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1. Introduction

This introductory chapter first motivates the approach taken in this thesis to
model non-stationary functions and summarizes the contributions made in this
thesis. Then it continues to briefly discuss the relevant literature related to the
presented methods as well as briefly mention other approaches that have been
used to model non-stationary functions.

1.1 Modelling Non-Stationarity with Gaussian Processes

This thesis considers modelling of non-stationary functions, which in the context
of this thesis is taken to mean functions whose behavior changes according
to the point where the function is evaluated. Non-stationarity can appear
in modelling in multiple ways. The publications in this thesis approach non-
stationary from two different perspectives. First, in vector-valued functions one
is often interested in modelling the dependencies between the individual scalar
functions. Typically they are assumed to have a covariance structure. This
structure is often assumed to be stationary, that is, the covariances between
the scalar values do not change according to where the function is evaluated.
Methods to estimate covariances that are allowed to depend on the evaluation
point of the function are developed as a part of this thesis. Second, even when
modelling just one scalar function, the behaviour of the function is often assumed
to be the same across the input space. For example, the frequency of a periodic
function may realistically change over the years of a long observational period.
This thesis presents approaches to model these kinds of changes in the behaviour
of the function.

Gaussian processes (GP) provide a flexible way of modelling functions in a
Bayesian way, by introducing a way to place a prior directly over functions. The
prior information about the behavior of a function of interest in encoded into a
kernel function that models the covariance structure of the function. The kernel
itself is a function of two variables, input points, and determines the similarity
between the points in the input space. The definition of the Gaussian process
states that if the two points are similar, then the function values should also be

7
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similar, to a degree determined by the kernel function.
The choice of the kernel function defines the properties of the function that

can modelled by the Gaussian process. Selecting a suitable kernel for the
modelling problem at hand can be a difficult task, requiring specific problem
domain knowledge. Instead, this thesis considers methods that allow learning an
expressive and flexible kernel function directly from data with few assumptions.
Many standard choices of kernels assume that the GP is stationary, but as
explained above, this can often be a rather strong assumption. This thesis
develops several formulations of non-stationary kernels, which can be learned
flexibly in a data-driven way.

1.2 Contributions of the Thesis

Publication II constructs a novel multi-output kernel for Gaussian processes,
which allows for new kind of analysis of vector-valued functions by modelling
input-dependent couplings of the outputs. Specifically the multi-output ker-
nel is a Hadamard product of a Gaussian kernel and an outer product latent
Gaussian processes. Publication III and Publication IV propose two alternative
constructions of non-stationary spectral mixture kernels that can represent,
in addition to non-stationarity, many desirable properties, such as periodicity,
or non-monotonicity, in more general way. Concretely, the non-stationary ker-
nels are constructed by replacing the constant parameters of the stationary
kernel (Wilson and Adams, 2013) by a function, which is modelled as a GP in
Publication III and as a neural network in Publication IV.

Publication I presents a novel multi-view classification model, constructed as
a mixture of group factor analyzers (Virtanen et al., 2012; Klami et al., 2015)
which is combined with a classification model based on the mixture component
assignments, meaning that a single class can be characterized by multiple modes
of behavior. While this contribution is not based on Gaussian processes, using
GP priors for the factor loadings and scores as well as combining the model with
the work done in Publication II could follow in interesting future work.

This thesis considers applications in functional brain imaging (Publication I
and Publication II) and in geostatistics for modelling mineral concentrations
(Publication II) and land surface temperatures (Publication III). Publication IV
furthermore considers time series data of solar activity in terms of the sunspot
number and the irradiance as well as motion capture of human locomotion. This
shows that the methods that are developed in the thesis are widely applicable in
a variety of different fields.

8
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1.3 Related Work

The work done in Publication III and Publication IV draws upon previous
works on stationary spectral and sparse spectrum kernels (Wilson and Adams,
2013; Wilson et al., 2014; Lázaro-Gredilla et al., 2010; Kom Samo and Roberts,
2015; Lazaro-Gredilla and Quiñonero Candela, 2007). Using GP priors for
latent functions within kernels such as the Gaussian and the Matérn has also
been explored previously (Heinonen et al., 2016; Paciorek and Schervish, 2004,
2006). Neural networks have been previously proposed for input transformations
in Gaussian processes but not for parameterizing individual parameters or
functions (Wilson et al., 2016a). The generalized Wishart process (Wilson and
Ghahramani, 2011) as well as Gaussian process regression networks (Wilson
et al., 2012; Nguyen and Bonilla, 2013) inspired the work in Publication II.

Variational methods provide scalable approximate inference for complex Bayesian
models (Jordan et al., 1999) such as the GP. Particularly for bigger datasets,
stochastic variational methods allow handling up to billions of data points
even for GP-based models (Titsias, 2009; Hoffman et al., 2013; Hensman et al.,
2015), which are traditionally limited by their cubic complexity (Rasmussen
and Williams, 2006). Variational approaches for inference are used in Publica-
tion I, Publication II and Publication IV of this thesis. For exact inference in
GPs, several approaches for speeding up the computations exist, based on e.g.
exploiting the Kronecker structure (Flaxman et al., 2015; Wilson et al., 2014)
of the kernel matrix as well as other structures (Wilson and Nickisch, 2015).
Kronecker structure based approaches are applied in Publication III of this
thesis.

Similarly to the notion of non-stationarity that is considered in this thesis,
there exists several other approaches, often called e.g. adaptive or local models,
that aim to model changes in the behaviour of some function in different parts
of the input space.

Change point detection methods find a set of discrete points where the be-
haviour of e.g. a time series changes suddenly (Aminikhanghahi and Cook,
2017). Change-points have also been proposed for Gaussian process time series
models (Saatçi et al., 2010). Change points have also been generalized to change
surfaces, for modelling higher-dimensional data (Herlands et al., 2016), and for
modelling change-points in spatio-temporal processes (Majumdar et al., 2005;
Knoblauch and Damoulas, 2018). The approaches proposed in this thesis assume
that the changes in the dynamics are smooth, as opposed to the discrete changes
assumed in change-point detection.

