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Abstract
In this thesis, the performance of high-order sound field analysis by spatial filtering
is evaluated in the context of 3D source localization. First, various factors in ‘sector-
based’ processing—including analysis order, the presence of interfering noise, and
source direction—are assessed using two key sound field indicators derived from
intensimetric analysis: sound field diffuseness estimation and source direction-of-
arrival (DoA) estimation. This carries forward to the evaluation of a 3D source
localization technique which utilizes concurrent analyses from multiple receivers.
The evaluation is carried out by simulation of ideal spherical harmonic receiver
signals of sound fields comprised of fundamental components—a mixture of plane
wave sound sources and an isotropic diffuse field—which adhere to an underlying
plane wave model that has previously been characterized analytically. This model
is then challenged with two scenarios: the presence of an interfering sound source,
and an anisotropic, partially-correlated reverberant field. The high-order, sector-
based approach to source localization is shown to be a consistent improvement upon
the (first-order) method without spatial filtering, operating primarily through the
principle of increasing the direct-to-diffuse (or signal-to-noise) energy ratio. However,
numerous considerations must be taken if robust localization is to be performed over
a large spatial extent. These include sector orientation, the arrangement and number
of receivers, and estimation filtering and culling. Informed by the system performance
under the tested conditions as well as the analytical model describing the sound field
under the action of spatial filtering, optimization techniques are proposed, tested,
and found to be successful under specified constraints. These include employing the
diffuseness metric for weighted-DoA estimation in the localization task, an iterative
approach localization using the estimated source distance to weight the contribution
of DoA estimates, and a spatial sweep technique which applies a diffuseness constraint
for DoA estimation culling which moves toward multisource localization.
Keywords spatial audio, sound field analysis, Ambisonics, HOA, spatial filtering
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Symbols and abbreviations

Symbols
a amplitude density function, e.g. for a plane wave apw
alm ambisonic set component
a ambisonic set vector
Ai matrix to generate velocity beamforming weights from sector pattern weights

wp, Ai ∈ R(L+1)2×L2 for i = {x, y, z}
b directivity function of an axisymmetric beam pattern
bl axisymmetric beamformer weight for spherical harmonic degree l
c speed of sound
dx dipole directivity pattern oriented along the x-axis
d dipole directivity pattern vector, d = [dx, dy, dz]⊤

f frequency
L spherical harmonic order
l spherical harmonic degree l ∈ [0, L]
m spherical harmonic index m ∈ [−L,L]
n Ambisonic Channel Number index n = l(l + 1) +m, n ∈ [0, N ]
p sound pressure
Ppw power spectral density of a plane wave signal
I sound intensity vector, with active and reactive parts, Ia and Ir

k frequency bin index
S2 the unit sphere
s pressure signal, e.g. of an istoropic diffuse field sdf
spv cross spectral density of the pressure and velocity signals
Spp power spectral density of pressure
Svv power spectral density of velocity
sw pressure-velocity signal vector of a sector
t time
u one-dimensional sound particle velocity
u sound particle velocity vector
v sound particle velocity signal vector
wp beamforming coefficient vector to generate a weighted-pressure pattern
wd,w beamforming coefficient vector to generate weighted-dipole patterns
w weight coefficient
wlm weight coefficients for spherical harmonic components
w vector of weighting coefficients
W matrix of weighting coefficients
Ylm spherical harmonics of degree l, mode index m
y vector of spherical harmonic coefficients
Z0 characteristic impedance of air, Z0 = cρ0
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α angle-of-arrival with the sector axis
β direction-of-arrival bias introduced by diffuse field under spatial filtering
γ Cartesian unit 3-vector
Γ direct-to-diffuse ratio
ζ speed of energy propagation
θ inclination, θ ∈ [0, π], zenith = 0, nadir = π
ϑ user-specified normalization coefficient
ρ0 equilibrium (ambient) density of air
ϕ elevation, ϕ ∈ [−π/2, π/2], 0 at the horizon,

zenith = π/2, nadir = −π/2, and ϕ = π/2 − θ
φ azimuth, φ ∈ [−π, π]
ψ diffuseness
ω angular frequency ω = 2πf
Ω spherical direction duple of the azimuth and inclination, Ω = (φ, θ)

Abbreviations
ACN Ambisonic Channel Number
AoA angle-of-arrival
CSD cross-spectral density
DoA direction-of-arrival
Dof degrees-of-freedom, e.g. 3DoF, 6Dof
DDR direct-to-diffuse ratio
HOA higher-order Ambisonics
HRTF head-related transfer function
ISHT inverst spherical harmonic transform
MEE mean estimation error
PSD power spectral density
SH spherical harmonic
SHD spherical harmonic domain
SHT spherical harmonic transform
SMA spherical microphone array
SPL sound pressure level
SRP steered-response power



1 Introduction

1.1 Background and motivation
In recent years, digital signal processing has made significant progress in the capture,
manipulation, and reproduction of spatial sound for loudspeakers and headphones. In
particular, rapid advances in virtual, augmented and synthesized reality research and
remote presence applications have brought renewed attention to virtual 3D sound
reproduction. This is due to the fact that accurate spatial sound is requisite to create
a convincing sense of virtual presence, along with an emerging requirement that a
virtual auditory environment be responsive to a listener that is fully mobile. As
such, there is increasing demand to accurately capture and reconstruct spatial sound
scenes across navigable space. However, a prerequisite to effective auditory scene
reconstruction is successful sound field decomposition—the ability to infer the spatial
organization and dynamic behavior of recorded sound sources—which remains an
open challenge.

Spherical microphone arrays (SMAs) have proven to be a central tool in sound
field capture and analysis, as they can offer an efficient means of encoding incident
sounds from all directions via a truncated spherical harmonic (SH) series [1, 2, 3]. The
resultant signals comprise a spatial sound format, known as Higher Order Ambisonics
(HOA), representing a sound scene from one point in space. HOA signals can be
easily transmitted and decoded to a variety of loudspeaker configurations or rendered
binaurally to headphones. The SH formulation used to encode HOA signals also
provides a basis for decoding those signals to a listener’s head-related transfer functions
(HRTFs), allowing for a range of optimizations of improved perceptual accuracy and
listener individualization [4, 5, 6, 7]. Furthermore, convenient transformations of
HOA signals allow the sound field to be rotated in conjunction with a listener’s
motion-tracked head rotations. Having three degrees of (rotational) freedom (3DoF)
provides increased realism over an otherwise immobile sound scene [8].

Despite the clear utility of HOA, rendering recorded sound fields presents unique
challenges in practice. The non-coincident arrangement of the SMA microphone
capsules can lead to spectral coloration and frequency-dependent spatial ambiguities
[9, §3],[10, 11, 4]. Because the number of capsules is necessarily limited, their signals
must be encoded with SH functions of a finite order, which in turn determines an upper
limit to the spatial resolution [10, 4]. Furthermore, the listener’s auditory perspective
is co-located with the SMA and cannot accurately be shifted far beyond the recorded
position in space. This is because the accuracy of the sound field expansion degrades
only a short distance from the expansion origin, as a function of the wavelength of
the reconstructed sound field [3, §2.4][12, §5.1.5] [13] which has detrimental effects
for auralization [14, 15]. Accurate perspective translation is further confined to the
region between the origin of a single-perspective recording and the nearest sound
source [16, 15]. Such limited mobility presents a problem for applications requiring
sound field navigation, i.e. six degrees of (rotational-plus-translational) freedom
(6DoF).

Numerous authors have sought to address the limitations of single-SMA sound
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field rendering by parametric decomposition of the recorded sound field [17, 18, 19, 20].
In this approach, salient properties of the recorded sound field are analyzed and
parameterized to enable selective filtering and reconstruction of the sound scene
according to psychoacoustic or other application-specific criteria. Energetic sound
field analysis [21] can be efficiently performed on ambisonic signals and offers two
useful acoustic quantities of interest for this work. First, the active sound intensity
indicates a direction of net acoustic energy transport, from which the direction-of-
arrival (DoA) of a prominent sound source may be inferred [22]. The second, a
diffuseness estimate, is a measure describing the probability that sound may arrive
from any direction with equal probability [23, 24]. These sound field indicators offer
an intuitive description of the sound field as essentially comprised of a directional
and a diffuse sound component. As such, they have seen wide use, notably in spatial
audio coding [25], spatial impulse response analysis and rendering [26], binaural
rendering [27], and spatial upmixing for loudspeaker reproduction [28]. Such methods
have been adapted to take advantage of the high-order spatial resolution of HOA
signals [29, 30, 31], drawing on the same underlying distinction between direct and
diffuse sound field elements. These methods identify multiple directional sound
components, and in some in some cases also non-uniform ambient components [32].
Parametric approaches have also improved techniques for sound field navigation, to
extend range-limited auditory translation from single-perspective recordings, so-called
3DoF+ systems [33, 34, 35, 36, 37]. Despite great progress in enhanced perceptual
rendering and increased mobility within virtual sound fields by parametric methods,
navigability of a sound field captured from a single SMA remains inherently confined
to the location of recording.

One approach to extending the navigable range of recorded sound fields is the
use of multiple SMAs distributed throughout space, i.e. multiperspective recordings.
The challenge is then to use the plurality of SMA signals to efficiently and plausibly
recreate the acoustic scene from a variable listener perspective. One category of
solutions involves mixing the ambisonic signals (or spatial impulse responses, in
the case of synthetic sound scenes) from multiple SMAs, weighting each ambisonic
signal according to interpolation schemes determined by listener and source positions
[38, 13, 39, 40]. Such schemes can suffer from erroneously duplicate or spread source
images or other spectral coloration on account of differing angles- and times-of-arrival
to the SMAs [41]. Some approaches also lack robustness on account of requiring
advance knowledge of source locations before rendering. Again, parametric approaches
find utility in resolving some of these challenges. For example, the diffuseness metric
calculated among the SMAs can inform source localization and interpolative mixing
weights of ambisonic signals [42]. In another example, multiperspective energetic
DoA estimates are used to improve blind source separation, by which source signals
are isolated into “object” streams for directional re-encoding from a new auditory
perspective [43].

The success of parametric sound field reconstruction still hinges on sound field
parameter estimation, and can easily fail if the assumption of temporal and spectral
disjointedness of sound sources is not satisfied. This is especially tenuous when using
classical energetic analysis, which offers a single DoA estimate (via the active intensity)
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and “global” measure of presumably isotropic diffuseness. A hybrid approach [44]
has employed intensity-based DoA estimation to construct a spatial power map by
a steered-response power (SRP) beamformer directed around a region local to the
initial DoA estimate. Peak-finding is then performed across the power map to refine
the estimate, followed by iterative source removal and search for subsequent sources.
The results show improvements over either SRP or intensity analysis methods alone
and points to the potential of locally-constrained sound field analysis to resolve some
of the stringent spatio-temporal source sparsity requirements. Indeed, a method has
been developed that uses the compact spatial representation of HOA signals to provide
spatially-localized estimates of sound field parameters: sector-based parametric sound
field decomposition [45, 46, 31]. This technique seeks to minimize the adverse effects
of concurrent sound sources and interfering noise by exploiting the full available
spatial resolution and beamforming capabilities of HOA signals, while also offering
a non-isotropic estimate of the diffuse component of a sound field. Sector-based
processing has already shown improvements to parametric sound field analysis and
synthesis methods based on single-perspective sound field recordings [30, 29, 32].
However, its performance across multiple SMA signals for sound field analysis in 3D
space has not been explored.

1.2 Aim and scope of the thesis
The improvements that sector-based processing offers to single-SMA signal analysis
and rendering, together with the compact sound field description from energetic
sound field decomposition, shows promise in the domain of multiple-perspective
sound field analysis. Therefore, it is the aim of this thesis to evaluate sector-based
energetic sound field analysis in the context of 3D source localization across multiple
concurrent SH signals. In particular, this work will consider the effect of the SH
analysis order, the number and configuration of distributed SH receivers, and the
impact of varying acoustic conditions of noise, reverberation, and multiple competing
sound sources. The acoustic environment is modeled through simulation of a “shoe-
box room” of simple geometry in MATLAB. Each condition—source and receiver
count, source power, reverberation time, and isotropic noise power—is parameterized
individually for evaluating the system performance. While the preceding Background
and Motivation Section places this work in the context—and potentially in service
of—sound field navigation, the focus of this work is on the preliminary stage of sound
field decomposition and analysis only, which may in turn serve as part of a complete
framework for sound field navigation.

The structure of this thesis is as follows: Section 2 will introduce the theory
and fundamentals of the sound field model, its representation in spherical harmonic
signals, and the analysis of its energetic properties. It goes on to detail spatially
localized sound field analysis by sectors. Section 3 describes the implementation
of the acoustic simulation, the signal encoding scheme, and the process of analysis
for DoA estimation and 3D source localization. The performance of sector-based
analysis is evaluated in Section 4. The evaluation begins by isolating influential
factors in DoA estimation performance, including both simulation results and an
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analysis of analytical formulations of spatial filtering, which carries forward into 3D
localization performance. Based on the results, four estimation refinement techniques
are proposed in Section 5, including a multisector approach toward multisource
localization. Section 6 concludes the thesis and provides an outlook onto future
directions.



2 Theory and fundamentals

2.1 Sound energy
Sound energy arises from the movement of an object that acts on the surrounding
fluid medium. The force from that object causes displacements of the elements of the
medium in the form of disturbances—variations in pressure—that propagate through
the medium. The force acting on a particle over the course of its displacement
constitute work done through that action, and is considered a conservative force
because the work is recoverable by the reversal of the work path. Energy lost to
friction dissipates as heat and constitutes work that cannot be recovered through a
reversal of the process, and is therefore non-conservative [47, §4.1].

