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Abstract

Cell-Free Massive Multiple-Input Multiple-Output (CF-mMIMO) has emerged as a
promising architecture for beyond-5G systems, offering gains in spectral efficiency,
energy efficiency, and coverage uniformity by deploying distributed access points (APs)
that jointly serve all users without cell boundaries. A key challenge in CF-mMIMO
is uplink power control: under the max-min SINR fairness criterion, the problem is
inherently NP-hard due to the strong coupling of user transmissions across APs.

This thesis addresses the problem by discretising user power levels and reformulating
the optimisation as a Quadratic Unconstrained Binary Optimization (QUBO) model.
The formulation is evaluated in a simulation framework against brute-force optimal
solutions and greedy heuristics, using both classical and quantum solvers. The study
highlights not only numerical performance of all the methods and solvers but also
their optimality gap, allocation correctness, and simulation runtime scaling.

The results show that the QUBO approach achieves near-optimal SINR fairness with
substantially better consistency than the greedy heuristic baselines, while highlighting
its potential as a new paradigm that bridges classical optimisation with emerging
quantum computing technologies.

Keywords optimisation , simulation , quantum computing , quantum information ,
wireless communication , MIMO technology , benchmarking
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1 Introduction

1.1 Background and Motivation

The relentless growth in mobile data traffic and the demand for ubiquitous, high-
quality wireless connectivity necessitate innovative network architectures [31, 46,
53]. Cell-Free Massive Multiple-Input Multiple-Output (CF-mMIMO) has emerged
as a promising paradigm for beyond-5G and 6G networks. By distributing a large
number of access points (APs) over a wide geographical area and jointly serving all
user equipments (UEs) without explicit cell boundaries, CF-mMIMO offers substantial
improvements in spectral efficiency, energy efficiency, and uniformity of service
coverage [22, 27, 31, 44, 49]. These gains stem from inherent macro-diversity and
strong interference mitigation capabilities.

Despite these advantages, guaranteeing fairness across users, particularly those in
less favorable channel conditions, remains a critical challenge [21, 22, 49]. A widely
adopted fairness criterion is the maximization of the minimum Signal-to-Interference-
plus-Noise Ratio (SINR) across all users, often referred to as the max-min SINR
problem [14, 19, 25, 39]. This metric ensures a baseline Quality of Service (QoS) while
balancing resource allocation. However, the optimization problem is computationally
difficult: uplink power control in CF-mMIMO is globally coupled since adjusting
one UE’s transmit power impacts the SINR of many others through distributed APs.
Consequently, the computational burden grows rapidly with the number of UEs and
APs, making the problem intractable for large-scale networks using conventional
methods [22, 36].

To address this challenge, this thesis explores an alternative approach by formulating
the discrete power control problem under the max-min SINR criterion as a Quadratic
Unconstrained Binary Optimization (QUBO) problem. The motivation for this
formulation lies in its compatibility with emerging computational paradigms, including
quantum annealers and quantum-inspired algorithms such as the Quantum Approximate
Optimization Algorithm (QAOA), which are designed to tackle NP-hard combinatorial
optimization problems [12, 26]. These methods may offer scalability beyond classical
approaches.

The choice of CF-mMIMO uplink power control as a case study is motivated by two
considerations:

* The problem can be solved centrally, without requiring deployment of solvers at
individual gNBs or APs.

* The optimization depends only on large-scale channel statistics due to channel
hardening, reducing reliance on instantaneous CSI. This enables offloading
computation to centralized cloud resources where averaged data can be used,
avoiding excessive signaling overhead and mobility limitations [13, 31].



This makes CF-mMIMO power control both a practically relevant and theoretically
well-suited candidate for exploring the potential of QUBO-based optimization.

1.2 Problem Statement, Objectives, and Contributions

The core problem addressed in this thesis is the design of uplink power control
strategies for Cell-Free Massive MIMO systems under the max-min SINR criterion.
This formulation seeks to maximize the minimum achievable SINR across all users,
thereby ensuring fairness and a baseline Quality of Service (QoS). The challenge arises
because uplink power control in CF-mMIMO is inherently a coupled optimization
problem: the transmit power of each user impacts the SINR observed by many others
due to the cooperative nature of distributed APs. When power levels are discretised, the
problem becomes NP-hard [22, 36], making classical exact approaches computationally
infeasible for realistic system sizes.

The main objective of this work is to investigate whether Quadratic Unconstrained
Binary Optimization (QUBO) provides a viable framework for tackling this problem.
By reformulating max-min SINR power control as a QUBO model, the study aims to
leverage computational paradigms such as linear programming, simulated annealing
and quantum algorithms, which are designed to address combinatorial optimization
problems of this kind [12, 26]. The motivation is not only to evaluate performance
relative to classical approaches but also to explore feasibility and the potential
integration of quantum solutions and hardware in the longer term.

The main contributions of this thesis are as follows:
* Problem reformulation: The discrete uplink power control problem under the

max-min SINR criterion is formulated as a QUBO model, enabling compatibility
with quantum and quantum-inspired solvers.

» Simulation framework: A scalable environment is developed to evaluate the
QUBO formulation using classical solvers (e.g., CPLEX, simulated annealing)
and quantum-inspired methods (e.g., VQA).

* Performance analysis: The proposed approach is benchmarked against brute-
force search and greedy heuristics, with comparisons in terms of SINR fairness,
optimality gap, and runtime.

* Scalability study: Trade-offs between accuracy, problem size, and solver
complexity are investigated, highlighting conditions under which QUBO-based
approaches remain effective.

1.3 Structure of the Thesis
The remainder of this thesis is organized as follows:
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Chapter 2: Theoretical Background - Introduces the theoretical background
of Cell-Free Massive MIMO and relevant knowledge regarding the mechanics
behind each solver.

Chapter 3: Methodology - Presents the system model, problem formulation,
and the derivation of the QUBO-based approach.

Chapter 4: Experimental Setups - Describes the simulation environment,
parameter settings, and solver configurations used in the study.

Chapter 5: Results and Analysis - Provides numerical evaluations, comparisons
with baseline methods, and an assessment of performance, scalability, and
limitations.

Chapter 6: Summary and Outlook - Summarizes the main findings and
discusses directions for extending this work, particularly toward quantum
implementations.



2 Theoretical Background

2.1 Conventional Cellular Networks

Conventional mobile networks, often referred to as cellular wireless networks, are
based on a cellular topology in which the coverage area is divided into distinct
cells. Each cell is served by a dedicated base station (BS) responsible for managing
communication with user equipment (UEs) within its region [5, 16, 51].

To meet increasing user demand for higher data rates, cellular networks have historically
relied on network densification: deploying more base stations, shrinking cell sizes,
and reusing spectrum more aggressively. This densification strategy, a key enabler
of the gains achieved up to and including 5G, enhances spatial spectrum reuse and
throughput. However, it has inherent limitations. As densification continues, inter-cell
interference, cost, and spectrum constraints become major challenges. Eventually,
the benefits of densification decrease, necessitating alternative architectural solutions
[15].

2.2 The Role of Massive MIMO

Massive multiple-input multiple-output (massive MIMO) is a wireless communication
technology that uses large arrays of antennas at each base station to serve many
users simultaneously. In traditional cellular-based Massive MIMO, the infrastructure
remains centralised: each user is connected to a single base station, which handles
both data and control signals within its assigned coverage area.

While this approach improves spectral efficiency, it also has notable drawbacks. In
particular, users at the cell edges suffer from inter-cell interference and uneven quality
of service. These limitations are especially problematic in dense and heterogeneous
environments [13, 31].

2.2.1 Cell-free Massive MIMO

Cell-Free Massive MIMO (CF-mMIMO) builds upon the Massive MIMO paradigm
by distributing a large number of service antennas, referred to as access points (APs),
across a wide geographical area [14].

Unlike traditional cellular networks, where each access point (AP) serves users within
a fixed geographic cell, the APs in CF-mMIMO are not bound to any specific coverage
area. Instead, they operate collaboratively, sharing synchronization and coordination
information through distributed network nodes (backhaul links) to serve all users
simultaneously across the entire network [13, 22, 31].

This joint transmission is carried out over the same time-frequency resources, with



the system typically operating under time-division duplexing (TDD), a scheme in
which uplink and downlink transmissions occur over the same frequency band but at
different time instances. This enables the exploitation of channel reciprocity, allowing
the channel estimated during the uplink phase to be reused for downlink precoding
[22].

For this purpose, each AP performs local channel estimation using uplink pilot signals
transmitted by users. The details of the channel estimation process will be explained
in 3.1. These locally obtained estimates are then used for both uplink data detection
and downlink precoding, without requiring the exchange of instantaneous channel
state information (CSI) between APs or with the central processing unit (CPU). The
CPU’s role is limited to managing slowly-varying control parameters, such as power
control coefficients, and aggregating user data. [22].

This architecture eliminates entirely cell boundaries, leading to significant improve-
ments in spectral efficiency and uniform service quality. Since each user is served by
multiple geographically dispersed APs, the impact of path loss and interference is
mitigated, particularly for users in traditionally underserved areas [13, 22, 31]. An
illustration of how cell-free and cellular differs can be seen in Fig. 1.

Cell-free
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Figure 1: Comparison between conventional cellular and CF-mMIMO architectures.
In the cellular setup (left), each user is associated with a specific base station within a
defined cell. In contrast, the cell-free architecture (right) eliminates cell boundaries;
multiple distributed access points jointly serve all users under the coordination of a
central processing unit (CPU).

Lii] User equipment

E Access point

2.3 Uplink Power Control in CF-mMIMO

Uplink power control refers to the process of dynamically adjusting the transmit power
of user equipment (UE) when sending signals to a base station or access point (AP). The
primary goal is to ensure that all users’ signals arrive at the receiver with comparable
strength. This uniformity facilitates accurate signal detection, minimises mutual
interference, and promotes fairness by preventing stronger signals from overwhelming
weaker ones. In general, power control balances the need for signal strength with
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battery conservation and interference management [32, 38].

Since each UE is subject to transmit power constraints, either due to hardware
limitations or regulatory policies, intelligent and adaptive power control mechanisms
are crucial for maintaining overall system performance [22].

In Cell-Free Massive MIMO (CF-mMIMO) systems, uplink power control becomes
even more critical due to the distributed nature of the architecture [33]. Unlike
traditional cellular networks, where a user connects to a single base station, CF-
mMIMO allows each user to be served simultaneously by multiple geographically
distributed APs. This collaborative service model introduces new challenges in joint
power optimization across all users and APs [22, 29, 47].

One of the key difficulties arises from the fast fluctuations of small-scale fading, which
refers to rapid variations in signal amplitude and phase caused by constructive and
destructive interference of multipath components. These fluctuations make real-time
optimization of power control coefficients computationally demanding and potentially
unstable [40].

2.4 Quadratic Unconstrained Binary Optimization (QUBO)
2.4.1 Overview and Relevance

Combinatorial optimization (CO) is a foundational area of research with extensive
real-world applications spanning logistics, finance, scheduling, network design, and
more [26]. It continues to be a focus of intense investigation across operations research,
computer science, and data analytics due to the complexity and relevance of its problem
classes.

