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1 Introduction

Approximation of deformation states arising in thin shells by low-order finite
element methods is known to be a nontrivial task. Different locking modes
degrade the convergence rate of the most basic formulations when approx-
imating bending-dominated or inextensional deformations. However, it is
equally well-known by now that a suitable variational crime can be used to
retain the convergence properties in such cases. This can even be done up to
an optimal order and smoothness requirements for certain shell geometries
as it was shown in Part I of this paper [3], see also [6]. The real challenge
begins when one aims to find a formulation that has a satisfactory behavior
also in the membrane-dominated states of deformation. In this case one is
inevitably led to consider the questions of consistency and stability of the
formulation since the approximation properties will rarely be a problem in
such a case, but lack of consistency or stability can yield a very large error
component.

Probably most low-order shell elements aimed to be general in nature
contain the basic ideas of MITC4 by Bathe and Dvorkin [1]. In [4] it was
shown that this formulation is in fact equivalent to a certain variational crime
already considered in [6]. In this paper we extend our analysis of the MITC-
type elements and address their consistency and stability properties. We
show that at least under favorable circumstances, this kind of an element can
indeed approximate well also membrane-dominated deformation. However,
due to the lack of stability in the membrane-dominated case, we can bound
the consistency error in this case only non-uniformly with respect to the
thickness t of the shell. We need also strong assumptions on the problem
setup and on the finite element mesh as in the previous part [3]. Under such
hypotheses and under certain additional hypotheses on the solution we show
that the consistency error is at most of order O(h + ¢ 'h'**) where h is the
mesh spacing and s > 0 is a parameter depending on the degree of smoothness
of the exact solution. As s can be arbitrarily large in principle, one can have
t~'h* = O(1) for reasonable sequences of (¢, h) if the solution is very smooth.
In such a case the consistency error is O(h), which is the optimal order
for bilinear elements. The conclusion from the Parts I-IT of the paper is
then that at least under extremely favorable circumstances, both bending-
and membrane-dominated smooth deformations can be approximated with
nearly optimal accuracy by the bilinear MITC4 element. To what extent this
holds for more general problem setups, deformation states, and finite element
meshes, is a wide open problem.

Another topic to be considered in this paper is the asymptotic behavior
of the consistency error in the case of an inextensional deformation. In [3|
we considered the problem of finding a best finite element approximation of
a given inextensional deformation. At that point the question of consistency
was deliberately left aside. However, in real computations one is inevitably
faced with the fact that since the reduced inextensional space is not a sub-
space of the corresponding continuous space, the consistency error does not



tend to zero when the thickness ¢ — 0, but to some finite value depend-
ing on h. Here we show that this error term is of the optimal order O(h).
However, to obtain this result we need much stronger regularity assumptions
on the exact solution than in the previous Part I [3] where we bounded the
approximation error. Whether our analysis here is sharp is not clear at the
moment.

The plan of this paper is as follows. In section 2 we describe the problems
to be considered and in section 3 we consider two slightly different FEM
approximations to these. Section 4 is devoted to the consistency error in
the non-asymptotic case (¢ > 0) whereas section 5 deals with the asymptotic
consistency error in the inextensional deformation state.

In the following we denote by C a generic constant that may take a
different value in different usage. The constants may depend on the geometry
parameters of the problem but are otherwise independent of the parameters,
unless indicated explicitly. The Sobolev norm and seminorm are denoted by
|| - [l and | - | respectively on the assumed rectangular domain. Further,

[z =11 lo-

2 The shell problem

We use basically the same shell model of Reissner-Naghdi type as in [3] but
with two different scalings. Denoting by u = (u, v, w, 0, 1) the vector of three
translations and two rotations we let the (scaled) total energy of the shell be
given either by

Far(w) = 5 (£ Ap(u, 1) + A (u, 1)) — Qu)

| =

or by

Fpu) = = (Ap(u, u) + 172 An(u, 1) — Q(u)

