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Abstract
Aggregation is a fundamental tool for reducing the complexity and storage require-
ments of large datasets. It is commonly applied to stochastic models such as Markov
chains. One common aggregation method for Markov chains is occupancy time,
which records the total time a chain spends in a given state, thus disregarding the
chronological order of the visited states.

This thesis studies the maximal loss of information caused by occupancy time
aggregation in discrete-time two-state Markov chains, measured by Kullback-Leibler
(KL) divergence. The information loss from this aggregation is measured by calcu-
lating the ratio between the KL-divergences of two stationary Markov chains and
the KL-divergence of their aggregated occupancy time distributions. The research
question addresses how much the distinguishability between two Markov chains P
and Q can suffer under such aggregation. The goal is to determine whether the ratio
of the divergences is bounded from above, or whether it can diverge to infinity. The
analysis focuses on sequences of two and three time steps taken in the Markov chain.

For two time steps it was proven that aggregation does not lose any information,
and the KL-divergence remains identical for any two stationary Markov chains and
their aggregated counterparts. This guarantees that the aggregated distribution
preserves all of the information from the original path distribution of the Markov
chain. For three time steps, specific Markov chains were constructed via an ansatz,
for which the ratio of the divergences grows without bound as ϵ goes to zero, behaving
asymptotically like 1/ϵ. This proves that the ratio of the KL-divergences can be
made arbitrarily large, and thus the distinguishability of two Markov chains P and
Q can be almost completely lost through aggregation. The results are consistent
with previous literature such as the data processing inequality. They show that
although computationally convenient, occupancy time can lead to significant loss of
information, and should therefore not be applied to all situations.
Keywords Markov chains, KL-divergence, relative entropy, aggregation, occupancy

time
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Tiivistelmä
Aggregointi on keskeinen menetelmä, jolla vähennetään suurten aineistojen monimut-
kaisuutta ja tallennustilan tarvetta. Sitä sovelletaan yleisesti stokastisiin malleihin,
kuten Markovin ketjuihin. Eräs yleinen aggregointitapa Markovin ketjuille on ti-
lassaoloaika (engl. occupancy time), joka mittaa kokonaisajan, jonka ketju viettää
annetussa tilassa, ja sivuuttaa vierailtujen tilojen kronologisen aikajärjestyksen. Vaik-
ka menetelmä on laskennallisesti kätevä, aggregointi ei voi lisätä informaation määrää,
ja yleisesti se väistämättä hävittää informaatiota.

Tässä työssä tutkitaan suurinta mahdollista informaatiohävikkiä, joka syntyy dis-
kreettiaikaisten kahden tilan Markovin ketjujen aggregoinnista, mitattuna Kullback-
Leibler (KL) divergenssin avulla. Informaatiohävikkiä mitataan vertaamalla kahden
stationaarisen kaksitilaisen Markovin ketjun polkujakauman divergenssiä aggregoi-
tujen tilassaoloaikajakaumien väliseen KL-divergenssiin. Tutkimuskysymyksenä on,
kuinka paljon kahden Markovin ketjun P ja Q erotettavuus voi heikentyä tämän
aggregaation alaisena. Tavoitteena on selvittää, onko divergenssien suhde rajoitettu
ylhäältä, vai voiko jakaumien suhde kasvaa äärettömän suureksi. Tarkastelu rajataan
kahteen ja kolmeen aika-askeleeseen.

Kahden aika-askeleen tapauksessa todistetaan, että aggregointi ei vaikuta ket-
jujen väliseen KL-divergenssiin, sillä divergenssin arvo pysyy samana aggregoinnin
jälkeen. Tämä takaa, että aggregoitu jakauma säilyttää kaiken informaation alku-
peräisestä Markovin ketjun polkujakaumasta. Kolmen aika-askeleen tapauksessa
muodostetaan yrite kahdesta Markovin ketjusta, joille polkudivergenssin ja tilassao-
lojakaumien divergenssin suhde kasvaa ilman rajaa parametrin ϵ lähestyessä arvoa
0. Divergenssien suhde kasvaa nopeudella 1/ϵ, mikä tarkoittaa, että aggregoinnin
vuoksi kadotetun informaation määrä voi olla mielivaltaisen suuri. Tämän takia
kaksi Markovin ketjua voivat muuttua lähes erottamattomiksi aggregoinnin jälkeen.
Tulokset ovat yhdenmukaisia aiemman kirjallisuuden, kuten datankäsittelyepäyhtä-
lön kanssa. Ne osoittavat, että vaikka tilassaoloaika on laskennallisesti kätevä, se voi
johtaa merkittävään informaatiohävikkiin, mikä tarkoittaa, että sitä ei tulisi soveltaa
kaikkiin tilanteisiin.
Avainsanat Markovin ketjut, KL-divergenssi, suhteellinen entropia, aggregaatio,

tilassaoloaika
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1 Introduction
Discrete-time Markov chains are stochastic processes that model the evolution of a
system. In a first-order Markov chain the future state depends solely on the current
state, making it a useful tool for modeling in various fields.

When analyzing complex systems, aggregation is a fundamental tool that is
frequently used to reduce the complexity of a system and lessen the computational load
while processing data. The main point of aggregation is to reduce the dimensionality
of existing data, so that it can be stored and computed on more efficiently. One
common method of aggregating Markov chains is occupancy time, which measures
the time that the chain spends in a given state instead of measuring the transitions
that have occurred. This requires much less storage, but inherently produces loss of
information, since the order of the visited states is lost.

