
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Ollila, Esa
Linear Shrinkage of Sample Covariance Matrix or Matrices Under Elliptical Distributions

Published in:
Elliptically Symmetric Distributions in Signal Processing and Machine Learning

DOI:
10.1007/978-3-031-52116-4_3

Published: 01/01/2024

Document Version
Peer-reviewed accepted author manuscript, also known as Final accepted manuscript or Post-print

Please cite the original version:
Ollila, E. (2024). Linear Shrinkage of Sample Covariance Matrix or Matrices Under Elliptical Distributions: A
Review. In Elliptically Symmetric Distributions in Signal Processing and Machine Learning (pp. 79-109).
Springer. https://doi.org/10.1007/978-3-031-52116-4_3

https://doi.org/10.1007/978-3-031-52116-4_3
https://doi.org/10.1007/978-3-031-52116-4_3


Linear shrinkage of sample covariance matrix or
matrices under elliptical distributions: a review

Esa Ollila

Abstract This chapter reviews methods for linear shrinkage of the sample covari-
ance matrix (SCM) and matrices (SCM-s) under elliptical distributions in single and
multiple populations settings, respectively. In the single sample setting a popular
linear shrinkage estimator is defined as a linear combination of the sample covari-
ance matrix (SCM) with a scaled identity matrix. The optimal shrinkage coefficients
minimizing the mean squared error (MSE) under elliptical sampling are shown to
be functions of few key parameters only, such as elliptical kurtosis and sphericity
parameter. Similar results and estimators are derived for multiple population set-
ting and applications of the studied shrinkage estimators are illustrated in portfolio
optimization.

1 Introduction

Consider a set of 𝑝-dimensional (real-valued) vectors X = {x𝑖}𝑛𝑖=1 sampled from
a distribution of a random vector x with unknown mean vector 𝝁 = E[x] and
unknown positive definite symmetric (PDS) 𝑝 × 𝑝 covariance matrix 𝚺 ≡ cov(x) =
E[(x−𝝁) (x−𝝁)⊤]. A popular estimate of 𝚺 is the sample covariance matrix (SCM),
defined by

S =
1

𝑛 − 1

𝑛∑︁
𝑖=1

(x𝑖 − x̄) (x𝑖 − x̄)⊤. (1)

where x̄ = 1
𝑛

∑𝑛
𝑖=1 x𝑖 denotes the sample mean vector. It has some favourable proper-

ties such as being unbiased. i.e., E[S] = 𝚺, and its scaled version SML = [(𝑛−1)/𝑛] ·S
is the maximum likelihood estimator of the covariance matrix when the samples are
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independent and identically distributed (i.i.d.) from a multivariate normal (MVN)
distribution N𝑝 (𝝁,𝚺).

In many applications, the estimation accuracy (or another performance criterion)
can alternatively be improved by using a so-called tapered SCM. Such estimate is
defined as W ◦ S, where ◦ denotes the Hadamard (or Schur) element-wise product,
and where W is a tapering matrix (also referred to as covariance matrix taper),
i.e., a template that imposes some additional structure to the SCM. Note that above
(W ◦ S)𝑖 𝑗 = 𝑤𝑖 𝑗 𝑠𝑖 𝑗 for (W)𝑖 𝑗 = 𝑤𝑖 𝑗 and (S)𝑖 𝑗 = 𝑠𝑖 𝑗 . Covariance matrix tapers have
found applications in diverse fields. For example, the true covariance matrix may be
known to have a diagonally dominant structure (e.g., in autoregressive models). This
means that the variables have a natural order in the sense that |𝑖− 𝑗 | large implies that
the correlation between the 𝑖th and the 𝑗 th variables is close to zero. In this settings,
popular estimation approaches are to use a banding-type tapering matrices such as
thresholding [1, 2]:

(W)𝑖 𝑗 =
{

1, |𝑖 − 𝑗 | < 𝑘
0, |𝑖 − 𝑗 | ≥ 𝑘

(2)

for some integer 𝑘 ∈ [[1, 𝑝]] = {1, . . . , 𝑝} called the bandwidth parameter. Other
types of template matrices are also possible, see [3].

Let 𝚺̂ denote an estimator of 𝚺 based on a sample X. It is now well-known
that an estimator that performs better than 𝚺̂ can be easily constructed using the
concept called regularization or shrinkage which leverages on the concept called
bias-variance tradeoff. The key idea in shrinkage/regularization is to shift (or shrink)
the estimator towards a predetermined target or model. The principle is to decrease
the variance of the estimator while introducing some bias, and thus improving the
overall performance of the estimation by reducing its mean squared error (MSE),
defined as

MSE(𝚺̂) = E
[
∥𝚺̂ − 𝚺∥2

F
]
, (3)

where ∥ · ∥F denotes the Frobenius matrix norm, ∥A∥F =
√︁

tr(A⊤A) for any matrix A
and tr(·) denotes the matrix trace, tr(A) = ∑𝑝

𝑖=1 𝑎𝑖𝑖 , for any square matrix A. Recall
that bias of 𝚺̂ is defined as

bias(𝚺̂) = 𝚺 − E[𝚺̂]

and an estimator is called unbiased iff bias(𝚺̂) = 0. This reduction in MSE can be
understood via the bias-variance decomposition of the MSE:

MSE(𝚺̂) = E
[
∥𝚺̂ − E[𝚺̂] ∥2

F
]
+ ∥bias(𝚺̂)∥2

F, (4)

where the first term on the right-hand side is the total variance and the second term
is the squared total bias of the estimator. If the estimator 𝚺̂ is unbiased, then its
MSE is equal to its total variance. By using a shrinkage estimator, say 𝚺̂(𝛽), where
𝛽 > 0 is some tuning parameter that introduces some bias to the estimator 𝚺̂, it is
possible to reduce its MSE significantly given that the total variance is reduced in
larger extent. This will be illustrated in detail in Section 2.
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In order to be able to derive MSE-optimal shrinkage parameters and their esti-
mates under the assumption that data X is generated from an elliptically symmetric
(ES) distribution [4], one needs to derive the moments of the SCM or tapered SCM,
such as its normalized MSE (NMSE). These results as well as some key parameters,
the elliptical kurtosis and a measure of sphericity, are defined and elaborated in
Section 3.

Shrinkage estimation was introduced by Stein in the context of improved esti-
mation of the mean in his seminal works [5, 6]. These ideas were further studied
in [7, 8]. This chapter reviews linear shrinkage estimators of SCM(-s) in single
and multiple covariance matrices estimation problems. One of the earliest reference
studying a linear shrinkage estimator is [9]. A linear shrinkage estimator can often
be represented in the form

𝚺̂(𝛽, 𝛼) = 𝛽S + 𝛼𝜂T (5)

where T is positive definite symmetric target matrix, 𝛼 and 𝛽 are tuning parameters,
while 𝜂 is a scale statistics1 such as 𝜂 = tr(S)/𝑝 or 𝜂 = 𝑝/tr(S−1). In (5) the SCM
is pulled or shrunk toward a predetermined or estimated target structure T, which
may be chosen based on prior assumptions about the data at hand. Choosing T as
the identity matrix (T = I) implies having no a priori knowledge of the shape of the
data cloud. One such estimator, defined as 𝚺̂(𝛽, 𝛼) = 𝛽S + 𝛼𝜂I with 𝜂 = tr(S)/𝑝
was proposed in [11]. This estimator will be described in more detail in Section 4,
where the MSE optimal estimator is considered when X follows an unspecified ES
distribution. Shrinkage estimation of the form S + 𝛼I (so 𝛽 = 𝜂 = 1, T = I) is often
referred to as ”diagonal loading” in signal processing literature [12, 13, 14].

