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In the field of autonomous driving, vehicle models are the basis for a variety
of research. Vehicle models provide simulated data describing trajectories and
dynamics of vehicles, and the property that the utility of vehicle models is in-
dependent of real vehicles makes it possible to obtain a large amount of data
quickly. Efforts have been made surrounding the construction and validation
of vehicle models. However, currently, vehicle models could produce simulation
errors under certain circumstances such as extreme speed driving and complex
steering.

The proposed solution to the simulation error problem in this thesis is to pre-
dict the error and combine vehicle model simulation and error prediction. In
this paper, attempts that applying deep learning to build point prediction error
models and uncertainty-aware error models are made. Valid error models that
pass validation tests are expected to offset residual between vehicle models and
real systems, which allows using of non-accurate vehicle models. Besides, error
prediction is useful to collect cases that have high simulation errors, which are
important to analyze and fix vehicle models.

The above methods are applied to a tractor-semitrailer dynamics model based on
physical principles, provided by Volvo Autonomous Solutions. Involved data is
collected from the corresponding tractor-semitrailer, under various driving con-
texts, and over diverse manoeuvres. Statistics-based evaluation results show
that deep learning is potential in vehicle model error modeling, although the
uncertainty-aware error model trained for the tractor-semitrailer fails in the val-
idation test.
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ANN
BNN
BP
CR
DNN
DL
HMC
LR
LSTM
MC
MSE
NLL
00D
RNN
V&V

Artificial Neural Network
Bayesian Neural Network
Back-propgation

Coverage Rate

Deep Neural Network
Deep Learning
Hamiltonian Monte Carlo
Learning Rate

Long Short-term Memory
Monte Carlo

Mean Square Error
Negative Log-likelihood
Out of Distribution
Recurrent Neural Network
Verification and Validation
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Chapter 1

Introduction

Vehicle models are the cornerstone in the field of autonomous driving to some
extent, as multiple autonomous driving research tasks rely on the vast amount of
simulated data provided by vehicle models. Ideal vehicle models are expected to
have great performance in imitating a real system, which is represented by low
simulation error. However, error is inevitable within the process of simulation.
This thesis revolves around error prediction, which is useful for multiple applica-
tions including data collection, model analysis, etc. This chapter introduces the
motivation and research questions of the project.

1.1 Problem Statement

During the simulation process of a tractor-semitrailer dynamics model created by
Volvo Autonomous Solutions, whose essence is to imitate the states of real tractor-
semitrailers and represent states with dynamic signals for given manoeuvres in
specified environments, error is inevitable to be produced, especially under extreme
circumstances such as high speed driving. The existence of error could result in
failing in validation tests, which signifies rejection of the vehicle model. Thus, the
main purpose of this thesis is to build error models, which learn and predict the
residual between the tractor-semitrailer dynamics model and the real system. The
motivation is that, firstly, valid error models are able to complement the vehicle
models [12] by offsetting the residual, thus, more reliable simulation of the vehicle
is accessible. Secondly, error prediction allows for efficiently collecting cases with
high simulation error, which are useful to analyze and fix vehicle models. Besides,
error modeling is an implicit and intuitive way to validate vehicle models [12]. In
a word, error modeling is worth studies.

As vehicle states are dynamic, temporal-based regression methods are attempted
in this project. Based on the above-mentioned vehicle model and data collected
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from the corresponding vehicle, recurrent neural network (RNN) based point pre-
diction models are built to predict model error. Besides, to have insights into the
uncertainty level about error prediction, RNN based uncertainty-aware models
that provide predictive interval are also established.

To prove that the error models have a good performance in predicting errors,
evaluation methods based on statistic analysis are implemented on test data. Be-
sides, validation test id designed for uncertainty-aware models to check if they are
trustworthy for complementing the vehicle model,

In summary, the research goal is

1. to explore the possibility of applying deep learning (DL) for predicting vehicle
model error for the tractor-semitrailer dynamics models.

2. to investigate if DL-based error models are accepted to complement vehicle
models.

1.2 Structure of Thesis

Chapter 2 introduces background knowledge related to the project purpose, includ-
ing aspects of neural networks, model validation, and error modeling. Chapter 3
elaborates the project purpose in detail and builds a connection between back-
ground knowledge and this project. Chapter 4 shows the materials including the
vehicle model and data involved in this project. Chapter 5 introduces experi-
ment methods, including model architecture, parameters selection, etc. Chapter
6 presents the evaluation and validation results of the error models. Discussion
around results and potential future research direction is in chapter 7. Finally,
chapter 8 concludes the project.



Chapter 2

Background

To validate the vehicle model as well as error models, various validation methods
are introduced in Section 2.1. For vehicle models that fail in validation tests, error
models as introduced in Section 2.2 play a role in complementing vehicle model.
Besides, papers regarding recurrent neural networks and uncertainty-aware neural
networks, which are core algorithm of error modeling, are presented in Section 2.3
and 2.4.

2.1 Model Validation

Model validation is the process to determine if the model should be accepted or
rejected. Following papers define various validation methods, including referring to
statistic metric [13, 17], Bayesian hypothesis testing and [3] reachset conformance
[25].

In [21], the Verification and validation (V&V) framework was first proposed.
It gave a definition of model validation, which is "to substantiate that a com-
puterized model within its domain of applicability possesses a satisfactory range
of accuracy consistent with the intended application of the model”. This means
model validation is meaningful only if it is conducted within the domain of desired
application of the model. The history review of V&V is provided in [20], which
summarises the research regarding V&V since the 1970s.

Multiple model validation techniques were summarised in [11]: face validation,
tracing, internal validation, sensitivity analysis, historical validation, predictive
validation, events validation, turning tests, spectral analysis, experimentation, and
convergent validation. Among these techniques, historical validation, which refers
to checking if the model behaves as the real system does base on data, is of most
interest in this thesis.

An example of historical validation is in [17]: to validate a full vehicle model,
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coast down, step steer, and ramp steer was executed on real vehicle and virtual
model to extract dynamic behavior data. To quantify the validation, RMSE cal-
culation was conducted on sequential data.

Besides RMSE, there are other measurements derived from residual analysis.
Ljung and Hjalmarsson introduced following approaches to model validation based
on residual analysis in [13], where they also discussed how the distance between
the model and ’true’ description could be estimated. Firstly they defined sev-
eral statistics around model residuals including 1) maximal absolute value of the
residuals, 2) mean, variance, and mean square of the residuals, and 3) correlation
between residuals and past inputs. These statistical measures are ”indicators”
that indicate how the model will perform in the future. After choosing measure
metrics, following criterion are set to validate models: 1) upper bound for mean
square error or the maximal absolute value of the residuals, and 2) correlation
between residuals and past input to be small in some sense. Models that meet
above requirements could be seen as unfalsified.