Information theory gives us a framework for evaluating how information can be
quantified, and how much less information there is after the aggregation. A core
concept within information theory is the data processing inequality, which states
that aggregating data inherently cannot increase the amount of information. To
precisely quantify the amount of information lost, we will be utilizing Kullback-Leibler
divergence, also known as relative entropy, to measure the distance between two
probability distributions. By calculating the ratio of the Kullback–Leibler divergence
between the original distribution and the aggregated distribution, we can quantify
the amount of information lost due to aggregation.

The primary goal of this bachelor’s thesis is to compare the Kullback-Leibler
divergence of two Markov chains with that of their aggregated distributions to
quantify the amount of information lost. Specifically, this thesis will investigate the
maximal effect of aggregation on two-state discrete-time Markov chains, focusing on
the subproblems of two and three time steps taken in the Markov chain. The goal is
to investigate whether the maximal effect of aggregation is bounded by some finite
value, or whether it can diverge to infinity.

2 Theoretical background

2.1 Discrete-time Markov chains
Discrete-time Markov chains are stochastic processes consisting of a sequence of
random variables X = {X1, X2, X3...} modeling the evolution of a system [1]. In this
thesis we will be focusing on first-order Markov chains. This means that the future
state depends only on the current state, and thus has the property that

P(Xn | Xn−1, Xn−2, Xn−3...) = P(Xn | Xn−1).

The transition probabilities between the states of the Markov chain can be expressed
in the form of a transition probability matrix P , where every value pij ≥ 0 gives the
probability to move from state i to state j. The entries in each row of the transition
matrix sum to one.
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For the purpose of analyzing information loss during aggregation, we will consider
Markov chains that are irreducible and aperiodic. Irreducibility of a chain implies
that any state can be reached from any other state in a finite number of steps, while
aperiodicity ensures that the chain asymptotically converges toward a stationary
distribution, rather than fluctuating permanently in a periodic cycle [1]. This ensures
the existence of a unique stationary distribution π, which satisfies πP = π. Since this
thesis is concerned only with 2 × 2 matrices, it is sufficient to require that none of
the transition probabilities pij equal 0 or 1. This means that 0 < pij < 1 for all i and
j. We will also be assuming that the states start from this stationary distribution.

The unique stationary distribution vector of a two-state Markov chain P, denoted
by πP is given by [1]:

πP = [πP
0 , πP

1 ] = [ p10

p10 + p01
,

p01

p10 + p01
].

As shown in [1], the stationary distribution of a reversible Markov chain satisfies
the detailed balance equation πP

i pij = πP
j pji for all states i and j. Since every

two-state Markov chain is reversible, this yields the probability flow between the two
states:

πP
0 p01 = πP

1 p10. (1)

2.2 Aggregation
Aggregation is the process of reducing complexity by compressing information into
a more compact and lower dimensional form [2]. While Markov chains can be
aggregated in many ways, this thesis will be utilizing occupancy time. This is
because occupancy time is a simple metric that is widely used and easy to calculate.
Instead of considering the whole path of the Markov chain, occupancy time only
considers the probability distribution of the total time that the system occupies a
specific state [1]. This thesis concerns only two-state Markov chains, which means that
the choice of monitored state is arbitrary, and thus it doesn’t matter for which state
we calculate the occupancy time. This is because the two states are complementary
and thus contain the same information. For the sake of clarity and consistency, we
define occupancy time to be in relation to state 1. The probability law of the path
of the Markov chain over t time steps can be written as

p(t)(it) = P(X1 = i1, X2 = i2..., Xt = it).
This probability distribution takes into account the whole path that the chain

takes, since every state and every transition is taken into account in chronological
order. The corresponding aggregated probability law of the occupancy time of the
same Markov chain with time steps t is given by:

F (t)(s) = P
(︄

t∑︂
i=1

Xi = s

)︄
, s ∈ {0, 1, 2..., t}.

The aggregated distribution is fundamentally different from the original probability
distribution of the path of the Markov chain. The information of the chronological
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order of the states the chain passes through is lost, as only the occupancy time
inside state one remains. This is a less complex distribution than that of a complete
Markov chain with t timesteps, especially as t grows larger. It also has different
dimensionality, and thus can’t be directly compared to the original distribution, since
they are no longer measuring the same thing.

2.3 Information theory and Kullback-Leibler Divergence
Information theory gives us a mathematical framework for understanding how in-
formation can be quantified [3], processed and lost in stochastic systems. In the
context of Markov chains, it tells us that whenever a system is aggregated, the
amount of information cannot increase. This means that the amount must either
be preserved or diminished. In order to quantify the amount of information that
is lost during aggregation Kullback-Leibler (KL) divergence, also often referred to
as relative entropy, can be used. KL-divergence quantifies how distinguishable two
probability distributions are [4, 5]. For two discrete probability distributions P and
Q defined on the same probability space X , Kullback-Leibler divergence is defined
as [6]:

DKL(P ||Q) =
∑︂
x∈X

P (x) ln
(︄

P (x)
Q(x)

)︄
.

The expression is evaluated with the standard convention that 0 ln(0) = 0 and
DKL(P ||Q) = ∞ if Q(x) = 0 and P (x) > 0 for any x, so the divergence is infinite
whenever Q assigns zero probability to an outcome that P considers possible. The
base of the logarithm is arbitrary, but for the sake of consistency this thesis will
exclusively use the natural logarithm (ln).

