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Distributed Optimization for Quadratic Cost
Functions With Quantized Communication and

Finite-Time Convergence
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Christoforos N. Hadjicostis , Fellow, IEEE, Themistoklis Charalambous , Senior Member, IEEE,
and Karl H. Johansson , Fellow, IEEE

Abstract—In this article, we propose two distributed iter-
ative algorithms that can be used to solve the distributed
optimization problem for quadratic local cost functions
over large-scale networks in finite time. The first algo-
rithm exhibits synchronous operation while the second
one exhibits asynchronous operation. Both algorithms op-
erate exclusively with quantized values. This means that
the information stored, processed, and exchanged be-
tween neighboring nodes is subject to deterministic uni-
form quantization. The algorithms rely on event-driven up-
dates in order to reduce energy consumption, communi-
cation bandwidth, network congestion, and/or processor
usage. Finally, once the algorithms converge, nodes dis-
tributively terminate their operation. We prove that our algo-
rithms converge in a finite number of iterations to the exact
optimal solution depending on the quantization level, and
we present applications of our algorithms to, first, optimal
task scheduling for data centers, and second, global model
aggregation for distributed federated learning. We provide
simulations of these applications to illustrate the operation,
performance, and advantages of the proposed algorithms.
In addition, it is shown that our proposed algorithms com-
pare favorably to algorithms in the current literature.
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I. INTRODUCTION

IN VARIOUS applications, such as cloud computing, power
systems, and traffic networks, the conventional approach to

optimize performance involves gathering data from all users
at a central processor, which handles the resource-intensive
computations and then distributes the results back to the users.
Centralized optimization requires data transfer to the central pro-
cessor (e.g., [2], [3], [4], and [5]), and leads to increased network
traffic and bottlenecking. They also lack scalability, demand
significant computational power for the central processor, and
are susceptible to a single point of failure (as highlighted in [6]).

In recent years, rapid advancements in telecommunication
systems have spurred the emergence of new networked applica-
tions, including distributed localization, estimation, and target
tracking. These applications involve multiple agents collabo-
rating through wired or wireless channels to achieve common
objectives. Consequently, there is a growing interest in the
control and coordination of networked systems, with distributed
optimization being a key focus [7], [8]. Distributed optimization
addresses the limitations of centralized algorithms and enables
innovative applications. It offers benefits, such as scalability,
resilience to failures, enhanced performance, and efficient uti-
lization of network resources.

Related Works: Most distributed optimization algorithms rely
on real-valued message exchanges [7]. For instance, in [8],
nodes update using subgradients and communicate over doubly
stochastic networks. Tsianos et al. [9] performed subgradient de-
scent and coordinate using push-sum consensus. In [10], nodes
operate asynchronously over stochastic networks, employing
surrogate gradients and dynamic average consensus. The algo-
rithm in [11] uses ratio consensus and combines received infor-
mation with gradients over column stochastic networks. In [12],
nodes coordinate over row-stochastic and column-stochastic
matrices, employing gradient information, while in [13], nodes
perform local Bayesian updates and average log beliefs. Fi-
nally, in [14], nodes exchange messages with neighbors and
combine them with gradients, achieving linear convergence in
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synchronous and asynchronous ways over row- and column-
stochastic matrices.

The aforementioned algorithms require real-valued messages
(i.e., channels of infinite capacity) and either achieve asymp-
totic convergence or terminate near optimality when operat-
ing for a limited time frame [6], [15]. Specifically, the work
in [6] combines finite-time consensus and distributed stopping
to compute a closed-form solution. In [15], nodes employ the
conjugate gradient method over a doubly stochastic network
model, achieving linear convergence. In [16], nodes combine
gradient descent with a finite-time protocol, ensuring finite-time
convergence without error. However, they require high-precision
real number exchanges, assuming unlimited channel capacity.

Recently, there has been an increasing interest within the
control and machine learning communities for distributed op-
timization algorithms that exhibit efficient communication and
involve the exchange of quantized values. Lee et al. [17] intro-
duced a method where nodes combine gradient tracking with
perturbed quantized consensus, operating over an undirected
communication topology and achieving geometric convergence.
The work in [18] focuses on nodes exchanging quantized mes-
sages and updating their states through a linear combination of
gradients and received messages, achieving a vanishing mean
solution error. Koloskova et al. [19] proposed a linearly con-
verging gossip algorithm that supports compressed messages,
and relies on stochastic gradient descent and local coordination.
In [20], the proposed algorithm relies on periodic averaging,
partial device participation, and quantized messages, and is
able to achieve near-optimal convergence guarantees. Doost-
mohammadian et al. [21] proposed an algorithm that relies on
the Laplacian-gradient model and allows nodes to exchange
logarithmically quantized messages. In [22], the approach cen-
ters around quantized distributed gradient tracking. The authors
establish lower bounds for the number of quantization levels for
achieving linear convergence.

It is important to note that since the aforementioned ap-
proaches are mainly quantizing the values of a real-valued dis-
tributed optimization algorithm, they maintain the algorithm’s
asymptotic convergence behavior. To the best of the authors’
knowledge, no existing algorithm in the literature simultane-
ously utilizes quantized values for efficient processing and
communication, and achieves finite-time convergence to either
the exact optimal solution or one in close proximity depending
on the quantization level (ensuring that the difference between
the calculated and exact solutions remains smaller than the
quantization level).

The aim of this article is to introduce a pioneering approach
that integrates the above characteristics, thereby paving the way
for the implementation of finite-time algorithms operating exclu-
sively with quantized values to address distributed optimization
challenges within directed networks. Note here that unlike prior
approaches, our algorithm exploits the structure of quadratic
cost functions, enabling the calculation of an optimal solution
without the need for gradient calculations. This operational
characteristic not only enhances efficiency but also leads to fast
convergence rates, as it will be shown later in this article.

Main contributions: In this article, we focus on distributed
optimization over quadratic local cost functions. We take into

consideration that the exchanged messages consist of quan-
tized values, and propose two distributed algorithms—one syn-
chronous and one asynchronous—that solve the optimization
problem in a finite number of steps. The algorithms terminate
their operation once they have agreed on the solution, which
is either optimal or in the proximity of the optimal solution,
depending on the quantization level. The main contributions of
this article are as follows.

1) We present a novel synchronous distributed algorithm that
solves the optimization problem in a finite number of
time steps using quantized values (see Algorithm 1). A
distributed stopping mechanism is deployed in order to
terminate the algorithm in a finite number of time steps.
We provide an upper bound on the number of time steps
needed for convergence based on properties of primitive
matrices. The convergence time relies on the network
connectivity as determined by the diameter of the network,
rather than the number of network nodes (see Theorem 1).

2) We present an asynchronous version of our synchronous
algorithm, which solves the optimization problem in a
finite number of steps using quantized values (see Al-
gorithm 2). Then, we discuss a modified asynchronous
algorithm for the case where each node requires a random
number of time steps to process the received information.
We provide an upper bound on the number of time steps
needed for convergence of our asynchronous algorithm
(see Theorem 2).

