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ABSTRACT
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A paradigm shift is underway: Wastewater, historically viewed as an environmental hazard, is now 
recognized  as  a  sustainable  source  of  clean  water,  energy,  and  nutrients.  Under  this  context,  
wastewater treatment plants (WWTPs) are being rethought as water resource recovery facilities 
(WRRFs), plants that produce goods and energy using wastewater as a raw material. While current 
efforts focus on designing novel processes, this dissertation considers the role of automatic decision-
making (that is, feedback control) in this transition instead. We propose two research directions: (i) 
The  repurposing  of  already  existing  infrastructure  to  these  emerging  objectives,  and  (ii)  The 
promotion of a wastewater-centered market through an interconnected network of WRRFs.

In the first direction, the thesis studies the predictive control of conventional biological WWTPs 
for water resource recovery tasks. The proposal consists of an output-feedback control framework 
comprised of an operating point optimizer, a model predictive controller, and a moving horizon 
estimator. The framework is designed to control a WWTP to recover nutrients directly into effluent 
streams, thus producing reused water of tailored quality, while ensuring that such an operation 
regime can be fully sustained by the energy recovered from processing sludge into biogas. Using 
well-established benchmark models, experimental results demonstrate the efficacy of this control 
strategy in operating a conventional WWTP as an energy-autonomous WRRF.

In the second direction, the thesis studies the control of (noncooperative) multi-agent systems.  
The underlying idea is to connect WRRFs into a supply chain exchanging wastewater and recovered 
resources. Here, the contribution is theoretical: it addresses the open problem of seeking game-
theoretical equilibria (e.g., the Nash equilibrium) of output-feedback policies that incorporate both 
operational  and  informational  constraints.  The  thesis  proposes  novel  equilibrium-seeking 
algorithms in which noncooperative agents are able to converge to an equilibrium of feedback 
policies, while simultaneously operating their subsystem under the aforementioned constraints. We 
provide formal convergence certificates and demonstrate the algorithms in exemplary problems.

Our theoretical and experimental findings contribute a step towards the transition into zero-
waste water resource recovery infrastructures. In turn, the contributions to multi-agent control 
should benefit applications in different domains, such as smart grids and supply chain management.
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1. Introduction

A paradigm shift is underway: Wastewater, historically viewed as an environ-
mental hazard, is being recognized as a sustainable source of clean water,
energy, and nutrients [1–4]. The potential to commodify these resources,
together with increasing water stresses and environmental concerns, is
driving the wastewater sector to reorient wastewater treatment plants
(WWTPs) to function as water resource recovery facilities (WRRFs), that
is, plants that produce goods using wastewater as a raw material [5, 6].
In particular, the production of reused (or reclaimed) water of different
qualities has attracted much attention. Water that is rich in nitrogen and
phosphorus, nutrients which are abundant in domestic wastewater, is a
valuable asset in agriculture [7]. Partially treated, non-potable water can
support the demand from a variety of urban and industrial activities, such
as toilet flushing, cleaning, and water cooling [8]. A treatment process
capable of tailoring the quality of reused water can promote both economic
development (the provision of a valuable commodity) and environmental
sustainability (the conservation of freshwater resources), thus making it an
essential tool in achieving circular economy and zero-waste goals. Finally,
excess sludge from such a process can be potentially harvested for heat
and electrical energy; thus ensuring an equalized water-energy nexus.
A technology that produces reused water of tailored quality with net-zero

(or even net-negative) energy balance costs has been a central target of the
research in transitioning from pollution abatement to resource recovery.
While current research efforts focus on revamping the existing infrastruc-
ture with novel processes [9–15]—an undeniably costly endeavor [16]—,
little has been investigated on how automatic decision-making (that is, feed-
back control [17–19]) can play a role in this transition. Under new operation
policies, can the treatment systems already in place be rendered flexible
enough to resource recovery tasks? How can these systems be repurposed
and integrated to modern water reuse chains? This thesis aims to address
these questions by considering two research directions in which process
control could enable a circular, autonomous, water resource recovery.
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Introduction