Within this domain, the Quadratic Unconstrained Binary Optimization (QUBO)
model [20, 26] has emerged as an unifying mathematical framework. It provides
a compact representation for binary decision problems with quadratic objectives
and can model a wide range of NP-hard problems. QUBO’s generality makes it
particularly attractive for emerging computing paradigms, including both quantum
and neuromorphic architectures.

QUBO is the native format for quantum annealers such as those developed by D-Wave
Systems, and it is also compatible with neuromorphic processors (e.g., IBM TrueNorth).
Its practical relevance is underscored by significant industrial and governmental interest.
Major technology companies like IBM, Google, Amazon, Microsoft, and Lockheed
Martin, as well as national laboratories such as Los Alamos, Oak Ridge, Lawrence
Livermore, and NASA Ames, are actively exploring QUBO-based optimization for
both experimental and operational purposes [26].

Thanks to its unconstrained yet expressive structure, QUBO can encode a wide
variety of constraints and logical rules through penalty terms. This makes it highly
flexible, enabling practitioners to adapt the model to different problem domains while
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maintaining compatibility with a growing ecosystem of solvers, including classical
heuristics, hybrid algorithms, and quantum-inspired methods.

2.4.2 Equivalence to the Ising Model

A key reason for QUBQ’s broad applicability is its equivalence to the well-known
Ising model in statistical physics. This equivalence enables the formulation of a wide
range of NP-hard problems, including graph partitioning, number partitioning, set
covering, satisfiability, and constrained spanning trees within the QUBO or Ising
framework [12]. For example, Pakin [23] demonstrated how a shortest-path problem
can be reformulated as an Ising Hamiltonian, where the ground state encodes the
optimal path.

While the Ising model uses spin variables in {—1, +1}", it can be transformed into
QUBQO’s binary form ({0, 1}") via a simple linear transformation: x} = (x;+1)/2. This
translation makes Ising-based problems accessible to QUBO solvers and annealing
algorithms, which mimic physical processes to find low-energy (optimal) states.

2.4.3 Mathematical Formulation

The QUBO (Quadratic Unconstrained Binary Optimization) model defines a binary
optimisation problem with a quadratic objective function:

min x'QOx, (1)
x€{0,1}"

where x € {0, 1}" is a binary vector of decision variables, and Q € R is a symmetric
(or upper triangular) matrix encoding the cost structure of the problem. The diagonal
entries of Q correspond to linear weights associated with individual variables, while
the off-diagonal entries represent pairwise interaction terms between variables [26].

The objective function can be equivalently expressed as
n n n
XTQx =Y Qi+ ). > Qujxix;. 2)
i=1 i=1 j=i+l

Since each x; € {0, 1}, it follows that xl.2 = x;, and hence the diagonal terms effectively
act as linear components. Therefore, the objective can be rewritten to explicitly
separate linear and quadratic terms:

x'Ox=x"Q'x+q x, 3)

where Q’ is a matrix with zeros on the diagonal (capturing only the interaction terms),
and ¢ = diag(Q) contains the linear coefficients extracted from the diagonal of Q.
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2.4.4 Constraint Handling via Penalty Terms

By definition, QUBO (Quadratic Unconstrained Binary Optimization) problems do
not support constraints natively. Therefore, any constraints from the original problem
must be incorporated into the objective function via penalty terms [26]. This is
done by constructing quadratic penalty expressions that impose a cost on infeasible
configurations, thus guiding the solution toward feasible regions [52].

In general, two types of constraints are considered:

* Equality constraint:
n

Z CiX;i = B (4)

i=1
* Inequality constraint:

Z lxi<B, L;eR (5)
i=1

To transform these constraints into the QUBO formulation, they are added to the cost
function as penalty terms.

Equality Constraint An equality constraint of the form (4) can be embedded into
the QUBO objective via a quadratic penalty term:

n 2
/l() (Z CiX; — B) . (6)

i=1

where 1g > 0 is a penalty coefficient that must be chosen sufficiently large to enforce
the constraint, and B € R is the target sum. This term is zero when the constraint is
satisfied and grows quadratically with the violation.

This technique generalizes to a variety of linear equality and inequality constraints, and
even logical conditions involving multiple binary variables. However, the choice of
the penalty coeflicient A is critical: too small a value may allow constraint violations,
while too large a value may overwhelm the objective, introduce numerical instability,
or hinder convergence. Careful calibration or adaptive tuning strategies are often
employed to balance feasibility with optimization quality.

Inequality Constraint via Slack Variable A common strategy to handle inequality
constraints in QUBO formulations is to convert inequalities into equalities via slack
variables S € Zs( such that
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ilix,- +S=8B
i=1

holds [52]. This transformation turns the inequality (5) into an equality constraint
suitable for QUBO encoding. A penalty term similar to (6) is then added:

n 2
i (Z l,~x,~+S—B) : (7)
i=1

where A is a penalty coefficient, and S is chosen such that the penalty is minimized
when the inequality is satisfied.

To ensure that the slack variable does not exceed its required range, we define:

n
OSSSB—rrEnZ;lixi. (8)

Binary Encoding of Slack Variable The slack variable S is represented in binary
using N auxiliary binary variables {s, 52, ..., sy}, where:

N =log, (max B - Z lix; ) +1. 9)
X
i=1
Then the slack variable is encoded as:
N
S = ZZk_lsk, sk € {0, 1}. (10)
k=1

2.4.5 Unbalanced Penalization

While effective, slack variable approach significantly increases the number of binary
variables. Consequently, the number of qubits and quantum operations also increases,
rendering it impractical for near-term quantum hardware.

To address this issue, we adopt an alternative approach known as unbalanced
penalization proposed by Montafiez-Barrera [52]. This method incorporates inequality
constraints directly into the QUBO cost function through asymmetric penalty terms,
thus avoiding the need for slack variables.
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Consider a generic inequality constraint of the form given by Eq. 5:
n
h(x) :C—Zlix,- >0, (11)
i=1

where h(x) represents a residual function. The idea is to penalize solutions that violate
this constraint more severely than those that satisfy it.

To achieve this, we introduce a decay function of the form:
f(x)=e ", (12)

which remains close to zero when A (x) > 0, but increases rapidly when the constraint
is violated (i.e., £(x) < 0). The behaviour of this function is illustrated in Figure 2.

e—h(x)

—— 1—h(x) +h(x)

fth(x))

0 [ I 1 1 1 1 1 I I I
-2.0 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
h(x)

Figure 2: Exponential decay function f(x) = e™** and its second-order Taylor
approximation (dashed curve). The approximation captures the asymmetry of the
penalty: negligible for feasible #(x) > 0, but steeply rising for infeasible 4 (x) < 0.

Since the exponential function cannot be directly expressed in QUBO form, we
approximate it using a second-order Taylor expansion:

1
e~ 1 - h(x) + Eh(x)z. (13)

To generalise the penalty and allow flexibility in tuning constraint sensitivity, we
rewrite the approximation with tunable parameters. The constant term can be omitted
without affecting the optimisation result, as it does not influence the optimisation.

Ppenalty(x) =-A1h(x) +/12]’Z(X)2, (14)
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where 11, A2 > 0 are penalty coefficients that can be adapted to balance the enforcement
of constraints and the quality of the optimisation.

This unbalanced penalisation framework enables compact and efficient QUBO en-
codings for problems with inequality constraints, making it a practical alternative to
slack-variable-based formulations in quantum and quantum-inspired optimisation.

2.4.6 Solving Max-Min Problems Using QUBO and the Bisection Method

As previously mentioned in 1, one common approach to ensure fairness in uplink
power control is to formulate the problem as a max-min optimisation. A typical
mathematical expression of this problem is

max min f(x),
xeX k fk()

where x denotes a vector of binary or discrete decision variables, fi(x) is an objective
function associated with the user or constraint k, and X is the feasible set. The goal is
to find a configuration x that maximises the minimum performance metric across all
k, thereby ensuring fairness.

This class of problems is challenging to address directly in QUBO framework due to
the nested minimisation. QUBO (Eq. 1) requires a single scalar objective function
expressed as a quadratic form over binary variables:

min x'QOx,
x€{0,1}"
and it does not allow explicit constraints. Therefore, constraints must be encoded

into the objective function via penalty terms, and the min-max structure must be
reformulated.

To this end, the max-min problem can be transformed into a series of feasibility
problems adapted from the bisection method [11]. The key idea is to introduce an
auxiliary variable y, which represents a threshold on the minimum performance across
all users. The original problem is then equivalently reformulated as:

Findx € X suchthat fi(x) >y Vk.

This allows the use of bisection to iteratively search for the largest feasible y. At each
iteration, the following steps are performed:

1. A candidate value of vy is selected (typically the midpoint between the current
upper and lower bounds).
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2. A feasibility problem is solved to determine whether there exists a configuration
x € X such that all f;(x) > vy.

3. If such a configuration exists, the lower bound on v is increased; otherwise, the
upper bound decreases.

4. The process is repeated until convergence to a desired precision.

To solve the feasibility problem at each step, a QUBO formulation is constructed
by embedding the inequality constraints fi(x) > y into the objective function using
penalty terms as indicated in section 2.4.5, which penalises violations of the threshold.
Then ultilising the unbalance penalisation method, this penalty can be approximated
as follows:

Pr(x;y) = =1 (y = fi(x)) + A2y = fi(x))?,

The penalty coefficients 11, 1, > 0 are selected heuristically to control the trade-off
between constraint satisfaction and optimization convergence.

Additional structural constraints, such as mutual exclusivity or one-hot encodings, are
also incorporated as quadratic penalties. The final QUBO cost function at a fixed y
thus takes the form:

xer«{(l)l,lll}” ; Pi(x;¥) + Psruct (x),

which is minimized using a QUBO solver (e.g., quantum annealing, simulated
annealing, or classical optimizers).

This approach provides a scalable and systematic framework for addressing max-min
optimization problems in binary domains, and it serves as the foundation for the uplink
power control problem considered in this thesis.

2.5 Variational Quantum Algorithms (VQA)

To effectively utilize current NISQ-era quantum devices, which are limited by qubit
count, restricted qubit connectivity, and both coherent and incoherent noise that
constrain circuit depth, Variational Quantum Algorithms (VQAs) have emerged as
a potential strategy for achieving practical performance [43]. They operate using
parameterized quantum circuits, where parameters are iteratively updated by classical
optimizers to approximate a solution. This variational approach can be viewed as a
guided trial-and-error process. This approach has the added advantage of keeping
the quantum circuit depth shallow and hence mitigating noise, in contrast to quantum
algorithms developed for the fault-tolerant era.
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Two important observations follow: first, because VQAs rely on heuristic methods,
the optimization process may lead to solutions that are not globally optimal. Second,
while VQAs do not provide exact answers, they are capable of efficiently generating
approximations, even for problems that are computationally hard for classical algorithms
[54].

A Variational Quantum Algorithm is typically composed of four key elements: a cost
function, an ansatz, gradients, and an optimizer.

2.5.1 Cost Function

The cost function C (5) encodes the specific objective of the problem being solved
and guides the optimization process. It is generally defined as:

C(6) = f(px, Ok, U(H)), (15)

where f is a function depending on the parameter vector 6, which includes both
continuous and discrete trainable variables; p; denotes the input quantum states drawn
from a training set; O represents the set of observables; and U (5) is the parameterized
quantum circuit (unitary).

