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In particular, we consider a notoriously hard problem called Set Packing and establish a
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problem in k-claw-free graphs and several convex relaxations.
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1. Introduction

Many central problems in combinatorial optimization are NP-hard to
solve. In other words, these problems do not admit efficient (polynomial
time) algorithms under the widely believed hypothesis of P # NP. Conse-
quently, researchers in the algorithmic community have sought alternative
approaches that involve certain trade-offs, which can still be good for
practical purposes. Here is a non-exhaustive list of such trade-offs that
have garnered significant attention from the community over the past few
decades.

Approximation algorithms. One such extensively studied trade-off
is the quality of the solution. In this regime, we let go of our ambition
of finding an optimal solution and instead settle for a near-optimal one.
The algorithms in this approach aim to output a solution in polynomial
time that is approximately good, even in the worst-case scenarios. This
paradigm enables us to efficiently tackle hard problems and find solutions
that are close to optimal in a computationally feasible manner.

Parameterized algorithms. In this regime, which has been studied
for more than two decades, we focus on designing efficient algorithms for
problems on restricted inputs. This involves identifying a combinatorial
property of the input, referred to as the parameter, and developing algo-
rithms that are efficient for input instances with a bounded parameter. The
running time of these algorithms is known as the parameterized running
time. By leveraging the specific structure captured by the parameter, these
algorithms can efficiently handle input instances that would otherwise be
computationally challenging.

Parameterized Approximation algorithms. This regime, as the
name suggests, combines the above two approaches. Although these al-
gorithms have existed for more than 20 years, they have received recent
interest from the community. Specifically, here we design approximation al-
gorithms that have parameterized running times. Thus, these algorithms
can solve a much broader range of problems than the above two approaches
combined, making them more powerful and versatile.

Exponential time algorithms. Another trade-off that is natural to
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Introduction

study is the design of fast exponential time algorithms. In this setting,
our goal is to solve the problem either exactly or approximately, but with
algorithms that have fast exponential running times. This approach allows
us to trade efficiency for quality of the solution, enabling us to tackle
challenging problems with improved time complexity.

Average case algorithms. In contrast to the approaches we discussed
earlier, in this setting, instead of focusing on worst-case inputs, the al-
gorithms are designed to perform well on average or typical instances
that are encountered in practical scenarios. These algorithms do not guar-
antee optimal solutions for all inputs, but they aim to be efficient and
provide good results for inputs that are commonly encountered. The moti-
vation behind average-case algorithms is to avoid the overkill of worst-case
guarantees when we have knowledge about the distribution of inputs in
real-world applications. For example, in the problem of finding the shortest
path between two cities, it is often observed that most people search for
paths between well-known cities, leading to a non-uniform distribution
of user queries. In such cases, it may suffice to have an algorithm that
efficiently handles typical instances (commonly occurring scenarios) while
being less concerned about its performance on less common inputs.

In addition to designing algorithms to solve these problems efficiently,
significant effort has been dedicated to designing lower bounds for them.
The objective of this pursuit is to rule out certain types of algorithms,
as described above, under standard complexity assumptions. Often, the
study of lower bounds and upper bounds complements each other, with
researchers striving to find efficient algorithms (upper bounds) while si-
multaneously exploring the inherent difficulty of the problems through
lower bounds. The interplay between lower bounds and upper bounds pro-
vides valuable insights into the computational nature of these problems. It
aids researchers in identifying the boundaries of computational feasibility,
shaping research directions, and addressing unresolved questions in the
realm of computational complexity theory.

This thesis explores two broad directions for problems in combinatorial
optimization. Firstly, it focuses on designing parameterized approximation
algorithms for clustering problems which are among the most fundamental
problems in combinatorial optimization, including machine learning, data
mining, and computational geometry. Despite their fundamental nature,
these problems are notoriously hard to solve. Secondly, the thesis delves
into designing lower bounds for graph packing problems, which are one of
the most extensively studied problems in the domain.
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Chapter 1 . Introduction

1.1 Clustering: Fairness, Robustness, and Beyond

Clustering is among the most fundamental computational problems that
arise in optimization, machine learning, data mining, and computational
geometry. It has received significant attention from the algorithmic com-
munity for over half a century. In the center-based k-clustering problem,
we are given n data points P in a metric space and are asked to partition
P into k clusters along with a representative (center) for each cluster so
as to minimize certain clustering objective that is a function of distances
between the points and their centers. Classical clustering problems include
k-MEDIAN, k-MEANS, and £-CENTER, with objectives being the sum of
distances, the sum of squared distances, and the maximum distance of a
point to its center, respectively.

In this thesis, our focus is to design parameterized approximation algo-
rithms for several clustering problems across several metric spaces. These
algorithms yield an approximate solution while running in time f(%)poly(n),
for some function f. A special subset of these algorithms is called Effi-
cient Parameterized Approximation Schemes (EPAS) that provides a (1+¢)
approximate solution running in time f(k,¢)poly(n), for every € > 0. Such
approximation schemes! have been prominent in the literature for many
classical clustering problems [79, 105, 108, 62, 23, 30, 57]. While past
research has been successful in handling classical clustering problems;
unfortunately, such theories are insufficient for modern constraints such
as fairness, diversity, and robustness. In this thesis, we make substantial
progress in our understanding of the computational complexity of these
advanced clustering problems.

1.1.1 NORM CLUSTERING: Unifying Clustering Objectives

In fact, in Publication I we design an EPAS framework across several
metric spaces for clustering objective that is a monotone norm of the
distances. This objective (and the corresponding problem called NORM k-
CLUSTERING) captures essentially all clustering objectives studied in the
literature, from the classical objectives of Z-MEDIAN, £-MEANS, £-CENTER
to more advanced problems such as /-CENTRUM, ORDERED %k-MEDIAN,
SOCIALLY FAIR £-MEDIAN (or ROBUST £-MEDIAN), (z,q)-FAIR CLUSTER-
ING, and additionally extends to new objectives that are interesting in
their own right. We remark that even for basic objectives of .-MEDIAN,
k-MEANS, and k-CENTER, different EPASes are known using different
techniques even in the same metric space [14, 90]. Similarly, even for a
fixed objective, such as k-MEDIAN, different EPASes are known for dif-

1We remark that PTASes (Polynomial Time Approximation Schemes), which are
incomparable to EPASes, do not exist for continuous k-means, k-median and
k-center [55, 12].
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1.1. Clustering: Fairness, Robustness, and Beyond

ferent metric spaces that exploit the structure of the underlying metric
space [90, 57]. In contrast, our framework for NORM k£-CLUSTERING is
essentially oblivious to the underlying metric space and yet is able to lever-
age the inherent structure of the metric space. Hence, it is able to unify
several EPASes across several metric spaces, additionally yielding EPASes
for modern clustering problems such as SOCIALLY FAIR £-MEDIAN, OR-
DERED k-MEDIAN, and (z,q)-FAIR CLUSTERING. The existence of EPASes
for these problems was unknown before our work. The strength of our
framework lies in its simplicity and elegance, as it does not rely on coreset
construction. Our main results are encapsulated in the following theorem.

Theorem 1.1.1. Let f be an efficiently computable monotone norm cost
function. Then the k-clustering problem with cost function f admits an
EPAS for the following input metrics: (i) metrics of bounded doubling
dimension, (ii) continuous Euclidean spaces of any dimension, (iii) bounded
treewidth metrics, and (iv) planar metrics.

We remark that our framework also extends to the setting when £ is
asymmetric norm. Note that asymmetric norms can potentially make the
problem substantially harder. For example, a poly-time €¢(1)-approximation
algorithm exists for symmetric norms [34] but the asymmetric norm makes
it Q(logn/loglogn)-hard to approximate even for the special case of ROBUST
k-MEDIAN on the line metrics [24].

By continuous Euclidean space, we refer to the setting where any point
of the space can be chosen as a center. This is in contrast to a discrete
Euclidean space, where we restrict the centers to being selected from a
specific finite subset of the points. Observe that for a fixed d, discrete
Euclidean problems in R have a bounded doubling dimension, hence
covered by our framework. Furthermore, it is not a shortcoming of our
result that it does not cover discrete Euclidean spaces of high dimensions:
we prove in Publication II that in the discrete case, .-CENTER is W[1]-hard
to approximate within a factor of v3/2 —o(1).

Theorem 1.1.2 (Hardness of Discrete Euclidean). For any constant positive
integer q, it is W[1]-hard to approximate the discrete k-CENTER problem in
ROUE™) ynder the ¢, metrics to within a factor of (3/2 - MY for any positive
constant n > 0.

Our main contributions in deriving the results of Theorem 1.1.1 have
two parts: (i) a new concept of metric dimension and (ii) our main technical
result showing EPASes for all the aforementioned clustering problems.

Unifying Metric Spaces via Scatter Dimension. Our key conceptual contri-
bution is a new notion of bounded metric space dimension that relaxes the
standard requirement of bounded doubling dimension so that the metric
spaces mentioned in Theorem 1.1.1 all “live” in a finite dimension.
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e-scatter dimension. Given metric space M = (P,F,5), where 6 is a
metric over P UF, the sequence sequence (x1,p1)...,(x¢, p¢) of center-point
pairs x; € F, p; € P, i € [¢] is said to be an e-scattering if 5(x;, p;) <1 for all
l1<j<i=</?andéb(x;,p;)>1+¢ for all i € [¢]. The e-scatter dimension of M is
the maximum length of an e-scattering in it.

A natural interpretation of such a sequence is a game between two
players: the center player who tries to claim she can cover all the points
with a unit ball and the point player who presents a counterexample. In
the first round, the center player picks a center x; € F, and the point player
refutes the claim by presenting a point p; € P that is at least a factor 1+¢
away from the (closed) unit ball around x;, that is, p; ¢ ball(x1,1+¢). The
game continues this way: in the i-th round, the center player presents x;
such that {p1,...,p;-1} S ball(x;,1), and the point player gives p; ¢ ball(x;, 1+¢).
Both players are interested in prolonging the game as much as possible.
The e-scatter dimension is the length of the longest possible game. Another
interpretation is to view such a sequence as a pair of e-packings? that
are required to be sufficiently distanced: It is easy to verify (simply using
triangle inequalities) that P* = {p1,p9,...,pr-1} and F* = {xg,...,x¢} are e-
packings of the unit (closed) balls around x, and p1, respectively. This view
immediately implies that e-scatter dimension is bounded in a bounded
doubling metric.

Theorem 1.1.3. For ¢ € (0,1), any metric of doubling dimension d has

e-scatter dimension (1/e)?@,

Next, we study the e-scatter dimension of bounded treewidth graphs and
show the following result using a delicate combinatorial argument.

Theorem 1.1.4. For ¢ €(0,1), the e-scatter dimension is exp ((l/e)@(tW)) for
treewidth-tw graphs.

Using the embedding result of [67] for planar graphs, the above result
immediately implies the following.

Theorem 1.1.5. For €€ (0,1), the e-scatter dimension is exp(exp(poly(¥)))
for planar graphs.

Unfortunately, the bounded dimensionality does not hold in the high-
dimensional (continuous) Euclidean metric®. To handle the high-dimensional
continuous Euclidean setting, we present a stronger version of e-scatter
dimension that we call algorithmic e-scatter dimension. The setting of

2For a metric space M =(X,6) and a subset Y € X, we call Y/ €Y an e-packing of
Y if for all y1,y2 €Y we have that §(y1,y2) >¢€.

3To see this, consider the sequence (x1,p1)...,(x4-1,p4-1) Where, for each i € [d — 1],
the point x; € R? has i-th coordinate 1/v/2 and all other coordinates are zero. Define

points p; = —x; for all i € [d —1]. It is easy to check that this sequence is a (v/2 - 1)-
scattering. This example implies that the e-scatter dimension of continuous

Euclidean metrics R can be at least d — 1 (unbounded in ¢).
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the game is the same except that the center player would optimize to end
the game early, while the point player would be interested in prolong-
ing the game indefinitely. This means they play against each other. A
centering strategy is a function o: 2 — F that specifies how the center
x; =o(p1,...,p;-1}) would be chosen by the center player, given the points
pP1,...,pi-1 played in the preceding rounds. The (o,¢)-scatter dimension is
the maximum number of rounds when the center player always plays strat-
egy o, and the algorithmic e-scatter dimension is the minimum (o,¢)-scatter
dimension over all strategies . We remark that our actual definition is
more involved, as it considers a weighted version of the game.

Theorem 1.1.6 (Bounding Algorithmic Scatter Dimension). The continu-
ous Euclidean space (P,F,5), that is, P C R? finite, and F =R%, has algorith-
mic e-scatter dimension O (Yetlog Ve).

EPAS for General Norm Clustering: Bypassing Coresets. Now we are
ready to explain our main technical result that would allow us to obtain
EPAS for all metrics having bounded e-scatter dimension.

A generic tool whose existence immediately implies an EPAS is an ¢-
coreset —a “compression” of an input instance (P, F,§) into a much smaller
instance so that the cost of any solution is preserved within a factor of
(1+¢). The existence of an e-coreset of size depending only on ¢ and 2 would
immediately imply an EPAS (but not vice versa): First, use the e-coreset to
compress the instance (P, F,6) to (P',F’',6') where |P'| < y(e, k) and y(-) is the
function that upper bounds the size of the coreset P’ of P. Then enumerate
all possible partitioning of P’ into % sets P},...,P; (there are at most £7(*)
such partitions). For each set i € [k], compute the optimal center for P;. We
choose the partition that has the lowest total cost.

This generic method, unfortunately, faces a serious information-theoretic
limitation, that is, even for 2-CENTER, e-coresets of desirable sizes do
not exist in high-dimensional Euclidean spaces [64]. Such lower bounds
imply that one cannot hope to prove our (unified) results via the coreset
route: While coresets are known for (%,2z)-CLUSTERING for constant z [58]—
allowing to handle 2-MEANS and £-MEDIAN in a uniform fashion—it
is impossible to extend this approach to 2-CENTER. For more complex
clustering objectives, such EPASes were in fact not known even for low
dimensions. For example, the coreset of Braverman et al. [29] for ORDERED
E-MEDIAN in R? has size @’,g,d(k2 log? n) and therefore does not give an EPAS
even in low dimension.

Badoiu, Har-Peled, and Indyk [14] presented an EPAS for 2-CENTER in
high-dimensional Euclidean spaces (bypassing coresets in the above sense).
Therefore, an obvious open question is whether their techniques can be
extended to give an EPAS for any other clustering objective. Unfortunately,
this is not even known for simple objectives such as PRIORITY £-CENTER.
In fact, even the known EPASes for 2-MEANS [90] and 2-CENTER [14] are
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conceptually very different; to our knowledge, no approximation schemes
handle £-MEANS and 2-CENTER in a modular way. Our main technical re-
sult is presented in the following theorem. We remark that our techniques
do not rely on any coreset constructions (thus bypassing the coreset lower
bounds for 2-CENTER).

Theorem 1.1.7. Let ./ be a class of metric spaces that is closed under
scaling distances by a positive constant. There is a randomized algorithm
that computes for any NORM k-CLUSTERING instance . = (M, f,k) with
metric M = (P,F,6) € 4 and any ¢ € (0,1) with high probability a (1+¢)-
approximate solution if the following two conditions are met.

1. There is an efficient algorithm evaluating for any distance vector
xX€ [Rgo the objective f(x) in time T(f).

2. There exists a function A: Ry — R, such that for all € >0, the algorith-
mic e-scatter dimension of . is at most A(e).

The running time of the algorithm is exp (0 (22%2)) . poly(IM|)- T(f).

€
Note that the complexity of computing f appears only as a linear factor
in the running time. For instance, for SOCIALLY FAIR £-MEDIAN, the
number m of groups affects only the computational cost of f, and therefore
the running time is polynomial in m. Additionally, our algorithm is clean,
simple, and entirely oblivious to both the objective and the structure of the
input metric.

1.1.2 Robust Clustering in Discrete Geometric Spaces

Unfortunately, for discrete Euclidean space R?, the EPAS of Theorem 1.1.1
runs in time that is double exponential in the dimension d. This fol-
lows due to Theorem 1.1.3 which bounds e-scatter dimension of discrete
R? by (1/e)°@, and hence Theorem 1.1.7 yields an EPAS for NORM -
CLUSTERING with running time exp (5(/@/5@('“)) -poly(n)- T(f). Specifically,
for ROBUST (k,z)-CLUSTERING (or equivalently SOCIALLY FAIR (%,z)-
CLUSTERING), which is a special case of NORM .£-CLUSTERING, this result
yields a running time of exp (5(/6/@@(0”)) -poly(n) in the discrete setting. The
topic of Publication II is to obtain a more fine-grained understanding of
the computational complexity of ROBUST (%,z)-CLUSTERING. Let us first
define the problem of our interest.
Definition 1.1.1 (ROBUST (%,z)-CLUSTERING). Given a (clustering) metric
space (P,F,6) with n =|P|, positive integer k, a weight function w: P — Rx,
and m groups S1,...,Sm such that S; <P and P = Uje[n1Si, find X < F,|X| =k
that minimizes maxie(m) ) _pes, W(P)O(p, X).

Note that, in addition to generalizing .-MEDIAN and k-MEANS, the

ROBUST (k,2)-CLUSTERING problem encapsulates 2-CENTER when each
group contains a distinct point.
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The motivation for this problem originates in the domain of robust op-
timization wherein the task is to optimize a certain objective under the
uncertainty of input data. In most practical applications, it is observed
that the input data is rarely of high precision but often noisy, vulnerable
to manipulation, or prone to errors. Low-precision data poses a serious
algorithmic challenge; even slight perturbations in the input data can
cause significant changes in the output of an algorithm, which can hinder
its applicability in various contexts. Thus, in the definition of ROBUST
(k,z)-CLUSTERING above, we are given m point sets (also called groups
or scenarios) that represent the uncertainty in the actual point set, and
our goal is to obtain a k-clustering of these points so as to minimize the
(k,z)-CLUSTERING clustering cost. A special case of this problem when
z=1, known as ROBUST k-MEDIAN, was introduced by [8].

On the other hand, this problem also has connections to algorithmic
fairness — here this problem, recently introduced independently by Ab-
basi et al. [4] and Ghadiri et al. [70], is known as SOCIALLY FAIR (%,2)-
CLUSTERING. In this setting, the groups represent the demographic
profiles of people (points), and our aim is to find a solution that is not
substantially worse for any of the groups.

While 2-MEANS, k-MEDIAN, and £-CENTER admit constant-factor ap-
proximations, it is not very surprising that ROBUST (k,z)-CLUSTERING
is harder due to its generality: Makarychev and Vakilian [103] design a
polynomial-time @ (logm/loglog m)-approximation algorithm, which is tight
under a standard complexity assumption [24]. As this precludes the exis-
tence of efficient constant-factor approximation algorithms, recent works
have focused on designing constant-factor parameterized approximation
algorithms. Along these lines, an FPT time (3% +¢)-approximation algorithm
has been proposed and shown to be tight under Gap-ETH [72]. When allow-
ing a parameterization on the number of groups m (instead of &), Ghadiri
et al. designed a (5+2V/6 +€)2-approximation algorithm in n2(™*) time [71].

In Publication II, we address two main research questions related to Ro-
BUST (k,z)-CLUSTERING in the discrete Euclidean R?. First, as mentioned
before, the question is whether the doubly exponential dependency of d in
the running time of EPAS of Publication I is necessary. We answer this
question by designing a faster EPAS algorithm for doubling metrics, which
generalizes RY.

Theorem 1.1.8 (EPAS for Doubling Metric of sub-logarithmic di-
mension). There is an algorithm that, given an instance of ROBUST
(k,z)-CLUSTERING in a metric of doubling dimension d, computes a
(1 + e)-approximate solution for the instance, for every e > 0, in time

. O(k)
£k, d, e, 2)poly(m,n), where f(k,d,e,z) = ((%)dklogk) .

Note that the above result implies EPAS for the doubling metric of the
sub-logarithmic dimension. Further, this running time is tight with respect
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to d, since in Theorem 1.1.2 we showed that it is W[1]-hard to approximate
k-CENTER better than v/3/2.

The second question we address is the parameterized approximablity of
ROBUST (%,z)-CLUSTERING in high-dimensional discrete Euclidean space.
While the best known lower bounds for parameterized approximation algo-
rithms for ROBUST (k,z)-CLUSTERING, due to Goyal and Jaiswal [72], is
the factor 3°—o0(1) in general discrete metrics, it does not automatically hold
true for the important case of the (discrete) high-dimensional Euclidean
space. In this direction, we show that the structures of Euclidean spaces
can be leveraged to obtain better results in high dimensions.

Theorem 1.1.9 (High Dimensional Setting). There exists a universal con-
stant ng > 0.0006 such that for any constant positive integer z, there is a
factor 3*(1—ng) parameterized approximation algorithm for ROBUST (&, z)-
CLUSTERING in discrete R® that runs in time 2°%1°2®) poly(m, n,d).

1.1.3 Diversity-aware Clustering: Ensuring Fairness in Center
Selection

In the previous section, we saw parameterized approximation algorithms
for ROBUST (k,z)-CLUSTERING, which is also known as SOCIALLY FAIR
(k,2)-CLUSTERING in the algorithmic fairness community. Algorithmic fair-
ness, particularly fair clustering [1], has received significant attention from
the research community in the past half-decade. The high-level goal here is
to guarantee certain notion of fairness in the chosen solution. In clustering,
there are at least 10 notions of fairness (see [1] for a survey and references
therein). For example, SOCIALLY FAIR (%,z)-CLUSTERING ensures fair-
ness by obtaining a solution that is simultaneously good for all the groups.
In Publication III, we consider a notion of fairness for the centers in the
solution. This problem, introduced by [122], is called Diversity-aware Clus-
tering, and the goal is choose & centers to minimize certain objective while
avoiding under-representation and over-representation of communities
defined over the facility set F. This problem naturally arises, among many
others, in the context of committee selection, where the goal is to form a
committee that is not only easily accessible (in terms of distances) but is
also as diverse as possible. Now, let us define a special case of this problem,
which will be of interest in this section.

Definition 1.1.2 (Diversity-aware £-MEDIAN (D1v-2-MED)). Given a met-
ric space (V,8), a set C <V of clients, a set F €V of facilities, an inte-
ger 0 <k < |F|, and a collection, called groups, ¥ = {G1,---,Gn},G; < F
with integers 0 <r; < R; <k, the problem is find S € F, |S| = k satis-
fying r; <|SNG;| < R; for all i € [m] such that the clustering cost of S,
cost(S) => ", 6(c,S) is minimized.

As this problem generalizes the classical 2-MEDIAN, it inherits all its
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hardness. In fact, in Publication III, we show that this problem is much
harder — it is even hard to approximate when parameterized by 2. Our
main result is the following parameterized approximation algorithm for
the problem when parameterized by (2,m) which is also tight under a
plausible assumption.

