrates that while the
propensities, on average, might follow the curve in (3.24), but that there is
a large amount of variance among labels of the same frequency. As such,
modelling propensities as a function of label frequency is questionable.
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Figure 3.4. Reproduced propensities for individual labels based on the observed label
frequency ñ j, as well as the fit proposed by Jain et al. [64]. Figure reproduced
from Publication III

Second, the resulting “unbiased” estimates are problematic in their own
right. Evaluating the unbiased estimators for PfastreXml [64] gives peculiar
results, as the calculated numbers according to (2.11) can exceed 100% by
far. Yet in typical XMC publications, e.g., the results collecting in Bhatia
et al. [11], values for PSP metrics are reported in the expected range of
0-100%.
This discrepancy arises because, following Jain et al. [64]:

Note that the gain G could be greater than 1 due to the propensities. Therefore,
for greater interpretability, Table 3 reports 100 ·G({ ŷi})/G({yi}) [...],

normalized versions (2.12) of the “unbiased estimator” are used, invali-
dating the interpretation of unbiased estimates, and hiding problems with
model misspecification or excessive variance.
The differences can be tremendous, as illustrated in Table 3.1. As the

unnormalized values are consistently larger than 100%, it seems unlikely
that these extreme values are caused by high variance alone, indicating
substantial model misspecification. This could be due to a direct mismatch
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of propensity values, or due to a correlation between instances X and masks
M, or a combination of the two.
Despite the interpretability problem of the numbers resulting from nor-

malization, it is important to note that the scaling factor depends only on
the dataset, and not on any predictions, so it does not influence relative
comparisons of models on a fixed dataset. However, as shown with control
experiments on synthetic data in Table 5 of Publication III, if the propensity
model is mismatched with the data, then model selection can fail, and
unnormalized estimates are a tool to detect this in some cases.

Table 3.1. Normalized and unnormalized propensity-scored precision of PfastreXML [64],
when using the pJPV model, with a= 0.5, b= 0.4 for WikiLSHTC-325K and a= 0.6,
b= 2.6 for Amazon-670K. Reproduced from Publication III.

WikiLSTHC-325K Amazon-670K

PSP(%) @1 @3 @5 @1 @3 @5

Normalized 31.16 31.80 33.35 29.93 31.26 32.80
Unnormalized 196.96 118.54 85.28 326.47 282.28 250.57

Having established these deficiencies of the commonly used JPV propen-
sity model, Publication III broadens its scope and looks at alternative
ways to specify propensities. To that end, it investigates the Yahoo R3
dataset.6 A subset of the data was created by explicitly querying users
about (instance, label) pairs, so that on this subset knowledge of the mask
M is available and the propensity on the rest of the dataset can be estimated
directly by matching the label priors on the subsets.
Several alternative propensity models are evaluated on that data, includ-

ing fitting a Richardson curve [131] and jointly learning the propensity with
the rest of the model following Teisseyre et al. [148]. All three approaches
(Richardson, joint learning, and JPV) led to improvements over the naïve
baseline of training the model without any adjustments for missing labels,
and perform worse than using the directly-estimated label-wise propensities.
Notably, for this particular dataset, the JPV model was least successful.
Finally, it is important to note that in contemporary usage, normalized

PSP metrics are treated primarily as an indicator for the performance of a
model on the long tail of labels, disregarding their original derivation as
unbiased estimates under a missing-label model. In that capacity, they are
as principled as other ad-hoc weighting schemes that upweight infrequent
labels.
6https://webscope.sandbox.yahoo.com
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3.5 Summary and Discussion

With the results of Publications I to III in mind, we can revisit the questions
posed in the introduction.

Unbiased estimates for general multilabel loss functions, RQ 2a Un-
biased estimates can be formed for any multilabel loss function, un-
der the assumption that labels go missing independently with know
propensities. For decomposable loss function, equation (3.9) gives a
simple way to calculate such estimates, whereas non-decomposable
functions require the much more involved expression (3.20).

Efficiency of unbiased estimates, RQ 2b From a computational point
of view, the decomposable unbiased estimates cause negligible over-
head, but the compute cost for the non-decomposable estimator is
exponential in the number of observed labels. While the average
number of labels per instance in XMC settings is low enough to keep
calculating this estimator feasible, a single outlier with a large number
of labels can make the calculation intractable. Thus, one may require
additional techniques, such as randomly subsampling the terms in
(3.20), for such cases.

More problematic than the computational cost, though, is the statisti-
cal efficiency of these estimates. For estimating the performance of
fixed models, this manifests in an increased variance of the estima-
tor; for training, the unbiased loss versions provide a new source of
overfitting that can overshadow the benefits of unbiased estimation
by far. This is particularly problematic for non-decomposable losses,
where the unbiased version contains products of propensities in the
denominator, making them unsuitable as training objectives in XMC.

Surrogates for unbiased estimates, RQ 2c For (decomposable) OVA-
based loss functions that are based on surrogates of the 0-1 loss,
we can form surrogates of the unbiased version of the 0-1 loss to
circumvent some of the optimization problems: The new loss func-
tion will be lower-bounded and convex, but there is still an increase
in Lipschitz constant that implies that more samples are required.
For (decomposable) PAL-based losses, the situation is even simpler:
Their unbiased version is just a convex combination of the original
multiclass loss, and no additional steps need to be taken to ensure
lower-boundedness.

The situation is less favourable for normalized reductions. In the
PAL-N case, we found an upper-bound that is far less susceptible to
overfitting than the unbiased estimate, so that it provides a viable
option as a training objective. However, its advantage over losses that
ignore the missing-labels problem altogether seems quite minor.
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And for normalize OVA decompositions, the same trick as for PAL-N
does not yield an upper bound, so at this point we do not have such a
bound.