To be effective within a variational quantum algorithm (VQA ), the cost function should
satisfy the following criteria [43]:

* Faithfulness:
The cost function must be faithful, meaning that its minimum corresponds to a
valid and meaningful solution of the target problem.

* Efficient Estimability:
The cost must be efficiently computable using quantum measurements, poten-
tially combined with lightweight classical post-processing.

* Quantum Advantage:
The cost function should not be efficiently solvable by classical means; otherwise,
the use of a quantum algorithm would offer no advantage.

* Operational Meaningfulness:
The value of the cost function should reflect solution quality—Ilower cost values
should correspond to better solutions.

* Trainability:
The cost function should be trainable, in the sense that it allows efficient
optimization of the parameter vector 6 using classical optimization routines.
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2.5.2 Ansatz

In Variational Quantum Algorithms (VQAs), an ansatz defines the parameterized
quantum circuit used to prepare trial quantum states. This circuit structure determines
the expressibility of the state space, the optimization landscape, and the practical
feasibility of implementation on near-term quantum devices.

For a cost function of the form Eq. 15, the parameters 6 are encoded in a unitary
operator U (@) that acts on an initial quantum state. A general ansatz can be expressed
as a sequence of L parameterized unitary blocks:

U@)=Ur(0L) - Ux(62)U1(61), (16)

where each U;(6) is a unitary depending on the /-th parameter subset. A commonly
used decomposition for each unitary block is:

Ui(on) = | et w,, (17)

m

where H,, is a Hermitian operator and W,, is a fixed, unparameterized unitary. The
subscript m indexes the individual components (e.g., gates or parameterized rotations)
applied within the [-th layer. This layered structure allows for systematic construction
of variational circuits using hardware-native gate sets and supports a wide variety of
ansatz designs.

The general formulation in Eqgs. (16) and (17) encompasses many commonly used
ansitze, including hardware-efficient circuits, problem-inspired constructions, and
structured ansidtze. The specific implementations relevant to this thesis will be
discussed in subsequent sections.

Figure 3 illustrate an example of an ansatz circuit consistent with the layered structure
defined in Eq. (16).

q0 —@ Rx(zﬁ)

0 {4

R;(2y)

R (2p)

Ay
A
Ay

R (2y)

R (2y)

R:(2p)

D
A\
D
A\
D
Ay
D
Ay

o: )

Figure 3: QAOA ansatz circuit for a 3-qubit ring MaxCut instance. The circuit prepares
|+)®3, applies alternating cost unitaries generated by 2.j)eE ZiZ; (implemented via
CX-RZ-CX per edge) with angles y,, and mixer unitaries [[; Rx(28¢).
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2.5.3 Gradients

After defining a parameterized ansatz U (€), the optimization of the cost function relies
on estimating gradients with respect to the parameters 6. Gradient-based optimization
techniques, such as stochastic gradient descent or quasi-Newton methods, require
evaluation of the partial derivatives 9C/00;.

In VQA:s s, these gradients can be computed using quantum-compatible methods, the
most common of which is the parameter-shift rule [43]. This method allows the exact
derivative of an expectation value with respect to a gate parameter to be expressed as
a linear combination of expectation values evaluated at shifted parameters:

oce) 1 _

——=—|C(0))-C(0;)]|,

5o =5 1CO) - (0]

where Ol.i denotes the parameter vector with 6; shifted by +x/2, while all other
parameters remain fixed.

This technique is valid when the ansatz includes gates of the form e =" where P is a

Hermitian and typically Pauli operator. The parameter-shift rule is analytically exact,
hardware-efficient, and avoids the numerical instability associated with finite-difference
methods.

Alternative gradient estimation strategies include:

* Finite-difference approximation: Simple but sensitive to quantum noise and
generally less robust.

 Stochastic parameter shift and simultaneous perturbation: More scalable
for high-dimensional parameter spaces.

* Analytic gradients via ancillary qubits: Applicable to certain circuit structures
with specialized hardware capabilities.

Accurate gradient estimation is essential for effective training of VQAs, particularly
in high-dimensional parameter regimes where the optimization landscape may exhibit
flat regions or barren plateaus.

2.5.4 Optimizer

In VQAs, a classical optimizer is used to iteratively update the parameter vector 6
of a quantum circuit in order to minimize a cost function. While quantum hardware
is responsible for evaluating the cost through quantum measurements, it lacks the
capability to adjust parameters, making classical optimization an essential component
of the variational loop.

The associated optimization problems are generally considered NP-hard [42], often
involving highly non-convex landscapes with many local minima. Moreover, VQAs
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introduce additional challenges beyond those found in conventional classical optimiza-
tion. These include the stochastic nature of function evaluations due to finite sampling,
the impact of quantum hardware noise, and the phenomenon of barren plateaus, where
gradients vanish exponentially with increasing system size.

Classical optimization methods used in VQAs typically fall into two main categories:
gradient-based and gradient-free approaches.

2.6 Annealing

Annealing originates from metallurgy, where a material is heated to a high temperature
and then slowly cooled to reduce defects and reach a stable crystalline structure [3, 9,
30]. At high temperature, atoms can move freely and explore many configurations. As
the material cools, the system settles into a low-energy, ordered state.

This process provides a natural analogy for optimisation: the system energy corresponds
to the objective function, and atomic configurations represent candidate solutions.
Heating enables a broad exploration of the search space, while gradual cooling helps
escape local minima and converge to a low-energy configuration [3].

Simulated annealing implements this idea algorithmically through probabilistic up-
dates. Quantum annealing replaces thermal fluctuations with quantum fluctuations
[8]. Based on the quantum adiabatic theorem, if a quantum system begins in the
ground state of a simple Hamiltonian and the Hamiltonian is varied slowly enough,
the system will remain in its instantaneous ground state [6]. By starting with a
superposition of candidate states and gradually transforming the Hamiltonian into
one encoding the optimisation problem, quantum annealing leverages tunnelling and
quantum parallelism to guide the system toward the ground state of the problem
Hamiltonian, corresponding to the optimal solution [6, 50].

Since this thesis only implements simulated annealing, the detailed theoretical back-
ground will focus on this method.

2.6.1 Simulated Annealing

Simulated Annealing (SA) is one of the most well-known meta-heuristic optimization
algorithms. It is particularly suited for combinatorial and black-box optimization
problems, such as Quadratic Unconstrained Binary Optimization (QUBO), where the
objective function is expensive to evaluate or lacks a closed-form expression [30].
Inspired by the physical annealing process in metallurgy, SA mimics the behavior of
atoms cooling and settling into a low-energy crystalline configuration [3].

In optimization, this analogy translates into searching for the global minimum of a cost
function by stochastically exploring the solution space. SA accepts worse solutions
with a nonzero probability to escape local minima, controlled by a temperature
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parameter that gradually decreases.

Algorithmic Framework At its core, SA is a stochastic local search method based
on the Metropolis-Hastings algorithm [30]. Let x € {0, 1}" be the current solution
and E (x) its energy (cost). At each iteration, a neighboring solution x’ is proposed,
and the energy difference is computed:

AE = E(X') — E(x) (18)

The candidate is accepted with probability [3, 4]:

P =
weeent = (_ATE), fAE >0 (19)

where T is the current temperature. Over time, 7 is decreased according to a cooling
schedule. At high temperatures, the algorithm accepts worse solutions more freely,
allowing broad exploration. As T — 0, the algorithm becomes greedier and focuses
on local refinement.

Two core theoretical principles underpin SA’s effectiveness: statistical equilibrium
and asymptotic convergence.

Statistical Equilibrium The concept of statistical equilibrium in SA arises from
statistical mechanics and the ergodic hypothesis [1]. It assumes that over time, a
system explores all accessible configurations sufficiently so that ensemble averages
match time averages.

At a fixed temperature 7, the probability of being in state x; with energy E; follows
the Boltzmann distribution [2, 30]:
~E;|T

Zr

e

nr(X;) = . Zr= Z e Bl (20)
J

This distribution favours low-energy states but retains diversity at non-zero tempera-

tures, enabling SA to balance exploration and exploitation effectively.

Asymptotic Convergence Simulated annealing can be modeled as anon-homogeneous
Markov chain { X} } [4], where each iteration is a stochastic transition from one solution
to another. The transition probabilities at temperature 7} are defined as [37]:

Gij(T)Aij(Ty), i#]j

o (2D
1= Pu(Ty), i=]

Pij(Tk) = {
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where:
* G;;(Ty): probability of generating state j from i,

o A;j(Ty) = exp (—W) acceptance probability using the Metropolis rule.

Under mild conditions (irreducibility and ergodicity), this Markov chain admits a
stationary distribution:

ql = —, = e
Z(T) jes

As T — 0, this stationary distribution g;(7) converges to a uniform distribution over
the set of global optima S [30]:

1
lim g:(T) = qF = ——k(Sop) (i 23
Am q:(T) = g; ISoptIK( opt) (©) (23)

where the characteristic function k(Sqp) is:

I, i€ Sopt

K(Sopt) (l) = { (24)

0, otherwise

This result formalises the principle of asymptotic convergence, stating that the algorithm
will, in the limit of vanishing temperature and infinite runtime, concentrate all
probability mass on the globally optimal solutions.

Practical Limitation The theoretical convergence results require:

* An infinite number of iterations at each temperature,
* An infinitely slow cooling schedule,

» Exact attainment of equilibrium at each temperature.

In real-world settings, these conditions are infeasible. Therefore, SA is typically
applied as a heuristic that balances solution quality and computational cost [3, 4, 30].

However, unlike exact solvers, SA does not require gradient information or convexity
assumptions, and it can be implemented efficiently for large-scale problems. While it
cannot guarantee global optimality under practical constraints, its ability to escape
local minima and explore vast search spaces thanks to its probabilistic acceptance of
worse moves during early iterations, making it a robust method for QUBO problems
and other NP-hard combinatorial tasks.
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Algorithm 1 Simulated Annealing for QUBO

1: Input: Initial solution x, initial temperature Tj, final temperature Ty, cooling
rate &, QUBO matrix Q

2: Output: Best solution x* found

3 X" e—x

4: E* «— xT0Ox

5: T « 1Ty

6: while T > T, do

7: Generate neighbor x” by flipping one or more bits of x

8:  Compute energy: E' = x"" Qx’

9: AE «— E' - E*

10: if AE < 0 then

11: x —x > Always accept better solution
12: x*«—x',E* < E’

13: else

14 Generate u ~ U(0, 1)

15: if u < exp(—AE/T) then

16: x —x > Accept worse solution probabilistically
17: end if

18: end if

19: T —a-T > Update temperature

20: end while
21: return x*
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3 System Models and Methods

This chapter details the system model under consideration, the mathematical for-
mulation of the max-min SINR problem, and the subsequent transformation into a
QUBO framework suitable for solution via specialized classical and quantum-inspired
optimization techniques. The methodological choices, including the strategy for
handling constraints via unbalanced penalization and coefficient normalization within
the QUBO, are discussed, along with the iterative binary search procedure employed
to optimize the SINR target.