The resulting value of this calculation tells us how much the probability distribu-
tion P differs from Q. More specifically, KL-divergence measures the information
lost when using an alternative probability distribution Q to approximate the true
underlying distribution P. In our context, P and Q represent the probability laws
of two different Markov chains. KL-divergence is not symmetric, which means
DKL(P ||Q) ̸= DKL(Q||P ). Because of this asymmetry, KL-divergence is not a true
distance metric [4]. It does however have the property of non-negativity, some-
times called Gibbs’ inequality, that DKL(P ||Q) ≥ 0, with equality if and only if
P (x) = Q(x) for every x [4]. Otherwise the bigger the value of the divergence is, the
more P and Q differ.

An important property relating to KL-divergence in this thesis is the Data
processing inequality (DPI), which states that aggregating data cannot increase the
amount of information. Formally, DPI states that for any measurable function F [5]

DKL(P ||Q) ≥ DKL(FP ||FQ),

where FP denotes the law of F (X) where X ∼ P , and FQ is defined analogously.
Because calculating the occupancy time is a form of aggregation, information lost
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during the aggregation process diminishes our ability to differentiate between the
two probability distributions. Since occupancy time F (t) is a deterministic function
acting on the path, the data processing inequality gives [5]

DKL(p(t)||q(t)) ≥ DKL(F (t)
P ||F (t)

Q ),

where p(t) and q(t) are the path distributions of the Markov chains P and Q over
t time steps, and F

(t)
P and F

(t)
Q are their respective occupancy time distributions.

2.4 Earlier literature on KL-Divergence of Markov chains
The comparison of two Markov chains through Kullback-Leibler divergence has been
studied before, and one of the most relevant results regarding this thesis is the work
of Rached, Alajaji and Campbell [7], where they derived a computable expression for
the Kullback-Leibler divergence rate between the path distribution of two Markov
chains. The divergence rate is the limit

lim
t→∞

1
t
DKL(p(t)||q(t)),

that is, the average amount of divergence accumulated per time step, as the length
of the chain grows to infinity. They showed that for two irreducible Markov chains
with transition probabilities pij and qij, the divergence rate is

∑︂
i∈X

πi

∑︂
j∈X

pij ln pij

qij

,

where πi is the i-th component of the stationary distribution of the first Markov
chain and X is the state space of the Markov chain. That is, the asymptotic
divergence accumulated per time step under the stationary distribution of the first
chain, is the average Kullback-Leibler divergence between the two chains’ transition
probabilities out of each state. The paper obtains this result by using the theory of
non-negative matrices and Perron-Frobenius theory, and also proves that the rate of
this convergence is of the order 1

t
. While the result describes the asymptotic behavior

of the path divergence as the number of steps grows, this thesis is concerned with
Markov chains spanning a small number of time steps, namely two and three.

The effect of aggregation on Markov chains has likewise been studied in detail
from an information-theoretic point of view. A commonly used way of aggregating
Markov chains is lumping, that is, grouping states of the Markov chain into a smaller
state space. When the resulting process is still considered a Markov chain, the
grouping is called lumpable [8]. When a grouping is not lumpable, aggregation loses
information in relation to the original state. Geiger and Temmel [2] characterized
exactly when a grouping of states preserves the entropy rate of the original chain
and is therefore lumpable, and how much information is lost when it’s not. In the
work of Geiger, Petrov, Kubin and Koeppl [9] the divergence rate of grouped states
has also been used as a cost function in determining a grouping of states that loses
the least amount of information.
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Specifically, they posed the problem of grouping as a minimisation of the Kullback-
Leibler divergence between the original chain and a lifted version of the aggregated
chain in order to find an optimal grouping.

All of these results are based on the data processing inequality discussed in
Section 2.3, which guarantees that aggregation cannot increase the amount of infor-
mation. This thesis uses occupancy time rather than a grouping of states, which are
fundamentally different types of aggregation, since occupancy time acts on the path
the chain takes, while state grouping acts on the state space of the Markov chain.
Also unlike the cited works on this subject, this thesis is concerned with finding the
largest possible loss of information, measured by the ratio between the divergence
of the original Markov chains’ paths and that of their aggregated occupancy time
distributions. This is because the goal of this thesis is to see how different Markov
chains behave under aggregation, and how much information loss it can cause, rather
than to minimize that loss.

3 Calculations and proofs

3.1 Two-state Markov chain with two time steps
We first evaluate the Kullback-Leibler (KL) divergence for the path distribution.
The path KL-divergence can be expanded as:

KL(path) = DKL(p(2) || q(2))

=
1∑︂

j=0

1∑︂
i=0

πP
i pij ln(πP

i pij

πQ
i qij

)

= πP
0 p00 ln(πP

0 p00

πQ
0 q00

) + πP
0 p01 ln(πP

0 p01

πQ
0 q01

) + πP
1 p10 ln(πP

1 p10

πQ
1 q10

)

+ πP
1 p11 ln(πP

1 p11

πQ
1 q11

)

Next we evaluate the summing function for two time steps, where P(X1 +X2 = s),
with s = {0, 1, 2}. This gives us the following probability distribution FP for different
values of s:

s = 0 =⇒ P(X1 + X2 = 0) = πP
0 p00,

s = 1 =⇒ P(X1 + X2 = 1) = πP
0 p01 + πP

1 p10,

s = 2 =⇒ P(X1 + X2 = 2) = πP
1 p11.