To validate Volvo’s vehicle model, Dineff proposed statistics-driven method in
[3]. Bayesian hypothesis testing applied to the location parameter of distribu-
tion that describes the observed data was conducted in the form of parameter
estimation to validate the model. In other words, the posterior distribution of
location parameter was constructed and hypothesis testing was then applied to
the highest density interval and region of practical equivalence. The hypothesis
testing results show whether the specific models are valid. Focused on the same
task, Takkoush proposed a validation method by reachset conformance between
low and high-fidelity models in [25]. While conducting reachability analysis on
low order models, rapidly-exploring random trees are implemented to explore the
dynamics of higher order models. By checking whether the performance of the
high order model can be predicted from this reachability analysis, validation of
models derived for specific driving context is accomplished.

2.2 Model Error Modeling

Model error constitutes part of model residual in conjunction with disturbance,
and their relation is shown in figure 3.3. It is reasonable to divide residual between
simulated data and system data into model error and disturbance, while only model
error is related to model inputs [13].

Ljung put forward that model error modeling is implicitly a method for model
validation and it allows better visualization of residual analysis in [12]. The falsified
model is defined in their paper as the models that do not pass certain validation
tests that examine their performance on given data sets. Besides, the authors
believe that error models could allow use of falsified models by combining error
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Figure 2.1: Structure of a multi-layer ANN model, which is comprised of an input
layer, an output layer, and two hidden layers. Each layer contains multiple neurons
that are connected by directed edges with variable weights.

models and falsified models. Linear and non-linear model error modeling solutions
are presented in the paper. For dynamic models, the corresponding error mod-
els predict error using past inputs, and its linear solution could be Least-Square
estimation while the non-linear solution could be neural networks. The authors
suggest building linear error models first and extracting it from the residual, the
rest residual could be predicted with a neural network.

2.3 Recurrent Neural Network

Artificial neural networks (ANN) refer to the complex network structure formed by
interconnecting a large number of processing units (neurons), and it is an abstract
simulation of the structure and operation mechanism of human brains. An ANN
model that is comprised of multiple layers is also referred to as a Deep Neural
network (DNN). Figure 2.1 presents a four-layer ANN model. As the flow shown
in the figure, inputs in the form of embedding vectors first enter the model from
the input layer, after operations of values on neurons and edges at each layer,
outputs are provided finally.

The approximation of ANN models to data is achieved by adjusting the weights
on edges, and back-propagation (BP) [18], a widely used algorithm for training
neural networks, is a method for this purpose. Firstly, a loss function that describes
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the distance from predicted outputs to targets for the network is defined. For
instance, mean square error (MSE) as Equation 2.1, where y; and ¢; is the i
target and prediction, is an optional loss function for regression tasks.

MSE ="y — 5’ (2.1)
i=1

Then, for each pair of input and target, the network calculates the loss be-
tween target and output predicted by the network, and applies gradient descent
on weights, which means computing the gradient of the loss function with respect
to the edge weights of the network. Iterating this process with training data set
could improve model performance and reduce the loss function. BP could not only
be applied to single input-output pair and iterated throughout the whole data set
but also able to calculate with batches of samples.

The training goal of ANN models is to build a model that has the best predic-
tion performance on the validation set, by figuring out the best hyper-parameter
configuration over possible hyper-parameter spaces. To achieve that, evaluation is
implemented on the validation set. More knowledge regarding evaluation, includ-
ing avoiding overfitting, the trade-off between bias and variance, regularization,
etc. is available in the book [16].

As introduced before, Recurrent Neural Network (RNN) is an option for non-
linear error models. RNN [4] is a class of artificial neural networks (ANN). Similar
to ANN, it takes in input vectors and gives predictions for the target. Differing
from normal ANN] its connections between nodes form a graph along a temporal
sequence as shown in figure 2.2. Simply put, at each time step, inputs are fed
into the RNN network, and information goes through the hidden layer until the
output layer, while output is produced from the output nodes, the information of
the hidden layer will remain at the hidden nodes. Till the next input vector is fed
in, the hidden information will be engaged in the calculation of the hidden layer.
Thus, this structure allows the information to be conveyed through time. In other
words, the output is decided by both the current input and hidden information
got from earlier data.

Long Short-Term Memory Neural Network (LSTM) is one type of RNN model.
During the training of RNN models, as the training time extends and the number
of network layers increases, the problems of gradient explosion or gradient disap-
pearance occur, which makes it impossible to process long sequence data and thus
cannot obtain long-distance data information. In 1997, LSTM was proposed [9],
which effectively solved above problems. In 1999, Felix et al. found that for the
LSTM proposed in [9], when processing continuous input data, the state inside
the network is not reset, which is possible to result in the crash of the network
eventually. Therefore, they introduced a forget gate mechanism based on the ar-
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Figure 2.2: Structure of a basic RNN cell [6]. @x,h,0 denotes input state, hidden
state, output state, respectively. U,V and W are the weights of the network.
Unfolding the structure, it shows the process of information transmitting through
time. Due to the structure, previous information is accumulated inside the RNN
cell and is engaged in deciding future outputs.

chitecture [9], which enables LSTM to reset its own state [8]. The structure of
LSTM is presented in figure 2.3 and the corresponding computation process is
shown as equation 2.2, where ® denotes the element-wise multiplication. Com-
pared to Basic RNN, LSTM has additional cell states that transmit through time
as well as hidden states, while only hidden state is the output from the LSTM cell
to the next layer in network

fe =c(Wjsxy + Ushy_1 + by)

it :U(Wiwt + Uiht—l + b,,,)

oy =0c(Woxy + Uyhy_1 + b,)

é; =tanh(Wexy + Uchy—1 + b,)
ct =0(ft ©cr—1 +1 O &)

h; =o0; ® tanh(cy)

(2.2)

2.4 Uncertainty-aware Deep Neural Network

Neural networks are widely used for complex tasks. Due to the complexity of the
research problem and the limitation of available data, there is no guarantee that
the prediction of networks is correct all the time. Thus, an indicator that tells the
uncertainty, or confidence in the opposite, about the prediction is necessary. In
other words, for each input sample, along with the prediction result, there should
be a value indicating how uncertain or confident the network is about the provided
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Figure 2.3: Structure of a basic LSTM cell [5]. As presented in equation 2.2,

current hidden state and cell state is decided by inputs x;, previous hidden state
h:_1, and previous cell state ¢;_1.

prediction. The following papers introduce types of uncertainty and an approach
to measure uncertainty applicable to regression tasks.

Uncertainty Type

Firstly, [2] summarised the source and categories of uncertainty for DNN predic-
tions. There are various sources of uncertainty, including the selection of form of
the model, estimation of model parameters, and inherent uncertainty of observa-
tions, etc. A simple way for uncertainty categorization is to distinguish uncertainty
as either aleatory uncertainty or epistemic uncertainty.

1. Epistemic uncertainty is also referred to as model uncertainty, which could
be resulted from the imperfection structure of the model, sub-optimal es-
timation of model parameters, and insufficient training data that cannot
represent the entire context for autonomous driving tasks, such as weather,
humidity, and a large number of other factors. Theoretically, epistemic un-
certainty could be avoided by training enough data and getting a perfect
model. However, in practice, it is impossible to include the whole context in
training data. On the other hand, it is also hard to find the optimal model
configuration among the huge possible parameter space.