3.1 System Model and Assumptions

To formulate and analyze the uplink max-min Signal-to-Interference-plus-Noise Ratio
(SINR) power control problem, we consider a Cell-Free Massive Multiple-Input
Multiple-Output (CF-mMIMO) system. The system operates in Time Division Duplex
(TDD) mode [22], primarily focusing on the uplink channel estimation and subsequent
data transmission phases. The key components and assumptions of our system model
are detailed below:

Network Layout. The system comprises L distributed Access Points (APs) and K
single-antenna User Equipments (UEs). Both APs and UEs are assumed to be randomly
distributed within a defined geographical area, for instance, a two-dimensional square
area. To mitigate edge effects in simulations, a wrap-around deployment model
can be employed. Each AP is equipped with Nap antennas. All APs are connected
via a high-capacity backhaul network to a Central Processing Unit (CPU), which is
responsible for coordinating signal processing tasks, including joint data detection
in the uplink [14, 22, 31]. In line with the ideal cell-free concept, it is assumed that
all L APs cooperatively contribute to serving all K UEs, effectively removing cell
boundaries and maximizing spatial diversity for uniformly high service quality [13,
14]. Thus, for any UE k, the set of serving APs M encompasses all L APs.

Channel Model. Wireless signals are subject to fading, reflection, diffraction, and
scattering, especially in environments with buildings, walls, or moving objects. These
effects cause changes in:

* Signal strength (amplitude): How much the signal is weakened (attenuated).

* Signal phase: How much the signal gets delayed or shifted in phase.

Each AP needs to estimate these changes for each UE, so it can decode received data
accurately and/or beamform effectively during downlink transmission [7].
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To estimate these effects, UEs send pilot signals, which are known predefined sequences.
By comparing what was transmitted (the known pilot) with what was received, the AP
can infer the characteristics of the channel [48]. This includes [5, 7, 10]:

e Path loss: The overall attenuation due to distance and environment.
* Small-scale fading: Rapid changes due to multipath propagation.

* Shadowing: Large-scale attenuation due to obstacles.

The wireless channel between UE &k and AP m is modeled as a complex vector gi », €
CNaP_ which captures both large-scale and small-scale fading effects. Specifically, the
channel is expressed as:

km = Vﬁk,mhk,ma (25)

where hy ,, ~ CN (0, Iy,,) models the fast (small-scale) fading via an independent and
identically distributed (i.1.d.) complex Gaussian vector, and i », 1S a scalar coeflicient
accounting for large-scale fading effects.

The large-scale fading coefficient Sy ,, incorporates signal attenuation due to path
loss and shadowing. Path loss models the average signal decay with distance between
UE k and AP m, while shadowing accounts for signal blockage from environmental
obstructions, commonly modeled as a log-normal random variable. The composite
large-scale fading coefficient (in linear scale) is thus given by:

PLi m TshZk,m

Bk =10""107 10710, (26)

where PL; ,, represents the path loss in dB, oy, 1s the standard deviation of the shadow-
ing in dB, and zx ,, ~ N (0, 1) is a standard Gaussian random variable. The small-scale
fading vector hy ,, captures rapid signal fluctuations due to multipath propagation. The
assumption of hy ,, following a standard complex Gaussian distribution corresponds to
a Rayleigh fading environment, typical for scenarios lacking a dominant line-of-sight
path [18, 22].

Uplink Transmission Protocol. The uplink transmission occurs in two phases
within each coherence block: channel estimation and data transmission.

Channel Estimation Phase. In wireless communication systems, especially those
based on Massive MIMO and Cell-Free Massive MIMO (CF-mMIMO), a crucial task
is for the access points (APs) to understand the wireless channels between themselves
and the users. This knowledge is essential for effective data transmission and reception.

To estimate the channel, users periodically transmit known signals called pilots (or
pilot signals) to the APs [13][22]. Since these signals are known in advance, the
APs can compare the received signal with the original pilot and estimate the quality
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and characteristics of the channel, a process known as channel estimation. Accurate
channel estimation is fundamental for enabling coherent communication and allowing
the APs to coordinate their transmissions effectively [31] [17].

However, there is a challenge: the number of orthogonal pilot sequences (i.e. pilots
that do not interfere with each other) is limited due to practical constraints such as
time and frequency resources. When there are more users than orthogonal pilots
available, some users must reuse the same pilot, leading to which is called pilot
contamination [13][31]. Pilot contamination occurs when the channel estimates at the
APs are corrupted by interference from multiple users transmitting the same pilot,
which can degrade the system performance [17].

In CF-mMIMO, this issue becomes especially important because all APs can potentially
serve all users. Therefore, how pilots are assigned has a significant impact on the
ability of the network to accurately estimate channels and serve users efficiently [27].
Pilot assignment strategies aim to reduce interference between users with the same
pilot by assigning pilots intelligently based on user location, channel conditions, or
system demands.

Channel State Information (CSI) is acquired at the APs via uplink pilot transmis-
sion. A set of 7, pilot sequences is available. Each UE k is assigned a pilot sequence
¢, € C™, satisfying ||¢,||> = 7, (assuming pilot symbols have unit energy and are
transmitted over 7, symbol durations for energy accumulation). During this phase, all
UEs transmit their assigned pilot sequences concurrently with a fixed and known pilot
power, denoted as 1ot

If the number of UEs K exceeds the number of available orthogonal pilot sequences
T, pilot contamination occurs, where multiple UEs share the same pilot sequence.
This is captured by the pilot correlation |¢1H é,|>, which is non-zero for i # k if they
use the same or non-orthogonal pilots.

Channel estimation is carried out at the APs using the linear minimum mean-square
error (LMMSE) technique [22]. During the uplink training phase of duration 7,
time-frequency symbols, each UE transmits a pilot sequence ¢, € C™ satisfying
l¢, > = 1. The APs use the received pilot signals to estimate the channel coefficients.
If pilot sequences are not orthogonal, pilot contamination occurs, causing interference
among users during the estimation process.

The signal received at AP m for UE k during the training phase is

/y\k,m = \/n_kgk,m + Z \/agi,m¢ly¢k + i’.#Vk,m, (27)

ik

where 7 is the transmit power used by UE k for pilot transmission, and Wy, ~
CN(0,021) denotes additive thermal noise. The second term reflects the pilot
contamination effect due to non-orthogonal pilots [22].
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The LMMSE estimate of the channel gy ,, is then given by

gk,m = a’k,ms;k,ma (28)

where the optimal scaling factor oy, 18

\/n_k:Bk,m

K H '
i=1 NiBim|P; Pl + O-v%

(29)

Ak.m =

Here, o2 represents the variance of the additive white Gaussian noise per receive
antenna per symbol. If By, is defined as a gain-over-noise ratio, o2 is effectively
normalized to 1 in this expression. The term |¢fl é,1%/ 7,, where H denotes the
Hermitian conjugate, simplifies to 1 if i = k and to the squared normalized correlation
for i # k. For perfectly orthogonal pilots assigned to different UEs, this correlation is
zZero.

Data Transmission Phase. Following channel estimation, UEs transmit their data
symbols xlkjL (with E[lxlkJle] = 1) during the remaining part of the coherence block.
The CPU forms a soft estimate of the uplink data symbol xEL transmitted by UE &
using signals from all APs in M, [18]. With

35}314: Z /?;Zmym, (30)
meMy,

where y,, = le , /n}.JLg j,mx}JL +W,, is the received signal at AP m, y,, is substituted
into the combining formula and expanding the terms leads to

K
IR L S Y YT S o IS

meMy, J#k me My meMy

desired signal multi-user interference noise

where nEL is the K-dimensional vector collecting the uplink transmit powers of all
UEs, and w,, ~ CN(0,021y,,) is the Nap-dimensional noise vector. The first term
corresponds to the desired signal from user k, the second term represents inter-user
interference due to simultaneous transmissions from other users j # k, and the last
term accounts for thermal noise [29]. Although the true channels gj ,, are unknown
in practice, their presence in the above expression is due to this substitution and
is used only for analysis. It allows the decomposition into desired signal, multi-
user interference, and noise terms, and facilitates performance evaluation through
expectations over the channel distribution.
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Achievable Uplink Rate The Signal-to-Interference-plus-Noise Ratio (SINR) is a
fundamental metric in wireless communication systems that quantifies the quality of a
received signal in the presence of interference and noise. Specifically, it expresses
the ratio between the power of the desired signal and the total power of the undesired
components, namely, interference from other users and thermal noise.

In the uplink of a cell-free massive MIMO system, the SINR for user k is defined
based on the received signal model at the central processing unit (CPU) after soft
combining. Denoting the desired signal component as:

2
Signal Power = nEL( Z )/k,m) )
mGMk

where vi i = Vi Nar@k mPBk.m- This term captures the coherent power gain accumu-
lated from all APs serving user k, where nEL is the user’s uplink transmit power and
Yk.m encapsulates the channel gain after estimation [22].

The denominator of the SINR consists of three major components:

1. Multi-user interference: Caused by the simultaneous uplink transmission of
other users j # k, whose signals are received non-orthogonally at the APs.

2. Pilot contamination interference: Arises when pilot sequences used for channel
estimation are not perfectly orthogonal, resulting in correlated channel estimates
that lead to coherent interference.

3. Thermal noise: Modelled as additive white Gaussian noise with variance o=2.

Combining these elements, the SINR for user k is embedded in the achievable rate
expression as [22, 28, 34, 41]:

mEMk

2
UEL( ) Yk,m)

SINR; =

2
K K .
Xnit X BimYem+ X0y ( ) Vk,m%) 0702 +08 X vim
j=1 meMy j=1 meMy ’ meMy
Jj#k

(32)
A high SINR implies that the desired signal dominates the interference and noise,
enabling reliable decoding at higher data rates. Conversely, a low SINR indicates
poor link quality, which limits the achievable data rate and increases the probability of
decoding errors.

The SINR serves as a direct input to the uplink achievable rate formula:
RJ" =log, (1 + SINRy), (33)
where REL represents the maximum data rate (in bits per channel use) at which user k

can reliably transmit information to the APs under current channel conditions.
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3.1.1 Power control as a combinatorial optimization problem

To maximize the sum-rate, and to provide uniform service to all UEs [22] [35], the
uplink power control scheme is defined as a max-min optimization problem:

max min REL (nUL)
UL k=l..K

s.t. OST]ELSPUL’ Vk=1,...,K,

(34)

where 57U is the K-dimensional vector of the uplink transmit power of all UEs, of
which each UE k must select its uplink data transmit power, denoted nEL, and PE&X k
is the maximum transmit power of the k-th user.

Since the function log(1 + x) is a strictly increasing function for x > 0, therefore the
max-min problem (Eq. 34) is equivalent to:

max minK SIN REL (nUL)

gt k=l (35)
st. 0<npt<Puv.. Vk=1,...K
The SINR for user & is as noted in the Eq. 32, can be written as:
SINR ny“Cs, Sk(n")
k= = )
n=Crikk + Zle U?L(Cll,k,j +Crkj) + N Le(@UY) + Ny (36)
Jj#k
where:

* Cg, is the effective desired-signal gain for user k,

* Cr1.k.x 1s the self-interference coefficient from channel estimation error of user
k,

* Ci1k,j + Cpo,j 1s the total interference from user j # k to user k,

Ny is the effective noise term after combining.

