
Aalto University
School of Science
Degree Programme in Engineering Physics

Tony Savander

Thermoelectric effects in hybrid
superconducting junctions

Master’s Thesis
Espoo, November 26, 2019

Supervisor: Professor Christian Flindt, Aalto University
Advisor: Dr. Pablo Burset, Aalto University



Aalto University
School of Science
Degree Programme in Engineering Physics ABSTRACT OF

MASTER’S THESIS
Author: Tony Savander
Title: Thermoelectric effects in hybrid superconducting junctions

Date: November 26, 2019 Pages: 43
Major: Engineering Physics Code: SCI3056
Supervisor: Professor Christian Flindt
Advisor: Dr. Pablo Burset
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is fullfilled in most superconductors. However, superconductors contain
ingredients for strong thermoelectric effects, because the latter typically
require a strong energy dependent density of states, which can be provided
by the density of states of a superconductor.

If one can break the particle-hole symmetry of the transport processes
via some mechanism, superconductors can become very strong thermo-
electrics. In superconductors, breaking of the electron-hole symmetry can be
achieved with spin polarizing and splitting magnetic fields. This breaks the
electron-hole symmetry between the different spin channels, but the global
electron-hole symmetry is still maintained.

In this work, we study thermoelectric effects in ferromagnet-superconductor
hybrid junctions, focusing on the thermoelectric current created by a tem-
perature gradient. The main objective is to verify the necessary conditions in
order to have a thermoelectric effect. Another main objective is to determine
the effect of the symmetry of the superconducting pairing potential on the
thermoelectric current.
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Chapter 1 Introduction

Superconductors are materials wherein electrical resistance vanishes and mag-
netic fields are expelled, below a critical temperature. BCS (Bardeen, Cooper,
Schrieffer) theory [1] states that when temperature becomes low enough, at-
tractive interactions between the electrons due to their coupling to the lattice
phonons can overcome their repulsive Coulomb interaction and lead to the
formation of coherent quantum states of coupled electrons, which are called
Cooper pairs [2]. This interaction occurs between electrons with opposite
momenta and spins, thus forming a singlet s-wave pairing state. Because a
certain energy is needed to break these pairs, an energy gap is opened in the
electron density of states in the superconductor (SC). In BCS theory, the
width of the gap is defined by a material dependent paramater ∆, which is
the energy per electron required to break one Cooper pair. Until the discov-
ery of high temperature superconductivity in 1986 [3], it was believed that
BCS theory forbade superconductivity above 30K. This reopened the ques-
tion of the origin of the Cooper pairing, which remains still unanswered.

Many properties of a SC are determined by its pairing potential or the
energy gap function. In BCS theory [1] the SC energy gap is isotropic, a
conventional singlet s-wave pairing. The majority of superconductors fea-
ture this pair potential. Currently, all superconductors for which the Cooper
pairing cannot be explained by the phonon exhange of BCS-theory but by
some other mechanism are referred to as unconventional superconductors [4].
This includes, for example, heavy-fermion superconductors and high critical
temperature cuprates. Unlike the conventional s-wave superconductors, un-
conventional superconductors adopt different pairing states, both singlet and
triplet. High temperature superconductors could be in a singlet d-wave pair-
ing state, which has an internal phase of the pair potential. This has a large
influence on the electric properties of the material [5]. Some superconduc-
tors, like Sr2RuO4 or UPt3 are believed to have a triplet pairing potential
[4]. Recently, triplet chiral p-wave superconductors have been proposed to
host Majorana bound states. Majorana fermions are their own antiparticle,
which might provide new possible applications in quantum computing [6].

One of the most interesting consequences of the unconventional pairing is
the formation of gapless surface Andreev states (SAS) and the related emer-
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CHAPTER 1. INTRODUCTION 6

gence of a zero bias peak in the tunneling conductance. Superconductors in
two dimensions can be classified into two groups, depending on the shape
of the energy gap in reciprocal (energy-momentum) space [7]. The first
group are the gapful superconductors, where the energy gap is finite and
isotropic. An example of this is the conventional BCS s-wave superconduc-
tor. The second group are the nodal superconductors, where the energy
gap vanishes for certain directions of the momentum. An example of this
are the d-wave superconductors. We can also make another classification,
depending on whether SAS appear or not, to non-trivial and trivial super-
conductors, respectively. The BCS s-wave pairing would thus be classified
as a trivial gapful, as it has no subgap states. An example of non-trivial
nodal superconductor would be the px-wave pairing, for which the surface
states result in a zero bias peak in the tunneling conductance. The tunneling
normal metal(N)-barrier(I)-superconductor(S) (N-I-S) junction can be used
to study the SAS and other properties of unconventional superconductors [5].

Thermoelectric effects, electric potentials created by temperature gradients,
are currently intensively studied because of their possible use in converting
waste heat from various processes to useful energy. In electronic conductors
the requirement for thermoelectricity is breaking of the symmetry between
positive- and negative-energy charge carries, particles and holes, respectively
[8]. If they exist, thermoelectric effects in superconductors must be very
weak, since the particle-hole symmetry is fulfilled in most superconductors.
However, thermoelectric effects in superconductors could be potentially very
large, due to the strong energy dependent density of states of the supercon-
ductor. Breaking of the particle-hole symmetry can be achieved by combining
superconductors and magnetic materials in hybrid junctions. The interplay
between superconductivity and magnetism breaks the particle-hole symme-
try between the different spin channels, but maintains it globally [9].

In this work, we study thermoelectric effects in ferromagnet-superconductor
(F-S) hybrid junctions, focusing on the thermoelectric current created by a
temperature gradient. The main objective is to verify the necessary condi-
tions in order to have a thermoelectric effect. Another main objective is to
determine the effect of the symmetry of the pairing potential of the super-
conductor on the thermoelectric current.

We will employ a scattering theory based on Bogoliubov-de Gennes formal-
ism. The calculation of the conductance and the current is determined by
the transmission and reflection amplitudes between different channels at the
interfaces of the studied heterostructure. Scattering formalism based on the
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Bogoliubov-de Gennes equations has been adapted by Blonder et al. (BTK
formalism) to one-dimensional N-I-S junction with a BCS superconductor
[10]. BTK formalism was further generalized to include anisotropic supercon-
ductors by, among others, Kashiwaya and Tanaka [11][12][5]. The BTK the-
ory was then generalized to describe ferromagnetic-insulator-superconductor
(F-I-S) junction in one dimension with a BCS superconductors by de Jong
and Beenakker [13] and this was further extended to ferromagnet- ferro-
magnetic insulator-superconductor (F-FI-S) junction with anisotropic d-wave
pairing by Kashiwaya et al. [14].

This thesis is organized as follows. In Chapter 2, we will explain the pro-
cess of Andreev reflection. In Chapter 3 we will introduce the Bogoliubov-de
Gennes formalism and describe our model for F-S junctions. In Chapter 4
we will present our results. First we will discuss the properties of different
types of pairing symmetries for the N-I-S junction. We also discuss a pairing
symmetry that mixes singlet and triplet type pairings. Then, we will study
the F-FI-S junction in detail with different pairing symmetries, including the
singlet-triplet mix. In Chapter 5 we summarize our findings and provide
some outlook for the future.