An analogous formulation holds true for FQ with distribution P(Y1 + Y2 = s)
utilizing the stationary distribution πQ and the transition probabilities qij. The
KL-divergence for the sum distribution is:
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KL(sum) = DKL(F (2)
P || F

(2)
Q )

=
2∑︂

j=0
P (X1 + X2 = j) ln(P (X1 + X2 = j)

P (Y1 + Y2 = j) )

= πP
0 p00 ln(πP

0 p00

πQ
0 q00

) + (πP
0 p01 + πP

1 p10) ln(πP
0 p01 + πP

1 p10

πQ
0 q01 + πQ

1 q10
)

+ πP
1 p11 ln(πP

1 p11

πQ
1 q11

).

By using the detailed balance equation (1), we can substitute πP
1 p10 = πP

0 p01 and
πQ

1 q10 = πQ
0 q01:

KL(sum) = πP
0 p00 ln(πP

0 p00

πQ
0 q00

) + (πP
0 p01 + πP

1 p10) ln(πP
0 p01 + πP

0 p01

πQ
0 q01 + πQ

0 q01
)

+ πP
1 p11 ln(πP

1 p11

πQ
1 q11

)

= πP
0 p00 ln(πP

0 p00

πQ
0 q00

) + 2πP
0 p01 ln(πP

0 p01

πQ
0 q01

) + πP
1 p11 ln(πP

1 p11

πQ
1 q11

)

= πP
0 p00 ln(πP

0 p00

πQ
0 q00

) + πP
0 p01 ln(πP

0 p01

πQ
0 q01

) + πP
0 p01 ln(πP

0 p01

πQ
0 q01

)

+ πP
1 p11 ln(πP

1 p11

πQ
1 q11

)

= πP
0 p00 ln(πP

0 p00

πQ
0 q00

) + πP
0 p01 ln(πP

0 p01

πQ
0 q01

) + πP
1 p10 ln(πP

1 p10

πQ
1 q10

)

+ πP
1 p11 ln(πP

1 p11

πQ
1 q11

)

This is identical to the KL-divergence of the path. This means that for stationary
Markov chains the KL-divergences are always identical for the sum and the path, so
the ratio KL(path)

KL(sum) = 1 regardless of the chosen Markov chains.

3.2 Two-state Markov chain with three time steps
For three time steps the KL-divergence for the path is:

KL(path) = DKL(p(3) || q(3))

=
1∑︂

k=0

1∑︂
j=0

1∑︂
i=0

πP
i pijpjk ln πP

i pijpjk

πQ
i qijqjk

. (2)

Next we formulate the occupancy time distribution for three time steps. For three
time steps the probability distribution is P(X1 + X2 + X3 = s), where s ∈ {0, 1, 2, 3}.
This results in the following distribution FP for different values of s:
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s = 0 =⇒ P(X1 + X2 + X3 = 0) = πP
0 p00p00

s = 1 =⇒ P(X1 + X2 + X3 = 1) = πP
0 p00p01 + πP

0 p01p10 + πP
1 p10p00

s = 2 =⇒ P(X1 + X2 + X3 = 2) = πP
0 p01p11 + πP

1 p10p01 + πP
1 p11p10

s = 3 =⇒ P(X1 + X2 + X3 = 3) = πP
1 p11p11.

An analogous formulation holds true for FQ with distribution P(Y1 + Y2 + Y3 = s)
utilizing the stationary distribution πQ and the transition probabilities qij. The
KL-divergence for the aggregated probability law therefore is:

KL(sum) = DKL(F (3)
P || F

(3)
Q )

=
3∑︂

j=0
P (X1 + X2 + X3 = j) ln

(︄
P (X1 + X2 + X3 = j)
P (Y1 + Y2 + Y3 = j)

)︄
.

Next, MATLAB code found in Appendix A was used to numerically simulate
different Markov chains P and Q and calculate the ratio of their divergences. Based
on the observed patterns we formulate an ansatz where the transition probabilities
are small and nearly identical, yielding the following transition matrices:

P =
[︄

ϵ 1 − ϵ
0.5 0.5

]︄
, Q =

[︄
ϵ2 1 − ϵ2

0.5 0.5

]︄
, ϵ > 0. (3)

As seen in table 1 and figure 1, as ϵ → 0 the ratio of the divergences appears to
grow without bound. To verify this analytically, we will evaluate the systems at the
limit ϵ → 0. For Markov chain P, the stationary probabilities are given by:

πP
0 = 0.5

1 − ϵ + 0.5 = 0.5
1.5 − ϵ

and πP
1 = 1 − ϵ

1.5 − ϵ
.

Applying a zeroth-order Taylor expansion, these probabilities expand into the
constants πP

0 = 1
3 + O(ϵ) and πP

1 = 2
3 + O(ϵ). A similar evaluation of the stationary

vector πQ for chain Q reveals that it converges to these same steady-state constants,
πQ

0 = 1
3 + O(ϵ) and πQ

1 = 2
3 + O(ϵ). Here O(·) denotes the standard big-O asymptotic

notation. f(ϵ) = O(g(ϵ)) means that there exists a constant M > 0, such that
|f(ϵ)| ≤ M |g(ϵ)| for all sufficiently small ϵ. This means that the O-terms collect all
of the contributions and are bounded by g(ϵ) as ϵ → 0. We now calculate all eight
terms from equation (2) individually and perform an asymptotic evaluation of them.
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Table 1: The values of the ratios of KL-divergences achieved with different values of
parameter ϵ

ϵ
KL(path)
KL(sum)