Theorem 1.1.10. There exists a randomized (1 + %e + €)-approximation al-
gorithm for D1V-£-MED, for € >0, running in time f(k,m,¢)-poly(|U|), where

n k
f(k,m,e)=0 ((m) ) Further, assuming Gap-ETH, the approxima-

tion ratio is tight for any parameterized algorithm parameterized by (k,m).

A surprising element of the above theorem is that, when allowed to use
additional parameter m, it matches the approximation factor guarantee of
k-MEDIAN, which is a considerably simpler version of our problem.

1.2 Graph Packing

In the second part of this thesis, we switch gears and design lower bounds
for graph packing problems. Graph packing problems are among the cen-
tral problems in combinatorial optimization and have been a subject of
extensive research for more than half a century now. Prominent problems
under this umbrella include Maximum Independent Set in graphs, Set
Packing (or Maximum Hypergraph Matching), Knapsack, Interval Schedul-
ing, and many more. In this thesis, we consider two of such problems —
Set Packing and Maximum Independent Set in k-claw-free graphs — and
understand their computational complexity under various computational
models.

1.2.1 Set Packing in a Compact Universe

The SET PACKING problem is given a set system (%,.%) and a positive
integer r to find r sets in . that are pairwise disjoint. That is, we want
to find a packing of r sets in #. This problem is one of the fundamental
problems in combinatorial optimization with numerous applications [127].
While this problem captures many classical combinatorial problems such
as maximum independent set (or maximum clique) [9], k-dimensional
matching, and other graph packing problems [44, 80], this generalization
also makes the problem intractable in several regimes. For instance, the
trivial algorithm that enumerates all r-sized subsets of . running in time
0* (I#]") is the (asymptotically) fastest algorithm to hope for, unless Expo-
nential Time Hypothesis (ETH) fails. Similarly, even finding non-trivial
approximations to the problem is notoriously hard [81, 78]. To combat
these negative results, several restrictions on the problem have been stud-
ied. One regime where SET PACKING has been studied extensively is the
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parameterized complexity regime. Here, the problem is known as PARAM-
ETERIZED SET PACKING (PSP) with parameter r. Unfortunately, PSP
remains intractable and is, in fact, W[1]-complete [63]. Even from the
parameterized approximations perspective, the problem does not admit
any non-trivial factor [36], assuming Gap-ETH, a stronger version of ETH.
Very recently, assuming a weaker hypothesis of FPT # W[1], [114] ruled
out an FPT algorithm that can find a packing of size r/rV#" for any in-
creasing function H(-), when given a promise that there is an r-packing in
the instance. Thus, SET PACKING is a notoriously hard problem in almost
all computational regimes, even with restrictions.

In Publication IV, we consider yet another restriction of SET PACKING,
which we call the compact regime. Here, we study the computational
complexity of PSP on compact instances — instances that have a small
universe. More precisely, in the COMPACT PSP problem, we have that
|%| = f(r)-O(poly(log |.#|)), for some function f(r) = r. Apart from algorithmic
motivation, compact instances have recently been used as an intermediate
step to show FPT-inapproximibility of (non-compact) classical problems
(see, e.g., [25, 99] where the compact instances were used in proving FPT-
inapproximability of the 2-EvenSet and Dominating Set). We hope that
studying COMPACT PSP would lead to some ideas that would be useful
in proving tight FPT inapproximability of PSP (that is, to weaken the
Gap-ETH assumption used in [36]). We would like to remark on the choice
of defining compact instance on a small universe size and not on a small
|#|. Note that, when |.%| = f(r)- O(poly(log|%|)), the enumeration algorithm
running in time 6 (|#|") already yields an FPT algorithm [33].

Our main result is the following dichotomy of PARAMETERIZED SET
PACKING.

Theorem 1.2.1 (Dichotomy). The following dichotomy holds for PSP.

o If || = f(r)-o(log|&)), for any f, then PSP is in FPT.
e PSP remains W[1]-hard even when |%| =r-0®(og|#|).

The algorithmic result follows from well-known dynamic programming
based algorithms [26, 60] that run in time O*(2!%!) which is FPT time when
|%| = f(r)o(log|.#]). The main contribution of our work is the W[1]-hardness
of PSP even when |%| = r-©(log|#|). To this end, we show an FPT-reduction
from SUBGRAPH ISOMORPHISM (SGI) to COMPACT PSP. The hardness
result follows since SGI is W[1]-hard. In fact, our hardness result can be
strengthened by assuming the Exponential Time Hypothesis (ETH) [60] to
obtain the following result.

Theorem 1.2.2. COMPACT PSP requires time |.%|2071987) even when |%| =
r-0(log|#|), unless ETH fails.

An interesting consequence of the dichotomy theorem coupled with Theo-
rem 6.3.2 is the fact that, as soon as instances get asymptotically smaller,
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not only do we beat the enumerative algorithm, but we actually obtain an
FPT algorithm.

Further, we extend our framework to obtain lower bounds for compact
versions of other combinatorial problems.

1.2.2 Maximum Independent Set in k-claw-free Graphs using
Convex Relaxations

In Publication V, we consider the computational complexity of the struc-
tural properties of connected %-claw-free graphs, which are generalization
of claw-free graphs. A graph is said to be claw-free if it does not contain
induced K 3. More generally, a graph is k-claw-free, for & = 3, if it does not
contain induced K ;. Further, for a graph G, a(G), w(G), and x(G) denote
the size of maximum independent set in G, the size of maximum clique in
G, and the chromatic number of G, respectively. Our work focuses on an
extremal question in k-claw-free graphs and its connection to the power
of convex programs in estimating the Maximum Weight Independent Set
(MWIS) in such graphs. The study of such a relation originated already
around 50 years ago, when Lovasz defined the notion of perfect graphs
based on graph extremal properties and showed connections to (exact) semi-
definite programming formulations for optimization problems [74, 102].
Such connections are known to be “approximation preserving” so they imply
a connection between standard Ramsey-type theorems and y-boundedness
in approximating the cardinality (resp. the weight) of the maximum inde-
pendent set. Several approximation algorithms for geometric intersection
graphs have been successfully derived in this framework [96, 35, 39, 40].

Most prior works that extend perfect graphs rely on the notion of the
clique-constrained stable set polytope (QSTAB)—a convex relaxation that
can be optimized via semi-definite programs.* The power of QSTAB is
captured precisely by standard extremal bounds. For example, the y-
boundedness y(G) < yw(G) in a “natural” graph class is (roughly) equivalent
to QSTAB providing a y-estimate on the weight of the size of the maximum
independent set in the same graph class [38]. Despite successful cases
of the extremal approach, we observe that QSTAB fails unexpectedly in
graph classes such as k-claw-free graphs: For any & = 3, a simple greedy
algorithm immediately gives a factor (¢ —1) approximation for MWIS, while
QSTAB (and other known convex relaxations) is unable to give a f(k)
approximation for any function f.

Our work is an attempt to better understand the power of convex re-
laxations for approximating MWIS in k-claw-free graphs. MWIS on k-
claw-free graphs contains many well-known (open) problems as special

4The polytope is defined as QSTAB(G) = {x € [0,1]V@) . Y e i < 1(Vclique Q).

Optimizing this itself is NP-hard, but we can optimize an SDP whose solution is
feasible for QSTAB.
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cases, such as set packing [59, 43, 82, 83] and independent set in sparse
graphs [18, 11], for which QSTAB has been shown to perform relatively
well in terms of approximating the problems. Somewhat surprisingly, the
study of convex relaxations for MWIS on k-claw-free graphs has been
absent from the literature.

The motivation for this study comes from the paper of Chudnovsky and
Seymour [49], where they studied the conditional variant of y-boundedness
and showed that any claw-free graph G with an independent set of size
three must have y(G) < 2w(G). This result, apart from being mathematically
interesting, actually yields an efficient algorithm to estimate the size of
the maximum independent set in claw-free graphs within factor 2. The
aforementioned 2-approximation algorithm is the sum-of-squares (SoS)
hierarchy algorithm with three rounds. Thus, an interesting question is
whether similar conditional bounds on ¥(G) exist when G is a k-claw-free
graph. An affirmative answer to this question yields a SoS approximation
algorithm for the size of the maximum independent set in k-claw-free
graphs. As mentioned earlier, the simple greedy algorithm of picking an
arbitrary maximal independent set achieves factor (k¢ — 1)-approximation.
Hence, it is an interesting algorithmic question if SoS can approximately
estimate the size of the maximum independent set in £-claw-free graphs
in constant rounds even within a factor of f(k) for some function f. In
our Publication V, we formally initiate the study of connections between
the y-boundedness of k-claw-free graphs and the integrality gap of SoS.

Further, we negatively answer the question of whether y(G) < f(k)w(G) for
the k-claw-free graph G, even when a(G) = Q(|V(G))), refuting the possibility
of generalizing the theorem of Chudnovsky and Seymour, even for & =4.

Theorem 1.2.3. For k = 4, there exists ny depending on k such that for
infinitely many n = nq, there exists a connected k-claw-free graph G on n

%/2
vertices with a(G)=Q (@) and y(G) = f(k) (ﬁ%) , for some f(k).

Finally, regarding the power of SoS, we show evidence that it may per-
form much worse than the simple greedy algorithm mentioned above. In
this direction, we use the counter example of the previous question to
construct a bad example for Sherali-Adams hierarchy, which, although
weaker than SoS, is known to provide tight results for special cases of
k-claw-free graphs. The notations O;,0;,();, in the following theorem hide
multiplicative functions in k.

Theorem 1.2.4 (Integrality gap of Sherali-Adams on QSTAB). Let 0 <¢ < 1/3.
For k =4, for infinitely many n, there exists a connected k-claw-free graph
G, on n vertices with a(G,) = O(n°) such that the integrality gap of Sherali—
Adams hierarchy on QSTAB(G,) is Q(nf), even after Q,(n'~2%¢) rounds.

Discussion of previous work on convex programs. Let us compare our
result of Theorem 1.2.4 with the bounds of Chan and Lau [41]. In par-
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ticular, [41] considers k-SET PACKING, a special case of maximum inde-
pendent set in (k + 1)-claw-free graph, where we are given a k-uniform
hypergraph H on n vertices and we are asked to find a maximum match-
ing in H. In their work, [41] show that Sherali~Adams on the standard
LP for k-SET PACKING has an integrality gap of at least & —2, even af-
ter Qi(n) rounds. Additionally, they show that, for constant 2, QSTAB
for £-SET PACKING can be captured by a polynomial size LP and has an
integrality gap of at most (% + 1)/2. In contrast, our result of Theorem 1.2.4
is for a more general problem of maximum independent set in k-claw-free
graphs and yields an integrality gap of Q.(n¢), which is a function of n,
for Sherali~-Adams on QSTAB with rounds Q;(n!~%), which is a stronger
program than that of [41]. However, we remark that the results of Theo-
rem 1.2.4 can be adjusted to yield an integrality gap of g(%) for any function
g for Sherali-Adams on QSTAB with Q(n) number of rounds, which is lin-
ear in n. Thus, our results yield a larger integrality gap for a stronger
program for maximum independent set in k-claw-free graphs compared to
that of [41].

1.3 Organization

This thesis is divided into two parts. In Part I, we design parameterized
approximation algorithms for several clustering problems. Specifically,
in Chapter 3 we present an overview of the EPAS framework of Publi-
cation I for NORM k£-CLUSTERING. In Chapters 4 and 5, we present an
overview of the parameterized approximation algorithms of Publication II
for ROBUST (%,z)-CLUSTERING and that of Publication III for Diversity-
aware k-MEDIAN, respectively. In Part II, we design lower bounds for
graph packing problems, starting with Chapter 6, where we present the
parameterized intractability result of Publication IV for COMPACT PSP,
and finally, in Chapter 7, we present the results of Publication V for MWIS
in k-claw-free graphs. We present preliminaries in Chapter 2. The original
publications are appended at the end of this thesis.

Each chapter starts with an introduction and motivation addressing
the problems of interest, accompanied by a discussion of related work.
Subsequently, the chapter offers a comprehensive overview of our results
and showcases specifically selected results to underscore their novelty. The
chapter concludes by addressing open problems for further exploration.
The proofs of other intricate results and associated mathematical concepts
are deferred to the respective publications, which are appended at the end
of the thesis. It is noteworthy that, given the article-based format of this
thesis, the original publications appended are integral components of the
thesis.
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2. Preliminaries

2.1 Clustering

This section begins by introducing fundamental terminology relevant to
clustering and subsequently delves into basic clustering problems.

2.1.1 Terminology

Classes of Metric Clustering Spaces. A metric clustering space (or metric
space for brevity) is a triple M = (P,F,5) where P is a finite set of n data
points, F is a (possibly infinite) set of potential locations of cluster centers,
and 6 is a metric on PUF. Sets P and F are not necessarily disjoint. (For
example, it is natural for clustering problems to have P =F or P cF.) By
IM|, we denote the space needed to represent the metric space M in the
memory. If M is finite, then |M| is polynomial in |F|, |P|, and the space
needed for storing a point and a center, respectively. If F is infinite (for
example, in the continuous Euclidean setting, F = R?), |M| is polynomial
in |P| and the space of storing a point. A class .4 of metric spaces is an
(infinite) set of metric spaces.

Let M =(P,F,5) be a metric clustering space. For X cF and p e P, let
6(p,X) = mingex 6(p,x).

2.1.2 Basic Clustering Problems

Let M = (P,F,6) be a metric clustering space. Further, every point p € P
has a weight w(p)=0. Let 2 =1 and z = 1 be positive integers. In each of
the following problems, we are asked to find a k-element subset X c F that
minimizes

k-MEDIAN: > pw(p)3(p,X)

k-MEANS: }_ p w(p)d(p,X)?
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k-CENTER: max,ep w(p)d(p,X)

(k,z)-CLUSTERING: Zpepw(p)é(p,X)z.

2.2 Optimization Problems on Graphs

We define relevant graph problems in this section. Let G = (V,E) be a
graph.

* An independent set I =V in G consists of vertices that have no edges
between them. a(G) represents the size of the largest independent
set in G. When G is a weighted graph, a(G) represents the maximum
weight of an independent set in G.

* A clique @ =V in G consists of vertices where every pair shares an
edge. w(G) represents the size of the largest clique in G. In weighted
graphs, w(G) represents the maximum weight of a clique in G.

* The chromatic number of G, denoted as y(G), is the minimum number
of colors required to color the vertices of G so that no two vertices
sharing an edge receive the same color.

It is important to note that computing a(G), w(G), and y(G), even for an
unweighted graphs, is NP-hard.

2.3 Algorithmic Regimes for NP-hard Problems

2.3.1 Approximation Algorithms

As mentioned in the introduction, many fundamental problems in combi-
natorial optimization are NP-hard, and one way to move further is to relax
our ambition and look for Approximation Algorithms. These algorithms
run in polynomial time with a guarantee that their solution has a cost that
is within some factor of the optimal cost. For example, a constant-factor
approximation algorithm produces a solution whose cost is within some
constant factor of the optimal cost. Particularly for minimization problems
like computing y(G), a factor c-approximation algorithm, for ¢ > 1, will
output a solution in polynomial time, which, in the worst case, is ¢ times
the optimal cost. Conversely, for maximization problems like computing
a(@) and w(G), a factor c-approximation algorithm, for ¢ > 1, will provide a
solution in polynomial time that is at least 1/c of the optimal in the worst
case. This guarantee of how close the solution is to the optimal cost is
referred to as the algorithm’s approximation factor. Within the realm of
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approximation algorithms, there is a special class of algorithms known
as Efficient Polynomial Time Approximation Schemes (EPTAS). These
schemes go a step further, providing a solution that is (1 +¢)-approximate
for every ¢ > 0 in time f(¢)poly(n) for some function f, where n is the size of
the input instance. Going further, there is a class called Polynomial Time
Approximation Schemes (PTAS). PTAS also provides a solution that is
(1 +¢)-approximate for every e > 0, but with a runtime of f(e)n8©, for some
functions f and g. [128, 126] are excellent references for approximation
algorithms.

2.3.2 Parameterized Complexity

The parameterized complexity theory concerns computational aspects
of languages (L,x) over a fixed and finite alphabet %, where L < ¥* and
x:Z* — N, called the parameter, is a polynomial time computable function.
Thus, a parameterized problem is a classical problem with a parameter «.
As an example, consider the following classical NP-complete problem.

CLIQUE
Instance: A graph G and keN
Problem: Decide if G has a clique of size k

Now consider a parameterized version of CLIQUE defined by x(G, k) := k.

k-CLIQUE

Instance: A graph G and keN

Parameter: k

Problem: Decide if G has a clique of size k

When the parameter x represents the size of the solution, it is called
a natural parameter. Next, we define when a parameterized problem is
tractable in this regime.

Definition 2.3.1 (Fixed Parameter Tractable). A parameterized problem
(L,x) is called fixed parameter tractable if there is an algorithm A, a con-
stant c, and a computable function f :N — N such that on all inputs y = (x,k),
A decides whether x is in L and runs in time at most f(k)-|x|°. Furthermore,
algorithm A is called parameterized algorithm for the problem (L,x).

The complexity class FPT is the set of all fixed-parameter tractable prob-
lems. In this thesis, unless stated, we consider parameterized problems
with natural parameters, i.e., x represents the size of the solution. Once
we define the class FPT, the next natural thing is to define parameterized
reduction or FPT-reduction with the intention that such a reduction from
parameterized problem @ to another parameterized problem @' allows
converting an FPT algorithm of @' to an FPT algorithm of @.
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2.3. Algorithmic Regimes for NP-hard Problems

Definition 2.3.2 (FPT-reduction). An FPT-reduction from @ < X* xN to
Q' < Z* xNis an algorithm R mapping from * xN to Z* xN such that for
all y=(x,k),R(y) € Q' if and only if y € Q, and for some computable function
f and a constant c, R(y) runs in time f(k)-|x|° and R(y) = (x',k"), where
k' < g(k) for some computable function g.

Definition 2.3.3 (Class W[1]). A parameterized problem (L,x) is in class
WI11 if there is an FPT reduction from (L,x) to k-CLIQUE. Further, (L,x) is
WI1l-hard if there is an FPT reduction from k-CLIQUE to (L,x).

We remark that the actual definition of class W[1] is quite technical,
however, the above definition is equivalent to the actual definition.
An extensive treatment of the subject can be found in [60, 63, 66].

2.3.3 Parameterized Approximation Algorithms

Nevertheless, many important problems are individually quite hard for
both approximation algorithms and parameterized algorithms. In re-
sponse to this intractability, a promising approach emerges: the realm of
Parameterized Approximation Algorithms which is also referred to as FPT
Approximation Algorithms. The goal in this setting, as the name suggests,
is to obtain improved factor approximation algorithms, even if they are
allowed to run in superpolynomial time. Specifically, for a chosen param-
eter, denoted as «, of the input, these algorithms run in time f(x)poly(n),
where f is a function, and n is the size of the input. Typical parameters
for clustering problems include the solution size (&), treewidth (tw) of the
underlying metric space, and dimension (d) of the data points, among
others.

The rationale behind permitting superpolynomial running time is that,
most often in practice, these parameters are significantly smaller compared
to the input size, n. For instance, in the clustering domain, % is typically
less than 10 in practice, while n could be on the order of millions. Conse-
quently, these algorithms effectively behave as polynomial-time algorithms
when the parameters are small, offering the potential for vastly improved
approximation factors compared to standard approximation algorithms.

Within the realm of parameterized approximation algorithms, there is a
subset known as Efficient Parameterized Approximation Schemes (EPAS).
These schemes are designed to provide a (1 +¢) approximate solution run-
ning in time f(k,¢)poly(n) for every ¢ > 0. It is worth noting that PTASes
(Polynomial Time Approximation Schemes) are incomparable to EPASes.
Furthermore, there is a more relaxed subset of algorithms known as Pa-
rameterized Approximation Schemes (PAS). These algorithms, like EPAS,
provide a (1 +¢) approximate solution, but run in time f(%,e)n8© for every
€>0. Figure 2.1 depicts the connections between various approximation
schemes.
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EPAS

EPTAS PAS
PTAS

Figure 2.1. Various Approximation Schemes. Existence of the tail implies the existence of
the head of the arrow. For example, a problem admitting EPTAS implies that
the problem admits all other approximation schemes.
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3. Clustering with General Norm
Objectives

Clustering is among the most fundamental computational problems that
arise in optimization, machine learning, data mining, and computational
geometry. It has received significant attention from the algorithmic com-
munity for over half a century. In the center based k-clustering problem,
we are given n data points P in a metric space and are asked to partition
P into % clusters along with a representative (center) for each cluster to
minimize a certain clustering objective that is a function of distances be-
tween the points and their centers. Classical clustering problems include
k-MEDIAN, k-MEANS, and £-CENTER, with objectives being the sum of
distances, the sum of squared distances, and the maximum distance of a
point to its center, respectively.

In this chapter and the following two chapters, we are interested in
designing parameterized approximation algorithms for various clustering
problems in various metric spaces. Particularly in this chapter, we de-
sign an EPAS framework for clustering objective that is a monotone norm
of the distances in several metric spaces. This objective captures essen-
tially all clustering objectives studied in the literature and also extends
to new objectives that are interesting in their own right. We remark that
EPASes have been prominent in the literature for many classical clustering
problems [79, 105, 108, 62, 23, 30, 57].

3.1 Notation

Given a clustering space M = (P,F,5) on n = |P| data points, let b € R};o be
an n-dimensional vector. We interpret b as assigning each point pe P a
non-negative value denoted b(p). That is, b = (b(p))pep. For example, given
a subset X c F of centers, we define the distance vector 6(P,X) = (6(p,X))pep,
where §(p,X) = mingex 6(p,x). Given any point u € PUF and a radius r e R,,
we denote by balls(u,r)={ve PUF | 6(u,v) <r} the ball of radius r centered
around u. We drop the subscript ¢ if the distance function is clear from the
context.
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If B< P is a subset of points, then 15 € {0,1} denotes the characteristic
vector of B, that is, it assigns value 1 to any p € B and 0 to any p e P\B. If
p€P and a =0, then we denote by 1, , the binary vector 1, q)np, Where
ball(p,a)n P denotes the set of points of P in the ball(p,a). Given a metric
space M =(X,6) and a subset Y =X, we call Y'Y an e-packing of Y if for
all y1,y2 €Y we have that 6(y1,y2) > €.

3.2 NORM £-CLUSTERING

Definition 3.2.1 (Norm, Monotone norm). A norm is a function f: R" —
Rso, n € N that satisfies (i) for all x € R", f(x) =0 if and only if x =0, (it)
Vx,yeR": f(x+y) < f(x)+ f(y), and (iii)) Vx € R*, 1 € R: f(Ax) = |A|f(x). We
say that f is monotone if f(x) < f(y) whenever x <y, where the inequality is
co-ordinate wise inequality.

Definition 3.2.2 (NORM k£-CLUSTERING). Given n data points P, candi-
date centers F, a metric space M = (P UF,0), a positive integer k, and a
monotone norm function f: R — Rxo, the goal of NORM k-CLUSTERING is
to compute X c F,|X| =k that minimizes f(6(P,X)).