Chapter 2 Andreev Reflection

Andreev reflection is a microscopic scattering process taking place at the in-
terface of a normal metal- superconductor (N-S) junction, by which normal
current in the normal metal is converted to a supercurrent in the supercon-
ducor. Andreev reflection was first proposed by Andreev when studying heat
transport at N-S interfaces [15]. Consider a clean N-S interface as sketched
in figure 2.1. An electron in the normal metal is incoming to the interface
with wave vector k and excitation energy ε measured from the Fermi energy
EF such that it is smaller than the superconducting energy gap ∆. Since the
superconductor has a gap in the density of states, the electron cannot prop-
agate into the superconductor. The only scattering process that can take
place is an Andreev reflection. The incoming electron couples with another
electron in the normal metal with opposite wave vector −k and energy −ε
and forms a Cooper pair in the superconductor, transferring charge 2e into
the superconductor. The empty state below the Fermi energy left behind by
this electron is reflected back into the normal metal as a hole. The reflected
hole has an opposite charge with respect to the incident electron.

Most common superconductors have Fermi energies EF much larger than
the superconducting energy gap ∆. Thus, if we neglect terms of the order
∆/EF , both the incident electron and the reflected hole have the same wave
vector k. While the velocity of the incident electron is parallel to its wave
vector, the velocity of the reflected hole is opposite to it and the hole is
retroreflected. It can be said that the reflected hole traces back the path of
the incident electron. This process regulates the conversion of the dissipative
normal current in the normal metal into supercurrent in the superconduc-
tor and has a positive sign for the local conductance. Time reversal of this
process is the conversion of supercurrent into normal current, where the in-
coming hole is filled by an electron constituting a Cooper pair and the other
electron moves away in the normal region.

The retroreflected hole contains interesting properties in relation to the inci-
dent electron. First, it has an opposite charge. Second, at Fermi energy EF ,
the dynamical phase of the hole is conjugated. Also, the hole acquires an
additional phase shift due to the macroscopic phase of the superconductor.
This has a great impact in the conductance of Josephson junctions, where
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CHAPTER 2. ANDREEV REFLECTION 9

Figure 2.1: Andreev reflection 1) An electron in the normal metal is incoming to
the interface with wave vector k and excitation energy ε < ∆ 2) The incoming
electron couples with another electron in normal metal with opposite wave vector
−k and energy −ε and forms a Cooper pair 3) Charge 2e is transferred into the
superconductor while the empty state below the Fermi is reflected back as a hole.

an oscillation of the conductance with the phase difference between SCs can
be observed. Finally, depending on the pairing potential, the retroreflected
hole can have an opposite spin, which is the case for most superconductors.

The existence of Andreev reflection may actually be considered as micro-
scopic mechanicsm to explain the proximity effect in the normal metal. The
amplitude of the Andreev reflection is proportional to the pairing amplitude
at the N-S interface [16].

Consider now a normal metal-superconductor junction with an insulating
barrier at the interface (N-I-S). In the tunneling limit, when the insulating
barrier is strong, the conductance spectrum is directly proportional to the
density of states of the superconductor and we can study the surface states
of unconventional pairings. In the presence of a surface state there is a per-
fect Andreev reflection in the tunneling limit. In the absence of surface state
an incoming electron is normally reflected back from the interface. We will
discuss the conductance spectrum for different pairing potentials in the N-I-S
junction in section 4.1 in detail.



Chapter 3 Theory and methods

3.1 Bogoliubov-de Gennes equations
The Bogoliubov-de Gennes (BdG) equations describe the quasiparticle states
in superconductors with spatially varying pair potential. As there is a spin
dependence on the pairing potential, the BdG-equations can be presented in
momentum space by the Nambu (particle-hole)-spin matrix [4](

Ĥ0(k)− EF σ̂0 ∆̂(k)eiφ
∆̂†(k)e−iφ −Ĥ0(−k) + EF σ̂0

)
Ψ(k) = εΨ(k), (3.1)

where Ĥ0 is the single particle Hamiltonian in spin space, EF is the Fermi
energy, σ̂0 is the unit matrix in spin space, ∆̂(k) is the pairing potential
matrix in spin space, k is the wave vector and ε is the energy measured from
the Fermi level EF . φ is the superconducting phase, which we can omit due to
considering only junctions with one superconductor. The quasiparticle states
are expressed in Nambu-spin space by the four-component wavefunction

Ψ(k) = [u↑(k), u↓(k), v↑(k), v↓(k)]T , (3.2)

where uσ(k) and vσ(k) are the electron and hole-like components with spin
σ =↑, ↓.

3.2 Quasi-one dimensional limit
In the following, we consider two-dimensional junctions with smooth inter-
faces in the quasi-one dimensional limit, where transport takes place along the
x-direction and the transverse component of the wave vector ky is conserved.
We can thus parametrize the conserved transverse part of the momentum by
using the angle of incidence θ = sin−1(ky/kF ), with the kF is the Fermi wave
vector. We work in the weak-coupling limit, where we assume that the su-
perconducting pairing occurs near the Fermi surface. Then ∆̂(k) is evaluated
at |k| = kF and it only has an angular dependence [17]. In unconventional
superconductors quasiparticles may experience different effective pair poten-
tials depending on the direction of their momentum. Assuming the band
energy ε is the same for left- and right-movers, the sign change related to
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CHAPTER 3. THEORY AND METHODS 11

the direction of motion is accounted for by the transformation θ → π − θ.
Thus, for right movers we have pair potential ∆(θ+), with θ+ = θ and for
left movers ∆(θ−), with θ− = π − θ.

3.3 Pairing potential
The spin and momentum structure of the Cooper pairs is encoded in the
superconduncting gap function, which plays the role of the superconducting
order parameter and is directly related to the pair wave function. In the
singlet state the pairing is described by a scalar complex function ∆s(k).
For the conventional s-wave superconductor this function is constant, i.e,
∆s(k) = ∆0. For the triplet state there are three possible values of the spin
projection and therefore the gap function has three complex components,
which are parametrized by the spin wave vector d(k). Cooper pairs are
formed by two electrons with the pairing potential ∆̂(k) ∼< ψ†k1ψ

†
−k2 >. Due

to Fermi-Dirac statistics the gap function must be anti-symmetric, ∆̂(k) =
−∆̂T (−k). The spin singlet state is antisymmetric under the exchange of up
and down spins, from which it follows that ∆s(k) must be even. The triplet
is symmetric under spin exchange, and thus d(k) is odd. A general form of
the pairing potential is [4]

∆̂(k) =
[
∆s(k)σ̂0 + Σ3

j=1dj(k)σ̂j
]
iσ̂2

=
(
id2(k)− d1(k) d3(k) + ∆s(k)
d3(k)−∆s(k) id2(k) + d1(k)

)
,

(3.3)

where σ̂1,2,3 are Pauli matrices in spin space. We consider only the following
cases: 1) singlet state ∆s 6= 0,d = 0 and triplet states 2) d3 6= 0,∆s = d1 =
d2 = 0. For these states the pairing potential matrix is either fully diagonal
or anti-diagonal. Table 3.1 shows pairing matrices for different spin states
and the corresponding spin channels.
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Table 3.1: Pairing matrices and phase factors for different pairing states and spin
channels. S (T) stands for singlet (triplet). The phase factor is defined as ησ(θ) =
∆σ(θ)/|∆σ(θ)|.