Mixtures of simple parametric models have also been adapted to modelling non-
stationarity in time series, e.g. by exploiting self-organizing maps to segment
the time-series (Ni and Yin, 2008). Multivariate adaptive regression splines
(Friedman, 1991) adaptively partition the input space and apply linear models
in the discovered segments.

In signal processing, Hilbert-Huang transforms and Hilbert spectral analysis

9
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explore input-dependent frequencies, but with deterministic transform functions
on the inputs based on splines they do not provide a probabilistic interpreta-
tion (Huang, 2008; Huang et al., 1998), in contrast to Gaussian processes, for
example.

Deep neural networks (Goodfellow et al., 2016) are also another class of models
that do not limit themselves to stationary functions. In the Bayesian framework
these models can be formulated either as Bayesian neural networks (Neal, 2012)
with priors put on weights of the neural network or as deep Gaussian processes
(Salimbeni and Deisenroth, 2017; Cutajar et al., 2017; Damianou and Lawrence,
2013) where each layer is a Gaussian process.

10



2. Modelling Non-Stationary Functions

This chapter starts by first presenting Gaussian processes as a method for
modelling functions and explaining that the choice of the kernel function is
central in applying Gaussian process models. The chapter continues to show
how spectral theory can be applied to design flexible families of kernel functions,
including those of Publication III and Publication IV. Last part of this chapter
presents several computational approaches to perform inference in Gaussian
processes.

2.1 Gaussian Processes as a Prior for Functions

Figure 2.1. Some examples of functions sampled from a Gaussian process with an RBF kernel
with lengthscale �= 0.2 and signal variance σ2

f = 1.

A Gaussian process (Rasmussen and Williams, 2006) defines a distribution
over functions f (x), denoted as

f (x)∼GP (m(x),k(x, x′)), (2.1)

11
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Table 2.1. Some popular kernel functions used with Gaussian processes (Rasmussen and
Williams, 2006), with τ= |x− x′| denoting the distance between two inputs.

Kernel Parameters k(x, x′)

RBF σ f ,� σ2
f exp

(
− τ2

2�2

)
Rational Quadratic σ f ,�,α σ2

f

(
1+ τ2

2α�2

)−α
Matérn-3/2 σ f ,� σ2

f

(
1+ τ

�
3

�

)
exp

(
−τ

�
3

�

)
Cosine σ f ,ω σ2

f cos
(
2πω(x− x′)

)
Periodic σ f ,ω σ2

f exp
(
−2sin2(πω|x−x′|)

�2

)

where the function m(x) defines the prior mean value E[ f (x)] = m(x) and the
kernel function k(x, x′) denotes the covariance between function values

cov[ f (x), f (x′)]= k(x, x′) (2.2)

at points x and x′. Additionally, for any finite collection of inputs, x1, . . . , xN , the
function values f i = f (xi) follow a multivariate Gaussian distribution

(
f1, . . . , fN

)T ∼N (m,K) , (2.3)

where the elements of K are Ki j = k(xi, xj) and of m are mi = m(xi).
The key property of Gaussian processes is that they can encode the properties

of the modelled functions by correlating function values at input points that
are similar according to the kernel k(x, x′). A very commonly used kernel is the
squared exponential, also called the radial basis function (RBF), which for a
univariate input x ∈R is given by

kRBF(x, x′)=σ2
f exp

(
− (x− x′)2

2�2

)
, (2.4)

where the signal variance σ2
f corresponds to the range scale of the function

values, and the length-scale � encodes how fast the function values can change
with respect to the distance τ= x− x′ between datapoints x and x′. The mean
function m(x) is often assumed to be a constant, m(x)≡ 0, when the data have
been normalized to zero mean. The multivariate case x ∈ RD can be handled
by, e.g,. replacing the difference by τ = ||x−x′||. Some other common kernel
functions are listed in Table 2.1.

The choice of the kernel function that is used in the Gaussian process con-
strains the functions that can be modelled by the GP. Some important prop-
erties of the kernel function are (non-)stationarity, monotonicity and periodic-
ity. A stationary kernel is only a function of the difference τ = x− x′, that is
k(x, x′)= k(x−x′), and cannot have a different behaviour depending on the actual
values of x or x′. Many of the standard kernels, such as the Gaussian, Matérn
and rational quadratic, are stationary kernels. A non-stationary kernel, on
the other hand, can encode dependencies that are different in different regions
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of the input space. Monotonicity refers to the property that the covariance
between two points decreases as a function of their distance |x− x′|. Many of the
popular kernels, such as the RBF and rational quadratic, behave this way. The
opposite of monotonicity are periodic kernels that give rise to periodic functions,
where the covariance is high at regular intervals with respect to the distance
|x− x′|. Kernels that are neither monotonic nor strictly periodic can be said to be
non-monotonic.

As the kernel defines the properties of the modelled function, the choice of the
kernel is thus the most crucial decision to be made when applying Gaussian
processes to any task. A common default choice is using e.g. the Gaussian or
Matérn kernels, but they may not be able to model all the properties that the
function has. Standard kernels can also be combined by taking sums or products
of kernels having desired properties, resulting in more complex kernels, with
some restrictions to ensure positive-definiteness. This can be, however, a labo-
rious task and may require substantive domain knowledge. Some automated
approaches to construct these compositions of kernels have been explored (Duve-
naud et al., 2013; Lloyd et al., 2014). Kernels based on spectral decompositions
provide another way of learning very flexible kernels from data, which is the
topic of the next section.

2.2 Spectral Mixture Kernels

Spectral theory provides another approach for constructing kernel functions,
as opposed to constructing them as compositions of other known base kernels.
Bochner’s theorem stipulates that a stationary kernel function has a correspond-
ing spectral density, implying that specifying the spectral density at the same
time specifies a corresponding kernel function. This idea has been used to const-
sruct several kernels and kernel approximations, such as random Fourier fea-
tures (Rahimi and Recht, 2008), sparse spectrum kernels (Lazaro-Gredilla and
Quiñonero Candela, 2007; Lázaro-Gredilla et al., 2010) as well as the spectral
mixture kernel (Wilson and Adams, 2013). This section presents the background
on spectral mixtures and then covers the developments done to introduce the
non-stationary spectral mixtures of Publication III and Publication IV.