Disturbances in the medium that result from acoustic energy create pressure
fluctuations p, which oscillate around the ambient equilibrium pressure P0, resulting
in a total sound pressure P = P0 + p. The acoustic pressure p is small compared
to P0. To form an intuition about the scale of these fluctuations, consider that the
reference pressure for expressing the sound pressure level (SPL)—the faintest audible
sound to a person of normal hearing—is 2 · 10−5 Pa at 1000 Hz. By comparison, the
mean (equilibrium) atmospheric pressure is approximately 105 Pa [48, §A6.4].

Analogously, the variation of the density of air on account of acoustic energy will
be very small compared to the equilibrium density, (ρ−ρ0)/ρ0 ≪ 1. The relationship
between pressure and density determines the speed at which sound can propagate;
the ratio of the pressure fluctuations to the density fluctuations is equal to the square
of the speed of sound [47, Eq. 3.5], expressed as

p

ρ− ρ0
= c2. (1)

Sound energy can be further understood by considering the volumetric strain that
an elemental mass of fluid (a fluid “element” or “parcel”) undergoes when subjected
to internal or external force. The resultant change in volume dV is associated with a
change in the potential energy Epot, as the internal pressure will ‘store’ the negative
work to be carried out by the restoring force as the work path is reversed. This
relationship is expressed as [47, Eq. 4.4]

dEpot = −pdV
V
. (2)

Note that acoustic pressure p is used here instead of the overall sound pressure P
because, despite the small proportion of acoustic pressure to overall equilibrium
pressure, the action of P0 contributes little to energy transport (rather, it is associated
with the relatively macroscopic convection of acoustic energy by the fluid velocity)
[47, §4.2]. A change in volume will be inversely proportional to a change in density
according to [47, Eq. 3.3]

dV
V

= −dρ
ρ
. (3)
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So by Eq. 1, which relates the pressure-density fluctuation ratio to the speed of
sound, dρ = dp/c2. Further considering the small disturbance approximation of
density fluctuation, Eq. 2 can be reformulated and integrated to give the acoustic
potential energy as [47, Eqs. 4.5, 4.6]

dEpot = −pdV
V

= −p
(︄

−dρ
ρ

)︄

= p
dp
ρ0c2 (4)

Epot = p2

2ρ0c2 . (5)

The work done through the displacement of particles in the medium will correspond
to a change in the kinetic energy of those particles, which, per unit mass, is 1

2u
2, for

a particle velocity u. The kinetic energy per unit volume is therefore

Ekin = 1
2u

2ρ0. (6)

Taken together, the kinetic and potential energy associated with acoustic disturbance
of the medium form the sound energy density, which is

E = Epot + Ekin

= p2

2ρ0c2 + 1
2u

2ρ0. (7)

For small acoustic disturbances within the linear range of the medium, this total
energy will remain constant in accordance with the conservative internal forces
involved, unless energy is injected into or extracted from the system by an external
sound source.

2.2 Sound intensity and directional sound propagation
The previous subsection introduced sound energy as it relates to sound pressure
and particle velocity, but without explicit indication of the directional nature of
sound propagation. For this, the sound particle velocity vector u is introduced,
composed of the Cartesian components [ux, uy, uz]. In order to estimate the sound
energy, it is clear from Eq. 7 that the velocity will be needed. This can be measured
directly with a velocity probe, although the more common approach would be to
use a microphone array to capture the pressure gradient across space. The velocity
can then be calculated from the pressure gradient by the linearized fluid momentum
equation, which is

−∇p = ρ0
∂u
∂t
, (8)

where ∇ is a vector operator denoting a spatial gradient. The partial derivative term
indicates the directional acceleration of particles in the medium (for a derivation of
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this equation from Newton’s dynamic law, see [23, §2.4.3]). From this it can be seen
that, given a spatial sampling of the pressure gradient of the sound field, the particle
velocity u can be attained. This is important in the measurement of directional
energy transport, known as the instantaneous sound intensity, defined as

I(t) = pu. (9)

In the ideal case of a single monochromatic plane wave, all directional components
of u(t) oscillate phase-synchronously with p(t), wherein zero crossings and peak
magnitudes align, with either the same or opposite sign of the pressure depending on
the direction of propagation. As the product of the pressure and velocity components,
the instantaneous intensity will have a constant sign, indicating that all energy is
transported in the direction of u(t). Put another way, the pressure can be viewed as
modulating the vector u, which points in a constant direction in this ideal case. If,
however, there is a phase mismatch between the pressure and velocity components,
the direction of the intensity vector will fluctuate [23, §2.4.4], indicating a variety of
possible complex propagation scenarios. Such scenarios may be a superposition of
multiple plane waves propagating in different directions which vary independently
in time or differ in frequency, or are otherwise non-planar waves such as spherical
waves occurring in the near field of a sound source.

It is common in the literature to inspect properties of acoustic intensity by
considering a stationary monochromatic sound field. From this perspective, the
pressure and velocity components can be represented as complex phasors oscillating
over time [47, 49, 21]. Useful properties of the directional energy propagation are
revealed by calculating the instantaneous intensity separately for those components
of the complex velocity which are in phase with the sound field pressure and in
quadrature with the pressure. Intensity calculated by the in-phase (cosinusoidal)
components of u(t) is termed the active intensity, which can be represented as [23,
Eqs. 2.31-34]

Ia(t) = −A2 cos2(ωt+ ϕ)
ωρ0

∇ϕ (10)

where A and ϕ denote the space-dependent amplitude and phase, respectively. It
can be seen that active intensity will be proportional to the spatial gradient of the
phase ∇ϕ, which advances in the direction of propagation. Put another way, the
phase gradient vanishes in the directions of constant phase which are perpendicular
to the direction of propagation. Therefore, Ia(t) will lengthen with the advance of
phase and point in the (negative) direction of propagation. Intensity calculated by
the quadrature (sinusoidal, 90◦ out-of-phase from the pressure) components of u(t)
is termed the reactive intensity, and is formulated as [23, Eq.2.34]

Ir(t) = −sin 2(ωt+ ϕ)
4ωρ0

∇A2 (11)

The reactive intensity, in contrast to its active counterpart, is proportional to
the spatial gradient of the square of the pressure amplitude. As such, a reactive
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component will be observed, for example, in the near field of sound sources where
the amplitude gradient is large, but will decrease with distance from the source as
the spherical wave front becomes planar. The presence of the sinusoidal oscillation
of the reactive intensity, apparent in Eq. 11, can indicate various acoustic conditions
such as standing waves or other multiwave interference such as reverberation [50].
It is also clear that this zero-mean oscillation of reactive intensity will vanish when
averaged over time, indicating that it does not contribute to the directional transport
of energy in a monochromatic or otherwise periodic sound field [47]. The active
intensity can therefore be calculated most simply by the time average of the intensity
as [50, 21, 23]

Ia = ⟨I(t)⟩ , (12)

where ⟨·⟩ represents the time average. This is applicable to general sound fields and
is an efficient means of determining the direction of net flow of energy at a particular
location in the field. It should be noted that when intensimetric analysis is performed
in the frequency domain, there will necessarily be a time average taking place on
account of the time windowing of the Fourier transform, or on account of the filtering
operations used in other filterbank approaches to signal decomposition into frequency
bands [23].

2.2.1 Intensimetric analysis for general sound fields

The instantaneous measures of intensity in Eqs. 10-12 apply to stationary, monochro-
matic sound fields. For general sound fields, Schiffer and Stanzial [21] define the
velocity vector as u = up + uq, where the subscripts denote the in-phase and quadra-
ture components of velocity, respectively, with reference to the phase of the pressure.
They are defined as [21, Eq. 18]

up = p ⟨pu⟩
⟨p2⟩

(13)

uq = u − up = ⟨p2⟩ u − p ⟨pu⟩
⟨p2⟩

. (14)

The instantaneous intensity is then I′(t) = p(up + uq). Note that the time-average
window is expected to be set such that the soundfield effectively stationary [51, §II],
similar to the assumption of a steady-state signal processed within the frequency
transform window in frequency-domain analysis. Transient sounds, for example,
may result in deviations from the expected behavior. Decomposing further, the
instantaneous active and reactive intensity for general sound fields is then [21, §V]

I′
a(t) = pup = p2 ⟨pu⟩

⟨p2⟩
(15)

I′
r(t) = puq = ⟨p2⟩ pu − p2 ⟨pu⟩

⟨p2⟩
, (16)
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which have the time-averaged properties [51, Eq. 5]

I′
a = ⟨pu⟩ and I′

r = 0. (17)

Stanzial and Prodi [52] later designated the active and reactive intensity of Eqs. 15
and 16 as radiating and oscillating intensity, respectively. These terms are useful in
that they are descriptive of the behavior of the acoustic energy they quantify. They
also distinguish the above technique from prior methods of intensimetric analysis
which regarded the real and imaginary parts of the complex intensity as corresponding
to the active and reactive intensity, respectively. Three of these complex analysis
methods are outlined in [53], where the terminology is clarified. One of those methods
(Heyser [54]) provides a method for calculating the instantaneous active and reactive
intensity that is suitable for narrow-band, as opposed to only pure-tone, sound fields.
The approach makes use of the Hilbert operator, which imposes a 90◦ phase shift on
the corresponding signals, and is formulated as

I′′
a(t) = 1

2[p(t)u(t) + p̂(t)û(t)] (18)

I′′
r(t) = 1

2[p̂(t)u(t) − p(t)û(t)], (19)

where the hat notation here indicates the Hilbert operator. The corresponding
time-averaged quantity of the active intensity, I′′

a = ⟨pu⟩, coincides with the results
of Eqs. 15 and 17. However the time-averaged reactive intensity, I′′

r = ⟨pû⟩, for a
general sound field will not vanish an in turn reveal further acoustic quantities of such
as the specific acoustic wave impedance and admittance [54, Eqs. 34-35], which will
not be considered further here. Heyser’s approach is compared to the performance
of Eqs. 15 and 16 in [52]. For the present work, directional sound propagation is
of primary interest, so the reactive intensity is of limited use. The active intensity
will therefore be used exclusively to infer the direction-of-arrival of sound sources,
presumed to arrive from the far field and which are in fact simulated by a plane wave
sound field model, as will be discussed next.

2.3 The plane wave sound field model
The sound pressure due to a plane wave arriving from the far field will vary according
to the frequency, the direction of arrival, and the observation point r following the
exponential function

p(r,γ, ω) = a(γ, k)eikγ·r, (20)

where the wavenumber is k = ω/c at angular frequency ω = 2πf , and i =
√

−1 is
the imaginary unit. The Cartesian unit vector γ points in the direction-of-arrival of
the plane wave (opposite the direction of its propagation), with components

γ(Ω) =

⎡⎢⎣sin θ cosφ
sin θ sinφ

cos θ

⎤⎥⎦ . (21)
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where the direction Ω = (θ, φ) is comprised of inclination θ ∈ [0, π] (from the zenith
downward) and azimuth φ ∈ [−π, π] (forward is 0 radians, increasing counterclock-
wise). Note that each of the three components of γ form the directional response of
three dipoles oriented along the x, y, and z axes, respectively, as will be used shortly.

The analysis of sound field properties that will be carried out in this work will
be from a single point, so it will be more concise to consider the pressure at the
coordinate origin by omitting r which reduces the expression of Eq. 20 to a frequency-
dependent complex amplitude density function integrated over the unit sphere. The
pressure at the origin resulting from an the amplitude distribution of plane waves is
then [45, Eq. 9]

p(f) =
∫︂

Ω
a(f,Ω) dΩ (22)

where
∫︁

Ω dΩ =
∫︁ π

−π dφ
∫︁ π

0 sin θ dθ and describes integration over the unit sphere,
Ω ∈ S2. The dependence on frequency f implies a frequency-domain analysis which
decomposes the signal into monochromatic components. The sound field pressure can
be captured without any directional sensitivity by an omnidirectional microphone.
The same sound field can captured by three orthogonal dipoles oriented along the x,
y, and z axes, which will have a directional sensitivity according to the pattern

d(Ω) =

⎡⎢⎣dx(Ω)
dy(Ω)
dz(Ω)

⎤⎥⎦ =

⎡⎢⎣sin θ cosφ
sin θ sinφ

cos θ

⎤⎥⎦ (23)

which has a clear resemblance to Eq. 21. Signals recorded by such a dipole config-
uration form a signal vector v(f) = [vx, vy, vz]⊤ which correspond to the negative
unnormalized Cartesian components of the particle velocity [45, §III A]. These dipole
signals relate directly to the acoustic velocity, which, considering a sound field of the
same plane wave amplitude distribution as in Eq. 22, is defined as [45, Eq. 10]

u(f) = − 1
Z0

∫︂
Ω

d(Ω)a(f,Ω) dΩ (24)

= − 1
Z0

v(f), (25)

where Z0 = cρ0 is the characteristic impedance of air.
Given the above formulations of sound field pressure and velocity, the sound field

intensity can be recovered by Eq. 9. As discussed in section 2.2.1, the active intensity
is of particular interest in this work for its indication of the direction of net energy
flow. This can be retrieved for a broadband signal simply by the time-averaging
process of Eq. 12. Alternatively, it can be computed in the frequency domain for
a frequency-dependent view of energy propagation. So, following a time-frequency
signal decomposition—by the Fourier transform or other suitable filter bank approach
generating complex time-frequency signals (see [55])—the active intensity can be
calculated from the pressure and velocity components (or corresponding dipole
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velocity signals of Eq. 25), as

Ia(f) = 1
2 Re{p∗(f)u(f)} (26)

= − 1
2Z0

Re{p∗(f)v(f)}., (27)

where (·)∗ denotes the complex conjugate. Note that the condition of a stationary
monochromatic sound field is assumed to be satisfied within the duration of time-
frequency processing window, so the discussion of Eq. 10 pertains.