Spin state Pairing matrix Spin channel Phase η(θ)
S s-wave i∆0σ̂2 ↑↓ 1

↓↑ −1
S chiral d-wave i∆0e

2iθσ̂2 ↑↓ e2iθ

↓↑ −e2iθ

S dx2−y2-wave i∆0 cos(2θ)σ̂2 ↑↓ sgn[cos(2θ)]
↓↑ −sgn[cos(2θ)]

S dxy-wave i∆0 sin(2θ)σ̂2 ↑↓ sgn[sin(2θ)]
↓↑ −sgn[sin(2θ)]

T chiral p-wave i∆0e
iθσ̂2 ↑↓ eiθ

↓↑ eiθ

T px-wave i∆0 cos(θ)σ̂2 ↑↓ sgn[cos(θ)]
↓↑ sgn[cos(θ)]

S+T (∆sσ̂0 + ∆pe
iθσ̂3)iσ̂2 ↑↓ (∆s + ∆pe

iθ)/∆1
↓↑ −(∆s −∆pe

iθ)/∆2

3.4 Decoupling of spin channels
In all the cases of table 3.1, the pairing potential matrix is either fully di-
agonal or anti-diagonal. This leads to decoupling of the 4x4 BdG-equations
into two spin channels, i.e, two 2x2 equations of the form(

H0 − EF sσ∆σ(θ)
sσ∆∗σ(θ) −H0 + EF

)(
uσ
vσ

)
= ε

(
uσ
vσ

)
, (3.4)

where σ denotes the spin channel, sσ = (−1)σ−1 for singlet pairings and sσ =
1 for triplet pairings. H0 = h̄

2m(∂2
x − k2

y) is the single-particle Hamiltonian in
the quasi-one dimensional limit. The general solution can be written as

Ψ(x, y) = Ψ(x)eikyy

= eikyy
[
ae

(
uσ(θ+)

η∗σ(θ+)vσ(θ+)

)
eiqe cos θx + be

(
uσ(θ−)

η∗σ(θ−)vσ(θ−)

)
e−iqe cos θx

+ah
(
ησ(θ−)vσ(θ−)

uσ(θ−)

)
e−iqh cos θx + bh

(
ησ(θ+)vσ(θ+)

uσ(θ+)

)
e+iqh cos θx

]
,

(3.5)

where
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uσ(θ) = 1√
2

1 +

√
E2 − |∆σ(θ)|2

E

1/2

,

vσ(θ) = 1√
2

1−

√
E2 − |∆σ(θ)|2

E

1/2 (3.6)

are the BCS coherence factors and ησ(θ) = sσ∆σ(θ)/|∆σ(θ)| is the gap phase.
Table 3.1 collects gap phases for different pairing states for corresponding
decoupled spin channels. The wave vector qe(h) can be written as

qe(h) = kF

√√√√1±

√
E2 − |∆|2

EF
, (3.7)

where the positive (negative) sign is for electron-like (hole-like) quasiparti-
cles. ae and be are the amplitudes for right- and left-moving electron like
quasiparticles and ah and bh are for right- and left-moving hole-like quasi-
particles. One should notice that the actual direction of propagation, i.e.
group velocity, for hole-like quasiparticles is opposite to the direction of the
momentum. As we are considering transport in the quasi-one dimensional
limit, the momentum in the y-direction is conserved and we will omit the
y-part altogether from now on. When ∆ = 0, the BdG-equations are re-
duced to the regular Schrödinger equations. General solutions for electrons
and holes in the normal metal are

Ψe(x) = e±ike cos θx
(

1
0

)
,Ψh(x) = e∓ikh cos θx

(
0
1

)
, (3.8)

with

ke(h) = kF
√

1± E/EF , (3.9)

where the sign in the square root is positive for electrons, negative for holes.

3.5 Singlet-triplet mix
We also consider a general pairing potential that is a mixture of spin-singlet
and spin-triplet states. Systems where the Cooper pairs have this type of
pairing include non-centrosymmetric superconductors and surface states of
topological insulators [18]. Here we assume that the singlet-triplet mix is
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that of spin singlet s-wave and spin-triplet chiral p-wave as in ref. [19]. The
pairing matrix for the mix is

∆̂(k) =
[
∆sσ̂0 + ∆pe

iθσ̂3
]
iσ̂2, (3.10)

which is purely off-diagonal. Here ∆s and ∆p are the weights of the sin-
glet and triplet parts. For each spin channel the pairing potential is related
to both spin and direction of motion. For right-movers in the first (sec-
ond) spin channel ↑↓ (↓↑), the pairing potential felt by a moving quasiparti-
cle is ∆↑↓(θ+) = ∆s + ∆pe

iθ
[
∆↓↑(θ+) = −(∆s −∆pe

iθ)
]
and for left-movers

∆↑↓(θ−) = ∆s−∆pe
−iθ

[
∆↓↑(θ−) = −(∆s + ∆pe

−iθ)
]
. Thus the singlet-triplet

mix also gives rise to the appareance of two effective gaps ∆1 = |∆s + ∆pe
iθ|

and ∆2 = |∆s −∆pe
iθ|, depending on the direction of motion.

3.6 Model for ferromagnet-supeconductor hy-
brid junctions

We model ferromagnet-superconductor hybrid junctions as a ferromagnet-
ferromagnetic insulator-superconductor (F-FI-S) junction. We assume a flat
interface located at x=0. The ferromagnetic region is in x < 0 and the
superconductor in x > 0. The effective mass m in both regions is assumed to
be the same. For the ferromagnet, we adopt the Stoner model, for which the
effect of the spin polarization can be described by an effective single particle
Hamiltonian with an exchange energy h0. The ferromagnetic insulator for
up (down) spin is described by a potential

V↑(↓)(x) = (V0 ± UB)δ(x), (3.11)

where δ(x) is the delta function, V0 is the barrier amplitude and UB is the ex-
change amplitude. The spatial variation of the superconducting gap function
∆(k) is given by the superconducting coherence length ξ0. Assuming that
ξ0 is much larger than the Fermi coherence length (i.e., the Fermi energy is
much larger then the superconducting energy gap, EF � ∆), we can neglect
the decay of the gap function near the interface and ignore self-consistency.
The gap function can now be written as

∆(θS, T, x) = ∆(θS, T )Θ(x), (3.12)

where the spatial dependence is given by the step function Θ(x). The tem-
perature dependence of the gap is given by the interpolation function
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∆(θS, T ) = ∆(θS)
(

tanh 1.74
√
Tc/T − 1

)
, (3.13)

Where Tc is the critical temperature of the superconductor and T is temper-
ature.
The BdG-equations for both up and down spin channels can now be written
as (

Hσ(x) sσ∆σ(θS, T )Θ(x)
sσ∆∗σ(θS, T )Θ(x) −Hσ(x)

)(
uσ
vσ

)
= ε

(
uσ
vσ

)
, (3.14)

where

Hσ(x) = H0(x)∓ h0Θ(−x) + vσ(x) (3.15)

with ∓h0 for up and down spins. ε is the quasiparticle energy. In the
ferromagnetic region, the wave vector is written as

k↑(↓) = |k↑(↓)| =
√

2m/h̄2(EFN + ε± h0), (3.16)

with EFN as the Fermi energy in the ferromagnet. For wavevectors under the
wideband or semiclassical approximation, ε� EFN , and the wave vectors in
the ferromagnet can be approximated as

k↑(↓) ≈ kFN
√

1±X) (3.17)

where kFN is the Fermi wave vector and X = h0/EFN . We will refer
to X as polarization. The number of up (down) spins is N↑(N↓). The
spin filtering of quasiparticles in the ferromagnet for up (down) spins are
P↑(↓) = N↑(↓)/(N↑ +N↓) = (EFN ± h0)/2EFN = (1±X)/2.

Similarly, in the superconductor, as ε,∆ � EFS, with EFS as the Fermi
energy in the superconductor, the wave vectors qe(h) for the electron (ELQ)
and hole-like (HLQ) quasiparticles can be written as

qe(h) = |qe(h)| =
√

2mEFS/h̄2 ± 2m
√
ε2 − |∆|2/h̄2 ≈

√
2mEFS/h̄2 = kS.