DN |

where t is the thickness of the shell and () represents the load potential. Here
the subscripts M and B refer to the natural scalings of the total energy in
membrane and bending-dominated deformations, respectively. We assume
that in both cases @(u) defines a bounded linear functional on the corre-
sponding energy space to be defined later. The bilinear forms Aj(u,v) and
A, (u,v) arising from the bending and membrane energies are given by
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Ap(u,v) = /Q {V(En + Raz) (w) (k11 + k22) (v) + (1 —v) Z Eij(ﬂ)"éij(ﬂ)}dxdy

ij=1



and
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1 — VUV Z ﬁzg }dl‘dy

where overbars denote complex conjugation. Here v is the Poisson ratio of
the material, v is a shear correction factor and x;;, 3;; and p; represent the
bending, membrane and transverse shear strains respectively depending on
u as

4 _au N _80
1 =g taw ML =5,
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The integration is taken over the midsurface €2 of the shell which we assume
to occupy the rectangular region (0, L) x (0, H) in the zy-coordinate space
satisfying d=! < L/H < d for some constant d > 0. We are considering the
shell to be shallow and assume that the parameters a, b and ¢ defining the
geometry can be taken constants. We further note that if ab — ¢ > 0 the
shell is elliptic, if ab — ¢ = 0 it is parabolic and if ab — ¢ < 0 we have a
hyperbolic shell.

The above two energy formulations lead naturally to two differently scaled
variational formulations, the membrane (M) and bending (B) cases:

(M) Find u € Uy such that

Anr(u,v) = P Ap(u, v) + A (u,v) = Qv)  Vu € Uy, (2.3)

(B) Find u € Up such that

Ap(u,v) = Ay(u,v) + > An(u,v) = Qv) Vv € Up. (2.4)

Here U); and Up are the membrane and bending energy spaces, respectively,
which we take to be subspaces of [H, (2)]> where H, (1) is the usual Sobolev
space with periodic boundary conditions imposed at y = 0, H. In Uz no con-
straints are imposed at x = 0, L whereas in Uj; we assume the constraints
u=v=w=0=1v¢Y =0at z=0,L In Case (B) we must also remove the
rigid displacements from Up so as to make (2.4) uniquely solvable. For the



convenience of our error analysis, we make here somewhat stronger assump-
tions than are needed for the well-posedness of (2.4): We introduce the set
of pseudo-rigid displacements as

Z={veHQF |v=> Ce}

where ¢, is the ith Euclidean unit vector, assume that Q(v) = 0 for every
ve Z, and let Ug = Z* in [H)(Q)]°. Finally we denote the energy norms

on Uy and on Upg, respectively, by ||| - ||[lxr = VAum(-,-) and ||| - |||z =
Ap(-) =t - Ml
Letting t — 0 in (2.4) we obtain the inextensional formulation of the
problem (B): Find w, € U, such that

Ap(ug,v) = Qv) Vv €Uy (2.5)

where Uy = {v € Up | An(v,v) = 0} C Up is the space of inextensional
deformations.

3 The reduced-strain FE scheme

We consider the bilinear MITC4 finite element formulation of the problems
(2.3) — (2.5). As in [3] we make strong assumptions on the finite element
mesh so as to allow the use of Fourier methods in the error analysis.

Assume that €2 is divided into rectangular elements with node points
(%, y™), k=0,...,N;,n=0,..., N, and a constant mesh spacing h, in the
y-direction and that the aspect ratios of the elements satisfy d~* < h%/h, < d
for some d > 0 where h¥ = 2#+1 — 2% To this mesh we associate the standard
space Vi, C H () of continuous piecewise bilinear functions. We then define
the FE spaces Uy, and Upp, tespectively, as subspaces of VP where the
boundary or orthogonality conditions of Problems (M) and (B) are enforced.
The finite element formulation of problems (2.3) — (2.5) are then obtained
by replacing Uy, Up by U, Up, and by modifying the bilinear form A,
numerically as

AP (u,0) = 6y(1 — v) / (72 (WP (v) + Fy(w)in(v) }dady
112 / (v + ) (W) (B + ) (@)

2_~
(1-v) ZB u)Bij(v) Ydady

where f;; = R,;, p; = R'p; with suitable reduction operators R and R'.
As in [3] we choose these operators for f; and p; to be

B = I} B11, Bag = I} Boa,  p1=Tppr  po =117 po (3.1)



where II7 and IIY are orthogonal L?-projections onto spaces Wi and W}
consisting of functions that are constant in z an piecewise linear in y or
constant in y and piecewise linear in x respectively. For the term [, we
consider two different alternatives

(B1) Bio =TT" By
(E2) Bu = P12 + Si2

where I1;¥ = IIZ11Y is the orthogonal L2-projection onto elementwise constant
functions and for every element K

9, 9,
Sio|x = aa—y(H‘ﬁw)(x —hE/2) + b%(ﬂzw)(y — hy/2) + (M cw — cw)

is essentially the term introduced in [4].