The total energy density of the sound field, reflecting the potential and kinetic
energy relationship in Eq. 7, is [46, Eq. 12]

E(f) = 1
4Z0c2 |p(f)|2 + ρ0

4 ∥u(f)∥2 (28)

= 1
4Z0c2 [|p(f)|2 + ∥v(f)∥2]. (29)

2.4 Sound field diffuseness
In addition to the primary energetic quantities already introduced, an important
derived quantity is the sound field diffuseness. As previously discussed, Ia can be used
as an indicator of the direction-of-arrival of a sound source in a free field, describing
the direction as well as the magnitude of the net energy transport. However, because
the oscillatory energy flow captured by the reactive intensity does not propagate, it
will not appear in Ia = ⟨I⟩. And so it is that the ratio between the active intensity
and energy density of the sound field, ς = ∥⟨Ia⟩∥/ ⟨E⟩, indicates the speed of the
net propagating energy which is bound by the speed of sound, ς ∈ [0, c] [21, §VI].
Normalizing this quantity by c then offers a useful scalar metric describing the ratio
of transported energy to overall energy at the measurement location. This can be
presented as an estimate of the sound field diffuseness by

ψ = 1 − ∥⟨Ia⟩∥
c ⟨E⟩

. (30)

On account of the normalization by c, ψ ∈ [0, 1]. The diffuseness can then be
thought of as accounting for energy that is not transported, and indeed Merimaa [23,
§2.4.5] defines the diffuseness as the proportion of locally confined energy. When
ψ = 0 there is no locally oscillating energy, which is interpreted here as exclusively
directional energy transport perpendicular to a surface of constant phase, i.e. a
plane wave [53] (refer to the deiscussion of Eq. 10). However, a number of acoustic
scenarios comprised of just a few plane waves may produce the condition ψ = 1. For
example, a purely reactive monochromatic field of an ideal standing wave would result
in ⟨∥Ia∥⟩ = 0. Another condition producing an equivalent result, though largely
theoretical, would be two monochromatic plane waves of identical frequency arriving
from exactly opposite directions. Diffuseness may also be high if the direct sound
of a steady-state sound source interacts strongly with low order room reflections
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of appreciable magnitude [50]. Such situations are rare in reality and more useful
interpretation of a fully diffuse sound field is that it is equally probable that sound
arrives from any direction over a given time period [56, 24].

Diffuse sound fields can be defined from two perspectives: 1) as uniform energy
density throughout all points in the sound field, and 2) a uniform probability of
sound energy flowing in all directions simultaneously [57],[56, §4.3.2]. The former
definition implies that instantaneous diffuseness could be assessed given enough
spatially disparate samples to observe the statistical randomness of the energy
density throughout the sound field. The latter definition suggests that diffuseness
could be measured from fewer local points but requiring more temporal samples to
fully realize the property of temporal ergodicity. Such a configuration can be realized
with a spherical microphone array (SMA) which can measure energy gradients across
its origin, used to indicate directional energy flow and in turn the degree of isotropy
at that point in space [58]. Such an approach is used in this work, for which sound
fields are modelled by encoding directional plane waves into the SH domain directly,
i.e. assuming ideal, coincident SMAs capable of encoding sound perfectly via the
spherical harmonic transform (introduced in Section 2.5).

2.4.1 Diffuseness estimators

There are numerous formulations for diffuseness estimation which follow from intensi-
metric sound field analysis. The first, which follows most directly from the definition
of diffuseness in Eq. 30 is the intensity-energy density (IE) ratio estimator [26]

ψIE = 1 − ∥E{Ia}∥
c · E{E}

, (31)

Where E{·} is the expectation operator. As discussed in Section 2.4, it is based
on the ratio of the magnitude of the active intensity to the overall sound energy
density. It derives from the relation that the magnitude of the active intensity of
an ideal plane wave in the free field will be equal to the magnitude of the energy
density multiplied by the speed of sound. Plane waves incident from many directions
will drive the magnitude of the average intensity vector down, thus increasing the
diffuseness estimate, as will an excess of oscillating energy, which would be present
in the total energy density but will not be captured by the active intensity.

Another estimator which is not dependent on the total energy density but rather
the variability of the active intensity vector over time is the temporal variation (TV)
diffuseness estimator [59] (also called the “coefficient of variation” estimator in [24]):

ψTV =

⌜⃓⃓⎷1 − ∥E{Ia}∥
E{∥Ia∥}

. (32)

This variant was developed based on the observation that in a diffuse field, instan-
taneous active intensity vectors vary in their magnitude and direction, while for a
sound field consisting of a single prominent plane wave, the intensity vectors are more
tightly clustered around the single direction-of-arrival. The estimator is therefore
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constructed from the ratio of the magnitude of the averaged intensity vector to
the average of the magnitudes those vectors over the window of observations. By
excluding the overall sound energy, the estimator will give more weight to prominent
directional transient energy within the time window. If the average magnitude of Ia

is high, the direction of each observation will need to be tightly clustered to achieve
a low diffuseness. On the other hand, if the average magnitude of the vectors is
low and spatially dispersed, highly directional near-instantaneous (transient) values
will be emphasized, bringing the overall diffuseness down. The TV estimator also
proves useful in the one-dimensional measurement of sound fields (e.g. recorded with
an omnidirectional and a single figure-of-eight microphone), and in which a sound
source source moves off of that axis [59]. The IE and TV estimators will converge in
the case of sound field consisting of a single plane wave or a purely diffuse field, and
perform nearly identically over long time averages with steady-state mixtures of the
two conditions, assuming a 2D or 3D measure of the sound field, as shown in [24].

Del Galdo et al. present another estimator (AI) that also relies only on the active
intensity vector [24]:

ψAI = 1 − ∥E{Ia}∥√︂
2 · E{∥Ia∥2} − ∥E{Ia}∥2

. (33)

The AI method estimates a reference diffuseness very well in both 2D and 3D sound
fields and outperforms the IE method in the 1D case. The author of the method
points out the drawback that unless there is a sufficiently high spatial sampling to
approximate the expectation, the accuracy relies on the plane wave power remaining
constant within the time average window. As a result, when using a nearly-coincident
sensor arrangement, as with a SMA, the method is not best suited for estimating
the diffuseness of a sound field that contains sources with quickly varying energy,
like speech.

The spherical variance (SV) diffuseness estimator [60], like the temporal variance
estimator, assumes DoA estimates to be uniformly dispersed in a diffuse field and
collinear for an ideal plane wave sound field. It is constructed as

ψSV = 1 − ∥E{γ ′(Ω̂DoA)}∥, (34)

where γ ′(Ω̂DoA) are the unit vectors representing DoA estimates. It is analogous to the
TV method, in which the Ia vectors are essentially considered to be DoA estimates
with a variable (non-unit-length) magnitude, but the SV estimator discards the
magnitude and uses only the directional variance of unit DoA vectors. The method
was devised to address erratic DoA estimates that result from sound field energy
above the spatial aliasing limit of real microphone arrays. As such, the estimates
are not calculated by Eq. 21, but rather by a novel DoA estimator calculated by
taking the integral of the unit vector over the sphere, weighted by by the directional
magnitude responses of the microphone patterns comprising the SMA [60, Eqs.
5-7]—a method that resembles spatial filtering of analysis results that will be further
discussed in Section 2.6. Ultimately the SV method was found to be best suited in
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a crossover scheme which combines the TV and SV methods below and above the
spatial aliasing frequency, respectively [60].

It should be noted that the above diffuseness estimators are suitable for high-order
analysis by use of the sector-based sound field decomposition approach investigated
in this work. It is relevant to briefly mention two other diffuseness estimators which
can operate on high-order signals directly by spherical harmonic signal covariance
methods. The directional power variance method, presented for spherical microphone
arrays in [58], uses beamforming to analyze the directivity index and directional
dispersion across multiple directions, as well as the dependence of the spatial cross-
correlation on direction. Politis adapted the method to operate on SH signals
directly [61], using the ratio of the measured directional power to that expected from
the maximum directivity beamformer aligned with a plane wave source to form a
diffuseness estimate. While the estimator will perform well for uncorrelated sources,
it overestimates the diffuseness in the case of multiple coherent sources (as might
be found in highly reverberant rooms). The COMEDIE diffuseness estimator [62],
on the other hand, will be robust to multiple correlated sources arriving from many
directions, up to the number of SH signal components. As this work is focused on
spatially-localized sound field quantity estimates (as opposed to global estimates)
derived from intensimetric analysis, these signal covariance methods will not be
considered further here.

2.5 Spherical harmonic sound field representation
As mentioned in the Introduction, Higher-Order Ambisonics (HOA) is a versatile
sound field transmission format for its scalable spatial resolution, its complete descrip-
tion of the sound field from a single point in space, and for a range of mathematical
operations useful for manipulating the sound image. Underlying the format is a
spherical harmonic (SH) representation of the sound field which encodes various
spatial properties therein. As such, SH signals can be analyzed to retrieve spatial
information about a sound field which can in turn inform parametric modification
and re-synthesis of the sound scene according to application-specific criteria. Such
parametric modifications include psychoacoustic enhancement for binaural rendering
[63, 31] and adaptive mixing of SH signals for decoding to multichannel loudspeaker
layouts [64, 65].

2.5.1 Spherical harmonics

Spherical harmonics are defined in complex form as [1, §1.2]

Ylm(θ, φ) =

⌜⃓⃓⎷2l + 1
4π

(l −m)!
(l +m)!P

m
l (cos θ)eimφ (35)

where (·)! represents the factorial function and Pm
l are associated Legendre functions

of degree l ∈ N0 and mode index m ∈ R. The SH order is used to describe the
complete set of SH components, for a given truncation of the SH series up to order
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L, for degree l ∈ [0, L] and index m ∈ [−l, l]. The complex conjugate of a spherical
harmonic function is

Y ∗
lm(θ, φ) = (−1)mYl(−m)(θ, φ). (36)

Individual SH functions are visualized in the balloon plots of Figure 1. In
general, the complexity of the modal patterns increases with the degree. The
azimuthal behavior changes according to the exponential term, which for the real
and imaginary parts are cosφ and sinφ, respectively. This also leads to the relation
Ylm(θ,−φ) = Y ∗

lm(θ, φ) [1, Eq. 1.17]. The behavior of SH over the inclination are
governed by the Legendre functions.

XY
Z

Y0;0

Y1;!1 Y1;0 Y1;1

Y2;!2 Y2;!1 Y2;0 Y2;1 Y2;2

Y3;!3 Y3;!2 Y3;!1 Y3;0 Y3;1 Y3;2 Y3;3

Figure 1: Spherical harmonic functions Ylm(Ω) up to order L = 3. Rows correspond to
degrees l = [0, ..., 3] and columns correspond to modal indices m = [−l, ..., l]. The plots can
be viewed as the real form of SH functions or, alternatively, as showing the magnitude of
the complex functions, without phase, such that the center column holds the real functions
Yl,0(θ, φ), the columns left of center hold Im{Ylm(θ, φ)}, and columns right of center hold
Re{Ylm(θ, φ)} [1, §1.2]. Positive and negative values are blue and green, respectively.

The SHs can also be specified in real form (denoted here by Ŷ ) as [30, Eq.6.3]

Ŷ lm(θ, φ) =

⌜⃓⃓⎷(2l + 1)(l − |m|)!
(l + |m|)!P

|m|
l sin θym(φ) (37)

where

ym(φ) =

⎧⎪⎨⎪⎩
√

2 sin|m|φ m < 0
1 m = 0√

2 cosmφ m > 0
.

The spherical harmonic functions are orthogonal, as expressed by [1, Eq. 1.23]∫︂
Ω
Y ∗

lm(Ω)Yl′m′(Ω) dΩ = δll′δmm′ (38)

where dΩ = sin θ dθ dφ. For practical purposes SH orthogonality describes the
exclusive interaction between SH components of identical degree and index under
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various operations such as beamforming, in which modal weights are applied. Further
discussion of the modal patterns and properties of SH functions are detailed in [1,
§1.2], and various symmetries useful for sound field manipulations are discussed in
[66].

2.5.2 The spherical harmonic transform

Any function defined on the sphere f ∈ S2 can be represented by a weighted
combination of spherical harmonics as [67, Eq.6.48]

f(Ω) =
∞∑︂

l=0

l∑︂
m=−l

wlmYlm(Ω) (39)

where wlm are the direction-independent modal weights of each SH component. The
weights fully describe the unique behavior of f(Ω) and can be derived by the Spherical
Fourier Transform, also referred to as the Spherical Harmonic Transform (SHT),
defined as [67, Eq.6.49]

wlm =
∫︂

Ω
f(Ω)Y ∗

lm(Ω) dΩ. (40)

Eq. 39 shows that the function value can be recovered for any direction Ω if the
weights wlm are known. The SHT may be truncated to a finite order L, representing
a continuous spherical domain by a finite number of coefficients [1, §1.4], but with
limited spatial resolution according to the truncation order. Therefore, a sound field
represented by the continuous spatial distribution function a(t,Ω) will be transformed
into a vector of SH signals which represent these coeffients modulating over time:

a(t) = SHT {a(t,Ω)} =
∫︂

Ω
a(t,Ω)y∗(Ω) dΩ, (41)

where y(Ω) is a vector containing the spherical harmonic functions evaluated at Ω:

y(Ω) = [Y00(Ω), Y1(−1)(Ω), Y10(Ω), Y11(Ω), Y2(−2)(Ω), ..., YLL(Ω)]. (42)

The length of the vector a is (L+ 1)2, showing that the truncation order determines
the number of signals representing the sound field. Note that the conjugate need not
be taken if using the real SHs. The time index t will be omitted for brevity. Eq. 41
could also be made a function of frequency, which will not be necessary here.