These coeflicients are computed from the channel statistics and combining vectors for
a given channel realization and remain constant during the optimization.

3.2 QUBO Formulation of the Uplink Power Allocation Problem

To encode the uplink max—min SINR problem into a Quadratic Unconstrained Binary
Optimization (QUBO) form, we incorporate both the power selection constraints

30



and the SINR inequality constraints into a unified Hamiltonian. This formulation is
compatible with quantum annealers and other QUBO solvers.

Power Selection and SINR Constraints

Each user k € {1,..., K} selects a transmit power P from a discrete set of Mp
predefined levels. Let xx ,, € {0, 1} be a binary variable that equals 1 if user k selects
power level P and 0 otherwise. The total transmit power for user & is:

Mp

T]][cJL = Z xk,mP(m)'

m=1
The SINR constraint for each user k is given by:
Se (™
L(q9) + N

where ¢ is a target SINR threshold, S; is the desired signal power, I; denotes
interference, and Ny is the noise power. This can be rearranged as:

he(x,1) = Si(n™) =t [Le(q"") + Ni ] > 0.

This expression is approximated in linear form using known coefficients from Eq. 36:

b

Mp K Mp
hi(x,t) = (Z xg P (Csk—tC11,k,k)+Z (Z X;mP™ | [=(Cr1x+Cr2x.) ]~ Ni.
m=1 ]:1 m=1

J#k
We penalize violations of this inequality using an asymmetric quadratic penalty

function: .
Penaltylkneq(x, t) = —Ay - hi(X,t) + By, - hi (x,1),

where Ay, By > 0 are user-specific penalty parameters controlling feasibility and
numerical tractability.

3.3 QUBO Formulation of the Uplink Power Allocation Problem

To encode the uplink max—min SINR problem into a Quadratic Unconstrained Binary
Optimization (QUBO) form, we incorporate both the power selection constraints
and the SINR inequality constraints into a unified Hamiltonian. This formulation is
compatible with quantum annealers and other QUBO solvers.

QUBO Construction

The QUBO matrix is defined as
O(x;1) = Oselect (X) + OsINR (X3 1),

with components:
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Power Selection Constraint Penalty Each user must select exactly one power

level:
Mp 2
Z xk,m - 1) B

m=1

K
Qselect(x) = Z Ag
k=1

where Ay is a large penalty weight for user k.

SINR Inequality Penalty The SINR constraint penalty term is:

K

Osink(X31) = > [~Arhi(x,1) + Bhi (x,1)] .
=1

Each term Ay (x, t) can be expanded as:

K Mp
he(Xx,t) = Z Z Coefly jm(t) - xjm + Consty (1),
Jj=1 m=1
with:
P (Cs, = tCr k) if j =k,

Coefly jm(t) = { and Constg (1) = —tNy.

P [~t(Crixj+Crx,)], ifj#k,

The full QUBO matrix becomes:

K Mp 2
0(x1)= > Ac| D xim—1
k=1 m=1
K
+ Z —Ag (Z Coeffy, j mx jm + Consty (t))]
k=1 Jm

K 2
+ Z By (Z Coeffy,j mXjm + Constk(t)) .
J.m

k=1
The squared term contains:

* Linear terms from Coeft} X jms

* Quadratic terms from Coeffy j, »u, - Coefty j,m, * Xj,m X jom, for (j1,mp) #
(J2, m2),

» Additional linear terms from cross products with the constant term,

« Constant terms Consty ()2, which can be discarded in QUBO encoding.
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Collecting all terms, the final QUBO objective can be written as:

min X' Ox=x'Q'x+q x, 37)
xe{0,1}"

where QO € R™" encodes both the quadratic interaction terms (Q’) and the linear
terms (g) arising from the objective of power selection and SINR-related penalties, as
derived earlier in Eq. 37.

3.4 Bisection Algorithm for Max-Min SINR Optimization

To find the maximum achievable minimum SINR ¢ under discrete power constraints,
we proceed iteratively using the bisection method discussed in Sect. 2.4.6. At each
iteration, a candidate threshold is chosen as the midpoint of the current interval:

fcandidate = (tlow + thigh)/2~

A QUBO matrix is then constructed for this candidate threshold by evaluating all
coefficients in the Hamiltonian Q (X; fcandidate ), and collecting the corresponding linear
and quadratic terms to build the full cost matrix Q.

This QUBO is then solved using a suitable solver, such as CPLEX via Docplex,
QAOA via Qiskit, or other hybrid methods, which returns a binary solution vector
x*. The resulting solution is tested for feasibility against two criteria. First, the power
selection constraint is verified by checking that each user selects exactly one power
level. Second, the SINR constraint is validated by ensuring that the actual SINR
achieved by each user is no less than #¢andidate -

If both conditions are satisfied, the candidate threshold is considered feasible. The
lower bound #1oy is then updated to #candidate, and X™ is stored as the best-known solution.
If the solution fails either constraint, the candidate is deemed infeasible and the upper
bound is updated: Zhigh <— Zcandidate- This process repeats until the difference fnigh — f1ow
falls below the specified convergence tolerance &, or a maximum number of iterations
is reached.

At termination, the algorithm returns the best feasible SINR threshold tpest = f1ow»
along with the corresponding optimal power assignment Xpes;-
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Algorithm 2 Bisection Method for Max-Min SINR via QUBO

1: Input: System constants, power levels {P(MP}, bounds fjow, thigh, tolerance &,
penalty params Ag, Ak, Bg,

2: Initialize: Xpest < null

3: while e — f1ow > €, or iteration limit not reached do

4: Icandidate W#

5: Construct QUBO matrix Q (Zcandidate)

6: X* « arg minyeo,1}n X' OX

7: Check feasibility of x* at #candidate:

8: if One power level per user and SINR; > #candidate Yk then
9: How < Icandidate

10: Xpest < X

11: else

12: Thigh <— candidate

13: end if

14: end while
15: Output: tbest = tlow, Xbest

3.4.1 Classical Solvers (Gurobi, CPLEX) for QUBO

To solve the QUBO-based uplink power control problem, we employ classical solvers
such as Gurobi and IBM CPLEX. These solvers are widely used for large-scale
combinatorial optimization tasks and are particularly effective for problems that can
be expressed as Mixed-Integer Programming (MIP) models [45, 56].

QUBO problems, which is characterized by quadratic objective functions over binary
variables, can be reformulated as MIP problems by encoding binary choices (e.g.,
power level selections) into integer variables and translating quadratic terms into
equivalent linear constraints through auxiliary variables or solver-supported quadratic
interfaces. This reformulation enables the use of MIP solvers.

Mixed-Integer Programming (MIP) MIP refers to a class of optimization problems
that involve both integer and continuous decision variables. The general form of a
MIP problem is:

min c¢'x
X
st. Ax<b (38)
xi€Z, Vie I

XjER, V]¢.Z-

where:
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e x is the vector of decision variables,

7 is the index set of variables restricted to integer values (e.g., binary),

A and b define the linear constraints,

* ¢'x is the linear or quadratic objective function.

Both Gurobi and CPLEX provide highly optimized algorithms for solving MIP
problems, including branch-and-bound, cutting planes, and heuristics. Models can be
input via standard formats (e.g., . lp, .mps) or accessed through APIs such as gurobipy
and docplex.

In this work, these solvers are used to obtain deterministic solutions from brute-force
search to serve as performance benchmarks. Specifically, they provide upper bounds
for evaluating the quality of approximate solutions generated by heuristic methods and
quantum-inspired algorithms.

Despite their robustness and accuracy, classical solvers may face scalability challenges
as the number of users K and the number of power levels Mp increase. This motivates
the investigation of quantum and hybrid optimisation methods, which may offer
more favourable computational properties for high-dimensional or highly structured
nstances.

3.4.2 Variational Quantum Circuit

We also solve the QUBO via a variational quantum circuit (VQC) method. The idea is
to encode the QUBO Hamiltonian on n qubits, prepare a parameterized quantum state
using a chosen ansatz, and train the circuit parameters with a classical optimizer to
minimize the expected cost.

We map the binary variable x; € {0, 1} from the QUBO formulation (Eq. 37)
HIsing = Z Jij Z,'Zj + Z h; Z; + const. (39)
i<j i

with Pauli-Z operators Z; acting on qubit 7, and coefficients (J;;, h;) obtained from
QUBO matrix Q via the binary-to-spin transformation.

The optimization problem becomes
min L(6) = (¥(6)] Hising [ (6)), (40)

where |(0)) = U(0)|0)®" is prepared by the chosen ansatz.

The parameters 6 are updated using a classical optimizer (e.g., COBYLA or SPSA)
to minimize £(@). The expectation value (Higing) is estimated from a finite number
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of circuit executions (shots), introducing statistical noise that the optimizer must
handle. After convergence, the bitstring corresponding to the lowest measured energy
is selected as the solution to the QUBO.

3.5 Greedy Power Allocation Method

The Greedy Power Allocation algorithm is a heuristic method used to approximately
solve the max-min SINR optimization problem in uplink power control. Its primary
objective is to maximize the minimum SINR across all users by iteratively refining the
transmit power vector. Given the discrete nature of power levels available to each user,
this approach avoids the exponential complexity of exhaustive search by improving
the current power configuration one user at a time.

Starting from an initial randomised power allocation, the algorithm evaluates each
user’s contribution to the minimum SINR by trying all discrete power levels for that
user while holding others fixed. If an update improves the current minimum SINR
(i.e., increases the worst-performing user’s SINR), it is accepted. This process is
repeated until no further improvement can be achieved.

Although it does not guarantee global optimality, this greedy method is computationally
efficient and serves as a strong benchmark for comparing more advanced approaches,
such as QUBO-based or quantum-inspired optimization techniques.

Algorithm 3 Greedy Power Allocation

1: Initialize:

2: Initialize power allocation Pcyrrent = [P0, P15 - - -» PK-1]

3: Compute min_SINR yene = ming SINRy (Peyrrent)

4: Ppest < Peurrent

5: max_min_SINR_so_far < min_SINR yrent

6: while improvement is found do

7: for each user k = 1 to K do

8: for each power level p € {P(D, ..., PMr)} do

9: Temporarily set py = p, keeping other users’ powers fixed
10: Compute min_SINR yrrene = ming SINR g (Peyrrent)
11: if min_SINR yrrent > max_min_SINR_so_far then
12: Accept this update:
13: Poest < Peurrent
14: max_min_SINR_so_far « min_SINR yrent
15: end if
16: end for
17: end for

18: end while
19: return Py
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4 Experimental Setups

We evaluate the performance of the proposed QUBO-based power control method
against brute-force search and greedy benchmarks in a simulated cell-free massive
MIMO uplink scenario. The simulation environment and parameters are designed to
be consistent with established models in the literature.

4.1 Experimental Setup Details
4.1.1 Network Layout and Channel Model

We consider a square coverage area of 100 x 100 square meters. To mitigate edge
effects and emulate a larger, continuous network, a wrap-around topology is employed.
In this approach, the finite simulation area is conceptually replicated in all directions,
forming an infinite lattice of identical cells. This ensures that users near the edges
experience the same average interference conditions as those in the centre, thus
avoiding artificially favourable or unfavourable locations due to boundary effects.