While Chakrabarty and Swamy [34] further require that f be symmetric
(we say that f is symmetric if f(x) = f(x') whenever x’ can be obtained by
reordering coordinates of x), our techniques in this chapter apply to all
monotone norm functions. This family includes the following well-known
clustering problems (see Figure 3.1 for an overview):

* From %£-MEANS, k-CENTER, and k-MEDIAN to (%,z)-CLUSTERING:
All basic clustering problems can be captured by the ¢,-norm when
z €{1,2,00}. In fact, a (%,z)-clustering problem [84, 58, 56] (for con-
stant positive integer z) uses the objective function g(x)=>_ pep [X(D)F.
(This function itself is not a norm, but we can instead consider the
¢,-norm f(x) = g(x)?.)

* WEIGHTED k-CENTER (or PRIORITY %-CENTER): The weighted
version of .-CENTER [98, 15, 112] generalizes k-CENTER so that each
data point p € P is associated with a positive weight (or priority) w(p),
and the objective is to minimize the (weighted) maximum distance to
a center.! This problem can be modeled by the “weighted max” norm
f(x) = max,ep w(p)x(p). One can analogously define the weighted
versions of 2-MEDIAN and k-MEANS (see, for example, [51]). We
remark that the underlying weighted norms are not symmetric.

e /-CENTRUM: This problem (sometimes called k-FACILITY /-
CENTRUM) aims to minimize the sum of the connection costs among

IFor convenience of presentation, the terminologies we use are somewhat different
from the literature.
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the ¢ “most expensive” points (that is, those that are furthest away
from the open centers). The problem generalizes both 2-CENTER
(¢ =1) and £-MEDIAN (¢ = |P|) problem [120]. (See the books [107, 92]
for more details on /-CENTRUM and the more general ORDERED
k-MEDIAN discussed below.) This problem can be modeled by the
top-£ norm f(x) = Zj: 1x'(j) where x! denotes the reordering of vector
x so that the entries appear non-increasingly. The top-¢ norm is
symmetric.

* ORDERED £-MEDIAN: This problem further generalizes ¢-
CENTRUM, allowing flexible penalties to be applied to data points that
incur the highest connection costs. More formally, the objective is the
ordered weighted norm f(x)=vTx! where v e R?, is a non-increasing
cost vector, that is, v(1) = v(2) = ... = v(n). /-CENTRUM corresponds to
v=(1,...,1,0,...0) where the first /-entries of v are ones. This prob-
lem has already received attention for a few decades [32, 34, 29]. We
remark that f here is a monotone and symmetric norm.

® SOCIALLY FAIR k£-MEDIAN (or ROBUST £-MEDIAN): In SOCIALLY
FAIR k-MEDIAN, along with the set of points P, we are given m
different (not necessarily disjoint) subgroups such that P = J;c[,, P:-
Our goal is to find a set X of centers that incurs fair costs for the
groups by minimizing the maximum cost over all the groups. In other
words,

min max o(p,X
XCF ielm] Z (p, X).
X|=F pEP;

Due to distinct applications in at least two domains, this variant
of clustering has recently been studied extensively: (i) in algorith-
mic fairness [5, 73, 103, 71] and (ii) in the robust optimization con-
text, this problem is known as ROBUST £-MEDIAN, which intends
to capture the applications when we are uncertain about the ac-
tual data scenarios (corresponding to the groups P;) that may come
up [8, 24, 20].

® (2,q)-FAIR CLUSTERING: Our problem also models a clustering
problem called (z,q)-FAIR CLUSTERING? introduced by Chlamtaé
et al. [47], which generalizes SOCIALLY FAIR £-MEDIAN. In par-
ticular, one can view the cost function f of SOCIALLY FAIR k-
MEDIAN as a “two-level” aggregate cost: First, cost > .p 6(p,X)
incurred by group P;, i € [m] can be viewed as weighted ¢1-norm w]x
where w; = 1p, € {0,1}* denotes the characteristic vector of P;. Sec-
ond, these group costs are further aggregated through ¢, that is,

f(x) = max(w{x,wix,...,whx).

2Chlamt4é et al. [47] call the problem (p,q)-FAIR CLUSTERING. For the sake of
consistency with the notation in the rest of the paper, we changed the naming
slightly.
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(2,9)-FAIR CLUSTERING allows arbitrary uses of the ¢, and ¢,
norms to aggregate costs on two levels. The cost function is de-
fined as f(x) = g(h(x)) where g is any ¢,-norm function and h(x) =
(h1(x),ho(x),...,h,y(x)) where h;(x) is a weighted ¢,-norm, that is,
i) = (3 ,cp wi(p)x(p)®)"* for arbitrary weight vectors w; € RE,,
i € [m]. It is easy to check that f(x) = g(h(x)) is a monotone norm
whenever g and {%;} are.

¢ Beyond the Known Problems: Our (asymmetric) norm formu-
lation allows us to model more complex clustering objectives that
might be useful in some application settings and, to our knowledge,
have not yet been considered in the algorithms community. One such
objective is the PRIORITY ORDERED k-MEDIAN: We have the cost
function f(x) = vTx,' where the weight vector v € R, and the prior-
ity vector w € Rgo are given as input and where x,, = (W(p)x(p))pep.
This objective generalizes both PRIORITY 2-CENTER and ORDERED
k-MEDIAN. Another natural objective is the (multi-level) CASCADED
NoRM CLUSTERING, which generalizes (z,q)-FAIR CLUSTERING to
allow multiple levels of cost aggregation. The cost function 7 for this
problem is described by a directed acyclic graph (DAG) D with one
sink node and |P| source nodes (each source corresponds to a point in
P). Each non-source node v is associated with a norm ¢, for some ¢,
and each edge (u,v) has weight w, ,. Given such a DAG D, the value
of f(x) can be evaluated by computing the evaluations at nodes in
V(D) in (topological) order from sources to sink: (i) The evaluation
at source p € P is n(p) = x(p), (ii) For any non-source node v € V(D)
labeled with the norm ¢,, we evaluate n(v) = (ZueN_(v)wuyvn(u)q)l/q,
and (iii) the value of f(x) is the evaluation of the sink.

We remark that asymmetric norms can potentially make the problem
substantially harder. For example, there is a poly-time ¢(1)-approximation
algorithm for symmetric norms [34] but the asymmetric norm makes it
Q(logn/loglogn)-hard to approximate even for the special case of ROBUST
k-MEDIAN on the line metrics [24].

3.3 Thesis Contribution

In Publication I [3], we answer the following meta question:

For a given k-clustering objective and a (structured) metric space, does
an EPAS exist?

In particular, we identify a combinatorial property of a metric space that
we call e-scatter dimension of the metric space and show an algorithmic
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Figure 3.1. Selected clustering objectives that can be formulated as monotone norm mini-
mization. The line illustrates generalization (bottom is a special case of top).

framework that yields an EPAS for several clustering objectives in met-
rics of bounded e-scatter dimension. Additionally, we show bounds on
e-scatter dimension of several metric spaces. We remark that in this chap-
ter, we focus on metric classes that are closed under scaling distances by a
constant.

3.3.1 Scattered Dimension

We motivate the notion of e¢-scatter dimension using the following two
player game played in rounds between the center player and the point
player on a metric space M = (P,F,5). In each round, the center player
chooses a center x € F such that the unit ball around x covers all the points
revealed by the point player. Then, the point player chooses a point p € P
such that p ¢ ball(x,1+¢). Both players are interested in prolonging the
game. The e-scatter dimension of M is the maximum number of rounds in
any such game on M.

Definition 3.3.1 (e-Scatter Dimension). We are given a class .4 of finite
metric spaces, a space M =(P,F,5) in ., and some ¢ € (0,1). An e-scattering
in M is a sequence (x1,p1)...,(x¢, p¢) of center-point pairs x; € F, p; € P, i €[{]
such that

O(x;,pj)=<1 foralll<j<i</?¢ (covering)

6(xi,pi)>1+e for all i e [¢] (e-refutation)

The e-scatter dimension of M is the maximum length of an e-scattering in it.
The e-scatter dimension of ./ is the supremum of the e-scatter dimension
overall M e .
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We have an immediate observation.

Observation 3.3.1 (¢-packing of e-scattering). Fix 0 <e < 1. Consider an
e-scattering (x1,p1), - ,(x¢,pe). Then, {p1,---,pr} is an e-packing of ball(xs,1).
Similarly, {xs,---,x¢} is an e-packing of ball(p1, 1).

Proof. For the first case, consider p;,p; such that i < j. Then, 1+¢ <
d(pj,x;)<d(pj,p;)+d(p;,x;). Thus, d(p;,p;) > € since d(p;,x;) < 1. Further,
note that p; € ball(xy,1) for every i € [¢]. Similarly, consider x;,x; with
2<i<j. Then, 1+e<d(p;,x;)<d(p;,x;)+d(p;,P;). Hence, d(p;,p;) > ¢ since
d(pi,xj) < 1. Additionally, x; € ball(p1,1) for all 2<i < ¢. O

Example 3.3.1 (Path on n vertices). Consider a path P, on n vertices
of length 2. Then, observe that e-scatter dimension of P, is at most 2/c.
This follows from Observation 3.3.1 since 6(pi,p;) > € in any e-scattering
(x1,p1),"**,(x¢,pe), for i # j€[¢]. Since the diameter of P, is 2, we have
? < 2/e.

This immediately yields a bound e-scatter dimension of metric of doubling
dimension d.

Theorem 3.3.1 (e-scatter dimension of Doubling Metric). For € €(0,1), the
e-scatter dimension of a metric of doubling dimension d is (1/e)°@,

Proof. This follows from the fact that e-packing number of a metric of
doubling dimension d is at most (1/€)7@ [76]. O

3.3.2 ¢-scatter Dimension Results

As argued before, in Theorem 3.3.1, we showed that metrics of bounded
doubling dimension have bounded e-scatter dimension. Further, in Publica-
tion I, we show e-scatter dimension bounds for the following graph metrics.

Theorem 3.3.2. For € €(0,1), the e-scatter dimension is exp ((1/e)°™)) for
treewidth-tw graphs.

Theorem 3.3.3. For ¢ € (0,1), the e-scatter dimension is exp(exp(poly(¥)))
for planar graphs.

Further, in Publication I, we relax the notion of e-scatter dimension to
what we call algorithmic e-scatter dimension for continuous Euclidean
space and show that it has bounded algorithmic e-scatter dimension. As
before, the notion of bounded algorithmic e-scatter dimension is sufficient
to yield an EPAS. We remark that in this thesis, we will not deal with
algorithmic e-scatter dimension.

Theorem 3.3.4. The continuous Euclidean space (P,F,5), that is, P C R?
finite, and F =R%, has algorithmic e-scatter dimension G(Ve*logVe).

42



Chapter 3 . Clustering with General Norm Objectives

3.3.3 EPAS Results

Our main algorithmic result is the following.

Theorem 3.3.5. Let ./ be a class of metric spaces that is closed under
scaling distances by a positive constant. There is a randomized algorithm
that computes for any NORM k-CLUSTERING instance % = (M, f,k) with
metric M = (P,F,6) € 4, and any € €(0,1), with high probability a (1+¢)-
approximate solution if the following two conditions are met.

1. There is an efficient algorithm evaluating for any distance vector
x€ [Rgo the objective f(x) in time T(f).

2. There exists a function A: Ry — R, such that for all € >0, the algorith-
mic e-scatter dimension of . is at most Ae).

The running time of the algorithm is exp (5 (M)) -poly(IM1)- T(f).

Combining the bounds on e-scatter dimension, we get the following result.

Theorem 3.3.6. There exists a randomized 2MVOk-Polylogdk) . o) time
EPAS for NORM k-CLUSTERING in the following metrics: (i) metrics of
bounded doubling dimension, (ii) continuous Euclidean spaces of any
dimension, (iii) bounded treewidth metrics, and (iv) planar metrics.

3.4 Novelty of Results

Unifying Metric Spaces via Scatter Dimension. The fundamental
problems such as 2-MEDIAN, £-MEANS and 2-CENTER are known to ad-
mit efficient parameterized approximation schemes (EPAS) in structured
metrics such as Euclidean [14, 90] and graph metrics [86, 57]. However,
different clustering objectives require completely different techniques even
when restricted to the same metric spaces [14, 90]. Similarly, different
EPASes are known for the same objective (such as £-MEDIAN) in different
metric spaces that exploit the underlying structure of the respective metric
spaces [90, 57].

In our work, we present a clean and simple EPAS framework that is
essentially oblivious to the underlying metric space and hence is able to
not only unify existing EPASes across different metric spaces but also yield
new EPAS for more advanced clustering problems, including PRIORITY k-
CENTER, ORDERED k-MEDIAN, and SOCIALLY FAIR £-MEDIAN in metric
spaces of bounded e-scatter dimension.

Generalization via NORM .£-CLUSTERING. Furthermore, we extend
the notion of norm objectives [34] to encompass asymmetric norm objec-
tives, thereby encompassing a wide range of clustering objectives discussed
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in the literature. This generalization enables us to achieve two significant
outcomes: (i) unification of EPASes for multiple clustering objectives (ii)
new EPAS for advanced objectives such as SOCIALLY FAIR £-MEDIAN and
(z,q)-FAIR CLUSTERING.

3.5 Modelling NORM %£-CLUSTERING as SOCIALLY FAIR £-MEDIAN with
possibly infinite groups

In this section, we lay the foundational groundwork necessary for the algo-
rithmic framework we are about to introduce for the NORM 2-CLUSTERING
problem in the following section. Importantly, it is worth noting that our
algorithmic framework for NORM .£-CLUSTERING is rooted in our novel
framework for SOCIALLY FAIR 2-MEDIAN, which is a special case of NORM
k-CLUSTERING, as mentioned earlier. To establish this connection, in
this section, we present an intriguing insight — an instance of the NORM
k-CLUSTERING can be modelled as an instance of the SOCIALLY FAIR
k-MEDIAN problem with possibly infinite groups. This converse insight en-
ables us to extend the algorithmic framework designed for SOCIALLY FAIR
k-MEDIAN to NORM k-CLUSTERING. To begin, we provide the essential
background on monotone norms.

Fact 3.5.1. Any norm is a convex function.

Definition 3.5.1 (Subgradient). A subgradient of a convex function f: R"* —
R at any point x € R" is any g € R" such that the following holds for every
yeR?

f@=fx)+gT(y—x);

we denote by 0f (x) the set of subgradients of f at x.

The following fact summarizes various useful properties of subgradi-
ents specialized to norm functions. Because we apply norm objectives
exclusively to non-negative distance vectors, we call (slightly abusing
terminology) a restriction of a norm to RZ, a norm as well.

Fact 3.5.2 ([34]). Let f: RL, — Rxo be a norm, and x € RL,. If g is a subgra-
dient of f at x, then f(x)=gTx and f(y)= g7y for all y e RY,. Further, if f is
monotone, there exists a subgradient g € 0f (x) such that g = 0.

The following observation is an immediate consequence of Fact 3.5.2.

Observation 3.5.1. Let of = Uyeﬂ@';o Of (y) be the set of all subgradients of f.
Then, for any x € R, we have that

= T .
f(x) I;E%?g x

In this chapter, for the sake of brevity and to ensure the clarity of our
ideas, we assume that we can compute exactly a subgradient of the given
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monotone norm at any point. We remark that Publication I provides a
comprehensive analysis for the case where only an approximate oracle for
computing subgradients is available.

Connecting norm objective to SOCIALLY FAIR k-MEDIAN. We will make use
of the following definition of SOCIALLY FAIR 2-MEDIAN that generalizes
the earlier definition.

Definition 3.5.2 (SOCIALLY FAIR 2-MEDIAN). Given a clustering space
M = (P,F,6), a positive integer k, and a collection of m weight vectors
W ={w:P — R}, the goal is to compute X < F,|X| = k that minimizes
maxy,ey wié(P,X).

We remark that, in this definition, a group is a weight vector we % : P —
RZ,. To see that this definition captures the previous definition, note that
given a group S c P, we can define the weight vector w(p)=1if p € S and
0 otherwise. However, note that this definition generalizes the previous
definition since now a point can belong to different groups with different
weights.

Lemma 3.5.1 (NORM k£-CLUSTERING as SOCIALLY FAIR k2-MEDIAN).
Let I =((P,F,0),k,f) be an instance of NORM k-CLUSTERING. Then, J =
((P,F,6),k, W :=0f) is an instance of SOCIALLY FAIR k-MEDIAN. Further-
more,

min f(6P,X))= min maxwTs(P,X).
XcF, X |=k XcF,| X|=k weW

Proof. First note that df is a collection of non-negative vectors due to
Fact 3.5.2. Hence, J is an instance of SOCIALLY FAIR £2-MEDIAN. However,
note that # can be possibly an infinite set of weight vectors. Then, using
Observation 3.5.1, for a solution X c F evaluating f at the point §(P,X) is
precisely the maximum group cost of 6(P,X) over the groups in #/, i.e.,

f(6(P,X))=maxw'éP,X.
wewW

O

This lemma will be useful when we want to extend our algorithm of
SOCIALLY FAIR £-MEDIAN to NORM £-CLUSTERING. However, note the
non-triviality in designing such extensions since the number of groups in
W is possibly infinite.

3.6 EPAS Framework for Metric Spaces with Bounded Scatter
Dimension

In this section, we will design an algorithmic framework for NORM k-
CLUSTERING that yields an EPAS for metric spaces that have bounded
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e-scatter dimension. We will start with a simple algorithm for 2-CENTER,
which is the simplest special case of NORM CLUSTERING. Then, we will see
a natural extension of the algorithm to PRIORITY 2-CENTER (WEIGHTED k-
CENTER) and then extend it further nontrivially to WEIGHTED k-MEDIAN.
Later, we will extend the algorithm to SOCIALLY FAIR £-MEDIAN (ROBUST
k-MEDIAN) and finally modify the algorithm to NORM £-CLUSTERING. We
would like to remark that in our algorithms we assume that we know the
optimal cost (OPT). This is without loss of generality since we can guess an
arbitrarily good approximation of OPT by generating all possible powers of
(1+¢) and running our algorithm for each power. This is fine since we are
interested in finding a (1 +¢)-approximate solution. Let M = (P,F,5) be the
metric space of our interest, and let A(e) be its e-scatter dimension.

3.6.1 Ek-CENTER

Consider the following natural algorithm for £2-CENTER. We point out that
this algorithm is a modification of [14] that later allows us to extend it to
other problems of interest.

Algorithm 1: Algorithm for 2-CENTER

Data: Instance . =(M = (P, F,6),k) of .-CENTER, error parameter

€€(0,1), OPT >0, 1-CENTER algorithm ¢
Result: Solution X of cost at most (1 +¢)OPT if solution of cost at
most OPT exists

1 Let X =(x1,...,x) be an arbitrary set of centers;
2 Let Q=9 for 1<k <k;
3 while 3p € P such that 6(p,X) > (1+¢)OPT do
4 | Pick cluster « € [k] for p uniformly at random,;
5 | Q@x—Qxuiph
6
7
8

X — €(Qx,0OPT) if no xx was found then fail ;
end
return X;

In Algorithm 1, we assume that we are given a polynomial-time algorithm
<€ for 1-CENTER that returns a center that (approximately) covers all input
points within distance OPT, if exists. For finite metric spaces, finding a
1-center can be done in linear time, simply by going through all the points
in the metric space. For continuous spaces, such as Euclidean, (1 +¢)-
approximate 1-CENTER algorithms are known to exist [13], even for the
weighted case [91]. Note that such approximate algorithms are sufficient
for our purpose, since we are interested in finding a (1 +¢)-approximate
solution to our problem. However, in this section, for cleaner analysis, we
assume that we have an exact algorithm.

Lemma 3.6.1. Algorithm 1 finds a (1+¢)-approximate solution with proba-
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bility k%M in time kA(e)poly(n).

Proof. First note that if the algorithm terminates successfully, it yields a
(1+e¢)-approximate solution. Fix an optimal solution O. For every p € P that
the algorithm considers in the while loop, the probability that the algorithm
correctly picks its optimal cluster is /2. Fix any @, and let p%,---p} be
the points added by the algorithm to the cluster @,. Let «},---,x} be
the cluster centers selected by the algorithm for @, such that x} is the
center returned by €({p%,---,p¥_1},OPT). Assuming the algorithm’s random
choices for pf,--- p% are correct, then the sequence («}, p¥),- -, (7, p) forms
an e-scattering after scaling the distances in M by OPT. Since the e-
scatter dimension of M is A(e), it must be that ¢ < A(¢). Thus, assuming
the algorithm’s random choices are always correct, the while loop runs
for at most kA(e) times before terminating. Hence, the running time of
the algorithm is £A(e)poly(n). Finally, the probability that all the random
choices of the algorithm are correct is & #4©, O

Hence, repeating Algorithm 1 G(£*1©) times boosts the success proba-
bility to a constant close to 1. Thus, in the rest of the chapter, we allow
our algorithms to have success probability of the form 1/f(k,¢), since this
implies an FPT algorithm with constant success probability.

3.6.2 PRIORITY k£-CENTER

In PRIORITY k-CENTER, every point p has a weight w(p), and hence a
natural extension of Algorithm 1 is as shown in Algorithm 2.

Algorithm 2: Algorithm for PRIORITY £-CENTER (first attempt)
Data: Instance . = (M =(P,F,6),k) of PRIORITY k-CENTER, error
parameter ¢ € (0,1), OPT > 0, BALL INTERSECTION algorithm
€
Result: Solution X of cost at most (1 +¢)OPT if solution of cost at
most OPT exists
Let X =(x1,...,x3) be an arbitrary set of centers;
Let Q=9 for 1 <« <k;
while 3p € P such that w(p)é(p,X)>(1+¢)OPT do
Pick cluster « € [£] for p uniformly at random;
Qx — Qx U{(p,OPThw(m};
xx — €(Qy) if no x, was found then fail ;
end
return X;

®W T N U WD =

Following are the changes made.
1. The while condition takes care of weighted distances.

2. Since every p € P demands a center within a distance OPTw(p), @y is
now a set of cluster constraints.
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3. Now we want a BALL INTERSECTION algorithm instead of 1-CENTER
since we want to find if there exists a center that satisfies all the
balls of cluster constraints in @. Again, algorithms that find a (1 +¢)-
approximate solution for BALL INTERSECTION are known [91]. But
for cleaner analysis, we will work with exact algorithms.

Similar to 2-CENTER analysis, let us fix some Q.. Let (p¥,7}),---,(p¥,r})
be the set of requests made to @, and let «f,---,x} be the corresponding
centers (as defined previously). Now suppose there are at most 7 different
radii in the set of requests. Then, since for each fixed radius R, the corre-
sponding sequence (v, Pk, ), ,(xk,, pf,) of points with radius R forms an
e-scattering, we have that ¢ < tA(e). For constant 7, we are done since the
total number of iterations of the while loop is at most £tA(e), and hence
the success probability is "4, But if 7 is arbitrarily large (say, n2),
then it is not clear that the iterations of the algorithm are bounded. To
this end, we introduce the concept of initial upper bounds that help us to
initialize X cleverly so that 7 is always bounded for any @,. First, we need
the following definition.