10−1 4.65 × 100

10−2 5.97 × 101

10−3 7.00 × 102

10−4 7.64 × 103

10−5 8.05 × 104

10−6 8.35 × 105

10−7 8.57 × 106

10−8 9.13 × 107

10−810−710−610−510−410−310−210−1

²

101

102

103

104

105

106

107

108

K
L(

pa
th

) 
/ 

K
L(

su
m

)

Simulated ratio
Slope 0:465£ (1=²) as reference

Figure 1: Ratio of KL-divergences KL(path)/KL(sum) as a function of ϵ on
logarithmic axes. The dashed line is proportional to 0.465 × 1

ϵ
(anchored to the first

datapoint), giving a slope of -1. Both axes are logarithmic.
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1. Term i = 0, j = 0, k = 0:

πP
0 ϵ2 ln

(︄
πP

0 ϵ2

πQ
0 ϵ4

)︄
= ϵ2(1/3 + O(ϵ)) ln

(︄
(1/3 + O(ϵ))

(1/3 + O(ϵ))ϵ2

)︄

= ϵ2(1/3 + O(ϵ)) ln
(︄

(1 + O(ϵ))
ϵ2

)︄
= (ϵ2/3 + O(ϵ3))(ln(1 + O(ϵ)) + 2 ln(1

ϵ
))

= (ϵ2/3 + O(ϵ3))(2 ln(1
ϵ
) + O(ϵ)) = 2

3ϵ2 ln(1
ϵ
) + O(ϵ3 ln 1

ϵ
) (4)

2. Term i = 1, j = 0, k = 0:

πP
1

1
2ϵ ln

⎛⎝ πP
1

1
2ϵ

πQ
1

1
2ϵ2

⎞⎠ = ϵ(1/3 + O(ϵ)) ln
(︄

(2/3 + O(ϵ))
(2/3 + O(ϵ))ϵ

)︄

= ϵ(1/3 + O(ϵ)) ln
(︄

(1 + O(ϵ))
ϵ

)︄
= (ϵ/3 + O(ϵ2))(ln(1 + O(ϵ)) + ln(1

ϵ
))

= (ϵ/3 + O(ϵ2))(ln(1
ϵ
) + O(ϵ)) = 1

3ϵ ln(1
ϵ
) + O(ϵ2 ln 1

ϵ
)

3. Term i = 0, j = 1, k = 0:

πP
0 (1 − ϵ)1

2 ln
⎛⎝ πP

0 (1 − ϵ)1
2

πQ
0 (1 − ϵ2)1

2

⎞⎠
= (1/3 + O(ϵ))(1 − ϵ)1

2 ln
(︄

(1/3 + O(ϵ))(1 − ϵ)
(1/3 + O(ϵ))(1 + ϵ)(1 − ϵ)

)︄

= (1/6 + O(ϵ)) ln
(︄

1 + O(ϵ)
1 + ϵ

)︄
= (1/6 + O(ϵ)) (ln(1 + O(ϵ)) − ln(1 + ϵ))

= (1/6 + O(ϵ))(O(ϵ) − ϵ) = O(ϵ) (5)

4. Term i = 1, j = 1, k = 0:

πP
1

1
2

1
2 ln

⎛⎝πP
1

1
2

1
2

πQ
1

1
2

1
2

⎞⎠ = (2/3 + O(ϵ))1
4 ln

(︄
2/3 + O(ϵ)
2/3 + O(ϵ2)

)︄

= (1/6 + O(ϵ)) ln
(︄

1 + O(ϵ)
1 + O(ϵ2)

)︄
= (1/6 + O(ϵ)) ln(1 + O(ϵ))

= (1/6 + O(ϵ))O(ϵ) = O(ϵ) (6)
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5. Term i = 0, j = 0, k = 1:

πP
0 ϵ(1 − ϵ) ln

(︄
πP

0 ϵ(1 − ϵ)
πQ

0 ϵ2(1 − ϵ2)

)︄

= ϵ(1/3 + O(ϵ))(1 − ϵ) ln
(︄

(1/3 + O(ϵ))ϵ(1 − ϵ)
(1/3 + O(ϵ))ϵ2(1 − ϵ)(1 + ϵ)

)︄

= (ϵ/3 + O(ϵ2)) ln
(︄

1 + O(ϵ)
ϵ(1 + ϵ)

)︄

= (ϵ/3 + O(ϵ2))
(︃

ln
(︃1

ϵ

)︃
+ ln(1 + O(ϵ)) − ln(1 + ϵ)

)︃
= (ϵ/3 + O(ϵ2))

(︃
ln
(︃1

ϵ

)︃
+ O(ϵ)

)︃
= 1

3ϵ ln
(︃1

ϵ

)︃
+ O

(︃
ϵ2 ln 1

ϵ

)︃
6. Term i = 1, j = 0, k = 1:

πP
1

1
2(1 − ϵ) ln

⎛⎝ πP
1

1
2(1 − ϵ)

πQ
1

1
2(1 − ϵ2)

⎞⎠
= (2/3 + O(ϵ))1

2(1 − ϵ) ln
(︄

(2/3 + O(ϵ))(1 − ϵ)
(2/3 + O(ϵ))(1 + ϵ)(1 − ϵ)

)︄

= (1/3 + O(ϵ)) ln
(︄

1 + O(ϵ)
1 + ϵ

)︄
= (1/3 + O(ϵ)) (ln(1 + O(ϵ)) − ln(1 + ϵ))

= (1/3 + O(ϵ))(O(ϵ) − ϵ) = O(ϵ)

7. Term i = 0, j = 1, k = 1:

πP
0 (1 − ϵ)1

2 ln
⎛⎝ πP

0 (1 − ϵ)1
2

πQ
0 (1 − ϵ2)1

2

⎞⎠ = O(ϵ)

Since the expression is identical to the one found in equation (5).