3) Although the proposed algorithms could be used in many
applications, here, we discuss them within the context of
1) resource management in cloud infrastructures [6], and
2) global model aggregation in distributed federated
learning systems [13], [20], [23], [24], [25], [26] (see
Section V). The first application is task scheduling,
which is a problem that optimally allocates tasks to
server machines. The goal is to balance the central
processing unit (CPU) utilization across data center
servers in a distributed fashion [1], [6], [21]. The second
application is global model aggregation, over a federated
learning system. The goal is to calculate the global model
parameters by aggregating the local model parameters of
each node (obtained by local training on each node) in a
distributed fashion [23], [25], [26].

Although influenced by works, such as in [27], [28], [29], and
[30], our algorithms offer a unique approach due to their quan-
tized operation, finite-time convergence, and the ability for oper-
ation termination. In addition, while our stopping mechanism is
inspired from Giannini et al. [30], it is adjusted to the quantized
nature of our algorithms, using two parallel linear iterations.

Article organization: The rest of this article is organized as
follows. Section II introduces the notations used in this arti-
cle. Section III provides the problem formulation. Section IV
presents the proposed algorithms and their convergence analy-
sis. Section V covers applications and algorithm comparisons.
Finally, Section VI concludes this article.

II. NOTATION AND PRELIMINARIES

Notations: The sets of real, rational, integer, and natural
numbers are denoted by R,Q,Z, and N, respectively. Symbol
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Z≥0 (Z>0) denotes the set of nonnegative (positive) integer
numbers, while Z≤0 (Z<0) denotes the set of nonpositive (neg-
ative) integer numbers. For any real number a ∈ R, the floor
�a� denotes the greatest integer less than or equal to a while
the ceiling �a� denotes the least integer greater than or equal
to a. Vectors are denoted by small letters, matrices are denoted
by capital letters, and the transpose of a matrix A is denoted by
AT . For a matrix A ∈ Rn×n, the entry at row i and column j is
denoted byAij . By 1, we denote the all-ones column vector, and
by I , we denote the identity matrix (of appropriate dimensions).

Network preliminaries: The communication topology of a
network of n (n ≥ 2) nodes communicating only with their im-
mediate neighbors can be captured by a directed graph (digraph)
defined as Gd = (V, E). In digraph Gd, V = {v1, v2, . . . , vn} is
the set of nodes, whose cardinality is denoted as |V| = n, and
E ⊆ V × V − {(vj , vj) | vj ∈ V} is the set of edges (self-edges
excluded) whose cardinality is denoted as m = |E|. A directed
edge from node vi to node vj is denoted by mji � (vj , vi) ∈ E ,
and captures the fact that node vj can receive information from
node vi (but not the other way around). We assume that the
given digraph Gd = (V, E) is strongly connected, i.e., for each
pair of nodes vj , vi ∈ V , vj 
= vi, there exists a directed path
from vi to vj . A directed path of length t from vi to vj exists
if we can find a sequence of nodes vi ≡ vl0 , vl1 , . . . , vlt ≡ vj
such that (vlτ+1

, vlτ ) ∈ E for τ = 0, 1, . . . , t− 1. Furthermore,
the diameter D of a digraph is the longest shortest path be-
tween any two nodes vj , vi ∈ V in the network. The subset
of nodes that can directly transmit information to node vj
is called the set of in-neighbors of vj and is represented by
N−

j = {vi ∈ V | (vj , vi) ∈ E}. The cardinality of N−
j is called

the in-degree of vj and is denoted by D−
j . The subset of nodes

that can directly receive information from node vj is called the
set of out-neighbors of vj and is represented by N+

j = {vl ∈
V | (vl, vj) ∈ E}. The cardinality ofN+

j is called the out-degree

of vj and is denoted by D+
j .

III. PROBLEM FORMULATION

Let us consider a strongly connected network Gd = (V, E).
We focus on the scenario where nodes in a network cooperatively
minimize a common additive cost function. Traditionally, each
one of the n = |V| nodes is endowed with (and has information
only for) a scalar local cost function fi : R �→ R. Since, in this
work, we consider the exchange of integer1 values, the local
cost function takes rational numbers as inputs. In addition, since
the update of each node is also quantized, the outputs are also
rational, i.e., fi : Q �→ Q. Nodes aim to cooperatively solve
the optimization problem, herein called P1, in finite time and
terminate their operation once calculating the optimal solution.
P1 is as follows:

P1 : min
x∈Qn

f(x1, x2, . . ., xn) ≡
n∑

i=1

fi(xi) (1a)

s.t.xi = xj ∀vi, vj ,∈ V (1b)

and nodes exchange integer values. (1c)

1We assume that states are integer-valued, which captures a class of quanti-
zation effects, such as uniform quantization.

In this work, we restrict our attention to a quadratic local cost
function for every node vi of the form, cf., [7] and [31]

fi(xi) =
1

2
αi(xi − ρi)

2 (2)

where αi ∈ Q and ρi ∈ Q are given parameters. This cost
function represents the demand at node vi with xi being a
global optimization parameter that will determine the optimal
solution at each node. Note that the choice of quadratic local
cost functions allows us to calculate a closed-form expression of
the optimal solution, which can be computed distributively by
applying consensus algorithms. Specifically, the optimization
problem (1a) can be solved in a closed form, and the optimal
solution x∗ is given by

x∗ =
∑n

i=1 αiρi∑n
i=1 αi

. (3)

Since αi ∈ Q and ρi ∈ Q, then x∗ ∈ Q. Note that if αi ∈ Q
and ρi ∈ Q, we can use simple transformations so that we can
transform αi ∈ Z and ρi ∈ Z; for simplicity of exposition, we
adopt this assumption, i.e.,αi ∈ Z and ρi ∈ Z. Furthermore, we
assume that the initial values of the states, xi[0], are integers,
i.e., xi[0] ∈ X0 ⊂ Z (e.g., xi[0] can be the CPU utilization
percentage of a server). Furthermore, note that our proposed
algorithm’s calculation of the exact optimal solution depends
on the quantization level. This means that the distance of the
calculated and the exact solution is always less than or equal to
the quantization level.

IV. QUANTIZED DISTRIBUTED SOLUTION

In this section, we propose two distributed quantized in-
formation exchange algorithms that solve the problem de-
scribed in Section III. The proposed algorithms are detailed as
Algorithms 1 and 2, and they calculate x∗ shown in (3) in
finite time for the case where the updates of every node during
the algorithm’s operation are synchronous and asynchronous,
respectively. In order to solve the problem in a distributed way,
we make the following assumptions.

Assumption 1: The communication topology is a strongly
connected digraph.

Assumption 2: The diameter of the network D (or an upper
bound D′) is known to all nodes vj ∈ V .

Assumption 1 is a necessary condition for each node vj to be
able to calculate the optimal allocation after a finite number of
time steps. Assumption 2 is necessary for the operation of our
algorithm and for coordinating the min- and max-consensus
algorithms, such that each node vj is able to determine whether
convergence has been achieved and thus the operation can be
terminated.