The double indices (l,m) can be substituted by a single index so that

Ylm = Yn = [y]n alm = an = [a]n (43)

where n ∈ [1, N ] for N = (L+ 1)2, and n is known in the ambisonics literature as
the Ambisonic Channel Number (ACN). The indices can be exchanged by

n = l(l + 1) +m, l = ⌊
√
n⌋, m = l2 − n. (44)
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The ACN indexing can be useful for compactness, for example when indexing SH
signal vectors or more succinctly describing properties of the SH basis function set,
such as the orthogonal property of Eq. 38:

∫︁
Ω Y

∗
n (Ω)Yn′(Ω) dΩ = δn−n′ .

The truncation order will determine a minimum number of sampling directions
Q required to reconstruct the full spherical domain via the ISHT (Eq. 39). Provided
uniform or nearly uniform sampling of the sphere, such as those of platonic solids or
a t-design [68], that minimum sampling is Q ≥ N . For more information on spherical
sampling schemes, the reader is referred to [1, §3.4-5]. The discrete form of the ISHT
is

sL(Ω) =
L∑︂

l=0

l∑︂
m=−l

wlmYlm(Ω). (45)

Evaluating the order-limited function sL(Ω) for Q different directions can be formu-
lated in the compact matrix form as

s = Yw (46)

where

s = [s(Ω1), s(Ω2), ..., s(ΩQ)]⊤, (47)
w = [w1, w2, ..., wN ]⊤, (48)

Y =

⎡⎢⎢⎢⎢⎣
Y1(Ω1) Y2(Ω1) ... YN(Ω1)
Y1(Ω2) Y2(Ω2) ... YN(Ω2)

... ... ...
...

Y1(ΩQ) Y2(ΩQ) ... YN(ΩQ)

⎤⎥⎥⎥⎥⎦ . (49)

Note the use of ACN indexing. In the special case of (nearly) uniform sampling,
where Q = N , and Y is invertible, the corresponding discrete SHT is then

w = Y−1s. (50)

In the case of general sampling schemes, including the over-sampled case of Q > N ,
the coefficients w are recovered by

w = Y†s. (51)

where the Moore-Penrose pseudo-inverse is Y† = (YHY)−1YH. Further discussion of
non-uniform and under-sampling of spherical functions is outside the scope of this
thesis, but can be found in [1, §3.7].

2.5.3 Spherical harmonic beamforming and spatial weighting

Given a spherical harmonic signal set representing a sound field, spatial filters can be
applied that impose a directional emphasis on the sound field, or similarly, a single
signal can be extracted by a beamformer that functions as a “virtual microphone”
with a directivity pattern defined by a spatial weighting function w(Ω). The SHT of
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that directivity pattern produces beamforming weights w which can be used in a
weight-and-sum operation on the SH components to give the beamformer output by

s(Ω0) = w(Ω0)⊤a (52)

where Ω0 denotes the “look” direction of the beamformer. If the beamformer is
axisymmetric, the beam design weights can be separated into two independent terms:
pattern-forming weights [b0, ..., bL] that define the directional pattern b(θ) which
depend only on the SH degree l, and a direction-dependent steering term comprised
of the SH components evaluated at Ω0 [30, §6.3.2]:

[w(Ω0)]n = wlm(Ω0) = blYlm(Ω0). (53)

Eq. 53 shows that the degree weights bl can be designed to form an axisymmetric
directivity pattern that suits the application. Common beam patterns are [30]

bl = 1
(L+ 1)2 hypercardioid, (54)

bl = L!L!
(L+ l + 1)!(L− l)! cardioid, (55)

bl = Pn(κL)∑︁L
l=0(2l + 1)Pn(κL)

max-rE, (56)

where κL = cos(2.407/L+1.51), as derived in [69] as a suitable approximation of the
weight design by Daniel [70].

Figure 2: Left: common axisymmetric beam patterns wL(θ) of order L = 3; Right: the
max-rE pattern of orders L = [1, 2, 3, 4].

The beam patterns vary in their ability to maximize on-axis energy or reject
off-axis energy. A beam’s directivity factor is a scalar measure of the ratio between
the peak and average magnitude of the squared beam pattern [1, §5.3]:

DF = |w(Ω0)|2
1

4π

∫︁
Ω|w(Ω)|2 dΩ . (57)
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A useful conversion to a log-scale gives the directivity index, DI = 10 log10(DF ),
which is a descriptor of the ability of a beam pattern to provide an increased signal-
to-noise ratio (SNR) in its steering direction as compared to an omnidirectional
response. Four axisymmetric beam patterns are shown in Figure 2 and their key
properties will be outlined next.

The hypercardioid pattern (Eq. 54) has been shown to maximize DF by main-
taining a unit response on-axis and minimizing the average directional response, and
DF increases with increasing order according to DFmax = (L+ 1)2 [1, Eq. 6.11]. The
narrowing of the main lobe width can be approximated by 2Θ0 ≈ 2π/L for orders
L ≥ 4 [71, Eq. 22], where Θ0 is the half-width angle from the beam maximum to the
first null. This relates directly to the separability of two incident plane waves in a
sound field, down to a minimum angle known as the Rayleigh resolution [1, Eq. 6.14]

ΘRayleigh ≈ π

L
. (58)

This metric makes explicit the improved ability to discriminate between adjacent
plane wave DoAs as the beamforming order increases. Additionally, the hypercardioid
pattern is the simplest beam pattern by construction: the beamforming weights are
the spherical harmonic coefficients themselves with only a single normalization factor
determined by the truncation order. This construction also shows the relationship to
a plane wave decomposition of the sound field (Eq. 45), and to a plane wave encoder
(Eq. 51), leading to its alternative names as the “plane wave decomposition” [71] or
“regular” [72] beamformer.

The cardioid pattern has the useful characteristics of a rear-facing null—which
minimizes energy in the direction opposite of the steering direction—and an amplitude
response with a constant positive sign, although at the expense of a wider main
lobe. The supercardioid pattern maximizes the ratio of the frontal hemisphere (in
the steering direction) to the rear hemisphere [1, §6.5]. Its analytical expression is
not presented here but the beamforming coefficients are tabulated up to fourth order
in [61].

The maximum energy beamformer maximizes the energy concentration along the
steering direction, thereby diminishing side lobes compared to the hypercardioid
beamformer, at the expense of a slightly wider main lobe. It is also known as the
“max-rE” beamformer for its ability to maximize the length of the rE vector, which
can be thought of as the beam’s energetic “barycenter” (a useful depiction is found
in [69, Fig. 5]). The max-rE vector is an energetic measure introduced by Gerzon
[73] which has seen wide practical use as a psychoacoustic localization metric for the
design and evaluation of ambisonic decoders [70, 74, 69] and HOA microphones [75].

Some of the beamformer patterns mentioned above are compared in [76, §III.A],
where the authors assess the effectiveness of the patterns to distinguish among
multiple spatially distributed sound sources in various SNR conditions. They do so
by measuring the output of the beamformer as it is scanned through an exhaustive
spatial grid, forming a power map across which energy peak-finding can be performed
to form DoA estimates.
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2.6 High-order sector-based sound field analysis
Given the clear advantage of using increased spatial resolution to discriminate among
different regions of the sound field (see Eq. 58), it is desirable to perform energetic
parameter estimation both with a higher degree of spatial resolution and within
constrained angular regions of interest of the sound field.

Y X

Z

Omni pressure

Y X

Z

Y X

Z

First-order velocity: x,y,z

Y X

Z

Y X

Z

Second-order sector

Y X

Z

Y X

Z

Third-order velocity: x,y,z

Y X

Z

Figure 3: Top row: pressure (omni) and velocity (dipole) patterns used in traditional
first-order energetic sound field analysis. Bottom row: pressure pw and velocity dw(Ω)
beam patterns resulting from a second-order spatial filter w(Ω) (sector) imposed on the
patterns of row one.

It follows from the beamforming relation of Eq. 52 that a pressure signal can be
retrieved from a sound field amplitude distribution that has been spatially weighted,
giving

pw =
∫︂

Ω
w(Ω)s(Ω) dΩ = w⊤

p a. (59)

where the subscript (·)w denotes a spatially-weighted quantity, and the subscript (·)p

denotes the SH weights assigned to form the weighted-pressure component of the
sound field. The spatial filter will be called the sector pattern, as it filters the sound
field amplitude distribution down to a region of interest defined by the beamforming
pattern w(Ω). The same sector pattern can be imposed on the sound field velocity
components by

uw = − 1
Z0

∫︂
Ω

dw(Ω)s(Ω) dΩ = − 1
Z0

vw (60)

where the spatial filter is

dw(Ω) = w(Ω)d(Ω) =

⎡⎢⎣dx,w(Ω)
dy,w(Ω)
dz,w(Ω)

⎤⎥⎦ =

⎡⎢⎣w(θ, φ) sin θ cosφ
w(θ, φ) sin θ sinφ
w(θ, φ) cos θ

⎤⎥⎦ (61)

(see Figure 3) and the weighted-velocity signals vw are

vw = W⊤
d,wa (62)
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where Wd,w = [wx
d,w,w

y
d,w,wz

d,w]. The vector columns of Wd,w are the velocity-
beamforming coefficients and the subscript of (·)d,w indicates that the SH weights
are assigned to form the weighted-dipole signal components. The construction of
these coefficients is discussed next.

While the three dipole patterns for a first-order ambisonic signal correspond
directly to the signal components l = 1, n = [2, 3, 4] (compare the top row of Figure
3 to the top four SH patterns of Figure 1), forming spatially-constrained dipole
patterns requires higher-order signal components and the sector beamforming weights
of Eq. 59. The final weights are formed by

wi
d,w = Aiwp for i = {x, y, z} (63)

where Ai are sparse, deterministic matrices with dimension (L + 1)2 × L2. Their
construction relies only on the SH order and the dipole pattern (i = {x, y, z}).
Because Ai is independent of the sector pattern, it is compatible with any sector
design of order L − 1. Its derivation follows from the spherical expansion of the
product of two spherical functions (such as Eq. 61) and is detailed in [46].

The operation could be thought of as weighting the sound field with three
orthogonal dipole patterns of Eqs. 24 and 25 in parallel, then further weighting each
dipole by the same spatial filter pattern of Eq. 59. However, the construction of
Eq. 61 shows that the weighted dipole pattern is a product of the first-order dipole
patterns and the sector pattern used to generate the weighted pressure signal (Eq.
59). As such, the resultant weighted-dipole coefficients wi

d,w will be one order greater
than the sector pattern weights wp. But it is clear from Eqs. 59 and 62 that the
sector weights will need to be of the same order L as the input HOA signal a. It
follows that the sector pattern will need to be of order L−1, indicating also that such
sector-based filtering and analysis would not be possible for a first order ambisonic
signal.

The resulting pressure and velocity signals after sector-filtering are then

sw =
[︄
pw
vw

]︄
= [ŵp,wx

d,w,w
y
d,w,wz

d,w]⊤a, (64)

where ŵp is the sector pattern coefficient vector wp which has been zero-padded from
length L2 to the length (L + 1)2 to match the dimension of the weighted-velocity
matrices. The weighted pressure and velocity signals of Eq. 64 can now be used in
the same manner as presented in Section 3.1 by replacing p,v with pw,vw to generate
the sound field intensity and energy density measures of Eqs. 27 and 29 and in turn
attain spatially-localized estimates of intensimetric quantities, such as the diffuseness
and sound source direction-of-arrival.
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3.1 Statistical sound field modeling
For the purpose of establishing reference field conditions and to concisely frame the
signal processing operations for calculating intensimetric quantities, a statistical
model of the sound field is used following [46, §5]. A plane wave model (PWM)
[24] of sound field is a adopted, in which a sound field may be constructed by a
plurality of plane waves. The spatial density and distribution of plane waves are
designed to target the full range of the diffuseness boundaries—from a single plane
wave (ψ = 0), to a statistically isotropic purely diffuse field of many uncorrelated
plane waves (ψ = 1). A signal represented by the function apw(f) constitutes a plane
wave and will have a power spectral density (PSD) of

Ppw(f) = E{|apw(f)|2} (65)

where E{·} is the expectation operator. An isotropic diffuse field is modeled with
the direction-dependent amplitude density function adf(f,Ω) yielding a diffuse field
pressure by integration over the sphere as

sdf(f) =
∫︂

Ω
adf(f,Ω) dΩ (66)

with a PSD of Pdf(f) = E{|sdf(f)|2}. The constituent plane waves of the diffuse field
are mutually uncorrelated such that

E{adf
∗(f,Ω1)adf(f,Ω2)} =

{︄
Pdf(f)

4π
, for Ω1 = Ω2

0, otherwise. (67)

A plane wave signal of interest is added to the diffuse field forming a mixed field and
this nominal “source” signal is expected to also be uncorrelated from the diffuse field
such that

E{a∗
pw(f)sdf(f)} = E{a∗

pw(f)adf(f)} = 0. (68)

Given a sound field modeled from the above properties is captured by the pressure
(omnidirectional) signal p(f) and the velocity (dipole) signals v(f) (Eqs. 22-24),
correlative signals then can be defined which are the cross spectral density (CSD)
between the pressure and velocity signals

spv = E{p∗(f)v(f)}, (69)

as well as the PSDs of each signal, expressed as

Spp = E{|p(f)|2} (70)
Svv = E{vH(f)v(f)} (71)
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These signals can then used to calculate the correlative intensity [21, Eq. 10],
energy density and diffuseness from Eqs. 27, 29 and 30, respectively:

Ia(f) = − 1
2Z0

Re{spv(f)} (72)

E(f) = 1
4ρ0c2 [Spp(f) + Svv(f)] (73)