8. Term i = 1, j = 1, k = 1:

πP
1

1
2

1
2 ln

⎛⎝πP
1

1
2

1
2

πQ
1

1
2

1
2

⎞⎠ = O(ϵ)

Since the expression is identical to the one found in equation (6).
Summing all of the elements in the sum, we get the following result for the

asymptotic behavior of the divergence:

KL(path) = 2
3ϵ2 ln(1

ϵ
) + O(ϵ3 ln 1

ϵ
) + 1

3ϵ ln(1
ϵ
) + O(ϵ2 ln 1

ϵ
)

+ O(ϵ) + O(ϵ) + 1
3ϵ ln(1

ϵ
) + O(ϵ2 ln 1

ϵ
) + O(ϵ) + O(ϵ) + O(ϵ)

= 2
3ϵ ln 1

ϵ
+ O(ϵ)

≥ C1ϵ ln(1
ϵ
), C1 > 0 (7)
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So for some constant C1, KL(path) ≥ C1ϵ ln(1
ϵ
) for sufficiently small ϵ. Next we

perform an analogous asymptotic analysis for the Kullback-Leibler divergence for
KL(sum) for each state s. To get a tighter asymptotic bound, we will be using a
longer Taylor expansion for s ∈ {1, 2, 3}. Using a first order Taylor expansion yields
the following stationary distributions:

πP
0 = 1

3 + 2
9ϵ + O(ϵ2), πP

1 = 2
3 − 2

9ϵ + O(ϵ2)

πQ
0 = 1

3 + 2
9ϵ2 + O(ϵ4), πQ

1 = 2
3 − 2

9ϵ2 + O(ϵ4).

1. s=0:

πP
0 ϵ2 ln(πP

0 ϵ2

πQ
0 ϵ4

) = 2
3ϵ2 ln(1

ϵ
) + O(ϵ3 ln 1

ϵ
),

since the expression is identical to the one found in equation (4).

2. s=1:

(πP
1

1
2ϵ + πP

0 (1 − ϵ)1
2 + πP

0 ϵ(1 − ϵ)) ln
⎛⎝ πP

1
1
2ϵ + πP

0 (1 − ϵ)1
2 + πP

0 ϵ(1 − ϵ)
πQ

1
1
2ϵ2 + πQ

0 (1 − ϵ2)1
2 + πQ

0 ϵ2(1 − ϵ2)

⎞⎠
=
(︃

(2
3 − 2

9ϵ)1
2ϵ + (1

3 + 2
9ϵ)(1 − ϵ)1

2 + (1
3 + 2

9ϵ)ϵ(1 − ϵ) + O(ϵ2)
)︃

× ln
⎛⎝ (2

3 − 2
9ϵ)1

2ϵ + (1
3 + 2

9ϵ)(1 − ϵ)1
2 + (1

3 + 2
9ϵ)ϵ(1 − ϵ) + O(ϵ2)(︂

2
3 − 2

9ϵ2
)︂

1
2ϵ2 + (1

3 + 2
9ϵ2)(1 − ϵ2)1

2 + (1
3 + 2

9ϵ2)ϵ2(1 − ϵ2) + O(ϵ4)

⎞⎠
=
(︃1

3ϵ + (1
6 − 1

18ϵ) + 1
3ϵ + O(ϵ2)

)︃
ln
(︄ 1

3ϵ + (1
6 − 1

18ϵ) + 1
3ϵ + O(ϵ2)

O(ϵ2) + (1
6 + O(ϵ2)) + O(ϵ2)

)︄

=
(︃1

6 + 11
18ϵ + O(ϵ2)

)︃
ln
(︄ 1

6 + 11
18ϵ + O(ϵ2)

1
6 + O(ϵ2)

)︄

=
(︃1

6 + 11
18ϵ + O(ϵ2)

)︃
ln
(︄

1 + 11
3 ϵ + O(ϵ2)

1 + O(ϵ2)

)︄

=
(︃1

6 + 11
18ϵ + O(ϵ2)

)︃(︃
ln
(︃

1 + 11
3 ϵ + O(ϵ2)

)︃
− ln(1 + O(ϵ2))

)︃
=
(︃1

6 + 11
18ϵ + O(ϵ2)

)︃(︃11
3 ϵ + O(ϵ2)

)︃
= 11

18ϵ + O(ϵ2)
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3. s=2:

(πP
1

1
2

1
2 + πP

1
1
2(1 − ϵ) + πP

0 (1 − ϵ)1
2) ln

⎛⎝ πP
1

1
2

1
2 + πP

1
1
2(1 − ϵ) + πP

0 (1 − ϵ)1
2

πQ
1

1
2

1
2 + πQ

1
1
2(1 − ϵ2) + πQ

0 (1 − ϵ2)1
2

⎞⎠
=
(︃

(2
3 − 2

9ϵ)1
4 + (2

3 − 2
9ϵ)1

2(1 − ϵ) + (1
3 + 2

9ϵ)(1 − ϵ)1
2 + O(ϵ2)