A. Synchronous Quantized Distributed Solution

We now describe the main steps of Algorithm 1.
Step 1—Input and initialization: Each node vj has two in-

teger2 values yj [0], zj [0] ∈ Z, which represent its initial state

2Since communication is over digital channels, the initial states, if not already
quantized, are quantized by the nodes. We aim to find the optimal solution for
the case where the initial states are quantized (or are real and were quantized by
the nodes).
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(note that yj [0] = αjρj and zj [0] = ρj). Furthermore, each node
vj has knowledge of the diameter of the network D (or an
upper boundD′). During initialization, each node selects a set of
probabilities {blj | vl ∈ N+

j ∪ {vj}} such that 0 < blj < 1 and∑n
l=1 blj = 1; see Initialization step 1 (note that blj = 0 for vl /∈

N+
j ∪ {vj}). Each value blj represents the probability for node

vj to transmit toward itself or out-neighbor vl ∈ N+
j ∪ {vj} at

any given time step (independently between time steps). Further-
more, each node vj sets its flagj equal to zero; see Initialization
step 2. This flagj allows node vj to determine whether it needs
to terminate its operation, because the proposed algorithm has
reached completion.

Step 2—Synchronously computing the quantized optimal solu-
tion: At each time step k, each node vj updates its state variables
zsj [k], y

s
j [k], and qsj [k]; see Iteration step 3. Then, it splits yj [k]

into zj [k] equal integer pieces, with the possibility of some
pieces having values greater by one; see Iteration steps 5.1 and
5.2. Then, node vj transmits the zj [k]− 1 pieces to randomly
selected out-neighbors or to itself according to the probabilities
blj ; see Iteration step 5.3. It receives the transmitted values
from its in-neighbors and updates its variables zj [k + 1] and
yj [k + 1]; see Iteration step 6.

Step 3—Determining when to stop: Every D (or D′) time
steps, the two integer values Mj and mj are updated to match
the node’s state; see Iteration step 1. For the subsequent D (or
D′) time steps, node vj simultaneously runs a max-consensus
algorithm [32] using Mj to compute the maximum state in
the network, as well as a min-consensus algorithm, using mj

to determine the minimum state in the network; see Iteration
step 2. Upon completion of the D (or D′) time steps, if the
maximum state is equal to the minimum state in the network, or
their difference is just one, node vj infers that the algorithm has
successfully converged. In this case, it proceeds to calculate the
optimal solutionx∗ as defined in (3), and subsequently concludes
its operation; see Iteration step 6.

The main advantage of Algorithm 1 is its ability to leverage
the structure of quadratic cost functions and deliver an optimal
solution in finite time. This is facilitated by the fact that the
variable zj for each node vj serves as the denominator, whereas
the variable yj functions as the numerator in the optimal solution
described in (3). Compared to other approaches in the literature,
Algorithm 1 eliminates the need for each node vj to compute
the gradient of its local objective function. This unique feature
steers each node away from the typical asymptotic convergence
toward the optimal solution, enabling them to converge in
finite time. Furthermore, it enables the utilization of quantized
values for both processing and communication. This dual ad-
vantage not only enhances efficiency but also leads to fast
convergence rates, as will be demonstrated later in this article.

Theorem 1: Consider a strongly connected digraph Gd =
(V, E) with n = |V| nodes and m = |E| edges and zj [0], yj [0]
for every node vj ∈ V at time stepk = 0. Suppose that each node
vj ∈ V follows the Initialization and Iteration steps as described
in Algorithm 1. Each node vj is able to calculate the optimal x∗

shown in (3) after a finite number of time steps and terminate its
operation after calculating x∗.

Proof: See Appendix A. �

Algorithm 1: Synchronous Quantized Distributed Opti-
mization.
Input: A strongly connected digraph Gd = (V, E) with

n = |V| nodes and m = |E| edges. Each node vj ∈ V
has knowledge of D, yj [0], zj [0].

Initialization: Each node vj ∈ V does the following:
1) Assigns a nonzero probability blj to each of its
outgoing edges mlj , where vl ∈ N+

j ∪ {vj}, as follows

blj =

{
1

1+D+
j

, if l = j or vl ∈ N+
j ,

0, if l 
= j and vl /∈ N+
j .

2) Sets flagj = 0, yj [0] := 2yj [0], zj [0] := 2zj [0].
Iteration: For k = 1, 2, . . . , each node vj ∈ V does:
• while flagj = 0 then

1) if k mod D = 1 then sets Mj = �yj [k]/zj [k]�,
mj = �yj [k]/zj [k]�;
2) broadcasts Mj , mj to every vl ∈ N+

j ; receives Mi,
mi from every vi ∈ N−

j ; sets Mj = maxvi∈N−
j ∪{vj} Mi,

mj = minvi∈N−
j ∪{vj} mi;

3) sets zsj [k] = zj [k], ysj [k] = yj [k], and

qsj [k] =
⌈
ys
j [k]

zs
j [k]

⌉
;

4) sets dzj = zj [k], yj [k + 1] = 0, zj [k + 1] = 0;
5) while dzj > 1, then

5.1) dyj = �yj [k] / zj [k]�;
5.2) yj [k] = yj [k]− dyj , zj [k] = zj [k]− 1, and

dzj = dzj − 1;
5.3) transmits dyj to randomly chosen out-neighbor

vl ∈ N+
j ∪ {vj} according to blj ;

5.4) receives dyi from in-neighbor vi ∈ N−
j and sets

yj [k + 1] = yj [k + 1] +

n∑
j=1

wji[k] d
y
j (4)

zj [k + 1] = zj [k + 1] +
n∑

j=1

wji[k] (5)

where wji[k] = 1 if node vj receives a message from
vi ∈ N−

j at iteration k (otherwise wji[k] = 0);
6) if k mod D = 0 then, if Mj −mj ≤ 1then sets
qsj [k] = mj , x∗

j = x∗ = yj [0]/q
s
j [k] and flagj = 1.

Output: (3) holds for every vj ∈ V .

B. Asynchronous Quantized Distributed Solution

We now focus on the case where nodes operate in an asyn-
chronous fashion.

Assumption 3: The number of time steps required for a node
vj to process the information received from its in-neighbors is
upper bounded by B.

Assumption 3 is necessary for the operation of the asyn-
chronous version of the max/min consensus algorithm. Specifi-
cally, if we have a bound on the number of time steps required
for a node vj to process the information received from its
in-neighbors, we can ensure that each node vj can still determine
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Algorithm 2: Asynchronous Quantized Distributed Opti-
mization.
Input: A strongly connected digraph Gd = (V, E) with

n = |V| nodes and m = |E| edges. Each node vj ∈ V
has knowledge of D,B, yj [0], zj [0].