2. Aleatoric uncertainty captures the inherent uncertainty of samples. Simply
put, it is not possible to reduce aleatory uncertainty even if the networks are
perfect.
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Figure 2.4: DeepAR structure. Instead of point prediction, DeepAR calculates
probability distribution over possible outputs, through a probabilistic output layer,
whose essence is to predict necessary parameters of pre-defined distribution type.

In summary, there are two types of uncertainty existing: aleatory uncertainty
and epistemic uncertainty. To capture and quantify the uncertainty, a popular idea
is to calculate a probability distribution over all possible output values and extract
uncertainty from the distribution. The following paper discusses an approach that
is applicable to DNN models to calculate the distribution.

Probabilistic Layer

To measure the uncertainty for DNN prediction, one of the approaches is to in-
troduce a probabilistic layer to the networks. Based on LSTM, Amazon proposed
DeepAR, an autoregressive recurrent network that is capable to provide proba-
bilistic forecasting [19]. Instead of point prediction, they proposed this network to
predict a probability distribution of target variable given past information, thanks
to the architecture which includes a probabilistic layer as shown in figure 2.4.
The type of predictive probability distribution is predefined according to the
research problem, such as Gaussian distribution. In this paper, the authors took
Gaussian distribution as an example as equation 2.3. The essence of the proba-
bilistic layer is predicting distribution parameters that describe distributions, such
as mean and standard deviation for Gaussian distribution. Parameters of pre-
dictive distribution could be parameterized as a linear or non-linear function of
hidden information. For instance, the mean and standard deviation of Gaussian
distribution in the paper is calculated as shown in equation 2.4 and 2.5.
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-1 —(z—p)®
p<Z|IU“70_) - \/W X exp( 20_2 ) (23)
pi(hig) = Wihis + by, (2.4)
o(his) =log(1+ exp(Whiy +b,)) (2:5)

The weights W,,, W,, b,, and b, in above equations are trained during the
training process of networks, along with other weights of the network. For this pur-
pose, the optional loss function is negative log-likelihood of target given predicted
probability distribution as equation 2.6, which takes into account not only the ac-
curacy of the point prediction but also how descriptive the associated uncertainty
(variance) is. In other words, the goal is to maximize the probability of occur-
rence of the actual target given the predicted distribution which is determined by
inputs and model parameters. After training, the probability distribution could
give insights into both point prediction and prediction uncertainty.

N T
Loss = — Z Z log p(2i ¢ i(hig), 0 (hig)) (2.6)

i=1 =0
In addition to the probabilistic layer, more approaches to uncertainty esti-
mating: bayesian neural network (BNN), deep ensemble, and MC-Dropout are
available in appendix A. Although BNN has advantages in the theoretical aspect,
it requires a lot of effort in the training phase due to the large number of inte-
grations. And in practice, MC-Dropout and deep ensemble cost high computation

power in prediction.

Quantifier

Above introduced uncertainty-aware deep models all produce prediction distribu-
tions. To extract uncertainty from predictive distribution or point predictions, a
quantifier is necessary. For regression tasks, variance is the most common quan-
tifier. In [27], the authors proposed to use distribution mean and distribution
variance as prediction and uncertainty, respectively.
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Problem Formulation

Above introduced methods are implemented to the research problem, which re-
volves around error modeling for a tractor-semitrailer dynamics model, and the
following detailed problem description gives a connection from the research prob-
lem to background knowledge.

First of all, a tractor-semitrailer model that provides simulation data is the
research target. The vehicle model aims to quickly produce simulation signals for
multiple research tasks in the realm of autonomous driving. However, error is also
generated from the vehicle model, which makes simulation signals not reliable.
In order to compensate for the errors generated by the vehicle model, the core
problem of this thesis is to build a error model which could learn and predict
errors for lateral dynamics. A valid error model that passes evaluation tests on
test data is able to compliment the vehicle model. The relation of vehicle, vehicle
model, and error model is shown in figure 3.1.

A brief introduction to the vehicle model is presented in section 3.1. Different
sources of gap between signals collected from vehicle and simulation data from the
vehicle model are introduced in section 3.2. Tasks for building and validate error
models is elaborated in section 3.3.

3.1 Volvo Dynamics Vehicle Model

This project is implemented on a dynamic vehicle model which is used to simu-
late a tractor semi-trailer. The nature of vehicle models is simulation of vehicle
states composed of multiple signals given manoeuvres within a certain period un-
der certain circumstances. The structure of a specific vehicle model, as well as the
composition of the input and output, is determined by the purpose, fidelity, and
application scenarios of the model. Figure 3.2 shows the abstracted structure of
the truck model in this project.

17
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environment

Vehicle > real state

A
maneuver | s — Error

\ \:r Model
vehicle | imulation state

Model

Figure 3.1: Vehicle model aims to producing dynamics signals that simulate real
vehicle, however error is inevitable. Error model learns from vehicle model and
real vehicle to make prediction for errors. Thus, error model could compliment
vehicle model.

In this project, the internal principles of the model is not explored deeply, which
can be considered as a reasonable black box model based on physical principles. It’s
certain that at each moment, the input of the model represents certain manoeuvre
is denoted by a vector and is fed to the black box, and the corresponding output
that represent simulation truck state is provided also as a state vector. Within
the process of simulation, each component of the model is possible to introduce
errors compared to the real system. More specifically, this project focus on model
error for lateral dynamics of the truck. Thus, the goal of this project is to improve
vehicle model simulation for yaw rotation rate, which is one of the representatives
of lateral dynamics.

3.2 Vehicle Model Residual

To explore how accurately the vehicle model simulates the real system, a large
amount of data from the model as well as the system is collected, covering a wide
variety of operations.

Firstly, different manoeuvres are performed on the real truck, and state values
of the truck are collected at discrete time steps using sensors. These data collected
from sensors, so-called ’sensor data’ later in this thesis, have noise introduced by
sensors. After cleaning sensor data, dynamic inputs which are fully consistent
with denoised sensor data are passed to vehicle model and the simulated data is
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inputs
i

Actuator

actuator output

l

simulation

Figure 3.2: Vehicle model structure. A vehicle model is comprised of the controller,
actuator, and dynamic model.

obtained.

The above two steps respectively result in sources of gaps between the simula-
tion data and the real system, as shown in figure 3.3. First, there is gap between
simulation data and real data, which is 'residual’. It’s reasonable to consider two
sources of residual, model error and disturbance. The former is caused by the
imperfection of the vehicle model and is related to the inputs of the model, and its
existence means that the model can be further optimized. The latter is produced
by external situations that are not represented by model input. Second, the sensor
generates noise when collecting data, resulting in inconsistency between the real
vehicle dynamics and the sensor data, although sensor noise is relatively smaller
than the residual. As introduced in section 2.2, only error is variant to vehicle
model inputs. In other words, with data that is currently involved in a model,
noise or disturbance cannot be avoided, but model error is possible to be reduced
by improving vehicle models.