)︃
× ln

(︄
(2

3 − 2
9ϵ)1

4 + (2
3 − 2

9ϵ)1
2(1 − ϵ) + (1

3 + 2
9ϵ)(1 − ϵ)1

2 + O(ϵ2)
(2

3 + O(ϵ2))1
4 + (2

3 + O(ϵ2))1
2(1 − ϵ2) + (1

3 + O(ϵ2))(1 − ϵ2)1
2

)︄

=
(︃

(1
6 − 1

18ϵ) + (1
3 − 4

9ϵ) + (1
6 − 1

18ϵ) + O(ϵ2)
)︃

× ln
(︄

(1
6 − 1

18ϵ) + (1
3 − 4

9ϵ) + (1
6 − 1

18ϵ) + O(ϵ2)
1
6 + 1

3 + 1
6 + O(ϵ2)

)︄

=
(︃2

3 − 5
9ϵ + O(ϵ2)

)︃
ln
(︄ 2

3 − 5
9ϵ + O(ϵ2)

2
3 + O(ϵ2)

)︄

=
(︃2

3 − 5
9ϵ + O(ϵ2)

)︃
ln
(︄

1 − 5
6ϵ + O(ϵ2)

1 + O(ϵ2)

)︄

=
(︃2

3 − 5
9ϵ + O(ϵ2)

)︃(︃
ln
(︃

1 − 5
6ϵ + O(ϵ2)

)︃
− ln(1 + O(ϵ2))

)︃
=
(︃2

3 − 5
9ϵ + O(ϵ2)

)︃(︃
−5

6ϵ + O(ϵ2)
)︃

= −10
18ϵ + O(ϵ2)

4. s=3:

πP
1

1
2

1
2 ln

⎛⎝πP
1

1
2

1
2

πQ
1

1
2

1
2

⎞⎠ =
(︃

(2
3 − 2

9ϵ)1
4 + O(ϵ2)

)︃
ln
(︄

(2
3 − 2

9ϵ)1
4 + O(ϵ2)

(2
3 + O(ϵ2))1

4

)︄

=
(︃1

6 − 1
18ϵ + O(ϵ2)

)︃
ln
(︄ 1

6 − 1
18ϵ + O(ϵ2)

1
6 + O(ϵ2)

)︄

=
(︃1

6 − 1
18ϵ + O(ϵ2)

)︃
ln
(︄

1 − 1
3ϵ + O(ϵ2)

1 + O(ϵ2)

)︄

=
(︃1

6 − 1
18ϵ + O(ϵ2)

)︃(︃
ln(1 − 1

3ϵ + O(ϵ2)) − ln(1 + O(ϵ2))
)︃

=
(︃1

6 − 1
18ϵ + O(ϵ2)

)︃(︃
−1

3ϵ + O(ϵ2)
)︃

= − 1
18ϵ + O(ϵ2)

Summing all of the terms together, we get the following asymptotic behaviour:

KL(sum) = 2
3ϵ2 ln(1

ϵ
) + O(ϵ3 ln 1

ϵ
) + 11

18ϵ + O(ϵ2) − 10
18ϵ + O(ϵ2) − 1

18ϵ + O(ϵ2)

= 2
3ϵ2 ln(1

ϵ
) + 0 × ϵ + O(ϵ2) = 2

3ϵ2 ln(1
ϵ
) + O(ϵ2) ≤ C2ϵ

2 ln 1
ϵ
, C2 > 0 (8)

For some constant C2. Finally evaluating the ratio of the two divergences (7) and
(8), we can evaluate that:
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KL(path)
KL(sum) ≥

C1ϵ ln(1
ϵ
)

C2ϵ2 ln 1
ϵ

= C1

C2

1
ϵ

= C3
1
ϵ
, C3 > 0

For some constant C3. Next we take the limit as ϵ → 0:

lim
ϵ→0

(︃
C3

1
ϵ

)︃
= C3 lim

ϵ→0

(︃1
ϵ

)︃
→ ∞. (9)

Since KL(path)
KL(sum) ≥ C3

1
ϵ
, this proves that the ratio of the Kullback-Leibler diver-

gences for the path and the aggregated sum of a three time step Markov chain can
diverge to infinity. Divergence speed of 1

ϵ
also aligns with the numerical simulations

done earlier, as can be seen in figure 1, where the speed of divergence seemed to be
directly proportional to 1

ϵ
.

4 Results
In this thesis, we analyzed the maximal effect of aggregation on the total information
loss in the case of two-state, discrete-time, stationary Markov chains with two and
three time steps using the Kullback-Leibler divergence. The calculations yielded
differing results depending on the number of observed time steps.

For the two-time-step case, it was found that the Kullback-Leibler divergence of
the path distribution was always identical to that of the aggregated occupancy-time
distribution, yielding a ratio of:

KL(path)
KL(sum) = DKL(p(2)||q(2))

DKL(F (2)
P ||F (2)

Q )
= 1,

regardless of the chosen Markov chains P and Q.
For three time steps, it was found that the ratio of the divergences could be

arbitrarily large when utilizing the Markov chains described in equation (3). By
using the given transition matrices and performing an asymptotic evaluation with
respect to the parameter ϵ → 0, it was proven that the ratio behaves as:

KL(path)
KL(sum) = DKL(p(3)||q(3))

DKL(F (3)
P ||F (3)

Q )
≥ C3

1
ϵ
,

for sufficiently small ϵ. As shown by the numerical simulations in figure 1, as
ϵ → 0, the ratio of the divergences grows quickly, with values ranging from 4.65 at
ϵ = 0.1, all the way to 9.13 × 107 at ϵ = 10−8. Evaluating the limit in (9) confirms
that the ratio diverges to infinity, proving that information lost during aggregation
can be arbitrarily large.