Initialization: Same as Algorithm 1.
Iteration: For k = 1, 2, . . . , each node vj ∈ V , does:
• while flagj = 0 then
1) if k mod (DB) = 1 then sets Mj = �yj [k]/zj [k]�,

mj = �yj [k]/zj [k]�;
2− 5.3) same as Algorithm 1;
5.4) receives dyi from in-neighbor vi ∈ N−

j and sets

yj [k + 1] = yj [k + 1] +
n∑

i=1

B∑
r=0

wk−r,ji[r] d
y
i , (6)

zj [k + 1] = zj [k + 1] +

n∑
i=1

B∑
r=0

wk−r,ji[r], (7)

where wk−r,ji[r] = 1 when the required processing time
of node vi is equal to r at time step k − r, so that node
vj receives a message from vi at time step k (otherwise
wk−r,ji[r] = 0 and vj receives no message at time step
k from vi);

6) if k mod (DB) = 0 then, if Mj −mj ≤ 1then sets
qsj [k] = mj , x∗

j = x∗ = yj [0]/q
s
j [k] and flagj = 1.

Output: (8) holds for every vj ∈ V .

whether convergence has been achieved or not, even when
operating asynchronously.

We now describe the main steps of Algorithm 2.
Step 1—Input and initialization: Same as Algorithm 1, but

each node also has knowledge of B.
Step 2—Asynchronously computing quantized optimal solu-

tion: Same as Algorithm 1, but processing requires a number of
time steps upper bounded by B.

Step 3—Asynchronously determining when to stop: The main
idea is that each node prolongs forDB time steps in the max/min
consensus operation in order for every node to participate in the
max/min consensus operation (because the random processing
delays are upper bounded by B). Specifically, every DB (or
D′B) time steps, the integer values Mj and mj are set equal
to vj’s state; see Iteration step 1. Then, for the subsequent DB
(or D′B) time steps, node vj executes an asynchronous max-
consensus algorithm withMj for calculating the maximum state
in the network, and an asynchronous min-consensus algorithm
with mj for calculating the minimum state in the network; see
Iteration step 2. If the maximum state is equal to the minimum
state in the network (or their difference is equal to one), then
node vj knows that the algorithm has converged; see Iteration
step 6.

Theorem 2: Consider a strongly connected digraph Gd =
(V, E) with n = |V| nodes and m = |E| edges, and initial values
zj [0], yj [0] for every node vj ∈ V at time step k = 0. Suppose
that each node vj ∈ V follows the Initialization and Iteration

steps as described in Algorithm 2. Each node vj is able to 1)
calculate the optimal x∗ shown in (3) after a finite number of
time steps, and 2) after calculating x∗, terminate its operation.

Proof: See Appendix B. �

V. APPLICATIONS

We now present applications of Algorithms 1 and 2 for 1)
task scheduling in a data center [1], [6], and 2) global model
aggregation in a federated learning system [23], [25], [26].
Finally, we compare Algorithms 1 and 2 with other algorithms
in the current literature.

A. Quantized Task Scheduling

Resource management in data centers involves efficiently
allocating tasks to CPU resources to meet performance goals.
Resource allocation can be a challenging optimization problem
due to the scale, heterogeneity, and dynamic nature of modern
computer networks. Despite high-bandwidth communication,
adopting quantized values is pivotal. They enhance resource
efficiency, which is vital for large-scale data centers. Quantized
values ensure cost-effectiveness, energy efficiency, and expedite
low-latency applications, such as real-time data processing.
Scalability benefits as well, reducing computational loads and
potential congestion. The adaptability of quantized values to
variable network conditions is crucial, ensuring robust perfor-
mance. Finally, quantized values offer an ideal framework for
encryption, enhancing security for sensitive data in data centers.

Overall, task scheduling aims to balance CPU utilization
across server nodes by carefully deciding how to allocate tasks
to CPU resources in a distributed fashion. In what follows, we
describe the task modeling and optimization problem for CPU
scheduling. Note that these are borrowed from [6].

Task Modeling (see [6]): A job is defined as a group of tasks,
and J denotes the set of all jobs to be scheduled. Each job
bj ∈ J , j ∈ {1, . . . , |J |}, requiresρj cycles to be executed. The
estimated amount of resources (i.e., CPU cycles) needed for each
job is assumed to be known before the optimization starts. A job
task could require resources ranging from 1 to ρj cycles, and the
total sum of resources for all tasks of the same job is equal to ρj
cycles. The total task workload due to the jobs arriving at node vi
is denoted by li. The time horizonTh is defined as the time period
for which the optimization is considering the jobs to be running
on the server nodes, before the next optimization decides the next
allocation of resources. Hence, in this setting, the CPU capacity
of each node, considered during the optimization, is computed as
πmax
i := ciTh, where ci is the sum of all clock rate frequencies

of all processing cores of node vi given in cycles/second. The
CPU availability for node vi at optimization step m (i.e., at
time mTh) is given by πavail

i [m] := πmax
i − ui[m], where ui[m]

is the number of unavailable/occupied cycles due to predicted
or known utilization from already running tasks on the server
over the time horizon Th at step m. Note here that all the above
quantities are discrete values. Thus, they can be represented by
integer values.
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Assumption 4: We assume that the time horizon is chosen
such that the total amount of resources demanded at a spe-
cific optimization step m, denoted by ρ[m] :=

∑n
j=1 ρj [m], is

smaller than the total capacity of the network available, given
by πavail[m] :=

∑n
i=1 π

avail
i [m], i.e., ρ[m] ≤ πavail[m].

Assumption 4 indicates that there is no more demand than the
available resources. This assumption is realistic, since the time
horizonTh can be chosen appropriately to fulfill the requirement.
In case this assumption is violated, the solution will be that all
resources are being used and some tasks will not be scheduled,
due to lack of resources. Note that handling this case is out of
the scope of this article.

Optimization Problem (see [6]): Server nodes require to cal-
culate the optimal solution at every optimization step m via a
distributed coordination algorithm, which relies on the exchange
of quantized values and converges after a finite number of time
steps. Specifically, all nodes aim to balance their CPU utilization
(i.e., the same percentage of capacity) during the execution of
the tasks, i.e.,

w∗
i [m] + ui[m]

πmax
i

=
w∗

j [m] + uj [m]

πmax
j

=
ρ[m] + utot[m]

πmax
∀vi, vj ∈ V (8)

where w∗
i [m] is the optimal task workload to be added to

server node vi at optimization step m, πmax :=
∑n

i=1 π
max
i ,

and utot[m] =
∑n

i=1 ui[m]. To achieve the requirement set in
(8), we need the solution [according to (3)] to be [6]

x∗ =

∑n
i=1 π

max
i

ρi+ui

πmax
i∑n

i=1 π
max
i

=
ρ+ utot

πmax
. (9)

Hence, we modify (2) accordingly. Then, the cost function fi(z)
in (2) is given by fi(z) =

1
2π

max
i (z − ρi+ui

πmax
i

)2. In other words,
each node computes its proportion of task workload and from
that it computes the task workload w∗

i to receive, i.e.,

w∗
i =

ρ+ utot

πmax
πmax
i − ui. (10)

Application of Algorithms 1 and 2: During the task scheduling
problem, each node vj aims to 1) calculate the optimal required
task workload w∗

j [shown in (10)] after a finite number of time
steps, and 2) terminate its operation after calculatingw∗

j . In order
to solve the above task scheduling problem, Algorithms 1 and
2 need to be modified as follows: each node vj needs to 1) have
knowledge of D,B, lj , uj , π

max
j ∈ Z (B is required only for

Algorithm 2), and 2) initialize zj [0] := lj + uj , yj [0] = πmax
j .