Definition 3.6.1 (e-witness for solution X). Let X be any solution. We call
p P an e-witness for X is 6(p,X) > (1 +¢€)5(p,0).

Initial Upper Bounds. The idea is that suppose in Algorithm 2, the solution
X always remains a c-approximate solution, for some ¢ > 1. Then, consider
any @, and suppose (p,r) and (p’,r’) are two requests to @, (in any order)
such that ' < r. Then, we claim that r’ = e72¢. If not, then consider the itera-
tion when the algorithm added (p,7) to @4, and let X' be the corresponding
solution for which p is an e-witness. Now, observe that

6(p,X<6(p,p)+6(p', X Y<r+r +cr' <(1+¢2c+¢2)r 3.1)

But since r = OPTw(p), this implies that 6(p,X’) < (1 +¢€)OPTw(p), which is a
contradiction to the fact that p is an e-witness for X’. Hence, our goal
is now to make sure that the initial solution X remains c-approximation
throughout the course of the algorithm, for some ¢ > 1. Algorithm 3 shows
the final pseudocode for PRIORITY £-CENTER.

48



Chapter 3 . Clustering with General Norm Objectives

Algorithm 3: Algorithm for PRIORITY £-CENTER
Data: Instance . =(M =(P,F,6),w : P — Rxg, k) of PRIORITY
k-CENTER, error parameter ¢ € (0,1), OPT > 0, BALL
INTERSECTION algorithm ¢
Result: Solution X of cost at most (1 +¢)OPT if solution of cost at
most OPT exists
1 Set u(p) = OPTw(p) for every p € P;
2 Sort P in non-decreasing order of u(p);
3 Mark p; € P if ball(p;, u(p;)) is disjoint from ball(p;, u(p;) for every j <i;
4 Let p@, ..., p®®) be the marked points ;
5 Let @, = {(p®,u(p™))} for all x € [£'];
6 Let @, = ¢ for all x with ' <x <k;
7 Let X =(x1,...,x) be any set of centers where x, satisfies the requests
in Qy;
8 Let X =(x1,...,x;) be an arbitrary set of centers;
9 Let@Q,=0¢for 1<k <k;
10 while 3p € P such that w(p)é(p,X)>(1+¢)OPT do
11 Pick cluster « € [£] for p uniformly at random;
12 | Qx — QxU{(p,OPTw(p)};
13 xx — €(Qy) if no x, was found then fail ;

14 end
15 return X;

Observation 3.6.1. The solution X maintained by Algorithm 3 remains
3-approximation throughout the execution of the algorithm.

Proof. For point p € P whose ball is marked, §(p,X) < u(p) < OPTw(p) since
Q« is initialized with the corresponding cluster constraint (p,u(p)). Any
point p € P whose ball is not marked means that ball(p,u(p)) intersects with
ball(p’,u(p")) such that p’ is marked and u(p’) < u(p). Hence,

OPT

5(p,X)<b6(p,p)+6(p", X)<u(p)+u(p)+ulp’) <3ulp)< 3@'

Hence, using Equation 3.1, we have the following crucial lemma.

Claim 3.6.1. In Algorithm 3, for any Qy, the ratio T« < g.

T'min

Lemma 3.6.2. Algorithm 3 finds a (1+¢)-approximate solution for PRIORITY
k-CENTER with probabilityk=0 M1e(}) in time 6 (Me)E1og (1)) polytn).

Proof. Using Claim 3.6.1, we have that every @, has an aspect ratio of the
radius of its requests bounded by 6/c. Hence, by standard discretization,
there are at most 0 (1log (£)) different radii per Q. Since e-scatter dimen-
sion of M is bounded by A(e), we have that Algorithm 3 iterates at most
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0 (Me)%1og (1)) times before terminating. The success probability analysis
is as before in Lemma 3.6.1. O

3.6.3 WEIGHTED k£-MEDIAN

Let us try to extend Algorithm 3 to WEIGHTED k-MEDIAN. The first
obvious change is in the while loop. The condition will be to check if
> pep W(P)O(p,X) > (1+€)OPT and proceed. Thus, the while loop provides
a linear constraint while @, requires a cluster constraint, which is about
a point whose distance is violated by X. Hence, we need to convert the
linear constraint to a cluster constraint using some distance constraint.
Fortunately, the following claim provides such a procedure.

Claim 3.6.2. For any solution X, consider the distribution 9x on P such
that Pry-g,[pl:= % Let Wx ={p € P | 8(p,X) > (1+¢10)6(p,0)}.

Then, if ZpGP w(p)d(p,X) > (1+¢€)OPT then Pry.g,[p € Wx1= 155-

Proof. Suppose Y peP w(p)5(p X) > (1+¢)OPT, but assume for contradiction
that Pry.g[p € Wx]1 < 1f5, and hence Pr,.g[p ¢ Wx]1=1- 15;. Then, we
have

w(a)d(a,X) €
P W >1-—.
pr P E VX1 %; S pep w0, X) 100

Hence,

(1+%) 3 w@b@,0)z Y w@da,X)= (l_ﬁ) Y w(p)(p,X)

aeWx aeWx peP
Thus, we have
1+¢ /10
D w@op,X)s T = > w@da,0)s (1+ 7) OPT,

peP a¢Wyx

which is a contradiction since we assumed Zpep w(p)é(p,X)>(1+¢)OPT. [

The next problem with Algorithm 3 is that we want to compute upper
bounds for WEIGHTED k£-MEDIAN that guarantee a bounded aspect ratio
for radii for any Q.

Initial Upper Bounds. For p € P and r e R, let w(ball(p,r)) denote the total
weight of points in ball(p,r).

Observation 3.6.2. ForpePandreR,, i
0 #¢.

OPT
—— then ball(p,2r)n

Proof. Suppose ball(p,2r)nO = ¢ , then we have > ¢y, »Hw(P)3(p',0) >
r- T = OPT. [
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Hence, u(p) := 2-min{r | w(ball(p,r)) > OPT/} is a feasible upper bound on
8(p,0). In fact, with u(p), we can prove a stronger version of Claim 3.6.2.

Claim 3.6.3. For p € P, let u(p) = 2-min{r | w(ball(p,r)) > OPT}. For a solution
X, let 2x and Wx be as defined in Claim 3.6.2. Let Ax ={peP |5(p,X)=
wu@}. Then, if Zpep w(p)d(p,X) > (1+¢€)OPT, then Pr, g, peWx|pe€
Axl= ﬁ

The proof of the above claim is technical and can be found in Publication
I. Algorithm 4 shows the final pseudocode for WEIGHTED .2-MEDIAN.

Algorithm 4: Algorithm for WEIGHTED £-MEDIAN
Data: Instance . =(M = (P,F,6),w : P — Rxg, k) of WEIGHTED
k-MEDIAN, error parameter ¢ € (0,1), OPT >0, BALL
INTERSECTION algorithm <
Result: Solution X of cost at most (1+¢)OPT if solution of cost at
most OPT exists
1 For each p € P, compute u(p) = 2-min{r | w(ball(p,r)) > OPT+};
2 Sort P in non-decreasing order of u(p);
3 Mark p; € P if ball(p;, u(p;)) is disjoint from ball(p;,u(p;) for every j <i;
4 Let p@, ..., p*" be the marked points ;
5 Let @, = {(p®,u(p™))} for all x € [F'];
6 Let @, = ¢ for all x with ' <x <k;
7 Let X =(x1,...,x) be any set of centers where x, satisfies the requests
in Qx;
8 Let X =(x1,...,x%) be an arbitrary set of centers;
9 Let@Q. =0 for 1<x<k;
10 while }° ,w(p)§(p,X)>(1+¢)OPT do
n | Ax—{pePlow. )= 58 };

I w(a)o(a,X)
12 Sample an element p € Ax where Pr(p=al= Seny WBDE.) for
any a € Ax;
13 | Pick cluster « € [k] for p uniformly at random,;

(p,X) \y.
14 QK - QK U {(p’ (1(1:5/10)) )}’

15 xXx — €(Qy) if no x, was found then fail ;

16 end
17 return X;

Lemma 3.6.3. Algorithm 4 finds a (1+ ¢)-approximate solution for
WEIGHTED k-MEDIAN with probability exp(-Q(A(5)%)) in time
0 (A({5) 1og (%)) polyn).

Proof. As before, it is sufficient to bound the aspect ratio of the radii of
requests to any Q. Consider any @, and suppose (p,r) and (p’,r’) are

two requests to @, (in any order) such that ' <r. Then, we claim that
r’ = ¢*r/10°k. If not, then consider the iteration when the algorithm added
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(p,r) to Q«, and let X' be the corresponding solution for which p is an
e/10-witness. First, note that r = eu(pY1000% and r’ = eu(p'Y1000x. We have,

3000/
5(p,X") < 6(p,p) +6(p", XY <r+7 +3u(p)<r+ (1+ ) < (1+ lio) r.
€

U
But this is a contradiction since r = d{ﬁ’r;/)fo).

Hence, we have that every @, has an aspect ratio of the radius of its
requests bounded by 10°%¢2. Thus, using standard discretization and
e-scatter dimension of M, we have that Algorithm 4 iterates at most
0 (A (%) L1log (%)) times before terminating. Using Claim 3.6.3, the success

. . ek k
probability is (k/e)~ (M) e log () O

3.6.4 SOCIALLY FAIR £.-MEDIAN

Now consider the problem SOCIALLY FAIR 2-MEDIAN, and let . = (M =
(P,F,0),w:P — Rxo,k,# ={S1,---,Sm}) be an instance of SOCIALLY FAIR
k-MEDIAN. Recall that the group cost of a group S; for a solution X ¢
F,|X|=rF is defined as ZpESi w(p)d(p,X), and the cost of solution X is the
maximum group cost for X. The objective of SOCIALLY FAIR k-MEDIAN
is to find a solution X c F of size k£ that has the minimum cost. Formally,
we want to compute argminycr x|=% MaX;e(m] ZpeSi w(p)d(p,X). Hence, the
definition of this problem resembles both £2-CENTER and k-MEDIAN— we
are interested in minimizing the maximum group cost similar to 2-CENTER,
while the group cost is defined as the £-MEDIAN cost of the points in the
group. Thus, we can modify Algorithm 4 accordingly to obtain Algorithm 5
that has the following changes.

1. Upper Bounds. Observe that SOCIALLY FAIR 2-MEDIAN behaves
as a collection of WEIGHTED k-MEDIAN instances that correspond
to the groups. Hence, to compute the upper bound u(p) for p € P, we
need to consider the group costs. More precisely,

:= 2 x mi ball(p, 7)) > ——,
u(p) x%1§11§§;w5( (p,r) "

WheI‘e ws(ba”(p,r)) = Zp’eball(p,r)ms w(p).

2. While condition. In this case, we are interested in the group that
violates the present solution X.

3. Sampling. Similarly, we sample an e-witness from the violated
group according to the weight of points in that group.

The proof of the following lemma follows a similar line of reasoning to that
of Lemma 3.6.3.
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Lemma 3.6.4. With probability exp(-Q(1(s5)%)), Algorithm 5 finds
a (1+e¢)-approximate solution for SOCIALLY FAIR k-MEDIAN in time
0 (A (55) Llog (£)) polyn).

Algorithm 5: Algorithm for SOCIALLY FAIR £-MEDIAN
Data: Instance . =(M = (P,F,6),w : P — Rxo,k,# ={S1,---,Sm}), error
parameter ¢ € (0,1), OPT > 0, BALL INTERSECTION algorithm
€
Result: Solution X of cost at most (1 +¢)OPT if solution of cost at
most OPT exists
1 For each p € P, compute u(p) = 2-min{r | maxge» wg(ball(p,r)) > OPTr};
2 Sort P in non-decreasing order of u(p);
3 Mark p; € P if ball(p;, u(p;)) is disjoint from ball(p;, u(p;) for every j < i;
4 Let p@, ..., p*) be the marked points ;
5 Let @, = {(p®,u(p®))} for all x € [£'];
6 Let @, = ¢ for all x with ' <x <k;
7 Let X =(x1,...,x) be any set of centers where x, satisfies the requests
in Qx;
8 Let X =(x1,...,x%) be an arbitrary set of centers;
9 Let Q=9 for 1<k <k;
10 while 3S € & such that 3 _ s w(p)d(p,X) > (1+¢)OPT do

n | as—{pesion,0= 48

12 Sample an element p € Ag where Pr[p =a]=

w(a)d(a,X)
mes w(b)6(b,X)

for any
a€Ag;

13 | Pick cluster « € [k] for p uniformly at random,;

14 | Q—QuUip, FETN:

15 xXx — €(Qy) if no x, was found then fail ;

16 end

17 return X;

3.6.5 NORM k-CLUSTERING

In the final section, we will extend Algorithm 5 to NORM k£-CLUSTERING.
Recall that in NORM £-CLUSTERING, we are given an instance . = (M =
(P,F,6),k,f : [RIEJO — Rxg), where f is a monotone norm, and we want to
compute argminxycr x| f (6(P,X)), where 6(P,X):=(6(p,X))pep. The idea
is to use the result of Lemma 3.5.1 that allows us to treat an instance of
NORM £-CLUSTERING as an instance of SOCIALLY FAIR £-MEDIAN with a
possibly infinite number of groups. Thus, if we can extend our Algorithm 5
to the case where the number of groups can be possibly infinite, then we
can also compute a (1 +¢)-approximate solution for NORM .£-CLUSTERING.
This is precisely the idea of Algorithm 6.
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Algorithm 6: Algorithm for NORM .£-CLUSTERING
Data: Instance .# = (M = (P,F,5),k,f :RE; — R of NORM
k-CLUSTERING, error parameter ¢ € (0,1), OPT > 0, BALL
INTERSECTION algorithm €4
Result: Solution X of cost at most (1 +¢)OPT if solution of cost at
most OPT exists
1 For each p € P, compute u(p)=2-min{a>0|f(1,q)>OPT/a};
2 Sort P in non-decreasing order of u(p);
3 Mark p; € P if ball(p;, u(p;)) is disjoint from ball(p ;,u(p;) for every j < i;
4 Let p@, ..., p®) be the marked points ;
5 Let @, = {(p®,u(p™))} for all x € [£'];
6 Let Q= ¢ for all x with &' <x <k;
7 Let X = (x1,...,x;) be any set of centers where x, satisfies the requests
in Qx;
8 Let X =(x1,...,x;) be an arbitrary set of centers;
9 Let Qc=9 for 1<k <k;
10 while £(6(P,X))>(1+¢)OPT do
11 w — subgradient of f at 6(P,X);

12 | Ax—{peP15(p,X)= fib };

13 Sample an element p € Ax where Pr[p =a]=

w(a)d(a,X)
S peny w(6)3(6.X) for
any a € Ay;
14 Pick cluster « € [£] for p uniformly at random,;

5p.X) \.
15 QK — QK U {(p, (l(fg/l(); )},

16 X — €(Qy) if no x, was found then fail ;

17 end
18 return X;

It requires handling two issues of Algorithm 5.

1. Upper Bounds. Observe that in SOCIALLY FAIR £-MEDIAN, we
were interested in computing the maximum weight of a group in a
given ball. Even though we now have a possibly infinite number
of groups, we can still compute a group (subgradient) that has the
maximum weight in a given ball when given access to the evaluation
oracle for f. Let 1, , be the characteristic vector of points in ball(p, a).
Then, using Observation 3.5.1, note that

maxwg(ball(p,a)) =max g1, , = f(1,.4).
geof geof

2. While condition (Violating group). In this case, we are interested
in a group that violates the present solution X. Using the same
arguments as above, we have, for a given distance vector 6(P,X),

maxgTé(P,X) = f(6(P,X)).
geof
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We have the main theorem of this section as follows.

Theorem 3.6.1. Algorithm 6 finds a (1+ ¢)-approximate solution for
SOCIALLY FAIR k-MEDIAN with probability exp(-Q(A(5) %)) in time

0 (A (45) t1og (1)) polyn). )

3.7 Conclusion and Open Problems

In this chapter, we have introduced and defined a combinatorial property
of metric spaces known as the e-scatter dimension. Subsequently, we have
shown that a small e-scatter dimension is sufficient for obtaining an EPAS
for NORM k-CLUSTERING by designing an algorithmic framework that
is essentially oblivious to the underlying metric space and yet is able to
leverage the inherent structure of the metric space. The strength of our
framework lies in its simplicity and elegance, as it does not rely on coreset
construction. Moreover, it provides a unified approach that encompasses
existing EPASes for various clustering objectives in different metric spaces.
Furthermore, our framework yields new EPASes for advanced objectives
in diverse metric spaces.

Our result opens up several intriguing avenues for further research. One
interesting direction is to explore the e-scatter dimension of other graph
metrics, such as minor-free graphs. Additionally, improving the e-scatter
dimension of bounded treewidth graphs is of independent interest. In
terms of the algorithmic framework, it would be fascinating to extend it to
clustering objectives that go beyond norms. For instance, many objectives
impose specific constraints on how points are assigned to open centers,
such as capacity [6, 61, 50], different notions of fairness [21, 46, 45], and
diversity constraints [97, 122, 121]. These extensions present exciting
opportunities for future investigation.
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4. Clustering with Fairness and
Robustness Constraints

In the last chapter, we saw that the NORM 2-CLUSTERING problem is
quite general, and it captures clustering objectives that range from simple
and classical ones, such as £-MEDIAN, k-MEANS, £-CENTER to more com-
plex clustering objectives, such as SOCIALLY FAIR £-MEDIAN (ROBUST
k-MEDIAN) and (z,q)-FAIR CLUSTERING. Further, we designed an EPAS
framework for all these problems under metric spaces that have bounded
e-scatter dimension. More specifically, in Publication I, we designed an
EPAS for NORM %£-CLUSTERING for the continuous Euclidean metric space
(F =R%), using a relaxed notion of e-scatter dimension, called algorith-
mic e-scatter dimension, and showing that high dimensional continuous
Euclidean metric space has bounded algorithmic e-scatter dimension. How-
ever, it turns out that the algorithmic e-scatter dimension (and hence
e-scatter dimension) of the finite discrete Euclidean space (F c R?) is un-
bounded in ¢, and hence the framework of Publication I yields an EPAS for
this setting only when d = o(loglogn). In this chapter, we ask the question:
is this result tight, or does there exist an EPAS for larger dimensions? In
fact, our goal in this chapter, that is based on Publication II [2], is quite
broader — studying the complete parameterized approximability of a more
general problem in a more general metric space.

What exactly is the parameterized approximability of ROBUST (%, 2)-
CLUSTERING in doubling metrics with respect to parameter £?

Further, we also consider ROBUST (%,z)-CLUSTERING in high dimensional
finite discrete Euclidean space and show better approximation factors in
FPT time, bypassing the lower bounds of general metrics.

4.1 Algorithmic Fairness and Robustness
Algorithmic fairness, particularly fair clustering [1], has received sig-

nificant attention from the research community in the past half-decade.
The high-level goal here is to guarantee some notion of fairness in the
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4.1. Algorithmic Fairness and Robustness

chosen solution. In clustering, there are at least 10 notions of fairness
(see [1] for a survey and references therein). For example, [122] consid-
ers fairness in the facilities opened by avoiding under-representation and
over-representation of communities (this is the topic of our next chapter).
Similarly, there are notions of fairness in the clusters given by an algo-
rithm, such as Socially Fair, Individually Fair, and Proportionally Fair,
to name a few. In this chapter, we consider the SOCIALLY FAIR (%,z2)-
CLUSTERING problem, recently introduced independently by Abbasi et
al. [4] and Ghadiri et al. [70]. Here, we are given a clustering space (P,F,5)
and m groups Si,...,S,, where each group S; € P, and our goal is to open
k facilities in F, X c F,|X| = k, that minimizes the maximum cost of any
group, where the cost of group S; for X is the sum of weighted distances to
power z of points in S; to X. Thus, in some sense, the objective here is to
find a solution that is socially fair for the groups.

Another notion that has also been studied extensively in the algorithmic
community is the notion of robustness. The objective here, for example,
is to find a solution that is robust under uncertainty. For instance, in
clustering, the ROBUST (%,z)-CLUSTERING problem [8] is defined when
there is uncertainty in the input data set, and the goal is to find a solution
that is robust to these uncertainties. Mathematically, in this problem,
we are given a clustering space (P,F,5) and m scenarios Sy,...,S,, where
S; € F, that represent uncertainty in the input data, and the goal is to
open % facilities in F, X c F,|X| = k, that minimizes the maximum cost of
any scenario, where the cost of scenario S; for X is the sum of weighted
distances to power z of points in S; to X. Note the intriguing similarity
between the definition of this problem and that of SOCIALLY FAIR (%, 2)-
CLUSTERING- these are mathematically the same problems — however,
they originate in completely different contexts.

4.1.1 Problem Definition

Definition 4.1.1 (ROBUST (k,2)-CLUSTERING). Given a metric space (P,F,0)
with n = |P|, positive integer k, a weight function w: P — Rxq, and m groups
S1,...,S8m such that S; € P,P = Ujem1Si, find a k-element subset X < F that
minimizes maXie(m] ) _pes, W(P)O(p, X)°.

We remark that, in addition to generalizing .-MEDIAN and £2-MEANS,
the ROBUST (k,z)-CLUSTERING problem encapsulates .-CENTER, when
each group contains a distinct singleton.

Let # = (P,F,6),k,{S1,...,Sn}) be an instance of ROBUST (k,z)-
CLUSTERING. Let X < F. We denote by cost(S;,X) to be the (%,z)-
CLUSTERING cost of group S;, i.e., cost(S;,X) := ZpGSi w,8(p,X)?. Similarly,
we denote by cost(.#,X) to be the ROBUST (%,z)-CLUSTERING cost of .#, i.e.,
cost(.#,X) := maX;e[m] cost(S;,X).
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Chapter 4 . Clustering with Fairness and Robustness Constraints

4.1.2 Continuous and Finite Discrete Euclidean Space

For clustering problems in Euclidean space, it does matter what restrictions
we put on the set of facilities F. For example, when F = R?, called the
continuous case, k-MEANS is NP-hard even on a plane [125]; further, &-
MEANS is NP-hard in Euclidean space even when % =2 [7]. Similarly,
for polynomial time approximations, continuous £-MEDIAN is NP-hard
to approximate better than 2 [54], while for the discrete case when F c
R?, the best hardness of approximation is the factor 1+ Ve. Thus, the
polynomial time literature suggests that the continuous case is harder
than the discrete case. Surprisingly, in this chapter, we will show that, for
FPT time the opposite is true. Specifically, in the last chapter, we designed
an EPAS for continuous ROBUST (%,z)-CLUSTERING, while in this chapter,
we will show that the discrete counter part is hard to approximate, and
hence it does not admit an EPAS unless W[1] = FPT. We would like to
remark that, sometimes, we refer to finite discrete Euclidean space simply
as discrete Euclidean space.