ψ(f) = 1 − 2∥Re{spv(f)}∥
Spp + Svv

. (74)

A final measure will be useful in estimating the direction of prominent sound
sources relative to the measurement location, the energetic DoA estimate, which will
point in the opposite direction of the active intensity vector [45, Eq. 17]:

γ(ΩDoA(f)) = Re{spv(f)}
∥Re{spv(f)}∥

. (75)

3.2 Sound field synthesis
3.2.1 Signal encoding

As discussed in Section 2.5.2, any function defined on the sphere can be described
in the SH domain by its modal coefficients. The amplitude density function adf
introduced in Eq. 66 is such a spherical function. Therefore its representation in the
SH domain is given by the SHT (Eq. 41) as

alm =
∫︂

Ω
adf(Ω)Y ∗

lm(Ω) dΩ. (76)

So for the case of an isotropic diffuse sound field composed of Q uncorrelated plane
wave signals in the matrix sdf ∈ RQ×1, the SH signals are recovered by

adf = 1
Q

Y⊤sdf (77)

where 1/Q normalizes the power of the sound field to unity. Y have been evaluated
at the corresponding directions Ωq which satisfy the minimum sampling requirement
Q ≥ (L+ 1)2, and in practice Q ≫ (L+ 1)2 to ensure isotropic decorrelation, along
with satisfying the spatial uniformity condition of Eq. 50. The signals used for
the diffuse field synthesis can be generated in the frequency domain by assigning
a random amplitude and phase for the phasors comprising each time-frequency
slot of the STFT [24, 56]. Alternatively, white noise (or other noise that would be
statistically uncorrelated for the intended analysis window size) can be synthesized
in the time-domain, as is done for this work. By synthesizing the diffuse field with
Gaussian white noise directly, the phase is modulated inherently and the field is
made time-ergodic, allowing for observations sufficiently separated in time to be
considered as statistically independent [24]. Del Galdo, et al. in their use of isotropic
white noise to model microphone self-noise, confirm that the intensimetric estimators
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cannot distinguish between the diffuseness estimated for pure tone and Gaussian
white noise diffuse fields [24, §IV.3.B].

The plane wave signal modeling is somewhat more straightforward: a source
signal is considered the sound field pressure signal is encoded with a simple vector
multiplication of the plane wave signal by the SH components evaluated in the plane
wave DoA

apw = y(Ωpw)⊤apw. (78)

A typical approach to diffuseness estimation using the PWM considers monochro-
matic sound fields in the time-frequency (TF) domain. The total sound pressure of a
mixed field as a function of time and frequency is then represented by the combined
pressures of the diffuse field component pdf and plane wave component ppw, as

ppd(k, n) = pdf(k, n) + ppw(k, n) (79)

where k and n are frequency and time indices, respectively. It is also common to
perform parametric spatial audio analysis in the TF domain, so the above formulation
is applicable assuming substantial time-invariance of the sound field within each TF
analysis window. Indeed, TF processing has been advantageous in such tasks as
DoA estimation for concurrent sound sources which may be partially overlapping
in frequency [44], and in source localization when considering spatially disparate
monochromatic sources differing in frequency [77]. Note that the validity of this
model relies on the sound field being comprised of only a diffuse field and a single
deterministic plane wave in various mixtures, which is also an assumption underlying
most applications of diffuseness estimators. This assumption would be challenged by
the introduction of additional sound sources, which will be discussed in Section 4.

By contrast, this work aims primarily to evaluate the effect of sector processing
in discriminating sound sources in space. In order to do so, it is important that
concurrent sources indeed overlap in time and frequency. Any conclusions regarding
spatial discrimination of the studied techniques can then be readily applied to
both monochromatic, broadband, or otherwise partially-overlapping frequencies of
disparate sound sources. Likewise, advantages of band-wise TF domain processing,
such as single-source-zone estimation [78], are applicable also to sector-based analysis
techniques. Therefore, intensimetric analysis is performed on broadband noise sources
in this work, unless otherwise specified, and the analysis is performed on the (real-
valued) correlative signals of Eqs. 69-74, as suggested by Jacobsen [50, §2]. Note
also that because the PWM is used and the SH receivers are considered ideal (they
have no radial extent), using the real form of spherical harmonics is sufficient.

3.2.2 Ideal diffuseness, direct-to-diffuse ratio

The accuracy of sound field parameter estimation will vary according to the promi-
nence of the source plane wave signal. So the following quantities are useful when
measuring and validating the performance of sound field analysis techniques (follow-
ing [24, §II.A]). Drawing from the diffuse and plane wave pressure components of
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the sound field in Eq. 79, an ideal diffuseness of a mixed field is calculated by the
following ratio of sound powers

ψref = E{|pdf |2}
E{|pdf |2} + E{|ppw|2}

, (80)

which serves as a target for a diffuseness estimator. The performance of the diffuseness
and DoA estimators will vary according to the direct-to-diffuse ratio (DDR)

Γ = E{|ppw|2}
E{|pdf |2}

. (81)

If the DDR of the sound field mixture in known in advance, the diffuse and direct
sound power can be determined individually by

Pdf = 1
Γ + 1P, Ppw = Γ

Γ + 1P (82)

where the overall soundfield power is the power of the omnidirectional HOA signal
component P = E{|ppd|2} = E{|[a]1|2}, or equivalently P = E{∥a∥2}/(L+ 1)2

(assuming the PWM) [79, §4.1]. The DDR can also be used to reformulate the ideal
diffuseness measure as

ψref = 1
1 + Γ . (83)

3.2.3 Temporal averaging

On account of the time-ergodicity of the random processes underlying the diffuse
field and statistical sound field model, the expectation operation of Eq. 80 can be
approximated with a sufficient temporal average, E{·} ≈ 1

T

∑︁T
i=1(·) [24]. The period

of T samples can be tuned for the application, according to the trade-off between
accurately approximating the expectation, requiring a longer time window, and
quicker responsiveness to the input signal. Depending on the temporal resolution
required for the output, the average can be computed for successive blocks of size T ,
or as a moving average with a hop size that can be adjusted according to the desired
down-sampled temporal resolution of the output. For real-time applications, the
moving average window might look forward or backward in time, depending on the
latency requirements. A weighted average, i.e. ∑︁T

i=1 wi(·)/
∑︁T

i=1 wi, could provide
further control over the results. For example, non-uniform weights could emphasize
sound onsets at the head of a moving average window.

Simulations presented in [24] indicate a time windows of less then approximately
4 ms will systematically underestimate the diffuseness in scenarios with a low a
DDR (less than 0 dB). Lengthening the averaging window converges to to ψref
while also reducing the estimation variance, again, at the expense of lower temporal
responsiveness. When considering real microphone arrays with physical extent, a
combination of temporal and spatial averaging can be combined to approximate the
expectation operator [24]. This has other practical advantages, for example when
estimating the diffuseness in the frequency range above the spatial aliasing limit of
SMAs, as is shown by the analysis of diffuseness estimation for a tetrahedral SMA in
[80].
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3.3 Room simulation via the image-source model
To investigate the performance of sound localization by sector-based analysis, it is
necessary to model an acoustic scene consisting of multiple sources and variable
reverberant conditions, as observed by receivers in various spatial configurations.
For this, the room simulation library by Politis [81] was used which produces
impulse responses directly in the SH domain. The room simulation is based on the
image-source specular reflection model of Allen and Berkley [82], and allows for the
specification of rectangular (“shoebox”) room dimensions and T60 decay times for
octave bands. Alternatively, a maximum reflection order can be specified, which can
be useful in the case that only the direct sound and earliest reflections are under test.
The model will produce appropriate source-to-receiver distance delay and attenuation
as well as air absorption, even in anechoic conditions, allowing for the variables of
the acoustic scene, such as relative source distance and varying direct-to-diffuse noise
ratios, to be isolated when evaluating the estimation of sound field metrics and target
source localization.

The shoebox room simulation library was invoked from a larger object-based
structure in MATLAB, built for this work, which stores the metadata of the sound
scene configuration, such as source and receiver positions, individual source-receiver
room impulse responses, time-series buffers of intensimetric analysis results, estimated
and true angles-of-arrival between each source and receiver. In this way various
configurations can be synthesized, evaluated, and visualized on demand.

3.4 3D source localization via multiple spherical harmonic
receivers

Source position estimation was performed by a least squares solution to the intersec-
tion of lines [83]. This method minimizes the sum of squared distance between the
estimated source position p̂ and the lines projected from the receiver position rj in
the direction of DoA estimates Ω̂DoA,j. For K receivers and their corresponding unit
vector γj = γ(Ω̂DoA,j) pointing toward the DoA estimate for one analysis frame, the
estimated source position is found by solving the system of equations [84]

Rp = q, where R =
K∑︂

j=1
(I − γjγ

⊤
j ), q =

K∑︂
j=1

(I − γjγ
⊤
j )rj. (84)

The solution is found by solving the system of equations directly, as done in the
chosen MATLAB implementation [85], or through the use of the Moore-Penrose
pseudoinverse

p̂ = R†q. (85)



4 Evaluation
The success of source localization by intensimetric analysis relies foremost on the
accuracy of the direction-of-arrival (DoA) estimation. Based on the IE estimator of Eq.
31 it is clear that this depends on the ratio of the propagating energy, as quantified
by the active intensity vector, and the overall sound field energy. This ratio can be
visualized by the negated intensity vector, wherein its direction indicates the DoA
estimate. Its length indicates the degree to which the sound field is diffuse or directive
for values that tend toward 0 or 1, respectively. Many of the following visualizations
use this representation to demonstrate the response of the DoA estimator to convey
the impact of the direct-to-diffuse ratio (DDR), sector pattern directivity, source
angle-of-arrival (AoA), interferer AoA, and temporal averaging. For clarity, in the
(negated) active intensity vector depiction will be referred to as the “DoA vector”.
Note that the visualization of the DoA vectors is a top-down projection of 3D vectors,
for sources and receivers positioned on the same X-Y plane. When order is specified
in the plots, it refers to the order of the analyzed receiver signals, which is one order
greater than the sector (pressure) pattern used to filter the sound field (refer to
Section 2.6).

For the results that follow, the simulated room condition is anechoic and isotropic
diffuse Gaussian white noise is added to the receiver signal to attain a DDR according
to Eq. 81. The source is white noise and broadband analysis is performed on one
second of steady state signal (avoiding the onset of the source after propagation delay
to the receiver) and, unless otherwise specified, the temporal averaging window is
132 samples (3 ms) at a sample rate of 44100 Hz. This temporal average window
size is chosen to more clearly illustrate the differences between the conditions being
compared and to be close to a frame size typically chosen for parametric spatial
audio processing in the time-frequency (TF) domain. In practice, the time averaging
window would be tuned to the application, and results from processing performed in
the TF domain would also be further averaged over multiple frames for estimation
stability [45].

4.1 Sector-based DoA estimation
4.1.1 Varying direct-to-diffuse ratio

The direct-to-diffuse ratio at the receiver is central to DoA estimation. Figure 4a
shows the impact of the DDR on DoA estimation for a source that is on-axis with
sectors of various orders. For very low DDR, its apparent that a first-order analysis
produces essentially a diffuse field response, in terms of both the DoA vector length
and the spatial spread of the estimates. Sector-based analysis, on the other hand,
already begins to concentrate DoA estimates around the peak of the filter’s main
lobe, which in this case coincides with the direction of the source. So while the
sector profile clearly rejects competing off-axis noise, as would be expected from an
axisymmetric spatial filter, a simple averaging of the DoA estimates would not be
sufficient to make an accurate prediction if the source were to move off-axis to the
sector. However, considering the length and directional variance (spread) of the DoA
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(a)

(b)

Figure 4: a) DoA estimation with varying DDR for an on-axis source. b) DoA estimation
with varying source angle-of-arrival, α = [0◦, 25.7◦, 51.4◦, 77.1◦], with a constant DDR of 5
dB.
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vectors would provide an indication of the presence of a sound source, as can be
inferred from the Figure 4a as the DDR condition increases from left to right. This
directional variance underlies the TV and SV diffuseness measures (Eqs. 32, 34).
The behavior of the DoA vector length shift with DDR is addressed in Section 4.2.

4.1.2 Source angle-of-arrival

It can be seen that the accuracy of first-order analysis in the single-source case can
only be improved by an increase in the DDR, as its omnidirectional “field of view”
is insensitive to the direction of the source. This can be seen in the spread and
length of the DoA estimates in the first rows of both sub-figures of Figure 4, and the
estimation error plots of Figure 5, which remain constant with the source direction.
On the other hand, as the source moves off-axis it is attenuated on account of the
sector’s directional gain response. As a result, the DoA vectors shorten and the
angular variance of the estimates increase, eventually converging with the diffuse-field
response once the source AoA, denoted α, coincides with the sector null. This
behavior is visible in the cases of L = [2, 4] in Figure 4b.

Figure 5: Mean estimation error (MEE) of source DoA in mixed field conditions of a
single source in a diffuse field at varying angles-of-arrival α. Performance is compared
across orders L = [1, ..., 5] for a constant DDR of 5 dB (left), and for orders L = [1, 2, 5] at
varying DDRs (right). α = 0◦ can be considered best-case performance for a given DDR.
The advantage of higher-order processing deteriorates beyond a certain threshold of α,
which decreases with increasing order, contingent upon the DDR.

The source position does not affect the isotropic diffuse noise, so as the source
moves off-axis it is attenuated by the sector pattern, effectively reducing the DDR
of the mixed field, denoted as Γ. Note the ambiguity in the analysis between the
conditions of L = 4, Γ = −∞, α = 0◦ (bottom leftmost panel, Fig. 4a) and L = 4,
Γ = 5 dB, α = 77.1◦ (bottom rightmost panel, Fig. 4b). This ambiguity is not
present at L = 2 (middle row, Fig. 4b) where the off-axis source still lies substantially
within the main beam, which attenuates the source by approximately -5.8 dB, and the
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average DoA estimate still largely tracks the true DoA. This suggests the possibility
of disambiguating the source position and diffuse field bias by comparing analyses
across orders.