Within this area, L Access Points (APs) and K single-antenna user equipments (UEs)
are distributed uniformly at random for each independent setup realisation. For this
study, we fix the number of APs to L = 20 and the number of users to K = 4. Each
AP is equipped with N = 4 antennas.

The channel model incorporates both large-scale and small-scale fading, all of which
are explicitly implemented in the simulation code. Large-scale fading, which includes
path loss and shadow fading, is modeled as:

Bix[dB] = PL;; + SFyi, (41)

where PLyy is the path loss and SFy; is the shadow fading between the /-th AP and k-th
user. The path loss is calculated using a log-distance path loss model based on a carrier
frequency of f. = 3.5 GHz, and the shadow fading follows a log-normal distribution
with a standard deviation of o = 8.2 dB as defined in 3GPP documentation [24].

32.4+201log;y(f.) +31.9log,,(distance)

Correlated shadowing between users and APs is included, with a spatial correlation
distance of 100 meters. The small-scale fading is modeled as spatially correlated
Rayleigh fading, where the spatial correlation matrix for each channel is generated
using a local scattering model with an angular standard deviation (ASD) of 15 degrees
around the nominal angle of arrival.
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4.1.2 Transmission Protocol and System Parameters

The communication bandwidth is set to B = 20 MHz. The additive thermal noise
power spectral density is —174 dBm/Hz, and each AP receiver front-end has a noise
figure of 9 dB, resulting in a total noise power (0-2) of —95 dBm.

The transmission frame structure follows a time-division duplex (TDD) protocol as
previously explained in Section 2.2.1. We consider an uplink coherence block of
7. = 200 samples. The length of the orthogonal pilot sequence for channel estimation
is set to 7, = 20. Since the number of users (K = 4) is less than 7,, we assign
orthogonal pilots to all users, ensuring there is no pilot contamination in this specific
setup.

4.1.3 Power Levels

During the channel estimation phase, all users transmit their assigned pilot sequences
with a fixed pilot power, Ppjjoc = 100 mW. The channel estimates are obtained using a
Minimum Mean Square Error (MMSE) estimator.

For the data transmission phase, the power py for each user k is chosen from a discrete
set Py Within a power budget of P, = 100 mW. To analyze the impact of power
quantization, we evaluate three scenarios defined by the number of power levels N,
D5 (N, =5), D10 (N, = 10), and D20 (N, = 20).

The set of available powers for a given scenario is uniformly discretized according to
the formula:

. Pmax
Pet = {l :
Np

i:1,2,...,Np}.

In each scenario, the power levels are linearly spaced between the minimum and
maximum power budget.

The objective is to find the power allocation vector that maximizes the minimum Signal-
to-Interference-plus-Noise Ratio (SINR) among all K users. The SINR formulation
precisely follows the structure presented in the Eq. 32 from the problem description.

4.1.4 QUBO Constructions & Penalty Coefficients

For the QUBO method, the unbalanced penalization scheme is used. A key challenge
in formulating the QUBO for this problem is the potential for large variations in the
magnitude of the SINR constraint terms, (X, t), across different users. To ensure
numerical stability and balanced penalisation, each A term is normalised before being
incorporated into the Hamiltonian.

The normalised constraint /g norm = hk/Sk is used, where the scaling factor sy is
dynamically estimated for each user k and target . The factor s is chosen as the
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maximum of the estimated absolute magnitudes of the signal, interference, and noise
components of /g, effectively representing the characteristic scale of the constraint.
This normalisation brings all SINR constraints to a similar order of magnitude,
allowing for a single set of penalty parameters (1 = 1.0, A = 2.0, and B = 20.0) to be
applied effectively across all users.

Classical Solvers for QUBO We employ two classical optimization methods:
IBM ILOG CPLEX and simulated annealing.

CPLEX 1is part of IBM’s optimization toolchain and offers native support for mixed-
integer programming (MIP) formulations. Since QUBO problems can be reformulated
as binary MIP models, CPLEX provides an efficient and reliable classical baseline. Its
integration with Python via the docplex API also facilitates seamless incorporation
into our experimental pipeline [60].

Simulated annealing is implemented using the SimulatedAnnealing sampler from the
D-Wave Ocean SDK [55], which is designed to solve Ising and QUBO problems using
thermal probabilistic search heuristics.

The results obtained from these classical solvers are used as baselines for comparison,
providing reference points to assess other brute-force and greedy approaches, as well
as other types of solver.

Quantum Solver for QUBO For the quantum approach, we employ the EfficientSu2

circuit from Qiskit [57], which is a hardware-eflicient ansatz consisting of alternating

layers of parameterized single-qubit Ry rotations and entangling gates. Specifically:
* Each layer applies Ry (6;¢), Rz (6, ) rotations to every qubit ,

* Followed by a chain of CX entangling gates (full entanglement across qubits),

 This pattern is repeated for a given depth L (number of repetitions).

The EfficientSU2 ansatz is both expressive and hardware-friendly, making it suitable
for near-term quantum devices. In these experiments, we used full entanglement and
two layers to ensure sufficient expressivity for exploring the QUBO energy landscape.

Figure 4 illustrates the anzats used in this implementation.
We consider two execution configurations:
1. Noiseless simulation: Executed on Qiskit’s Aer_simulator with 4096 shots

[59]. The parameters 6 are updated using the COBYLA optimizer with a
maximum of 200 iterations.

2. Fake backend simulation: Executed using Qiskit’s FakeMontrealVv2 backend
[58], which is a simulated quantum device model that emulates the properties of
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g0 — R, (60) H R;(63) Ry (66) FH R.(69) Ry(612) H R;(615)

q1 — Ry(Hl) — R;(64) Ry(913) — Rz(616)

Ry(67) H R.(610)

fan
A
fan
Ay

o
A\

D
Ay

q2 — Ry(HZ) o RZ(GS) Ry(QS) o Rz(ell) Ry(914) - Rz(917)

Figure 4: A hardware-eflicient ansatz circuit generated using Qiskit’s TwoLocal class.
The circuit consists of repeated layers of parameterized single-qubit rotations (RY and
Rz) and entangling gates (CX) applied in a linear topology. This ansatz is commonly
used in variational quantum algorithms such as VQE due to its expressiveness and
compatibility with near-term quantum hardware.

IBM’s ibmg_montreal system. The fake backend reproduces realistic hardware
characteristics such as qubit connectivity, gate errors, and readout errors, but
without the need for online access to the actual device. In this configuration, we
use 10 shots for the estimator and 1000 shots for the sampler, combined with
COBYLA for 50 iterations.

4.2 Performance metrics

To provide a comprehensive comparison between the QUBO-based method with
CPLEX solver, the brute-force search, and the greedy algorithm, we evaluate their
performance using the following key metrics across 1000 independent setups (random
UE/AP placements) for each power discretization scenario.

1. Max-Min SINR: This is the primary metric for solution quality. It represents
the highest possible minimum SINR that a given power allocation strategy can
guarantee for all users.

2. Consistency: Measure how much the method results deviate from the optimal
results through 1000 trials

3. Computational Time: We measure the total wall-clock time in seconds required
for each method to find its final solution for a single setup. This metric is used
to evaluate the scalability and practical feasibility of each approach.
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5 Results and Analysis

5.1 Performance Evaluation

Overall Evaluation The performance of the QUBO-based approach with CPLEX
solver is benchmarked against both a brute-force (optimal) baseline and a greedy
heuristic across varying discretization sizes: D5, D10, and D20 (see Fig. 5). In each
case, the horizontal axis denotes the minimum SINR achieved by brute-force search,
while the vertical axis shows the corresponding values obtained by QUBO (red) or
greedy method (green).

Comparison of SINR Deviation from Brute-Force Baseline (by Discretization Size)
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Figure 5: Comparison in deviation in minimum SINR relative to the brute-force (BF)
optimum, plotted against the BF baseline and faceted by discretisation grid size (DS,
D10, D20). Hollow markers show individual Monte Carlo realizations for QUBO (red
triangles) and Greedy (green circles). The dashed line denotes the deviation A = 0 (tie
with BF); points below the line indicate worse-than-optimal minimum SINR.

Figure 5 shows the deviation from the brute-force optimum. Points, that lie on the
dashed line, representing the optimal result, indicate that the method exactly matches
the optimal minimum SINR. Those that lies underneath the line denote a shortfall.

QUBO (red triangles) concentrates tightly on optimal line for all discretisation sizes
(D5, D10, D20). A large mass sits exactly on the zero line, implying that QUBO
reproduces the brute-force solution in a substantial fraction of Monte Carlo realisations
and is at most only slightly sub-optimal elsewhere.

Greedy (green circles) is systematically sub-optimal. Its cloud is centred below zero
with a long negative tail. The dispersion grows as the discretisation grid becomes
sparser (most pronounced in D20), suggesting that the greedy heuristic scales poorly
as the search space enlarges.

Across discretisation sizes, QUBO is effectively optimal and robust, whereas the
greedy approach suffers a consistent performance gap with occasional severe losses,
especially on sparser grids. If computational budget allows, QUBO is the preferable
choice when reliability near the optimum is required.
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Consistency Evaluation Figure 6 presents the distribution of the optimality gap,
which is defined as the percentage deviation from the brute-force solution for both
the QUBO and Greedy methods under increasing grid sizes. A lower optimality gap
indicates a better approximation to the optimal solution.

Optimality Gap (%) Distribution by Discretization Size and Method
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Figure 6: Distribution of the optimality gap (in %) for QUBO and greedy methods
across different discretisation levels (D5, D10, D20).

Across all configurations (D5, D10, D20), the QUBO approach consistently achieves
significantly lower optimality gaps. Moreover, the box plots for QUBO show a much
tighter interquartile range and fewer extreme outliers, highlighting its high consistency
and reliability in approximating near-optimal solutions.

In contrast, the greedy method displays a broader spread and a higher median gap,
with performance degrading slightly as the problem size increases. This variability
suggests that the greedy method is more susceptible to suboptimal decisions, especially
in larger and more complex configurations.

These results reinforce the effectiveness of QUBO-based optimization in producing
high-quality and stable solutions, particularly in resource allocation problems where
robustness is essential.

Correctness Evaluation Correctness is defined as the element-wise agreement
between a method’s power levels and the brute-force optimum (0-20% means very
few elements matched; 100% means a perfect match).

Across all discretisation gaps, QUBO places substantially more mass in the higher-
correctness bins (Fig. 7), with a pronounced spike at 100% that grows with grid
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sparsity: about 30.5% (D5), 39.0% (D10) and 66.8% (D20) of set-ups are perfectly
correct.
The greedy approach concentrates in the lowest bin, particularly at D5 and D10

(approx. 66% of set-ups in 0—20%), with only a modest tail towards high correctness.
It improves somewhat at D20 but still lags QUBO (only 23.0% perfect).

As the grid becomes sparser, both methods improve, but the distribution shift is far
stronger for QUBO: the low-correctness mass shrinks and the 100% bin dominates.
Greedy retains a large share of poorly matched assignments even on the coarsest grid.