Centralized water reuse chains
In a centralized water reuse chain, a WWTP is operated to produce reused
water, energy, and raw materials, according to the resource demands from
urban, industrial, and agricultural ecosystems (Figure 1.1). For this sce-
nario, biological treatment of wastewater [20] offers the most promising
platform: This infrastructure (i) is common to most urban centers, (ii) has a
recognized potential for energy recovery through the production of biogas,
and (iii) is centred on controlling the nitrogen and phosphorus content
within wastewater—two major nutrients lost by conventional treatment.
Moreover, biological WWTPs are increasingly instrumented and digitalized,
thus facilitating the design and deployment of new operation policies [21].
Biological WWTPs are large-scale dynamical systems of notable complexity.

Their real-time operation requires feedback control solutions capable of
driving the plant using data from in situ sensors. Traditionally, this has
been achieved by low-level regulators that control key process variables to
match operational targets set during process design [22]. More recently,
advanced methods such as model predictive control (MPC, [19]) have found
noteworthy success in optimizing the operation of biological WWTPs: their
performance was shown to improve considerably when using either linear
[23–25] or nonlinear [26–29] MPC strategies, including when the process
dynamics is represented by black-box models [30,31]. While demonstrating
the capabilities of model-based feedback control, these contributions have
been limited to the classical goal of nitrogen removal; that is, they are not
designed for resource recovery objectives. A unified control framework
which is valid at a system-level and general enough to incorporate resource
recovery operations to conventional WWTPs remains lacking.

Urban, industrial and 

agricultural ecosystems

Resource demands
Control actions

Water + Resources
(N, P, metals, ...)

Energy
(biogas)

Natural ecosystems

Sou
rce:

 fre
epi

k.c
om

Sou
rce:

 fr
eep

ik.
com

Water resource recovery facility (WRRF)

Raw 
materials

Measurements

Wastewater

Model-based
controller

Figure 1.1. Diagram of an autonomous WRRF in a centralized water reuse chain. To satisfy
the external resource demands, a (model-based) controller uses measurement
data to determine the optimal actions for the plant’s actuators.
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Networked water reuse chains
In a networked water reuse chain, an interconnected grid of WRRFs is
operated simultaneously while exchanging water and resources within
themselves and their urban, industrial, and agricultural clients (Figure 1.2).
The WRRFs are each controlled by a self-interested decision-making agent.
Under this setup, a new market emerges with wastewater as the central
commodity: the agents decide whether to consume or produce wastewater
and its products based on the current demands. In addition to allowing
more flexible and sophisticated operation strategies, such an architecture
alleviates the shortcomings of centralized treatment systems, such as large
maintenance costs and blending of heterogeneous sources [32,33].
Being noncooperative multi-agent systems, this class of WRRF networks

cannot be controlled using classical centralized methods. Dynamic game
theory provides an alternative framework through the concept of noncoop-
erative equilibria (e.g., the Nash equilibrium) [34,35]. Under a dynamic
game setting, agents design control policies to operate their subsystems
while aware that their choice affects (and is affected by) the others’ choices.
Game-theoretical approaches to online decision-making have been proven
successful in many applications, including communication networks [36,37]
and power systems [38–40]. The networked water reuse chain that we
conceptualize would require equilibrium-seeking solutions to the synthesis
of output-feedback policies which (i) are jointly stabilizing, (ii) incorporate
operational constraints (e.g., actuator limits and restrictions on the effluent
quality), and (iii) comply with the network’s informational structure. Unfor-
tunately, the existing methods cannot address these requirements and are
mostly limited to state-feedback problems [41–50]. A systematic approach
to equilibrium seeking for this class of dynamic games remains lacking.