The DoA estimation performance is quantified by the mean estimation error
(MEE) over the full set of observations in Figure 5. The left panel shows that for a
single DDR of 5 dB, sector processing is clearly beneficial for on-axis sources. The
improvement deteriorates as the source moves off axis and as the DDR is forced
down by the spatial selectivity of the sector. This trend occurs more rapidly with a
higher sector order, indicating the trade-off between robustness of estimation across
a larger field of view with a broader, low-order sector, with the higher accuracy of a
narrower higher-order sector.

4.1.3 Impact of temporal averaging

The impacts of temporal averaging, discussed in Section 3.2.3, are visualized in
Figure 6 for a DDR of 5 dB. While the longer averaging window will produce a DoA
estimates which are more stable in both direction and length, observations which
are more directional but transient could be lost. The shortest time average in the
first order analysis (top left panel), for example, shows that those DoA vectors with
greater magnitude tend toward to the source direction, while erroneous directional
estimates tend to have smaller magnitudes, indicating a higher diffuseness (by the
IE diffuseness estimator). This begins to motivate the concept of estimation filtering
based on the accompanying diffuseness metric, which will be discussed in Section
5.4. Sector-processed estimates for L = 4 (bottom row) show an improvement in
directional estimation for sources within the main lobe of the spatial filter due to
the rejection of off-axis noise by the spatial filter, potentially allowing for the use of
shorter time average windows.

Figure 6: DoA estimation vectors resulting from different moving average window sizes
τ = [0.1, 1, 10] ms, for analysis orders L = [1, 4] and a DDR of 5 dB.
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4.1.4 Interfering sources

The ability of a spatial filter to reject off-axis noise is advantageous for improving
the DDR for a source of interest, provided the source lies substantially within the
main lobe of the analysis sector. The same principle applies to the rejection of
interfering sound sources that are separated from the target source by a sufficient
angular distance. Figure 7a illustrates the behavior of the DoA estimation given a
sound scene free of diffuse noise with two equal-power uncorrelated sound sources
at an equal distance from the receiver. The on-axis source is considered the target
to be distinguished from the interferer to its right. The MEE over the full set of
observations is shown in Figure 7b, for orders L = [1, 2, 5].

First-order analysis shows a linear increase in estimation error as the interferer
moves away from target source on account of the total propagated sound energy
being equally divided between the two sources, but averaged equally across their
directions of incidence to the receiver. This spatial averaging is also observed in the
length of the DoA vectors which shorten on as the proportion of total sound energy,
which remains constant, is divided across a wider spatial region. The line plot of
Figure 7b shows the clear advantage of sector-based analysis in DoA estimation to
reject off-axis interferers. The level of the interferer is reduced simply as a function
of the sector’s directivity, with maximum rejection occurring at the null of the sector
pattern. The left panel shows estimation error for a sound scene without interfering
noise, while the right panel shows the error with diffuse noise present at varying levels.
Note that first order estimation degrades, somewhat predictably, as the noise level
increases. However, this characteristic is only consistent for sector-based analysis for
which the interferer is near to the target (see the first data point for L = 2), and as
the interferer moves off-axis, the performance appears to improve with increasing
noise levels. This is explained by the fact that with a higher DDR, the interferer
comprises a larger percentage of the overall sound field energy, thereby causing an
increasing directional estimation distortion as its DoA moves away from the target.

4.1.5 Interferer distance

In addition to the angular distance of an interferer from the target source, the
relative distance of the interferer will also impact estimation accuracy. Figure 8
shows how estimation improves as an equal-power interferer recedes from the receiver
at a constant AoA. The DoA vectors shift toward the target source as the source
increasingly dominates the energy ratio between them. First order analysis shows the
error scales approximately with the inverse distance law governing the sound energy
contribution of the interferer as it recedes. The spatial filter used in the sector-based
analysis adds a further attenuation factor to the interferer, which in this idealized,
anechoic case, shows predictable improvement over first-order analysis.

4.2 Spatially-localized diffuseness estimation
It has already been observed that the spatial filter imposed on a sound field comprised
of a purely diffuse field or a mixed field will impact the active intensity measure,
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(a)

(b)

Figure 7: a) DoA estimation vectors of a sound scene with an equal power interferer at
varying AoAs: α = [0◦, 25.7◦, 51.4◦, 77.1◦], Γ = ∞ dB. b) Corresponding mean estimation
errors (MEE) for source and interferer only (left), and with diffuse noise present at varying
DDRs (right). Note the different scales of the y-axes.
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(a)

(b)

Figure 8: a) DoA estimation vectors of a sound scene with an equal-power interferer
at α = 50◦, varying source-interferer distance ratios of [1, 1.8, 2.6], for analysis orders
L = [1, 3]. b) Corresponding mean estimation errors for analysis orders L = {1, ..., 5} and
source-interferer distance ratios between 1 and 6.
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which necessarily impacts the diffuseness estimate and in turn the DoA vector length
(calculated by the IE estimator). The effect of the spatial filter on energetic analysis
has been defined analytically in [46, §5.1-3], for three reference field conditions: a
single plane wave, a purely diffuse field, and a mixture of the two. The directivity
factor (see also Eq. 57) for a normalized sector pattern can be formulated in terms
of its sector coefficients by

Q = 4π∫︁
Ω w

2(Ω) dΩ = 4π
w⊤

p wp
. (86)

For a completely diffuse field weighted by the sector pattern, the vector representing
the average DoA over the sphere will be the product of the squared sector pattern
and the uniformly distributed DoAs (Eq. 23), as

k =
∫︂

Ω
w2(Ω)d(Ω) dΩ = ŵ⊤

p Wd,w (87)

where Wd,w = [wx
d,w,w

y
d,w,wz

d,w]. For an axisymmetric sector pattern, k will point
toward the pattern maximum and therefore is equivalent to magnitude K = ∥k∥
scaling the unit vector representing the look direction of the beam, k = Kd(Ω0). Cal-
culating the magnitude K can then be simplified by considering the one-dimensional
sector directivity pattern c(θ) (refer to Section 2.5.3) and cz(θ) = c(θ)dz(θ). Using
the beamforming weights of each pattern, c and cz, respectively, K can be defined
as [46, Eq. 39]

K = ĉ⊤cz (88)

where the coefficient vector ĉ is c zero-padded from length L to L + 1 to match
the length of cz, similar to the construction of Eq. 64. Using Eqs. 86 and 88, the
diffuseness of a purely diffuse sound field that has been spatially filtered, following
[46, Eq. 38], is

ψdf,w = 1 − QK

4π . (89)

This value represents the theoretical diffuseness in a purely diffuse field that has
undergone sector processing, and decreases with increasing order. Figure 9 shows
these diffuseness thresholds (dashed lines) along with values realized in simulation,
for which the bar lines represent one standard deviation for the observations. The
underestimation of diffuseness, for L = 1 in particular, results from the short time-
average window—a longer time average converges on the theoretical value but with
little variance to display.

The addition of a single plane wave source to the sound field mixture will alter the
diffuseness estimate as a function of the DDR and source angle, Γ and α, respectively,
according to [46, Eq. 48]

ψdp,w(Γ, α) = 1 − ∆(Γ, α)
Γc2(α) + 1/Q, (90)
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Figure 9: Ideal diffuseness for a spatially-filtered sound field. The dashed lines are the
reference level according to Eq. 89, with mean diffuseness values calculated through
simulation indicated by the markers. The sector pattern is max−rE and the moving
average window size is τ = 64 samples, with one standard deviation indicated by the bar
lines.

where ∆(Γ, α) =
√︂

Γ2c4(α) + (K/4π)2 + 2Γ(K/4π)c2(α) cosα. If the source DoA
coincides with the sector heading, α = 0, the resulting diffuseness simplifies to the
diffuse field response of Eq. 89, scaled by the sector pattern directivity factor Q and
the DDR, according to [46, Eq. 50]

ψdp,w(Γ, 0) = 1 − |Γ + (K/4π)|
Γ + 1/Q = ψdf,w

QΓ + 1 . (91)

This relation in turn forms a lower bound of the diffuseness range for the mixed field
case. The effect of Eqs. 90 and 91 on defining theoretical diffuseness boundaries can
be observed in Figure 10. The order-limited upper bound is shown by the case of
Γ = −∞ dB (dotted line), and the lower bound for the plotted DDRs is marked by
the dashed line, which occurs only for an on-axis source. Comparing the diffuseness
range between the left and right panels for L = 2 and L = 4, respectively, shows
that the range of diffuseness when α lies within the sector’s main lobe will become
increasingly compressed with increased order. This needs to be accounted for when
performing source localization tasks that use the diffuseness estimation as a variable
for estimation refinement (see Section 5.4).

Complex behavior is observed when α is near the sector pattern null or in the
range of the side or rear lobes, where the diffuseness will increase beyond ψdf,w. This
indicates the source energy draws the active intensity away from k, thereby driving
its magnitude below K, so its proportion to the overall sound energy diminishes,
resulting in a higher diffuseness than would be predicted by Eq. 89 for a purely
diffuse field. If the single-source condition of the model is met, this could be a rough
indicator of the presence of an off-axis source.

Lastly, in the single-source mixed field case, if the source does not align with
the sector heading, sector-based analysis will introduce bias in the DoA estimation
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Figure 10: Theoretical diffuseness ψdp,w observed when sector processing of a mixed sound
field—a plane wave and isotropic diffuse noise. The diffuseness varies according to the
source AoA α and DDR. The lower bound is governed by Eq. 91, corresponding to α = 0.
The upper diffuseness range anchors around ψdf,w as the source moves off-axis and observed
precisely when α coincides with the sector pattern nulls. Note the diffuseness overshoots
this boundary near the pattern nulls and beyond the pattern’s main lobe.
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Figure 11: DoA estimation bias due to isotropic diffuse noise present with a target sound
source, as a function of the source angle of arrival to the sector axis and the DDR. The
sector pattern wL(θ) is plotted in gray, normalized to the maximum angular bias, for visual
reference as to the directional gain and null position.

toward Ω0, as discussed in Section 4.1 (see Figure 4, lower panel). This bias can also
be analytically defined as a function of the DDR and AoA as [46, Eq. 51]

β(Γ, α) = arcsin
(︄

K sinα
4π∆(Γ, α)

)︄
. (92)

As can be seen in Figure 11, for a very low DDR the bias approaches a linear function
with respect to the AoA, while the bias diminishes with increasing DDR, arriving at a
perfect estimate when Γ = ∞. This transfer function presents the possibility of bias
compensation, which is presented in Section 5.3. Note, however, the method requires
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that the DDR is known or estimated and that a only a single source is present. With
mixed field diffuseness estimation, complex behavior emerges for source arrival angles
outside of the sector’s main lobe, which further complicates bias compensation.

4.3 Sector-based 3D localization
The improvements offered by high-order sector-based processing over first-order
analysis, carry forward into the task of three-dimensional source position estimation,
here called source localization, which is performed with analyses across multiple SH
receivers. However, the stipulations of sector-based DoA and diffuseness estima-
tion—such as the assumed sound field model, effects of the DDR, source and interferer
distance and proximity, sector heading with regard to source directions—need to be
considered as well. In the evaluation that follows it will be seen that sector processing
can serve to improve source position estimation, but require the insights from the
evaluations in the previous sections about single-receiver analysis to understand the
limitations of the method and approaches to improving performance.

4.3.1 Single-source localization

To evaluate the accuracy of localization by multireceiver analyses, a sound scene
is constructed with a single source located at a “focal position”. A single spatial
filter (sector) from each receiver is then directed toward this position so that the
source signal is maximized when in the focal position. A specified DDR is achieved
by injecting isotropic diffuse noise into each receiver signal equally (refer to Section
3.2.1), with reference to an omnidirectional source at the focal position and a reference
receiver position (the bottom receiver position in the scene diagram plots that follow).
In doing so, the effects of source distance to each receiver are properly accounted for
in the energetic analysis.

Figure 12 illustrates the MEE of source position estimation, for two- and three-
receiver configurations, evaluated for eight different source positions. Source position
1 is the focal position and the others draw a 90◦ arc sequentially clockwise. In this
way the DDR at the reference receiver will be constant while for the other receivers,
the DDR will vary with source position.

In the two-receiver configuration, it is clear that the position estimation error is
larger, with larger variance, when first-order processing (i.e. no spatial filtering) is
used, as might be predicted from a similar trend in DoA estimation (refer to Section
4.1). With higher-order processing, the error is consistently lower for the first few
source positions but increases as the source moves away from the focal position,
off-axis with receivers’ analysis sectors. In the leftmost configuration, for example,
the DDR will decrease in the upper left receiver as the source recedes from the
first to the last position, degrading its DoA estimates as a result. A corresponding
degradation of DoA estimation will occur in the lower receiver as the source moves
off-axis compounding the error for source positions farthest from the focal point.
Refer to Figure 4 for a visualization of both effects.