2.2.1 The Stationary Case

The building block for various (stationary) spectral kernel constructions is the
Bochner’s theorem for stationary signals, whose covariance can be written, with
minor abuse of notation, as k(τ)= k(x− x′)= k(x, x′).

Theorem 1 (Bochner’s Theorem). The function k(τ) is a continuous positive-
definite function if and only if there exists a positive finite measure μS such that
k(τ)=∫

exp(2πisτ)dμS(s).
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Figure 2.2. Illustration of the Gaussian, SM and GSM kernels on inputs on an interval [−1,1].
Gaussian and SM kernels’ corresponding frequency representations are constant
across input x, while the GSM contains a smoothly changing frequency component.

The theorem implies a Fourier dual (Wilson and Adams, 2013)

k(τ)=
∫

S(s)e2πisτds (2.5)

S(s)=
∫

k(τ)e−2πisτdτ . (2.6)

Here S(s) denotes the spectral density describing the spectral content of the
signal, and s is expressed in some units of frequency (e.g. for time series this
could be in Hz). In other words, a kernel function can be obtained as the
Fourier transform of its spectral density. The variables x and τ are within the
input domain (e.g. time in seconds). The complex exponential function can be
decomposed using Euler’s formula as

eix = cos(x)+ isin(x) , (2.7)

where the complex parts cancel out when the Fourier transform is applied to
positive definite functions.

This dual representation has been exploited to design rich, yet stationary
(due to being based on Bochner’s theorem) kernel representations (Sinha and
Duchi, 2016; Yang et al., 2015) and used for large-scale inference based on
random Fourier features (Rahimi and Recht, 2008). Lázaro-Gredilla et al. (2010)
proposed to directly learn the spectral density as a mixture of Dirac delta
functions

S(s)=∑
i
δ(s− si) (2.8)

leading to the sparse spectrum (SS) kernel

kSS(τ)= 1
Q

Q∑
i=1

cos(2πsT
i τ) . (2.9)
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Wilson and Adams (2013) derived a stationary spectral mixture (SM) kernel
by modelling the univariate spectral density using a mixture of normals

SSM(s)=∑
i

w2
i [N (s|μi,σ2

i )+N (s|−μi,σ2
i )]/2, (2.10)

corresponding to the kernel function

kSM(τ)=∑
i

w2
i exp(−2π2σ2

i τ
2)cos(2πμiτ) . (2.11)

The SM kernel was also extended for multidimensional inputs using Kronecker
structure for scalability (Wilson et al., 2014; Flaxman et al., 2015; Saatçi, 2011).

Kernels derived from the spectral representation are particularly well suited to
encoding long-range, non-monotonic or periodic kernels; however, they have been
unable to handle non-stationarity fully before developments done in Publication
III. Wilson (2014) in his thesis also presented a partly non-stationary SM
kernel that has input-dependent mixture weights w(x), similar to what has
been done also by Tolvanen et al. (2014) and Heinonen et al. (2016). Kom Samo
and Roberts (2015) in their unpublished work have also derived a general
family of non-stationary kernels based on a more generalized version of the
Bochner’s theorem; their theorem however is missing a necessary condition
that the mixture coefficients have to be positive. Random Fourier features for
non-stationary kernels were also developed by Ton et al. (2018), The construction
can be seen as a direct generalization of the stationary sparse spectrum kernel
(Lázaro-Gredilla et al., 2010), using the generalized spectral density discussed
in Kom Samo and Roberts (2015) and Publication III.

2.2.2 Non-Stationary Kernel by Extending the Stationary SM

Many non-stationary kernels, on the other hand, have been constructed by non-
stationary extensions of Matérn and Gaussian kernels with input-dependent
length-scales (Gibbs, 1997; Heinonen et al., 2016; Paciorek and Schervish, 2004,
2006), input space warpings (Sampson and Guttorp, 1992; Snoek et al., 2014),
and with local stationarity with products of stationary and non-stationary ker-
nels (Genton, 2001; Silverman, 1957). The simplest non-stationary kernel is
arguably the dot product kernel (Rasmussen and Williams, 2006), which has also
been used as a way to assign input-dependent signal variances (Tolvanen et al.,
2014). These types of non-stationary kernels are a good match for functions with
transitions in their dynamics, yet are unsuitable for modelling non-monotonic
properties such as periodicity or other long-range structures.

Publication III presents the generalised spectral mixture (GSM) kernel, which
can be seen as a generalisation of the spectral mixture (SM) kernel of Wilson and
Adams (2013). The GSM kernel essentially parameterises the hyperparameters
of the stationary SM kernel by Gaussian processes. That is, the frequencies μ,
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length-scales � and mixture weights w are given GP priors:

logwi(x)∼GP (0,kw(x, x′)), (2.12)

log�i(x)∼GP (0,k�(x, x′)), (2.13)

logitμi(x)∼GP (0,kμ(x, x′)). (2.14)

Here the log transform is used to ensure the mixture weights w(x) and length-
scales �(x) are non-negative, and the logit transform logitμ(x)= log μ

FN−μ limits
the learned frequencies between zero and the Nyquist frequency FN , which is
defined as half of the sampling rate of the signal (or for non-equispaced signals
as the inverse of the smallest time interval between the samples). The functions
w(x), �(x) and μ(x) can be thought intuitively as forming a smooth spectrogram
surface

S(x, s)= w(x)2 exp
(−�(x)2(s−μ(x))2) , (2.15)

by simply replacing the constant parameters in the spectral density (2.10) of the
SM kernel with the functions w(x), �(x) and μ(x).

The non-stationary generalised spectral mixture (GSM) kernel is then given
by:

kGSM(x, x′)=
Q∑

i=1
wi(x)wi(x′)kG

i (x, x′)cos(2π(μi(x)x−μi(x′)x′)) . (2.16)

The kernel is a product of three PSD terms. The GSM kernel encodes the similar-
ity between two data points based on their combined signal variance w(x)w(x′),
and the frequency surface based on the frequencies μ(x),μ(x′) and frequency
lengthscales �(x),�(x′) associated with both inputs. The input-dependent length-
scales are accommodated by replacing the exponential part of (2.11) by the Gibbs
kernel

kG
i (x, x′)=

√
2�i(x)�i(x′)

�i(x)2 +�i(x′)2 exp
(
− (x− x′)2

�i(x)2 +�i(x′)2

)
,

which is a non-stationary generalisation of the Gaussian kernel (Gibbs, 1997;
Heinonen et al., 2016; Paciorek and Schervish, 2004).