CTRL

CTRL

CTRL

CTRL

CTRL

CTRL

WRRF

WRRF

WRRF

WRRF

WRRF

WRRF

Source: freepik.com

Water + Resources
Information

Figure 1.2. Diagram of autonomous WRRFs in a networked water reuse chain. The WRRFs
are each managed by a decision-making agent, which deploys a feedback
controller for their automatic operation based on self-interested objectives.
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Introduction

1.1 Summary of contributions

This thesis comprises four publications which address the literature gaps
in the two previously discussed research directions. In the first direction,
we propose a flexible control framework for the operation of conventional
WWTPs as self-sufficient WRRFs (Publications I and II). In the second di-
rection, our contribution is methodological: it addresses the open problem
of seeking game-theoretical equilibria of control policies that incorporate
both operational and informational constraints (Publications III and IV).
The main contributions of each publication are as follows:

Publication I: We propose a control framework for rendering biological
WWTPs flexible to both conventional and resource recovery objectives.
The framework is centered on an MPC strategy for reference tracking,
with the references assumed to reflect the environmental and economical
targets set by the plant’s management.

Publication II: We formalize the task of energy-autonomous production
of reused water and design an MPC controller for operating a full-scale
WWTP towards this objective. The results show that our control frame-
work is capable of operating a WWTP as a self-sufficient WRRF, thus
contributing a proof-of-concept on the feasibility of repurposing existing
wastewater treatment infrastructures into centralized water reuse chains.

Publication III: An algorithm for seeking generalized feedback Nash
equilibria (GFNE) is proposed. Leveraging a novel approach to control
design, we construct a GFNE-seeking algorithm for solving dynamic
games in which the players’ policies are subjected to both operational
and informational constraints. The algorithm is showcased in exemplary
problems including price competition in oligopolistic markets.

Publication IV: An algorithm for GFNE-seeking in partially-observed
games is proposed. The algorithm extends our previous work by consid-
ering the wider class of output-feedback problems, by taking a statistical
approach to robust control, and by applying monotone operator theory to
design a routine with proven convergence. The algorithm is showcased
on the noncooperative control of a decentralized power-grid.

1.2 Outline of the thesis

This thesis consists of five chapters followed by Publications I–IV. The
theoretical background for the proposed methods is covered in Chapter
2. A summary of our proposed control framework and its application to
centralized water reuse chains is presented in Chapter 3. A summary of our
proposed GFNE-seeking algorithms and their application to noncooperative
dynamic games is presented in Chapter 4. Finally, Chapter 5 provides some
concluding remarks and directions for future research.
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2. Theoretical background

This chapter introduces main concepts from feedback control and game
theory, which are fundamental for the contributions of this thesis. We first
discuss model-based control problems, with focus on the model predictive
control and system level synthesis approaches to designing optimal feedback
policies. The chapter concludes with an overview of noncooperative dynamic
games and their solution through equilibrium-seeking methods.

2.1 Model-based output-feedback control

A model-based approach to controller design is centred on a mathematical
representation of the dynamics and observation process of the system to be
controlled. In this thesis, the focus is on discrete-time state-space models

Σ :

⎧
⎨
⎩
x[n+1] = Ax[n] +Bww[n] +Buu[n];

y[n] = Cx[n] +Dww[n],

(2.1a)

(2.1b)

where x[n] ∈ RNx is the state of the system, y[n] ∈ RNy is its output (or
measurement), w[n] ∈ RNw are external disturbances (to the state and the
output), and u[n] ∈ RNu are the actionable inputs (or control actions), at
time step n ∈ N. A linear time-invariant system such as Σ often arises from
the linearization of a nonlinear system around some desired steady-state
(with a time-discretization performed if the model is in continuous-time).
A controller (Figure 2.1) is a digital device which determines the control

signal u according to the (possibly nonlinear) output-feedback control policy

K : ℓ
Ny
∞ (N) → ℓNu∞ (N), u = Ky. (2.2)

The control policy K is often designed to optimally achieve some technical
objective (e.g., minimizing the distance from the state signal x to a given
reference signal xref). For unconstrained systems, optimal policies can be
obtained using the well-established H2/LQG and H∞ control methods [17].
In general, however, analytical formulas for K are not available. A common