(3.18)
As we are considering a junction with only one interface, our scattering prob-
lem is independent of the phase in the exponentials and the above approxi-
mation is justified. However, if one is dealing with multi-interface junctions
or wishes to compute the pairing potential self-consistently, the phases must
be included and the term 2m

√
ε2 − |∆|2/h̄2 can’t be ignored.
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Figure 3.1: Scattering processes in F-FI-S junction. Assuming an up spin injection
from the ferromagnet, the possible processes are normal reflection rN , Andreev
reflection rA and transmissions of ELQ te and HLQ th. The Andreev reflected
particle has an opposite spin to the injection and thus the injection angle θ is not
equal to the angle of the Andreev reflected particle θA if h0 6= 0.

Assuming up-spin particle injection at an angle θ, measured with respect
to the x-direction (perpendicular to the F-S interface), we have four possible
processes; normal reflection rN , Andreev reflection rA, and transmission of
ELQ te and HLQ th (figure 3.1). As we have chosen to study pairings for
which the Cooper pair has opposite spins, the Andreev reflected particle has
an opposite spin to the injection. Thus the injection angle θ is not equal
to the angle of the Andreev reflected particle θA if h0 6= 0. As explained in
section 3.2, we assume that the momentum is conserved in the y-direction.
This yields an analog of Snell’s law:

k↑ sin θ = k↓ sin θA = kS sin θS, (3.19)

which has several important implications, including the existence of critical
angles, in analogy with well-known phenomena in optics. When the inci-
dent angle is θ > sin−1(kS/k↑) = θc1, there are no real solutions to equation
(3.19). The scattering problem does not have a solution with propagating
wave vectors in the superconducting region and total reflection will occur.
The probability of normal reflection |re(ε, θ)|2 = 1 and there is no current
flow from the ferromagnet to the superconductor. When k↓ < ks < k↑, the
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x-component of the wave vector of the Andreev reflection (
√
k2
↓ − k2

s sin θS)
becomes purely imaginary for θ > sin−1(k↓/k↑) = θc2. A propagating wave
from an Andreev reflection is thus impossible and there is no current flowing
from the ferromagnet to the superconductor. However, transmitted quasipar-
ticles from the ferromagnet to the superconductor do propagate and result in
a current. This evanescent Andreev reflection is usually referred to as virtual
Andreev Reflection (VAR).

Assuming particle injection from the ferromagnet with spin up (down) and
following the general solutions of the the BdG equations from section 3.1,
the x-component of the wave function can be written as

Ψσ(x) = eikσ cos θx
(

1
0

)
+ rA,σe

ikσ̃ cos θAx
(

0
1

)
+ rN,σe

−ikσ cos θx
(

1
0

)
, (3.20)

for x<0 in the ferromagnet with σ =↑, ↓ and σ̃ =↓, ↑. For x>0 in the super-
conductor

Ψσ(x) = te,σe
ikS cos θSx

(
uσ(θ+)

η∗σ(θ+)v∗σ(θ+)

)
+ th,σe

−ikS cos θSx
(
ησ(θ−)vσ(θ−)

uσ(θ−)

)
.

(3.21)
Here we have adopted the definitions of gap phase ησ(θ±) = sσ∆σ(θ±, T )
/|∆σ(θ±, T )| and the angles θ+ = θS and θ− = π− θS to distinguish between
right moving ELQ (te) and left moving HLQ (th). The reflection coefficients
are obtained by matching the wave functions at the F-S interface, under the
boundary conditions

Ψx>0|x=0 = Ψx<0|x=0,

(∂xΨx<0 − ∂xΨx<0)|x=0 = kFS

(
Z↑(↓) 0

0 Z↓(↑)

)
Ψx<0|x=0,

(3.22)

where Z↑(↓) = Z0±Zm = 2m/h̄2(V0±UB). From now on, we will refer to Zm
as the exchange amplitude to distinguish it from the exchange energy of the
ferromagnet. For θc1 < θ, we simply have rN,σ = 1 and rA,σ = te,σ = th,σ = 0
and the current vanishes. For θ < θc1, we have
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re,↑(↓) = −[(1− λ1,↑(↓) − iZ
′

↑(↓))(1 + λ2,↑(↓) − iZ
′

↓(↑))
− (1 + λ1,↑(↓) − iZ

′

↑(↓))(1− λ2,↑(↓) + iZ
′

↓(↑))Γ̂+Γ̂−]/γ,

ra,↑(↓) = 4λ1,↑(↓)Γ̂+

γ
,

te,↑(↓) =
i2λ1,↑(↓)(1 + λ2,↑(↓) − iZ

′

↓(↑))
γ

,

th,↑(↓) =
−i2λ1,↑(↓)Γ̂+(1− λ2,↑(↓) − iZ

′

↓(↑))
γ

,

γ = (1 + λ1,↑(↓) + iZ
′

↑(↓))(1 + λ2,↑(↓) − iZ
′

↓(↑))
− (1− λ1,↑(↓) − iZ

′

↑(↓))(1− λ2,↑(↓) + iZ
′

↓(↑))Γ̂+Γ̂−,

(3.23)

with

Z
′

↑(↓) = Z↑(↓)
cos θS

, Γ± = ∆↑(↓)(θ±)
ε+

√
ε2 − |∆↑(↓)(θ±)|2

,

λ1,↑(↓) = k↑(↓) cos θ
kS cos θS

, λ2,↑(↓) = k↓(↑) cos θA
kS cos θS

.

(3.24)

For θc2 < θ < θc1, λ2,↑(↓) becomes imaginary due to the VAR process de-
scribed earlier. Using the solved reflection amplitudes the spectral differen-
tial conductance σ̂↑(↓)(ε, θ) at zero temperature in the superconductor for the
up and down spin injection channels is given by [10] [5]

σ̃↑(↓)(ε, θ) = 2e2

h
Re

[(
1 + λ2,↑(↓)

λ1,↑(↓)
|ra,↑(↓)|2 − |re,↑(↓)|2

)]
. (3.25)

We take the real part of the above equation due to the fact that λ2 can be
imaginary when VAR process occurs. The normalized spectral conductance
σ̃R for a particular injection angle is defined as

σ̃R(ε, θ) = σ↑(ε, θ)P↑ + σ↓P↓(ε, θ)
σ̂N(θ) , (3.26)

where the normal (∆ = 0) conductance for F-FI-N junction is

σ̃N = 2e2

h
(σ̃N,↑(θ)P↑ + σ̃N,↓θ)P↓), (3.27)

with
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σ̃N,↑(↓)(θ) = 4λ1,↑(↓)

|1 + λ1,↑(↓) + iZ ′↑(↓)|2
. (3.28)

The normalized conductance σ(ε) is obtained by an angle-average of σ̃↑(↓)(ε, θ)

σ(ε) = 1
σN

∫ π
2

−π2
dθ cos θ[(σ̃↑(ε, θ)P↑k↑) + (σ̃↓(ε, θ)P↓kN,↓)], (3.29)

with normal conductance

σN = 2e2

h

∫ π
2

−π2
dθ cos θ[(σ̃N,↑(θ)P↑k↑) + (σ̃N,↓(θ)P↓k↓)]. (3.30)

The current through the junction is

I(eV, T, δT ) =
∫ ∞
−∞

dε [f(ε− eV, T + δT ))− f(ε, T )]∫ π
2

−π2
dθ cos θ[(σ̃↑(ε, θ)P↑k↑) + (σ̃↓(ε, θ)P↓kN,↓)]

(3.31)

where eV is the applied bias voltage in the ferromagnet, T is reference tem-
perature in the superconductor, δT is the temperature gradient applied in
the ferromagnetic side and

f(ε, T + δT )− f(ε, T ) = (1 + e
ε−eV
T+δT )−1 − (1 + e

ε
T )−1 (3.32)

is the difference between the Fermi functions in the ferromagnet and the
superconductor. From the current, if we set the temperature gradient to 0,
the differential conductance at finite temperature T for a voltage bias eV is

dI(eV, T, δT = 0)
dV

=
∫ ∞
−∞

σ(ε) d

dV
[f(ε− eV, T ))− f(ε, T )] dε. (3.33)

We will only consider thermoelectric currents, the currents created by a tem-
perature bias δT , without a voltage bias eV . By setting eV = 0 the difference
between the Fermi functions f(ε, T +δT )−f(ε, T ) in equation 3.31 is now an
asymmetric function, which is shown in figure 3.2 for T = 0.03∆0 and differ-
ent values of the temperature bias, δT = 0.03∆0, 0.1∆0 and 0.3∆0. Here we
have expressed the temperature T and the gradient δT in units of the energy
gap ∆0, keeping in mind that the relation between the critical temperature
Tc and the energy gap at zero temperature is [20]
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Figure 3.2: Difference between Fermi functions from equation (3.32) in the F and
S regions for different values of the temperature gradient δT . We set T = 0.03∆0
and eV = 0.