Remark 3.1. The formulation (E1) was assumed in [3], [6]. This is a straight-
forward interpretation of the MITC4 finite element formulation, but as shown
recently in [4], (E2) is actually a closer interpretation of MITC4. The two
formulations are practically equivalent when approximating inextensional de-
formations but may differ in other deformation states, as noted in [4]. Our
error analysis here can only detect a small difference when approximating
smooth membrane-dominated deformations, see Theorem 4.4 ahead.

The above definitions give rise to two different FE-schemes for solving
(2.3) and (2.4):

(M) Find u,, € Upsp, such that

Al (uy,v) = A (uy, v) + AL (uy,0) = Q(v) Yo €Unry,  (3.2)

(Bn) Find u, € Up,, such that

Al (wy,, v) = Ap(uy, v) +t2AL (wy,0) = Q(v) Vv €Upy,  (3.3)

Upon passing to the limit ¢ — 0in (3.3) we obtain a finite element formulation
of the asymptotic problem (2.5): Find w, € U, such that

Ap(uy, ) = Qv) Vo € Uy (3.4)

where Uy, = {v € Up | AL, (v,v) = 0}.

To analyze the discretization errors ey = |||u — uy|||pn and e = |||u —
up|||am,n as originating from (3.2) and (3.3) when ¢ > 0, we split ey and ep
into two orthogonal components in both cases, namely the approximation
errors

eanr (1) = min |w = v|[|a,n
v M, h

€q,5(1) = UeuiBnh |lw = v|[|Bn



and the consistency errors

(Anr — Al (u, v)

ecr(u) = sup (3.5)
veths  I2llazn
Ak
ec,5(1) = sup (As — Ap) (1) (3.6)

vetiy |lI2]]

where ||| - ||larn = VA% G ) - 1sa = VAL(, ). These definitions imply

that

B,h

2 2 2
Cv = 6a,M + 6c,M

2 _ 92 2
€p = €, T €.p-

(For a detailed reasoning, see [5].) We note that standard finite element
theory gives the bound e,y < Chl|ul|> and for e, 5 we refer to [3]. Hence,
the main task of this paper is to bound e, and e, p. We aim to analyze
these error terms with both proposed strain-reductions (E1) and (E2).

The asymptotic formulations (2.5), (3.4) lead to a similar error decompo-
sition. We have for u, € U, the asymptotic approximation error

calto) = min [[[uy = vf[]

which was under consideration in [3]. On the other hand, at ¢ = 0 we have
that
Ap(ug,v) = Qv) Vo € Uy

for the inextensional solution u, € Uy, and that
Ap(uy, v) = Qv) Vv € Uy, (3.7)

for the corresponding finite element solution wu;,. Let u, be the best finite
element approximation to w, in Uy, i.e.

Ay, v) = Ap(ug,v) Vv € Uy, (3.8)
By (3.7), (3.8) the asymptotic consistency error w, — &, € Uy, satisfies
Ay, — Ty, v) = Q(v) — Ap(ug,v) Vv € Uy, (3.9)

and thus we can define

. _ Qv) — Ay(u°,v)
eoluy) = |llwy, — || = sup =,
vEUD, |||Q|||B,h

(3.10)

As in [3], the main tool of our analysis will be the Fourier transform where
we write

w(,y) = > ea)d, (x) = > i(x,y),

AEA AEA
, 2
@A(y) :e“\y, A:{)\: %V, VEZ},



making use of the periodic boundary conditions at y = 0, H. For functions
in the FE space we write analogously

y)= Y &), (@) = ) dy(z,y)

)\EAN )\EAN
where

Ay ={Ae A| =7 < Ah, <7 when N, is odd,
or —7m < Ah, <7 when N, is even}.

Here ¢, (y) is the interpolant of o, (y), so that we are in fact considering a
discrete Fourier transform of v € U,.
In our forthcoming analysis the following results are also needed.