5



Theoretical background

Disturbances

Controller

System
Controls

Measurements

Figure 2.1. Diagram of an output-feedback controller. The superscript (·)data distinguishes
the signals actually exchanged with the system from those modelled by Σ.

approach is to describe the policy using computational routines: these
include the popularmodel predictive control (MPC, [19]) methods. Recently,
system level synthesis (SLS, [51]) emerged as a promising framework for
the design of optimal policies which also incorporate structural constraints
(typically, communication and actuation delays). Being central to this thesis,
we overview the MPC and SLS methods in the following.

Model predictive control
In a model predictive controller (Figure 2.2), the control signal is defined
by the causal recursive expression

udata[n] := e0
(︁
MPC ◦MHE

)︁(︁
udata[n−Ne], . . . , u

data[n−1],

ydata[n−Ne], . . . , y
data[n]

)︁
(2.3)

where e0 is a selector operator1, the mapping

MPC := (ŵ0, . . . , ŵNe−1, x̂0, . . . , x̂Ne) ↦→ (u⋆0, . . . , u
⋆
Nc−1, x

⋆
0, . . . , x

⋆
Nc

)

returns a solution to finite-horizon optimal control problems of the form

minimize
u[·], x[·]

Nc−1∑︂

n=0

Lc|n(x[n], u[n]) + Lc|Nc
(x[Nc]) (2.4a)

subject to
n=0,...,Nc−1

Σ (Eq. 2.1) with w[n] = ŵNe−1 and x[0] = x̂Ne , (2.4b)

x[n] ∈ Xc|n, u[n] ∈ Uc|n, (2.4c)

and the mapping

MHE := (udata0 , . . . , udataNe−1, y
data
0 , . . . , ydataNe

) ↦→ (ŵ0, . . . , ŵNe−1, x̂0, . . . , x̂Ne)

returns a solution to finite-horizon optimal estimation problems of the form

minimize
w[·], x[·]

Ne−1∑︂

n=0

Le|n(x[n], w[n] | ydatan ) + Le|Ne
(x[Ne] | ydataNe

) (2.5a)

subject to
n=0,...,Ne−1

Σ (Eq. 2.1) with u[n] = udatan , (2.5b)

x[n] ∈ Xe|n, w[n] ∈ We|n. (2.5c)
1For an ordered (N+1)-tuple x = (x0, x1, . . . , xN ), we have that enx = xn.

6
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Controller (Output MPC)

Measurements ControlsMPCMHE

Figure 2.2. Diagram of an output-feedback model predictive control policy.

The Problems (2.4) and (2.5) are respectively known as the model predic-
tive control (MPC) and moving horizon estimation (MHE) problems [19].
Explicitly, at each time step n ∈ N, the policy in Eq. (2.3) consists of:

(i) collecting the past Ne control actions and Ne+1 measurements;
(ii) given this data, solving the MHE Problem (2.5) to obtain Ne distur-

bance estimates and Ne+1 state estimates;
(iii) given these estimates, solving the MPC Problem (2.4) to obtain Nc

optimal controls and Nc+1 predicted state-responses;
(iv) deploying only the first optimal control action to the system.

Since it repeatedly solves dynamical optimization problems using data
which shifts in time, this algorithm is known as a receding-horizon control
or output-feedback model predictive control (Output MPC) policy.
The design of an Output MPC policy refers to the engineering task of

choosing the horizon lengths {Nc, Ne}, cost functions {Lc|(·), Le|(·)}, and
constraint sets {Xc|(·),Uc|(·),Xe|(·),We|(·)}, such that the controller, when op-
erating the physical system, achieves the desired objective while satisfying
operational requirements. In special, the boundary costs {Lc|Nc

, Le|0} and
constraints {Xc|(Nc),Uc|Nc

,Xe|0,We|0} require careful design to guarantee
closed-loop stability [19]. The design should also ensure that Problems
(2.4) and (2.5) can be solved with enough efficiency and reliability for the
Output MPC policy to be implemented in practice. A common design choice
(whenever possible) is to consider convex objective functions and constraint
sets, allowing for these problems to be solved using interior-point methods
[52–54] and other structure-exploiting algorithms [55–57]. Finally, we re-
mark that the Output MPC architecture can be supplemented with auxiliary
components, such as online model identifiers and disturbance predictors.