∆0

Tc
= 1.764. (3.34)

The temperature is thus T = 0.03∆0 ≈ 0.05Tc, T = 0.3∆0 ≈ 0.5Tc and so on.
When only a temperature bias is applied, the difference between the Fermi
functions is always antisymmetric. Thus in order to see a finite current for
δT , the conductance σ(ε) needs to be asymmetric as well.



Chapter 4 Results

4.1 N-I-S junction
We will first consider a normal metal-insulator-superconductor (N-I-S) junc-
tion. For simplicity, we will assume the Fermi level of the metal and the
superconductor to be the same, so EFN = EFS = EF . Setting the exchange
energy of the ferromagnet h0 = 0 and the exchange amplitude Zm = 0, so
that Z↑ = Z↓ = Z0, we can solve the scattering amplitudes for the N-I-S
junction from the solutions of eq.(3.23). We consider six different pairing
potentials from the table 3.1 and will refer to these pairings as pure pairings.
We will also discuss the singlet-triplet mix of the pairing potential introduced
in section 3.5. The barrier amplitude Z0 = 5 is the same for all discussed
cases, respresenting a strong barrier in the tunneling limit.

The normalized conductance spectra σ̂R and the corresponding total nor-
malized angular averaged conductance σ are depicted for the six different
pure potentials in figures 4.1 and 4.2. In the conductance spectra the color
of the spectra represents the magnitude of the normalized conductance, with
brighter areas corresponding to a larger conductance. The vertical axis is
the quasiparticle energy ε normalized by the gap amplitude ∆0 and the hor-
izontal axis is the injection angle θ. As the transverse component of the
momentum can be parametrized by the angle θ, the spectra corresponds to
the dispersion relation. In the upper row we collect the gapful pairings s-
wave, chiral d- and chiral p-wave. In the lower row the nodal pairings dx2−y2-
, dxy- and px-wave. For the gapful pairings the gap is constant for all values
of the angle θ but for the nodal pairings the gap vanishes for certain θ values.

From the gapped superconductors the s-wave is trivial and the chiral ones
are non-trivial, as they have subgap SAS. For the chiral pairings the subgap
states have a large asymmetric angular dependence with respect to the in-
version of the angle θ. This is a manifestation of the broken time reversal
symmetry. We can also distinguish the dx2−y2-wave pairing as a trivial nodal
one, as it has no subgab states, and dxy- and px-wave as non-trivial nodal
pairings. Non-trivial nodal pairings have flat zero-energy SAS formed for all
θ. We can make one more classification with the zero bias peaks (ZBP) of

21
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Figure 4.1: Normalized conductance spectra σR for six different pairing potentials
in NIS junction with the barrier strength Z0=5, a) s-wave, b) dx2−y2-wave, c)
dxy-wave, d) chiral p-wave, e) chiral d-wave and f) px-wave. In the upper row
all the pairings are gapful, nodal in the bottom row. The color of the spectra
represents the magnitude of the normalized conductance, the vertical axis is the
quasiparticle energy ε normalized by the gap amplitude ∆0 and the horizontal axis
is the injection angle θ.
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Figure 4.2: Total normalized angular averaged conductance σ for the different
pairing potentials a) s-wave, dx2−y2 -wave,dxy-wave, b) chiral d- and p-wave and
px-wave. These correspond to the cases in figure 4.1.
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Figure 4.3: Normalized conductance spectra σR for the singlet-triplet mix with a)
∆s < ∆p b) ∆s = ∆p and c) ∆s > ∆p. The ∆s = ∆p case is the quantum critical
point, where the bulk gap has been closed, but the condition for the formation of
the zero bias peak is not yet fulfilled.

the pairings in the angular averaged conductances in figure 4.2. The SAS
of chiral p-wave result in a heavily broadened zero bias peak in the total
conductance, but for the chiral d-wave the SAS do not result in a ZBP. Both
dxy- and px-wave exhibit a strong zero-bias peak due to the perfect Andreev
reflections for all θ values at zero energy.

We also study the singlet-triplet mix for the NIS junction. Similarly to
above, we show the conductance spectra and the corresponding total con-
ductance in figures 4.3 and 4.4 for three different cases depending on the
relative values of the singlet and triplet parts of the mix. Here ∆s + ∆p = 1.
When ∆s is close to 0, the triplet part of the mix dominates, and the singlet
part dominates as we get closer to the value ∆s = 1.

From the spectra we can see that for all the cases the gap is no longer
isotropic with respect to the angle θ, in contrast to the the pure s-wave and
chiral p-wave pairings. This is the result of the interplay between the two
effective gaps ∆1 and ∆2. When ∆s < ∆p, the triplet part of the mixing
dominates, and, consequently, the chiral p-wave subgap states appear in the
conductance spectra. These states then contribute to the ZBP in the total
conductance. For the singlet dominated case ∆s ≥ ∆p, the conductance
is suppressed for energies smaller than the effective gap ∆2, resembling the
conventional s-wave case. In the intermediate region ∆2 < |ε| < ∆1 the
conductance slowly increases. When ∆s = ∆p the gap closes at zero energy
and zero angle. The spectra is asymmetric with respect to θ, but the zero
bias peak is not yet formed, as can be seen from the total conductance. The
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Figure 4.4: Normalized conductance σ corresponding to the three cases of figure
4.3 for the singlet-triplet mix.

∆s = ∆p is the quantum critical point that distinguishes the trivial phase
dominated by the singlet from the non-trivial phase dominated by the triplet.

The impact of the two effective gaps ∆1 and ∆2 is further visualized in figure
4.5. We plot the conductance σ together with the contributions from the nor-
mal reflection 1− |rN |2 and the Andreev (λ2/λ1)|rA|2 for the corresponding
cases in figures 4.3 and 4.4. When |ε| < ∆2, we are in the fully gapped region.
The normal and Andreev part of the contributions are the same, as no other
scattering processes than normal and Andreev reflection are allowed. In the
intermediate region ∆2 < |ε| < ∆1 more scattering processes are allowed, as
the particles subjected to ∆2 are not in the gapped region anymore and we
have a finite probability for quasiparticle transport to the superconductor.
Due to this, the normal and Andreev part of the contributions start to devi-
ate from each other and the Andreev reflections are heavily suppressed. For
the case ∆s = ∆p, ∆2 is fully closed, and for all energies |ε| < ∆1 all the
scattering processes are allowed.

To summarize, we can classify the pure pairings with respect to their two-
dimensional topological classification and examine the formation of the zero
bias peak. In the singlet-triplet mix we can distinguish between two different
phases, the trivial and non-trivial with a critical point separating them. In
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Figure 4.5: Normalized conductance σ with the normal 1 − |rN |2 and Andreev
Re(λ2/λ1)|rA|2 contributions corresponding to the three cases of figure 4.3 and 4.4
for the singlet-triplet mix: a) ∆s = 0.25 b) ∆s = 0.25 and c) ∆s = 0.25.

addition, the two effective gaps, ∆1 and ∆2, of the singlet-triplet mix have a
large effect on the transport processes.