Different target matrices T have been considered in the literature. For example,
[15] used a target matrix following a single-index market factor model whose moti-
vation stems from portfolio optimization and capital asset pricing model (CAPM),
while a constant correlation model was adopted as the target matrix in [16]. It is
also possible to shrink toward multiple target matrices simultaneously as proposed
in [17, 18, 19, 20]. Such multi-target shrinkage covariance matrix estimators are
defined by

𝚺̂(a) = 𝑎0S +
𝐾∑︁
𝑘=1

𝑎𝑘T𝑘 , (6)

where T𝑘 , 𝑘 = 1, . . . , 𝐾 , are linearly independent target PDS matrices and 𝑎 𝑗 ,
𝑗 = 0, . . . , 𝐾 , are the regularization coefficients. It is also common to impose some
restrictions on the parameters such as non-negativity 𝑎𝑘 ≥ 0, and scale constraints,
such as

∑𝐾
𝑘=1 𝑎𝑘 ≤ 1 for 𝑘 = 1, . . . , 𝐾 and 𝑎0 = 1 − ∑𝐾

𝑘=1 𝑎𝑘 , as in [17, 18].
In the multiple population setting, regularization via pooling the information in

the different class samples is also possible. For example, [21] considered covariance
matrix estimation from two independent data sets, whose covariance matrices are dif-
ferent but close to each other. In discriminant analysis classification, the pooled SCM,
Spool =

1
𝑛

∑𝐾
𝑘=1 𝑛𝑘S𝑘 , 𝑛 =

∑𝐾
𝑘=1 𝑛𝑘 , is often used as a shrinkage target and the class

1 Formally, 𝜂 ≡ 𝜂 (𝚺) is a scale parameter if it verifies 𝜂 (I) = 1 and 𝜂 (𝑎𝚺) = 𝑎𝜂 (𝚺) for all
𝑎 > 0 [10]. Then 𝜂̂ is statistic that estimates this parameter based on data X.
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covariance matrices are estimated via a convex combination 𝚺̂𝑘 = 𝑎S𝑘 + (1−𝑎)Spool,
where 𝑎 ∈ [0, 1]. This was studied in a Bayesian framework in [22] and [23], and
in the Regularized Discriminant Analysis (RDA) framework in [24]. In this chapter,
we consider more general multiple population linear shrinkage settings. First we
consider the coupled linear shrinkage approach [25], where the SCM of 𝑘th sample
is first linearly shrinked with pooled SCM Spool, and this estimator is then shrinked
towards scaled identity matrix to guarantee positive-definiteness. The optimal co-
efficients are estimated that minimize the MSE under the assumption that data are
sampled from unknown (unspecified) elliptical distributions. Then we consider more
general approach, where the covariance matrix estimator of the 𝑘th class is formed as
linear combination of all class SCM-s where coefficients that minimize the MSE are
estimated similarly under the elliptical distribution assumption. These developments
are discussed in Section 5. Application to portfolio selection in finance is provided
in section 6. Finally, Section 7 concludes.

2 Bias-variance tradeoff and shrinkage

To illustrate the idea of shrinkage estimators of covariance matrix, consider the
simplest possible shrinkage estimator

𝚺̂(𝛽) = 𝛽𝚺̂,

where 𝛽 > 0 is a shrinkage parameter that can be optimally tuned and 𝚺̂ is some
unbiased estimator of 𝚺 such as the SCM, so verifying E[𝚺̂] = 𝚺. First note that
𝚺̂(𝛽) is obviously biased for any 𝛽 ≠ 1, the bias being

bias[𝚺̂(𝛽)] = 𝚺 − E[𝛽𝚺̂] = (1 − 𝛽)𝚺. (7)

It is yet possible to improve on the MSE by seeking an optimal constant 𝛽o such that
𝚺̂o = 𝛽𝑜𝚺̂ attains a smaller MSE than 𝚺̂, i.e.,

MSE(𝚺̂o) < MSE(𝚺̂) for any 𝚺 ≻ 0 . (8)

This is equivalent to saying that 𝚺̂o is more efficient estimator than 𝚺̂ (regardless of
the structure of the true underlying covariance matrix 𝚺). Now consider finding the
optimal scaling term as

𝛽o = arg min
𝛽>0

E
[
∥𝛽𝚺̂ − 𝚺∥2

F
]
.

Due to (4) and (7), we have that

MSE(𝚺̂(𝛽)) = E
[
∥𝛽𝚺̂ − 𝚺∥2

F
]
= 𝛽2MSE(𝚺̂) + (1 − 𝛽)2∥𝚺∥2

F. (9)
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Since 𝑓 (𝛽) = MSE(𝚺̂(𝛽)) is a strictly convex quadratic function, we can easily find
the minimum 𝛽o of 𝑓 (𝛽) as solution of 𝑓 ′ (𝛽) = 0, which gives

𝛽o =
∥𝚺∥2

F

MSE(𝚺̂) + ∥𝚺∥2
F
=

1
1 + NMSE(𝚺̂)

, (10)

where

NMSE(𝚺̂) =
E
[
∥𝚺̂ − 𝚺∥2

F
]

∥𝚺∥2
F

(11)

is the normalized MSE (NMSE) of 𝚺̂. Equation (10) shows that 𝛽o < 1 since
NMSE(𝚺̂) > 0. It not yet clear, however, if (8) holds. We prove this next.

First, note from (9) that

MSE(𝚺̂o) = 𝛽2
oMSE(𝚺̂) + (1 − 𝛽o)2∥𝚺∥2

F. (12)

Then subsituting

1 − 𝛽o = 1 − 1
1 + NMSE(𝚺̂)

=
NMSE(𝚺̂)

1 + NMSE(𝚺̂)
= 𝛽oNMSE(𝚺̂)

into (12) yields

MSE(𝚺̂o) = 𝛽2
oMSE(𝚺̂) + 𝛽2

o{NMSE(𝚺̂)}2 · ∥𝚺∥2
F

= 𝛽2
oMSE(𝚺̂) + 𝛽2

oNMSE(𝚺̂) · MSE(𝚺̂)
= 𝛽2

oMSE(𝚺̂)
(
1 + NMSE(𝚺̂)

)
= 𝛽oMSE(𝚺̂) (13)

where the last identity follows from 1/𝛽o = 1+NMSE(𝚺̂) due to (10). Since 𝛽o < 1
for all 𝚺 ≻ 0, it thus follows that (8) holds, and thus 𝛽o𝚺̂ is more efficient estimator
than 𝚺̂. It is important to observe that this does not hold just for SCM, but for any
unbiased estimator 𝚺̂ of 𝚺.

We now illustrate this fundamental result in the 1-dimensional case (𝑝 = 1). In
this case the covariance matrix 𝚺 is equal to variance 𝜎2 = var(𝑥) of a random
variable 𝑥 ∈ R. Suppose we have a random sample 𝑥1, . . . , 𝑥𝑛 distributed as 𝑥. The
sample variance is defined as

𝑠2 =
1

𝑛 − 1

𝑛∑︁
𝑖=1

(𝑥𝑖 − 𝑥)2 (14)

where 𝑥 = 1
𝑛

∑𝑛
𝑖=1 𝑥𝑖 denotes the sample mean. Since 𝑠2 is an unbiased estimator of

𝜎2, we have that

MSE(𝑠2) = var(𝑠2) = 𝜎4
(kurt(𝑥)

𝑛
+ 2
𝑛 − 1

)
, (15)
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where kurt(𝑥) denotes the (excess) kurtosis of a random variable 𝑥, defined as

kurt(𝑥) = E[(𝑥 − 𝜇)4]
𝜎4 − 3. (16)

Let us now consider the shrinkage estimator 𝜎̂2 (𝛽) = 𝛽𝑠2. Due to (13) we know that
𝜎̂2

o = 𝛽o𝑠
2 where 𝛽o < 1, is always more efficient estimator than the sample variance

since
MSE(𝜎̂2

o ) = 𝛽oMSE(𝑠2) < MSE(𝑠2) for any 𝜎2 > 0.

Using (10) and (15), the optimal scaling constant 𝛽o that minimizes E[(𝛽𝑠2 −𝜎2)2]
can be expressed compactly as

𝛽o =
𝜎4

var(𝑠2) + 𝜎4 =
𝑛(𝑛 − 1)

kurt(𝑥) (𝑛 − 1) + 𝑛(𝑛 + 1) .

For example, if the data is from a Gaussian distribution (𝑥 ∼ N(𝜇, 𝜎2)), then
kurt(𝑥) = 0, and 𝛽o = (𝑛 − 1)/(𝑛 + 1), and hence

𝜎̂2
o =

1
𝑛 + 1

𝑛∑︁
𝑖=1

(𝑥𝑖 − 𝑥)2

is always more efficient estimator than the sample variance 𝑠2 for Gaussian samples.
For Gaussian data, 𝛽o ≈ 1, but if the kurtosis is large and positive and 𝑛 is small,

the optimal shrinkage factor 𝛽o can be significantly smaller than 1. For example,
consider the case that data is from a standard (𝜇 = 0, 𝜎 = 1) 𝑡-distribution with
𝜈 > 4 degrees of freedom (d.o.f.) and unit variance. In this case the kurtosis is
kurt(𝑥) = 6/(𝜈 − 4). Figure 1 depicts the graphs of MSE, squared bias and variance
of 𝜎̂2 (𝛽) as a function of 𝛽 ∈ [0, 1] when 𝑛 = 10 and 𝜈 = 5. Recall the connections
between these quantities through the bias-variance decomposition,

MSE(𝜎̂2 (𝛽)) = var(𝜎̂2 (𝛽)) + bias(𝜎̂2 (𝛽))2.