The two-receiver configuration in the middle panel of Figure 12a illustrates a
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(a) Two-receiver configurations
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(b) Three-receiver configurations

Figure 12: Mean estimation errors (MEE) of single-source position estimation, resulting
from varying 2- and 3-receiver configurations in panel 12a and 12b, respectively, with
source-receiver scene configurations shown above each error plot. Diffuse noise level is
set equally across all receiver, with reference to a DDR Γ = 10 dB between the source
positioned at the focal position (△) and the lower receiver. Estimation error is performed
with a time-averaging window τ = 3 ms for analysis orders L = [1, 3, 5], with one standard
deviation shaded around the MEE. Labels on the x-axis display the interferer position
index and the distance from the focal position in bold and regular type weight, respectively.
Note the difference of scale on the y-axis between the two- and three-receiver error plots.
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particular shortcoming of the intersecting-line localization approach (Section 3.4):
when a source moves directly between two receivers, DoA estimation vectors which
may individually have a small DoA error can result in intersection points very far
from the target source as the vectors approach a parallel or collinear orientation. This
is observed in the very high MEE and variance of the center panel and, to a lesser
extent, for source positions 6 to 8 in the right panel. Notably, under this unstable
condition the MEE peaks at different source positions for different orders, and has the
highest variance (i.e. least reliable estimates) for the highest-order sector processing.
The problem is visualized in Figure 13. One approach to mitigating the issue is to
use multiple time-series DoA estimates, rather than only two time-averaged vectors
per frame, but care must be taken on account of each DoA projection intersecting
back at each receiver. The detrimental effect of off-axis source directions is visible
across all receiver configurations, which in some cases allows first-order estimation to
outperform sector-basted estimation.

Figure 13: Source position estimates with two-receiver configurations analysized at orders
L = [1, 4]. Error increases as the source moves between receivers, drawing DoA estimates
nearer to parallel thereby making the intersection point calculation highly variable and
error-prone. Scene and analysis conditions match those of Figure 12.

The variability in position estimation is improved considerably with the addition
of a third receiver, as seen in the error plots of Figure 12b (note the difference in the
MEE scale compared to Figure 12a). In addition to improved MEE overall, the error
variance is made largely consistent across source positions. As with the two-receiver
cases, estimation accuracy degrades with increasing order for those source positions
which lie substantially off-axis from one or more receivers. This trend reflects the
contour of the DoA error observed in Figure 5 and discussed in Section 4.1.2.

While Figures 12 and 13 highlight particular features of position-dependent
localization error, the performance of the technique is extrapolated across broad
spatial regions enclosed by the receivers in Figure 14. It can be seen that the region
of highest localization accuracy anchors to the focal position of the sectors and draws
toward the barycenter of the receiver arrangement. Close inspection of the error
contours shows regions of highest accuracy form at positions in which rays projected
towards the receivers would be maximally orthogonal.
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Figure 14: Mean estimation error (MEE) for single-source position estimation by two-,
three- and four-receiver arrangements. Receivers are oriented toward the focal point (△),
while the source moves throughout the plotted region. The scene DDR is Γ = 5 dB, rows
correspond to analysis orders L = [1, 3, 5].

4.3.2 Source localization with an interferer

In order to quantify the impact that an interfering sound source has on localizing a
target source, two sound scenes were evaluated. Similar to the previous single-source
analysis, the first scenario considers the influence of the number and configuration of
receivers with the target source located at the focal position with an equal-power
uncorrelated interferer at varying proximity. The interferer positions match source
positions 2-8 of Figure 12, i.e. the target-to-interferer power ratio is constant for the
bottom receiver, and varies for all other receivers as the interferer position changes.
The results are shown in Figure 15 for analysis orders L = [1, 3, 5].

The results differ from the single-source case in that the estimation performance is
consistently improved by sector-processing, and further by increasing analysis order.
Note that the conditions for DoA estimation performed with each individual receiver
can be considered a best-case scenario; the target source lies directly on-axis with the
sector heading, α = 0. As such, the discussion of the impact of interferers on DoA
error from Section 4.1.4 can be readily applied to this scenario (see Figures 7 and
8). In the case an interferer is very close to the target will result in low localization
error, but this should be viewed only as advantageous in terms of source detection
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(b) Three-receiver configurations

Figure 15: Mean estimation error (MEE) of source localization with an equal-power
interferer at varying distances from the target source. The source and receiver configurations
correspond to those of Figure 12, as do the analysis settings (Γ = 10 dB, τ = 3 ms,
L = [1, 3, 5]). The target source is at the focal position while the interferer positions follow
positions 2 to 8. One standard deviation is shaded around the MEE. Labels on the x-axis
display the interferer position index and the distance from the focal position in bold and
regular type weight, respectively. Note the different scale on the y-axis of (a) and (b).



50

at that location, but not source separation (the target and interfering source are
indistinguishable without further processing). As such, the performance for the case
of an off-axis interferer, i.e. interferer rejection, is of greater interest.

Localization error can be expected to rise initially as the interferer moves away
from the source, as the DoA vectors at each receiver are drawn to the energetic spatial
average between the source and interferer. But the error begins to fall as the interferer
moves away from the focal position, indicating source separation by the spatial filter’s
rejection of interfering off-axis energy. This can be observed in all fifth-order analysis
cases (orange solid line), and to a lesser extent in the third-order case (red dashed
line). First-order estimation (blue dotted line), in contrast, progressively worsens as
the interferer moves away from the target, as the DoA vectors for the receivers are
drawn to the energetic spatial average between the source and interferer. Interestingly,
for two out of three of the chosen receiver configurations the performance is similar
between two- and three-receiver cases (left and right columns of Figure 15, note the
difference in y-axis scale between rows). However, the center configuration indicates
the same detrimental effects of poor DoA-intersection accuracy arising from collinear
DoA vectors, as observed in the single-source case (see Figure 12a). This especially
impacts the two-receiver configurations and is largely resolved by the addition of a
third receiver.

Figure 16: Source localization estimates for a target source (×) with an equal-power
interferer present, for various three-receiver configurations (matching those in Figures 12b
and 15b), produced from analysis at orders L = [1, 4]. Error increases as the interferer
draws DoA estimates away from the target, and depends on the relative proximity and
AoA of both the target and interfering source. Scene and analysis conditions match those
of Figure 12.

The localization performance for the three-receiver configurations, corresponding
to Figures 12b and 15b, are visualized in Figure 16 for orders L = [1, 4]. It can
be seen that the centroid and variance of the position estimates are similar in all
first-order configurations, whereas the centroid of fifth-order position estimates shifts
according to the receiver configuration, which is not otherwise obvious from the
MEE metric alone. This effect becomes important in applications such as sound
source signal extraction, in which the centroid of the estimates may be used for
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choosing which receiver to produce the beam-formed signal (by source proximity or
path of least interference), or choosing mixing weights and temporal alignment of
beam-formed signals from multiple receivers used to reconstruct the source signal.

Figure 17: Mean estimation error (MEE) of source localization in the presence of an
equal-power interferer by two-, three- and four-receiver arrangements (left to right). The
target source remains in the focal point (△), while the interferer moves throughout the
plotted region. The scene DDR is Γ = 5 dB, rows correspond to analysis orders L = [1, 3, 5].

The localization error was evaluated for a second sound scene in which the target
source remains fixed in the focal position as an interferer traverses a spatial region
enclosed by multiple receivers. Figure 17 should be read as the error of localizing
a source at the focal position for an interferer located at each plotted location
(differentiated from the interpretation of Figure 14 by a difference in the colormap).
A dominant trend in this plot is the increase in apparent source localization accuracy
as the interferer moves in between any of the receivers and the target, as indicated
by the lower error contours “stretching” toward the receivers. As with the analysis
of the previous sound scene, it can be more informative to consider the areas in
which the localization deteriorates. Higher error is observed in regions where the
interferer approaches a receiver, but from a DoA that is misaligned with the target
DoA. In such a case the energetic DDR for the nearby receiver will be dominated
by the proximate interfering source, drawing the DoA estimates toward it, away
from the target. This is especially apparent in the two-receiver configurations (left
column), where DoA bias more strongly distorts the resulting estimate. It can also
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be seen that the higher-order estimates mitigate the error by rejecting off-axis energy,
indicated by the more shallow error contours with increasing order.

4.4 Estimation performance in reverberant conditions
Thus far, the sound field model used for analysis has been comprised of highly
uncorrelated sources and diffuse field components. This approach is useful to capture
idealized performance statistics, but does not account for important aspects of real
sound fields, such as temporal dynamics and varying degrees of correlated interference.
Reverberation is an important source of correlated interference in real spaces and
presents various challenges for intensimetric sound field analysis. For example, a
receiver placed near a reflecting surface will record the direct sound with a highly
correlated reflection, slightly offset in time, from another direction. In the case that
the paths traveled by the direct and reflected sound are similar in length, multiple
sound wave arrivals may fall within the same analysis window causing a spatial and
temporal averaging of that introduces error into the DoA estimation. Furthermore,
the directional pattern of reflections will be anisotropic, challenging the diffuse sound
field model assumed in the previous evaluations.

Early reverberant reflections will be spatially discrete and, when analyzed at
a short enough time scale, can be localized as numerous individual sound sources
before the mixing time of a room. This principle has been put to use processing
room impulse responses (RIRs) to localize reflections [86], and even localize a source
with a single SMA (DoA combined with range estimation) through tracing multipath
propagation over known surface geometry [87], although practical applicability is yet
to be evaluated. RIRs are, however, sparse by nature and complications arise with
analysing continuous signals. Numerous TF-domain approaches have been developed
to address the problem of DoA estimation in reverberant environments in which
reflections are spectrally and temporally correlated with the emitting source. Well
performing techniques center on performing estimation on a subset of frequency bins
determined to be dominated by energy from the direct arrival path of a sound source,
either through eigendecomposition of the spatial spectrum matrix or by directivity
of the measured sound field. A useful overview of techniques can be found in [88].
As mentioned previously, the present work aims to evaluate broadband localization
performance of sector-based approaches in order that it may inform the adaptation
of such TF approaches and other estimation refinement techniques.

The preceding analyses have used isotropic noise as a proxy for the diffuse field. In
what follows, and DoA estimation and localization will be evaluated for a reverberant
sound field, which will have anisotropic and partially correlated diffuse characteristics,
thereby violating the model in Eq. 68. The sound scene is modeled by a single
broadband noise source in a “shoebox” room with dimensions 8 x 6 x 4 meters with a
four-band reverberation time of [400, 283, 200, 141] ms corresponding to three octave
bands centered at [125, 250, 500] Hz and fourth high-pass band above 1000 Hz.

Figure 18 shows time-series DoA estimates for a receiver located in the lower
position of all the schematic figures, with a source moving along positions that are
equidistant from the receiver and, in the case of order L = 3 analysis (lower row),
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Figure 18: Time-series DoA estimates in reverberant conditions, performed at orders
L = [1, 3]. The reverberant sound field is modeled by a single broadband noise source in a
“shoebox” room with dimensions 8 x 6 x 4 meters and a four-band reverberation time of
[400, 283, 200, 141] ms corresponding to three octave bands centered at [125, 250, 500] Hz
and fourth high-pass band above 1000 Hz.

are increasingly off-axis from the sector. The presence of coherent reflections in the
reverberant diffuse field can be seen in the errant DoA estimates which deviate from
the target source (compare to the analysis of a source amid isotropic noise in Figure
4b). The magnitudes of these estimates can be quite large compared to those of the
more accurate DoA estimates, indicating erroneous frame estimates.

Figure 19: Time-series source position estimates in a reverberant sound field, performed
at orders L = [1, 3]. The purple outline delineates the room boundaries. The reverberant
conditions are the same as those of Figure 18.

Spatial filtering shows a clear advantage for on-axis source targets on account of the
spatial filter rejecting lateral energy from reflections. However, this proves increasingly
detrimental as the source moves off-axis and the direct sound is attenuated, while
reflections for which α lies largely in the main lobe are relatively prominent. This
results in a DoA spread that resembles low DDR conditions of Figure 4b or the
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presence of an interfering source in Figure 7a. The erroneous DoA estimates then
carry forward into the localization task, as is seen in Figure 19, where many DoA
outliers lead to a high variance in the overall performance, and therefore require
further post processing to smooth the results.

As with previous tests, source localization performance is evaluated for the full
spatial region enclosed by the receivers, of varying count and analysis order. The
results, shown in Figure 20, follow the general error contours of the isotropic noise
case (compare to Figure 14), but with error boundaries that are more erratic. The
regions of highest accuracy are considerably narrowed and do not consistently align
with the focal position. However, despite the interference caused by the complex
reflection pattern, anticipating best accuracy at the focal position (with an additional
bias toward the centroid of the receiver arrangement) would still appear to be the
best guiding design principle.

Figure 20: Mean estimation error (MEE) for single-source position estimation in rever-
berant conditions by two-, three- and four-receiver arrangements. Receivers are oriented
toward the focal point (△), while the source moves throughout the plotted region. The
reverberant conditions are the same as those of Figure 18.
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5 Estimation refinement
Up to this point, the source localizing tests have made use of DoA estimates from
two or more receivers per time frame, each contributing equally to the final source
position estimation. However, numerous optimizations are possible, considering the
analytical models describing the behavior of DoA estimation under specific sound field
conditions (see Section 4.2) and considering the observations made in the preceding
tests about the impact of the receiver configurations and source positions. In what
follows, four optimizations are explored which make use of either estimated sound
field quantities or initial position estimates that in turn inform a second (or more)
iteration of the localization algorithm.

5.1 Refinement by distance weighting
It has be discussed previously that DoA estimates, and subsequently localization
accuracy, improves as a sound source draws nearer to a receiver on account a higher
DDR. It follows that as a source traverses a region of space monitored by multiple
receivers, some of those receivers will have a better DoA estimate than others. This
leads to an approach to modifying the localization algorithm to accepted weights
which modify the contribution of each DoA to the resultant estimate. One such
weighting scheme introduces “confidence” weights wj for each DoA estimate into Eq.
84 as [84, §3.1]

Rp = q, where R =
K∑︂

j=1
wj(I − γjγ

⊤
j ), q =

K∑︂
j=1

wj(I − γjγ
⊤
j )rj. (93)

The solution is found as in Eq. 84. The weighting scheme chosen for demonstration
is

wj = 1 − dj

dmax
(1 − ϑ) for j ∈ [1, K], ϑ ∈ [0, 1] (94)

where dj is the Euclidean distance between the estimated source position and the j-th
receiver, and dmax is the maximum of the K distances. In this case ϑ represents a user-
defined compression of the normalized range of weights applied to the corresponding
DoA estimate, i.e. ϑ = 0 would entirely diminish the contribute of the DoA estimate
by the farthest receiver from the estimated source position, and ϑ = 1 would apply
equal weighting to all DoAs, regardless of the estimated source distance.