4.2 Ferromagnet-Superconductor hybrid junc-
tions

In this section we will consider the ferromagnet-superconductor hybrid junc-
tions. First we will discuss independently the effects of the polarization X
and the barrier exchange amplitude Zm and then their combined effect for
the pure pairings. For X = 1, we reach the half-metallic limit of full spin
polarization and only the up spin channel contributes to the conductance.
Depending on the parameters X or Zm, which we will turn on/off, we will
have different types of heterostructures; N-I-S junction when X = 0 and
Zm = 0, which we discussed last section; F-I-S when X 6= 0 and Zm = 0;
N-FI-S when X = 0 and Zm 6= 0 and F-FI-S when X 6= 0 and Zm 6= 0. We
show the conductance spectra σR in figure 4.6 and the total conductance σ
in figure 4.7 for the dxy-wave pairing potential for all types of junctions. We
chose the dxy-wave in order to show the different effects clearly.

When we have a finite polarization X = 0.5 without the exchange ampli-
tude (F-I-S case) the effect of the ZBP of the dxy-wave pairing is reduced in
the total conductance as can be seen from the red line of figure 4.7, when
compared against the N-I-S conductance (gray line). With a finite polariza-
tion an injected particle with an up spin can go through a total reflection
for critical angles θc1 and virtual Andreev reflection for the critical angle θc2,
as explained in Section 3.6. The effect of the critical angles is evident from
the spectra of figure 4.6. For angles larger than θc1, the effect of the zero
bias peak is reduced for the other spin channel, for our example here, with
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Figure 4.6: Normalized conductance spectra σR for dxy-wave pairing in a) N-I-S, b)
F-I-S, c) N-FI-S and d) F-FI-S junctions. We set Z0 = 5, X = 0.5 and Zm = 2.5.

X = 0.5, θc1 ≈ 55◦. The effect of the polarization is also shown as the change
in the shape of the gap in the spectra of figure 4.6, which is different for each
spin channels. It can be seen, that for the injection with spin up, the gap
is fully open at θ = π/2, for which the other spin channel has a node in the
gap, as in the N-I-S junction.

The effect of the exchange amplitude Zm when X = 0 is shown in figure
4.6c and in the black line of figure 4.7. We have chosen Zm = 2.5 so that
Z↑ = 7.5 and Z↓ = 2.5. The conductance is shifted for higher (lower) ener-
gies for up (down) spins. This induces a spin splitting of the ZBP, which is
clearly shown in both the conductance spectra and the total conductance.
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Figure 4.7: a) Normalized conductance σ and b) the asymmetric part of the total
conductance [σ(ε)− σ(−ε)] /2 for dxy-wave pairing corresponding to the cases of
figure 4.6.

The combined effect of X and Zm (thus the full F-FI-S junction) is shown
in figure 4.6d with the integrated total conductance as the blue line of figure
4.7a. We choose the same values for X and Zm as above. As for the N-FI-S
junction, the exchange amplitude Zm induces a spin splitting of the ZBP
and the polarization X weakens the states due to the total reflection and
VAR process. For the up spin channel the splitted peak is thus cut of for
angles smaller than θc1. This combined effect of the spin splitting and the
polarization leads to an asymmetry with respect to the zero energy. We can
thus expect a thermoelectric effect.

At first look, it might seem that only the combined effect of Zm and X would
produce an asymmetry with respect to zero energy by looking at the conduc-
tance spectra in figure 4.6 and the total conductance in figure 4.7. However,
when plotting the asymmetric part of the conductance [σ(ε)− σ(−ε)] /2,
shown in figure 4.7b, we see that also the polarization X only (F-I-S junc-
tion, red line) is enough to create asymmetry, although the effect is noticeably
weaker than for the F-FI-S junction (blue line). The polarization alone is
thus enough to create asymmetry, but the spin splitting induced by Zm en-
hances it.

The asymmetry in the total conductance leads to a thermoelectric current,
as it is shown in figure 4.8 for both the full F-FI-S junction (X = 0.5 and
Zm = 2.5) in the upper row and the polarized F-I-S junction (X = 0.5,
Zm=0) in the lower row. We plot the thermoelectric currents for all the
pairings considered in Section 4.1. When computing the currents, the base
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Figure 4.8: Thermoelectric current I at T = 0.03∆0 for a), c) s-, dx2−y2- and
chiral d-wave b), d) dxy-, chiral p- and px-wave. In the upper row we have F-FI-S
junction with X = 0.5 and Zm = 2.5 and in the lower row F-I-S where X = 0.5
and Zm = 0. For both we set Z0 = 5.

temperature of the superconductor is set at T = 0.03∆0, which is approxi-
mately 0.05Tc. The temperature gradient δT is also measured as a function
of ∆0, ranging from 0 to 0.3∆0. We are only interested in the effect of the
temperature bias, so the voltage bias is eV = 0.

Qualitatively, the behaviour is similar for both junctions, but the value of
the current for the N-FI-S junction is significantly weaker. As with the
asymmetric part of the conductance, the polarization is enough to create a
thermoelectric current with the exchange amplitude Zm increasing it. We
also see a different behaviour with respect to the pairing potential. For all
the pairing potentials having a ZBP, dxy-, chiral p- and px-wave the ther-
moelectric current is positive. The strength of the current also follows the
strength of the zero bias peak, px-wave being the highest and chiral p-wave
the weakest. For the pairings without a ZBP, s-, dx2−y2- and chiral d-wave
the current is negative. Chiral d-wave has the largest negative current, due
to its subgab SAS.
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Figure 4.9: Thermoelectric current I at T = 0.03∆0 and δT = 0.2∆0 as a function
of polarization X for a) s-, dx2−y2- and chiral d-wave b) dxy-, chiral p- and px-wave
in the F-I-S junction where Zm = 0 and Z0 = 5.

The effect of the polarization X for different pairing potentials can be seen
in figure 4.9, where the thermoelectric current is plotted at T = 0.03∆ and
δT = 0.2∆. Here, we only discuss the effect of X and set Zm = 0, so the
barrier strength for each spin species is the same. We see the same behaviour
with respect to the pairings as in figure 4.8. For the zero bias peaked pairings
the thermoelectric current is positive, for others it is negative. Also the
value of the current follows the strength of the ZBP (figure 4.9). We see
that there is an optimal value of polarization, for which the current is at its
maximum strength, which is different for each pairing. For all the pairings
a maximum polarization is reached for large polarization values (X > 0.5),
but when approaching the half-metallic limit (X = 1) the thermoelectric
current vanishes. When we approach the half-metallic limit, only one of the
spin channels affects the current, and we no longer break the particle-hole
symmetry between the spin species, the requirement for a thermoelectric
effect. Also, with increasing X, both critical angles θc1 and θc2 increase,
leading to high rates of total reflection and VAR, thus decreasing the current.
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Figure 4.10: Thermoelectric current I at T = 0.03∆0 and δT = 0.2∆0 as a function
of exchange amplitude Zm for a) s-, dx2−y2- and chiral d-wave b) dxy-, chiral p-
and px-wave in the F-I-S junction where X = 0.5 and Z0 = 5.