Proposition 3.1 (Korn’s inequality). Let

= {v = (v1,v2) € [H,(Q))* | 2(0,") = v(L,) = 0}

or let
V={v=(vi,0) € [H, ()] | /vlda:dy = / vedxdy = 0}.
Q 0

Then there exists a constant ¢ > 0 such that

3?)1 8’1}2 1 a?}l 31}2

ool + 1520 + 20155 + G5 veey. (1)

ol < e(ll5—

Proof. See [2]. O
Proposition 3.2. Assume that v = (vi,v2) € [W4]?. Then

avl 8v2 o 3U2

3y

8'U1 31}2

55 e < CUIG (5 + Z e + (15—l + 1|5

||L2)- (3.12)

Proof. See Theorem 6.1 in [5]. O

4 The consistency error at ¢t > 0

We start by giving a stability result for Uy .

Lemma 4.1. Let v € Upry,. Then
ol < CtH|[ullape

Proof. Assume first the modification (E1). By (3.3) we have that for v =
(U, v, w, 07 w) € Z/{M,h

8

00 ¢
||—||L2+|| ||L g, tagll =t el



and thus by the Korn inequality (3.11)
1011 + 11l < CH[ull - (4.1)

Also the definitions of the membrane strains f;; (2.1) imply

ou 2y, OU
15,1122 + ||—||L2 + [[IL, y(a—y + —)||L2 < Ol + llwll2)

and by (3.12) we have

ou 2, OU ov

||— —||L2<C(||H y(a—y+ )||L2+|| ||L2 II—yIILZ)
resulting in

ou ov ou Ov

|I£|IL2+|I ||L2+||— 522 < Clllellarn + [lwl]ze)

where from again by the Korn inequality (3.11)
[ully + o[l < Clllulllzn + [wl]z2). (4.2)

By (2.2), (3.1) we have that 22 = 5, — I136 and ‘?9—’;’ = po — II}¢) so that

ow ow
||8_x||L2 + ||a—y||L2 < C(Nulllagn + 101z + 1 r2) < Ct ol |an (4.3)

by (4.1). The claim follows from (4.1) — (4.3) together with the Poincaré’s
inequality. Similar calculations imply the result also for the modification
(E2). O

Lemma 4.2. Let v € Up . Then
ulls < Cll|v]l]5,n-

Proof. By the definition of Up ), the Korn inequality (3.11) holds for the pairs
(0,7) and (u,v), as well as the Poincaré’s inequality for w. The result follows
as in Lemma 4.1. 0

We derive next more specific stability results for the low-order discrete
Fourier modes in the FE space.

Lemma 4.3. Let 19A gpAd) = @x(Uy, Uy, Wy, 9)\,@/})\) € Unrp. Then, if b#0
we have for X such that |)\|h <c<m,

183l + [1@a0all1 + [[@aal[2 < CIA™[[[0: llars (4.4)

where m = 1 in the elliptic case and m = 0 in the parabolic and hyperbolic
cases.

10



P7’0~0f. Consider first the case (E1). The translation components @, and @
of ¥, satisfy the difference equation (cf. [3])

() e e () o (2) o] st o

where 75, = 2% tan (3Ahy),

and
Pk — 1 < 2J;1}\2(x~k+1/2) - g(f2/\2(xk~+1) + f2)\2(xk~)) ) (4.7)
cos (3Ahy) \cos (5ARy) [y (2 F12) — o (fou (aF 1) + fon (%)) ) -
Here

flxl(xk+1/2) :efz'mhy(511@)\))\@“1/2,”)
f2)\2(xk) :e*i(nﬂ/?))\hy(522(Q/\))|(xk,yn+1/z)

ff\z (xk+1/2) :67i(n+1/2))\hy (BIZ(Q,\))

|(xk+l/2,yn+l/2) .