Overall, the results in this chapter indicate that the combination of in-
creased variance and the lack of a reliable propensity model cause unbiased
estimators to be of only limited use as a tool to address missing labels in
XMC problems. For decomposable loss functions, the variance can be kept
in check, and Publication I shows that surrogates for unbiased estimators
can lead to improved results using the standard PSP metrics but without
any additional test set with controlled subsampling of labels, it is difficult
to say how much of the improvements is really because missing labels are
adequately addressed, and how much is simply the result of optimizing the
metric that is used for evaluation more directly.
As the contemporary usage of PSP metrics is more motivated by their

increased weight on tail labels than by any missing-labels interpretation,
however, the provided loss functions still have tangible benefit in this regard.
The next chapter will discuss alternative performance measures for tail
labels that do not rely on dataset-dependent hyperparameters.
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To motivate the need for tail-label adapted performance metrics, con-
sider the following experiment, performed in Publication VII: We take the
AmazonCat [105] dataset and train two different models. The first uses the
full available label information, whereas the second discards all labels that
are not among the 1000 most frequent labels entirely, i.e., in that training
run, only 1000 columns of the label matrix have nonzero entries. Both
models are then evaluated on the full test set.
The results of this experiment are presented in Table 4.1, which shows that

standard performance metrics, including the “tail-label adapted” propensity-
scored precision (PSP), are quite stable against this training set pertur-
bation, especially at low values of k. This suggests that good predictive
performance on the long tail is not actually a necessary condition to achiev-
ing high scores in these metrics.
In contrast, macro-averaged metrics, as described in the rest of this chap-

ter, can be very sensitive to long-tail performance, suffering a substantial
decline if the classifier does not receive any tail labels in its training set.

Table 4.1. Performance measures (%) on AmazonCat-13k of a classifier trained on the full
set of labels and a classifier trained with only 1k head labels. Adapted from
Publication VII.

Metric full labels head labels
@1 @3 @5 @1 (diff.) @3 (diff.) @5 (diff.)

Precision 93.03 78.51 63.74 93.08 (+0.05%) 76.42 (-2.66%) 58.21 (-8.67%)
nDCG 93.03 87.25 85.35 93.08 (+0.05%) 85.75 (-1.71%) 80.91 (-5.19%)
PSP 49.76 62.63 70.35 49.07 (-1.39%) 57.71 (-7.84%) 57.41 (-18.40%)

Macro-P 13.28 32.65 44.16 4.31 (-67.54%) 5.28 (-83.82%) 4.32 (-90.21%)
Macro-R 1.38 11.06 30.57 0.47 (-65.61%) 2.69 (-75.71%) 4.10 (-86.59%)
Macro-F1 2.26 14.67 32.84 0.74 (-67.37%) 3.10 (-78.88%) 3.77 (-88.51%)
Coverage 15.19 40.53 60.88 5.11 (-66.32%) 7.37 (-81.82%) 7.52 (-87.65%)
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4.1 Background: Generalized performance metrics

In equation (2.1), the risk is written as an expectation over individual in-
stances; it decomposes. However, it is also possible to define loss functions
which need to combine information aggregated over multiple instances.
Examples for such metrics, called non-decomposable or generalized perfor-
mance measures, include the area under the ROC curce [33], geometric
mean [33, 158, 108], as well as the F-measure [151, 93] as the harmonic
mean of precision and recall.

Metric Ψ Metric Ψ

Accuracy tp + tn Balanced Acc. tp
2(tp+fn) + tn

2(tn+fp)
Precision tp

tp+fp Recall tp
tp+fn

F1
2tp

2tp+fn+fp G-mean
√︂

tp
tp+fp ·

tp
tp+fn

Table 4.2. Examples of generalized performance measures, written in terms of confusion-
matrix entries. Except for accuracy, which is a linear function, these metrics
are non-decomposable.

Already in the binary case, non-decomposibility significantly increases
the complexity of even just defining which task precisely one wants to
solve. One view, coming from an idealized, mathematical perspective, is to
consider the limit of receiving an infinite amount of testing data. To evaluate
the quality of a predictor in this setup, we need to evaluate a functional
Ψ[Ŷ ,Y ].1 As both Y and Ŷ are binary variables, their joint distribution is
fully characterized by the (population) confusion matrix2

C[Ŷ ,Y ]=
(︃
E[(1−Y )(1− Ŷ )] E[Y (1− Ŷ )]

E[(1−Y )Ŷ ] E[Y Ŷ ] .

)︃
(4.1)

Thus, the goal is to optimize

Y ∗ = argmax
Ŷ

Ψ(C[Ŷ ,Y ]) , (4.2)

where Ψ is a confusion-matrix measure, and the optimal classifier is thresh-
olding operation, with potential randomization at the threshold [140]. As
the optimization is performed over the entire, infinite population of possible
samples, this approach is called population utility (PU).
Equation (4.2) looks quite different from the definition of Bayes-optimal

predictions given in (2.3), which considers the best prediction for each
given input instance. Of course, for non-decomposable metrics, it is not
possible to make predictions that are optimal at the level of a single instance,

1We use square brackets to indicate that this is a functional, that is, a function the
takes as inputs the random variables themselves, instead of acting on individual
samples.
2Also called a contingency table
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but we can define optimal decisions for any fixed, given set of instances.
Collecting all instances into a matrix X, and corresponding labels3 Y ∈ {0,1}n

and predictions Ŷ ∈ {0,1}n, we can consider a function Ψ : {0,1}n×{0,1}n −→R

to evaluate all our predictions jointly. The corresponding version of (2.3),
requiring us to be optimal in expectation over all possible ground-truth
labelings that could be sampled for the given set of instances, is

y∗(X)= argmax
ŷ

E[Ψ( ŷ,Y ) |X=X] . (4.3)

As the optimization is over the expected performance on a fixed test set,
this framework is called expected test utility (ETU).
Alternative names for PU are expected utility optimization and for ETU

decision-theoretic approach [169]. Under mild assumptions, the ETU-
optimal solution will converge to the PU-optimal solution as the test set size
grows to infinity [30].
Methods exist for handling generalized performance measures in bi-

nary [17, 169, 67, 85, 30], multiclass [120, 121], and multilabel [29, 86, 83,
157] setups.