4.1.3 Related Work

For polynomial time, Makarychev and Vakilian [103] design a
© (logm/loglogm)-approximation algorithm, which is tight under a stan-
dard complexity assumption [24] (In fact, the hardness result holds for
ROBUST £-MEDIAN even on a line metric). Hence, the recent focus of
the algorithmic community has been obtaining parameterized (FPT) ap-
proximation algorithms with better factors. In this direction, an FPT time
(3% + ¢)-approximation algorithm has been proposed and shown to be tight
under Gap-ETH [72]. When parameterized by the number of groups m (in-
stead of %), Ghadiri et al. designed a (5+2v/6 +¢)?-approximation algorithm
in n%("*) time [71].

4.2 Thesis Contribution

In Publication II, we answer the question asked in the introduction of this
chapter by making significant progress on the parameterized approxima-
bility of ROBUST (%,z)-CLUSTERING in discrete spaces. First, we show an
EPAS for the doubling metric of the sub-logarithmic dimension as follows.

Theorem 4.2.1 (EPAS for Doubling Metric of sub-logarithmic di-
mension). There is an algorithm that, given an instance of ROBUST
(k,2)-CLUSTERING in a metric of doubling dimension d, computes a
(1 + e)-approximate solution for the instance, for every ¢ > 0, in time

" O(k)
£k, d,e,2)polyim, n), where f(k,d,e,z) = ((%)dklogk) .
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Next, we complement the above result with a tight hardness result for
0O(logn) dimension Euclidean space.

Theorem 4.2.2 (Hardness of Discrete Euclidean). For any constant positive
integer q, it is W[1]-hard to approximate the discrete k-CENTER problem in
ROUE™) ynder the ¢, metrics to within a factor of (3/2 - MY for any positive
constant n > 0.

Finally, we consider the high dimensional discrete case and show that it is
possible to beat the lower bound of 32 — o(1) for ROBUST (%,z)-CLUSTERING
in general metrics.

Theorem 4.2.3 (High Dimensional Setting). There exists a universal con-
stant ng > 0.0006 such that for any positive integer z, there is a factor
3%(1—ng) FPT approximation algorithm for ROBUST (%,z)-CLUSTERING in
discrete R? that runs in time 20:%125) poly(m n,d).

In this chapter, we will prove a slightly weaker version of Theorem 4.2.1,
which captures all the essential ideas of the algorithm of Theorem 4.2.1.
We remark that these ideas are not only clean to present but are also
sufficient to get the result of Theorem 4.2.1.

4.3 Novelty of Results

4.3.1 EPAS for Finite Discrete Geometric Spaces

Our algorithm consists of two main components, both based on the stan-
dard techniques from the literature: instance compression and decom-
position of the doubling metric into smaller balls. However, it turns out
that a natural construction for these standard techniques for ROBUST
(k,z)-CLUSTERING faces serious information theoretic limitations, as ar-
gued next. A natural idea to compress a ROBUST (%,z)-CLUSTERING
instance is to reduce the number of groups since each group can be fur-
ther compressed using (k,z)-CLUSTERING coreset (such coresets exist [58]),
and hence this yields a much smaller instance. Suppose we can reduce
the number of groups to m’ < m, while approximately preserving the
cost for every solution, then we can obtain an EPAS as follows. First,
use a (k,z)-CLUSTERING coreset on every group of the compressed in-
stance to obtain another instance of ROBUST (%,z)-CLUSTERING that has
m' groups, each with g(k,e¢) points, for some function g. Note that this
compression is fine for obtaining an EPAS since the coreset of a group
approximately preserves the (k,z)-CLUSTERING cost of the group. Next,
enumerate all k-partitions of the points of every group to find a potential
solution, and finally, return the solution that has the minimum ROBUST
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Chapter 4 . Clustering with Fairness and Robustness Constraints

(k,2)-CLUSTERING cost. Unfortunately, since ROBUST (k,z)-CLUSTERING
captures k-CENTER and hence faces a coreset lower bound of 2%? in Eu-
clidean space of dimension d [16] on the number of new groups (and thus,
m' = 29@)_ Hence, the running time of this algorithm is &2““poly(n,m),
which is doubly exponential in d. But now, note that this algorithm matches
the running time of our algorithm from the last chapter (Publication I),
and hence does not yield an EPAS for sub-logarithmic dimension.

Further, note that it is not even clear how to extend the coreset of
k-CENTER to reduce the number of groups in an instance of ROBUST
(k,z)-CLUSTERING since, first, we would need a mapping between the
old groups and new groups, and second, it would be the bare minimum
requirement that such mapping should approximately preserve the Ro-
BUST (k,z)-CLUSTERING cost for every solution. Another possibility for
compressing the instance would be to reduce the number of points in P
instead of the groups and hope to design an EPAS that can exploit small P
(without bothering about the number of groups). Again, for this approach
to work, it is necessary to have a bijection between the old and the new
groups. But it is not clear if such a bijection exists because, in typical
coreset constructions, every point in the coreset P’ (of P) has a weight that
is the sum of the weights of the points in its local neighborhood in P, that
it is supposed to represent in P’. However, these points in P could possibly
belong to different groups, making it harder to map the groups.

The key idea of our approach is to work with an alternate and general
definition of groups that allows a point to participate in different groups
with different weights. In this new definition, instead of considering groups
as subsets of points, we consider each group as a weight function from
points to non-negative reals. This allows different weights to be assigned
to the same point by different groups (which can be of practical interest!).
Using this new definition, we can think of an approach that compresses the
points such that each point in the compressed instance can have a weight
for group g that is sum of the weights of nearby points in g that got filtered
out in compression. Thus, in a sense, this allows us to approximately
preserve the group costs. With this approach and some more technical
work that exploits the standard ball decomposition technique of doubling
metrics, we obtain a coreset for ROBUST (%,z)-CLUSTERING that can be
used to design an EPAS for doubling metrics of sub-logarithmic dimension.

4.3.2 Hardness

Our proof constructs an instance of the discrete £2-CENTER from an instance
of MULTI-COLORED INDEPENDENT SET problem, which is known to be
Will-hard. In MULTI-COLORED INDEPENDENT SET, we are given a k-
partite graph G with a k-partition of the vertices Vi,...,V}, and the goal is
to determine if there is an independent set that contains precisely one node
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from each set V;, i € [k]. The gadget in our construction is a set of nearly
equidistant binary code words. Such code words with relative Hamming
distance of roughly 12 and logarithmic length are known to exist (see Ta-
Shma [119]). The high level idea is as follows. We associate each vertex of
G a unique code word of suitable length ¢. Then, we generate a data point
in P for each vertex and edge of G by using the code word(s) associated
with the corresponding vertices. The construction guarantees the following
crucial properties: (i) The Hamming distance between the data points of
vertices is roughly ¢. (i1) The Hamming distance between a data point of
vertex v € V; and a data point of an edge e is roughly ¢ if e is incident on
Vi \ {v} and is roughly 3#/2 otherwise. (iii) The Hamming distance between
the data points of the edges is at least (close to) 3¢/2. Thus, the construction
forces us to we pick data points of vertices as centers in our solution and
guarantees that the optimum cost of the 2-CENTER instance is roughly ¢ if
and only if there is an independent set in G. As a result, approximating the
cost of the £2-CENTER instance better than a (roughly) (3/2)V¢ factor would
imply W[1]=FPT. That is because the cost of a .-CENTER instance is the
maximum ¢, distance between a data point and its closest selected center,
and hence, approximating this cost better than the mentioned factor allows
us to distinguish between YES and NO cases of an arbitrary instance of
MULTI-COLORED INDEPENDENT SET.

4.3.3 High dimensional Discrete Euclidean Space

We build on an idea from [72] that gives a factor-(3% +¢) FPT approximation
for the ROBUST (%,z)-CLUSTERING problem in general metric. Their result
crucially utilizes a simple property of metric spaces, which we call the
“projection lemma”: Let (Y,6) be a metric space, and B<Y. Then for any
set X €Y, there exists an assignment o: X — B such that, for all yeY, we
have 6(y,0(X)) <26(y,X)+6(y,B).

Intuitively, this lemma allows us to “project” any set X to o(X) < B in
a way that the distance 6(y,0(X)) can be “charged to” 6(y,X) and 6(y,B).
Goyal and Jaiswal [72] show how to use this lemma to devise a (3% +¢) FPT
approximation algorithm, and the number 3 in fact comes from the sum
of the coefficients (2 + 1) in front of 6(y,X) and 6(y,B). An obvious way to
try to improve this approximation factor is to reduce the coefficients in the
terms 6(y,X) and 6(y,B) in the lemma for the case when § is a Euclidean
metric. Unfortunately, this straightforward attempt would not work: These
constants are tight even for the line metric (see Figure 4.1).

We overcome this barrier via two ideas: (i) We allow a larger projection
space, that is, instead of B, we project X on a larger set that is efficiently
computable — the points in Y closest to the midpoints of pairs of points in
B, therefore define the midpoint closure of cl(B)=Bu {(ny(%l’l)) :b,b' € B},
where 7y (p) represents the closest point in Y to point p; notice that this
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Chapter 4 . Clustering with Fairness and Robustness Constraints

step crucially exploits the Euclidean space (so that the midpoints exist);
and (ii) we “relax” the requirement and only aim to upper bound the
projection distance among the “far” points in X. Given X and B, point yeY
is said to be e-far if 6(y,X) = €6(y,B) (intuitively, these are the points that
are sufficiently far from X compared to the distance from B). The rest of
the points are called e-near. We remark that each idea alone would not be
sufficient to get an improved result.

We show that this new assignment property is enough to derive an
improved FPT approximation for ROBUST (k%,z)-CLUSTERING in Euclidean
space. To achieve this, we find it necessary to separate the analysis into two
distinct categories: e-near and e-far points. Initially, we observe that the
approximation bound of [72] is tight for e-near points. However, the same
does not hold for e-far points for which we can “save” some approximation
factor. In the second part of our proof, we exploit the geometric inherent
properties of the Euclidean space to provide an improved approximation
factor specifically for the e-far points. To do this, we partition our analysis
into several individual cases. In each of the cases, we consider a special
“region” of the space, determined by the relative position of a point p with
respect to certain centers in the optimal solution O and in the bicriteria
solution B. Using intricate geometric arguments of the Euclidean metric,
we show the desired approximation factor for e¢-far points. Finally, we
demonstrate how a combined solution for e-near and e-far points achieves
the improved approximation factor.

Figure 4.1. Here is an example showing that the algorithm of Goyal and
Jaiswal [72] is tight even for line metric. Suppose o € O is an opti-
mum facility that serves client p, and b’ € B is a facility that serves
client p in B. Suppose by our assignment rule we have o(0) =b. We
assume, w.l.o.g, that o is at the origin of the coordinate system and that
b =(-1,0). Now suppose client p is within distance % from o and b/, i.e.,
p= (%,0), and b’ =(1,0). In this example the cost for optimum solution
is %, the cost for a solution B is % and the cost for the algorithm is %,
hence it shows that the algorithm is tight for the ratio and also for the
connection costs.

4.4 EPAS for ROBUST 2-MEDIAN (or SOCIALLY FAIR 2-MEDIAN)

In this section, we will show an algorithm for ROBUST £2-MEDIAN (i.e.,
ROBUST (%,2)-CLUSTERING with z = 1) in discrete finite Euclidean space.
This algorithm is cleaner and essentially has all the ideas of the algorithm
of Publication II for ROBUST (%,z)-CLUSTERING in doubling metrics.
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Theorem 4.4.1 (EPAS for Euclidean metric of sub-logarithmic dimen-
sion). There is an algorithm that, given an instance of ROBUST k-MEDIAN
in an Euclidean metric of d, computes a (1 +¢)-approximate solution for
the instance, for every € > 0, in time f(k,d,e)poly(m,n), where f(k,d,¢c) =

((%)dklogk)m).

Note that the above algorithm runs in FPT time for d = o(logn). We
also remark that the above result can be extended to the continuous R?.
Throughout this section, we assume that the weight aspect ratio %
and the distance aspect ratio %}m are bounded by poly(n), some
polynomial in n. We prove the theorem in two steps: first, in Section 4.4.1
we show an algorithm to obtain a coreset for the problem, and then, in
Section 4.4.2 we show how to use this coreset to get the algorithm of

Theorem 4.4.1.

4.4.1 Coreset for ROBUST 2.-MEDIAN

The idea for constructing a coreset for ROBUST £-MEDIAN (and ROBUST
(k,z)-CLUSTERING) crucially relies on the following alternate but general
definition.

Definition 4.4.1 (General Definition for ROBUST 2-MEDIAN). Given a
clustering metric space (P,F,6) with |P| = n, a positive integer k, a collection
of m group weight vectors W ={w:P — RL}, find a k-element subset X < F
that minimizes maxyey Zpep w,b(p,X).

Note that this definition generalizes Definition 4.1.1, by constructing the
weight vector wS for each group S such that wg =1if p € S and 0 otherwise.
Further, note that Definition 4.4.1 allows a point to participate in different
groups with different weights, which is not possible in Definition 4.1.1. We
have the following coreset for ROBUST £-MEDIAN.

Theorem 4.4.2 (Coreset for ROBUST £-MEDIAN). Given an instance % =
((P,F,06),k, %) of ROBUST k-MEDIAN in Euclidean space of dimension d
and € > 0, there is an algorithm that, in time (%)°® poly(n,m), computes
another instance %' = (P',F,6),k,#") of ROBUST k-MEDIAN such that P' <
P:|P'| = %)% PEklogn, and for every X = F,|X| =k, it holds that

(1-e)cost(.#,X) < cost(.#',X) < (1 +e)cost(.#, X).

We remark that the coreset .#’ obtained from this theorem has the same
number of groups as in the original instance .#. We will show later that
such a coreset is sufficient to get a parameterized approximation scheme
with parameters 2 and d. Further, the exponential dependency on d on the
point set size of the coreset is inevitable since ROBUST £-MEDIAN captures
k-CENTER, for which such a lower bound is known [29, 17].
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The Coreset Algorithm.

Algorithm 7: Coreset construction for ROBUST k-MEDIAN in R?
Data: Instance . = ((P,F,6),k,#') of ROBUST k-MEDIAN,
(a, B)-bicriteria solution B for .#
Result: Coreset .#' =((P',F,6),k,#') for .
1 Let P/ — @;
2 Let #” be collection of m weight vectors w’: P — R, such that w’' = 0;
3 Let 7 — max,ey llwlly;
4 Let R =cost(.#,B)/ar;
5 For each b; € B for j€{0,1,---,[2loganAl}, let ,%{ =ball(b;,2/R), and let
27 = 3! — 8/ with 20 = 2,
6 Decompose each ball 93{ into balls of radius each £2/R ;
7 Associate each point p € P to a smallest ball containing p breaking
ties arbitrary;
8 foreach i €[k] do
9 foreach j€{0,1,---,[2loganAl} do

10 foreach smaller ball t of %{ do

11 ifﬂp’emQ{ then

12 P'—Pup;

13 foreach we# do

14 Set the corresponding weight vector
wpl=3 o wlp');

15 end

16 break;

17 end

18 end

19 end

20 end

21 return ¢’ :=((P',F,6),k,#');

Algorithm 7 shows the detailed description for our algorithm for con-
structing the coreset for ROBUST 2-MEDIAN. The high-level idea is as
follows. The algorithm takes two inputs — an instance . = (P,F,8),k,#’) of
ROBUST k-MEDIAN and an (a, §)-bicriteria solution B for ., i.e., |B| < Sk
and cost(.#,B) < aOPT, where OPT denotes the optimal cost of .#. For our
purpose, we assume that a, f are some fixed constants greater than 1. Let
R= %“;(B), where 7 := maxgey |lwl||;. Let A= % be the weight
aspect ratio of .#. Then, for each b; € B and for j € {0,1,...,[2log(anA)1},
consider the balls ,93{ := ball(b;,2’R), and the corresponding rings QLJ =
B] - B, for j=1{1,--,[2log(anA)}, with 20 = 28°. First note that every
point p € P lies in some ball 38{, since 6(p,B) < %’:B) < %R <RanA. Next,

decompose every ball 93{ into smaller balls each of radius ﬁsz . Since
these balls can intersect, assume that every point p € P lies in exactly one
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smaller ball (for example, by associating p to the smallest ball containing
p, breaking ties arbitrarily). Finally, for every ball ,98{ and every smaller
ball ¢ of 8/ with |tn2/| # ¢, pick an arbitrary point p' € tn 2/ as the
representative of (the points in) ¢n Q{ , and add p’ to the coreset P’ with
group weight vectors as follows. For every group vector w € #, consider the
corresponding weight vector w’ € #’, and set w;,, = Zp ctn@i Wp-

We have the following guarantee about this algorithm.

Lemma 4.4.1. Algorithm 7 constructs a coreset %' =((P',F,6),k,W') of &
such that |P'| = 6(Bklog(an) (2)7?) in time 6(pkloglan) (%) PIpolyin,m),
assuming A = poly(n,m).

Proof. The bound on |P’| and the running time of Algorithm 7 follow from
the parameters used in the algorithm. We now argue that .#' is indeed a
coreset for .#. Let OPT be the cost of optimal solution for .#. Fix a feasible
solution X c F,|X| =k, and let @ € # be a maximizer of the ROBUST k-
MEDIAN cost of .# for X. We claim that, for any w’ € #”, it holds that

cost(w, X) — ecost(iw, X) < costw’, X) < (1 + €)cost(w, X),

where w € # is the corresponding weight vector to w’. To bound the error
due to the coreset, we partition P into two parts — one that contains points
close to B, i.e., points in % := U;¢| B|B?, and another part with points outside
%°. For p € P, let p’ € P’ be its representative in P’. First, consider the
points in 2°, and note that

Y w0 Y whew X Y w3 w,

a
peEBNP p'eB°NP’ peEBNP pEBONP

which is at most EO4PT, where we used 6(p,p’) < % for p e Z2°nP. On the

other hand, for p € P outside %°, note that 2/"'R < 6(p,B) < 2R, for some
j = 1. Hence, we have 6(p,p) < ZE < 925 Thys, we have

2e¢6(p,B)
D0 wpd@. X - Y wpopl XS Y wpdp.p)s Y wpt

peP\B° p'eP'\B° peP\B" peP\ B0

which is at most %. Now,

cost(w’, X) < cost(w, X) + eOPT
< cost(w, X) + ecost(iw, X) since OPT < cost(.#,X) = cost(i, X)

< (1+e)cost(,X) since cost(w,X) < cost(i, X).

Similarly, cost(w’,X) = cost(w,X) — ¢OPT = cost(w,X) — ecost(w,X) since
OPT < cost(w, X).
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Now, we finish the proof as follows.

cost(.#',X) = ma};;cost(w’,X) < (1+e€)cost(@, X) = (1 +¢€)cost(.£,X)
w'e’

On the other hand,
cost(.#’,X) = max cost(w’, X) = max cost(w, X) — ecost(iv, X) = (1 — e)cost(.#, X).
w'eW wewW

O

Proof of Theorem 4.4.2. We instantiate Algorithm 7 with the following bi-
criteria solution for ROBUST 2-MEDIAN due to [103]. The bounds follow
since a =0(1) and g=0(1).

Theorem 4.4.3 ( [103]). There exists a polynomial time algorithm for

ROBUST (%,2)-CLUSTERING that, for every y € (0,1), outputs at most 1%7/
eO(z)
1-y

centers whose cost is bounded by times the optimal cost.

O

4.4.2 EPAS for ROBUST £-MEDIAN

In this section, we describe the second algorithm that takes a coreset of an
instance of ROBUST £-MEDIAN and produces a (1+¢)-approximate solution.
By scaling the distances in the instance of ROBUST £-MEDIAN we assume
that the distances are between 1 and A’, for some number A’. Towards
this goal, first we show the following result based on Algorithm 8, when
A’ = poly(n).

Theorem 4.4.4. For any ¢ >0, Algorithm 8, on input .¢ = (P,F,5),k, W),
computes X € F : |X| < k such that cost(#,X) < (1+¢)OPT in time
(1e)®@R)(|P|log n)* poly(n, m), where OPT denotes the optimal cost of 9.

The idea of Algorithm 8 is based on the leader guessing approach
of [52] that exploits the smaller size of P. Consider some optimal solution
O =(01,''-,03), and let @ =(Q1,---,®Q}) be the corresponding clusters. Each
cluster @; can be identified by a closest point ¢; to o; in P. Let A; :=6(¢;,0;).
Then, note that in FPT time we can guess (arbitrary good approximation
of) 1; and ¢; for all i € [£] if |P| is small and the distance aspect ratio is
bounded polynomially. For correct guesses of (¢;,1;), for all i € [k], consider
the ball B; = ball(¢;, A;), and note that o; € B;. Now, observe that picking an
arbitrary facility f from each B; already gives a factor 3 approximation
since any point p served by o; in the optimal solution is now served by f,
which is at distance at most 21; <26(p,0;) from o;. Decomposing every ball
B, into smaller balls yields a (1 +¢)-approximate solution.
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Algorithm 8: (1+¢)-approximation algorithm for ROBUST £-MEDIAN
Data: Instance . = ((P,F,6),k,#) of ROBUST k-MEDIAN
Result: (1 +¢)-approximate solution X ¢ F
1 Let X — ¢@;
2 forall k-tuples (¢1,---,¢;) of P do

3 forall k-tuples (A1,---,A) radii of (¢1,---,¢}) that are power of
(1+¢10) do
4 for i e[k] do
5 ‘ B; — {55-ball decomposition of ball(¢;,1;)};
6 end
7 T; —{f € F | f is an arbitrary facility in ball b € %;} ¢ ;
8 forall k-tuples (t1,---,tp) of T1 x---x T}, do
9 if cost(.#,{t1,--- ,tz}) <cost(.#,X) then
10 | X —{t1, e ta)
11 end
12 end
13 end
14 end

15 return X;

aIf F =R? then T; — {x; € F' | xp is the center of ball b € %;}

Proof of Theorem 4.4.4.
First, we bound the runtime of the algorithm. The leader enumeration (first
forall loop) requires at most |P|* loops, one for each k-tuple of P. Assuming
A’ = poly(n), the radii enumeration (second forall loop) for the leaders
requires at most (%g%))k = (0 (logn/e))* loops using discretized steps of
size that is a power of (1+¢10). Finally, there are at most (V)?@*) many
k-tuples of Ty x --- x T}, since |T;| = (%)°@, yielding the claimed runtime.
For correctness, we will show that, for any group w € #, we have
cost(w, X) < (1 + e)cost(w,0), which implies cost(.#,X) < (1 + €)cost(.#,0),
where O = {o01,---,0;} is an optimal solution. Let II; be the set of points
in P served by o;, for i e [k]. Let ¢} €II; be a point in P that is closest to
0;. Let this distance be A}, i.e., A} :=6(¢},0;). We call ¢; as the leader of
I1; with radius A;. Let A} be the smallest number equal to some power
of (1+¢10) that is larger than A}. Then, note that A} > 1} > 5705, +€/10) Next,
consider the g5-ball decomposition of ball(¢;,1)), and let b7 be a ball con-
taining o;. Now, consider the iteration of the algorithm corresponding to
leader-radii enumeration (¢7,...,¢;) and (1},...,1},), and let (¢,...,t;) be the
centers considered by the algorithm for the balls (47,...,b6;). Then, for any
p €ll;,i €[k], we have that

« % € € € «
6(p,t}) = 8(p,00)+6(0,,t]) = 6(p,00) + 151} = 6(p,00) + (1+ To) A
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Therefore, 6(p,t}) < (1+¢€)6(p,0;). Hence, for any group w € #, we have
cost(w,X) = Zpepwpé(p,X) < (1+e¢)cost(w,0). O

Proof of Theorem 4.4.1.