The minimum MSE of 𝜎̂2
o is identified as dotted horizontal line and the optimum 𝛽o

as a dotted vertical line in the plot. We also computed the empirical MSE averaged
over 20000 MC trials. The following conclusions can be drawn. The sample variance
𝑠2 needs to be shrunked nearly by a factor 𝛽o ≈ 1/2 which is substantial scaling.
For 𝛽 close to 1, the bias goes to zero (as expected) while the bias increases when 𝛽
descends towards 0. The opposite effect is seen in the variance. Optimal tradeoff is
obtained by using 𝜎̂2

o = 𝛽o𝑠
2. Morever, one notices that a significant improvement

in MSE can be attained by using the MSE-optimal scaled estimator 𝛽o𝑠
2. One can

also notice that the empirical MSE curve has a good match with the theoretical MSE
curve.
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Fig. 1: The graphs of MSE, squared bias and the variance of a shrinkage estimator
𝜎̂2 (𝛽) = 𝛽𝑠2 when sampling from a 𝑡-distribution of unit variance and d.o.f. 𝜈 = 5.
Sample size is 𝑛 = 10. The minimum MSE(𝜎̂2 (𝛽o)) is indicated via dotted horizontal
line and the value of the optimum 𝛽o via dotted vertical line.

3 NMSE of SCM under elliptical distributions

We remind the reader of some basic properties of elliptically symmetric (ES) distri-
bution reviewed in Chapter 2 of this book. First, a random vector is said to have an
ES distribution if and only if it admits stochastic representation,

x = 𝝁 + 𝑟𝚺1/2u, (17)

with u having a uniform distribution on the unit sphere 𝑆𝑝−1 = u ∈ {z ∈ R𝑝 : ∥z∥ =
1} and 𝑟 ≥ 0 being a random variable independent of u. The variable 𝑟 is called the
modular variate and due (17) it verifies

𝑟2 = (x − 𝝁)⊤𝚺−1 (x − 𝝁). (18)

The parameter 𝝁 ∈ R𝑝 is the symmetry center and 𝚺 is a PDS 𝑝 × 𝑝 matrix
parameter, called the scatter matrix. We assume x is an absolutely continuous random
vector x ∈ R𝑝 and has finite 4th order moments. Thus it has a probability density
function (p.d.f.) up to a constant of the form |𝚺 |−1/2𝑔((x − 𝝁)⊤𝚺−1 (x − 𝝁)), where
𝑔 : R≥0 → R>0 is called the density generator which we without any loss of
generality assume to verify 𝐶−1

∫ ∞
0 𝑡 𝑝/2𝑔(𝑡)d𝑡 = 𝑝, where 𝐶 =

∫ ∞
0 𝑡 𝑝/2−1𝑔(𝑡)d𝑡

which is equivalent to assuming that E[𝑟2] = 𝑝. We write x ∼ E𝑝 (𝝁,𝚺, 𝑔) to denote
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this case. For example, the MVN distribution N𝑝 (𝝁,𝚺) is a particular instance of
the elliptical distribution with 𝑔(𝑡) = exp(−𝑡/2).

The symmetry center 𝝁 is equal to the mean vector 𝝁 = E[x] and 𝚺 represents the
covariance matrix 𝚺 = cov(x). Sometimes we are only interested in the covariance
matrix up to a scaling constant. Hence, we define the shape matrix as

𝚲 = 𝑝
𝚺

tr(𝚺) ,

which verifies tr(𝚲) = 𝑝.
Two key scalar population parameters in this chapter regarding 𝚺 are the scale

and the sphericity. The scale

𝜂 =
tr(𝚺)
𝑝

=
1
𝑝

𝑝∑︁
𝑖=1

𝜆𝑖 (19)

is the mean of the eigenvalues 𝜆1, . . . , 𝜆𝑝 of 𝚺. The sphericity is defined as

𝛾 =
𝑝 tr(𝚺2)
tr(𝚺)2 =

∥𝚲∥2
F

𝑝
=

1
𝑝

∑𝑝

𝑖=1 𝜆
2
𝑖(

1
𝑝

∑𝑝

𝑖=1 𝜆𝑖

)2 . (20)

Thus the sphericity measure (20) is the ratio of the mean of the squared eigenvalues
of 𝚺 relative to the mean of its eigenvalues squared. Letting 𝑠2

𝜆
= 1

𝑝

∑𝑝

𝑖=1 (𝜆𝑖 − 𝜂)
2

denote the sample variance of the eigenvalues, we may express 𝛾 as

𝛾 = 1 +
𝑠2
𝜆

𝜂2 = 1 + 1
𝑝
∥𝚲 − I∥2

F.

Thus the sphericity measures how close 𝚺 is to a scaled identity matrix or how
concentrated the eigenvalues are around their mean value 𝜂. In fact, 𝛾 ∈ [1, 𝑝],
where 𝛾 = 1 if and only if 𝚺 ∝ I and 𝛾 = 𝑝 if and only if 𝚺 has its rank equal
to 1. The fact that 𝛾 is lower bounded by 𝛾 ≤ 𝑝 is easiest seen by recalling the
submultiplicativity of the matrix trace; namely, for any positive semidefinite matrices
A and B, it holds that tr(AB) ≤ tr(A) tr(B). Thus tr(𝚺2) ≤ tr(𝚺)2 and consequently
𝛾 = 𝑝 tr(𝚺2)/tr(𝚺)2 ≤ 𝑝.

A statistical variable describing the heavy-tailedness of the elliptical distribution
is elliptical kurtosis [26] (and also recall eq. (45) in Chapter 2 of the book) which is
defined as

𝜅 =
E[𝑟4](
E[𝑟2]

)2
𝑝

𝑝 + 2
− 1 =

E[𝑟4]
𝑝(𝑝 + 2) − 1 (21)

where 𝑟2 is the 2nd-order modular variate defined in (18). The latter identity in (21)
follows due to assumption E[𝑟2] = 𝑝. For kurtosis to exists, we need to assume
that the elliptical distribution has finite fourth order moments. The elliptical kurtosis
shares properties similar to the kurtosis of a real random variable. Especially, if
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x ∼ N𝑝 (𝝁,𝚺), then 𝜅 = 0. This follows by noticing that the quadratic form 𝑟2

has a chi-squared distribution with 𝑝 degrees of freedom (𝑟2 ∼ 𝜒2
𝑝) and hence

E[𝑟4] = 𝑝(𝑝+2). This result becomes more obvious when one notices the following
relationship of 𝜅 with the marginal (excess) kurtosis, kurt(𝑥𝑖), of any component of
𝑥𝑖 of x ∼ E𝑝 (𝝁,𝚺, 𝑔) [27], [28, Lemma 3]:

𝜅 =
1
3
· kurt(𝑥𝑖), for any 𝑖 ∈ {1, . . . , 𝑝}. (22)

3.1 NMSE of SCM

We are now ready to derive important results moments of SCM under the elliptical
distribution. Before stating the NMSE we recall the following result.

Lemma 1 [27, Lemma 2] Let x1, . . . , x𝑛
𝑖𝑖𝑑∼ E𝑝 (𝝁,𝚺, 𝑔) with 𝚺 = cov(x) and

assume that finite fourth-order moments exist. Then

E
[
∥S∥2

F
]
= (1 + 𝜏1 + 𝜏2) ∥𝚺∥2

F + 𝜏1 tr(𝚺)2, (23)

E
[
tr(S)2] = 2𝜏1∥𝚺∥2

F +
(
1 + 𝜏2

)
tr(𝚺)2, (24)

where the scalars are defined by

𝜏1 =
1

𝑛 − 1
+ 𝜅
𝑛

and 𝜏2 =
𝜅

𝑛
(25)

It is important to notice that these expectations depend on the underlying ES
distribution (and hence on the density generator 𝑔) only via its kurtosis parameter 𝜅.
The NMSE of SCM is given next.

Lemma 2 [27, Lemma 1] Let x1, . . . , x𝑛
𝑖𝑖𝑑∼ E𝑝 (𝝁,𝚺, 𝑔) with 𝚺 = cov(x) and

assume that finite fourth-order moments exist. Then

NMSE(S) =
(
1 + 𝑝

𝛾

) ( 1
𝑛 − 1

+ 𝜅
𝑛

)
+ 𝜅
𝑛

(26)

where 𝛾 denotes the sphericity parameter.
Sphericity parameter plays crucial role in determining the accuracy of the SCM.

Consider the doubly asymptotic regime,

𝑐 =
𝑝

𝑛
→ 𝑐0, 0 < 𝑐0 < ∞, as 𝑝, 𝑛→ ∞. (27)

Assume that 𝛾 remains bounded, 𝛾 → 𝛾0 as 𝑝 → ∞. Then using (26), it immediately
follows that the limiting NMSE under the doubly asymptotic regime (27) is

NMSE(S) → 1 + 𝜅
𝛾0

𝑐0 (28)
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Fig. 2: Limiting NMSE in (28) as a function of limiting sphericity 𝛾0 when 𝑝/𝑛→ 𝑐0
as 𝑝, 𝑛→ ∞. The solid line corresponds to the case 𝜅 = 0 and dotted line 𝜅 = 1.

which shows that S is not a consistent estimator of 𝚺 unless 𝑐 = 𝑝/𝑛 → 0. This
is illustrated in Figure 2 which displays the limiting NMSE as a function of 𝛾0 for
different cases of 𝑐0. Again the limiting NMSE is largest when 𝚺 is close to being
spherical (𝛾 ≈ 1). Moreover, if 𝑐0 > 1 (undersampled case), the limiting NMSE can
be very large. The solid lines are for case 𝜅 = 0 (which holds for MVN distribution)
and the dotted lines for the case 𝜅 = 1. For example, a multivariate 𝑡-distribution
(MVT) with d.o.f. 𝜈 = 6 has 𝜅 = 1. Figure also illustrates that when the distribution
is heavy-tailed (𝜅 = 1) and close to spherical, then the limiting NMSE of SCM can
be very large. Finally, we point out that the effect of sphericity in finite sample case
is illustrated later in Figure 4a. Since sphericity plays a crucial role in determining
the accuracy of the SCM, it is of interest to find an accurate estimator of sphericity.
This is the topic of subsection 3.3.