Due to the constraints at x = 0, L we may without loss of generality consider
only the exponentially decreasing solution of (4.5) starting from x = 0. Then
if [A\|h, < ¢ < 7, the standard theory for A-stable difference schemes (see
also [3]) gives us the bound

1(22) ol < ' 12 ol -

+ / e PGS0 By ()| tdt
0

where || - || is the Euclidean norm of vectors in R? and
F/\ _ (2]%/\\2 - %Jj??) .
=35

Here o > (8 > 0 in the elliptic case and a« = = 0 in the parabolic and
hyperbolic cases. Since @,(0) = 0,(0) = 0 we obtain when A # 0

1 gkt - . . .
I <7}\> (Y|P < C'|)\|:f’25ka+ o |[F\(t)][*dt in the elliptic case
UA ~\C [ ||FA(t)]|*dt in the parabolic and hyperbolic case

and consequently

16 l[720,2) + 1@l1720,0) < CIAL 2" I Eall72(0,0)- (4.9)

11



Also, (4.5) gives the relation

(&) =g [ () e+ () @] + 2

from which it follows that
||77,A||%2(0,L) + ||17JA||%2(0,L) §C|)‘|2(||'ﬁ/\||i2(0,L) + ||aA||%2(0,L))
B2 0.n) (4.10)
§C|)\|2(lim)||FA||%2(0,L)-

Combining (4.9) and (4.10) gives
[1@xaall +11@xaal[e < CIA=™[[[2l]a2,n (4.11)

since [|F|lze < C|[[95]l]ar-
To consider w, we note that (cf. [3])

-2 1

~ k ~ k
= tan (2Ah S
) = 3 an( v @) + bcos (Ihhy)

J;2)\2(xk)
and thus }
10170,y < CUNIOAl 20,y + 1 £32] | 22(0,1))
leading to .
[[&xallz20,y < CIA ™ (1251 |arn- (4.12)

The claim for A # 0 follows from (4.11) together with (4.12).
When A = 0 we have from (4.8) and from wg(z*) = § foa(2*) that
[1@otolls + [|@odolli + || Goollz2 < CIl1slarn

in any geometry. Similar calculations show that the claim holds also for the
case (E2). O

Remark 4.1. The assumption b # 0 is not superfluous. This can be seen by
taking b =0, A =0, a = —1, ¢ = 1/2 and choosing Qo(xl) =(0,0,2,4/h,0),
then repeating the sequence

$,(a7) = (h,—h,0,—8/h,0),
é( 7+1) = (0,0,—2,4/h,0),
¢, (2’ 2):(hh000)
é( %) =(0,0,2,4/h,0)

for j = 2,6,10,... and finally letting

(‘CLJVE?Z) = (h’a _ha 07 _8/ha 0),
Np—1y _

0(.’L’ ) - (0707_274/h7 0)

. . . i . 2 i
For this particular choice we have that ||22|;2 ~ min {}, 2 }||J|]|arn sO
the stability is weaker when b = 0.

12



With the help of the stability estimates given in Lemmas 4.1 — 4.3 we can
now bound the consistency error.

Theorem 4.4. Assume that b # 0, and let m = 1 in the elliptic case and
m = 0 in the parabolic and hyperbolic cases.. The consistency error e. s
defined in (3.5) satisfies

eer < Cr(u)h + Cy(t, u)h® + Cs(t, s, u)h'™* + Cy(t,u)h?®, s>0

provided that

CZ|/BZJ |2 m

Colu, 1) 0 for the case(E1)
u,t) =
2 Ct=Ywl, for the case(EQ)

Cs(t,s,u) =Ct~ 12 185 (w)| “YBio(w)|i4s for the case(E1)
o " et “H(|Br2(w)|s + |w]its) for the case (E2)
Ca(t,u) =Ct™'( Z pi(w)]1)

are all finite. The consistency error e.p defined in (3.6) satisfies
ee.s < C1(t,u)h + Cy(t, u)h?

provided that
=Ct Yy By ()l
]
=Ct Y oW

are both finite.

Remark 4.2. The transverse shear strains p; are typically very small at small
t in smooth deformation states, so the error term of e. s is very likely neg-
ligible in practice. In the bending-dominated case, e.p depends strongly
on 3;; and p;. For smooth deformations one could assume realistically that
|Bij(w)]r ~ |pi(uw)|i ~ t* as t — 0, in which case e,z = O(h) uniformly in
t. In practice, however, boundary layer effects probably cause the growth of
e..p, via constant C(u) in particular.