Remark 1: Note that the main difference of the operation of
Algorithm 1 compared with the algorithm presented in [1] is that
each server node vj ∈ V does not need knowledge of an upper
bound πupper regarding the total capacity of the network πmax

(i.e., πupper ≥ πmax, where πmax :=
∑n

j=1 π
max
j ). Specifically,

each node does not need to multiply its initial value yj [0] with
πupper so that yj [0] > zj [0], since it is already guaranteed that
yj [0] > zj [0] (which is necessary during the operation of our
algorithm, so that each node vj is able to split yj [k] into zj [k]
equal integer pieces (or with maximum difference between them

(a)

(b)

Fig. 1. Execution of (a) Algorithm 1, and (b) Algorithm 2 with B = 5,
over a random network comprised of 20 nodes having a diameter equal
to 2. Note the different scale of the x-axis; the convergence of the
synchronous algorithm is about five times faster than the asynchronous
one.

equal to 1) at each time step k ∈ N). Note that this relaxation of
requirements does not affect the operation of the algorithm and
its fast convergence speed, as it will be shown later.

Numerical Evaluation over a Small Network: We now present
simulation results to illustrate the behavior of our proposed dis-
tributed algorithms. To foster reproducibility, the code, datasets,
and experiments are made publicly available.3 We show the
evolution of the nodes’ states against the number of iterations
during the operation of Algorithms 1 and 2. The network in this
example comprises 20 nodes and was randomly generated (an
edge between a pair of nodes exists with probability 0.5). This
process resulted in a digraph that had a diameter equal to 2. Small
digraph diameters are indicative of data-center topologies and
are normally preferred due to their locality and the benefit of
having few hops between each node [33]. The task workload lj
of each node vj was generated randomly using an integer random
distribution uniform in the range [1, 100]. The node capacities
πmax
j in this experiment were set to either 100 or 300 for even

and odd node numbers, respectively. Our simulation results are
shown in Fig. 1, which depicts the load per node according to its
processing capacity during the operation of Algorithms 1 and 2.
Specifically, we show qs

′
j [k] = yj [0]/q

s
j [k] for every node. We

can see that Algorithm 1 converges monotonically within a few
iterations (i.e., after only eight iterations) without being affected
by value oscillations or ambiguities. Furthermore, we can see
that Algorithm 2 requires more iterations due to the number

3[Online]. Available: https://github.com/andylamp/federated-quantized-
ratio-consensus

https://github.com/andylamp/federated-quantized-ratio-consensus
https://github.com/andylamp/federated-quantized-ratio-consensus
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Fig. 2. Required iterations for convergence of Algorithm 2 against
upper bound on required time steps for processing B over different
network sizes along with their error bars, where each network size is
evaluated across 3000 trials and the aggregated values were averaged
out before plotting.

of time steps that each node requires to process information
(which has an upper bound equal to 5 i.e., B = 5). We can see
that Algorithm 2 requires more time steps to converge compared
with Algorithm 1; this is mainly due to processing delays leading
to delayed execution of the algorithm’s iteration steps (instead
of instant execution for the case of no processing delays) [34].
However, note here that in most cases, asynchronous algorithms
are able to deal with processing delays more efficiently than syn-
chronous ones, which perform poorly in heterogeneous environ-
ments [35], [36], [37]. This means that for the case where every
node suffers from processing delays, synchronous algorithms
suffer from delays while waiting for the slow processing nodes.
In our case, this means that every node should wait for five time
steps before executing a synchronized iteration, and Algorithm 1
would require 45 time steps for convergence. On the other hand,
Algorithm 2 is able to achieve faster convergence (since it is
not sensitive to issues, such as slow computing nodes) and
uses computational resources more efficiently than synchronous
approaches [35].

Numerical Evaluation: We now present a more quantitative
analysis over a larger set of network sizes, which would be
more applicable to practical deployments, such as in modern
data-centers. In Fig. 2, we evaluate Algorithm 2 on networks
sized from 50 nodes up to 3000 nodes. We show the number of
required iterations for convergence for different network sizes
and different values of the upper bound B on the number of
time steps required for a node to process information from
5 to 30. The topologies are randomly generated and result in
digraphs that have a diameter from 2 to 10. We evaluated each
network size across 3000 trials, and the aggregated values were
averaged out before plotting. It is interesting to see that for
B = 5, Algorithm 2 required less than 250 iterations to converge
for every network size. Also, for B = 5, we can see that, as the
network size increases, the required iterations for convergence
decrease. Another interesting observation is that as the value of
the upper bound B on the number of time steps required for a

node to process information increases, the number of required
time steps for convergence increases linearly. This means, for
example, that 1) for B = 10, Algorithm 2 required less than 280
iterations to converge for every network size, and 2) for B = 15,
Algorithm 2 required less than 350 iterations to converge for
every network size.

B. Quantized Global Model Aggregation

In federated learning, we aim to learn the parameters of a
specific statistical model from data stored on thousands (or
millions) of remote devices. Most current approaches consider
the existence of a central server (hosted in the cloud), which
collects and aggregates the computed local models from every
node in the network [38]. However, communication overhead
during each iteration becomes a major bottleneck as the model
size gets large and the computed models increase in dimen-
sion. Therefore, aggregating the local models in a centralized
manner is not an ideal approach due to inefficient operation
and practical limitations. In our setting, we consider a set of
remote devices (i.e., processing units or nodes) over a network.
Each node has a stored local dataset, and uses it to calculate
the local parameters of the statistical model. Global model
aggregation is the procedure of aggregating the set of local
parameters of every node in the network, in a distributed fashion.
This procedure aims to calculate the global parameters of the
statistical model. Furthermore, global model aggregation needs
to be performed in a communication efficient manner, since
communication efficiency is a critical bottleneck in federated
learning systems [24]. Thus, in our case, nodes need to transmit
quantized values in order to achieve more efficient usage of
communication resources.

Global and Local Models: For each node vj , its stored dataset
is denoted as rj and its size as |Rj |. Each node trains a local
model with its own dataset, and then transmits the local model
parameters (e.g., gradients) in the network for aggregation. The
local model parameters of each node vj at aggregation stepm are
denoted as Wj [m]. Furthermore, the global model parameters at
aggregation stepm are denoted asW[m] and are calculated after
aggregating the local model parametersWj [m] of every node vj .
Note that in our case, the communication channels are bandlim-
ited. As a result, the parameters of the local model Wj [m] for
every node vj , and the global modelW[m] are quantized values.
In this scenario, we represent them as integer values in order to
present an illustrative application of our proposed algorithms.

Optimization Problem: In a federated learning system, com-
puting nodes require to calculate the parameters of the global
model by aggregating the parameters of their local model. This
is done at aggregation step m via a distributed coordination
algorithm, which relies on the exchange of quantized values and
converges after a finite number of time steps. Specifically, each
node vj aims to calculate the global model parameters W[m] at
aggregation step m defined as [25], [26]

W[m] =

∑n
j=1 |Rj |Wj [m]∑n

j=1 |Rj | . (11)
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(a)

(b)

Fig. 3. Execution of (a) Algorithm 1, and (b) Algorithm 2 with B = 5,
over a random network comprised of 20 nodes having a diameter equal
to 3.