4.2 Macro-averaged performance metrics

Instead of just presenting a guess at a useful formula for a performance
metric, let us try to take a more principled approach and derive a class of
metrics by requiring certain properties.
Imagine you are supposed to compare different XMC models by mapping

them to a single, scalar score. How can that be achieved? The typical
approach is to collect a test set of n examples not yet seen during training.
Then each model can make its predictions Ŷ ∈ {0,1}n×m and compare them
against the ground truth Y ∈ {0,1}n×m though

Ψ : {0,1}n×m× {0,1}n×m −→R . (4.4)

As the ordering of the instances in the training set is arbitrary, it should not
have any influence on the model evaluation procedure. Similar, the mapping
of labels to columns in the predicted/ground-truth matrix is immaterial to
the success of the classifier. Thus, for arbitrary permutations matrices
σ ∈ S(n) and ρ ∈ S(m), we have

Ψ(Ŷ,Y)=Ψ(σŶρT,σYρT) . (4.5)

This can be extended to support, e.g., weighted labels and instances by
allowing for additional per-label/per-instance metadata that gets permuted

3Note that we are still in the binary setting, hence we have one binary value for
each of the n instances, instead of one value for each class label m.
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alongside the matrices. This metadata should be fixed a-priori, i.e., it cannot
depend on any prediction.
Additionally, the functionΨ should be compatible with the following partial

order introduced on the predicted labels Ŷ for each Y:

Ŷ⪯Y Ŷ′ ⇔∀i, j :1
[︁
Ŷ i j =Y i j

]︁
≤1

[︁
Ŷ ′

i j =Y i j
]︁
; (4.6)

that is, Ŷ contains a mistake at least at all the positions where Ŷ′ contains a
mistake. As such, Ŷ′ is strictly no worse than Ŷ, and we want that reflected
in our valuation,

Ŷ⪯Y Ŷ′ =⇒ Ψ(Ŷ,Y)≤Ψ(Ŷ′,Y) . (4.7)

As our ultimate goal for this chapter is to find both useful metrics and an
efficient way to make optimal predictions for that metric, we impose an
additional constraint: we want the metric to be decomposable.
The metrics used in the preceding chapter, and typically reported in

XMC [11], all have in common that they are decomposable over instances,
that is, they can be computed at the level of an individual instance. The
overall performance of the method is evaluated based on the average over
all instances according to (2.1). For the purpose of finding tail-label oriented
metrics, we take the orthogonal approach, assuming that the metric can be
decomposed over labels instead, that is, we have

Ψ(Ŷ,Y)=
m∑︂

j=1
ψ( ŷ: j, y: j) . (4.8)

Metrics of this form are called macro-averaged metrics, and form a subset
of generalized performance measures. This can be generalized slightly by
allowing the functions ψ to be different for each label.4

Ψ(Ŷ,Y)=
m∑︂

j=1
ψj( ŷ: j, y: j) . (4.9)

This form does not yet guarantee that Ψ is invariant under instance re-
ordering, which can be ensured by requiring the ψj to be functions of the
confusion matrix of ŷ: j and y: j. Thus, we can equivalently write

Ψ(Ŷ,Y)=
m∑︂

j=1
ψj(Ĉ

(︁
ŷ: j, y: j

)︁
) , (4.10)

where Ĉ denotes the mapping of binary predictions and labels to the empir-
ical confusion matrix,

Ĉ( ŷ, y) :=
n∑︂

i=1

(︃
(1− ŷi)(1− yi) ŷi(1− yi)

(1− ŷi)yi ŷi yi

)︃
. (4.11)

4The main purpose of this generalization is to allow the PSP metric and other
forms of label-weighted precision to be included in this framework.

58



Macro-averaged Performance Metrics

In fact, any function that decomposes linearly over the labels and is invariant
to the ordering of instaces can be written in the form (4.9), as shown in
Appendix A1 of Publication VII.
The equation (4.10) calculates a performance metric for any given set

of labels and predictions, i.e., it acts in the ETU setting. By replacing the
empirical confusion matrix Ĉ with the population confusion matrix C,

C[Ŷ ,Y ] :=
(︃
E[(1− Ŷ )(1−Y )] E[Ŷ (1−Y )]

E[(1− Ŷ )Y ] E[Ŷ Y ]

)︃
, (4.12)

we can instead define a macro-averaged population utility as

Ψ(Ŷ,Y)=
m∑︂

j=1
ψj(C

[︁
Ŷ : j,Y : j

]︁
) . (4.13)

At first glance, (4.10) and (4.13) look like they would be straightforward to
solve. By construction, the objective separates into completely independent
problems for each label, so optimizing each binary problem individually
would yield the optimal solution to the multilabel problem, and standard
techniques for binary non-decomposable metrics could be applied [86].
However, prediction in XMC is typically performed “at k”, that is, for each
presented test instance, the algorithm is required to return exactly k can-
didate labels, that is, ∥ ŷ∥0 = ∥ ŷ∥1 = k. This constraint couples the binary
problems, as the labels now have to compete for the k available slots.