Proof. We consider first the membrane case and write u = ZAE[\ U\ € Uy
and v = Z)\GAN Uy € Uprp. Then by the orthogonality of the discrete and

13



continuous modes (cf. [3])

(Arr — Ab) (w,0) = (Am — AL) () = (A — ALY 0, Y 9))

AEA AEAN

= (A, Ah Z Uy, Z 19/\ + (A, Ah Z Iy, Z ﬁ,\)

[A<Xo AeAy [A]>Xo Ay
= Z (Am — AL (02, D)) + Z (Am — AL (0, 0)
[A|<Xo [A[>Xo
<O Y [Bi(00), B5(0y) — (B0, By (0,)] (4.13)
1j  |AI<Xo
+ 3 S (B, 85503) — (B0, Bi(0,)]
15,577 [N <o
HCO Y D T A (Ba(@y) — Ba(@y), Bi(w) — Bi(w)|
i |A>Xo
+C ™D Y TN (B (9)) — TV Ba(9)), B ()]
i#£j |A[>Xo
+CPal 30 W] [ (Bra(@)Bia(w) - Bra(0)ia(w))dods
[AI>Xo

+CZZ 2i(0y) — p;(0y), pi(v) — pi(v))

1 AEA
=I1+II+1IT+1IV+V4+VI

where we have chosen Ay such that A\gh < ¢ < w. We note first that in 1
(Bi3 (02, Bis(0,)) = (B55(95), B3 (0))) =(By5 () — By(9y), By (9))
+ (Bz] (D), Bij @A) - Bz‘j @A))
(4.14)
where the first term can be bounded by Lemma 4.3 as
(Bi(25) = Bi3(8,), By (92)) < CRINT By (031 (||l l1 + [[oall + [[@al]22)
< ChlBi (D\) la—m 19732 (4.15)

and the second term in (4.14) is zero in the case of the modification (E1)
since RY is an orthogonal L?-projection. For the modification (E2) the second
term gives

(S12(Dy), Brz2(0,)) =(S12(Dy), Br2(Dy)) + (S12(D,), Si2(9,))
<Ch|Bi2 ()1 |[wal|z2 + Ch?|lwy i |wa (4.16)

<ChIBr2(2) [ 11251 arn + CH2E wn i |10 Tar
by Lemmas 4.1 and 4.3. For the term I we can write
(Bii(ﬁ)\)a Bjj@A)) - (Bii(ﬁ)\)v Bjj@A)) :(Bii(ﬁ/\) - Bz‘z‘@)\)a Bjj(lgz\))

+ (Bi(0,), B35(D,) — Bi3(D,))
(4.17)

14



where the first term can be treated as in case of the term I. The second term
n (4.17) can be written as

(Bi@). B5(02) = B33 (02)) =(RBi(a). (1~ B)555(0,))
=((I — R7)RB5(05). 555(0y)
ORI 8@ a(la #1183 ]l + 11 1z2)

(4.18)
< ORIBii (93) l2-ml 19| 21,0
again by Lemma 4.3. By (4.14) — (4.18) we have the bounds
I+11 §C1hz Z |5ij(ﬁ/\)|2*M|||ﬁ/\|||M,h
ij  [A<Ao
+ Cyh*t ! Z [wa 1119411320 (4.19)
IAI<A0

<01h2|5w M—mlll2lllarn + Coh®t™ ki [[ull]arn

where Cy = 0 for the modification (E1). For the rest of the terms in (4.13)
standard approximation theory gives

7 < CR*tot! Z 185 () |1 2] [ a2

IV < Ch'*oe! Z 1Bii () 1o || [0 [
D Ll 1|Bm( Mitssllulllarn for the case (E1) 20
Ch*o2t71 (| Bra(w) sy + |w]ies) l[ull[arn for the case (E2)

VI<Cht IZm Milllzlllarn

by Lemmas 4.1 and 4.3. The claim for e, 5s follows form (4.13), (4.19) and
(4.20) when we take s; = s = 53 = s.
For the case e, p the claim follows by the same arguments when we note
that
(Ap — Ap) (u,v) = 7> (Apn — A} (u, )

and use the stability result given in Lemma 4.2. O

5 The asymptotic consistency error

In this section we bound the asymptotic consistency error in an inextensional
deformation state, as defined by (3.10). In [3] we showed that the approxi-
mation error in the inextensional state is of order O(h) under nearly optimal
regularity assumptions on u,. Here we find that the consistency error is like-
wise of order O(h) at t = 0, but we need a very strong regularity assumption
on .