In summary, the difference between simulation data and sensor data comes
from three aspects, sensor noise, model error, and disturbance. Since error is
predictable, the project goal is to improve simulation results for yaw rotation rate
by compensating model error.
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Figure 3.3: Source of residual and noise. Error and disturbance constitute residual,
while noise is caused by sensor.

3.3 Error Model

Now that the vehicle model based on physics has simulation error, data-driven
DL models are chosen as architecture of error models. DL cannot reduce error
of vehicle model directly, but DL models can predict vehicle model error given
sufficient data. Thus, to improve simulation results for yaw rotation rate, a possible
method is to build error models based on DL and compensate model error with
error model prediction.

Vehicle state is determined by the operation and past states, so the error models
also predict the error from history states. Therefore, attempts are made to build
error models based on RNN since RNN model architecture fully take use of history
information. To make error model independent of real truck in prediction phase,
vehicle model inputs and simulation results, which are available without real truck,
are candidate information for error model construction, and vehicle simulation
residual is learning target.

In addition to error prediction, uncertainty level about prediction results is also
important knowledge since it indicates the reliability of applying error forecast to
vehicle model. Thus, two categories of error models are established, the first
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being point prediction models and the second being uncertainty-aware models,
both expressed as a deep recurrent neural network. While point prediction models
could only provide prediction for model error, uncertainty-aware models also tell
the uncertainty about the prediction.

3.4 Error Model Evaluation and Validation

To prove that RNN-based error models have a good performance in predicting er-
ror, error model evaluation is necessary. Following the common idea for evaluating
DL models, statistics metrics based on prediction residuals is selected, including
Mean Square Error (MSE) and the correlation between the residuals and the past
inputs. MSE visually describes how close the model is to the targets, while the
latter metric can indicate whether the existing model residual contained error or
disturbance. According to [13], only error is related to model inputs and dis-
turbance cannot be learned from the data involved, thus, the value of the latter
indicator reveals if the residual could be eliminated by further learning from model
inputs. If the value is somewhat small, then it can be believed that the error model
performs well at predicting error, and the remaining residuals are composed of dis-
turbance and noise. Besides, log-probability of targets given model is applied to
uncertainty-aware models.

To investigate if RNN-based error models are capable of complementing vehicle
model, validation based on prediction results is designed for uncertainty-aware
error model. Valid error models should meet the criteria set for the prediction
results on the test data. Considering the purpose of validation is to guarantee
the reliability of error models, a minimun bound for coverage rate of prediction
interval to target is set.

In conclusion, the main purpose is to build error models that can predict simu-
lation error for yaw rotation rate and compensate the simulation residual of truck
model with error prediction results. With assumption that the truck model is
able to simulate longitudinal signals with ignorable error, the research could be
explained as modeling error for yaw rotation rate while longitudinal dynamics
is fixed. To achieve this goal, the error models resorts to RNN models and are
trained with vehicle simulation residual. Although simulation residual contain not
only error but also noise and disturbance, noise will be reduced by frequency do-
main filtering in the data pre-processing stage, while the existence of disturbance
is revealed by model evaluation metric based on the correlation between error
prediction residual and inputs.
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Materials

Above mentioned research is applied to the vehicle model and data provided by
Volvo Autonomous Solutions. Vehicle model is introduced in section 4.1. Data
collecting and pre-process is in presented in section 4.2 and 4.3. An example of
vehicle model simulation is displayed in section 4.4.

4.1 'Tractor-semitrailer Dynamics Model

The physics-based tractor-semitrailer simulation model is abstracted as shown in
figure 4.1. Neglecting its inner principles, this project pays attention to the data
interaction. Firstly, the model inputs include 45 variables and some of them de-
scribe vehicle manoeuvres such as velocity, brake position, gear, payload fraction,
and wheel angle, others represent the external environment including friction coef-
ficient, height and slope of roads. Due to the lack of ability to monitor the external
environment, related variables are replaced by constants. The friction coefficient
is set as 0.7 while height and slope of roads are 0.

Given continuous input data, the vehicle model simulates thousands of out-
put variables, and among them is the research target, yaw rotation rate, which
describes lateral dynamics and means the rotation rate about the z-axis of the
vehicle. In addition to yaw rotation rate, some other output variables including
simulated acceleration and velocity, are also extracted. The simulation frequency
is set as 100 Hz, which is not too low so that the simulation becomes coarse or too
high so causing the vehicle model to slow down.

In summary, dynamic variables comprised of velocity, brake position, payload
fraction, wheel angle, etc. are engaged in the simulation process with a simula-
tion frequency at 100 Hz, and simulated variables including yaw rotation rate are
extracted from simulation results.

22
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Velocity [m/s]

Brake position [percent] Yaw rotation rate [rad/s]
Payload fraction [percent] Tractor-semitrailer RF’” rotation rate [rad/s]
Wheel angle [radian] dynamics model Pitch rotation rate [rad/s]

Gear Accelerations [g]

External variables Velocities [m/s]

Figure 4.1: Abstract tractor-semitrailer dynamics model, a physics-based model
that simulates tractor-semitrailer with tens of inputs variable and produces thou-
sands of outputs.

4.2 Data Collection

The following flowchart shows the project flow from collecting data to training
model, which follows below steps.

1. The first task is to collect and prepare data. Firstly, various manoeuvres
are performed on the tractor-semitrailer, while sensors are collecting signals
lasting for hours continuously. Depending on research tasks, at least wheel
velocity, brake pedal position, steering wheel angle, payload, and yaw rota-
tion rate are collected.

2. As discussed above, there is sensor noise between the sensor data and the real
state of the vehicle, and this sensor noise is usually high-frequency noise and
constant bias, so pre-process of the sensor data is implemented to eliminate
sensor noise as presented in section 4.3.

3. After pre-processing, the input variables that denote manoeuvres are avail-
able to be fed into the vehicle model, and yaw rotation rate signals are also
available to validate and evaluate models. The next step is to apply input
variables to the vehicle model and collect simulated data as introduced in
section 4.1.

4. Finally, pre-processed input variables, simulation data, and simulation resid-
uals are normalized to [-1,1] interval and are involved in error model con-
struction.
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4.3 Sensor Data Pre-processing

The raw data collected from the sensors is generated by performing various ma-
neuvers on vehicles for over 9,000 seconds continuously. Signals are collected at
various sampling frequencies ranging from 0.5 Hz to 100 Hz. Table 4.1 lists some
properties of signals involved in this project.

Table 4.1: Properties of collected signals .