Given an instance .¥ = (P, F,6),k,#) of ROBUST k-MEDIAN and an accu-
racy parameter ¢ > 0, we invoke Theorem 4.4.2 on .# with parameter ¢/10
to obtain a coreset .#' = (P',F,6),k,#") such that P’ P : |P'| = (%)° P klogn.
Then, we invoke Theorem 4.4.4 on ¢’ with parameter ¢/10 to obtain
X c F:|X| <k such that cost(#',X) < (1+¢/10)0OPT(#'), where OPT(.#') is
the optimal cost of .#'.

First, we analyze the overall running time. With [P’| = (%)@ klogn,
Theorem 4.4.4 runs in time ((?/e)dklogn)@(k)poly(n,m), leading to
((Q/e)dklogk)@(k)poly(n,m) as the overall running time as desired. For cor-
rectness, consider

cost(.#,X) < (1+e¢/10)cost(.#',X) by the coreset property
<(1+¢/10)20OPT(#") by Algorithm 4.4.4
<(1+¢/10)30PT(.¥) by the coreset property

<(1+¢)OPT(¥).

4.5 Conclusion and Open Problems

In Publication II, we give a comprehensive understanding of the parame-
terized approximibility of ROBUST (%,z)-CLUSTERING in geometric spaces
where the parameter is the number % of centers. We prove the following
results: (i) For a universal constant 1y > 0.0006, we devise a 3*(1—n¢)-factor
FPT approximation algorithm for ROBUST (%,z)-CLUSTERING in discrete
high-dimensional Euclidean spaces where the set of potential centers is
finite. This shows that the lower bound of 3% for general metrics [73] no
longer holds when the metric has geometric structure. (ii) We show that
ROBUST (k,z)-CLUSTERING in discrete Euclidean spaces is (v/3/2 — o(1))-
hard to approximate for FPT algorithms, even if we consider the special
case k-CENTER in logarithmic dimensions. This rules out an EPAS for the
problem, giving a striking contrast with the EPAS of Publication I for the
continuous setting where centers can be placed anywhere in the space. (iii)
However, we obtain an EPAS for ROBUST (k,z)-CLUSTERING in discrete
Euclidean spaces when the dimension is sublogarithmic (for the discrete
problem, Publication I provides an EPAS only in dimension o(loglogn)).
Our EPAS works also for metrics of sub-logarithmic doubling dimension.
In the context of open problems in this research, there are two intriguing
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directions for exploration. The first avenue of interest is to achieve an
approximation factor significantly better than 3% for the problem. Second,
on the flip side, it is also a compelling challenge to investigate whether
there are stronger lower bounds for the FPT-approximation algorithms.
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5. Clustering with Diversity Constraints

This chapter is based on Publication III [121] and studies another variant
of fair clustering, called diversity-aware clustering [123], that ensures
diversity amongst the selected clustering centers. Although most of our
results extend to other classical clustering problems, we limit our attention
to diversity-aware formulations of 2-MEDIAN and 2-MEANS.

5.1 Fair-Center Clustering

Consider the problem of selecting a committee of representatives for uni-
versity students. In classical clustering problems, the goal in hand is to
select this committee so as to minimize some clustering objective. For
example, in the 2-MEDIAN problem, we want to select a committee of size
k such that the total (average) distance of the committee to university
students is minimized. Here, the distance function, for example, can be
the shortest path distance on the social network graph of the students.
Although such (classical) formulations have been good enough for the
past century, the idea of focusing only on minimizing the cost function
(objective) fails to resonate with modern sentiments of equality, fairness,
and inclusivity. For example, in our problem of selecting a committee, a
student may not be comfortable talking to the committee if they feel the
committee is not sensitive to their beliefs or background, even though
they know people in the committee. On the contrary, having a committee
that over-represents some group is also not ideal. Thus, in addition to
minimizing the cost function, we would ideally want this committee to
be as representative of the students as possible. Such a formulation that
promotes diversity and inclusivity in the selected committee is known as
Diversity-aware clustering. In this problem, apart from the client set C, the
facility set F, and a metric d defined over them, we are additionally given
a collection of subsets over facilities, called groups. The groups represent
various profiles of the facility, such as expertise, gender, demographics, etc.
Additionally, we are given a lower bound r; requirement and an upper
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bound requirement R, for each group g. Any committee S c F of size %
over facilities is said to respect diversity-constraints if S contains at most
Rg and at least r, members from each group g. Our task is to select
a diversity-constraint respecting committee that minimizes a clustering
objective. Thus, such committees avoid both under-representation and
over-representation. Each member of the selected committee is called a
center. Once we have selected the centers, there is a natural way to cluster
the points in the client set: each client is assigned to the closest center.
Hence, this clustering formulation corresponds to fair-center clustering.

5.1.1 Related Work

Even though diversity-aware formulations of the clustering problems are
very recent [123], a limited variation [77], studied under the context of
content distribution network application, has been known for a decade.
This problem, known as RED-BLUE MEDIAN, is defined when we have two
disjoint groups and each group has only an upper-bound requirement. The
current best approximation factor in polynomial time is due to [68]. They
show that the local search algorithm yields a 5+ ¢ approximation. A more
general version of this problem, where the groups are disjoint, is called
PARTITION-MEDIAN. This problem is a special version of the MATROID-
MEDIAN problem [88], where the selected centers are required to form an
independent set under the given matroid. The best approximation factor,
due to [89], for this problem is 7.081 +¢ in polynomial time. When allowed
to use FPT time in %, [53] presents a (2 +¢)-approximation algorithm for
this problem. We remark that, in our diversity-aware formulation, it is
permissible for groups to intersect. This is essential because, in real-world
scenarios, groups can exhibit a more complex nature (such as groups based
on expertise sets), and hence PARTITION-MEDIAN is a restricted variant
of our formulation. Unfortunately, PARTITION-MEDIAN failed to receive
attention from the research community. On the other hand, formulation for
avoiding under-representation is due to [123], who showed NP-hardness,
fixed parameter intractability, and polynomial time inapproximibility to
any multiplicative factor for the problem.

For classical problems such as 2-MEDIAN, k-MEANS, and £-CENTER,
extensive efforts have been made to understand their approximibility.
While the best known approximation factor for 2-MEDIAN in polynomial
time stands at 2.675 due to [31], the best known lower bound is 1+ %
assuming P # NP [75]. Recently, [53] presented a FPT-approximation
algorithm for 2-MEDIAN that achieved the (1 +%.+¢) factor. They also
showed that this factor is essentially best for an FPT algorithm, assuming
Gap-ETH, a stronger version of ETH.
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5.1.2 Problem Definition

In this chapter, for ease of understanding, we will consider diversity-
aware formulation for 2-MEDIAN. Even though, in Publication III, we
consider diversity-aware formulations for 2-MEDIAN and 2-MEANS, our
algorithmic results actually hold for diversity-aware formulations for a
more generalized clustering problem called (%,z)-CLUSTERING, where the
objective is to minimize the sum of z/” power of distances. Further, as
mentioned before, the original diversity-aware formulation [123] is defined
only to avoid under-representations (each group has only a lower bound
requirement). In the following, we provide a more generic definition of
diversity-aware formulation that avoids both under-representation and
over-representation. This definition captures diversity and inclusivity
in the selected centers in a natural way. We would like to remark that
our algorithms in Publication IIT work for this general formulation of
the problem. Also, note that in this chapter, in order to be consistent
with Publication III, we slightly change the notation of the underlying
metric space.

Definition 5.1.1 (Diversity-aware £-MEDIAN (D1v-£k-MED)). Given a met-
ric space (U,d), a set C < U of clients, a set F < U of facilities, an in-
teger 0 < k < |F|, and a collection, called groups, 4 = {G1,---,G¢,G; < F
with integers 0 <r; < R; <k, the problem is find S c F, |S| = k satis-
fyving r; < |SNG;| < R; for all i € [t] such that the clustering cost of S,
cost(S) =" .o d(c,S) is minimized.

An instance of DIV-k-MED is denoted as I = (U,d),F,C,%,7,R,k), where
7(i):=r; and R(i):= R;. We denote by r = max;er;. Without loss of general-
ity, we assume that the distance aspect ratio A := 222 d®.7)

iy, dGr,y) is polynomially
bounded in U] [53].

5.2 Thesis Contributions

5.2.1 Hardness Results

When parameterized by &, .-MEDIAN is known to be W[2]-hard [75], the
corresponding diversity-aware formulation is also W[2]-hard. Note that the
trivial algorithm that exhaustively searches for a feasible solution runs in
time 0 (IFIk). Unfortunately, the following proposition says that even for
deciding whether or not the given instance of DIV-2-MED is feasible, this
is the best algorithm to hope for; in fact, it also rules out any multiplicative
factor approximation algorithm running slightly faster than the trivial
algorithm. The proof of this proposition follows from the reduction of [123]
from £2-DOMSET and observing that any factor approximation algorithm for
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D1V-£-MED in time & (|F|*~¢) solves the feasibility version of the problem
and hence solves k-DOMSET, contradicting SETH.

Proposition 5.2.1. Assume SETH. For all k =3 and ¢ > 0, there exists
no O (IF|*=) algorithm to solve DIV-k-MED (DIV-k-MEANS resp.). Fur-
thermore, there exists no O (IF Ik‘e) algorithm to approximate DIV-k-MED
(D1V-k-MEANS resp.) to any multiplicative factor.

The tractability of DIv-k-MED gets even worse: the problem does not
admit an FPT algorithm even when we are allowed to open f(k) centres for
any function f. This follows from the result of [116] that rules out finding
a dominating set of size f(%) for any f in FPT time.

Proposition 5.2.2. For any function f, finding f(k) facilities to approxi-
mate DI1V-k-MED (DI1vV-k-MEANS resp.) cost to any multiplicative factor in
FPT time with respect to the parameter k is W[1]-hard.

Furthermore, it may be promising to consider other natural parameters of
the problem and design an FPT algorithm with these parameters. However,
this approach is also futile. For example, having an FPT algorithm for the
problem with parameters ¢ and & implies an FPT algorithm for 2-MEDIAN
since DIV-£-MED captures .-MEDIAN when ¢ = 1 (recall that ¢ represents
the number of groups). Similarly, adding more parameters such as the
maximum lower bound r = max;c;;7; and the maximum number of groups
to which a facility can belong p:=maxicr |G; €9 : f € G;| are also unlikely
to help since they are bounded from above by % and ¢, respectively.

Proposition 5.2.3. Finding an optimal solution for DIV-kE-MED
(D1V-kE-MEANS resp.) is W[2]-hard with respect to parameters (k,r, u,t).
Given such a bleak outlook for the tractability of the problem, we relax
our requirement further and ask if we can approximate the problem in FPT
time by adding more parameters. We present a tight FPT-approximation
algorithm parameterized by (%,¢) and answer this question positively.

5.2.2 Algorithmic Results

Our main result in Publication III is the following FPT-approximation
algorithm for DIv-£-MED with a tight approximation factor.

Theorem 5.2.1. There exists a randomized (1+ %e +¢)-approximation al-
gorithm for DIV-k-MED, for € >0, running in time f(k,t,¢)- poly(|U|), where

k
f(k,t,e)=0 ((EZ; fjgl("lgfg) > Further, assuming Gap-ETH the approximation

ratio is tight for any FPT algorithm parameterized by (k,t).

Recall that ¢ denotes the number of groups. A surprising element of
the above theorem is that, when allowed to use additional parameter ¢,
it matches the approximation factor guarantee of .-MEDIAN, which is a
considerably simpler version of our problem.
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5.3 Key Ideas of the Algorithm

Our algorithm is based on the simple idea of finding feasible constraint
patterns for the given instance and then finding an approximate solution
for each feasible constraint pattern. First, we define what we mean by
a feasible constraint pattern. Let ((U,d),F,C,4,7 R,k) be an instance of
D1v-£-MED. For each group f € F, let }§, € {0,1} be the characteristic vector
of f with respect to ¥, i.e., for i € [¢],7;(i):= 1 if f € G;, otherwise 0. Next,
for each ¥y € {0,1}!, let E(}) denote all the facilities whose characteristic
vector is 7, i.e., E(}):={f € F | }; =7}. Finally, let & ={E(}) |y €{0,1}"}. Note
that & induces a partition on F. For @,5 € {0,1}!, we use the notation @ =
when @(i) = b(;) for all i € [¢].

Definition 5.3.1 (Feasible constraint pattern). Let I = (U,d),F,C,9,7 R k)
be an instance of DIV-k-MED. Let W = {E(y;,),---,E(yi,)} be a k-multiset,
where E(y;,) € &. Then, the constraint pattern associated with W is the
vector W obtained by the element-wise sum of the characteristic vectors
{yi,,-+*,7i,}. A constraint pattern W is said to be feasible for I if 7 <W <R.

The following lemma says that we can enumerate all feasible patterns in
FPT time in ¢&. The proof is straightforward: for all Z-multisets W of &, we
check that the corresponding constraint pattern W is feasible for I.

Lemma 5.3.1. Given an instance I = ((U,d),F,C,%,7,R,k) of the
Di1v-£-MED problem, we can enumerate all feasible constraint patterns
for I in time 0* (2%).

Note that once we have a feasible constraint pattern W =
{E(y;), -, E(yi,)} for I, then choosing an arbitrary facility f; from each
E(y3,), for j €[], forms a feasible solution Sy < F to I. However, to obtain
a solution with a good approximation factor, we will use ideas from [53].
In the following, we will show a slightly weaker result of obtaining a
3-approximation algorithm that illustrates the key ideas of the algorithm.

Theorem 5.3.1. There exists a (3+¢)-FPT approximation algorithm for € >0
for D1v-k-MED.

Proof sketch. Let I = ((U,d),F,C,4,7R,k) be a given instance of
Div-£k-MED. Assume, without loss of generality, that I is feasible.
Algorithm 9 presents the detailed description of our algorithm.
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Algorithm 9: Algorithm for D1v-£-MED
Input: An instance I = ((U,d),F,C,%,7,R,k) of DIV-k-MED, error
parameter ¢ >0
Output: A (3 +¢)-approximate solution 7 for I
1 foreach 7 €{0,1}' do
2 | EG)—{f eF:¥=)sh
3 end
4 & —{EF):7€{0,1}%};
5 C' — CORESET((U,d),F,C,k,v —€/16);
6 T" —o;
7 foreach multiset {E(y,),--- ,E(y,)} € & of size k do

8 | ifR=Y,. 7 =7 element-wise then

9 Duplicate facilities to make subsets in {E(y;),...,E(¥,)} disjoint;
10 T — k-MED-£-PM(U,d) {E(Y), - ,E(Y},)},C’,€/4) ;

// Algorithm 10

11 if cost(C’,T) < cost(C’,T*) then

12 T T,

13 end
14 end
15 end

16 return T*;

Algorithm 10: Algorithm for 2-MED-£-PM
Input: An instance J =((U,d),{E1,---,E;},C") of k-MED-£-PM, error
parameter ¢’ >0
Output: A (3 +¢/)-approximate solution S* for
1 8% —@,n—ec/2;

2 foreach ordered multiset {c; ,-

~,c; Y C' of size k do

3 foreach ordered multiset A={A;,---,A;,} such that 1;, <[[Al,] do
4 for j=1to k do
5 | S;— arbitrary facility in I1; := (f € E; | d(c] , f) < Ai,};
6 end
7 S = Ujern1S;
8 if cost(C’,S) < cost(C',S*) then
9 | S*—s;
10 end
11 end
12 end

13 return S*;

Analysis. Let F* = (f{,---,f;) be an optimal set of facilities arbitrarily
ordered. Let OPT denote the cost of F*. Let W* = EFp), ,E(ng )). Ob-
serve that W* is a feasible constraint pattern for I. Further, let ¢] € C
be the closest client (breaking ties arbitrarily) to f;*, and let d(c},f)=A].
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Let Iy ={f e E(§f:) | d(f,c]) = A;}. Now consider the solution F=(f1,-,f,
where f; is an arbitrary facility in ITY. We claim that F is a 3-approximation
to I.

Claim 5.3.1. cost(#) < 30PT.

Proof. First, note that d(f i»f)=2A;. Consider ¢ € C, and suppose c is
connected to f;* in F*. Then, note that

d(c,F)<d(c,f) <d(e, fi)+d(f7, ) <3d(c,f),

since A} <d(c,f;). Hence, cost(F) =Y ..o d(c,F) < 30PT. O

Thus, it remains to show how to compute I}, ¢}, and A7, for all i € [k] in
FPT(%,t) time. We will show an enumeration procedure that enumerates
all possible (11, ,A%), (c1,---,cg) and (I1y,--- ,II;) and construct a potential
feasible solution ¥, and return ¥ with minimum cost. First, we will show
how to compute c¢; and A} in FPT(%) time. For (1],---,1}), we use standard
discretization procedure to discretize the distance in the multiples of (1 +¢),
for some ¢ > 0. This discretization procedure enumerates all distances
(A1,---,A%) and runs in FPT(%) time due to our assumption that the distance
aspect ratio A is polynomially bounded in |I|. Now to compute (c7,---,c}),
note that we can enumerate all 2-tuples (c1,--,cp) in time @ (ICIk). To make
this running time FPT(%), we use the fact that |C| can be made ¢ (klog|C|)
using coresets, by some loss in the cost function. Roughly speaking, C’
is a coreset for C if the cost of every subset S c F,|S| <% in C’ is within a
factor (1+¢) of the cost of S in C. The following result provides us with the
coreset of desired size for k.-MEDIAN. However, note that the coreset for
k-MEDIAN is also a coreset for DIV-2-MED.

Theorem 5.3.2 ([64], Theorem 4.9). Given a metric instance I =
(U,d),C,F,k) of the k-MEDIAN problem, for each v >0, & <31, there
exists a randomized algorithm that, with probability at least 1-6,
computes a coreset C' < C of size |C'| = @(V’Z(kloglUlHog%)) in time
0 (k(U|+k)+1og? 21og?|U]).

Finally, we will show how to compute (I}, ---,II;) in FPT(%,¢) time. Recall-
ing Lemma 5.3.1, we can enumerate all feasible constraint patterns for I
over & in time G* (Ztk). Hence, during enumeration, some iteration will cor-
respond to the k-multiset W* =(E(},),---,E(},)), whose constraint pattern
is a feasible constraint pattern due to F*. This, together with the above
enumeration for (11,---,Az) and (c1,---,cp) allows us to compute (I1y,---,I1;)
in FPT(%,t) time. For each possible combination of enumerations, we com-
pute a potential feasible solution ¥, and we return ¥ with the minimum
cost. Note that the errors due to discretization and coresets result into
a loss of (1+¢) factor in the approximation, yielding (3 + ¢)-approximate
solution. O

77



5.4. Conclusion and Open Problems

5.4 Conclusion and Open Problems

In Publication III, we provide a complete characterization of the param-
eterized complexity of DIV-£-MED (and DI1vV-2-MEANS). In particular, we
showed an FPT-approximation algorithm with a tight approximation factor
for D1v-£2-MED (and Di1v-2-MEANS). Furthermore, this approximation
factor matches that of 2-MEDIAN, which is a special case of D1v-£-MED.

It is worth noting that the FPT-inapproximibility results for D1v-2-MED
primarily arise from the challenge of finding a feasible solution (or finding
a diversity-constraints respecting solution), which essentially boils down to
solving the HITTING SET problem. Consequently, an interesting direction
of exploration lies in investigating the polynomial time approximibility
of D1v-£-MED for instances where finding a feasible solution is relatively
straightforward. For example, consider cases where the groups are disjoint.
In such scenarios, finding a feasible solution is easy. This particular
setting can be viewed as a special case of MATROID-MEDIAN, where the
underlying matroid is derived from the groups’ partition. Notably, this
setting inherits the polynomial time (7.081 + ¢)-approximation factor of
MATROID-MEDIAN [89]. Consequently, a pertinent question arises: Is this
factor the best achievable approximation ratio for DIv-£-MED with disjoint
groups? Additionally, exploring inapproximability results in this setting
would present an interesting research problem. Finally, studying the
problem under specific metrics such as bounded treewidth, planar metrics,
and other graph metrics opens up additional avenues of investigation and
is likely to yield valuable insights.
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6. Parameterized Complexity of
Compact Set Packing

This chapter is based on Publication IV [69] and studies the parameterized
complexity of a fundamental NP-hard problem called SET PACKING in a
“compact” regime. The SET PACKING problem is given a set system (%,.%)
and a positive integer r to find r sets in . that are pairwise disjoint. That
is, we want to find a packing of r sets in .#. This problem is also known
as the HYPERGRAPH MATCHING problem in graph theory. To see the
equivalence, note that we can view the elements of % as the vertices of
a hypergraph H with sets in .# as its hyperedges. Thus, the problem of
finding an r-packing in (%,%) is the same as finding a matching of size
r in H. This problem is one of the fundamental problems in combinato-
rial optimization with numerous applications [127]. While this problem
captures many classical combinatorial problems such as maximum inde-
pendent set (or maximum clique) [9], 2-dimensional matching, and other
graph packing problems [44, 80], this generalization also makes the prob-
lem intractable in several regimes. For instance, the trivial algorithm
that enumerates all r-sized subsets of ¥ running in time ¢* (|.#|") is the
(asymptotically) fastest algorithm to hope for, unless Exponential Time
Hypothesis (ETH) fails. Similarly, even finding non-trivial approximations
to the problem is notoriously hard [81, 78]. To combat these negative re-
sults, several restrictions on the problem have been studied. For example,
in the £-SET PACKING problem, we have the additional restriction that
the sets in . are bounded in size by k. This problem has received a great
deal of attention from the research community. However, it turns out that
k-SET PACKING captures the independent set problem in bounded degree
graphs, which again is a notoriously hard problem to approximate [10, 19].
On the algorithmic front, the best known approximation for this problem is
(B +1+¢)/3[42, 59], while the lower bound has been stuck at Q(k/Ink) [82]
for almost two decades now.