System level synthesis
Under a linear policy u = Ky, the Z-transform of the system Σ (Eq. 2.1)
allows us to express (x̂, û) in terms of the external disturbances,

[︄
x̂

û

]︄
=

[︄
Φ̂xx Φ̂xxBuK̂

K̂CΦ̂xx K̂ + K̂CΦ̂xxBuK̂

]︄[︄
δ̂x

δ̂y

]︄
:=

[︄
Φ̂xx Φ̂xy

Φ̂ux Φ̂uy

]︄[︄
δ̂x

δ̂y

]︄
, (2.6)

given matrix Φ̂xx =
(︁
zI−A−BuK̂C

)︁−1, and signals δ̂x = Bwŵ and δ̂y = Dwŵ.
The transfer matrices (Φ̂xx, Φ̂xy, Φ̂ux, Φ̂uy) describe how the system reacts, in

7
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Controller (system level synthesis)

Measurements Controls

Figure 2.3. Diagram of an output-feedback controller under a system level parametrization.
The policy K̂ = Φ̂uy + Φ̂uxΦ̂

−1

xx Φ̂xy is represented using the auxiliary transfer
matrices Φ̃x = z(I − zΦ̂xx), Φ̃ux = zΦ̂ux, Φ̃xy = −zΦ̂xy and Φ̃uy = Φ̂uy.

closed-loop, to the disturbances: They are denoted system level responses.
Using this representation, the following results hold [51, Theorem 5.1]:

(a) The policy K̂ is internally stabilizing if (Φ̂xx, Φ̂xy, Φ̂ux, Φ̂uy) satisfies

ẐAB

[︄
Φ̂xx Φ̂xy

Φ̂ux Φ̂uy

]︄
= ẐI0 and

[︄
Φ̂xx Φ̂xy

Φ̂ux Φ̂uy

]︄
ẐAC = Ẑ

T
I0 (2.7)

with ẐAB = [zI−A Bu], ẐAC = [zI−AT CT]T, and ẐI0 = [I 0].

(b) A response (Φ̂xx, Φ̂xy, Φ̂ux, Φ̂uy) satisfying Eq. (2.7) is achieved by the
stabilizing policy K̂ = Φ̂uy − Φ̂uxΦ̂

−1
xx Φ̂xy (Figure 2.3).

The system level approach to control synthesis consists of determining
a desired system level response and then reconstructing the policy which
achieves it, as opposed to searching for an optimal control policy K directly.
The class of system level synthesis problems of the form

minimize
Φ̂xx,Φ̂xy ,Φ̂ux,Φ̂uy

J(Φ̂xx, Φ̂xy, Φ̂ux, Φ̂uy) (2.8a)

subject to
n=0,1,...

ẐAB

[︄
Φ̂xx Φ̂xy

Φ̂ux Φ̂uy

]︄
= ẐI0,

[︄
Φ̂xx Φ̂xy

Φ̂ux Φ̂uy

]︄
ẐAC = Ẑ

T
I0 (2.8b)

[︄
Φ̂xx Φ̂xy

Φ̂ux
1
z Φ̂uy

]︄
∈ 1

zRH∞ ∩ SΦ, (2.8c)