4.3 Optimal predictions under the ETU setting

In the ETU setting, we are given a fixed sample of test instances X, for
which we need to predict the unknown labels to maximize

Y∗ = max
Ŷ∈{0,1}n×m

E

[︄
m∑︂

j=1
ψj(Ĉ

(︁
ŷ: j, y: j

)︁
)

⃓⃓
⃓⃓
⃓X=X

]︄

s.t.∥yi:∥1 = l ∀i ∈ [n]

. (4.14)

One can show (Appendix A.2 in Publication VII) that this objective can
be written as a function of the predictions and the marginal probability for
each label at a given instance, η j(x)=E

[︁
Y j

⃓⃓
X = x

]︁
. Crucially, this means

that a standard learning algorithm, e.g., based on the OVA decomposition,
can be used to learn an approximation η efficiently, and we “only” have to
find an inference algorithm based on predicted probabilities.
Publication VII tackles this tackles this problem by making what we term

a semi-empirical approximation: We can parametrize the confusion matrix
metric by true positives t, ground-truth positives p and predicted positives
q. Then we define semi-empirical quantities

t̃ :=E[t |X=X], p̃ :=E[p |X=X], q̃ :=E[q |X=X]= q , (4.15)
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where we use that the predicted positives are a deterministic function of
the predicted labels. Our approximation then replaces

ΨETU :=E
[︁
φ(t,q, p)

⃓⃓
X=X

]︁
≈φ(t̃,q, p̃)=: Ψ̃ETU , (4.16)

that is, we exchange expectation and φ. If φ is linear in t and p (but not
necessarily in q), this substitution is exact, otherwise it incurs an error
bounded by O (

⎷
n) according to Theorem 5.2 in Publication VII if φ fulfills

specific Lipschitzness conditions.
If the function φ is linear in t and q (but not necessarily in p, which is

constant for a fixed test set),

φ(t,q, p)= ft(p) · t+ fq(p) · q+ fp(p) , (4.17)

the entire objective Ψ̃ETU decomposes linearly over instances as well as
labels. This implies that the optimization can be performed for each instance
independently, where the optimal prediction resolves to taking a weighted
top-k of the label probabilities, with the weighting factors, henceforth called
gains g, determined by the coefficients of the linear function:

g j(x) := η j(x) ft(p j)+ fq(p j) . (4.18)

The more interesting case is if the function does not decompose. In this
general case, we can make progress as follows: If we assume that we
already know the optimal predictions for all but one instance in the test
set, the prediction problem for the single remaining instance turns into a
linear optimization problem whose solution is again a weighted top-k. This
insight allows us to construct a block-coordinate-ascent (BCA) algorithm,
where each block of coordinates is the predictions for a single instance.
By iterating over the entire dataset in randomized order and updating
predictions for each instance to be optimal conditioned on the others, we
can refine the prediction matrix until we achieve a stationary point in which
single-instance changes no longer lead to any improvement.
In order for this approach to be efficient, the indivdual steps need to be

performant. Assuming we have a model that provides η in O (m), we can
select the weighted top-k in O (m log(k)) time. However, à priori, the weights
depend on the confusion matrix, which requries O (m ·n) operations to be
calculated. Fortunately, we can keep track of the confusion matrix in an
online fashion: When updating the prediction for an instance, we subtract
the contributionmade by the old predictions, and add the contribution by the
new predictions. This is possible because calculating the confusion matrix
is linear over the instances. Therefore, the BCA step can be implemented
in O (m).
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4.4 Optimal predictions under the PU setting

Now, we turn to the problem of optimizing macro averages in the PU setting.
In this case, the target to optimize is

h∗ =max
h∈H

m∑︂

j=1
ψj(C

[︁
h j(X ),Y j

]︁
)

s.t.∥h(x)∥1 = k∀x ∈X

, (4.19)

where H : X −→ [0,1]m represents the class of probabilistic multilabel clas-
sifiers.5

To develop an algorithm for optimal inference, let us first start again with
the simpler case of linear metrics. Let C=C[Ŷ ,Y ] := [C[Ŷ 1,Y 1], . . . ,C[Ŷm,Ym]]
be the confusion tensor of the multilabel problem, then we consider metrics
of the form

Ψ(Ŷ ,Y )= 〈G,C[Ŷ ,Y ]〉 , (4.20)

where 〈·, ·〉 denotes the inner product when interpreting these tensors as
vectors, i.e., we calculate a weighted sum of all the entries of the confusion
tensor.
We can show (Publication VIII, Theorem 4.1) that in this case, the optimal

solution is given by a top-k selection of an affine transformation of label
probabilities

h∗(x)= topk(a ·η(x)+b) , (4.21)

where

a j =G j
00+G j

11−G j
01−G j

10 ,b j =G j
01−G j

00 . (4.22)

This result can be directly used to tackle the non-linear case. Under some
regularity assumptions, the solution of the nonlinear optimization problem
(4.19) can be found as the solution to a specific linear optimization problem,

h∗ = argmax
h

〈G,C[h]〉 , (4.23)

where the gain tensor G given through G = ∇Ψ(C[h∗]) (Publication VIII,
Theorem 4.2).
While this does not help directly – in order to know the coefficients G for

the linear problem, the optimal confusion tensor C(h∗) already needs to
be known – it points the way toward an algorithmic solution. For a given
candidate solution h′, we can calculate the corresponding confusion tensor
C′. If h′ were optimal, then by the theorem solving the resulting linear
problem with G=∇Ψ(C[h∗]). If C′ is not optimal, we still can solve the linear
problem, and get a new candidate h′′. Because Ψ is not linear, this new
solution need not be better when evaluated with Ψ instead of G; however,
we can do a line search interpolating between h′ and h′′. The update step
is illustrated in Figure 4.1.
5Any vector ĥ ∈ [0,1]m with ∥ĥ∥1 = k can be turned into a probababilistic prediction
Ĥ ∈ 0,1m with ∥Ĥ∥1 = k almost surely by using, e.g., Madow’s sampling[103].
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Utility function Ψ

Set of all
feasible C
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Ci−1

Ψ(Ci−1)Ψ(C�)
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Ψ(Ci)

Figure 4.1. Frank-Wolfe optimization step: A linearization of the metric Ψ at the current
confusion matrix C is generated, and the optimal solution in the linearization is
calculated. The next classifier (and correspondingly, the next confusion matrix)
is then generated by a line search between the old and the linearized solution.
Figure from the poster accompanying Publication VIII, by Marek Wydmuch.