The GSM kernel is able to model functions that have complex, non-monotonic
and non-stationary covariances. The kernel is also able to model periodic func-
tions where e.g. the amplitude or period changes over time. Further, it also
reduces to the stationary SM kernel when the functions μ(x), �(x), and w(x) are
constant, which can be obtained by setting their associated length-scales to large
values.

2.2.3 Neural Networks in the Spectral Mixture

Publication IV proposes modelling the latent frequency μ(x), variance w(x)
and length-scale �(x) functions using neural networks instead, as opposed to
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giving them a GP prior as in Publication III. This can be seen as similar to
variational autoencoders (Kingma and Welling, 2013) proposed for inference
in latent variable models. Here the neural network parameterized functions
are applied to model the parameters of the kernel, instead of the parameters
of a variational distribution, and as such are actually a part of the model (the
kernel).

A typical, fully-connected feed-forward neural network (Goodfellow et al., 2016)
is defined as a composition of simple affine maps (referred to as layers) followed
by element-wise non-linear transformations (activations). This can be written as

h1 = a(W1x+b1) (2.17)

y= a(W2h1 +b2) (2.18)

for a network with just one hidden layer, for a function from x to y. Here
matrices Wl are the weights and vectors bl are the biases of the lth layer of the
network, and a(·) is the activation function. We can also denote this mapping
as y=NN(x). For the hidden layer activation functions, the scaled exponential
linear units (SELU) that have been proposed recently for feed-forward networks
are used (Klambauer et al., 2017). At the top layer, the softplus activation

softplus(x)= log(1+exp(x)) (2.19)

ensures that the functions are positive-valued. Now the latent functions within
the GSM kernel are given as

w(x)=NNw(x) , (2.20)

�(x)=NN�(x) , (2.21)

μ(x)=NNμ(x) , (2.22)

where all elements of each function are given by the same neural network, that
is, they share all weights except on the final layer before the softmax activation.
Thus, the neural network is able to find a common representation of the input
data that is useful in determining the amplitudes w, the lengthscales � and
frequencies μ. This is in contrast to the GP-GSM, where the functions within
each mixture component were modelled independently.

2.3 Inference in GPs

This section covers the topic of performing inference in Gaussian processes. The
first subsection provides a recap of standard GP regression, and the rest of
this section provides two approaches to speed up the inference, by exploiting
properties of Kronecker products as well as applying stochastic variational
inference.
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2.3.1 Inference in GP Regression

Gaussian processes in the regression framework assume a Gaussian likelihood
over N data points (x j, yj)N

j=1 with all outputs collected into a vector y ∈RN ,

yj = f (x j)+ε j, ε j ∼N (0,σ2
n) (2.23)

f (x)∼GP (0,k(x,x′ | θ)), (2.24)

where (2.23) implies a Gaussian likelihood

p(y | f)=N (y | f,σ2
nI) . (2.25)

A standard approach for finding the kernel parameters θ is to marginalize over
the function values f, and optimize the marginal log likelihood

log p(y | θ)= logEp(f)[p(y | f)] (2.26)

=−1
2

yT (K+σ2
nI)−1y− 1

2
log |K+σ2

nI|+const. (2.27)

using standard optimization techniques, such as gradient descent. This requires
O (N3) computation due to inverting and computing the determinant of the N×N
kernel matrix K, making it unfeasible to apply GPs to large datasets. The same
applies for computing the predictive distribution of the function values f ∗ for
new inputs x∗, calculated using standard Gaussian formulas as

p( f ∗ | y,θ)=N ( f ∗ |μ f ∗ ,σ2
f ∗) (2.28)

μ f ∗ = kT (K+σ2
n)−1y (2.29)

σ2
f ∗ = k(x∗,x∗)−kT (K+σ2

n)−1k , (2.30)

where the k collects the kernel values k(x∗,xi) evaluated between the new point
x∗ and all training data points xi. The gradient of the marginal log likelihood
(2.27) in general is

∂ log p(y | θ)
∂θ

= 1
2

(
αT ∂K

∂θ
α− tr

(
(K+σ2

nI)−1 ∂K
∂θ

))
, (2.31)

where α= (K+σ2
nI)−1y.

2.3.2 Speeding Up Inference with Kronecker Products

If a kernel function defined over a multivariate input, that is x ∈RD with D ≥ 2,
can be written as

k(x,x′)=
D∏

d=1
kd(xd, x′d) (2.32)
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and the data are located on a multi-dimensional grid, the kernel matrix can be
written as a Kronecker product of kernel matrices

K=
D⊗

d=1
Kd (2.33)

where each Kd is computed only using the kernel function kd(·, ·) using the
inputs along the dimension xd (Saatçi, 2011; Wilson et al., 2014).

Experiments done in Publication III exploit Kronecker inference in modelling
land surface temperatures (LST) over the United States and in an in-painting
task using texture images. In these cases the inputs are three and two dimen-
sional and on a grid, in the LST case all longitude and latitude coordinates are
observed at all time points and in textures the full pixel information is present
except for missing some horizontal or vertical blocks that does not break the grid
structure. With some additional approximations, Kronecker inference can also
be made to work with incomplete grids and non-Gaussian likelihoods (Flaxman
et al., 2015; Wilson et al., 2014; Wilson and Nickisch, 2015).

The Kronecker product of two matrices A ∈RN×M and B ∈RP×Q is defined as

A⊗B =

⎡
⎢⎢⎢⎢⎢⎢⎣

a11B a12B · · · a1MB

a21B a22B · · · a2MB
...