‘ Variable ‘ Sampling rate ‘ Mean ‘ Variance ‘
Steering wheel angle [rad] 100 Hz 0.12 | 1.48
Brake position [percent] 100 Hz 482 | 8.89
Gross weight [kg] 0.5 Hz 23488 | 624
Rear axle yaw rotation rate [d/s] | 100 Hz -0.80 | 4.62
Front left wheel velocity [km/h] | 50 Hz 26.50 | 19.05
Front right wheel velocity [km/h] | 50 Hz 26.51 | 19.02
Rear left wheel velocity [km/h] 50 Hz 26.43 | 19.02
Rear right wheel velocity [km/h] | 50 Hz 26.44 | 19.00

First of all, the signals should be split into multiple series manually so that each
series of signals starts from stationary status and is fed into the vehicle model
individually, since simulation error is accumulated as time increases. Thus, the
motionless period, i.e., when the vehicle is stationary lasting for at least 2 seconds,
is marked. The front right wheel velocity is used to mark those motionless periods
and a total of 46 motionless periods are detected as shown in figure 4.2, so all
signals are separated into 47 series. In addition to splitting data series, motionless
periods data is also auxiliary for subsequent frequency filtering.

Besides, gross weight is transformed to payload fraction by equation 4.1, where
vehicle weight is 8932.3 kg and full load is 24000 kg. And steering wheel angle
is transformed to road wheel angle by dividing transform ratio 18.6. After these
basic process, the sensor data enters the frequency filtering stage to eliminate the
noise brought by the sensor.

payload_fraction = (gross_weight — vehicle_weight)/ full load (4.1)

Noise Reduction

Before implementing the filter, some supplementary information is collected to re-
strict filters and calibrate filtered signals to the correct range. This information, as
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Figure 4.2: Wheel velocity and motionless periods marks.
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shown in table 4.2, includes theoretical bound, and desired value during motionless

periods.
Table 4.2: Supplementary information.
‘ Signal ‘ Minimum ‘ Maximum ‘ Stationary value ‘

Wheel angle [rad] -0.7 0.7 -
Brake position [percent] 0 100 -
Payload fraction [percent| | 0 100 -
Yaw rotation rate [d/s] -30 30 0
Wheel velocities [km/h] 0 100 0

Besides, as mentioned above, motionless period data visualization gives an
insight into whether there is constant bias produced by sensors and whether the
data is noised. For instance, figure 4.3 shows the signal of yaw rotation rate during
motionless periods. Yaw rotation rate should be 0 within these periods, however,
the collected data has an average bias at around -0.61. This figure also indicates
that the signal is strongly fluctuating during motionless periods, which means the

sensor brings high-frequency noise.

With the assistance of above information, filter type, filter cut-off value, and
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Yaw rotation rate during motionless periods
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Figure 4.3: Yaw rotation rate during motionless periods. In theory, the mean
value should be 0 but in fact is around -0.61. Meanwhile, the signal shows high
frequency fluctuation.

bias value for each signal is decided as shown in table 4.3. Low-pass filtering is
implemented to all variables excluding load weight, since the original signal of load
weight has a low sampling frequency (0.5 Hz), and low-pass filters under 0.25 Hz
could result in a huge offset. For variables including pedal position and steering
wheel angle, in practice the frequency cannot exceed 5 Hz, thus, they are filtered
with a cut-off at 5 Hz. The yaw rotation rate is affected by steering and road
situation. From the steering aspect, the frequency of the yaw rotation rate change
should not exceed 5 Hz, but considering the uncertainty caused by the road, the
filtering is relaxed to 10 Hz. Wheel velocities are also filtered at 10 Hz due to the
affect of road situation. Butter filters that have attenuation effects are used in this
project, to reduce the effect of attenuation, the order of filters is set high in some
sense, since the higher order of butter filters is, the higher the attenuation rate
is[22].

Additionally, frequency analysis based on frequency spectrum is applied to
assist in determining the cut-off value of filters. A frequency spectrum example
is displayed in figure 4.4. As shown in the figure, 10 Hz is much high than the
maximum frequency of yaw rotation rate signal. Thus, low-pass filter at 10 Hz
would lose slight information.

A clipped segment from denoised results of yaw rotation rate is presented in
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Table 4.3: Filter parameters.

‘ Signal ‘ Filter type ‘ Cut-oft ‘ Filter order ‘ Bias ‘
Wheel angle [rad] low-pass filtering | 5 Hz 9 0
Brake position [percent| | low-pass filtering | 5 Hz 9 0
Wheel velocities [km/h] | low-pass filtering | 10 Hz | 9 0
Yaw rotation rate [d/s] | low-pass filtering | 10 Hz | 9 +0.61

Frequency spectrum of yaw rotation rate

0.8
moﬁ
204
g

0.2

0.0

0 10 20 30 40 50

freauencv

Figure 4.4: Frequency spectrum of yaw rotation rate, and the frequency hardly
exceeds 10 Hz.

figure 4.5. As shown in the figure, yaw rotation rate was filtered to be smoother
and was also corrected from constant bias.

After noise reduction, the obtained signal is split into shorter series at motion-
less time steps. Linear interpolation is applied to signals that have under 100 Hz
sampling rate, to make all signals have the same sampling rate. Table 4.4 presents
properties of signals after above pro-process.

Table 4.4: Properties of denoised signals.

‘ Signal ‘ Mean ‘ Variance ‘
Wheel angle [rad] 0.01 | 0.08
Brake position [percent] 4.86 | 8.90
Payload fraction [percent] 0.61 | 0.03

Rear axle yaw rotation rate [d/s| | -0.20 | 4.62

Front right wheel velocity [km/h] | 26.51 | 19.02
Front left wheel velocity [km/h] | 26.50 | 19.05
Rear left wheel velocity [km/h] 26.43 | 19.02
Rear right wheel velocity [km/h] | 26.44 | 19.00
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Comparison of original and denoised yaw rotation rate signal

yaw rotation rate [deg/s]
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Figure 4.5: Comparison of filtered and original yaw rotation rate signal. Filtering
makes signal smoother, and the constant bias is removed.

4.4 Vehicle Model Simulation

As presented in the above flowchart, pre-processed signals are fed into the vehicle
model to simulate yaw rotation rate. To avoid accumulating error, each series
is simulated individually and does not affect each other. Figure 4.6 shows the
simulation result as well as the residual for yaw rotation rate for a randomly
chosen series.

15
v
o
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% —— vehicle state: denoised yaw rotation rate [d/s]
z simulated yaw rotation rate [d/s]
-E 5 —— residual yaw rotation rate [d/s]
©
°
5
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time [s]

Figure 4.6: Simulation result and residual for yaw rotation rate. Apparently sim-
ulation result is smoother, since sensor data contains not only error, but also
disturbance and noise.
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Methods

To fully utilize the data, following experiments for building a well-performing error
model are designed. Model architecture, model training, evaluation, and validation
methods will be introduced in this chapter.

5.1 Error Model Architecture

As elaborated in chapter 2, point prediction models only provide prediction to tar-
get without other information, while uncertainty-aware models could not only give
predictions, but also offer insights into the uncertainty about the predictions. Two
types of RNN error models are designed, and they have similar basic architecture
but different last layer. The difference in last layer makes one point prediction
type and another to be uncertainty-aware.

Point Prediction Model

The point prediction model architecture is shown in figure 5.1. The hidden layer
is a stack of 2 LSTM layers. A linear layer follows the hidden layers and produces
error prediction.