15



We also make the additional assumption that the load is given by

Qv) = /Q(QIU + v + gzw)dady

for some suitable ¢; € L2(Q), i = 1,2,3 where L2(Q) denotes the usual L*-
space with periodic boundary conditions imposed at y = 0, H and define the
Fourier components of the load by

QM v) = / (q7u + @yv + gyw)dzdy
Q

where for each ¢; we write ¢;(z,y) = >\ o0 ¢ (@, y) = D yen 6 (@) or(y). We
define the (semi-) norms

1/2
0l = (Z |Q*|§)

AEA

where
Qs = APl 172 + N |72 + a3 1]72)"

and write frequently |Q|o = ||Q]|z2, |Q@o = ||@*||z2 and ||Q||x = (Z?:o |Q|§)1/2.

Theorem 5.1. Assume that b # 0, v’ € [H)(Q)]. Then the asymptotic
consistency error eg p(uy), as defined by (3.10), satisfies

ce.p(tg) < Clluolls + [1Ql1)h.

Proof. Let v € Uy, and write v = Z,N\GAN ﬁé($, Y) =D aern A,\@,\(y)é\(x) =
Y xeny M@Ay) (r(x), 0a(x), Dx(2), Ox(7), Ya(2)),

Uy = Z)\GA Qé = Z)\GA(UO/\a U(/)\a wg\a 0(/)\7 1/)(/)\) and Q(v) = Z/\eA Q)\(Q)' Then by
the orthogonality of the Fourier modes [3| we have that

Ap(tg,v) = Q(v) =4, ug, > 0,) = > QN D 9,

A€A AEAN AEA AEAN

=A,( Z up, Z J,) — Z QN Z 0,)

‘)\|§)\0 /\EAN ‘)\|§)\0 )\GAN

+ Ay ( Z up, Z ) - Z Q)\(Z J,)

A>Xo  AeAn IAI>Xo AEAN

=3 (A, Jy) — QD)) + Y (Al v) — QM)

[A[<Ao IAI>Xo
=I+1I

for any Ay such that A\ph, < c < .
Let us first bound the term I7. Here we have that

> Ay, 0) A Y A(IAlgw) < Chllug o[l 5.0 (5.1)

IAI>Xo0 [A[>Xo
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¢ sufficiently small and similarly

Y QW <A Y QM) < ChIQI[ulllz

[IAI>Xo [IAI>Xo

for Ap = £,
(5.2)

To bound the term I when b # 0 we note that for any ¢, = A,\go,\g/\ € U,
we can write
Ab(%\aﬁx) - Q)\(é)\) :Ab(ﬂéaﬁx —U,) — Q/\@A —1,) (5.3)
=An(Ap(15, D¢, — a8,) — QN@DAE, — r¢)))-

Integration by parts in the first term in (5.3) gives

L
@ (Pabh — aby) + @ (Pathr — pathr)dy

H
Ap(uy, §28 — aC,) :/
0 lo
+ / Ef(@@ — ab) + 33(@% — pahy)dxdy
Q

where
Oé)‘ — 8211)3 BQwS‘
1 02 ) 8g2
A N 0wy
a; = (1—-v) o0y
A a A
A a9 A
so that

Ap(1, BrC — ex¢,) < [l (L, W r2,m 808 (L, ) — oxOn(L, )| r2(0,m)
6L, ) z2g0,m | @30A (L, -) — oxta(Ly ) p2(0,m)
+102 (0, ) 220,10 | [B202 (0, -) = @x0x(0, )| 220,11y
H[67(0, M| r20,m0) B30 (0, ) = @atx (0, )| 22(0,m)

a2 1820y — oaOalle2 + 116312 ||@athn — atial|r2

< Clluglls (118a0a(L, -) = ox0(L, )| z20,m) (5.4)
@A (L, ) — oaA(L, )220,
+{[@20A(0, ) — A0 (0, ) || L2(0,m1)
H[@2A0r(0, ) = ©ar (0, )| |£2(0,m)
+H1@a0x — ©a0al|L> + [[@x10x — oathal]L2)-
Also for @* in (5.3) we have the bound
QNBAC, — 2¢,) <CHQM e ([1@atin — oauallr2 (5.5)

+ [|@x0x — @avallre + [|@adx — pawnl]L?)-

To continue we need the following approximation results. The proof will be
postponed to the end of this section.
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Lemma 5.2. For every A such that |A|hy < ¢ < there exists a pA(, € Uy
such that

@a0x (L, ) — pafr(L, N|e20,m) + @atin (L, +) — paiba (L, Nr20,m)
+H|2202(0,-) = 2207 (0, ) |20, + 1380 (0, ) = @xtha (0, )| 2(0,m)
+[@x0x — @02 + [@x1hx — oathal|r2

< ORI + h2AY) + Ch?|[|2x¢, Nl B

(5.6)

and

|| @Paiia—oaur| |2+ atn—ava| |2 +|[@ar—pawn| |2 < CREN* M2 (5.7)

where m = 1 in the elliptic case and m = 0 in the hyperbolic and parabolic
cases.