3.2 NMSE of tapered SCM

Let us now derive the MSE of the tapered SCM. For this purpose, assume that
template matrix W ∈ W+, where

W+ = {W ∈ R𝑝×𝑝Sym : 𝑤𝑖𝑖 = 1, 𝑤𝑖 𝑗 ≥ 0∀𝑖, 𝑗 ∈ [[1, 𝑝]]} (29)

and with R𝑝×𝑝Sym denoting the set of all symmetric 𝑝 × 𝑝 matrices. Write diag(A) ≡
diag(𝑎11, . . . , 𝑎𝑝𝑝) for any matrix A = (𝑎𝑖 𝑗 )𝑝×𝑝 , Then we have the following result.
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Lemma 3 [3, Lemma 1] Let {x𝑖}𝑛𝑖=1 be an i.i.d. random sample from E𝑝 (𝝁,𝚺, 𝑔)
with finite 4th order moments. Then for any W ∈ W+, it holds that

E
[
∥W ◦ S∥2

F
]
= (1 + 𝜏1 + 𝜏2)∥W ◦ 𝚺∥2

F + 𝜏1 tr((D𝚺W)2).

where D𝚺 = diag(𝚺) and 𝜏1, 𝜏2 are defined in (25).

Notice that the MSE of the tapered SCM is

MSE(W ◦ S) = E
[
∥W ◦ S − 𝚺∥2

F
]

= E [∥ W ◦ S


2

F
]
+ ∥𝚺∥2

F − 2∥V ◦ 𝚺∥2
F, (30)

where
V = (𝑣𝑖 𝑗 )𝑝×𝑝 with 𝑣𝑖 𝑗 =

√
𝑤𝑖 𝑗 for W ∈ W+. (31)

Thus plugging in the expression from Lemma 3 into (30) provides us the MSE of
the tapered SCM W ◦ S when sampling from an ES distribution. The NMSE is then
obtained from this formula via (11).

Figure 3 displays the NMSE curve of tapered SCM W ◦ S when W is of the form
(2) and the bandwidth parameter 𝑘 of W varies. The data is sampled from a MVN
distribution (left panel) and MVT distribution (right panel) with 𝜈 = 5 d.o.f., sample
size is 𝑛 = 100 and the dimension is 𝑝 = 250. In this example, the true covariance
matrix 𝚺 has a following structure,

(𝚺)𝑖 𝑗 =
{

1 , 𝑖 = 𝑗

𝜌 |𝑖 − 𝑗 |−(𝛼+1) , 𝑖 ≠ 𝑗 ,
(32)

where𝛼 is a decay parameter and 𝜌 is a correlation parameter which are set to𝛼 = 0.1
and 𝜌 = 0.6, respectively. This model was used in [29]. Figure 3 shows the important
point. Since the banding template in (2) with suitable chosen bandwidth parameter 𝑘
is well adapted to the true model of 𝚺 in (32), the NMSE can be significantly reduced
with tapered SCM. For MVN data, the best bandwidth 𝑘 = 6 yields the NMSE of
0.089. Note that bandwidth 𝑘 = 𝑝 implies W = 11⊤ and the tapered SCM reduces to
SCM (i.e., W ◦ S = S). This worst case bandwidth 𝑘 = 𝑝 gives 1.082 as the NMSE.
Thus tje tapered SCM improves the MSE of SCM significantly (more than a factor
of ten). Performance improvement is even more significant when the data is from a
heavy-tailed ES distribution as is illustrated from the more steeply increasing NMSE
curve on the right hand side panel of Figure 3.

3.3 Estimator of sphericity

The spatial sign covariance matrix (SSCM) [30] is an estimate of the shape matrix
𝚲. The scaled2 SSCM is defined as
2 The common definition is without the multiplier 𝑝
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Fig. 3: NMSE curve of tapered SCM W ◦ S as a function of used bandwidth 𝑘 of W
when sampling from a MVN distribution (left panel) and MVT distribution (right
panel) with d.o.f. 𝜈 = 5, 𝚺 has structure (32) with 𝛼 = 0.1, 𝑛 = 100 and 𝑝 = 250.

𝚲̂ =
𝑝

𝑛

𝑛∑︁
𝑖=1

(x𝑖 − 𝝁̂) (x𝑖 − 𝝁̂)⊤
∥x𝑖 − 𝝁̂∥2 , (33)

where 𝝁̂ = arg min𝝁
∑𝑛
𝑖=1 ∥x𝑖 − 𝝁∥ is the sample spatial median [31]. When 𝝁 is

known (𝝁 = 0), the SSCM is defined as

𝚲̂ =
𝑝

𝑛

𝑛∑︁
𝑖=1

x𝑖x⊤𝑖
∥x𝑖 ∥2 .

One of the major selling points of SSCM are its impeccable robustness properties: it
possesses the highest possible breakdown point [32] of 1 with fixed location [33] and
breakdown point of 1/2 when using the spatial median to estimate the location [34].
This can be contrasted to M-estimators of scatter for which the best possible break-
down point is 1/𝑝 and obtained by Tyler’s M-estimator [35].

An estimate of sphericity based on the SSCM, defined by

𝛾̂ =
𝑛

𝑛 − 1

(
∥𝚲̂∥2

F
𝑝

− 𝑝

𝑛

)
, (34)

has been studied in many papers (e.g., [36, 37, 20]). In [20] it was shown that (34) is
asymptotically (as 𝑝 → ∞) unbiased when sampling from ES distribution under the
assumption 𝛾/𝑝 → 0 as 𝑝 → ∞. This assumption is sufficiently general and holds
for many scatter matrix models [20, Prop. 3]. For example, if 𝚺 has an autoregressive
model (AR(1)) structure,

(𝚺)𝑖 𝑗 = 𝜂𝜚 |𝑖− 𝑗 | , (35)

where 𝜂 is the scale (19) and 𝜚 is the correlation parameter, 𝜚 ∈ (−1, 1), then
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𝛾 =
𝑝 − 𝑝𝜚4 − 2𝜚2 + 2(𝜚2) 𝑝+1

𝑝(𝜚2 − 1)2 . (36)

Note that 𝛾 = 𝑂 (1) = 𝑜(𝑝).
Another estimator proposed in [27, Sect. IV-B] is defined by

𝛾̂ = 𝑏̂𝑛

(
𝑝 tr(S2)
tr(S)2 − 𝑎̂𝑛

𝑝

𝑛

)
, (37)

where

𝑎̂𝑛 =

( 𝑛

𝑛 + 𝜅

) ( 𝑛

𝑛 − 1
+ 𝜅

)
and 𝑏̂𝑛 =

(𝜅 + 𝑛) (𝑛 − 1)2

(𝑛 − 2) (3𝜅(𝑛 − 1) + 𝑛(𝑛 + 1)) .

and 𝜅 is an estimate of the elliptical kurtosis. In [28] estimators of 𝛾 based on
robust M-estimators of scatter were constructed under the assumption that 𝑛 > 𝑝

(oversampled case). A comparative study of different estimators of sphericity were
recently conducted in [38].

Slightly modified Ell1 or Ell2-estimators of the sphericity parameter of tapered
covariance matrix,

𝛾W ≡ 𝛾(W ◦ 𝚺) =
𝑝 tr

(
(W ◦ 𝚺)2)
tr(𝚺)2 , W ∈ W+ (38)

can be constructed as shown in [3, Section IV].

4 Linear shrinkage of SCM

In this section we consider the single sample setting and linear shrinkage estimators
of the SCM S or the tapered SCM W ◦ S in Subsection 4.1 and 4.2, respectively.

4.1 Regularized SCM (RSCM)

The regularized SCM (RSCM) considered in [27] is defined as

𝚺̂(𝛼, 𝛽) = 𝛽S + 𝛼I, (39)

where S is the unbiased SCM defined in (1), and 𝛼, 𝛽 ≥ 0 are are tuning or regular-
ization parameters. The MSE of RSCM can be written as [27, Appendix A]

MSE(𝚺̂(𝛼, 𝛽)) = 𝛽2MSE(S) + ∥𝛽S + 𝛼I − 𝚺∥2
F. (40)
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Then assuming a sample x1, . . . , x𝑛 from an arbitrary distribution with finite 4th-
order moments, the optimal tuning parameters that minimize the MSE are [27,
Theorem 1]

𝛼o = (1 − 𝛽o)𝜂 and 𝛽o =
(𝛾 − 1)

(𝛾 − 1) + 𝛾 · NMSE(S) (41)

where the scale 𝜂 and sphericity 𝛾 are defined in (19) and (20), respectively. Note
that the NMSE(S) for elliptical data is given in Lemma 2.