In the architecture, z;; denotes the inputs vector of the i** series. During
the training process, at time ¢, inputs vector wz;; in conjunction with previous
hidden state h;;—; decides h;; at hidden layers, and then h;; is used to calculate
final output at the linear layer. Target y is not engaged in feed-forward calculation,
but contributes in BP process.

tth

30
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Figure 5.1: Point prediction model architecture, comprised by LSTM layers and a
linear layer.

Uncertainty-aware Model

Inspired by DeepAR [19], a probabilistic layer, which is capable to providing prob-
ability distribution for target over possible value, is added to LSTM cell stack to
form a uncertainty-aware model. The architecture shown in figure 5.2 is comprised
of a stack of 2 LSTM layers, followed by a linear layer which produces distribution
parameters.

Calculation logistics is the same with above point prediction model. Differ-
ently, distribution parameters are predicted by the uncertainty-aware model and
during the prediction process, prediction g could be extracted from the predicted
distribution. Thanks to nature of the data, it is believed that disturbance and
noise, which is source of prediction uncertainty, follows Normal distribution. Thus,
normal distribution is selected as the predictive distribution type to match the
statistical properties of the data. Following deepAR, the parameter p and o is
formed as equation 2.4 and 2.5. As introduced in section 2.4, variance of predic-
tive distribution is a common quantifier for uncertainty, and prediction interval
(Wit — 2044, iy + 2054] with certain confidence is available from predictive distri-
bution.

5.2 Training Inputs and Targets

As discussed in section 2.2, vehicle model input variables and vehicle model sim-
ulation results are involved in error model training. So totally 18 variables are
inputs for error model, as listed in table 5.1. Regarding error model targets, as
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Figure 5.2: Uncertainty-aware model architecture, comprised by LSTM layers and
a linear probabilistic layer.

introduced in chapter 4, residual between pre-processed sensor data and vehicle
model simulation is available. Considering that three sources of gap is inseparable,
the residual is used as learning target for error models, although it contains not
only model error, but also disturbance and some sensor noise that is not completely
eliminated. According to [13], noise and disturbance is unrelated to model input,
thus, an ideal error model can learn model error but not disturbance or noise from
the learning target.

5.3 Loss Functions and Evaluation Metrics

Following deepAR, the loss function for uncertainty-aware model is negative log-
likelihood. As shown in equation 5.1, minimizing the loss function equals to max-
imizing the sum of probability of target y;; given normal distribution N (g, azt),
over series and time steps. This loss function takes accuracy of the target pre-
diction into consideration and also reduce the associated uncertainty as much as
possible. For point prediction model, MSE as equation 2.1 is chosen as the loss
function.

Loss ==Y Y log p(yis|u(hie), 0% (hiy)) (5.1)

i=1 t=0
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Table 5.1: Error model input variables.

‘ Source ‘ Variable ‘ Unit ‘

Sensor signal Vehicle velocity m/s
Brake pedal position percent
Wheel angle radian
Payload fraction percent

Vehicle model simulation | Front axle yaw rotation rate d/s
Rear axle yaw rotation rate d/s
Front axle roll rotation rate d/s
Rear axle roll rotation rate d/s
Front axle pitch rotation rate d/s
Rear axle pitch rotation rate d/s

Front axle longitudinal acceleration | g
Rear axle longitudinal acceleration | g

Front axle lateral acceleration g
Rear axle lateral acceleration g
Front axle longitudinal velocity Km/h
Rear axle longitudinal velocity Km/h
Front axle lateral velocity Km/h
Rear axle lateral velocity Km/h

To measure the performance of regression results, MSE is applied to both uncertainty-
aware models and point prediction models. For uncertainty-aware model, MSE is
implemented on targets and predicted p. Additionally, negative log-likelihood is
applied to uncertainty-aware models. Besides, Pearson correlation between error
model prediction residual and past inputs as shown in equation 5.2 is another met-
ric, which reveals the model ability to learn errors from vehicle model residuals.
In equation 5.2, ¢~ and €, is vector comprised of specific input variable and error
model residual respectively, and there is 7 seconds shift between them. Thus, the
correlation between the past input variable and error model residual is expressed
as correlation between ¢, and €.

pr(wvy - g) = p<¢‘r7 6"’)
¢r =[x(1),2(2),....,2(T — 7)) (5.2)
e =l +1) —y(r+1),9(r +2) —y(7 +2),..9(T) — y(T)]
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Figure 5.3: Data separation.

5.4 Hyper-parameter Configuration

To select best hyper-parameter configuration, the series is split to training and
testing data at a ratio of 8:2, and during the hyper-tune phase, model is trained
with 80 percent training data while validation is applied to the last 20 percent of
training data to search over optional hyper-parameter values. The best configu-
ration, with respect to above evaluation metrics, is then used to retrain a model
with the whole training data and the model will be evaluated and validated on
test data. The training, validating, and testing data separation is shown as figure
5.3. With assumption that test data follows distribution of unseen data, the final
evaluation results could be seen as the estimated performance on future data. Due
to computational power limitation, only following hyper-parameters are tuned:

Table 5.2: Hyper-parameters for RNN based error model.

‘ Hyper-parameter ‘ Search space ‘ Description ‘
Batch size [8,16,32,64] # of samples propagated to the network at
once.
Epochs 1-50 # of passes of the entire training data.
TBPTT * [128,256] Truncated back-propagation through time.
Learning rate (LR) | [0.01,0.05,0.1,0.2] | Step size at each iteration while moving
towards a minimum of the loss function.

* TBPTT, is a training algorithm for recurrent neural networks where “the sequence is
processed one time step and every k1 time steps, it runs BPTT for k2 time steps” [24], in
this thesis same TBPTT value is chosen for k1 and k2.
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5.5 Validation Criteria

Evaluation results tell if the error model has good performance to predict error,
while validation results represent if a error model is accepted and will be used
to compliment the vehicle model. A good error model is expected to provide
probability distribution of which real target is included in 99% prediction interval,
as shown in formula 5.3. In this project, error models that provide over 80%
samples with useful prediction interval are considered as valid models. Thus the
validation criteria requires 99% prediction interval coverage rate (CR) on test data
is not less than 0.8, as shown in formula 5.4. Meeting validation requirements
means reliability of error models.
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Results

The best hyper-parameter configuration for the point prediction model and the
uncertainty-aware model, along with corresponding performance on the validation
set, is presented in table 6.1.

Table 6.1: The best hyper-parameter configuration.

‘ ‘ Batch size ‘ TBPTT ‘ LR ‘ Epochs ‘ Performance ‘

8 128 0.01 | 41 0.11 (MSE)
8 128 0.1 |48 -0.70 (NLL)

Point prediction model
Uncertainty-aware model

Retraining two types of error models with above hyper-parameters on all train-
ing data and applying the models to testing data, prediction results of error models
are available. Results for a random chosen data series as shown in 6.1, and pre-
diction interval in figure 6.1(b) is 99% prediction interval. Then, error prediction
from two error models is combined with vehicle model simulation, and results for
the series are shown in figure 6.2.