. . .

aN1B aNMB

⎤
⎥⎥⎥⎥⎥⎥⎦
∈RNP×MQ . (2.34)

The most relevant properties of the Kronecker product in applying to GP infer-
ence include the inverse, assuming invertible square matrices A and B,

(A⊗B)−1 = A−1 ⊗B−1 (2.35)

and the following applying to the eigen decomposition

A⊗B =QVQT = (QA ⊗QB)(V A ⊗VB)(QA ⊗QB)T , (2.36)

where the matrix Q collects the eigenvectors and the matrix V consists of the
eigenvalues on the diagonal. Additionally a matrix-vector product between a
Kronecker structured matrix and a vector is efficiently expressed as

(A⊗B)vec(Y)= vec(BTYA) , (2.37)

where Y is a matrix with compatible dimensions to A and B.
Computing the two terms in the marginal log likelihood (2.27) now becomes

(K+σ2
nI)−1y=Q(V +σ2

nI)−1QTy=
(⊗

d
Qd

)(
(V +σ2

nI)−1

((⊗
d

QT
d

)
y

))
(2.38)

log |K+σ2
nI| =∑

i
log(V ii +σ2

n) . (2.39)
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The inversion of V +σ2
nI is trivial as it is a diagonal matrix. The matrix-vector

products such as
(⊗

d QT
d
)
y can also be computed efficiently using formula (2.37)

successively.
For optimizing the marginal log likelihood, the gradient of the Kronecker

product kernel can be computed as

∂K
∂θd

=K1 ⊗ . . .⊗ ∂Kd

∂θd
⊗ . . .⊗KD (2.40)

with respect to dimension-specific hyperparameters θd. The trace term in the
gradient (2.31) can be computed using the Kronecker eigenvalue decomposition
(2.36) and the cyclic property of the trace operator.

2.3.3 Stochastic Variational Inference in Sparse GPs

Variational Inference
Variational inference (VI) is one of the most popular approximate inference
methods for Bayesian inference (Jordan et al., 1999; Wainwright et al., 2008;
Hoffman et al., 2013). For this more general treatment, the following assumes a
probabilistic model for a data point x with a local latent variable z (size of which
depends on the size of the data) and a global parameter β (fixed size specified by
the specific model), factorizing as p(x, z,β)= p(x | z,β)p(z |β)p(β). In addition to
the global parameter β, the model may also have some hyperparameters θ that
are not treated fully probabilistically within the VI framework, which can be
denoted by having all distributions conditioned on θ as p(x, z,β | θ).

The variational inference approach is based on lower bounding the model log
evidence

log p(x | θ)= log
∫

p(x, z,β | θ)dzdβ . (2.41)

The approximation to the posterior p(z,β | x,θ) is denoted by the variational
distribution q(z,β). Plugging in q into the evidence,

log p(x | θ)= log
∫

p(x, z,β | θ)
q(z,β)
q(z,β)

dzdβ (2.42)

= logEq(z,β)

[
p(x, z,β | θ)

q(z,β)

]
(2.43)

≥Eq(z,β)[log p(x, z,β | θ)]−Eq(z,β)[log q(z,β)]≡L (q) , (2.44)

where exchanging the order of log and Eq in (2.44) is due to the Jensen’s inequal-
ity. The evidence lower bound (ELBO) L acts as the objective function that is
optimized in variational inference. The additional hyperparameters θ may also
be optimized with respect to the ELBO to determine suitable values.
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Mean-field Approximations
A typical form of approximation q is the so-called mean-field factorization

q(z,β)= q(β |λ)
∏
n

q(zn |φn) , (2.45)

where the product is taken over the data points n. The variables λ and φn are
referred to as the global and local variational parameters, respectively. For
example, if q(β |λ) were a Gaussian distribution, then λ would be its mean and
variance parameters or the corresponding natural parameters in the exponential
family formulation. Distributions in the exponential family can be written as

p(β | θ)= h(β)exp
(
η(θ)T T(β)− A(θ)

)
, (2.46)

where η is the natural parameter, T the sufficient statistic, h an arbitrary
function and A the log-normalizer ensuring that the distribution integrates to
one.

When maximizing the ELBO (2.44) with respect to a single term (e.g. q(β)) in
the factorization (2.45), the optimum is of the form

log q(β)=Eq(z)
[
log p(x, z,β | θ)

]+const. . (2.47)

In the exponential family this corresponds (Hoffman et al., 2013) to setting the
parameter to the value of the expected natural parameter η

λ=Eq(z)
[
η(x, z,θ)

]
, (2.48)

where η(x, z,θ) is the natural parameter of the conditional p(β | x, z,θ).

Stochastic Variational Inference
Stochastic variational inference (SVI) employs stochastic optimization to the
variational objective (Hoffman et al., 2013). The approach is based on an ob-
servation that in the exponential family the mean-field updates correspond to
natural gradients of the ELBO. In SVI, only a partial update is made using a
subset of the data points as a weighted average

λ(t) = (1−ρt)λ(t−1) +ρtλ̂
(t) , (2.49)

where λ̂(t) is computed using just one data point replicated N times using the
standard parameter update rule (2.48), and ρt is the step size.

So-called black-box variational inference (Ranganath et al., 2014; Rezende
et al., 2014; Kingma and Welling, 2013) methods enable, together with auto-
matic differentiation, variational inference without assuming exponential family
distributions or solving the approximate model update rules (2.47) by hand. The
methods are based on applying standard stochastic gradient descent or similar
stochastic optimization algorithms directly to the variational ELBO using Monte
Carlo samples from the variational distribution to compute a noisy gradient, if
the analytical form of the ELBO and its gradient are not available.
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Sparse Gaussian Processes
In sparse Gaussian processes approaches (Titsias, 2009; Hensman et al., 2015;
Snelson and Ghahramani, 2006; Lawrence et al., 2003; Smola and Bartlett,
2001; Seeger et al., 2003), the GP is approximated by working on a smaller set
of M 
 N pseudo- or inducing inputs. Approximations based on the variational
framework are the most common presently. In the variational approaches
(Titsias, 2009; Hensman et al., 2015), the function values are decomposed by
adding new extra variables u giving the joint distribution as

p(y,f,u | θ)= p(y | f)p(f |u,θ)p(u | θ) (2.50)