Let 𝚺̂o = 𝚺̂(𝛼o, 𝛽o) denote the optimal or oracle RSCM that has the knowledge
of these optimal parameters. Then

NMSE(𝚺̂o) = (1 − 𝛽o)
∥𝚺 − 𝜂I∥2

F

∥𝚺∥2
F

= (1 − 𝛽o)
𝛾 − 1
𝛾

.

Next we give an instructive example illustrating the power of regularization.

Comparing the NMSE of SCM and RSCM

The samples are generated from a 𝑝 = 50 dimensional MVN distribution, N𝑝 (𝝁,𝚺),
with AR(1) covariance structure in (35). The left panel of Figure 4 displays the
NMSE of SCM for varying sample lengths 𝑛. As can be noted, the accuracy of
SCM S depends heavily on the value of 𝛾. When 𝛾 ≈ 1 (i.e., the distribution is
close to being spherical, so 𝜚 ≈ 0), the NMSE is largest, and rises steeply when
𝑛 < 𝑝. The right panel of Figure 4 displays the NMSE of the optimal RSCM 𝚺̂o.
The performance improvement is drastic in the cases when the covariance matrix is
close to being spherical (black and red lines) and/or when 𝑛 ≤ 𝑝.

In practise one does not have access to the true 𝛼o or 𝛽o and thus the oracle RSCM
is not computable. However, as can be inferred from (41) and the NMSE expression
in Lemma 2, the optimal parameter 𝛽o depends on the sphericity 𝛾 and the elliptical
kurtosis parameter 𝜅, i.e., 𝛽o ≡ 𝛽o (𝜅, 𝛾). One may compute an estimate 𝜅 using the
empirical average of the kurtosis parameters (scaled by 1/3) due to (22) as detailed
in [27, Sect. IV] while for an estimate of sphericity one may use the estimator defined
in (34). This gives 𝛽o = 𝛽o (𝜅, 𝛾̂) as the estimate of 𝛽o. To estimate the scale 𝜂 one
uses 𝜂 = tr(S)/𝑝, and then sets 𝛼̂o = (1 − 𝛽o)𝜂 (recall (41)). After estimating these
parameters, we can compute the regularized SCM as

𝚺̂RSCM = 𝛽oS + (1 − 𝛽o)𝜂I, (42)

This estimator was referred to as RSCM-Ell1. The estimator using (37) as the esti-
mate of sphericity was referred to as RSCM-Ell2. MATLAB package is available
at http://users.spa.aalto.fi/esollila/regscm/ to compute these estima-
tors.

http://users.spa.aalto.fi/esollila/regscm/
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Fig. 4: The effect of sphericity 𝛾 on the NMSE of SCM S (left panel) and optimal
oracle RSCM 𝚺̂o (right panel). Samples are from MVN distribution with 𝚺 having
an AR(1) structure; 𝑝 = 50.

4.2 Regularized tapered SCM

Let W = {W(𝑘)}𝐾
𝑘=1 be a finite set of possible template matrices, i.e., matrices

satisfying W(𝑘) ∈ W+ ∀𝑘 ∈ [[1, 𝐾]], where 𝑘 is an index that identifies the matrix
W in the set W. For example, the set W can be the set of all banding matrices W(𝑘),
𝑘 = 1, . . . , 𝑝 as defined in (2) or a union of different type of template matrices. Then,
[3] proposed an estimator, referred to as Tabasco (TApered or BAnded Shrinkage
COvariance matrix), defined as

𝚺̂(𝛽, 𝑘) = 𝛽(W(𝑘) ◦ S) + (1 − 𝛽) tr(S)
𝑝

I, (43)

which benefits both from shrinkage and exploitation of structure via tapering tem-
plates W ∈ W. Above 𝛽 ∈ [0, 1] is the shrinkage parameter and 𝑘 ∈ {1, . . . , 𝐾} is
the index that identifies the tapering matrix in the set W. Note that 𝚺̂(𝛽, 𝑘) preserves
the original scale of the SCM since tr(W ◦ S) = tr(S) ∀W ∈ W+. Obviously, the
success of banding and/or tapering depends on one’s ability to choose the param-
eters 𝛽 and 𝑘 correctly. Since both the RSCM in (42) (if W = 11⊤ ∈ W where 1
denotes a 𝑝-vector of ones) and the tapered SCM (if 𝛽 = 1) appear as special cases
of (43), Tabasco performs never worse than these two estimators in terms of MSE
independent of the underlying structure of the true covariance matrix 𝚺. Indeed in
the simulation study reported in [3] Tabasco outperformed these estimators as well
as many commonly used shrinkage or banding/tapering estimators.

For a given fixed index 𝑘 , let W ≡ W(𝑘) denote the associated template matrix
and 𝚺̂(𝛽) ≡ 𝚺̂(𝛽, 𝑘) the associated Tabasco estimator. Then it was shown in in [3]
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that

𝛽o = arg min
𝛽∈[0,1]

E
[

𝚺̂(𝛽) − 𝚺∥2

F

]
(44)

=
𝑝(𝛾V − 1)𝜂2

E
[
∥W ◦ S∥2

F
]
− 𝑝−1E[tr(S)2]

(45)

where V = (𝑣𝑖 𝑗 ) with 𝑣𝑖 𝑗 =
√
𝑤𝑖 𝑗 (as in (31)), 𝛾V is the sphericity parameter of V◦𝚺,

defined via (38), and 𝜂 = tr(𝚺)/𝑝 is the scale of 𝚺. Under the assumption that data
is from an ES distribution, one can derive an explicit analytical expression for 𝛽o
using expressions for E

[
∥W ◦ S∥2

F
]

and E[tr(S)2] given in Lemma 3 and Lemma 1,
respectively; see [3, Theorem 2] in particularly.

When 𝑘 is not fixed, then 𝛽o = 𝛽o (𝑘) depends on 𝑘 via W = W(𝑘) and V = V(𝑘).
Then, as shown in [3], the MSE optimal index 𝑘 can be chosen as

𝑘o = arg min
𝑘
𝛽0 (𝑘) (1 − 𝛾V (𝑘)), (46)

where 𝛾V (𝑘) is the sphericity parameter in (38) for V = V(𝑘).
Naturally, in practise we need to replace the oracle 𝛽o (𝑘) by its estimate 𝛽o (𝑘).

Finally, given 𝛽o (𝑘) and an estimate of sphericity 𝛾̂V (𝑘), one can choose the best
index 𝑘 (and the associated template W = W(𝑘)) as 𝑘̂o = arg min𝑘 𝛽o (𝑘) (1− 𝛾̂V (𝑘))
as in (46). These values are then used to obtain the final optimal Tabasco estimator
𝚺̂Tabasco = 𝚺̂(𝛽o, 𝑘̂o) via equation (43), where 𝛽o = 𝛽o ( 𝑘̂o). We refer to [3] for more
details of the calculations. Efficient MATLAB toolbox for computing the Tabasco
estimator is available at https://github.com/esollila/Tabasco.

5 Multiple class estimation problem

In this section, we consider the case where we have𝐾 different classes or populations,
and we have observed 𝑛𝑘 , 𝑘 = 1, . . . , 𝐾 , i.i.d. 𝑝-dimensional samples from these
populations. The covariance matrix of class 𝑘 ∈ {1, . . . , 𝐾} is defined as

𝚺𝑘 = E[(x𝑖𝑘 − 𝝁𝑘) (x𝑖𝑘 − 𝝁𝑘)⊤],

where x𝑖𝑘 denotes the 𝑖th sample from class 𝑘 and 𝝁𝑘 = E[x𝑖𝑘] is the mean of class
𝑘 . The conventional estimate for the covariance matrix is the unbiased SCM defined
for class 𝑘 by

S𝑘 =
1

𝑛𝑘 − 1

𝑛𝑘∑︁
𝑖=1

(x𝑖𝑘 − x𝑘) (x𝑖𝑘 − x𝑘)⊤,

where x𝑘 = (1/𝑛𝑘)
∑𝑛𝑘
𝑖=1 x𝑖𝑘 is the sample mean of class 𝑘 .

The estimators that are considered in this section combine or pool the information
from the other classes in order to reduce the MSE of the estimator of a given class.

https://github.com/esollila/Tabasco
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The underlying rationale for pooling comes from the often plausible assumption
that the class populations share a somewhat similar structure. This is because the
same variables that are measured under slightly different population conditions are
often positively correlated, and thus, share a similar correlation/covariance structure.
Thus the information available in another class should be used for improving the
estimation in the target class.