Results for localization with distance weighting for a single-source sound scene are
shown in Figure 21. Comparing the left and right columns shows that the accuracy
is increased for a larger region, particularly extending into areas between adjacent
receivers, as the estimates from those nearer receivers are given a higher confidence
weight. Note that this result would not hold, and in fact could be made worse, in the
presence of an interferer because the initial source position estimate will be drawn
toward the interferer, thereby erroneously applying higher weights to receivers farther
from the target. That is to say, this method would be most useful for scenarios (or
individual time windows) dominated by a single source.
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Figure 21: Mean estimation error (MEE) for single-source localization with estimation
refinement by distance weighting. Results are shown for three- and four-receiver arrange-
ments (top and bottom rows, respectively) at analysis order L = 3. Left panels show no
weighting and the right shows the weighted estimates with the weight-scaling parameter
ϑmin = 0.2. Receivers are oriented toward the focal point (△), while the source moves
throughout the plotted region. The scene DDR is Γ = 5 dB.

5.2 Refinement by diffuseness
For scenarios in which it is known that an interfering source or high DDR is dis-
torting localization of a target source, the diffuseness estimation can offer improved
localization accuracy. Using the same “confidence” weighting scheme introduced
previously, diffuseness can be used to penalize those DoA estimates which have high
corresponding diffuseness, thereby emphasizing estimates with a higher degree of
directional energy transport. A simple weighting scheme is chosen here as

wj = max(ψj − ϑmin, ϵ) (95)

where ϑmin is a minimum expected diffuseness and should be set accounting for the
changing diffuseness bounds with sector order governed by Eq. 89 (refer to Figure 9),
though would ultimately be tuned for the application. The max(·) operation ensures
the weighted contribution remains positive non-zero clipped at the value ϵ > 0, which
can also serve as a minimum contribution bound. Further normalization can be
performed by the maximum of all estimate weights within one frame or a running
maximum across multiple time frames, depending on the nature of the source signal.
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Figure 22: Mean estimation error (MEE) for source localization in the presence of an
interferer with estimation refinement by diffuseness weighting. Results are shown for
three- and four-receiver arrangements (top and bottom rows, respectively) at analysis order
L = 3. Left panels show no weighting and the right shows the weighted estimates with the
weight-scaling parameter ϑmin = 0.2. Receivers are oriented toward the focal point (△),
while the source moves throughout the plotted region. The scene DDR is Γ = 10 dB.

Similar to the test presented in Section 4.3.2, Figure 22 shows the localization
accuracy for a target source at the focal position as an interferer traverses the
monitored region. The right panels show the results after diffuseness weighting has
been applied, showing improved performance particularly in regions which suffered
most from the presence of the interfering source. Note, for example, regions between
adjacent receivers and where the interferer is proximate but off-axes to a receiver.
As with prior interferer accuracy plots, the peak accuracy at the focal position is
naturally high on account if the interferer coinciding with the target source, and
should not be interpreted as a measure of source separation.

5.3 Refinement by DoA bias transfer function
As discussed in Section 4.2 a bias is introduced into the DoA estimation as a result of
spatial filtering amid a diffuse field, as a function of the sector order, DDR and source
AoA. Estimation refinement can be performed by compensating for this bias in the
case that the conditions of the underlying model are satisfied; namely that there is
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Figure 23: Diffuse field bias compensation transfer function, derived from Eq. 92 for
analysis order L = 3. The angle-of-arrival estimate α̂ is shown on the x-axis, and the
bias-compensated estimate α̂′, which is subsequently supplied for a second iteration to the
localization algorithm, is on the y-axis.

Figure 24: Mean estimation error (MEE) for single-source localization with estimation
refinement by diffuse field bias compensation. Results are shown for a four-receiver
arrangement without bias compensation in the left panel and with compensation applied
on the right. The analysis order is L = 3 and the DDR is Γ = 5 dB. Receivers are oriented
toward the focal point (△), while the source moves throughout the plotted region.

a relatively isotropic diffuse field, a single sound source and a known or estimated
DDR. The bias compensation corresponds to a transfer function derived from Eq.
92, shown in Figure 23 for analysis order order L = 3 and varying DDRs. The plot
shows that for reasonably high DDR values, little compensation is needed until the
estimated source AoA, denoted α̂, veers far from the sector pattern maximum. The
plot is trimmed both for visibility and because in practice a source estimated to be
very far off-axis from the sector heading would reasonably be discarded and deferred
to a neighboring sector that aligns more closely with its heading axis.
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The bias compensation function is applied in simulation for a sound scene contain-
ing a single source and the result is shown in Figure 24. As the monitored region falls
largely within a shallow AoA to the analysis sectors, the magnitude of improvement
is modest, though the improvement spreads appreciably over the area of coverage.

5.4 Toward multisource localization by spatial sweep with
diffuseness constraint

Diffuseness is a primary derived feature of intensimetric sound field analysis. It
has been used up to this point to assess the ability of a sector pattern to reduce
off-axis interfering sound, while a target source is presumed to be nearly on-axis.
The diffuseness estimate has been shown to be sensitive to the DDR, to the target
source AoA, and to the AoA and proximity of interfering sources. As such, it can be
a useful tool for source detection.

In order to detect one or more sources, multiple analysis sectors, each with a
different orientation and producing a unique DoA estimate, may be used within
an analysis time frame. This will be here referred to as a “spatial sweep”, as the
approach can be thought of conceptually as sweeping a sector through a region of
interest. The method is flexible in that any spherical region (cap, segment, path, etc.)
can be analyzed, with a sampling density appropriate to the sound scene composition
and analysis order (such as spherical coverings of appropriate density or paths based
on the Rayleigh criteria of Eq. 58). In the present case, sources will be assumed
to be confined to the horizontal plane, so a spatial sweep will be conducted from
each receiver to cover a 180◦ range oriented away from the nearby wall. The spatial
sampling interval will be over-sampled for illustrative purposes in 3◦ steps.

Once analyses are produced for each sector in the sweep, the diffuseness measure
can be used to cull the corresponding DoA estimates. Recalling that a spatial
filter applied to the pressure and velocity components of a sound field will alter the
diffuseness estimate (see Section 4.2), order-dependent bounds need to be established.
Equation 91 defines the expected diffuseness for a sound field with a given DDR and
a source arriving on-axis with the sector. Assuming the DDR is known or estimated,
this can serve as the minimum diffuseness, i.e. the best-case value that can be
expected for detecting a sound source. Equation 89, on the other hand, defines the
diffuseness that can be expected for a sector peering into a purely diffuse field, in
the absence of a sound source (refer to the shifting maximum diffuseness by sector
order of Figure 9). These two values then serve as reasonable bounds within which
DoA estimates can be culled according to a diffuseness threshold

ψ< = ϑ(ψdf,w − ψdp,w) + ψdp,w (96)

where ϑ ∈ [0, 1] is a user-defined, normalized threshold below which DoA estimates
are kept. Given a set of DoA estimates D = {Ωr}R for R observations in the spatial
sweep, the subset selected for subsequent source localization is

D< = {Ωr | Ωr ∈ D, ψ̂r < ψ<} (97)
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where ψ̂r is the diffuseness estimate for the r-th observation.
Figure 25 illustrates the DoA culling process for a scene comprised of three sound

sources, their DoAs indicated by dashed lines of different color, with the threshold
ϑ = 0.25. Note the differing diffuseness scales of the panels in the top row on account
of the diffuseness range being compressed with increasing order. This illustrates the
utility of formulating a normalized diffuseness threshold value for consistency across
analysis orders.

Figure 25: DoA estimation culling by diffuseness constraint for observations made over a
spatial sweep. An analysis sector is “swept” across a 180◦ range on the azimuthal plane in
steps of 3◦. Left and right columns correspond to analysis orders L = [3, 5], respectively.
Top panels show the diffuseness estimate contours across the sweep (maroon line). Dotted
lines ( · · · ) indicate the diffuseness bounds within which the diffuseness threshold is selected
according to Eq. 96, and ϑ = 0.25 (note the different y-axis scales). Grey lines indicate the
sector energy contour, normalized across all observation in D such that E ∈ [ψdf,w, ψdp,w]
for display purposes. Bottom panels show the corresponding DoA estimates, where x- and
y-axes are azimuthal directions of the sector heading and source DoA, respectively. True
source DoAs are marked with dashed lines (−−), individuated by color. DoA estimates are
retained for which the diffuseness measure ψ̂ < ψ<, highlighted by points (•) in all panels.

The diffuseness metric proves to be a useful culling strategy in this example, as
the selected DoA estimates are observed to be reasonably accurate, and the accuracy
improves with analysis order. Furthermore, the estimates of highest accuracy do
not correspond to those sectors which are oriented directly toward the source. This
indicates that for a sound field composed of multiple sources, the complex interactions
among the sources and the beam pattern (side lobes in particular) are not easily
anticipated. The diffuseness constraint therefore offers improved DoA estimation
over an energy constraint—note the grey line of the sound field directional energy
contour—the peaks of which either obscure some sources or are misaligned with the
source DoAs.



6 Conclusion and outlook
This thesis has presented an evaluation of high-order sector-based analysis of sound
fields with distributed spherical harmonic receivers, in the context of 3D source
localization. After a review of intensimetric sound field analysis using first-order
spherical harmonic (SH) signals, including intensity-based diffuseness estimators,
spatially-localized analysis of high-order SH signals by sector-based sound field
decomposition was revisited. Through simulation of acoustic scenes comprised of
fundamental sound field components, performance characteristics were evaluated
for source direction-of-arrival (DoA) estimation using ideal SH receivers. Specific
conditions were examined in detail: the impacts of varying direct-to-diffuse energy
ratios (DDR), temporal averaging of intensity measures, and source angle-of-arrival
(AoA). The influence of an interfering sound source at varying proximity to both the
target and the receiver was also assessed. Reverberant conditions were simulated to
consider the performance of intensimetric analysis in non-ideal diffuse circumstances.
The latter two conditions were of interest for challenging the underlying simple sound
field model of an isotropic diffuse field and plane wave mixture. These assessments
established a basis for evaluating a 3D source localization scheme which employed
DoA estimates derived from analyses across multiple distributed SH receivers. The
advantages and caveats of sector-based sound field analysis were detailed for each
acoustic condition.

Across all evaluations, it is clear that a primary advantage of sector-based analysis
in source localization is the improvement of the DDR for a target source signal (or
similarly, the direct-to-interferer ratio), an effect which compounds when using
multiple receivers. Through the rejection of diffuse or otherwise interfering energy
that is off-axis to the sector’s spatial filter, the proportion of energy from the target
source contributing to the intensimetric analysis—from which the DoA and diffuseness
estimates derive—is maximized. However, in the single-source case the improvements
in DoA estimation by higher-order processing diminishes above a threshold angle-
of-arrival which decreases with increasing order, contingent upon the DDR. Source
localization performance across multiple receivers reflected many of the constraints
of successful DoA estimation with regard to the sector pattern’s interactions with
the DDR and source AoA. The region of highest localization accuracy consistently
anchors to the focal position of the sectors and further draws toward the centroid of
the receiver arrangement where projected DoAs would be maximally orthogonal. In
cases cases where DoA estimates across receivers are collinear, estimation becomes
erratic but is largely resolved by an additional receiver. Finally, source proximity
has a considerable impact on 3D localization. In particular, interferer proximity
can highly impact the DoA estimate of the nearby receiver, skewing subsequent
localization results. In such a case, a higher receiver count is advantageous to
minimize the impact of the erroneous contribution to the ensemble of estimates.

The evaluation results, along with consideration of analytical expressions describ-
ing the behavior of the diffuseness metric under a spatially-filtered sound field, led to
the proposal of various refinement strategies. Recognizing that not all receivers will be
optimally positioned, their contribution to the localization estimate can be weighted
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by their corresponding diffuseness measure, or by their distance from or orientation
to an initial source position estimate. Such techniques show improvements but are
sensitive to sound field conditions. Finally, a multisector “spatial sweep” technique
is used in combination with a diffuseness constraint used to cull DoA estimates that
can serve multiple-source localization. The spatial sweep also revealed that, in a
complex acoustic scene, the DoA estimates of highest accuracy do not necessarily
correspond to those sectors which are oriented directly toward the source, suggesting
that redundant spatial coverage by multiple sectors offers increased accuracy.

Sector-based intensimetric analysis shows clear advantages over traditional first-
order methods in complex acoustic scenarios. The method shows promise in a
variety of applications, especially those with multiple concurrent sources or in high-
noise environments. Opportunities remain to incorporate optimization schemes,
such as iterative estimation weight refinement and source subtraction, integration
with subspace methods, and cross-sector and cross-order correlation metrics. Other
intensimetric analysis, such as numerous reactive field indicators, can be incorporated
into the technique to assist in sound field characterization. Receiver and sector
arrangements should be further explored, along with other beamforming and nulling
techniques, to provide robust source localization and signal extraction. Further
progress in these areas would inform parametric sound field reproduction, creative or
restorative sound scene processing, and object-based transmission and reconstruction,
all of which serve the emerging paradigm of sound field synthesis for fully mobile
6DoF navigation.
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