This is the Frank-Wolfe [44] algorithm for constrained optimization. If Ψ
is concave and sufficiently smooth, this algorithm is guaranteed to converge
to an optimal solution with high probability, as shown in Publication VIII,
Theorem 5.1. This theorem is an adaptation of a similar statement given in
Narasimhan et al. [120], which in turn is based on the analysis of Frank-
Wolfe by Jaggi [63].

4.5 Results and discussion

While the block-coordinate and Frank-Wolfe algorithm are very effective
of optimizing their target metric, as shown in the respective papers, this
usually coincides with a drastic decrease in traditional performance metrics.
Fortunately, we can also consider the precision-at-k metric in the macro-
average framework: precision-at-k simply arises when the binary metric
to average over is chosen to be the true positive rate. Since any linear
interpolation of two macro-averaged metrics is again a macro-averaged
metric, this means that we can smoothly trade-off precision-at-k with a
secondary, tail-label adapted metric.
Because we chose a setup in which the prediction problem is separated

into two phases, learning a model η̂ to predict marginal label probabilities,
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Figure 4.2. Interpolation between precision-at-3 and macro-averaged F1-measure-at-3, as
well as power-law (POW) and logarithmic (LOG) label weightings.

and then running a comparativly cheap inference procedure (neither BCA
nor FW take more than a few minutes) on top, we can efficiently generate
optimal predictions for many different performance metrics.
In Figure 4.2, we present an interpolation between macro-F1 and preci-

sion metrics, as well as some other empirical weighting schemes based on
either a power-law or a logarithm of the label frequencies. The graph shows
that initially, the macro-F1 (and thus performance on tail labels) can be
improved substantially without affecting the precision much, but at some
point, improvements in F1 can only be achieved by massive decrease of pre-
cision. Still, our proposed method appears to be Pareto-optimal compared
with the other heuristics that we compared against in this example.
Interestingly, and contrary to the ETU setting, none of the arguments re-

quired for deriving the optimal PU predictions need to haveΨ decomposable
over labels; any concave metric that is a function of the confusion tensor
can be optimized with the FW algorithm. This difference arises because
in the PU case, we optimize over a convex set (of probabilistic classifiers),
whereas the optimization target in ETU is discrete. In particular, the inner
optimization step, finding optimal predictions for a single instance given
predictions for the rest of the dataset, becomes tractable for metrics that
decompose over labels.
Above, the algorithms were presented based on access to the full set of

predicted probabilities η̂, yet for efficiency reasons, many XMC methods
chose to employ some form of shortlisting, and thus only predict a small
subset of the entries of η̂. Publications VII and VIII show that the algorithm
remains viable if one uses shortlisted predictions, implicitly assuming any
non-shortlisted value to be zero.
In the context of the questions raised in the introduction of the thesis, we

can draw the following conclusions:
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Long-tail performance metrics,RQ 1a We have shown that the class of
macro-averaged performance metrics contains metrics that are sen-
sitive to tail-label performance. However, not every macro-average
is, e.g., precision-at-k also falls within this framework. Additionally,
from a practical perspective, the most interesting metrics are prob-
ably an interpolation between traditional P@k and a tail-adapted
macro-averages. While this introduces a new hyperparamter, the in-
terpolation factor, plots like Figure 4.2 are easily produced and can
help make an informed choice.

Optimal predictions, RQ 1b In the PU case, for concave and sufficiently
smooth objectives, the Frank-Wolfe algorithm converges to the optimal
solution. For the ETU case, making optimal predictions would require
solving an intractable combinatorical optimization problem.

Efficient approximately-optimal predictions, RQ 1c In order to make
the ETU task tractable, we apply a semi-empirical approximation,
and derive a block-coordinate-ascent algorithm that produces locally-
optimal predictions. The cost of both the BCA and FW algorithms
grows linearly in the label size, and both algorithms can be com-
bined with typical XMC shortlisting approaches for further efficiency
gains. Making optimal predictions for different objectives can be done
cheaply, without requiring expensive retraining of the XMC model
that just provides probability estimates η̂.
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Whereas the preceding two chapters focused on problems related to the data
distribution in XMC, this section deals with the computational challenges
that arise from the large label space. First, we will demonstrate that even
simple and well-established baselines can benefit from a more careful
implementation on modern hardware, and some simple tricks exploiting
the highly imbalanced nature of the XMC problem. Then we specifically
turn to the problem of memory cost, which is generally less well explored
than the computational aspects of XMC.

5.1 Efficient linear models for imbalanced multilabel problems

Dismec [4], at its core, is highly-parallelized training of independent linear
classifiers for each label. In principle, this embarrassingly parallel task
should scale perfectly to large multicore processors. In practice, however,
speedup quickly saturates as core counts are increased. This is because of
the memory bottleneck: Even though all calculations are independent and
run on separate CPU cores, they have to share the same memory bandwidth,
which quickly saturates. This is particularly problematic on large NUMA
system, where RAM is partitioned in multiple NUMA domains, such as
CSC’s Mahti, see Figure 5.1.
The feature matrix X that needs to be repeatedly read by all binary sub-

problems will reside in only one NUMA node, effectively swamping this
part of memory, while leaving the other nodes underutilized. Therefore, the
first optimization Publication IV makes is to generate copies of the feature
matrix in each NUMA node, pin individual threads to cores, and then ensure
that each thread accesses the copy that is closest to its core.
After fixing this parallelization problem, taking a closer look at a profile

of where most of the time is spent reveals a peculiar phenomenon: The
first few iterations of the conjugate-gradient based optimizer [77, 47] are
taking much longer time than later iterations, despite seemingly doing the
same operations, at least when the equations are written down in matrix
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Figure 5.1. Memory arrangement in a singe compute node on the CSC Mahti cluster. A
node contains two CPUs with four NUMA nodes each. When reading memory
connected to one socket from the CPU on the other, data needs to be trans-
ferred through an interconnect that can easily become a bottleneck. Image
reproduced from https://docs.csc.fi/computing/systems-mahti/.