Since the classes can be assumed to have a similar covariance structure, it is
beneficial to shrink the individual class covariance matrix estimates toward the
pooled (average) SCM of the classes, using the pooled SCM defined by

Spool =

𝐾∑︁
𝑘=1

𝜋𝑘S𝑘 , 𝜋𝑘 =
𝑛𝑘∑𝐾
𝑗=1 𝑛 𝑗

. (47)

Often better choise is to use a convex combination of the SCM and the pooled SCM;
For example, [24] proposed to use the convex combination

𝚺̂𝑘 (𝛽) = 𝛽S𝑘 + (1 − 𝛽)Spool, (48)

as an estimate for the class covariance matrix, where 𝛽 ∈ [0, 1] is the tuning
parameter. This partially pooled estimator is then further regularized toward a scaled
identity matrix in order to stabilize its eigenvalues and guarantee positive definiteness
of the estimator in low sample size settings (𝑝 > 𝑛𝑘 for some 𝑘):

𝚺̂𝑘 (𝛼, 𝛽) = 𝛼𝚺̂𝑘 (𝛽) + (1 − 𝛼)I𝚺̂𝑘 (𝛽) , (49)

where 𝚺̂𝑘 (𝛽) is given in (48), IA = (tr(A)/𝑝)I and 𝛼, 𝛽 ∈ [0, 1] are tuning param-
eters. The author of [24] then proposed RDA framework based on this estimator.
Similar ideas but from Bayesian perspectives were developed in [22, 23].

5.1 Coupled RSCM

We call the estimator in (49) as the coupled RSCM estimator as it couples two
different types of regularization. The task that remains is to determine the optimal
tuning parameters (𝛼𝑘 , 𝛽𝑘) ∈ [0, 1] × [0, 1], for 𝑘 = 1, . . . , 𝐾 . In RDA [24], one uses
𝛽 ≡ 𝛽𝑘 and 𝛼 ≡ 𝛼𝑘 , i.e., same parameter pair is used for all classes 𝑘 = 1, . . . , 𝐾 , and
then one picks up the best pair (𝛼, 𝛽) from a grid of values using cross-validation. It
is easy to criticise that such an approach is suboptimal but also computer intensive.
As a remedy [25] proposed a data-adaptive approach for choosing class-specific
choices (𝛼𝑘 , 𝛽𝑘) that minimize the MSE(𝚺̂𝑘 (𝛼, 𝛽)) for each 𝑘 = 1, . . . , 𝐾. This
method is described in this section in more detail.

Before proceeding, it is worthwhile to point out 4 special instances of the estima-
tor (49):
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(C1) The unpooled regularized SCM estimator omits the pooled SCM and only
shrinks toward the scaled identity matrix:

𝚺̂𝑘 (𝛼𝑘 , 𝛽𝑘 = 1) = 𝛼𝑘S𝑘 + (1 − 𝛼𝑘)IS𝑘
.

This type of shrinkage is typically considered in single class covariance matrix
estimation (see e.g., [11] and [27]).

(C2) The partially pooled estimator omits regularization toward the scaled identity
and only shrinks toward the pooled SCM:

𝚺̂𝑘 (𝛼𝑘 = 1, 𝛽𝑘) = 𝚺̂𝑘 (𝛽𝑘) = 𝛽𝑘S𝑘 + (1 − 𝛽𝑘)S.

(C3) The fully pooled estimator uses the pooled SCM for every class 𝑘 and shrinks
it toward the scaled identity matrix:

𝚺̂𝑘 (𝛼𝑘 , 𝛽𝑘 = 0) = 𝛼𝑘Spool + (1 − 𝛼𝑘)ISpool .

Such shrinkage can be considered if all classes have an identical distribution.
(C4) The scaled identity estimator uses the partially pooled estimator to scale the

identity matrix:
𝚺̂𝑘 (𝛼𝑘 = 0, 𝛽𝑘) = I(𝛽𝑘S𝑘+(1−𝛽𝑘 )Spool ) .

Since it is clear that the tuning parameters are class-specific, we drop the subscripts
from 𝛼𝑘 and 𝛽𝑘 and denote them from now on simply by 𝛼 and 𝛽.

The NMSE of coupled RSCM and estimates of tuning parameters

We adopt the Setup A from [25] consisting of 𝐾 = 4 classes, which all follow an
AR(1) covariance model in (35) with correlations 𝜚𝑘 = (0.2, 0.3, 0.4, 0.5), sample
sizes 𝑛𝑘 = (25, 50, 75, 100), and scales 𝜂𝑘 ≡ 1 ∀𝑘 . The data are generated from
MVT distribution with d.o.f. 𝜈 = 8. The dimension is 𝑝 = 200. Figure 5 displays
the NMSE of the 4th class 𝚺̂4 (𝛼, 𝛽) in (49). The gray dots depict the estimated
tuning parameters (showing 400 realizations of 4000 Monte Carlo trials) using the
estimation method proposed in [25]. The black triangle (▲) identifies the optimal
tuning parameter pair, and the blue square (■) depicts the mean of the estimated
tuning parameters. One can notice that using the estimator (C3) would be beneficial
in this case and using the estimated tuning parameters one obtains an estimator with
MSE that is very close to the best possible oracle estimator.

An alternative, streamlined estimator to (49) was further proposed in [25] by
changing the 𝛼-regularization target, and by defining the estimator as

𝚺̃𝑘 (𝛼, 𝛽) = 𝛼𝚺̂𝑘 (𝛽) + (1 − 𝛼)IT, (50)
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where T ∈ {S𝑘 , S} and 𝚺̂𝑘 (𝛽) is defined in (48). This simplifies the expression for
the MSE and allows for an analytical solution for the tuning parameters as given
below.

Theorem 1 [25, Theorem 3] The theoretical MSE of estimator (50) is a bivariate
polynomial of the form

MSE(𝚺̃𝑘 (𝛼, 𝛽)) = 𝛼2𝛽2𝐵22 + 𝛼2𝛽𝐵21 + 𝛼2𝐵20 + 𝛼𝛽𝐵11 + 𝛼𝐵10 + 𝐵00,

where the coefficients 𝐵𝑖 𝑗 depend on the scalars 𝜂 𝑗 = tr(𝚺 𝑗 )/𝑝, E[∥S 𝑗 ∥2
F],

E[∥IS 𝑗
∥2

F], and ⟨𝚺𝑖 ,𝚺 𝑗⟩F = tr(𝚺𝑖𝚺 𝑗 ), and are detailed in [25, Appendix B]. If
(𝛼★, 𝛽★) ∈ (0, 1) × (0, 1), the optimal tuning parameters (𝛼★, 𝛽★) minimizing the
MSE are

𝛼★ =
2𝐵10𝐵22 − 𝐵11𝐵21

𝐵2
21 − 4𝐵20𝐵22

and 𝛽★ =
2𝐵11𝐵20 − 𝐵10𝐵21
2𝐵10𝐵22 − 𝐵11𝐵21

.

Otherwise, the optimal parameters are on the boundary of the feasible set [0, 1] ×
[0, 1], and are given by one of the following options

i) 𝛼★ =

[
− 1

2
𝐵10
𝐵20

]1

0
and 𝛽★ = 0,

ii) 𝛼★ =

[
− 1

2
𝐵10 + 𝐵11

𝐵22 + 𝐵21 + 𝐵20

]1

0
and 𝛽★ = 1,

iii) 𝛼★ = 1 and 𝛽★ =

[
−1

2
𝐵21 + 𝐵11
𝐵22

]1

0
,

iv) 𝛼★ = 0, which implies 𝚺̃ = IT and that the MSE does not depend on 𝛽.

Above the clip function [𝑐]𝑏𝑎 = max{𝑎,min{𝑏, 𝑐}} projects 𝑐 on to the interval [𝑎, 𝑏].

The unknown constants 𝐵𝑖 𝑗 are replaced by their estimated values when con-
structing the streamlined estimator, again assuming that data are generated from
unspecified elliptical distributions. This provides significant speed-up compared to
previous approaches where one uses cross-validation to estimate the tuning parame-
ters involved in the coupled RSCM. The coupled RSCM estimator was adapted and
applied to a real data classification problem in the RDA framework in [25, Sect. V-B
and VI-B] where the proposed method of estimating the MSE-optimal tuning pa-
rameters was compared to different types of cross-validation based methods. The
proposed approach performed similarly to cross validation (CV) in terms of classifi-
cation accuracy but achieved the same performance with significant computational
gain.

It should be emphasized that the main difference of (50) to (49) is that the trace
of (50) depends on 𝛼, while in (49) it does not. However, when tr(IT) ≈ tr(I𝚺̂𝑘 (𝛽) ),
the performance of the two estimators is expected to be similar. Simulation results
in [25, Table I] illustrate that neither the coupled RSCM in (49) nor the streamlined
estimator (50) was always better than the other. The codes to compute the coupled
RSCM or streamlined RSCM with MSE-optimal estimated tuning parameters are
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available in Matlab, R, and Python programming languages at https://github.
com/EliasRaninen/CoupledRSCM.
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Fig. 5: NMSE of 𝚺̂(𝛼, 𝛽) for the AR(1) covariance model in (35) with 𝜚𝑘 =

(0.2, 0.3, 0.4, 0.5), 𝑛𝑘 = (25, 50, 75, 100), dimension 𝑝 = 200, and sampling from
MVT distributions with 𝜈 = 8 d.o.f.