For simplicity of exposition, and since we consider a single
aggregation step, we drop index m. To achieve the requirement
in (11), we need to modify (2) to be

fj(z) =
1

2
|Rj |(z −Wj)

2. (12)

This means that the closed-form solution of (3) becomes

x∗ =

∑n
j=1 |Rj |Wj∑n

j=1 |Rj | . (13)

In other words, each node computes the parameters of the global
model x∗, as shown in (13).

Application of Algorithms 1 and 2: During the global model
aggregation problem, each nodevj aims to 1) calculate the global
model parametersx∗ [shown in (13)] after a finite number of time
steps, and 2) terminate its operation after calculating x∗. In order
to solve the global model aggregation problem, Algorithms 1
and 2 need to be modified as follows: each node vj needs to 1)
have knowledge of D,B, |Rj |, andWj (B is required only for
Algorithm 2), and 2) initialize zj [0] := |Rj | and yj [0] := Wj .

Numerical Evaluation: We illustrate via simulations the be-
havior of our proposed distributed algorithms over a network
represented by a randomly generated graph of 20 nodes (an edge
between a pair of nodes was created with probability 0.5). This
resulted in a digraph with a diameter equal to 3. The size |Rj | of
the stored dataset rj for each node was generated randomly using
an integer random distribution, uniform in the range [10, 100].
The parameters of the local models Wj for each node vj were
generated randomly using an integer random distribution uni-
form in the range [1000, 100 000]. Our simulation results are
presented in Fig. 3, which depicts the local model parameters
(initial state) of each node and the calculation of the global
model parameters (final state of each node) in finite time. During

Fig. 4. Normalized error e[k] [defined in (14)] for Algorithm 1, and the
algorithms in [6], [8], [9], [10], [11], [12], [14], and [21], averaged over 20
randomly generated strongly connected digraphs of 20 nodes each.

Algorithm 1, we can see that each node converges monotonically
after nine iterations and then terminates its operation. During
Algorithm 2, we can see that convergence keeps its monotonic
nature, but each node converges after 69 iterations due to the
required time for information processing (which is equal to 5).

C. Comparison With Current Literature

We now compare the performance of Algorithm 1 against
existing algorithms over static strongly connected directed net-
works of 20 nodes. Specifically, we show the normalized error
e[k] defined as

e[k] =

√∑n
j=1((qj [k])

−1 − x∗)2∑n
j=1((qj [0])

−1 − x∗)2
(14)

where x∗ is defined in (3). The error e[k] was evaluated and
averaged across 20 trials. In Fig. 4, we can see that Algorithm 1 is
among the fastest algorithms in the literature outperformed only
by Grammenos et al. [6]. Our algorithm operates with quantized
values, which influence the convergence rate (thus outperformed
by Grammenos et al. [6]), but admits finite time convergence to
the proximity of the optimal solution, with the distance from
the exact solution depending on the quantization level. Most
algorithms in the literature assume that the messages exchanged
among nodes in the network are real numbers and admit asymp-
totic convergence within some error [6], [8], [9], [10], [11], [12],
[14]. In [21], the exchanged messages are quantized but the
approach still exhibits asymptotic convergence. Furthermore,
an additional advantage of our algorithm is that its operation
does not rely on a set of weights on the digraph links4 that form
a double stochastic matrix, unlike the works in [8] and [10].

VI. CONCLUSION

In this article, we considered the problem of distributed
optimization in large-scale networks with quadratic local cost
functions. The authors introduced a fast distributed algorithm
that converges in a finite number of time steps, reaching the

4The algorithms in [8], [10], and [21] require the underlying graph to be undi-
rected. For this reason, in Fig. 4, for [8], [10], and [21], we make the randomly
generated underlying digraphs undirected (by enforcing that if (vj , vi) ∈ E
then also (vi, vj) ∈ E). For the algorithms in [6], [9], [11], [12], and [14],
the randomly generated underlying graph is generally directed.
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proximity of the optimal solution (that depends on the quanti-
zation level). The algorithm is capable of distributed stopping
and operates exclusively with quantized values through event-
triggered updates. The authors also present a fully asynchronous
algorithm to handle diverse processing times by the nodes.
Applications include task scheduling in data centers and global
model aggregation for federated learning, demonstrating fast
convergence through extensive empirical evaluations. Finally,
our algorithms compare favorably with existing literature.

In the future, we plan to extend the functionality of our
proposed algorithms to encompass convex and nonconvex opti-
mization problems. Furthermore, we plan to explore how our
algorithms can be integrated within the context of federated
learning scenarios involving local SGD or batch SGD.
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APPENDIX A
PROOF OF THEOREM 1

The authors first consider Lemma 1, mutatis mutandis, which
is necessary for our subsequent development. Then, we consider
Theorem 3 (due to space considerations, we provide a sketch of
the proof, which is an adaptation of the proof of Theorem 1
in [29]). Then, we present the proof of Theorem 1.

Lemma 1 (see [39]): Consider a strongly connected digraph
Gd = (V, E) with n = |V| nodes and m = |E| edges. Suppose
that each node vj assigns a nonzero probability blj to each of its
outgoing edges mlj , where vl ∈ N+

j ∪ {vj}, as follows:

blj =

{
1

1+D+
j

, if l = j or vl ∈ N+
j

0, if l 
= j and vl /∈ N+
j .

At time stepk = 0, node vj holds a “token” while the other nodes
vl ∈ V − {vj} do not. Each node vj transmits the “token” (if it
has it, otherwise it performs no transmission) according to the
nonzero probability blj it assigned to its outgoing edges mlj .
The probability PD

Ti
that the token is at node vi after D time

steps (where D is the diameter of the digraph Gd, for which
it holds that D ≤ n− 1) satisfies PD

Ti
≥ (1 +D+

max)
−D > 0,

where D+
max = maxvj∈V D+

j .
Theorem 3: Consider a strongly connected digraph Gd =

(V, E) with n = |V| nodes and m = |E| edges. At time step
k = 0, each node vj knows zj [0], yj [0]. Suppose that each node
vj ∈ V follows the Initialization and Iteration steps as described
in Algorithm 1. For any ε, where 0 < ε < 1, there exists k0 ∈
N, so that with probability (1− ε)(y

init+n), we have (qsj [k] =

�qtasks�, k ≥ k0) or (qsj [k] = �qtasks�, k ≥ k0) for every vj ∈ V ,

where

qtasks =

∑n
j=1 yj [0]∑n
j=1 zj [0]