(Φ̂xxδ̂x + Φ̂xy δ̂y)[n] ∈ X , (Φ̂uxδ̂x + Φ̂uy δ̂y)[n] ∈ U (2.8d)

describes the task of finding an optimal system level response. The objective
functionals J(·) is often obtained by using Eq. (2.6) to convert an objective
originally expressed in terms of (x̂, û) into a system-level equivalent. The
constraints are designed to impose both structural and operational restric-
tions: The system level parametrization (Eq. 2.8b) enforces the policy K̂

to be internally stabilizing. The structural constraints (Eq. 2.8c) encode
informational and structural requirements that the policy needs to satisfy;
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for instance, time-delays imposed by the controller’s hardware. Finally, the
operational constraints (Eq. 2.8d) encode the restrictions on the state x[·]
and control u[·] signals to be satisfied by K when operating the system.
In summary, a (linear) feedback policy can be synthesized by designing

and solving the SLS Problem (2.8), offline, then programming the equivalent
control policy into physical hardware. Numerically, an SLS problem can be
solved by using Φ̂(z) =

∑︁∞
n=0

1
zΦ[n] to express the objective and constraint

functions in terms of the spectral components of the system level responses.
Many relevant objective functionals J(·) and constraints sets {SΦ,X ,U}
lead to Problem (2.8) becoming a finite-dimensional convex optimization
problem, and thus solvable even for large-scale decentralized systems–a
major motivation for the development of the SLS framework [51,58,59].
Moreover, when compared to receding-horizon methods, SLS provides
a more principled approach to describe structural constraints such as
actuation and communication delays in a control network.

2.2 Multi-agent control systems and noncooperative games

In multi-agent systems (Figure 2.4), the centralized approach to control
design (Section 2.1) becomes impractical: Decision-making agents are often
self-interested, noncooperative, and lack coordination. If designing their
policies without accounting for their rivals’ actions, these agents risk failing
their objectives and, in the worst case, destabilizing the whole system [60].
The framework of dynamic game theory thus emerges as an alternative for
the design of efficient, yet strategically stable, control policies [34,35].
An NP -player noncooperative game, defined by the tuple

G := (P, {Up}p∈P , {Jp}p∈P), (2.9)

describes the problem of players p ∈ P := {1, 2, . . . , NP } each deciding on
a strategy up ∈ Up(u−p) to optimize an objective Jp : U1 × · · · × UNP → R.

Disturbances

Controller

Controller
Controls

Measurements

C
om

m
un

ic
at

io
n

ne
tw

or
k

Networked
system

Figure 2.4. Diagram of a multi-agent control system. The measurements ydata are sent to
a communication network and then broadcasted to the agents (possibly with
different delays). The agents simultaneously employ the policies (K1, . . . ,KNP )
to compute their control actions, which are then deployed to the system.
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The sets Up (∀p ∈ P) define the actions available to the players, with
Up : U−p ⇒ Up restricting this choice based on their rivals’ strategies. As
such, players are coupled through both their objectives and feasible actions.
A strategy profile u = (u1, . . . , uNP ) is a solution to the game G when it is

feasible and agreeable to all players, if acting rationally. A widely accepted
solution concept is that of a generalized Nash equilibrium (GNE, [61]). A
profile u⋆ = (u1

⋆
, . . . , uN

⋆
P ) is a GNE solution to G when

up
⋆ ∈ BRp(u−p⋆) (∀p ∈ P) (2.10)

given the best-response mappings BRp : U−p ⇒ Up,

BRp(u−p) := argmin
up

{︁
Jp(up, u−p) | up ∈ Up(u−p)

}︁
. (2.11)

Equivalently, u⋆ ∈ BR(u⋆) (or, u⋆ ∈ fix(BR)) for the joint-best-response map-
ping BR(u) := BR1(u−1)× · · · ×BRNP (u−NP ). Informally, a GNE is a profile
from which no player can improve its outcome by deviating unilaterally.
The GNE solution concept effectively translates G into a fixed-point search