Element-wise Power Allocation Correctness Distribution
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Figure 7: Element-wise power—allocation correctness relative to the BF optimum,
shown as the distribution of set-ups across correctness bins. Panels correspond to
discretisation gaps D5, D10 and D20 (larger D = sparser grid). Bars indicate the
percentage of Monte Carlo set-ups in each bin for QUBO- and greedy method; labels
above bars give exact percentages.
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Element-wise Power Allocation Correctness Summary
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Figure 8: Summary of element-wise power—allocation correctness versus discretisa-
tion gap. “Mean” is the average percentage of elements matching the BF allocation
per set-up. “Perfect” is the proportion of set-ups with 100% element-wise agreement.
Results are shown for QUBO and greedy method at D5, D10 and D20 (larger D =
sparser grid).

The averages (Fig. 8) confirm the distributional picture. QUBO’s mean element-wise
correctness rises from 43.2% (DS5) to 76.3% (D20); Greedy increases only from 20.1%
to 32.7%. The perfect-match rate (100% correctness) scales steeply for QUBO, from
30.5% to 66.8%, whereas Greedy moves from 13.0% to 23.0%.

Increasing the discretisation gap (sparser grids, fewer candidate power levels) reduces
the search space. QUBO capitalises on this and frequently recovers the exact BF
allocation, while the greedy heuristic remains prone to local decisions that misassign
many elements.

From Fig. 5 and Fig. 8, it can be seen that element-wise correctness and minimum-
SINR quality are only loosely coupled. The minimum SINR is determined by the
bottleneck user, whose SINR is minimum, while all others are non-limiting users with
their SINR is above the minimum.

In our results, QUBO often attains close to optimal result even when correctness
is moderate, showing that many allocations differing from BF still yield the same
bottleneck SINR, mismatches on non-limiting users or compensating changes leave the
objective unchanged. In contrast, the low correctness of the greedy method coincides
more frequently with, reflecting the sensitivity to errors of the bottleneck user, although
some low correctness cases still achieve near-optimal SINR. Thus, correctness is
helpful for diagnosing alignment with BF decisions, but it is not a reliable proxy for
SINR performance.
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Comparison Between Different Solvers Figure 9 compares the performance of
the three solvers across 100 independent Monte Carlo runs. For the CPLEX solver, the
optimality gaps are tightly clustered around 0-1% for both D25 and D30 scenarios,
with minimal spread and only a few minor outliers, indicating consistently optimal
performance.

Interestingly, the simulated annealing method exhibits an even narrower spread and
achieves slightly better SINR values compared to those of CPLEX. This suggests that
its probabilistic exploration is highly effective for this class of problem, despite being
a metaheuristic approach.

For the noiseless quantum simulator (AerSim), the median optimality gaps are in the low
single digits approximately 1-2% for D30, and slightly higher for D25 with moderate
variability. Most runs fall within a few percent of the optimum, though occasional
outliers reach into the high single digits or low teens. This small suboptimality arises
from finite measurement statistics (4096 shots) and imperfect parameter optimisation
using COBYLA.

In contrast, when using the noisy quantum circuit (FakeBackend / Noisy VQC),
both the median gaps and variability increase significantly. Median gaps rise to
approximately 3—5%, and the spread widens considerably, with whiskers extending
beyond 10% and some outliers reaching over 16%. These degradations are attributed
to accumulated gate and readout errors, low shot estimation (10-shot estimator with
1000-shot sampler), and a reduced number of optimiser iterations (50), all of which
compound to reduce solution quality and stability under realistic noise conditions.

Additionally, both quantum simulation setups (Sect. 4.1.4) only use two layers, thus
limit the expressivity of the ansatz. It can be assumed that the accuracy of the results
would improve by increasing the number of layers.

45



SINR-based Optimality Gap Distribution by Configuration and Solver
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Figure 9: Optimality—gap distributions (%) for two discretization levels, D25 and D30
(larger D = sparser power grid), across three solvers. CPLEX (red) is the IBM provided
solver; Annealing(yellow) is the simulated annealing process (1000 samples); AerSim
(blue) is a noiseless Qiskit simulation (4096 shots, COBYLA 200 iters); FakeBackend
(green) emulates realistic device noise using FakeMontrealV2 (estimator: 10 shots,
sampler: 1000 shots, COBYLA 50 iters). Boxes show median and interquartile range;
whiskers denote 1.5XIQR, outliers are circles. The dashed red line marks zero gap to
the optimal results.

Discretisation Effect Table | presents the effect of discretisation resolution on
the mean minimum SINR achieved by three optimization methods: brute-force (BF),
QUBO, and greedy method. As the power level discretization getting denser, the overall
SINR values increases across all methods due to finer and more precise adjustment to
the power level.
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Table 1: Effect of discretisation gap on the mean minimum SINR across optimization
methods.

Nof. Variables | Method | Mean (Min SINR)
4%5 BF 3.051
QUBO 3.021
Greedy 2919
4x10 BF 3.043
QUBO 3.023
Greedy 2.896
4x20 BF 2.967
QUBO 2.938
Greedy 2.804

5.2 Computational Complexity Analysis

To evaluate the scalability and practical feasibility of the investigated power allocation
strategies, we conduct an analytical assessment of their computational complexity.
The primary parameters governing the problem size are the number of users (K) and
the number of discrete power levels available to each user (P). The number of access
points (L) primarily influences a one-time precomputation cost.

Brute-Force Search The brute-force method guarantees global optimality by
exhaustively evaluating every possible power allocation vector.

« Total complexity: PX - K?
« Complexity: O(n*)

« Analysis: The total search space consists of PX unique power allocation combi-
nations. For each combination, the algorithm must calculate the SINR for all K
users to find the minimum. The calculation of a single user’s SINR involves
summing interference terms from all other users, an O (K) operation. Therefore,
evaluating the minimum SINR for one power allocation vector requires O (K?)
computations. The total complexity is the product of the search space size and
the cost per evaluation.

* Scalability: The exponential dependence on K renders the brute-force approach
computationally intractable for all but the smallest problem instances, serving
primarily as a theoretical benchmark for solution quality.

Greedy Algorithm The greedy algorithm operates on an iterative best-response
principle, offering a low-complexity heuristic.
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b TOtal ComPIEXity: Npasses ° P ° K3
« Complexity: O(n°)

* Analysis: The algorithm proceeds in passes (Npasses) over all users. In a single
pass, each of the K users is considered for a power level update. To determine the
best response for one user, the algorithm tests all P available power levels. For
each trial power level, it must recalculate the SINRs for all K users to evaluate
the new system-wide minimum SINR, which costs O (K 2). Thus, one full pass
over all users has a complexity of O(K - P - K?) = O(P - K°).

* Scalability: While the number of passes (Npasses) 1s not guaranteed to be a small
constant, greedy algorithms often converge within a modest number of iterations
in practice. Assuming Npagses 1S small or grows sub-polynomially, the overall
complexity is polynomial. This polynomial scaling makes the greedy method
highly scalable and suitable for large-scale problems, albeit without guarantees
of finding the globally optimal solution.

QUBO-based Method The QUBO-based methodology translates the problem into
a sequence of Quadratic Unconstrained Binary Optimization problems solved within a
binary search framework. Its complexity is multifaceted.

« Overall Complexity: Ny - (K> P? + Tyorve (K - P))
* Overall Complexity: O(n") in small instances, O (c¢")in the worst case.
* Analysis: The process consists of three main stages:

1. Precomputation: A one-time calculation of the constant SINR coefficients
(Cs.x> Cr1.xj €tc.) has a complexity of O(LK?). This cost is amortized
and typically not the bottleneck.

2. Binary Search Loop: The algorithm performs Ny iterations (a small,
fixed number) to find the optimal SINR target 7.

3. Per-Iteration Cost: Within each iteration, the primary costs are:

— QUBO Matrix Construction: The formulation of the Q matrix requires
iterating through all pairs of the Ny,s = K - P binary variables for
each of the K SINR constraints. The dominant term arises from
constructing the quadratic part of the Hamiltonian, resulting in a
complexity of O(K - N2,.) = O(K - (KP)?) = O(K>P?).

— QUBO Solving: This is the most critical step. Solving a QUBO
instance is NP-hard, with a worst-case complexity of O (exp(Nyars)).
Let Tgorve (NVvars) be the practical time taken by the solver. State-of-the-
art classical solvers (e.g., CPLEX, Gurobi) can often solve instances
with hundreds of variables efficiently, but their performance remains
problem-dependent and can face an exponential wall.
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* Scalability: The method’s scalability is not dictated by the polynomial con-
struction cost but by the practical difficulty of solving the generated QUBO
instances, represented by Tyove (K - P). The growth of the number of variables,
Nyars = K - P, is the primary limiter.

Table 2: Comparative Summary of Computational Complexity

Method Complexity Key Scaling Factor Optimality

Brute-Force O (n*) Exponential in & Guaranteed Global
Greedy 0(n?) Polynomial in K and P  Heuristic (Local)
QUBO O (Tsove (KP)) NP-hard in Ny, = KP Heuristic (Global aim)

Figure 10 illustrates the computational cost scaling of various solution approaches as
the number of variables increases. The data points are not empirical runtimes; they
are values computed from the analytic cost models derived above.

These formulas instantiate the big-O expressions with fixed constants to produce
concrete y-values for plotting. The choice of @ = 1.15 is illustrative (any @ > 1 yields
exponential growth); it is selected so that the exponential curve is visible in the shown
range and crosses the polynomial model within the plot. The precomputation term
that depends on the number of access points L is omitted from the figure since it is a
one-time cost and does not affect the comparative trends.

Illustrative Scaling of Computational Costs

—e— Brute-Force: O(PXK?) (P=10)

Greedy: O(N;PK2)
=== QUBO Total (Poly Solver NSEB)‘ Nps(K3P? + (KP)%)
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Figure 10: Illustrative scaling of computational costs (log-scale) for different solution
methods as a function of problem size, represented by the number of variables K x P.
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The brute-force method, while yielding exact solutions, exhibits exponential complexity
and becomes computationally prohibitive even for moderate problem sizes. In contrast,
the greedy method maintains low computational cost across all sizes due to its iterative,
heuristic nature, but this comes at the expense of suboptimal performance, as shown
in earlier evaluations.

This analysis reveals a clear trade-off between computational cost and solution quality.
The QUBO method serves as an intermediate approach, translating the problem into
a well-studied NP-hard format where the computational burden is shifted from an

explicit exponential search to the implicit, and often more manageable, complexity of
a dedicated QUBO solver.

5.2.1 Runtime Evaluation

To better illustrate the computational cost, we evaluate the wall-clock runtime of
different methods, as well as the runtimes associated with the various QUBO solvers.
It is important to note that the quantum solvers considered here (AerSim and Fake-
Backend) are simulations. Therefore, their runtimes do not correspond to execution
times on actual quantum hardware. Instead, they should be interpreted as indicative
reference points for assessing algorithmic complexity and relative solver behaviour in
a controlled setting.

Runtime Across Methods As shown in Figure 11, moving from a denser to a
sparser grid (D5, D10, D20) reduces the search space, so the Brute-Force search drops
from = 0.5 s to = 11 ms. Greedy method is almost insensitive to the grid (=1-1.3 ms
across panels), reflecting its low polynomial cost per pass.