Here u denote the function values at inducing points z, which according to the
definition of Gaussian process, have the prior

p(u | θ)=N (u | 0,Kzz), (2.51)

where Kzz denotes the kernel matrix computed at the inducing points. The
kernel computation depends on the kernel hyperparameter values θ. The pos-
terior p(u | y) is approximated by q(u) = N (u | m,S), where m and S are the
variational parameters. Furthermore, still under the assumption that f and u
are drawn from the same GP, the conditional distribution f |u is given by the
standard formula

p(f |u,θ)=N (f |μ f ,Σ f ) (2.52)

μ f =KxzK−1
zz u (2.53)

Σ f =Kzz −KT
xzK−1

xxKxz . (2.54)

The following inequality applies for the joint distribution (2.50), due to Jensen’s
inequality,

log p(y |u)= log
∫

p(y | f)p(f |u)df (2.55)

= log
(
Ep(f|u)[p(y | f)]) (2.56)

≥Ep(f|u)[log p(y | f)]. (2.57)

Recall also the standard variational bound (2.44),

log p(y | θ)≥Eq(u)[log p(y |u,θ)]−KL(q(u)||p(u | θ)) , (2.58)

which is now written using the approximate posterior q(u). The evidence lower
bound (ELBO) for the sparse variational Gaussian process is constructed by
applying the two separate lower bounds to the marginal likelihood.

log p(y | θ)≥Eq(u)[log p(y |u,θ)]−KL(q(u)||p(u | θ)) (2.59)

≥Eq(u)[Ep(f|u,θ)[log p(y | f)]]−KL(q(u)||p(u | θ)) (2.60)
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The ELBO is then jointly maximized with respect to the variational parameters
m and S, inducing points z as well as any hyperparameters θ belonging to the
kernel functions and possible hyperparameters of the likelihood (e.g. the noise
variance in case of regression). The covariance S is decomposed into S =LLT ,
where L is constrained to a lower triangular matrix whose elements can be
freely optimized.

GPflow (Matthews et al., 2017) is a Python package based on Tensorflow (Abadi
et al., 2016) implementing various GP methods, including the variational bound
(2.60) for several non-conjugate likelihoods and link functions exactly (including
Gaussian as well as Bernoulli with a probit link), and falls back to numerical
integration for the ones that not tractable. GPyTorch (Gardner et al., 2018) is
another software package providing variational inference, exploiting many other
techniques to speed-up GPs.
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3. Non-Stationary Dependencies in
Vector-Valued Functions

This chapter starts by considering Gaussian processes for vector-valued functions
in a general case by constructing a kernel that is defined over pairs of the output
vector elements and input variables. Many standard formulations of multi-
output kernels are stationary. Publication II proposes a flexible non-stationary
kernel that considers input-dependent dependencies between the outputs based
on an extension of the generalized Wishart process. The chapter concludes with
another type of multi-output model that constructs a classifier for single trials
in a brain imaging study using magnetoencephalography (MEG) with a mixture
of group factor analyzers.

3.1 Multi-Output GPs

Gaussian processes for functions that are vector-valued, i.e. f(x) ∈ RM , are
constructed considering pairs (x, p) that index the single elements, or outputs,
f p of the vector function evaluated at x. The kernel then is denoted as

k((x, p), (x′, p′))=E[ f p(x) f p′(x′)] , (3.1)

assuming a zero mean function. The simplest way of dealing with the issue of
defining a multi-output kernel is modelling the dependencies with a positive-
definite matrix A whose elements app′ specify a similarity between the outputs
p and p′ (Bonilla et al., 2007). With this matrix, the kernel is expressed as

k((x, p), (x′, p′))= app′k(x, x′) . (3.2)

The kernel can also be written as a Kronecker product K=A⊗Kxx. Stegle et al.
(2011); Rakitsch et al. (2013) presented an efficient inference scheme for kernels
expressed as (3.2) by exploiting the Kronecker structure of the kernel matrix K.

More expressive multi-output kernels have been proposed using convolu-
tional processes (Álvarez and Lawrence, 2011; Alvarez et al., 2010; Alvarez
and Lawrence, 2008). The semi-parametric latent factor model (Teh and Seeger,
2005) and the Gaussian process regression network (Nguyen and Bonilla, 2013;
Wilson et al., 2012) construct multi-output GP by modelling the outputs as sums
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Figure 3.1. Illustration of the Wishart-Gibbs kernel. Top: The input-dependent signal kernel
Axx′ (p, p′) and signal-dependent input kernel Kpp′ (x, x′) are mixed into a rich and
flexible pairwise combined kernel. Bottom: A standard Kronecker kernel between
signals and inputs can not reproduce dependent correlations.

of latent Gaussian processes. More recently, multi-output kernels based on the
spectral mixture kernel (Wilson and Adams, 2013) have also been proposed
(Ulrich et al., 2015; Gallagher et al., 2017; Parra and Tobar, 2017; Chen et al.,
2018), modelling the time, power and phase correlations and delays between the
outputs, while still being in the class of stationary kernels.

3.2 Non-Stationary Hadamard Wishart-Gibbs Kernel

Publication II proposes a multi-output kernel where the dependencies between
two elements (p and p′) of the vector-valued function f(x) are also a function of
the inputs x and x′. The resulting Gaussian process is written as

f p(x)∼GP
(
0, Axx′(p, p′)kpp′(x, x′)

)
, (3.3)

such that the joint covariance cov[ f p(x), f p′(x′)]= Axx′(p, p′)kpp′(x, x′) is a prod-
uct of signal and input similarities. Both similarities depend on each other to
produce a non-stationary joint covariance. This is in contrast to the common
Kronecker product kernel, where the dependency between the elements is a
constant app′ .