(15)

and

yinit =
∑

{vj∈V:yj [0]>�qtasks�}
(yj [0]− �qtasks�) +

∑
{vj∈V:yj [0]<�qtasks�}

(�qtasks� − yj [0]) (16)

is the total initial state error.
Proof: The operation of Algorithm 1 can be interpreted as

the “random walk” of
∑n

j=1 zj [0]− n “tokens” in a Markov
chain. Specifically, at time step k = 0, node vj holds zj [0]
“tokens.” One token is T ins

j and is stationary, whereas the

other zj [0]− 1 tokens are T out,ϑ
j , where ϑ = 1, 2, . . ., zj [0]− 1,

and perform independent random walks. Each token T ins
j and

T out,ϑ
j contains a pair of values yins

j [k], zins
j [k], yout,ϑ

j [k], and

zout,ϑ
j [k], where ϑ = 1, 2, . . ., zj [0]− 1, respectively. Initially,

we have 1) yins
j [0] = �yj [0]/zj [0]�, 2) yout,ϑ

j [0] = �yj [0]/zj [0]�
or yout,ϑ

j [0] = �yj [0]/zj [0]�, and 3) zins
j [0] = zout,ϑ

j [0] = 1 for

ϑ = 1, 2, . . ., zj [0]− 1, such that yins
j [0] +

∑zj [0]−1
ϑ=1 yout,ϑ

j [0] =

yj [0] and zins
j [0] +

∑zj [0]−1
ϑ=1 zout,ϑ

j [0] = zj [0]. At each time step
k, each node vj keeps the token T ins

j (i.e., it never transmits it)

while it transmits the tokens T out,ϑ
j , where ϑ = 1, 2, . . ., zj [0]−

1, independently to out-neighbors according to the nonzero
probability blj it assigned to its outgoing edges mlj during the
Initialization steps. If vj receives one or more tokens T out,ϑ

i from
its in-neighbors vi, the values yout,ϑ

i [k] and yins
j [k] become equal

(or with maximum difference equal to 1); then, vj transmits each
received token T out,ϑ

i to a randomly selected out-neighbor ac-
cording to the nonzero probability blj it assigned to its outgoing
edges mlj . Note here that during the operation of Algorithm 1,
we have

n∑
j=1

zj [0]−1∑
ϑ=1

yout,ϑ
j [k] +

n∑
j=1

yins
j [k] =

n∑
j=1

yj [0] ∀k ∈ Z+.

(17)
The main idea of this proof is that one token T out,ϑ

λ visits
a specific node vi (for which it holds |yout,ϑ

λ − yins
i | > 1) and

obtains equal values y (or with maximum difference between
them equal to 1) with the token T ins

i , which is kept at node
vi. Thus, we analyze the required time steps for the specific
token T out,ϑ

λ (which performs a random walk) to visit node vi
according to a probability. Note here that if each token T out,ϑ

λ

visits yinit times each node vi, then every token in the network
(including both the tokens performing random walk and the
stationary tokens) obtains y value equal to �qtasks� or �qtasks�.

From Lemma 1, we have that the probability PD
T out that “the

specific token T out,ϑ
λ is at node vi after D time steps” is

PD
T out ≥ (1 +D+

max)
−D. (18)
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This means that the probability PD
N_T out that “the specific token

T out,ϑ
λ has not visited node vi after D time steps” is

PD
N_T out ≤ 1− (1 +D+

max)
−D. (19)

By extending this analysis, we can state that for any ε, where
0 < ε < 1, and after τD time steps, where

τ ≥
⌈

log ε

log (1− (1 +D+
max)−D)

⌉
(20)

the probability P τ
N_T out that “the specific token T out,ϑ

λ has not
visited node vi after τD time steps” is

P τ
N_T out ≤ [PD

N_T out ]τ ≤ ε. (21)

This means that after τD time steps, where τ fulfills (20), the
probability that “the specific token T out,ϑ

λ has visited node vi
after τD time steps” is equal to 1− ε.

Thus, by extending this analysis, for k ≥ (yinit + n)τD,
where yinit fulfills (16) and τ fulfills (20), we have qsj [k] =

�qtasks� or qsj [k] = �qtasks� with probability (1− ε)(y
init+n), for

every vj ∈ V . �
Proof of Theorem 1: From Theorem 3, we have that the oper-

ation of Algorithm 1 can be interpreted as the “random walk” of∑n
j=1 zj [0]− n “tokens” in a Markov chain. Furthermore, we

also have that n “tokens” remain stationary, one token at each
node. Each of these

∑n
j=1 zj [0]− n tokens contains a pair of val-

ues yout,ϑ[k], zout,ϑ[k], whereϑ = 1, 2, . . .,
∑n

j=1 zj [0]− n, and
each of the n stationary tokens contains a pair of values yins[k],
zins[k]. From Theorem 3, we have that after (yinit + n)τD time
steps, where yinit fulfills (16) and τ fulfills (20), the state qsj [k]

of each node vj becomes qsj [k] = �qtasks� or qsj [k] = �qtasks�
with probability (1− ε)(y

init+n), where 0 < ε < 1 and qtasks

fulfills (15). This means that after (yinit + n)τD time steps,
where yinit fulfills (16) and τ fulfills (20), for each of the∑n

j=1 zj [0]− n tokens in the network, it holds that yout,ϑ[k] =

�qtasks� or yout,ϑ[k] = �qtasks�, ϑ = 1, 2, . . .,
∑n

j=1 zj [0]− n,
while for each of the n stationary tokens in the network, it also
holds that yins[k] = �qtasks� or yins[k] = �qtasks�, with probability
(1− ε)(y

init+n), where 0 < ε < 1. Specifically, the y value of
every token in the network is equal either to �qtasks� or �qtasks�
after (yinit + n)τD time steps with probability (1− ε)(y

init+n),
where 0 < ε < 1.

During the operation of Algorithm 1, every D timesteps,
each node vj reinitializes its voting variables Mj and mj to
be Mj = �yj [k]/zj [k]� and mj = �yj [k]/zj [k]�. Note here that
the max-consensus algorithm (or the min-consensus algorithm)
converges to the maximum value among all nodes in a finite
number of steps s, where s ≤ D (see, e.g., [30, Th. 5.4]). Thus,
after (yinit + n)τD time steps, the value qsj [k] of each node vj

is equal to �qtasks� or �qtasks�, with probability (1− ε)(y
init+n),

where 0 < ε < 1. This means that Mj and mj are reinitialized
to be equal to Mj = �qtasks� or Mj = �qtasks� and mj = �qtasks�
or mj = �qtasks� after �((yinit + n)τD/D)�D time steps with
probability (1− ε)(y

init+n), where 0 < ε < 1. After an addi-
tional number of D time steps, the variables Mj and mj

of each node are updated to Mj = �qtasks� and mj = �qtasks�

(since the max−consensus algorithm [32] converges after D
time steps). Thus, Mj −mj ≤ 1 holds for every node vj . This
means that every node vj calculates the optimal x∗ [shown
in (3)] and terminates its operation. As a result, we have that
after �((yinit + n)τD/D)�D +D time steps, each node vj cal-
culates the optimal x∗

j = x∗ = �yj [0]/qtasks� with probability

(1− ε)(y
init+n), where 0 < ε < 1. �

APPENDIX B
PROOF OF THEOREM 2

We first consider Lemma 2 and Theorem 4, which are nec-
essary for our subsequent development. Then, we present the
proof of Theorem 2.