problem, inspiring algorithmic approaches for its solution. We are inter-
ested in equilibrium-seeking algorithms, when players actively search for
their equilibrium policies in a distributed manner. An important class of
such algorithms is known as best-response dynamics (BRD, [62]). Broadly,
they consist of players repeatedly choosing best-responses to their rivals’
current strategies until simultaneously converging to a GNE. In addition to
their simplicity and decentralized nature, mimicking how noncooperative
players would behave in reality, these routines are ensured to converge
when the best-response mappings {BRp}p∈P are either nonexpansive or con-
tractive [63]. Regrettably, assessing the (sub)continuity properties of such
optimizer mappings is a complex task for all but the simplest problems [64],
and thus BRD algorithms will often not provide convergence guarantees.
Under the refined concept of a variational generalized Nash equilibrium
(vGNE, [61, 65]), alternative GNE-seeking algorithms can be developed.
In particular, this refinement allows the game G to be reformulated as a
monotone inclusion problem and solved using operator-splitting algorithms
and related methods [66,67]. The monotone operator approach provides an
unifying framework for the design of equilibrium-seeking routines which
apply to a wide range of relevant noncooperative games. A disadvantage of
such an approach is that the resulting routines often require a coordinator
to perform some centralized computation; that is, the equilibrium-seeking
cannot be fully decentralized. Despite their semi-decentralized nature,
operator-splitting algorithms for vGNE-seeking are still the state-of-the-art
due to their efficient numerics and well-understood convergence properties.
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Dynamic noncooperative games
In a (linear and stationary) dynamic noncooperative game, the player’s
strategies are control signals designed to minimize functionals of the form

Jp(up, u−p) := E

[︄ ∞∑︂

n=0

Lp(x[n], up[n])

]︄
(2.12)

given the state-space model

ΣG :

⎧
⎨
⎩
x[n+1] = Ax[n] +Bww[n] +

∑︁
p∈P Bp

uup[n];

y[n] = Cx[n] +Dww[n],

(2.13a)

(2.13b)

describing the dynamics and measurement process of the underlying net-
worked system. Here, w is a white noise process satisfying Ew[n] = 0 and
E(w[n+k]w[n]T) = δ[k]INw for all n, k ∈ N. In this case, any solution concept
requires an assumption on the information available to each player, that is,
the information structure of the dynamic game G under ΣG [34]. We focus
on closed-loop imperfect state information (CLIS) patterns, in which the pth
player’s control actions are represented by linear output-feedback policies

Kp : ℓ
Ny
∞ (N) → ℓN

p
u∞ (N), up := Kpy = Φp

K ∗ y, (2.14)

given causal operators Kp ∈ Cp(K−p) ⊆ L(ℓNy
∞ , ℓN

p
u∞ ) defined by convolution

kernels Φp
K = (Φp

K [n])n∈N. A plan of action with such an information struc-
ture is desirable over its open-loop counterpart: it allows players to detect
noise disturbances and decision errors, then adapt their actions accordingly.
The relations Cp : ℓN

−p
u∞ ⇒ ℓN

p
u∞ (p ∈ P) can be designed to restrict the play-

ers’ choices to feedback policies that (i) are internally stabilizing and (ii)
respect the communication structure of the networked system (imposing
action, sensing, and communication delays).
As before, a policy profileK⋆ = (K1⋆ , . . . ,KN⋆

P ) is a solution to the dynamic
game G when K⋆ ∈ fix(BRK) given the associated best-response mappings
{BRp

K}p∈P . Since the strategies are feedback policies, this solution concept
will be referred to as a generalized feedback Nash equilibrium (GFNE).
Under this setup, the design of GFNE-seeking algorithms faces additional
challenges when compared to the GNE-seeking problem: The best-response
mappings {BRp

K}p∈P , corresponding to infinite-dimensional constrained
optimization problems, cannot be analytically or numerically evaluated in
general. As such, a GFNE-seeking via BRD routine becomes practically
infeasible. Moreover, the policy profile K ∈ L(ℓNy

∞ , ℓN
p
u∞ ) lying in a Banach

space [68] hinders the refining of the solution concept to a variational
generalized feedback Nash equilibrium (vGFNE). Thus, vGFNE-seeking via
operator-splitting also cannot be realized in practice. The aforementioned
technical and fundamental limitations have limited the solution of dynamic
games to specific problems and ad-hoc algorithms [41–50]. To the best of
our knowledge, there are no principled approaches to GFNE-seeking in
dynamic games with both operational and informational constraints.
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3. Predictive control for self-sufficient
resource recovery

This chapter overviews our contributions to the control of conventional
WWTPs as self-sufficient WRRFs (Publications I and II). We first present the
process and control objectives considered in our study, then overview our
proposed Output MPC solution for its operation. The chapter is concluded
with a summary of our main experimental findings.