The pairwise, mutually dependent Hadamard product kernel

k((x, p), (x′, p′))= Axx′(p, p′)kpp′(x, x′) (3.4)

encodes a rich similarity between input x of latent signal p and x′ of signal p′

as the product of the two conditional kernels. The kernel Axx′(p, q) encodes the
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signal similarity at inputs x and x′, while the kernel Kpp′(x, x′) specifies the
input similarity at latent signals p and p′. Since the two kernels depend on each
other, a simple model such as Kronecker product kernel is not suitable. Both
kernels can be interpreted as cross-covariances. The full kernel matrix can be
written1 also as

K=A◦K , (3.5)

where ◦ denotes the Hadamard product.
The construction of the mutually dependent covariance structure Axx′(p, q)

was based on a form of Wishart processes. The Wishart distribution is a matrix-
variate probability distribution. Specifically a sum of outer products of Gaussian
distributed random vectors z∼N (0,V ) follows

A=
n∑

i=1
zizT

i ∼W (V ,n) . (3.6)

The generalized Wishart process (Wilson and Ghahramani, 2011) defines a prior
on input-dependent covariance matrices A(x). Compared to the standard Wishart
distribution, the Gaussian random vectors z are replaced by Gaussian processes
z(x), giving the construction

A(x)=
n∑

i=1
Lzi(x)zi(x)TLT ∼GW P (V ,n,kz),

where the prior mean covariance V = LLT is Cholesky decomposed, and all
random vectors zi j(x) ∼ GP (0,kz(x, x′)) are independent Gaussian processes.
The kernel kz determines the smoothness of A(x) in the input space. The joint
kernel Axx′(p, p′) is defined such that the GWP marginal for A(x) is preserved
by extending the GWP into cross-covariances of two variables as

Axx′(p, p′)= zp(x)Tzp′(x′), (3.7)

where each element of zp(x) ∈ Rn has a GP prior. With this choice the prior
expectation of the covariance is the identity matrix, corresponding to a prior
belief that the signals are independent (non-correlated).

Within the input domain x the non-stationary version of the Gaussian kernel
(Gibbs, 1997)

kpp′(x, x′)=
√√√√ 2�p�p′

�2
p +�2

p′
exp

(
− (x− x′)2

�2
p +�2

p′

)
(3.8)

correctly handles the specific length-scales �p for each signal. The kernel within
a single signal kpp(x, x′) reduces into the standard Gaussian kernel, while the
cross-covariance similarity kpp′(x, x′) measures similarity of two inputs with

1Bold-face symbols refer to variables that are matrices or vectors. For example, A(x)
is an M×M matrix while App′ (x, x′) is scalar value of the kernel function evaluated at
(x, p) and (x′, p′).
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different associated length-scales, and retains the positive-definiteness for the
similarity of pairs (x, p) and (x′, p′).

The kernel is applied in Publication II to enrich the latent variable prior
distribution in the Gaussian process regression network (Wilson et al., 2012;
Nguyen and Bonilla, 2013) as well as in a direct multi-output regression problem.

3.3 Mixture of Group Factor Analyzers for Classification

3.3.1 Group Factor Analysis

Group factor analysis (Virtanen et al., 2012; Klami et al., 2015; Zhao et al.,
2016; Leppäaho et al., 2017) can be seen from two distinct perspectives. Perhaps
most intuitively the model can be seen as extending factor analysis to model the
connections between multiple groups of variables.

Origins of factor analysis are in the field of psychometrics (Spearman, 1904;
Pearson, 1901; Thurstone, 1931). There the goal was in discovering underlying
traits that would generate the scores of individual tests, for example finding a
trait interpreted as intelligence that would affect the exam scores in different
school subjects; factor analysis models are, however, generally unidentifiable
and hard to interpret. Mathematically the model is expressed as

x=Wz+ε (3.9)

where x ∈RD are the observed features and z ∈RK the latent factor scores that
are mapped through the loading matrix W ∈RD×K . The noise term ε is assumed
to be a Gaussian with diagonal covariance. Thus the factor analysis likelihood
is written as

p(x | z,W,σ2)=N
(
x |Wz,diag(σ2)

)
. (3.10)

If the diagonal covariance were isotropic, then the model would correspond to
the probabilistic (Bayesian) principal component analysis (Tipping and Bishop,
1999b; Bishop, 1999).

The GFA model considers a group of feature vectors
{
x(m)}M

i=1. The groups
could correspond to different feature sets computed from distinct sources, for
example in encephalography (EEG) or MEG to features from the sensors in
different locations over the scalp (see the experiment in Publication I).

Another view of GFA is looking at it as a generalization of canonical correlation
analysis (CCA). CCA (Hotelling, 1936; Hardoon et al., 2004) seeks to find linear
projections for two groups of variables such that the correlation between the
projections is maximized. In a probabilistic interpretation of CCA (Bach and
Jordan, 2005), CCA is cast as a latent variable model, similar to PCA or factor
analysis. A Bayesian formulation of CCA (Virtanen et al., 2011; Klami et al.,
2013) is then exactly a special case of GFA with M = 2 groups.

28



Non-Stationary Dependencies in Vector-Valued Functions

In GFA, each group of variables is modelled as being generated from the same
latent variable z but with their own loading matrix W(m), giving rise to the
isotropic Gaussian likelihood

p(x(m) |W(m),z,σ2
m)=N

(
x(m) |W(m)z,σ2

mI
)

. (3.11)

The columns of the loading matrix W(m) determine which of the K latent factors
are relevant in modelling the group m. The columns are given a sparsifying
automatic relevance determination (ARD) prior

p(w(m)
k |α(m)

k )=N (w(m)
k | 0,α(m)

k I) , (3.12)

where the value of the variance α(m)
k determines whether the factor k will be rel-

evant in explaining the variation in x(m), either by zeroing out the corresponding
column w(m)

k or letting it be free.

3.3.2 Mixture of GFA’s

Publication I presents a model based on a mixture of group factor analyzers
for classification of weak multi-view signals. Weak in this context refers to
that most variance within the signals is independent of the class but weaker
class-specific factors exist that explain the variation between the classes. The
model incorporates factors that are present in all mixture components as well as
factors that are present in one mixture component. The model further assumes
that each observation is also assigned to a class. In essence, the model provides
a generative process for both the real-valued data x as well as the related class
label that is denoted by r. The mixture model allows the modelling of different
modes present in the data, by allowing the factor model to be different depending
on the value of x, demonstrating a form of non-stationarity as well as freeing
the linearity assumption of the base GFA model. Mixture models of probabilistic
PCA and other related models have been also proposed by other authors (Tipping
and Bishop, 1999a; Archambeau et al., 2008; Ghahramani and Beal, 2000).