Besides, evaluation results on test data for the original vehicle model and error
models are presented in table 6.2.

Table 6.2: Error model evaluation results.

Vehicle model | Point predic- | Uncertainty-
tion model aware model
MSE 0.5 0.13 0.13
Average NLL - - -0.62
99% prediction interval CR - - 0.5
> replpr(payload fraction)| 0.075 0.002 0.010
> replpr(brake pedal position)| | 0.015 0.050 0.014
> replpr(wheel angle)| 0.086 0.111 0.098
> replpr(wheel speed)| 0.014 0.014 0.070

36
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Figure 6.1: Error models prediction results.
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Additionally to MSE and average of NLL, the average of |p,(x)| for error models
while 7 € D = {0,0.01,0.02, ...,9.99, 10.00} is calculated and compared with the
results of vehicle model as shown in figure 6.3.

Regarding the prediction interval coverage rate for the uncertainty-aware error
model, figure 6.4 shows the absolute value of prediction residual against the pre-
dictive standard deviation of the uncertainty-aware error model on testing data.
Validation requirement in formula 5.4 equals to formula 6.1, which corresponds
to samples that are under the red line in figure 6.4. The proportion of samples
under three lines are respectively, 0.49, 0.39, and 0.24, which represent the courage
rate of predictive interval [y, — zoy, iy + zoy| to y, while z is 2.58, 1.96, and 1.15
respectively. In other words, the coverage rate of 99% prediction interval is 0.49.

‘yt — Z)t| S 258 Ot

(6.1)
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((a)) Complementing vehicle model simulation with prediction of point prediction error model.
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((b)) Complementing vehicle model simulation with prediction of uncertainty-aware error model.

Figure 6.2: Combination of error models prediction and vehicle model simulation.
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Discussion

In this chapter, first, an explanation for above experiment results is given in section
7.1. Then, some drawbacks and possible improvements for error models are spec-
ified in section 7.2. Finally, potential applications of vehicle model error models
are put forward in section 7.3.

7.1 Explanation of Experiment Results

Firstly, the evaluation results indicate the power of deep learning-based error mod-
els from the following aspects.

1. Compared to the mean square of vehicle model simulation residual on testing
data, 0.5, error models produce lower MSE at 0.13.

2. As shown in figure 6.3, two error models both produce a significantly lower
correlation between residual and wheel speed than the vehicle model. Be-
sides, as vehicle model residual has high correlations with wheel angle from 2
seconds ago to the present, error models are more satisfactory. Although for
other input variables, error models do not perform better than the vehicle
model concerning correlation, the correlation values remain at an acceptable
level.

According to the performance of two error models with respect to MSE and
residual-input correlation, it is believed that deep learning-based models are able
to predict vehicle model errors for the truck model.

Although the complementing of error model prediction offset residual between
vehicle model and real state to some extent as presented in figure 6.2, the uncertainty-
aware error model does not meet validation criteria. As broaden predictive inter-
val, the coverage rate increases but interval information becomes pointless, and

40



CHAPTER 7. DISCUSSION 41

the opposite way produces non-accurate intervals. Thus, the uncertainty-aware
model fails to provide accurate yet useful predictive intervals. Unfortunately, the
uncertainty-aware error model is not accepted.

In summary, deep learning is applicable for predicting vehicle model errors.
But the uncertainty-aware model cannot be put into use as it fails in validation
tests.

Additionally, some hyper-parameters show preferences to specific values in the
experiments, and the following is some guesstimate of the reasons:

1. As the learning rate increases from 0.001 to 0.1, the converge becomes faster.
But the performance on the validation set shows fluctuation when the learn-
ing rate is larger than 0.1.

2. A large batch size saves training time while a small one is more likely to
reach the global optimum. For given data, batch size prefers the lowest
choice, 8. The reason might be that, when splitting data series into batches,
the connection between batches is not learned. Thus, the lower the batch
size, the less information is lost.

7.2 Shortcomings and Future Plans

First of all, the validation test is designed for error models that could produce
predictive distribution. Thus, a problem is how to define the reliability level for
point-prediction error models. A possible method is to apply MC-Dropout as
introduced in A. MC-Dropout makes it possible for point-prediction models in
any architecture to produce multiple predictions for one target, and predictive
intervals is then available based on predictions. Thus, the predictive interval-based
validation method will be applicable.

Secondly, the error models are not autoregressive. So the prediction must start
from the beginning of a series. To save prediction time and broaden application
scenarios, autoregression such as DeepAR is an optional choice. Simply put, dur-
ing training the target value at the previous time step is used as input, and for
prediction, the present prediction value is drawn and used to predict the next tar-
get. In this way, error models can become autoregressive and prediction can be
started at any time step.

Finally, due to technical limitation, the number of LSTM layers, number of
neurons, and the dropout rate is not tuned. It could be believed the error model
can get better if more efforts are made to hyper-tune.
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7.3 Potential Application of Error Models

In addition to complementing vehicle models, error models are also potential in
the following scenarios.

1. Vehicle data collection. Physics-based vehicle models perform badly un-
der certain circumstances, and collecting cases for those situations is useful
to analyze and improve the vehicle model. Thus, applying an error model
while driving the vehicle could give information about the real-time predic-
tive error, and this is an indicator for collecting desired data. Besides, error
prediction uncertainty is also helpful in special case collecting. Assuming
that environment is modeled in error models, which means the uncertainty
brought by the unknown environment is eliminated and the remaining predic-
tion uncertainty comes from the data itself, then those samples that produce
high uncertainty are worthy of studies.

2. Vehicle model evaluation. For specific vehicle models, the corresponding
error model is an intuitive way of evaluation. More specifically, the high the
error prediction, the worse the vehicle model on given data.



Chapter 8

Conclusions

In summary, the error model is put forward in this thesis as a solution to the
problem of vehicle model simulation error, which learns from the residual of vehicle
models and predicts the error given necessary information. Based on LSTM and
probabilistic layer, point-prediction error model and uncertainty-aware error model
architecture is designed. To investigate the possibility of deep learning in error
modeling, evaluation methods based on residual analysis are designed. To check
the reliability of error models, validation criteria for uncertainty-aware models is
set.

The above error modeling methods are applied to a tractor-semitrailer dynam-
ics model and training data is collected from corresponding trucks. The results
show that deep learning is potential in error modeling. However, the uncertainty-
aware model fails in the validation test. There is still a lot of space to improve
error models, but this work is believed to be a meaningful attempt.
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Appendix A

First appendix

A.1 Uncertainty-aware Algorithms

Bayesian Neural Networks

History of Bayesian Neural Networks (BNN) dates back to 1980s with paper [26]
[1]. Instead of scalar, BNN has a probabilistic weight vector. A comparison be-
tween conventional DNN and BNN is presented in figure A.1. While conventional
DNN attempts to find ’optimal’ scalar weights, BNN finds posterior probability
distribution over weight vector in the form of a probability density function. To
get the posterior distribution over weights, firstly a prior distribution of weights
P(w) should be defined. Then, given training case D = {(z1,41), ..., (Tn, yn)}, the
posterior distribution over weight could be calculated using Bayesian Theorem as
shown in equation A.1.