Runtime is dominated by QUBO construction and solver iterations. It is highest on the
densest grid with D5 at approximately 3.5 min, and falls to tens of seconds for the
sparser settings (D10: ~ 14 s; D20: = 19 s). The slight non-monotonic D10 to D20
change is consistent with fixed overheads and instance-to-instance variability after the
big reduction from DS5.

For these problem sizes, Greedy method is the fastest by far, Brute-Force can be
competitive only when the grid is sparse, and the QUBO approach is the slowest under
our current (classical) pipeline despite offering a unified formulation amenable to
quantum or specialised solvers.
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Wallclock Runtime Comparison by Method and Discretization Size
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Figure 11: Wall-clock runtime by method and discretization level (D5 = densest grid,
D20 = sparsest). Bars show mean runtime; error bars indicate run-to-run variability.
Note the log-scale y-axis.

From the analytical time complexity model mentioned earlier, the per-iteration cost of
the QUBO pipeline is dominated by the solver cost as Typve (K X P), where Nyys = KX P
and Tyoe can grow exponentially with Ny, in the worst case.

A denser grid (D5) implies larger P and thus larger Ny,, placing the runtime in the
regime where the Tyoe (K X P) term dominates. This explains the larger drop in
wallclock time when moving from D5 to D10: a modest reduction in P contracts Ny
and produces an order-of-magnitude decrease, consistent with exponential sensitivity.

By contrast, the change in runtime from D10 to D20 change is comparatively small and
occasionally non-monotonic. Here the problem is already below the steep exponential
region, so fixed overheads and instance-to-instance variability (e.g., binary-search
depth, solver iterations, transpilation, cache/OS jitter) mask further gains. This pattern
simultaneously (i) supports the exponential component of the complexity model for
larger Nyus and (ii) shows diminishing returns that further coarsening from D10 only
improves runtime marginally, while potentially hurting the optimality of the results.

Denser discretizations improve optimality but can inflate runtime sharply for exhaustive
and QUBO-based methods. If computational time is limited, coarser grids substantially
cut the computational cost for QUBO without sacrificing the quality of the solution.

Runtime Across QUBO Solvers Figure 12 compares the wallclock runtimes of
the four solver methods across two problem sizes: D25 and D30. These results align
with the complexity expectations discussed in Section 5.2, where the runtime cost is
largely dictated by the number of binary variables and the noise/sampling overhead in
quantum solvers.
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Wallclock Runtime Comparison: Four Solver Methods
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Figure 12: Wall-clock runtime comparison for the same two discretization levels
(D25, D30). Bars show mean runtime; error bars indicate run-to-run variability
(log-scaled y-axis).

Classical solvers such as CPLEX incur negligible runtime, completing in sub-second
time for both setups (547.6 ms for D25 and 320.3 ms for D30), due to the absence of
quantum-related sampling or noise estimation. Simulated annealing, although still a
classical method, is notably slower, taking 10.5 minutes for D25 and 6.3 minutes for
D30. This reflects the iterative nature of the algorithm and its dependence on thermal
sampling.

For quantum-based solvers, the noiseless variational quantum circuit (AerSim) demon-
strates moderate runtimes of approximately 30.8 (D25) and 25.7 seconds (D30).
As the density of the grid increases (from D30 to D25), more binary variables are
required, leading to increased sampling costs to estimate expectation values. On real
quantum hardware, we would expect shorter runtimes, with circuit compilation being
the dominant cost.

The FakeBackend (a hardware-mimicking VQC with realistic noise) exhibits the
longest runtimes in both cases, which were around 20 minutes per instance. This is
expected due to the need to simulate device characterisation rather than run on actual
hardware, the low-shot readout (10-shot estimator, 1000-shot sampler), and limited
optimiser iterations. Despite slightly fewer variables in D30, noise and sampling costs
dominate execution time in both scenarios.

These observations emphasize the trade-off between discretization granularity and
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computational cost. A denser power grid improves solution quality by reducing
discretization error (as shown in Section 5.1), but it also increases circuit width,
runtime, and noise sensitivity. In practice, this motivates the use of adaptive or
coarse-to-fine discretization strategies, starting with a sparse grid and refining locally
as needed, to balance optimality against runtime constraints.

Finally, from a solution quality perspective, simulated annealing achieves the closest
approximation to the global optimum among all solvers, with CPLEX following closely.
The noiseless AerSim quantum solver also performs competitively, though with small
suboptimality due to finite sampling and optimizer limitations. The FakeBackend
exhibits larger gaps and variability, attributable to realistic noise and limited optimizer
resources. These findings suggest that improvements such as deeper circuits, more
measurement shots, or error mitigation could help bridge the performance gap in
hardware-based VQCs. Moreover, the strong performance of simulated annealing
motivates further investigation into quantum annealing hardware as a complementary
approach.

5.3 Challenges & Discussion

Classical simulation of quantum circuits is memory—-bound Although the
QUBO encoding grows only linearly in the number of binary variables, Ny, = K X P
for fixed power levels P, emulating a guantum ansatz for this QUBO on a classical
computer is quickly impractical. A statevector simulator must store 2" complex
amplitudes for an n-qubit circuit. Under the one—to—one mapping n = Nygys, this yields

Memory (bytes) = 2" X 16,

for double-precision complex numbers. As shown in Fig. 13, a single workstation
reaches a hard wall at roughly 30-35 qubits (e.g., n = 30 requires ~ 16 GiB; n = 36
exceeds 1 TiB). This constraint pertains only to the classical simulation of quantum
circuits; it does not apply to classical QUBO solvers (e.g., CPLEX) or to executing
quantum circuits on quantum hardware.
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QUBO Resource Scaling (P=4)
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Figure 13: QUBO/quantum resource scaling with respect to the number of users K
for a fixed number of power levels P = 4. Left axis (blue): number of qubits or binary
variables Ny, = K X P; this is the relevant resource when using a QUBO solver.
Right axis (red, log-scale): RAM required by a classical statevector simulator if a
quantum ansatz with n = Ny, qubits were simulated, showing exponential growth
and common memory thresholds.

Restricted access and operational limits of quantum hardware Access to
present-day quantum processors is limited and, when available, subject to technical
and operational constraints: number of qubits, queue times and shot budgets restrict
the number of runs, instance sizes and hyperparameter sweeps. Calibration drift and
device variability mean performance depends on when and on which qubits a circuit
is executed. Transpilation overheads and limited connectivity increase effective circuit
depth, and noise (finite coherence, gate/readout infidelity) caps depth and wall-clock
runtime. Together, these factors materially limit the size and quality of experiments
that can be executed in practice.

Scope limits for classical solver While classical QUBO solvers (e.g., CPLEX)
do not face the statevector memory blow-up, their solve times grow rapidly with Ny,
(Fig. 11). As a result, running a sufficient number of Monte Carlo replications at
production scale becomes computationally costly. Our experiments therefore target
smaller instances with focus on methodological rather than representative.
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SINR objective and penalty formulation The QUBO formulation uses heuristic
penalty weights to encode constraints, which introduces formulation-dependent bias
and makes solution quality sensitive to scaling. We did not undertake a systematic
penalty-tuning study as it is not within the scope of this study.

Moreover, the minimum-SINR objective is addressed via a sequence of thresholded
feasibility QUBOs parameterised by a target ¢ (e.g., within a binary search). For
any given ¢, the ground state, if found, certifies only feasibility at that threshold; it
does not by itself guarantee the global optimum over z. Misscaled penalties or solver
suboptimality during the search can produce low-energy states that are infeasible or
correspond to suboptimal 7, so global optimality cannot be guaranteed.
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6 Summary and Outlook

This thesis studied uplink power control through a QUBO encoding of the max-min
SINR objective and evaluated solution quality and runtime against brute force and a
greedy method baseline as well as comparing performance of different QUBO solvers
for this problem. We considered discretised power grids with power levels as well as
number of user and assessed performance across multiple Monte Carlo realisations
using three complementary views:

* A vs. Brute-force (Method—Brute-force) to quantify optimality loss,
¢ Flement-wise correctness relative to the brute-force allocation

¢ Wall-clock runtime.

Across various discretisation levels, the QUBO method concentrated around A ~0 and
often matched the optimal results exactly, while the greedy method showed substantial
underperformance across all setups and poorer consistency.

Low element-wise agreement does not necessarily imply poor minimum-SINR: mis-
matches on non-limiting users (those with SINR above the bottleneck) or compensating
changes can leave the bottleneck unchanged, explaining why QUBO can deliver A~(
with only moderate correctness.

Coarsening the grid increases exact matches for QUBO and reduces search complexity,
but exhibits diminishing returns beyond roughly D10: additional coarsening yields
small runtime gains and can erode optimality.

The greedy method is fastest but least accurate, while brute-force sits in the middle
and accelerates on sparser grids; QUBO is slowest with a heavy-tailed distribution.

It is important to note that the reported wall-clock runtimes for quantum methods are
intended to study the complexity of the problem rather than to estimate execution time
on actual quantum hardware. On physical devices, the computational step is typically
faster, assuming that we have direct access to the hardware. As a result, direct runtime
comparison with hardware is not meaningful. Instead, the runtime results here serve
as evidence of the underlying scaling behaviour and computational complexity of the
problem across different solvers.

Value relative to prior work Beyond numerical results, the value of this work lies
in exploring a new paradigm for the uplink power allocation problem by reformulating
it within the QUBO framework. This approach opens the door to leveraging emerging
quantum and quantum-inspired solvers, in contrast to the conventional convex or
heuristic-based methods commonly studied in the literature.

In addition, the study contributes a benchmarking protocol for QUBO-based wireless
optimisation: a bottleneck-aware performance metric, correctness diagnostics that
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disentangle allocation similarity from objective value, and runtime visualisations
that provide insights into the exponential complexity scaling of the problem across
different methods and solvers.

Limitations and scope Experiments used reduced, stylised instances (e.g., small
K and coarse discretisation) rather than production scale Massive MIMO. Classical
QUBO solvers do not suffer the statevector memory blow-up, but solve times still
grow steeply with Ny,s, making large Monte Carlo studies expensive (Fig. 11). Our
QUBO employs heuristic penalty weights and a threshold search on ¢. However, we
did not perform a systematic penalty tuning study, and global optimality on ¢ cannot
be guaranteed.

On the quantum side, classical simulation of quantum circuits is memory-bound
(Fig. 13), and access to real hardware is limited by queue times, shot budgets,
calibration drift, connectivity/transpilation overheads, noise, and usable qubit count.
These experiments provide methodological insights but do not claim transferability to
full-scale deployments.

Future work To expand this work, the framework could be scaled to larger network
sizes and extended to finer-grained or even continuous power control levels, which
would bring the formulation closer to practical deployment scenarios.

Moreover, robustness studies should be conducted under different conditions, for
example: incorporating user mobility, bursty traffic, or heterogeneous quality-of-
service requirements.

Third, the penalty selection scheme used in the QUBO formulation could be made
adaptive, reducing the need for manual tuning and improving performance across
different problem instances.

Finally, implementation on quantum hardware represents a key long-term goal. In
particular, testing on existing platforms such as D-Wave’s quantum annealers or
gate-based superconducting devices available through IBM and other providers would
provide valuable information on the viability of QUBO-based formulations on real
quantum hardware.
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