Mixture model. The likelihood for a group of features x(m) originating from
a mixture component, or cluster, c is denoted by p(x(m) | c). Assuming that all
factors are independent, the likelihood can therefore be written using cluster-
specific factor loadings Wc as well as shared factors V with their factor scores z
and h, respectively, as

p(x(m) | c)=N (x(m) |W(m)
c z+V (m)h,σ2I) . (3.13)

The cluster-specific factor loadings have a similar prior to GFA, with sparsity
inducing prior per variable group m,

p([W(m)
c ]k |α(m)

c,k )=N ([W(m)
c ]k | 0,α(m)

c,k I), (3.14)

while the shared factors have loadings that are active for all variable groups,

p(V (m)
k |βk)=N

(
V (m)

k | 0,βkI
)

. (3.15)
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Furthermore, the cluster assignments c are given a standard prior

p(c |π)=Multinomial(c |π) (3.16)

with a conjugate Dirichlet prior for the cluster prior probabilities π.

Classification. The GFA mixture model further extends to include a part that
ties the mixture components also to the class labels r ∈ {0,1}. The likelihood for
the class r is then a Bernoulli distribution

p(r | c,γ)=Bernoulli(r | γc) (3.17)

where the variable γ denotes the class distribution related to each of the mix-
ture components, denoting the prior probability p(r = 1 | c). It is given a non-
informative conjugate prior

p(γc)=Beta
(
γc | 1

2
,
1
2

)
. (3.18)

Publication I applies the GFA mixture classifier in a brain imaging study using
MEG. Each MEG data channel is considered to be its own variable group in the
GFA models and the classifier is applied to discriminate between a listening and
a speaking condition.
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4. Discussion and Conclusions

In summary, the publications that are a part of this thesis contribute several
novel approaches to modelling non-stationary data. Publication I presents a
novel mixture model of group factor analyzers which is combined with a classi-
fication model based on the mixture component assignments, meaning that a
single class can be characterized by multiple modes of behaviour. Publication II
constructs a novel multi-output kernel for Gaussian processes, which allows for
a new kind of analysis of vector-valued functions by modelling input-dependent
couplings of the outputs. Publication III and Publication IV propose two alterna-
tive constructions of non-stationary spectral mixture kernels that can represent,
in addition to non-stationarity, many desirable properties, such as periodicity, or
non-monotonicity in more general way. This is in contrast to standard kernels
that focus on modelling only one such feature.

As a result of this thesis, there now exists evidence that including non-
stationarity in spectral mixture kernels can make the performance of these
already very flexible kernels even better. The proposed kernels are well applica-
ble in various problem domains, making the potential impact of the developed
methods high, as many real-world processes exhibit non-stationarity. Publication
II also shows that non-stationarity can be important in modelling vector-valued
functions.

The methods that were introduced in making the spectral mixture kernel non-
stationary would be interesting to apply also to other approaches in constructing
stationary kernels function such as the Lévy process spectral kernel (Jang et al.,
2017). Furthermore, modelling non-stationarity in the multi-output spectral
mixtures (Parra and Tobar, 2017; Chen et al., 2018) could open new possibilities
for multi-output Gaussian processes, by being more flexible and scalable than
the non-stationary vector-valued kernel developed in Publication II. Overall,
combining deep neural networks with Gaussian processes in different ways
is a very promising line of research, including Publication IV as well as work
such as deep kernel learning (Wilson et al., 2016a,b) that constructs kernels
by transforming input variables through a deep network, also extending to a
semi-supervised setup (Jean et al., 2018).

Interpretability of machine learning models is increasingly a relevant topic.
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Typical neural network methods are often deemed as black boxes or as non-
interpretable1, and do not provide probabilistic predictions which would make it
possible to assess the confidence of the model. Gaussian processes as Bayesian
models do provide the confidence, and interpretation can be done via the kernel
parameters (which often have a natural meaning, describing e.g. the period
or smoothness of the function) that are learned to fit to the data, as opposed
to neural network weights that in themselves are not easily interpretable. In
spectral kernels, the parameters are interpretable as describing the spectral
composition of the modelled functions or signals, a property which is important
in many applications. This point of view has not been greatly explored thus far
in the publications in this thesis or significantly in other literature on stationary
spectral mixtures.

The Wishart-Gibbs kernel of Publication II, as presented there, is not scalable
to situations where the product of the number of outputs M and the number
of samples N is NM � 1000, as in that regime the size of the kernel matrix
becomes too large to fit in memory and operations such as inversions are not
feasible, making the method impractical. Thus, it would be interesting study
the method in the sparse Gaussian process framework (Titsias, 2009; Hens-
man et al., 2015) or finding other avenues including e.g. the grid-structured
eigenfunctions (Evans and Nair, 2018), where the complexity of the method
could be handled. Another interesting approach would be to apply the neural
network parameterization done in Publication IV to the generalized Wishart
process (Wilson and Ghahramani, 2011), in order to replace the latent Gaussian
processes.

In the work done in this thesis, it remains unclear whether the spectral mixture
kernels can be applied for datasets whose dimensionality is D � 10. The highest
dimension within the datasets used in Publication III and Publication IV was
limited to D = 9 in the Protein dataset. It also remains a question how the
methods compare with truly bigger datasets, in the regime of e.g. N � 1 million,
as the datasets explored in this thesis are limited only to hundreds of thousands
in Publication III.

The extrapolation performance of the non-stationary kernels (as well as their
stationary versions) remains also a question mark, as this has not been studied
to a significant extent in the experiments performed in this thesis, except for the
initial steps taken for the land surface temperature forecasting in Publication III.
The Neural-GSM variant would likely perform better than the GP-parameterized
GSM, as the neural parameterization can potentially learn a more global support
for the parameter functions than GP-GSM that uses RBF kernels for the GP’s.
Extrapolation performance in general is difficult to objectively measure and
definitely deserves more research.

1Frameworks such as SHAP (Lundberg and Lee, 2017) do exist for generating explana-
tions of model predictions even in a model-agnostic way, however.
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