P(D|w) x P(w) _ P(D|w) x P(w)
P(D) fP(D\w) X P(w)dw (A.1)
P(w|D) x P(D|w) x P(w)

P(w|D) =

Correspondingly, point predictions of BNN for unseen sample (x,y) are made
by ”averaging the outputs obtained with all possible weight vectors, with each
contributing in proportion to its posterior probability” [15] as shown in equation
A.2, where f(z,w) represents the calculation of the network.

= / (o, w) x p(w|D)dw (A.2)

The predictive posterior distribution of output y could be obtained through
equation A.3, where P(y|z,w) is the probability distribution which is in a prede-
fined distribution type and parameterized by networkas result given input x and
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Figure A.1: Conventional DNN and BNN. The scalar edge weights of conventional
DNN models is replaced by posterior distributions. Bayesian inference is the basis
for calculating these posteriors.

weight w. For instance, in [15] the target output y is assumed to be equal to
f(z,w) plus Gaussian noise of standard deviation o, thus, the network defines the
conditional probability for output as equation A.4:

P(ylz, D) = / P(ylz, w) x p(w|D)dw (A3)

—(y— f(z,w))?
202

One of the advantages of probabilistic weights is avoiding overfitting which
is a common problem for conventional DNN [15]. Another benefit is that BNN
provides probabilistic outputs which allow a ”statistically well-founded uncertainty
quantification” [27].

However, despite these advantages, BNN is not widely used due to computation
difficulties brought by the large number of integrations, especially for predictive
output distribution. Efforts have been made to solve this problem. In [15], integra-
tion is approximated by randomly sampling weights and averaging the prediction,
instead of integrating over all possible weights. The sampling could be obtained
using Markov Chain. Besides, Hamiltonian Monte Carlo (HMC), a sampling al-
gorithm that makes use of gradients, is used to improve sampling efficiency. In
[14], the posterior distribution of the weight vector is assumed to be a Gaussian,
in order to simplify the integration.

In summary, BNN is theoretically well-founded regarding providing predictive
probability distribution and measuring uncertainty. However, it is not technically
feasible under some circumstances.

P(y|x,o,w) o exp( ) (A.4)
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Figure A.2: A dropout neural network. Left: A standard neural network. Right:
A neural network applying dropout.

Monte-Carlo Dropout

Srivastava et al. proposed dropout in 2014 as a regularization approach applied
on neural networks inspired by the superiority of sexual reproduction [23].

An ideal method to mitigate overfitting and in the meantime improve model
performance is to combine multiple models, which are different from each other
while all perform well in some sense. To be different, these models could have
different architecture or be trained on different data sets. However, it is intractable
and computationally hard to achieve good performance for all individual models
in practice. On the other hand, this idea needs a large amount of data.

Dropout approximates the combination of multiple models while solving the
above-mentioned problems. The main idea of dropout is to randomly remove a
part of neurons along with their connections during training, as shown in figure
A.2. The crossed neurons are dropped, thus, during forward propagation, these
dropped neurons are not engaged, and the weights on the edges that attach to
these neurons are not updated during back-propagation.

Applying dropout to the standard network forms a ’thinned’ network that
contains only the neurons retained. During the training process that contains a
lot of iterations, at each iteration, a ’thinned’ network is sampled and the weights
of retained connection are adapted based on BP. A network that has n neurons has
2™ possible ‘thinned’ networks and they all share weights. Thus, dropout allows
getting exponentially many different 'thinned’ networks.

As discussed above, combining different networks alleviates overfitting and im-
proves performance. At prediction time, instead of averaging predictions from all
‘thinned’ networks, a single network that contains all neurons with scaled-down
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weights could approximate the 'combination’ idea. For instance, if the dropout
ratio during the training process is p, then the weights of the test network are
multiplied by p. In this way, only one network, whose outputs from each neuron
are the same as the average value of all ’thinned’ networks, is involved in prediction
computation.

Regarding the regularization effect, dropout reduces ”co-adapting”. The so-
called "learning” of neural networks refers to making the weights meet the desired
characteristics. Each neuron depends on its neighbors, and over-reliance could
cause overfitting. Letting a random part of neurons taken away each time, the
remaining neurons have to supplement the function of disappearing neurons, so
that the ”co-adapting” is mitigated. And the whole network becomes a collection
of many independent networks and each network is a solution to the same problem.
Thus, the benefit of dropout is that the network is less sensitive to changes in the
weights, increasing the generalization ability and avoiding overfitting.

Gal et al. have shown that predictive distribution could be obtained from
dropout-based neural networks [7]. Different from the prediction process intro-
duced above, where dropout is prohibited and weights are scaled-down, they pro-
posed to keep the dropout functionality during prediction and calculate the pre-
dictive distribution as equation A.5, which is a weighted integral over all possible
weights.

a(ylz) = / Pyl w) x q(w)dw (A.5)

In practice, the integration above is approximated by Monte-Carlo (MC) sam-
pling. Simply put, each input passes through the network multiple times with
random neurons dropped for each time, then, the prediction mean, variance, and
distribution are calculated in some way, such as empirically averaged, from model
outputs. This dropout-based approach is also referred to as MC-Dropout.

Deep Ensemble

As introduced above, BNN is a statistically well-defined approach to quantifying
prediction uncertainty, but it is computationally expensive. Lakshminarayanan et
al. proposed deep ensemble as an alternative to BNN, which is simpler and more
feasible [10]. Compared to MC-Dropout which approximates model ensemble, this
method is an explicit ensemble algorithm.

Ensemble means training multiple base learners and combining them. For re-
gression tasks, standard neural networks that have two outputs are chosen as base
learners, aiming to obtain predictive distribution. Different from point prediction
neural networks which only provide a single value for each predicting variable, the
base learners output two values in the last layer, corresponding to mean p and
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variance o of predictive distribution, and the predictive distribution is assumed
to be a Gaussian constructed by p and o. In other words, the last layer is prob-
abilistic. Thus, the training criterion, i.e., loss function is negative log-likelihood
—logp(y|Gaussian(f(x,w))), where y is actual output and f(z,w) is model pre-
diction given input x.

Given the above structure, each base learner is initialized with various ran-
dom parameters(weight) values. Randomization-based ensemble approach, which
means base learners are trained parallel and do not interact, is adopted. Unlike
conventional ensemble algorithm where base learners are trained on different data
set to make them different, for deep ensemble all base networks are trained on the
entire training data set, since various initialization is enough to produce different
networks.

After training, the uniformly-weighted mixture models are obtained. For re-
gression problems, the average of Gaussian distributions is calculated for each
output. In conclusion, deep ensemble produces multiple different networks, and
each network has a probabilistic layer. After being predicted by all networks, the
mixture distribution is extracted.
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