The findings align with fundamental results in information theory, especially
the data processing inequality, which states that aggregating data cannot increase
information content. The two-time-step analysis proves that aggregation does not
always diminish the amount of information, while the three-time-step analysis illus-
trates how much information can be lost when aggregating, since the ratio of the
divergences can be arbitrarily large.
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5 Conclusion

5.1 Summary of results
This thesis evaluated the maximal information loss of occupancy time aggregation
on the Kullback-Leibler divergence of two-state discrete-time Markov chains. The
findings show that for the case of two time steps, no information is lost regardless
of the given Markov chains. Conversely, the results for the three-time-step Markov
chain show that aggregation can lose an arbitrary amount of information in relation
to the original path of the Markov chain.

5.2 Implication for distribution identification
Kullback-Leibler divergence can serve as a measure of the distinguishability of two
Markov chains P and Q [4]. This means that the ratio of the divergences tells us how
much less distinguishable two Markov chains are when using their occupancy time as
a metric, instead of utilizing their exact taken path. For the case of a two-time-step
Markov chain, using the occupancy time as a metric for differentiating between the
two Markov chains is just as accurate as utilizing the full path of the Markov chain.

However, when trying to identify the correct Markov chain with three time
steps, the amount of information lost can be arbitrarily large. This means that
the distinguishability of the Markov chains can suffer drastically under aggregation,
potentially making different Markov chains indistinguishable from one another.

5.3 Practical purpose
Understanding the effect of aggregation is an important part of data analysis and other
disciplines. In many fields, such as reinforcement learning [10] and computational
biology [9], data can be aggregated to reduce computational load and unnecessary
complexity. The results of this thesis, however, prove that in some cases, like a
three-time-step Markov chain, aggregation can destroy the underlying patterns in
the data, making differentiation between two possible models much more difficult.
Therefore, although occupancy time can be a highly useful metric in some cases, it can
also destroy underlying patterns and make different Markov chains indistinguishable,
so it should not be applied to all scenarios.
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A Code

1 clear;
2

3 %At first we tested n_sample with fully random parameters ,
after which we

4 % tested a more specific ansatz using e which turned out to
work.

5 n_sample = 10;
6 results = zeros(n_sample , 7);
7

8

9 e=0.1;
10

11 for n = 1: n_sample
12 %Here we create the Markov chains
13

14

15 %pa=rand ();pb=rand ();
16 %qa=rand ();qb=rand ();
17

18 %pa =0.999+ rand () /1000;
19 %pb =0.9+ rand () /10;
20 %qa =0.99999999999+ rand () /100000000000;
21 %qb=pb;
22

23 pa=1-e;
24 pb = 0.5;
25 qa = 1-e^(2);
26 qb = pb;
27 e=e/10;
28

29 P = [1-pa , pa;pb , 1-pb];
30 Q = [1-qa , qa; qb , 1-qb];
31

32 invP = [pb/(pa+pb),pa/(pa+pb)];
33 invQ = [qb/(qa+qb),qa/(qa+qb)];
34

35 % Calculate the kl_path for the given Markov chains
36 kl_path =0;
37

38 for i = 1:2
39 for j = 1:2
40 for k = 1:2
41

42 Pm=invP(i)*P(i,j)*P(j,k);
43 Qm=invQ(i)*Q(i,j)*Q(j,k);
44 kl_path = kl_path + Pm*log(Pm/Qm);
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45 end
46 end
47 end
48

49 %Here we calculate the given kl_sums for the Markov
chains

50 kl_sum = 0;
51 pS=zeros (1 ,4);
52 qS=zeros (1 ,4);
53

54 pS (1) = invP (1)*P(1 ,1)*P(1 ,1);
55 qS (1) = invQ (1)*Q(1 ,1)*Q(1 ,1);
56

57 pS (2) = invP (2)*P(2 ,1)*P(1 ,1) + invP (1)*P(1 ,2)*P(2 ,1) +
invP (1)*P(1 ,1)*P(1 ,2);

58 qS (2) = invQ (2)*Q(2 ,1)*Q(1 ,1) + invQ (1)*Q(1 ,2)*Q(2 ,1) +
invQ (1)*Q(1 ,1)*Q(1 ,2);

59

60 pS (3) = invP (1)*P(1 ,2)*P(2 ,2) + invP (2)*P(2 ,1)*P(1 ,2) +
invP (2)*P(2 ,2)*P(2 ,1);

61 qS (3) = invQ (1)*Q(1 ,2)*Q(2 ,2) + invQ (2)*Q(2 ,1)*Q(1 ,2) +
invQ (2)*Q(2 ,2)*Q(2 ,1);

62

63 pS (4) = invP (2)*P(2 ,2)*P(2 ,2);
64 qS (4) = invQ (2)*Q(2 ,2)*Q(2 ,2);
65

66 kl_sum = sum(pS .* log(pS./qS));
67

68 %Here we put the results in the result table , and also
print out every

69 %value of e that comes out , to make sure that the ratio
of divergences

70 %gets bigger . The printing part was added when testing
out the e

71 %ansatz , and not before that.
72 results (n ,:) =[pa ,pb ,qa ,qb ,kl_path ,kl_sum , kl_path / kl_sum ];
73 fprintf ( ’%.18f\n’, results (n, 7));
74 end
75

76 %Print out the result (and it ’s Markov chains ) with the
biggest divergence ratio

77 [max ,maxid ]= max( results (: ,7));
78 fprintf ( ’%.18f\n’, results (maxid , :));
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