The thermoelectric current can be created with only the spin polarization
X, but combining it with the spin splitting effect of the exchange ampli-
tude Zm, we can increase the current. We plot the thermoelectric current
as a function of Zm for X = 0.5, T = 0.03∆ and δT=0.2 in figure 4.10.
Here, we set X = 0.5 since the spin splitting effect of Zm was not enough to
create asymmetry in the conductance, and, consequently, a thermoelectric
current. In figure 4.10 we vary Zm from -5 to 5. when Zm = ±5 we have
that Z↑(↓) = 10 and Z↓(↑) = 0, so for the up (down) spin particle the junction
is in the tunnel regime and for the down (up) spin particle the junction is
at the transparent regime. For Zm = 0, we have Z↑ = Z↓, and no asymmetry.

All the pairings present a sign change at Zm = 0. For the pairings with
a ZBP we have a negative current for negative values of Zm and vice versa.
The sign of the current follows the previously noticed pattern. The sign of
the current is opposite between the pairings with a ZBP and the pairings
without a ZBP. There is an optimal value for Zm, but as with X, it differs
from pairing to pairing, especially for the non-ZBP pairings. For positive
Zm values the current is stronger for all cases. The polarization X created
positive thermoelectric currents for the ZBP pairings, negative for non-ZBP
pairings. The positive Zm enhances the effect of X, and negative values com-
pete against it. Zm increases the current up to an order of magnitude when
comparing with the values of figure 4.9. At the points where Zm = ±5, 0,
the current does not disappear fully, but it is an order of magnitude smaller,
as only the effect of the polarization X remains.
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Figure 4.11: Differential conductance at finite temperature dI/dV and thermo-
electric current I for a), b) s-wave and c), d) dxy- wave. Here X = 0.5 and
Zm = 2.5.

4.2.1 Temperature effects
Finally, we discuss the effect of temperature. In figure 4.11 we show the
differential conductance at finite temperature dI/dV and the corresponding
thermoelectric current for s-wave and dxy-wave. Here we have set X = 0.5
and Zm = 2.5 for a F-FI-S junction. Increasing the temperature flattens
out the conductance spectrum and the variation with respect to the normal
state conductance decreases. The asymmetry is thus more difficult to notice.
However, a finite thermoelectric current can still be observed, as shown in
figures 4.11b and d. The sign of the thermoelectric current does not change
with increasing temperature, but its value decreases.

With temperature gradient we can thus distinguish between the different
pairings at high temperatures, even if the corresponding differential conduc-
tance becomes hard to distinguish. We also notice a difference in behaviour
between the s-wave and dxy-wave in the current. For the s-wave, the current
increases with temperature until a maximum is reached (T = 0.3∆0, blue
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Figure 4.12: Thermoelectric current I at δT = 0.2∆0 as a function of temperature
T for a) s-wave and b) dxy- wave. We set X = 0.5 and Zm = 2.5.

line in figure 4.11b), and then its value starts to decrease towards zero with
increasing temperature. For the dxy-wave the temperature increase leads to
a monotonical decrease in the current. This is further verified in figure 4.12,
where we have the current at δT = 0.2∆0 for both pairings, corresponding
to the cases in figure 4.11. S-wave has maximum at T = 0.3∆0 and dxy-wave
has a maximum almost at the zero temperature, after which it monotonically
decreases.

4.3 Singlet-triplet mix in F-S junctions
The behaviour of the thermoelectric current I at T = 0.03∆0 and δT = 0.2∆0
for the singlet-triplet mix is plotted in figure 4.13 for F-I-S (X = 0.5 and
Zm = 0), N-FI-S (X = 0 and Zm = 2.5) and F-FI-S (X = 0.5 and Zm = 2.5)
junctions as a function of the amplitude of the singlet part of the mix ∆s with
∆p = 1−∆s. When ∆s is close to 0, the triplet part of the mix dominates,
and the singlet part dominates as we get closer to the value ∆s = 1. We im-
mediately notice a difference when comparing to the pure pairings discussed
in the previous section. For the pure pairings, in the N-FI-S junction the
exchange amplitude Zm did not create asymmetry in the conductance, and,
consequently, was not enough to create the thermoelectric current without
the polarization X. For the mix we see that a finite current is created for
the N-FI-S junction, with values of the same order of magnitude as for the
F-FI-S junction. The F-I-S junction with only the polarization X results also
in a thermoelectric current, but its values are an order of magnitude lower
than for the N-FI-S and F-FI-S junctions. For the singlet-triplet mix, we can
see a thermoelectric effect with polarization X, exchange amplitude Zm and
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Figure 4.13: Thermoelectric current I normalized with the normal condcutance
σN at δT = 0.2∆0 for the singlet-triplet mix in F-I-S (X = 0.5 and Zm = 0),
N-FI-S (X = 0 and Zm = 2.5) and F-FI-S (X = 0.5 and Zm = 2.5) junctions. We
set Z0 = 5 and T = 0.03∆0 and vary the amplitude of the singlet part ∆s of the
mix.

their combination.

For all the cases in figure 4.13, the current changes sign. However, this
sign change does not occur at the same value of ∆s, yet it is in the vicinity
of the point ∆s = 0.5, where the phase transition from topologically trivial
region to a non-trivial one occurred in the N-I-S junction. The F-I-S junction
follows the behaviour of the pure pairings. When we are on the triplet dom-
inated region ∆s < ∆p, the current is positive. When the singlet dominates,
∆s > ∆p, the current is negative. In the triplet dominating region, ∆s < 0.5,
the F-FI-S junction behaves qualitatively as the pure chiral p case. The
thermoelectric current is positive in the F-I-S junction, and it is enhanced
by Zm in the F-FI-S junction. When moving to the intermediate region,
close to point ∆s = ∆p = 0.5, the sign of the current changes from positive
to negative, with a minimum in the vicinity of the point ∆s = 0.5. When
the singlet dominates, ∆s > 0.5, the current reaches a saturation point. In
the N-FI-S junction we see that as we approach the intermediate region, the
current is enhanced. Interestingly, the sign of the current has been reversed
when comparing to all the other previously discussed cases. In the triplet
dominated region it is negative, and changes to positive as the weight of the
singlet part is increased. In the pure limit, ∆s = 0, 1, the current is 0, as
expected.
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Figure 4.14: Thermoelectric current I normalized with the normal condcutance
σN at δT = 0.2∆0 as a function of X for the a) F-I-S (Zm = 0) and b) F-FI-S
(Zm = 2.5) junctions. We set Z0 = 5 and T = 0.03∆0.

In figure 4.14 we vary the polarization X for F-I-S and N-FI-S junctions.
As before, the value of the current is larger for the F-FI-S, as the exchange
amplitude Zm enhances the current. When comparing with the values for
the pure pairings, the enhancing is now stronger. The values in the F-FI-S
junction are two orders of magnitude larger than in the F-I-S junction. The
triplet dominated region (∆s = 0.25, red line) behaves similarly to the pure
chiral p case. Increasing polarization increases the current, with a maximum
around the value X ≈ 0.9, and tends to 0 when approaching the half-metallic
limit. In the F-I-S junction (figure 4.14a) the current is zero at X = 0 and
the half-metallic limit. In the F-FI-S (figure 4.14b) the current does not go
to zero at these limits as the exchange amplitude Zm is enough to create
a thermoelectric effect. This can also seen for the singlet dominated case
(∆s = 0.75, blue line) and the intermediate case (∆s = 0.5, black line). The
singlet dominated case behaves qualitatively as the pure s-wave pairing. For
the intermediate case we see an interesting effect in the F-I-S junction. When
approaching the half-metallic limit, the current does not vanish, but changes
sign from negative to positive.