Another regime where SET PACKING has been studied extensively is
the parameterized complexity regime. Here, the problem is known as
PARAMETERIZED SET PACKING (PSP) with parameter r. Unfortunately,
PSP remains intractable and is, in fact, W[1]-complete [63]. Even from the
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parameterized approximations perspective, the problem does not admit
any non-trivial factor [36], assuming Gap-ETH, a stronger version of ETH.
Very recently, assuming a weaker hypothesis of FPT # W[1], [114] ruled out
an FPT algorithm that can find a packing of size r/r/H") for any increasing
function H(-), when given a promise that there is an r-packing in the
instance. Thus, SET PACKING is a notoriously hard problem in almost all
computational regimes, even with restrictions.

In this chapter, in the quest for tractable instances, we consider yet an-
other restriction of SET PACKING, which we call the compact regime. Here,
we study the computational complexity of PSP on compact instances — in-
stances that have a small universe. More precisely, in the COMPACT PSP
problem, we have that |%| = f(r)- ©(poly(log|#|)), for some function f(r)=r.
Apart from algorithmic motivation, compact instances have recently been
used as an intermediate step to show FPT-inapproximibility of (non-
compact) classical problems (see, e.g., [25, 99] where the compact in-
stances were used in proving FPT-inapproximability of the k-EvenSet
and Dominating Set). Recently, [101] showed that the compact version
of SET r-COVERING is W[1]-complete, while it is known that the corre-
sponding non-compact problem is W[2]-complete. We hope that studying
COMPACT PSP would lead to some ideas that would be useful in proving
tight FPT inapproximability of PSP (that is, to weaken the Gap-ETH as-
sumption used in [36]). We would like to remark on the choice of defining
compact instance on a small universe size and not on a small |#|. Note
that, when |.%| = f(r)- O(poly(log|%|)), the enumeration algorithm running
in time 0* (|.#|") already yields an FPT algorithm [33].

6.1 Compact Regime

Definition 6.1.1 (PARAMETERIZED SET PACKING (PSP)). Given a col-
lection of sets # ={S1,...,Sn} over an universe % ={es,...,e,}, an integer r
which is also the parameter, the PSP problem asks if there is a collection
of sets ' < % such that |#'|=r and S;nS;=¢ for every S; #S;€ &'. An
instance of PSP is denoted as (%, ,r).

COMPACT PSP is defined when the instances have |%| = f(r)-poly(log|#]),
for some function f(r)=r.

6.2 Existing Works

In this section, we compare our contribution with existing works to high-
light its significance. To our best knowledge, the compact version of com-
binatorial problems has not previously been formalized and investigated.
However, several existing reductions already imply the hardness of a com-
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pact version of some of the combinatorial problems. Here we review and
compare the related results.

Our Contribution. As far as we know, there are no results showing W[1]-
hardness of COMPACT PSP, and hence the corresponding dichotomy (The-
orem 6.3.1). The key contribution of Publication IV is to show the hardness
result for COMPACT PSP. On the way, we also show an ETH-based almost
tight running time lower bound for COMPACT PSP, with tight (up-to logr
factor) universe size |%| = r-0(log|.#|). Interestingly, we show both of these
results with a single FPT reduction. In addition, we extend our framework
to improve the running time lower bounds for COMPACT r-VECTORSUM.

Next we survey some known hardness results for SET r-COVERING in
the compact regime and argue their limitations in extending them to PSP.
In particular, [85, Lemma 25] shows a reduction from SGI to a variant of
SET r-COVERING called COMPACT EXACT r-COVERING, where we want to
find an r-packing that is also a covering (in fact, they show hardness for
COMPACT SET r-COVERING. But a closer inspection of their construction
shows that the intended set cover is also a packing). The high-level idea of
the construction is similar to ours: first assign each vertex of G a logarithm-
length binary pattern vector. Then, create two kinds of sets: V-sets that
capture the mapping of the vertices and E-sets that capture the mapping
of edges. The idea is to use the pattern vectors to create these sets so
that there is an isomorphic copy of H in G if and only if there are |Vy|
many V-sets and |Ey| many E-sets covering the universe exactly once.
However, if we consider the soundness (No case) proof of this reduction,
then it crucially relies on the fact that no candidate solution can cover the
entire universe exactly once. In fact, it is quite easy to find r sets that
are mutually disjoint but do not form a cover. Therefore, it fails to yield
hardness for COMPACT PSP.

The heart of our construction lies in ensuring that, in the No case, any r
sets intersect. To this end, we construct a combinatorial gadget called the
Compatible Intersecting Set System (ISS) pair. This gadget is a pair of set
systems («/,9%) over a universe U that guarantees two properties: First,
every pair of sets within each set system intersects, and second, for any
set a € o/, there exists b € 2 such that a intersects every set in % except b.
Further, we present a simple greedy algorithm that finds such compatible
ISS pairs («, %) over a universe of size N, each having roughly 2%®) sets.
Note that this gadget, which we use to build our compact hard instance,
also has a “compact” universe. While, on the other hand, [115] shows
COMPACT SET r-COVERING is W[1]-hard using a reduction from £-CLIQUE
to SET r-COVERING with r = @(k?) and |%| = r¥2-@(log|#|), but does not
yield a tight ETH-based running time lower bound. In contrast,[111] shows
such a tight ETH lower bound for COMPACT SET r-COVERING: requiring
time |.#|“", which can be easily modified to obtain a similar running
time lower bound for COMPACT EXACT r-COVERING (by reducing from
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1-IN-3-SAT, instead from 3-SAT).

6.3 Thesis Contribution

The main result is the following dichotomy of PARAMETERIZED SET PACK-
ING.

Theorem 6.3.1 (Dichotomy). The following dichotomy holds for PSP.
o If|1%| = f(r)-o(log| &), for any f, then PSP is in FPT.
e PSP remains W[1]-hard even when || =r-O(log|.#|).

The algorithmic result follows from well-known dynamic programming
based algorithms [26, 60] that run in time 0*2%!), which is FPT time
when |%| = f(r)o(log|#]). The main contribution of this work is the W[1]-
hardness of PSP even when |%| = r-0(og|#|). To this end, we show an
FPT-reduction from SUBGRAPH ISOMORPHISM (SGI) to COMPACT PSP.
The hardness result follows since SGI is W[1]-hard. In fact, our hardness
result can be strengthened by assuming the Exponential Time Hypothesis
(ETH) [60] to obtain the following result.

Theorem 6.3.2. COMPACT PSP requires time |#|271°8") even when |%| =
r-0O(og|#|), unless ETH fails.

The result of Theorem 6.3.2 follows from the ETH-hardness result of SGI
due to [104] and from the fact that the hardness reduction of Theorem 6.3.1
is parameter preserving up to a multiplicative constant. Note that since
PSP can be trivially solved by enumeration in time O* (|.#|"), the above
result says that, even for the compact instances, this is essentially our best
hope, up to a log factor in the exponent. An interesting consequence of the
dichotomy theorem coupled with Theorem 6.3.2 is the fact that, as soon as
instances get asymptotically smaller, not only do we beat the enumerative
algorithm, but we actually obtain an FPT algorithm. We would like to
remark that the universe size in Theorem 6.3.2 is tight (up-to logr factor)
since having |%| = o(r/logr)-©(log|.#|) would already allow |.#|°0/1°¢") time
algorithm. Further, note that for W[1]-hardness, it is sufficient to have
|%| = f(r)-O(og|.#)), for some f, since we can add f(r)—r new sets each with
a unique dummy element and inflate the parameter to f(r). However, this
is not true for ETH-based running time lower bounds, as such inflation fails
to transfer the lower bounds asymptotically. Finally, we would like to point
out that after our article was made public, Huairui Chu [48] improved the
lower bound of Theorem 6.3.2 to rule out || time for COMPACT PSP.

Further, we extend the construction of our framework (Theorem 6.3.3)
to improve the running time lower bound (matching the trivial up-
per bound up to a log factor in the exponent) for the compact version
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of r-VECTORSUM: Given a collection 6 of N vectors in F§ and a tar-
get vector b € F, r-VECTORSUM asks if there are r vectors in % that
sum to 5. COMPACT r-VECTORSUM is defined when d = £(r)-poly(logN),
for some f(r) = r. The present bound of [25] rules out N°V" time for
COMPACT r-VECTORSUM under ETH.

Theorem 6.3.3. COMPACT r-VECTORSUM requires time N/1087) epen
when d =r-0(ogN), unless ETH fails.

6.4 Notations

For a graph G =(V,E) and a vertex v € V, denote by N(v), the set of ver-
tices adjacent to v. For a finite universe U and s c U, denote by s as the
complement of s under U, i.e., §:= U \s. Similarly, for a family of sets
S ={s1,--,sp} over U, we denote by comp(S) = {s1,---,5y}. Further, for a
subset s €U and a sub-universe U’ c U, denote by s |y’ the restriction
of s on sub-universe U’, i.e., s |y:= snU’. Similarly, for a family of sets
S ={s1,---,sp} over U, denote by S |y as the restriction of every set of S on
U’ ie., S|y:={s1ly’, - ,sm lu’}. For a set system A =(Ux,S4), we denote
the complement set system by A = (U4,comp(S4)). For s,t U, we say s and
¢t intersect if snt # @.

6.5 Key Techniques

In this section, we show an alternate and simplified proof of Theorem 6.3.1
that highlights all the essential ideas of the proof in Publication IV. Note,
however, that this proof yields a slightly weaker lower bound under ETH,
and hence a weaker result than Theorem 6.3.2. First, let us define an
alternate but equivalent definition of 2-CLIQUE.

Definition 6.5.1 (.-CLIQUE). Given a positive integer k and two graphs
G =(V,E)and H = (W,F), where H is a complete graph on k vertices and
parameter k, the k-CLIQUE problem asks if there is an isomorphic copy of
Hin G.

We will show the following reduction that implies the hardness result of
Theorem 6.3.1 since the reduction produces an instance of COMPACT PSP.

Theorem 6.5.1. There is an FPT-reduction that, for every instance % =
(G =(V,E),k) of k-CLIQUE with |Vg| = n and |Eg| = m, computes an instance
I =, 1) of PSP with |%| = O(klogn), |#|=nk+m(%), and r=k+ (%)
such that G has a k-CLIQUE if and only if ¢ has a packing of size r.
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To prove the above theorem, we first define the gadget used in this
reduction.

6.5.1 Compatible Intersecting Set System Pair

A set system of = (Uya,S ) is called an (M, N)-intersecting set system (ISS) if
it contains M sets over N elements such that every pair s,# € S4 intersects.

Definition 6.5.2 (Compatible ISS pair). Given two ISS «f =(U,S,) and
B =(U,Sp) on a universe U, we say that (sf,9) is a compatible ISS pair if
there exists an efficiently computable bijection [ :S s — Sp such that

* (Complement partition) Vs € S4, s and f(s) form a partition of U, and
e (Complement exchange) Vs €S a, ofs :=(U,(Sa \{sHu{f(s)}) is an ISS.

Since f is a bijection, we have |Sa| =|Sgl, and V¢ € Sp, the set system
B, = U, (Sp\{tHu{f 1)} is also an ISS. Also, for (s,t) € (Sa,Sp), if sut =U,
then # = f(s).

The following lemma, whose proof is present in Publication IV, efficiently
constructs a compatible (M,N)-ISS pair that has a small universe, which
is the key to our hardness proof.

Lemma 6.5.1. For even N =2, we can compute a compatible (M,N)-ISS
pair (o, B) with M = 2N?1 in time polynomial in M and N. Further, B = <.

6.5.2 Proof of Theorem 6.5.1.

Let V ={vy,---,v,}, and we fix an ordering of vertices of V. For simplicity,
we fix the natural ordering, i.e., v; <v; if i < j. Further, assume vertices in
an edge are ordered in the same way, i.e., E 3 e = (v;,v;) if i < j. Similarly,
let W ={w1, -+ ,wp}, and we again use the natural ordering on the vertices of
W. Let («#, /) be the compatible (M,N)-ISS pair given by Lemma 6.5.1, for
N =2[log(n+1)]+2. We call o =(Uy4,S4) and o =(Ua,comp(Sy)) as the base
ISS gadgets. Let Sy ={s1,---,syu}. Since M =2N2-1 > p every v; € V can
be identified by the set s; € S5 corresponding to the index i € [M]. We will
use k(k — 1) copies of («£,/) to create an instance _¢ = (%,.%,r) of PSP as
follows. For each w; e W and wj € N(w;), we create a copy of («£V-/), #U1)
of («,</). Note that we create two distinct copies — (V) U7y and
('), D), one for each w;,w; € W. Further, for each j €[], we define
Ui = ij,e Nw;) Ug’j ). The universe % of JZ is the union of all the universes

Uy, ie.,
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The sets in ¥ are of two types: V-sets and E-sets, as defined below.
V-sets: For v; € V and wj € [k], we create a set S,,..,,; as follows.

(5]
Spiew; 1= U s

wjeN(w;)

E-sets: For each edge (v;,v;) € E and for (wj,w;) € F, we create a set
S 3,0,)(w;,w ) 88 follows.
=G sGND
S(Ui,Ui’)‘_’(wj,wj’) = Sij ! Usi]’ /
. — k
Parameter: Set r:=k + (2)
This concludes the construction. Before we prove its correctness, we

note the_ size of the constructed instance, ¢. First, r = ©(k2). Then, |%|=
Sk U=k (k- DN = 6(klogn), and |#| = nk +m (%).

Yes case. Suppose there is a £k-CLIQUE @ = {v;,,...,v;,} €V in G, where
the vertices of @ are in the natural order. Then, consider the fol-
lowing collection of V-sets and E-sets: Ty := Uje[k]SUinwj and Tg :=
U(vij,vij, YeE S(Uij,vij, )—w;w;), and let T'=Ty uTg. Note that these sets exist
due to our construction and the existence of @. Further, |T|=|Tyv|+|Tgl =
k+ (’;), as required. Now, we claim that T forms a packing in ¢. Towards
this goal, note that it is sufficient to show that T lUﬁ; forms a packing for
all wje W. Further, it is sufficient to show that T |UX’j’) forms a packing for
w; €W and wj € N(w;). However, this is true since

— _ G 5GD
T |UX'.J")— {Tv |UXJ")7TE |UX,j’)} = {Sij »Si; 3.

No case. Suppose there is an r-packing7<Sin ¢. Let Ty cTand Tg T
be the V-sets and E-sets of T. Note that our construction lets us identify
V-sets and E-sets in T. First, observe that |Ty| =% and |Tg| = (g) This
is because sets in Ty form a packing, and each set in Ty blocks (¢ — 1)N
elements of Ui\’ for some j € [k], due to the intersecting property. Since
|%| = k(k—1)N, it follows that |Ty| < k. Similarly, sets in T form a packing,
and each set in Tg blocks 2N elements of %7 due to the intersecting property.
Hence, |Tg| < (é) Now since |Ty|+|Tgl =% + (’;), it must be that |Ty| =%
and |Tg| = (’;) The following lemma is crucial for this case.

Lemma 6.5.2 (Covering Lemma). T covers %.

Proof. Note that each set in Ty contains (k2 — 1)N/2 elements of %, and
each set in Tg contains N elements of %. Hence, Ty contains k(k — 1)N/2
elements of %, and Tx contains (’;)N elements of % because |Ty| =% and
|Tg| = (};) Since T is a packing, it holds that T covers exactly £(k—1)N = |%]|
elements of %. O
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Next, we need the following claim that relies on the above covering
lemma.

Claim 6.5.1. For 1<j<j <k, ifSUinj,SUi,ij, € Ty, then S(vi,vir)*—»(w_,-,w
TE.

Rk

~(7.J)

Proof. Suppose Sv;ew;>Svy—w, € Tv, then note that Tg IU(,,)— 5 and

J)

Tk |U(, »= s(, , since T is a packing. Using the covering lemma, it must

be that S, v/)—w,w, € Tr for some v, #v;. But this means that g0 =

Tk IUgr,j): S (01,00, |U<J 2= s[ . This implies that v, = v;/, as desired.
O]

A straight-forward application of this claim and the covering lemma
helps us prove the following lemma, which asserts that each vertex of G
has at most one V-set in Ty, and each edge of G has at most one E-set in
Tg.

Lemma 6.5.3. For each v; €V, there is at most one V-set Sy, ., in Ty, for
some wj e W. Similarly, for each edge (v;,vy) € E, there is at most one E-set
S(wivi—;w, in Tr, for j#j €kl

Proof. Suppose Sv;—w;>Sv;-w, € Tv, for some v; eV, and 1 <j<j <k.
Then, using Claim 6.5.1, we have that S w;vi)—w;w; € TE, implying
(vi,v;) € E, a contradiction. Similarly, for some edge (v;,v;/) € E, suppose
Swi,0i) w0 S —wewn) € TE, for some (j,;") # (¢,¢'). Without loss of

generality, assume j # ¢. Then, since Tg | ;=35 ( ) and Tg |U([ "= s( £ it

U(JJ
must be that Sy, .y, Sy;~w, € Tv due to the covering lemma and the fact
that the base gadget is compatible ISS pair. This contradicts our previous

argument about V-sets. O

Now, we finish the proof as follows. Let V; =V be the vertices that have
their V-sets in T. Note that V7 is well defined due to the above lemma, and
further, |Vp| = k. We claim that V7 is isomorphic to £2-CLIQUE H. Consider
v; #vi € V. Let S, and Sy —w;) be the corresponding V-sets in Ty,
for some w; #wj € W. Then, note that, using Claim 6.5.1, it must be that
S(Ui,vi,)ﬁ(wj,wj,) € Tg. Hence, we have (v;,v;)€E. O

6.6 Conclusion and Open Problems

The research presented in Publication IV lays the foundation for the pa-
rameterized complexity of combinatorial problems in a compact regime,
exploring aspects related to COMPACT PARAMETERIZED SET PACKING
(CoMPACT PSP) and COMPACT r-VECTORSUM. The work establishes a
dichotomy theorem for the parameterized complexity of COMPACT PSP
by identifying a combinatorial gadget called Intersecting Set System
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Pair (ISS) that is crucial in obtaining W[1]-hardness for COMPACT PSP.
An interesting direction is FPT approximating COMPACT PSP: Given a
promise that there is an r-packing, is it possible to find a packing of
size w(1) in FPT time? Note that for the general PSP problem, there
is no o(r) FPT-approximation, assuming Gap-ETH. However, recent re-
sults [100, 114] use a weaker assumption of W[1] # FPT but also obtain
weaker FPT-inapproximibility. It is also interesting to show such a hard-
ness of approximation for COMPACT PSP. The research also improves
the lower bound for COMPACT r-VECTORSUM. An interesting avenue for
further investigation is to explore whether this lower bound can be further
tightened.
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7. k-claw-free Graphs: Conditional
y-boundedness and Convex
Relaxations for Independent Set

The chapter is based on Publication V [37] and focuses on the compu-
tational complexity of the structural properties of connected k-claw-free
graphs, exploring the connection between an extremal combinatorics ques-
tion and the power of a convex program in approximating the maximum-
weight independent set in this graph class. For the extremal question, we
consider the notion, that we call conditional y-boundedness of a graph:
Given a graph G that is assumed to contain an independent set of a certain
(constant) size, we are interested in upper bounding the chromatic number
in terms of the clique number of G. This question, besides being interest-
ing on its own, has algorithmic implications (which have been relatively
neglected in the literature) on the performance of semi-definite program
relaxations in estimating the value of maximum-weight independent set.

For & = 3, Chudnovsky and Seymour [49] prove that any 3-claw-free graph
G with an independent set of size three must satisfy y(G) < 20w(G). Their
result implies a factor 2-estimation algorithm for the maximum weight
independent set via an SDP relaxation (providing the first non-trivial
result for maximum-weight independent set in such graphs via a convex
relaxation). An obvious open question is whether a similar conditional y-
boundedness phenomenon holds for any k-claw-free graph. In this chapter,
we explore this question in depth. Additionally, we establish connections
between the previously mentioned extremal question and the power of
convex relaxations.

7.1 x-boundedness and Convex Relaxations

This chapter focuses on the following problem.

Definition 7.1.1 (Maximum Weight Independent Set (MWIS)). Given a
graph G = (V,E) and a weight function w :V — R, the maximum weight
independent set problem asks to find an independent set in G of maximum
weight.
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Recall that a(G) denotes the maximum weight of an independent set in G.
Therefore, the MWIS problem asks to find an independent set whose weight
is a(G). Now, there is a related, simpler problem called the Estimating
Maximum Weight Independent Set. In this problem, the objective is to
compute a(G) itself. In this chapter, we will delve into the challenges of
computing a(G) and solving the MWIS problem when the graph G is a
connected k-claw-free graph. It is worth noting that for this case, a basic
greedy algorithm that selects an arbitrary maximal independent set is
capable of achieving an approximation factor of (£ —1).

QSTAB. Given an unweighted graph G =(V,E) with V ={1,2,---,n}, con-
sider the following polytope defined by the linear inequalities.

QSTAB(G)={x€[0,11"| Y "x;<1 Vclique Q} (7.1)
€@

It is also known as clique constraint stable set polytope. Note that max-
imizing the function f(x) =) ;. x; over QSTAB(G) yields an upper bound
on a(@). Further, this convex relaxation can be optimized in polynomial
time via semi-definite programs.

QSTAB has been shown to perform relatively well in terms of approx-
imating many crucial problems, such as set packing [59, 43, 82, 83] and
independent set in sparse graphs [18, 11]. Despite these successful cases,
QSTAB fails unexpectedly in graph classes such as k-claw-free graphs:
For any % = 3, a simple greedy algorithm immediately gives a factor (£ —1)
approximation for MWIS, while QSTAB is unable to give f(k) estimation
for any function f (see the full version of our paper [37]).

A closely related concept to MWIS in graph theory is known as y-bounded
graphs. A graph G is said to be y-bounded if y(G) < f(w(@)), for some
function f. This concept has been extensively studied in graph theory
(see the comprehensive survey [117] and references therein). When the
function f is linear, we say that G is linearly y-bounded.

The following theorem of [38] establishes a connection between the com-
putational power of QSTAB to the extremal question of y-boundedness.

Theorem 7.1.1 ( [38]). Let ¢ be a graph class closed under clique replace-
ment!. Then, for any G €%, the integrality gap of QSTAB(G) is at most y if
and only if x(G) < yw(Q).

This theorem, in combination with the observation that QSTAB exhibits
arbitrarily large integrality gap on k-claw-free graphs [37], provides a
definitive answer to the question of whether k-claw-free graphs are linearly
x-bounded. The answer is negative, meaning that k-claw-free graphs do
not belong to the linearly y-bounded graph class.

1A clique replacement operation on graph G replaces any vertex v with a clique
K, of arbitrary size and connects each vertex in a clique to every neighbor of v. It
is easy to see that k-claw-free graphs are closed under clique replacement.
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7.2 Towards Stronger Relaxations

A further way to estimate a(G) in k-claw-free graphs is to investigate the
integrality gap of more stronger relaxations than QSTAB. In this chapter,
we explore two such relaxations.