5.2 Linear pooling of sample covariance matrices

In [20] a method is proposed to estimate each class covariance matrix as a linear
combination of the SCM-s of the classes. For a vector of nonnegative weights a ≥ 0,
i.e., a = (𝑎𝑖), 𝑎𝑖 ≥ 0, 𝑖 = 1, . . . , 𝐾 , one defines

S(a) =
𝐾∑︁
𝑖=1

𝑎𝑖S𝑖 . (51)

Restricting the coefficients to be nonnegative ensures that the estimator is positive
semidefinite. The goal is to find a 𝐾 × 𝐾 nonnegative coefficient matrix A★ =

(a★1 · · · a★
𝐾
) where

https://github.com/EliasRaninen/CoupledRSCM
https://github.com/EliasRaninen/CoupledRSCM
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a★𝑘 = arg min
a≥0

E
[
∥S(a) − 𝚺𝑘 ∥2

F
]
, 𝑘 = 1, . . . , 𝐾. (52)

Let us define a diagonal matrix consisting of scaled MSE-s of the SCM-s as its
diagonal elements as

𝚫 = diag(𝛿1, . . . , 𝛿𝐾 ), 𝛿𝑘 = 𝑝
−1E[∥S𝑘 − 𝚺𝑘 ∥2

F] (53)

as well as the matrix of scaled inner products of the covariance matrices as

C =
(
c1 · · · c𝐾

)
= (𝑐𝑖 𝑗 ) =

(
𝑝−1 tr(𝚺𝑖𝚺 𝑗 )

)
. (54)

We can then state the following result.

Theorem 2 [20, Prop 1, Prop 2] The scaled MSE in (52) can be written as

𝑝−1E[∥S𝑘 − 𝚺𝑘 ∥2
F] = a⊤ (𝚫 + C)a − 2c⊤𝑘 a + 𝑐𝑘𝑘 . (55)

where 𝚫 and C are defined in (53) and (54), respectively. Furthermore, 𝚫 + C is a
positive definite symmetric matrix, and hence the MSE is a strictly convex quadratic
function in a. The unconstrained solution, which minimizes the MSE in (55) is

a★𝑘 = (𝚫 + C)−1c𝑘 ⇔ A★ = (𝚫 + C)−1C. (56)

It is important to notice that if the solution (56) to the unconstrained problem is
also non-negative, i.e., verifies a★

𝑘
≥ 0, then it is solution also to the constrained

problem. If this is not the case, then the solution is found by solving the strictly
convex quadratic programming (QP) problem

minimize 1
2 a⊤ (𝚫 + C)a − c⊤

𝑘
a

subject to a ≥ 0 (57)

It is often beneficial to incorporate regularization towards the identity matrix. For
example, if 𝑝 > 𝑛 =

∑
𝑘 𝑛𝑘 , then all of the SCMs S𝑘 are singular. Regularization

towards the identity can easily be added by using the estimator

S̃(a) =
𝐾∑︁
𝑖=1

𝑎𝑖S 𝑗 + 𝑎𝐼I, 𝑎𝑖 ≥ 0, 𝑎𝐼 > 𝜖, (58)

where the positive definiteness of the estimator is guaranteed due to the constraint
𝑎𝐼 > 𝜖 , where 𝜖 is a small number (e.g., 𝜖 = 10−6). When using (58) one can simply
replace 𝚫 and C with matrices

𝚫̃ =

(
𝚫 0
0⊤ 0

)
and C̃ =

(
C 𝜼
𝜼⊤ 1

)
, (59)

where 𝜼 = (𝜂1, . . . , 𝜂𝐾 )⊤ is a vector consisting of scales 𝜂𝑘 = tr(𝚺𝑘)/𝑝 of 𝚺𝑘-s. The
coefficient vector a = (𝑎1, . . . , 𝑎𝐾 , 𝑎𝐼 )⊤ that minimize the MSE E

[
∥S̃(a) − 𝚺𝑘 ∥2

F
]
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under the stated constraints in (58) can be found by solving the following strictly
convex QP problem

minimize 1
2 a⊤ (𝚫̃ + C̃)a − c̃⊤

𝑘
a

subject to 𝑎 𝑗 ≥ 0, 𝑗 = 1, . . . , 𝐾, 𝑎𝐼 ≥ 𝜖 .
(60)

The QP formulation of the problem makes it easy to incorporate additional constraints
if needed. For example, in order to find a convex combination of the SCMs the
equality constraint 1⊤a = 1 can be added to the QP (60). Such constraint may be
preferred in the case that the different population covariance matrices have similar
scales, so 𝜂 𝑗 ≈ 𝜂𝑘 .

Linearly pooled estimator (51) offers more flexibility than the partially pooled
estimator (48) as it has individual weights for every class SCM. Same holds for their
modifications (i.e., (58) versus (49)). Linearly pooled estimator requires estimation
of more coefficients, and thus errors in these estimates may impact its performance.
Another benefit of coupled estimator is that it has a similar form as the popular
estimator used in RDA and it can thus be easily be applied to discriminant anal-
ysis classification problems without any modifications. Codes for computing the
linear pooled estimator are available at https://github.com/EliasRaninen/
LinearPoolingOfSampleCovarianceMatrices.

6 Application to portfolio selection

Portfolio selection and optimization is one of the most important topics in investment
theory. It is a mathematical framework wherein one seeks portfolio allocations which
balance the return-risk tradeoff such that it satisfies the investor’s needs. Some
historical key references are [39, 40, 41, 42], and [43].

We consider a portfolio 𝑃 that consists of 𝑝 assets which can be stocks, bonds,
currencies, exchange-traded funds (ETF-s), etc. We assume that assets are hold for
a fixed investment period (e.g., 1 month, 1 year). The net return of the 𝑖th asset at
time 𝑡 is

𝑟𝑖,𝑡 =
𝑝𝑖,𝑡 − 𝑝𝑖,𝑡−1

𝑝𝑖,𝑡−1
=

𝑝𝑖,𝑡

𝑝𝑖,𝑡−1
− 1 ∈ [−1,∞). (61)

where 𝑝𝑖,𝑡 denotes the price of 𝑖th asset at time 𝑡.
The original time series of stock prices 𝑝𝑖,𝑡 is not a stationary time series, but

it can be argued that a return time series 𝑟𝑖,𝑡 is close to stationarity within a fixed
sufficiently short time periods. This is illustrated in Figure 6 which displays daily
net returns of Standard & Poor’s 500 (S&P 500) and Nasdaq-100 stock indexes for
year 2017. Daily net returns are heavy-tailed and non-Gaussian distributed, having
occasional large negative or positive returns. Overall the returns are observed to
fluctuate around zero which is displayed by the dotted red-line in the figure.

The objective in portfolio optimization is to find optimal portfolio weights which
determine the proportion of wealth that is to be invested in each particular asset. That

https://github.com/EliasRaninen/LinearPoolingOfSampleCovarianceMatrices
https://github.com/EliasRaninen/LinearPoolingOfSampleCovarianceMatrices
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Fig. 6: Daily net returns of the stock indices for year 2017

is, a fraction 𝑤𝑖 ∈ R of the total wealth is invested in the 𝑖th asset, 𝑖 = 1, . . . , 𝑝, and
the portfolio with 𝑝 assets is described by the portfolio weight or allocation vector
w ∈ R𝑝 which satisfies the constraint 1⊤w = 1. The global mean variance portfolio
(GMVP) aims at finding the weight vector that minimizes the portfolio variance (risk
or volatility), and hence does not require specifying the mean vector. The GMVP
optimization problem is

minimize
w∈R𝑝

w⊤𝚺w subject to 1⊤w = 1, (62)

where 𝚺 is the covariance matrix of r𝑡 = (𝑟1,𝑡 , . . . , 𝑟𝑝,𝑡 )⊤. The solution to (62) is

wo =
𝚺−11

1⊤𝚺−11
. (63)

Naturally, the covariance matrix is unknown and needs to be estimated from the
historical data.

6.1 Are stock returns Gaussian?

Let us first investigate the hypothesis that the daily net returns of stocks are Gaussian.
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Fig. 7: Empirical histograms of standardized daily net returns of S&P 500 and
Nasdaq-100 indexes for year 2017. Also plotted is synthetic Gaussian data of same
length 𝑛 = 100 from N(0, 1) distribution. The pdf of N(0, 1) distribution is plotted
in red.