The thermoelectric current is plotted as a function of Zm for N-FI-S and
F-FI-S junctions in figure 4.15. The values of the current are the same order
of magnitude for both junctions. We notice that the values of the current
are not as high, as was for the pure cases. However, the current behaves
differently in the N-FI-S junction than we have seen before. As we vary Zm
the sign of the current does not change as for the F-FI-S junction. Also,
the sign of the current for the singlet dominated and the intermediate mix
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Figure 4.15: Thermoelectric current I normalized with the normal conductance
σN at δT = 0.2∆0 as a function of Zm for the a) N-FI-S (X = 0 and Zm = 2.5)
and b) F-FI-S (X = 0.5 and Zm = 2.5) junctions. We set Z0 = 5 and T = 0.03∆0.

is positive, and for the triplet dominated mix negative. There is also and
asymmetry with the negative and positive Zm values. For positive Zm values
Z↑ > Z↓ and vice versa. At the points Zm = 0 and Zm = ±5 the current
vanishes. The F-FI-S junction behaves similarly to the pure cases discussed
in the previous section. The sign of the current is negative for the triplet
dominated region for negative Zm values and the current becomes positive
for positive Zm values.

The exchange amplitude Zm is enough to create a thermoelectric effect for
the singlet-triplet mix in F-S junctions. We enlighten this in figure 4.16. We
plot the normalized conductance σ(ε) (black lines) from equation (3.29) and
the separated contribution from the normal processes 1 − |rN |2 (blue lines)
and the Andreev reflections (λ2/λ1)|rA|2 (red lines) in the N-FI-S junctions
with Zm = 2.5 and Z0 = 5 in the first column. In the second column we have
the anti-symmetric part of the conductance [σ(ε) − σ(−ε)]/2 and similarly
for the normal and Andreev contributions. We plot these for different values
of the singlet amplitude of the mix, from op-down: ∆s = 0.25, 0.5, 0.75. As
discussed in Section 4.1, in the intermediate region ∆2 < |ε| < ∆1 we can
have quasiparticle transport to the superconductor. In this intermediate re-
gion, the spin splitting effect of Zm leads to asymmetry, and, consequently, to
thermoelectric current as we have shown. In the fully gapped region |ε| < ∆1
the splitting is not enough to create asymmetry, as is shown for ∆s = 0.25
and ∆s = 0.75 in figure 4.16. For ∆s = ∆p the gap ∆2 closes, and for all
energies |ε| < ∆1 all the scattering processes are possible, and conductance
is fully asymmetric inside the gap ∆1. Andreev processes are heavily sup-
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Figure 4.16: Normalized conductance σ(ε) (left column) and its asymmetric [σ(ε)−
σ(−ε)]/2 part (right column) plotted for different values of the singlet amplitude
∆s. First row: ∆s = 0.25, second row ∆s = 0.5 and third row ∆s = 0.75. We set
X = 0. and Zm = 2.5 with Z0 = 5 for N-FI-S junction.

pressed in the intermediate region, and this is also apparent when inspecting
the anti-symmetric part. In the N-FI-S junction with singlet-triplet mix pair-
ing, the thermoelectric effect is mostly due to the quasiparticle transport to
the superconductor.

We plot the conductance and normal and Andreev contributions for F-FI-S
junction in figure 4.17, setting X = 0.5 in addition to N-FI-S junction in fig-
ure 4.16. We notice differences with respect to the N-FI-S junction. The con-



CHAPTER 4. RESULTS 37

ductance is now asymmetric for all energies |ε| < ∆1. Also, the sign on of the
asymmetric part has been reversed. When |ε| < ∆2, the normal and Andreev
contributions are equal, as before. For the pure triplet chiral p-wave, ∆s = 0,
the contributions from the normal 1−|rN |2 and Andreev (λ2/λ1)|rA|2 part to
the conductance are equal inside the gap. As we keep increasing the singlet
amplitude ∆s, the contributions start to deviate from each other. However,
differing from the N-FI-S, in the intermediate region ∆2 < |ε| < ∆1 both the
Andreev processes and quasiparticle transport have now a significant contri-
bution to asymmetry. In the F-FI-S junction with singlet-triplet mix pairing
both the Andreev processes and quasiparticle transport contribute to the
thermoelectric effect.
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Figure 4.17: Normalized conductance σ(ε) (left column) and its anti-symmetric
[σ(ε) − σ(−ε)]/2 part (right column) plotted for different values of the singlet
amplitude ∆s. First row: ∆s = 0, second row ∆s = 0.25, third row ∆s = 0.5 and
fourth row ∆s = 0.75. We set X = 0.5 and Zm = 2.5 with Z0 = 5 for F-FI-S
junction.



Chapter 5 Conclusions

We have studied thermoelectric effects in ferromagnet-superconductor hybrid
junctions. We used the approach of the scattering Bogoliubov-de Gennes for-
malism and the generalized BTK formula.

First, we studied the properties of different superconductors with the normal
metal - insulator - superconductor (N-I-S) junction. Six different pairing po-
tential symmetries were considered; the gapful symmetries s-, chiral d- and
chiral p-wave and the nodal symmetries dx2−y2- , dxy- and px-wave. We could
classify these pure symmetries with respect to their two-dimensional topo-
logical classification (trivial and non-trivial with respect to the appearance
of subgap surface Andreev states) and examine the formation of the zero
bias peak. The latter proved to be an useful additional classification when
considering thermoelectric effects.

We also discussed singlet-triplet mix of a trivial gapful s-wave symmetry
and non-trivial chiral p-wave symmetry. In the singlet-triplet mix we could
distinguish between two different phases, the trivial and non-trivial. The
point ∆s = ∆p, where the weight of the singlet and triplet part of the mix
is the same, is the critical point, where a phase change from trivial to non-
trivial regime occurs. The singlet-triplet mix also gave rise to the appareance
of two effective gaps. The two effective gaps, ∆1 and ∆2, had a large effect
on the transport processes. In the intermediate region ∆2 < |ε| < ∆1, in
addition to the normal and Andreev reflections, quasiparticle transport to
the superconductor is possible.

We discussed the conditions for a thermoelectric effect in the ferromagnet-
superocnductor junctions. For pure pairings, in order to have a thermoelec-
tric current we need the spin polarization (X) in the ferromagnet-insulator-
superconductor junction. The exchange amplitude Zm in the ferromagnet-
ferromagnetic insulator- superconductor junction enhances the effect via spin
splitting.

The sign of the thermoelectric current depended on whether the pairing po-
tential had a zero bias peak in its conductance spectrum. By varying Zm
we can enhance this effect and also change the sign of the current, but the

39
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current of all pairings with a zero bias peak will have the same sign and vice
versa. The effect of X is larger for the pairings with a zero bias peak, and
the value of the effect follows the strength of the zero bias peak seen in the
tunneling conductance. We found that there is an optimal polarization X
and exhange amplitude Zm value, different for each pairing.

For the singlet-triplet pairing a thermoelectric effect could be produced with
polarization X an the exchange amplitude Zm alone. The thermoelectric
effect from Zm in the N-FI-S junction was observed to occur from the spin
splitting in the intermediate region ∆2 < |ε| < ∆1 and the current was
mostly carried by a quasiparticle transport to the superconductor. In the
F-FI-S junction both Andreev and quasiparticle processes contributed to the
thermoelectric effect.

Our results here show that the symmetry of superconducting pairing po-
tential has a significant effect in the thermoelectric effects observed in su-
perconducting hybrid junctions. The utilized methodology can be further
extended and as an outlook we give straightforward ideas for exploring the
results presented here further. A possible continuation of the current work
is to consider three-dimensional superconductors, where we can further com-
plicate the properties of the pairing potential. Other future extension should
be a detailed study on the optimal values of the polarization X and the ex-
change amplitude Zm and their contributions to the thermoelectric figures
of merit. One could also use the solutions presented here in order to solve
the Green’s function of the considered systems, and through it connect the
thermoelectric current to the total induced pairing.
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