form. The observed speedup is due to the fact that the conjugate-gradient
optimizer performs many Hessian-vector products in its inner loop. As
Dismec uses a squared hinge loss, instances that are classified correctly
with sufficient margin do not contribute to the Hessian, and thus may be
skipped in the computations [42, 77]:

Hd =
n∑︂

i=1
xiφ

′′(yiwTxi)〈xi,d〉+d =
∑︂

i∈A
φ′′(xTi w · yi)yi〈xi,d〉 · xi+d, (5.1)

where A denotes the set of active instances, i.e., those for which clas-
sification has not yet reached a sufficient margin. As the weight vector
approaches its optimum, fewer and fewer instances need to be taken into
account; the time per iteration decreases.
Thus, the main idea of Publication IV is to find an initial vector that can

be calculated quickly, and that leads to a very sparse Hessian matrix from
the beginning. Initial progress had been made on that problem by Fang
et al. [43], but further improvements remained possible. Due to the high
imbalance of most binary problems comprising the XMC task, a simple idea
would be to predict all-negative, e.g., by setting a negative bias term at
initialization. However, as investigated in our paper, such a scheme does
not lead to good speed-ups, as the sparsity in the Hessian does not persist
into the second iteration.
Instead, we chose an initial weight vector that generates a separating

hyperplane between the centers of masses of the positive and the negative
instances. This can be calculated efficiently by precomputing the sum over
all instances once, and then adjusting for the sum over all positives within
each binary subproblem. The choice of such an initial weight is illustrated
in Figure 5.2.
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Figure 5.2. Mean-separating initialization. The initial weight vector (solid yellow line)
is chosen such that it separates the mean feature of the positive instances
(green) from the mean of the negatives (violet). Any instance that is more
than the margin-width from the plane thusly defined (i.e., outside the area
demarcated by the dashed yellow lines) does not contribute to the Hessian, so
the computations need only involve a small subset of instances. As we expect
far more negative than positive instances, the distance of the hyperplane from
the positive center s is smaller than that from the negative center t. Figure
from Publication IV.

Despite the simplicity of this approach, we find speed-ups between 1.8×
and 5× compared to the default of initializing with zero.

5.2 Background: Memory efficiency and sparsity

Memory Efficiency for XMC While techniques such as probabilistic labels
trees and shortlisting are great at reducing the runtime cost of extreme
classifiers, they do address the enormous memory cost associated with the
classification layer. The cost is twofold: For one, the activation memory
associated with calculating and storing all logits, loss values, and derivatives
is enormous, but can be mostly avoided by clever implementation [66].
Second, the weights of the classifier itself consume a huge amount of
memory; during training, this may be compounded by the fact that typical
deep learning optimizers store additional buffers for momentum terms, and
single-precision master copies in the case of mixed-precision training.
One way to reduce the memory consumption of the XMC model is through

weight pruning, a technique that has long been employed to reduce in-
ference costs [90, 39, 53, 116, 56, 92, 160]. In the XMC setting, the
Dismec model trained on tf-idf Amazon-670k consumes 3.75GB of mem-
ory, only a tiny fraction of the memory cost of a dense matrix of size
4B× 670091× 135909 ≈ 364GB. In the case of linear models specifically,
pruning also helps in reducing memory during training, as weights can be
pruned as soon as individual binary problems are solved. For deep learn-
ing approaches, however, all labels are trained simultaneously, and thus
post-training pruning does not help with training memory.
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An alternative method that promises true memory reductions is Mach [106]:
Here, instead of learning one weight vector per label, the labels are ran-
domly hashed, and prediction is performed on the much more coarse-
grained label hashes (meta labels). In order to be able to make predictions
at the level of single labels, multiple independently hashed classifiers are
trained. It can be shown that, in a multiclass setting, the label probabilities
can be reconstructed from the predicted probabilities of meta-labels if suf-
ficiently many hash functions are used. Overall, this results in a memory
cost that grows only logarithmic in the number of labels. Unfortunately,
the efficiency comes at the cost of predictive performance, where typical
OVA-based models outperform Mach [11].
The idea explored in this section is to achieve dynamic sparse training,

that is, to use sparse classifier weights throughout the training process.
This could be seen as moving the pruning step from inference to training
time, or as a modification of Mach, which could be seen as a very specific
sparse training setup in which the sparsity is fixed in both connectivity and
weights.

Dynamic Sparse Training Before presenting the application of dynamic
sparse training (DST) to extreme classifiation, this subsection will give a
brief overview over the field.
Sparsity has a long history in the training of neural networks, going back

to at least the 80s and 90s [90, 55, 143]. In addition to reduced computa-
tional and memory cost, sparsity also promises potential improvements in
generalization, e.g., iterative pruning and retraining techniques based on
the “lottery ticket hypothesis” [45]. A recent survey on sparsity in neural
networks is Hoefler et al. [59].
DST, in particular, refers to the application of sparsity throughout the train-

ing process, instead of removing weights from a densely-trained network.
In order to determine the optimal connectivity, DST algorithms generally fol-
low a prune-rewire-regrow cycle: First, suitable connections are identified
for pruning and removed. Then, new connections are generated accord-
ing to some criterion. Finally, regular gradient-descent based training is
performed to update the weights, until the next pruning step starts.
A simple way to implement this is to prune weights by magnitude (Set,

[115]) or whenever they change their sign (DeepR, [8]), and rewire by uni-
formly random choice. More sophisticated methods utilize gradient informa-
tion [41] , dense momentum buffers [31], or second-order information [90].