To complete the proof of Theorem 5.1 we note that since IAP~m/2 <
Cll|@a¢, [l B,n and [AJA < Agh < ¢ < 7 we obtain from (5.4) with the help of
Lemma 5.2

Ay(u, $2¢ — 928,) < CRIN G s lI2aC, 1 3.n (5-8)

and from (5.5)

QN@E, — a8, < ORIz 1118ag, I

so that by (5.3), (5.8) and (5.9)

B.h (5.9)

Y (A, 9,) = QD)) = Y An(A(ug, 5a¢,) — QN(AaE,))

[A[<Xo IAI<Ao
<Ch Y (1INugls + QM2 [ 4@, s (5.10)
IA[<A0
< Ch([lug[ls + [1Q1]z2) 2] || 5.1
and Theorem 5.1 follows from the estimates (5.1), (5.2) and (5.10). O

Proof of Lemma 5.2. In [3] it was shown that for every discrete mode @AQNA €
Uy p, with |Alh, < ¢ < 7 there corresponds a continuous mode

G, = Pa(y)(ualz), va(@), wa(z), Ox(2), ¥a(x)) € Uy satistying ux(0) = 1, (0)
and vy (0) = 0,(0) and such that

k

(%)

(@) SCR-me "
2*) — by (2] §C’h2|)\|4_m6_ﬁ|)“x

(%)

k

k
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with 8 > 0 in the elliptic case and S = 0 in the hyperbolic and parabolic
cases, so that

@202 (0, +) — oA (0, MNle2o,my SCR? AP
1EA(L, ) — oatn(L, MNle2o,my SCR? AP (5.11)
|3hn — @athal[r2 SCRPAPSM/2,
and
[|@xiin — @auallrs SCR?AP2/2
820x — pavallr> SCR? AP/ (5.12)
[|@xibx — @awal[z2 <CR?[A|* 27/

Also, by [3] we have that

L)+ Ba (o) —% tan? (S \h,) (%(m(x“l) NCY)
~ (i) + i)
=S (@) + ()
so that . .
O(2*1) = G + (~1)F(0r () - §(z%)) (5.13)
and
06 k+1/2 _O(@"M) —0i(="h)
(1) @ (o) ) (5.14)
= U BE) - 56)
Since 2 9
Or(ah) = T (Talab) = ma (@) = g(o) (5.15)

it follows from (5.13) — (5.15) that

é/\(karl) . HA(karl) :g(karl) . g(karl)
h’_ﬁ%( k+1/2) _ h_ﬁg(xk—i_l) — g(xk)
2 oz 2 hE

x

and finally that

89} k+1/2
= (k1)

a(a1) = 0a (o)) <0 (RN 0y
ov B
FRX(S2 )] + |a—;(x'“+l/2>|).
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For the values at the endpoints we get similarly

Ox(2°) — Ox(2°) =(=1)*(Or(2"F1) = Oa(2"1) + g(2"H) — g(a*Th))
+9(2°) — g(2°)

and

Or (™) = Ox(2™) =(=1)™(Or (") = Or (") + 9 (") — g(a”))
+g(a") — g(a™).
Thus, we have the following bounds

123070, -) = ©207(0, )| 12(0,ir) SC(R*A* + W?|A[P=5772)
+ C(h+ X))@, |
12230A(L,-) = @205 (L, )| 20,y SC (RPN + BIAP/2)
+C(h+hV)18aG s (5.16)
+ C(R?|A[P~™ + h*)\%)
||85>\9~>\ — pabh||L2 §0h2|)\|573m/2
+ C(h + A)||19:8, 18,4

B,h

and Lemma 5.2 follows from (5.11), (5.12) and (5.16) since [Alh, < c < 7. O
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