Let us start by plotting the histograms of historical daily net returns. These are
shown in Figure 7a,b which display the histograms of standardized daily net returns of
S&P 500 and Nasdaq-100 indexes For better comparison of Gaussianity assumption,
Figure 7c displays histogram of one realisation from a standard Gaussian distribution
N(0, 1) of same length (𝑛 = 100). Also shown is the p.d.f. of N(0, 1) distribution
plotted in red color. As can be noted, the histograms of daily net returns are not
well matched with Gaussian distribution. Instead we observe that the empirical
distribution is more peaked and heavier tailed. In fact, when Student’s t-distribution
is fitted to daily log-returns on stocks, it has been observed that the number of degrees
of freedom typically lies between 3 and 7 (see e.g., [44, p. 85]).

Figure 8 display the scatter plots of Nasdaq-100 and S&P 500 historical daily
net returns for the whole year 2017 and the estimated 99%, 95% and 50% tolerance
ellipses computed using the SCM. Overall 95.6%, 93.2% and 65.6% of observations
lie inside the 99%, 95% and 50% tolerance ellipses, respectively. The figure and
the obtained numbers further illustrate that the joint distribution of returns is more
peaked (concentrated around the mean) and heavier tailed than bivariate Gaussian
distribution as there are many observations that lie outside the 99% tolerance ellipses.
Hence, it is fair to say that the joint distribution is not well modelled by the MVN
distribution. Instead, an ES distribution that is more peaked and heavier tailed can
provide a better fit.

Although many studies illustrate that for individual stocks or stock index, the
value of 𝜈 > 0 is often very small, this may not be true when constructing a portfolio
over a large set of stocks. Also note that 𝜈 > 1, 𝜈 > 2, 𝜈 > 4 are required for the
existence of first, second and fourth-order moments, respectively. To investigate this,
we considered 129 stocks in OMX Helsinki and their daily log returns for each year
from 2015 to 2022. This means that each year we have roughly 252 return values on
129 stocks. However, for a given year we deleted stocks from our analysis that had
missing values or several consecutive days of 0 returns. We fitted MVT distribution
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Fig. 8: Scatter plots of daily net returns of Nasdaq-100 and S&P 500 over year 2017
and the estimated 50%, 95% and 99% tolerance ellipses based on the SCM.

to the yearly log return data, where the d.o.f. 𝜈 was estimated using OPP estimator
[28, Algorithm 1] and TWE estimator3 [46]. As can be noted from Figure 9, the
estimated values of 𝜈 based on TWE ranges from 5.3 in year 2020 to 13.5 in year
2021 while OPP obtains values from 5.7 in year 2020 to 15.5 in year 2021. Thus,
only the year 2020 due to sudden fall of stock prices due to covid pandemic indicate
a very heavy-tailed MVT distribution. However, the non-Gaussianity is clear from
these estimated values.

The empirical data analysis thus testify that daily return data is not Gaussian but
rather better modelled with a heavy-tailed ES distribution. Yet, since the data
is not extremely heavy-tailed (as suggested by the obtained estimates of d.o.f.
parameter 𝜈), we can anticipate that the SCM S can be an effective estimator
of the covariance matrix for portfolio optimization problems. However, it is
important to take into account the fact that the data is non-Gaussian, but
has higher peakedness and heavier tails. This is the case for linear shrinkage
estimators that are reviewed in this chapter since they only assume ellipticity
but do not specify the underlying ES distribution.

3 In the R package fitHeavyTail [45], the function fit Tyler implements this method.
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Fig. 9: Estimated d.o.f. parameter 𝜈 of MVT distribution for OMX Helsinki stock
data based on historical daily net returns for each year.

6.2 Portfolio analysis

We now test the performance of RSCM estimators in portfolio optimization using
GMVP portfolio selection and historical data. We investigate the out-of-sample
portfolio performance of different covariance matrix estimators for three different
data sets. The 1st and 2nd data sets consists of daily net returns of 𝑝 = 45 and 𝑝 = 50
stocks, respectively, that are included in the Hang Seng Index (HSI) from Jan. 4,
2010 to Dec. 24, 2011 and from Jan. 1, 2016 to Dec. 27, 2017, both consisting of
𝑇 = 491 trading days. The 3rd data set consists of daily net returns of 𝑝 = 396 stocks
included in S&P 500 from Jan. 4, 2016 to Apr. 27, 2018 consisting of 𝑇 = 583
trading days.

At a particular day 𝑡, we used the previous 𝑛 days (i.e., from 𝑡 − 𝑛 to 𝑡 − 1) as the
training window to estimate the covariance matrix, and the portfolio weight vector.
The estimated GMVP weight vector ŵo was then used to compute the portfolio
returns for the following 20 days. (Note that ŵo is computed as in (63) but unkown 𝚺
replaced by its estimate 𝚺̂). Next, the window was shifted 20 trading days forward, a
new weight vector was computed, and the portfolio returns for another 20 days were
computed. Hence, this scenario corresponds to the case that the portfolio manager
holds the assets for approximately a month (20 trading days), after which they are
liquidated and new weights are computed. In this manner, we obtained 𝑇 − 𝑛 daily
returns from which the realized risk was computed as the sample standard deviation
of the obtained portfolio returns. To obtain the annualized realized risk, the sample
standard deviations of the daily returns were multiplied by

√
250. In our tests, different

training window lengths 𝑛 were considered.
In our analysis, we compare three different covariance matrix estimators: RSCM-

Ell1 [27] described in Subsection 4.1 which is compared to RSCM estimator by
Ledoit and Wolf (2004) [11]. These two estimators both use RSCM in (42), defined
by

𝚺̂RSCM = 𝛽oS + (1 − 𝛽o) [tr(S)/𝑝]I,
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while they differ only in the approaches to compute 𝛽o. The former utilize the
ellipticity assumption while the latter builds upon random matrix theory. We also
included in our study the robust GMVP weight estimator proposed in [47] that uses
a robust regularized Tyler’s M-estimator with a tuning parameter selection that is
optimized for the GMVP problem. The three estimators are denoted shortly as Ell1,
LW and Rob in the text and figure captions.

Figure 10 displays the annualized realized risks for HSI data set. Overall we can
notice that RSCM-Ell1 has the best performance for all window lengths and for both
periods. For period 2016-2017, the differences between the estimators were not as
large as in the period 2010-2011. Also, note that the optimal training window length
which yielded the smallest realized risk was 𝑛 = 90 for the period 2010-2011, but
much larger (𝑛 = 230) for the period 2016-2017. This could be explained by the fact
that the stock market were more turbulent in the first period.

The left panel of Figure 11 depicts the annualized realized risks of RSCM-Ell1-
and -LW estimators for S&P 500 data. We have excluded the Rob estimator [47]
from this study as it is not well suited for very high-dimensional problems. With
the S&P 500 data, RSCM-Ell1 achieves the smallest realized risk and outperformed
RSCM-LW for all training window lengths 𝑛. The optimal training window length
which produced the smallest realized risk was 𝑛 = 230 for both methods. Note that,
the same result was achieved with HSI data for period 2016-2017. The right panel
of Figure 11 displays the estimated optimal shrinkage parameter 𝛽o used by the
methods. As can be noted, RSCM-LW estimator uses much larger estimate of 𝛽o
and thus puts much more weight on the SCM S than RSCM-Ell1.

7 Conclusions

This chapter reviewed methods for linear shrinkage of the SCM(-s) under elliptical
distributions in both the single and a multiple populations settings. Specifically,
we considered approaches for choosing the shrinkage parameters that minimize the
MSE.

In the single population setting, we reviewed the RSCM estimator proposed in
[48, 27] and its generalization called Tabasco [3] that imposes tapering/banding
templates to SCM, and thus allows imposing structure to the covariance matrix esti-
mator. In the multiple population setting, we reviewed the coupled RSCM estimator
[25] and its genelization, the linearly pooled estimator proposed in [20].

It should be emphasized that only linear shrinkage of SCM was considered in this
chapter. Another popular approach is non-linear shrinkage methods which perform
nonlinear shrinkage to the eigenvalues 𝜆̂𝑖 , 𝑖 = 1, . . . , 𝑝, of SCM S. These estimators
are written in the form

𝚺̂ =

𝑝∑︁
𝑖=1

𝜙𝑖 (𝜆̂𝑖)u𝑖u⊤
𝑖
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Fig. 10: Annualized realized portfolio risk achieved out-of-sample for the two HSI
data sets. The portfolio allocations are obtained using GMVP based on the three
different covariance estimators (see text) and different training window lengths 𝑛.

where 𝜙𝑖 : R≥0 → R≥0 is a nonnegative function and u1, . . . u𝑝 are the eigenvector
of S. Such nonlinear shrinkage approaches often rely upon random matrix theory in
their design of the function 𝜙𝑖 , see e.g. [49, 50, 51].

We also did not cover penalized SCM-s, obtained by adding a penalty term on
the covariance matrix to the Gaussian negative log-likelihood function (see e.g.,
[52, 53, 54, 55]). Also note that when a penalty term tr(𝚺−1) is added to a (scaled)
Gaussian negative log-likelihood, one recovers the regularized SCM in (39) as the
unique solution [53].
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