Sparsity and Hardware Unstructured removal of weights, while very appeal-
ing from a theoretical perspective, leads to much less tangible improvement
than one would naïvely expect when actually executed on modern hardware.
Issues arise because of the non-uniform memory access [112] required,
work imbalances [167] between different neurons, and the unavailability
of tensor cores for unstructured sparsity [180]. This is exacerbated by the
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fact that sparse matrices also need to store them location of non-zeros in
some form, so that actual memory improvements are less than the sparsity
ratio.
While sophisticated implementations can mitigate some of the impact of

these problems [159, 46, 124], practical speedups significantly lag behind
the theoretical improvements that would be expected based on the amount
of floating-point operations that need to be executed. Structured sparsity, on
the other hand, is much more amenable to hardware: In the most extreme
case, entire neurons or even layers are removed [161, 116, 94, 56], allowing
computations to retain their dense structure. However, such crude model
surgery often comes at the cost of diminished accuracy. Less drastic are
block-sparse [50, 119] formats, in which fixed-shape sub-blocks of weight
matrices are retained or removed.
Even more fine-grained are so-called “n :m” sparsities: Within each sec-

tion of m possible weights, at most n can have a non-zero value [167]. This
makes the sparsity pattern more uniform, streamlining memory access and
work balancing. In particular, for n= 2 and m= 4, this can be implemented
directly at the hardware level, and is supported in NVidia GPUs starting
from the Ampere generation.1 In addition to reductions in quality at low
values of m, for the purpose of training a network, n :m sparsity also suffers
from the fact that in the backward pass, the transpose of the weight matrix
is needed, which does not necessarily have the same n :m pattern, unless
transposable masks are explicitly enforced [62].

5.3 DST for learning the classification layer

As a first step towards employing sparsity for the XMC problem, Publication
V considers the reduced problem of training just the classification layer
using dynamic sparsity. In particular, input features are pre-generated
either using generic fastText [75, 14] embeddings, or by dropping the
classification layer from a trained CascadeXML [79] network and extracting
the penultimate emdeddings.
First attempts of using pre-existing implementations of sparsity in the

tensorflow [1] framework failed due to the representation of sparse ma-
trices in tensorflow: They are represented in coordinate (COO) format,
that is, each nonzero is stored as one floating-point value and two integer
indices indicating row and column. In tensorflow, these indices use 64-bit
integers, thus massively increasing the memory footprint of the sparse
representation.
Therefore, we opt for a custom implementation of a slightly structured

sparsity pattern that constrains the number of non-zero elements to be

1www.nvidia.com/content/PDF/
nvidia-ampere-ga-102-gpu-architecture-whitepaper-v2.pdf
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identical in every row (neuron). In addition to the computational benefit,
such a structure also ensures that no label can be pruned away entirely. A
visualization of different sparse storage formats is shown in Figure 5.3.

a) COO b) CSC c) Uniform
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Figure 5.3. Schematic depiction of different sparse matrix formats. Note that in Coo format
a), the indices array in Algorithm 1 is of shape 2×nnz. In uniform format c)
it is nnz per column× labels, and hence only half as big, compared to the Coo
format, for the same number of nonzeros. Figure adapted from Publication V.

We implemented custom sparse kernels that used constant fan-in sparsity
so that a single 16-bit integer index is enough to identify the location of
each nonzero. In order to enable an efficient implementation, we store
input features in column-major order, contrary to the default storage format
in tensorflow and pytorch [125]. Column-major ordering ensure that the
same features of different input instances are next to each other in mem-
ory, making the memory access pattern of the matrix multiplication more
regular.

Algorithm 1 Calculation of the score for a single label and instance for
fixed fan-in sparsity Figure 5.3 with s non-zeros for each label.
value = 0;
for i in range(s):

source = indices[i, label]
feature = features[batch, source]
value += feature * weights[i, label]

data[batch, label] = value

While the constant fan-in format works well for the forward pass, during
gradient computation, one needs to multiply with the transpose of the
weight matrix, which does not benefit from the fan-in constraint. By using,
as in Publication IV, a squared hinge loss, we can exploit the same implicit
negative mining effect that also enabled much of the efficiency of Dismec++:
After the first few optimization steps, a large fraction of the logit gradient
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will be zero, because the corresponding labels are easy negatives. By
exploiting this gradient sparsity, we can also bring down the computational
cost of the backward pass.
A fast and memory-efficient implementation in itself is not useful unless

the resulting method remains close in predictive performance to the original
dense baseline, and in particular, outperforms a smaller dense model of
equal memory consumption. Simply training a fixed fan-in sparse classifica-
tion layer using SET did not, however, achieve this, and instead resulted in
severe underfitting.
To compensate, an intermittent layer of intermediate size can be added.

Even if this layer has much more neurons than the embedding layer, the
overall increase in parameters is only moderate, as the parameter count for
the sparse classification layer is independent of the size of the preceding
layer. For e embedding dimensions, h intermediate neurons, a fan-in of f
and m labels, the total parameter count is given by e ·h+ f ·m. In Publication
V, we used fan-ins f ∈ {32,64}, and intermediate layers between 16k and
100k units.
Not unexpectedly, increasing the number of parameters, either through

the intermediate layer or through the fan-in, leads to improved classi-
fication performance, but of course also increase memory consumption.
Interestingly, we found that when training based on generic features (Slice’s
fastText [14, 75]) features, the sparse network (with increased representa-
tion capacity due to the intermediate layer) actually results in better test-set
performance that the dense baseline, but when using highly-adapted fea-
tures, extracted from fully-trained CascadeXML [79], we were not able to
match the baseline. Looking at the performance on the training set, we
find that for both types of features, the sparse model achieves slightly less
precision.
With our implementation, the time per epoch for the dense model and the

sparse model are approximately equal, but the sparse model requires more
epochs to be trained [96].