(i) Sherali-Adams strengthening of QSTAB

(i1) Sum-of-Squares (SoS) hierarchy, a more stronger relaxation than (i)

To better comprehend our results, we will introduce some necessary ter-
minology. However, for a complete exposition on sum-of-squares and re-
lated convex relaxations, we refer the readers to excellent survey pa-
pers [95, 65, 113].

For a graph G = (V,E), let K be the polytope {x €[0,11" :x; +x; < 1,V(i, j) €
E}. The standard LP relaxation for MWIS max{} ", w(v)x, : x € K¢} is known
to have integrality gap of at least Q(n) on n-vertex graphs?.

7.2.1 Sherali-Adams Strengthening of QSTAB

Sherali—~Adams hierarchies [118] is a family of increasingly tight convex re-
laxations. Let G =(V,E) be a graph with V =[n] of (unweighted) maximum
independent set problem. Recall the QSTAB LP for G.

(QSTAB (G)) max Y x

i€ln]
st. 1-) x20 Vclique @
€@

x;=0 Vieln]
For ¢ = 1, the Sherali Adams hierarchy applied on QSTAB(G) is as follows.

(SA;(G)) max Z Yy

ieln]

s.t.VS,T<cn],SNT =9,ISuT|<¢ following holds.

Z (—1)'T"y3uT' - Z Z (—1)‘T’|ysuTru{i) =0V clique Q (7.2)
T'cT e T'cT
S )T ysur 20 (7.3)
T'<T
> DTMysurun =0 Vieln] (7.4)
T'<T
yg=1 (7.5)

2Consider the clique K, on n vertices and LP assignment x; = 1/2 for vertex i € K,,.
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7.2.2 Sum-of-Squares

The sum-of-square hierarchies (or Lasserre hierarchies) [93, 94, 109, 110]
can be applied to (increasingly) tighten any linear program (captured by
the level in the hierarchy). For any ¢ = 1, the ¢-th level of SoS can be
computed in time n%®.

Now we formally define SoS, following the treatment of Rothvoss [113].

Definition 7.2.1. Define the t-th level of SoS hierarchy SoS;(Kg) as the set
of vectors z € R2"? that satisfy:

My(2) :=(zrus)n,)01<t = 0 and
Mij(z) :=(21ug — 210Juti) — ZIugui <t =0 (Y@, j) € E(G))

Let SoSfmj(K(;) ={(z))iev(g) : 2 € SO0S{(K@)} be the projection on the original
variables.

It is standard to view 1 as z4 =1 (so that we have variables z; for all
subsets).

Proposition 7.2.1 (Lemma 8 in [113]). If any solution x € Kg contains
at most t ones, then any z € SoS!"”(K¢) is a convex combination of integer
solutions in Kg n{0,1}V @,

Corollary 7.2.1. Let z* = argmax{} .y w(i)z; : 2 € SoS{(Kg)}. If a(G) <t,
then the objective value of z* is exactly the value of maximum weight
independent set in G.

Our next proposition states that any feasible solution of SoS (at level
at least two) can be projected into a feasible solution for QSTAB. The
proof is somewhat of a folklore nature. Since it has never been written
anywhere in the form we need, we provide a proof in our full version [37]
for completeness.

Proposition 7.2.2. Let z € 5057 (G) for t = 2. Then z € QSTAB(G).

It can be shown that SoS/.2 is at least as strong as SA/(G). The formal
statement is encapsulated in the following proposition.

Proposition 7.2.3. Let z € SoSy.+2(Kg). Then the solution {z1} 1</ is feasible
for SAJ(G).

7.2.3 Conditional y-boundedness and SoS

Beyond its superior strength compared to Sherali-Adams, the Sum-of-
Squares (SoS) relaxation also addresses a more refined extremal question,
specifically, about conditional y-boundedness, which we explain in this
section.
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Conditional y-boundedness We say that G is (¢,y)-conditionally y-bounded
if ¥(G) < yo(G) whenever a(G)=¢t. Moreover, a graph class is (¢,y)-
conditionally y-bounded if every graph in that class is.

In their seminal work on claw-free graphs, Chudnovsky and Seymour [49]
showed that y(G) < 2w(G) when G is a claw-free graph with a = 3. For gen-
eral &, such bounds, when f is a function of %, have fruitful algorithmic
implications on MWIS. The following theorem (which is a simple combina-
tion of known facts) from Publication V connects the power of SoS to an
extremal question of Chudnovsky and Seymour.

Theorem 7.2.1. Consider a graph class that is closed under clique replace-
ment. If the graph class is (t,y)-conditionally y-bounded, then t rounds of
SoS gives a factor y-estimation for MWIS.

Thus, using Theorem 7.2.1, the aforementioned result of Chudnovsky
and Seymour [49] gives an efficient 2-estimation algorithm for MWIS in
claw-free graphs.

Especially, if ¢ = O(1), then SoS gives a y-estimation algorithm for MWIS
in polynomial time. Therefore, it raises an intriguing algorithmic question:
Can SoS provide an approximate estimate of a(G) in k-claw-free graph G
in constant rounds, even if the approximation factor is f(k), where f is
some function?

7.3 Related Work

The MWIS problem on k-claw-free graphs is notoriously hard, even in
the unweighted case. As for approximating this problem, a local search
algorithm due to Berman [22] has remained the best-known approximation
algorithm for the past two decades. Berman’s algorithm achieved a factor
of % +¢ in polynomial time. In 2021, Neuwohner [106] broke the barrier of
% by improving the factor to % - m. In a very recent work, Thiery and
Ward [124] improved the factor to % — 63, for a constant 65 =0.214. On the
other hand, the problem is NP-hard to approximate better than a factor of
Q(k/logk) [82]°. With respect to convex programs, Chan and Lau [41] study
the power of standard LP and Sherali-Adams on .2-SET PACKING, which
is a special case of maximum independent set in (% + 1)-claw-free graph.
In k-SET PACKING, we are given a k-uniform hypergraph H on n vertices,
and we are asked to find a maximum matching in H. In their work, [41]
show that Sherali-Adams on the standard LP for 2-SET PACKING has an
integrality gap of at least £ —2, even after Q(n/k3) rounds. Additionally,
they show that, for constant 2, QSTAB for 2-SET PACKING can be captured
by a polynomial size LP and has an integrality gap of at most (% + 1)/2.

31n fact, the hardness even holds for a special case of the problem, namely the
unweighted %-set packing problem.
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7.4 Thesis Contribution

Our first result, Theorem 7.2.1 mentioned above, bounds the integrality
gap of SoS for maximum independent set on graph classes with a new
notion of conditional y-boundedness. In light of Theorem 7.2.1, let us state
the theorem of Chudnovsky and Seymour for claw-free graphs.

Theorem 7.4.1 (Chudnovsky-Seymour (CS theorem) [49]). For every con-
nected claw-free (k = 3) graph G with a(G) = 3, it holds that y(G) < 2w(G).

Hence, combining the above theorem with our Theorem 7.2.1, we obtain
that SoS with only 3 rounds provides factor 2-estimation on the maximum
weighted independent set on claw-free graphs. Our first main result is
to rule out this approach for general 2 = 4. In particular, we show the
following graph theoretic result that refutes the possibility of generalizing
the above CS theorem.

Theorem 7.4.2. For k = 4, there exists ng depending on k such that for
infinitely many n = nq, there exists a connected k-claw-free graph G on n

k/2
vertices with a(G)=Q (@) and ¥(G)= f(k) (bgﬁ%)  for some f(k).

We remark that our lower bound result almost matches the upper bound
of [129], and both the upper and lower bounds are tight with respect to the
state-of-the-art Ramsey bounds (in the sense that improving them requires
improving Ramsey bounds).

Consequently, an obvious question arises: Is there a lower bound on the
integrality gap of the SoS relaxation that demonstrates its inferior perfor-
mance compared to a straightforward greedy algorithm, which achieves
a (k — 1)-factor approximation for this problem? Our second main result
makes progress in this direction. Particularly, in the following result,
we construct a bad example using our counter example of Theorem 7.4.2
for Sherali-Adams strengthening of QSTAB. In the following, we use the
notations Oj,0p,Q;, to hide multiplicative functions in .

Theorem 7.4.3 (Integrality gap of Sherali-Adams on QSTAB). Let 0 <¢ < 1.
For k =4, for infinitely many n, there exists a connected k-claw-free graph
G, on n vertices with a(G,) = O(n) such that the integrality gap of Sherali-
Adams hierarchy on QSTAB(G,,) is Qp(n®), even after Qi(n'~%) rounds.

To contrast the above theorem with the performance of Sherali-Adams on
special cases of k-claw-free graphs, such as the maximum independent set
in degree d graphs, note that in degree d graphs, Sherali-Adams is known
to provide a tight approximation factor [18] within only poly-logarithmic
rounds in d (assuming Unique Games Conjecture (UGC) [11]).

Discussion of previous work on convex programs. Let us compare our
result of Theorem 7.4.3 with the bounds of Chan and Lau [41]. In par-
ticular, [41] considers 2-SET PACKING, a special case of maximum inde-
pendent set in (& + 1)-claw-free graph, where we are given a k-uniform
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hypergraph H on n vertices and we are asked to find a maximum match-
ing in H. In their work, [41] show that Sherali—~Adams on the standard
LP for £2-SET PACKING has an integrality gap of at least & — 2, even af-
ter Q;(n) rounds. Additionally, they show that, for constant £, QSTAB
for £2-SET PACKING can be captured by a polynomial size LP and has an
integrality gap of at most (& + 1)/2. In contrast, our result of Theorem 7.4.3
is for a more general problem of maximum independent set in k-claw-free
graphs and yields an integrality gap of Q;(n¢), which is a function of n,
for Sherali—-Adams on QSTAB with rounds Q;(n'~%¢), which is a stronger
program than that of [41]. However, we remark that the results of Theo-
rem 7.4.3 can be adjusted to yield an integrality gap of g(%) for any function
g for Sherali—~Adams on QSTAB with Q(n) number of rounds, which is lin-
ear in n. Thus, our results yield a larger integrality gap for a stronger
program for maximum independent set in k-claw-free graphs compared to
that of [41].

7.5 Preliminaries

We follow standard graph theoretic notation. Given a graph G =
(V(G),E(G)), M < E(G) is a matching if no pair of edges in M share a vertex.
Further, a matching M < E(G) is said to be an induced matching if it is an
induced subgraph of G. Finally, for a matching M, e; # e¢; € M is said to be
an intersecting matching pair if e; and e; do not form an induced matching,
and M is an intersecting matching if every pair in M is an intersecting
matching pair.

For & = 3, a k-claw is the graph K;;. For a k-claw T, the vertex with
degree k is called the central vertex of T, and the remaining vertices of
degree one are called leaves of T. A graph G is said to be k-claw-free if
there exists no k-claw as an induced subgraph. For a graph G, a(G) is
the size of maximum independent set in G, w(G) is the size of maximum
clique in G, and y(G) is the chromatic number of G. For weighted case,
a(@) and w(G) represent the maximum weight of an independent set and
the maximum weight of a clique in G, respectively.

The notations Oy, 0;,Q; hide multiplicative functions in %.

7.6 Overview of Techniques

In this section, we will show the key ideas and techniques involved in
proving Theorem 7.4.2. Our graph for the proof is based on Ramsey graphs
and a novel graph composition technique.

Ramsey Graphs. Let R(s,?), for s = 3, denote the Ramsey number, i.e.,
R(s,t) is the minimum number such that any graph on R(s,t) vertices has
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either an independent set of size s or a clique of size ¢.

Theorem 7.6.1 ( [87, 27, 28]). For any s = 3 and for sufficiently large t,
R(s,t)=c- t%(log t)éf%, for some constant ¢}, depending only on s.

Thus, the above theorem implies that for s = 3 and sufficiently large ¢,
there is a graph on [R(s,t)—1] vertices that has neither an independent set
of size s nor a clique of size t. We call such a graph an (s,t)-Ramsey graph.

Corollary 7.6.1. For s = 3 and sufficiently large t, there is an (s,t)-Ramsey
graph on cg ~t%(logt)ﬁ‘% vertices for some positive constant cgs depending
only on s.

The key ingredient of our construction is based on our new graph compo-
sition, which we call bi-conflict composition.

Bi-conflict Composition. Given a graph H, the bi-conflict composition
of H with itself is a graph B := H @ H obtained as follows. First, create
an auxiliary graph D from two copies H' and H? of H, and add an edge
between every vertex in H! and its corresponding vertex in H?. We call
such edges matching edges of D. Then, we create a vertex b, in B for every
matching edge e of D and add an edge (b,,b.) € E(B) if e and ¢’ form an
interesting matching pair in D.

Graph Construction. We first show a simple attempt that, while falling
short of achieving the result stated in Theorem 7.4.2, offers valuable
insights and promising ideas for potential improvements. Our starting
point is Theorem 7.6.1, which yields a graph H on n vertices such that
a(H)=2 and w(H) < cy/nlogn. Note that H is 3-claw-free and y(H) = vaH) =
o > Qw(H)?). Hence, H has all the desired properties of Theorem 7.4.2
for & = 3, except that a(H) is very small. To boost the independent set,
we will use bi-conflict composition on H four times to get graph D. Let
H',H? H?, and H* be copies of H. Then, the graph D is the union of graphs
H'®H? H?®H® and H® @ H*. Note that the following holds true for D.

* D is 5-claw-free,
* a(D)=4, and

* w(D)=<3cy/nlogn.

If we extend the same idea and compose H ¢ times, we can main-
tain the properties that D remains 5-claw-free with ¢ < a(D) < 2¢ and
w(D) <3c+/nlogn, thus achieving the desired results for £ = 4. However, to
generalize this construction for any % =4 and to obtain tighter bounds as
stated in Theorem 7.4.2, we will need to explore further ideas, which we
elaborate on next.

Lemma 7.6.1. Let k=4,p>1,71=3, and let H=(V(H),E(H)) be a (k-1,7)-
Ramsey graph. Then, there exists a connected k-claw-free graph G on
O(p|V(H)|) vertices such that p < a(G) <3pk and »(G) < 31.
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Q;

H; H

Figure 7.1. One block B; of the graph G’

-] Hi H2 Qi “ HL, H2, Qi+1

B; Bit1

Figure 7.2. Connecting block B; and B;,1 in G’

Proof. We construct the graph G in two steps. In the first step, we con-
struct an auxiliary graph G' = (V(G'),E(G")) using (k — 1,7)-Ramsey graph
H. Finally, in the second step, using this auxiliary graph G', we construct
our graph G.

Construction of auxiliary graph G'. Let @ = K;_; be the complete graph on
7 -1 vertices. We construct the graph G’ in two steps: In the first step, we
use H and @ to create a graph B, which we call a block. In the second step,
we construct the graph G’ using p copies of B. For i € [p], we construct
block B; using @ and two copies of H as follows (see Figure 7.1). Let H ll and
H? be copies of H, and let @; be a copy of @. We connect each vertex in H}
with its respective copy in H? by an edge. Then, we pick an arbitrary set
of 7 — 1 vertices from H ? and add an (arbitrary) matching between this set
and the vertices of @;. Finally, we connect each B; t0 B(;+1) mod » as follows
(see Figure 7.2). We pick an arbitrary set of 7 -1 vertices from H{, ;) .4,
and add a matching between this set and the vertices of ®;. This completes
the construction of G’. Notice that G’ forms a ring structure consisting of
B;s. We call the new edges that we added in our construction matching
edges.

Construction of G. For every matching-edge e; in G, we create a vertex v;
in G. Then, (v;,v;) € E(G) if e; and e; is an intersecting matching pair (i.e.,
they do not form an induced matching).

Analysis. Let n = |V(G)|, then note that n = p(qx(7) + 2(r — 1)). Hence,
3pqr(1) > n = pqr(r). Since the Ramsey graph H and @ = K,_; used in
the construction of B are connected, we have that G’ is connected. This im-
plies that G is connected. Next, we bound a(G). First note that a(G) = pa(H)
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since from each block B; we can pick matching edges between H Ll and H?
that have endpoints on the vertices of a(H). The vertices in G correspond-
ing to these matching edges form an independent set. For the upper bound,
we will show that a(G) < 3pa(H). Suppose, for contradiction, a(G) = 3pa(H).
Let I be an independent set in G with |I| = 3pa(H). Let M be the set of
matching-edges of G’ corresponding to the vertices in I. Let M; € M be
the edges of M with both endpoints in B;. Since B; and B(;+1) modp are
connected by @; (which is a complete graph), the number of edges of M that
are between B;s is at most p. Hence, the number of edges of M that lie com-
pletely within some B; is at least M —p. Since |[M| = 3pa(H), it must be that
there is a block B; such that |M;| = Bpa(H) - p)/p = 2a(H). Since the edges
of M; should have an endpoint in H iz, it implies that a(H iz) > |M;| =2a(H),
which is a contradiction since H? is a copy of H. Thus, we have that
pa(H) < a(G) < 3pa(H).

For bounding w(G), let € be a clique of maximum size in G. We claim
that |¢| < 37, which implies that w(G) < 37. Let E« be the matching-edges
of G’ corresponding to €. Let E{, < E« be the edges that have one endpoint
in some copy of @, and let E, = E4x \ E,. Suppose E/, # ¢, then consider
an edge e’ € E/, and suppose e’ is incident on @; some for i € [p]. Then,
observe that every edge in E/, must also be incident on @; since E7, is an
intersecting matching and edges incident on @; cannot intersect with edges
incident on Qj,j # i € [p] by construction. Thus, |E| < 2|Q| < 27. Hence,
when Ei’g = @, we have that |[E¢| < 27, implying |€| < 27, as desired. For
the other case, when E7, # ¢, then consider " € E,. We will bound the
number of neighbors of ¢’ in E, and E,. First, note that ¢” has at most
|Q| < 7 neighbors in E, since e” can intersect with at most |@| =7 -1 many
edges from @;. Next, we will show that ¢” has at most 2(r — 1) neighbors in
E?,, which implies that |[E7,| < 27, and hence €| = |E¢| = |E,|+|E[,| <37, as
desired. To see this, note that e¢” is incident on two adjacent copies of H,
and hence the number of (matching) edges between these copies of H that
form an intersecting matching together with e” is at 2w(H) = 2(7 — 1).

Finally, we show that G is k-claw-free. Suppose, for contradiction, there
is a k-claw T in G with central vertex v € T and leaves vy,---,vp € T. Let
My ={e,e1, - ,er} be the matching-edges in G’ corresponding to T with e
corresponding to v and e; corresponding to v;, for i € [k]. Also, let Ly =
{e1,---,ep}. First consider the case when e is incident between a copy H’
of H and a copy Q' of . Let I < V(H') be the endpoints of edges of L7 in
H'. We claim that |I| =z £ — 1. To see this, note that for every edge ej € Lt
that is not incident on @ must have one endpoint in H' since e¢; and e
form an intersecting matching pair. On the other hand, since @’ is a clique,
there can be at most one edge in L with an endpoint in @', implying
|I| =k —1. As edges in L7 form an induced matching in G', we have that I
is an independent set in H'. But then |I| = %2 — 1, which is a contradiction
since a(H') < k- 1. Now, consider the other case when e is between two

100



Chapter 7 . Independent set in k-claw-free Graphs

copies of H' and H" of H. Let L7, < L7 be the edges that are between H' and
H", and let L, = Ly \L/,. Then, note that |L7| < |L7| =k, since otherwise
the endpoints of L7, in H' (or H”) form an independent set of size % in
H' (or H" resp.), leading to the contradiction to the fact that a(H) <k —1.
Suppose (¢ —2) < |L7;| < (k—1), and let e; € L. Then, since e; and e form an
intersecting matching pair, assume, without loss of generality, that e; has
an endpoint in H'. But then, since every edge of L7, U{e;} has one endpoint
in H', the endpoints of L, U{e;} in H' form an independent set of size £—1 in
H',leading to a contradiction. Finally, if |L,| <% -2, then there must be at
least two edges e;,e; € LT, incident on one of the two copies of @ adjacent to
H' and H". But since @ is a clique, this means (v;,v;) € E(G), contradicting
the fact that T is a k-claw. O

Proof of Theorem 7.4.2. For k£ =4, let H be a (k- 1,¢)-Ramsey graph ob-
tained from Corollary 7.6.1, for every sufficiently large ¢. Let qp(¢) =
\V(H)| = cpt3(logt)75~ 5. Then, using p = 27+® and 7 = ¢ along with graph H,
Lemma 7.6.1 produces a graph G on n := ©(2%:®q,(t)) vertices such that
a =290 = Q(n/logn), and a(@) < 3£29:® = O(nk/logn), and w(G) < 3¢. Hence,
we have

n_ (a®\ et \) W@ \**
X(G)Za(G)_Q< k )_Q<3k (logt) =IO\ gw@ )

for some f(k). O

7.7 Conclusion and Open Problems

The work presented in Publication V marks the initiation of research into
estimating the size of the maximum weight independent set in k-claw-free
graphs using convex relaxations. A central question in this line of inquiry
revolves around identifying whether there exists a convex relaxation that
can offer a reasonable estimate for this problem. To tackle this challenge,
the paper establishes a conceptual link between the Chudnovsky-Seymour
theorem of conditional y-boundedness and the integrality gap of Sum-
of-Squares (SoS) relaxations. Moreover, for the general case of & = 4,
the paper introduces a family of k-claw-free graphs that pose challenges
when attempting to generalize such conditional y-boundedness results.
Additionally, there is evidence to suggest that this particular graph family
may present challenges for the Sum-of-Squares (SOS) hierarchy.
However, an important question remains unanswered by this research:
Can the Sum-of-Squares (SoS) approach match the approximation guaran-
tees offered by the simple greedy algorithm for this problem? This question
remains an open and intriguing area of investigation for future research.
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This thesis explores the intricate domains of clustering and graph
packing, spanning optimization, machine learning, data mining,
computational geometry, and operations research. Addressing NP-hard
problems, it adopts the dual lenses of approximation algorithms and
parameterized algorithms, with an emphasis on the emerging paradigm

of parameterized approximation algorithms.

The thesis unfolds in two distinct parts. In Part I, the focus is on
designing parameterized approximation algorithms for various
clustering problems, pushing the boundaries of existing knowledge.
Introducing a novel concept of Scatter Dimension, the thesis presents
an EPAS framework for several clustering problems, encompassing
classical problems like k-median, k-means, and k-center, across several
metric spaces, unifying previously disparate results, and providing new
results for advanced objectives that incorporate fairness and robustness.
The thesis also tackles other clustering problems, including Robust
clustering and Diversity-aware clustering, presenting tight

parameterized approximation algorithms.

Part I complements the first part, focusing on lower bounds for graph
packing problems. The thesis presents a parameterized dichotomy for
the notoriously hard Set Packing problem. It also explores the intricate
connection between approximating the maximum independent set

problem in k-claw-free graphs and various convex relaxations.
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