Lemma 2: Consider a strongly connected digraph Gd =
(V, E) with n = |V| nodes and m = |E| edges. Suppose that
each node vj assigns a nonzero probability blj to each of its
outgoing edges mlj , where vl ∈ N+

j ∪ {vj}, as follows:

blj =

{
1

1+D+
j

, if l = j or vl ∈ N+
j

0, if l 
= j and vl /∈ N+
j .

At time step k = 0, node vj holds a “token” while the other
nodes vl ∈ V − {vj} do not. Each node vj transmits the “token”
(if it has it, otherwise it performs no transmission) according
to the nonzero probability blj it assigned to its outgoing edges
mlj . Furthermore, each node vj requires at most B time steps
to process the information in the received token from its in-
neighbors. The integer number of time steps that each node vj
requires to process the information is a bounded discrete random
variable with some distribution. Specifically, node vj requires λ

time steps, where λ ∈ {1, 2, . . .,B}, for processing information
with probability B(λ)

j , where
∑B

λ=1 B(λ)
j = 1, for every vj . The

probability P BD
Ti

that the token is at node vi after BD time steps
(note that D is the diameter of the digraph Gd and it holds
that D ≤ n− 1) satisfies P BD

Ti
≥ (1 +D+

max)
−D(B(B)

min)
D > 0,

where D+
max = maxvj∈V D+

j and B(B)
min = minvj∈V B(B)

j .
Proof: We have that the diameter D of every strongly con-

nected digraph Gd is upper bounded by n− 1, where n = |V|.
Specifically, from node vj to node vi, there exists a sequence of
nodes vj ≡ vl0 , vl1 , . . . , vlt ≡ vi, such that (vlτ+1

, vlτ ) ∈ E for
τ = 0, 1, . . . , t− 1, where t ≤ D. This means that the shortest
path from node vj to node vi (vj 
= vi) has length at most D.
Let us assume that the token at time step k = 0 is at node vj .
In one scenario, node vj processes the information of the token

for B time steps with probability (B(B)
min). Then, at time step B,

node vj selects node vl1 , with probability at least (1 +D+
max)

−1.
This means that the token will be at node vl1 after B time

steps with probability at least (1 +D+
max)

−1(B(B)
min). Again, in

the worst-case scenario, node vl1 processes the information of

the received token for B time steps with probability (B(B)
min).

Then, it transmits the token to node vl2 with probability at least
(1 +D+

max)
−1. This means that the token will be at node vl2 after

2B time steps with probability at least (1 +D+
max)

−2(B(B)
min)

2. By
repeating this analysis, we have that after B(t− 1) time steps,
the token will be at node vi with probability at least P B(t−1)

Ti
≥
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(1 +D+
max)

−(t−1)(B(B)
min)

(t−1) > 0. For the remaining B(D − t)
time steps, we have that node vi processes the information for
B time steps and then transmits it to itself. So, as a result, we
have that after BD time steps, the token will be at node vi with
probability at least P BD

Ti
≥ (1 +D+

max)
−D(B(B)

min)
D > 0. �

Theorem 4: Consider a strongly connected digraph Gd =
(V, E) with n = |V| nodes and m = |E| edges. At time step
k = 0, each node vj knows zj [0], yj [0]. Furthermore, each node
vj requires at most B time steps to process the information
in the received token from its in-neighbors. The number of
time steps that each node vj requires to process the infor-
mation follows a random probability distribution. Specifically,
node vj requires λ time steps, where λ ∈ {1, 2, . . .,B} for

processing with probability B(λ)
j , where

∑B
λ=1 B(λ)

j = 1, for
every vj . Suppose that each node vj ∈ V follows the Initial-
ization and Iteration steps, as described in Algorithm 2. For
any ε, where 0 < ε < 1, there exists k0 ∈ N, so that with
probability (1− ε)(y

init+n) we have (qsj [k] = �qtasks�, k ≥ k0)

or (qsj [k] = �qtasks�, k ≥ k0), for every vj ∈ V , where qtasks and
yinit fulfill (15) and (16).

Proof: The proof is similar to the proof of Theorem 3. For
this reason, we only mention the differences in comparison to
the proof of Theorem 3.

From Lemma 2, we have that the probability P BD
T out that

“the specific token T out,ϑ
λ is at node vi after BD time steps”

is P BD
T out ≥ (1 +D+

max)
−D(B(B)

min)
D, where D+

max = maxvj∈V D+
j

and B(B)
min = minvj∈V B(B)

j . This means that the probability

P BD
N_T out that “the specific token T out,ϑ

λ has not visited node vi

after BD time steps” is P BD
N_T out ≤ 1− (1 +D+

max)
−D(B(B)

min)
D.

By extending this analysis, we can state that for any ε,0 < ε < 1,
and after τ(BD) time steps, where

τ ≥
⌈

log ε

log (1− (1 +D+
max)−D(B(B)

min)
D)

⌉
(22)

the probabilityP τ
N_T out that “the specific tokenT out,ϑ

λ has not vis-
ited node vi after τ(BD) time steps” is P τ

N_T out ≤ [P BD
N_T out ]τ ≤

ε. This means that after τ(BD) time steps, where τ fulfills (22),
the probability that “the specific token T out,ϑ

λ has visited node
vi after τ(BD) time steps” is 1− ε.

Thus, by extending this analysis, for k ≥ (yinit + n)τ(BD),
where yinit fulfills (16) and τ fulfills (22), we have qsj [k] =

�qtasks� or qsj [k] = �qtasks� with probability (1− ε)(y
init+n), for

every vj ∈ V . �
Proof of Theorem 2: The proof is similar to the proof of

Theorem 1. For this reason, we only mention the differences
in comparison to the proof of Theorem 1.

During the operation of Algorithm 2, every DB time steps,
each node vj reinitializes its voting variables Mj and mj to
be Mj = �yj [k]/zj [k]� and mj = �yj [k]/zj [k]�. After (yinit +
n)τ(BD) time steps, where yinit fulfills (16) and τ fulfills
(22), the value qsj [k] of each node vj is equal to �qtasks� or

�qtasks�, with probability (1− ε)(y
init+n), where 0 < ε < 1. This

means that Mj and mj are reinitialized to be equal to Mj =
�qtasks� or Mj = �qtasks� and mj = �qtasks� or mj = �qtasks�
after �((yinit + n)τ(BD)/DB)�DB time steps with probability
(1− ε)(y

init+n), where 0 < ε < 1. After an additional number of
DB time steps, the variablesMj andmj of each node are updated
to Mj = �qtasks� and mj = �qtasks� (since the asynchronous
max-consensus algorithm converges afterBD time steps). Thus,
the conditionMj −mj ≤ 1 holds for every node vj . This means
that every node vj calculates the optimal x∗ [shown in (3)] and
terminates its operation. As a result, we have that after �((yinit +
n)τ(BD)/DB)�DB +DB time steps, each node vj calculates
the optimal required task workload x∗

j = x∗ = �yj [0]/qtasks�
with probability (1− ε)(y

init+n), where 0 < ε < 1. �
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