5.4 End-to-end DST training

Given that above, we found that training just the extreme classifier suffers
from underfitting, one might assume that end-to-end training the embedding
model together with the classifier allows for the embeddings to be co-
adapted to the sparse classifier. This is the aim of Publication VI, which
puts a sparse classification layer on top of a Bert [32]-based embedding
model.
However, initial experiments showed disappointing results, with dynamic

sparse training lagging far behind the dense baseline. In particular, end-to-
end training seemed to achieve precision much lower than adapting just the
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Figure 5.4. At low sparsities, even static sparsity leads to reasonable performance. As
the sparsity increases, static sparsity becomes useless and dynamic sparse
training is needed. At the highest level of sparsity, the auxiliary loss becomes
critical for preserving accuracy. Figure adapted from Publication VI.

sparse classifier as in Publication V. A sparse classification layer impedes
learning of the dense embedding model!
Somehow, the gradients backpropagated from the sparse layer do not

provide a good signal to fine-tune the Bert model. To mitigate this, we
add an auxiliary loss that bypasses the extreme layer. As auxiliary loss, we
chose a meta-label classification task, that is, we add a second classification
head whose targets are a coarse-grained version of the original label vector,
i.e., we use the same targets as other XMC methods use for the purpose of
label shortlisting.
As the auxiliary loss ultimately would lead to different optimal weights

than the actual task loss, we only enable it for the initial epochs of training
and turn it off later. The end-to-end training with auxiliary loss obviates the
need for the intermediate layer introduced in the preceding section.
Figure 5.4 shows how increasing sparsity requires more sophisticated

training methods to limit the impact on performance: For 66% sparsity,
even a static selection of the nonzero location performs reasonably well;
at 95% sparsity, the auxiliary loss is essential to prevent the model from
becoming completely useless.
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5.5 Discussion and Outlook

In this chapter, computational aspects of the XMC problem have been
investigated. In Publication IV, it was demonstrated that even algorithms
as simple as linear models can benefit greatly from hardware and data-
distribution aware implementations. Despite the impressive speedup that
Dismec++ achieves over Dismec, we believe that there is still much further
potential. One such example is sorting the (sparse) input features according
to their frequency to improve cache hits rates [102]. As such, Publication
IV should be considered more as a first, albeit substantial, step towards
truly hardware-efficient linear XMC methods as requested in RQ 3.
While an important (and still surprisingly effective) baseline, linear models

have been surpassed by transformer-based models, which come with a
much-increased demand for memory during training. Publications V and
VI show that dynamic sparse training allows for much reduced memory
cost at only moderate impact to the quality of the final model. As such, we
do not quite match the predictive performance of the dense baseline, and
while we can reduce the running time of a single epoch, the requirement
for more training epochs negates any benefit in total running time, so we
can consider RQ 4 as only partially solved. The main argument in favour of
sparsity is the tremendous reduction in memory requirements.
An alternative to sparsity that enjoys much better hardware acceleration

would be to use low-bit datatypes, like 16 and even 8-bit floating point
numbers. This avenue is being investigated in Zhang et al. [176], which at
the time of this writing is still under review, and show promising results
that combine memory reduction and walltime speedups.
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6. Summary and Conclusion

This thesis investigated multilabel problems with very large label spaces
(extreme classification) from the perspectives of missing labels, long tails,
and computational efficiency.
The method of unbiased estimators was applied to address the missing-

labels problem, and such estimators derived for a large class of loss func-
tions and evaluation metrics typical of extreme classification. Unfortunately,
the unbiased estimators may be non-lower-bounded and consequently diffi-
cult to optimize for without severe overfitting. Therefore, surrogates are
proposed that are more benign to optimization. A significant flaw that
remains, though, is the reliance propensity estimates, which we showed to
be rather problematic in their form currently established in extreme classifi-
cation. Future research thus needs to find alternative ways to treat missing
labels, e.g., data-cleaning approaches, or produce improved propensity
models.
To handle the long-tailed nature of the label distribution characteristic of

extreme classification, macro-averaged metrics are proposed. As predic-
tions are typically performed with a budget, i.e., exactly k labels are to be
selected, the optimal predictions for different labels are coupled through
this constraint, and existing prediction algorithms cannot be applied directly.
The thesis presents two new algorithms that handle the constrained predic-
tion in two different statistical frameworks: making optimal predictions on
an infinite population, and making optimal predictions on a given test set.
In practice, using a purely tail-label oriented measure will lead to many
irrelevant predictions; however, the framework allows for easy interpolation
between traditional precision-at-k metrics and tail-oriented macro-averages,
and we find that it is possible to improve tail-label performance significantly
without much effect to the traditional metrics.
Towards improved computational efficiency, the thesis makes two contri-

butions. First, an improved implementation of large-scale linear classifiers
adapted to modern many-core systems in presented, and enhanced by a
new weight initialization scheme that allows skipping the most expensive
iterations of the second-order optimizer, leading to significant speed-ups.
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Second, extreme classification is combined with dynamic sparse training
in order to train an extreme classification model in a way in which weight
matrices are sparse throughout the entire training process. This reduces
the memory requirements and makes it possible to train with a much larger
label space on any given GPU. Unfortunately, sparsity is ill-suited to utilize
the full computing power of a GPU. Consequently, despite doing much fewer
computations, the sparse implementation does not lead to faster trainings.
Combining sparsity with existing approaches for label shortlisting, which
eliminate the extreme classification layer as the key bottleneck in terms of
computation, is an exciting avenue for future research, offering the possi-
bility of combining the memory savings of the method presented here with
fast training speeds.
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