3.1 Water resource recovery facilities

We consider biological wastewater treatment plants (Figure 3.1) comprised
of two main processes [20]:

– The activated sludge process, in the water line, wherein microorgan-
isms reduce ammonia present in the wastewater into nitrate, which is
then reduced into nitrogen gas and released into the atmosphere;

– The anaerobic digestion process, in the sludge line, wherein organic
material in the excess sludge produced by the plant is converted into
biogas, which is then used as fuel for generating heat and electricity.

In general, a biological WWTP can be understood as a process that con-
verts influent wastewater into three main products: treated water, biogas,
and disposed sludge. The quality of the treated water is typically character-
ized by its concentrations of total suspended solids (TSS), organic matter
(quantified as biochemical oxygen demand, BOD), and total nitrogen (TN,
the sum of organic nitrogen, ammonia, and nitrates/nitrites). The quality
of the biogas is characterized by its concentration of methane (CH4). The
quality of the disposed sludge is indirectly characterized by the concentra-
tions of total suspended solids (TSS) in the outflow of the digester. During
operation, those measurable quantities can be controlled by manipulating
the recirculation of wastewater/sludge throughout the plant, and the ad-
dition of oxygen and supplementary carbon to the water line. Additional
instrumentation (e.g., sensors for dissolved oxygen and temperature) can
be deployed to further monitor the plant and assist in its operation.
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Figure 3.1. Process layout of a biological WWTP. The solid balloons refer to quantities
measurable through online sensors, while the dashed balloons refer to quanti-
ties measurable only through laboratory analysis. (This figure is adapted from
Publication II, © The authors).

Under the emerging water resource recovery paradigm, a WWTP should
be operated to produce effluents of tailored quality while simultaneously
performing energy recovery. In the following, we formalize a class of control
objectives for WWTPs to be operated as a (energetically) self-sufficient
WRRFs. Finally, the section is concluded with a discussion on the dynamical
modelling of WWTPs and on their key performance indicators.

Water quality classes and energy cost index
The primary control objective for this class of WRRFs consists of targeting
different qualities for its effluent water based on (time-varying) external
demands. In this direction, we conceptualize three water quality classes:

Class A) Water suitable for sustaining natural water bodies;
Class B) Water suitable for urban and industrial activities;
Class C) Water suitable for agricultural irrigation and landscaping;

The classification is defined via upper limits on the effluent quality metrics
(that is, concentrations of suspended solids, organic matter, and nitrogen)
such that no harmful side-effects are expected if the treated water is used
for the aforementioned purposes. We consider the limits reported in Table
3.1, based on existing regulations and well-established standards [69–72].
Intuitively, the energy required to treat the influent wastewater should
be smaller the less stringent the quality limits. As such, it would be cost-
efficient to produce Class A water only when the external demands cannot
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Table 3.1. Water quality classes and their characterization in terms of total suspended
solids (TSS), biochemical oxygen demand (BOD), and total nitrogen (TN). (This
table is adapted from Publication II, © The authors).

Water class Target application Biochemical profile

TSS BOD TN

A Environmental reuse ≤ 30 g/m3 ≤ 10 g/m3 ≤ 15 g/m3

B Urban/industrial reuse ≤ 30 g/m3 ≤ 15 g/m3 ≤ 30 g/m3

C Agricultural reuse ≤ 30 g/m3 ≤ 20 g/m3 ≤ 45 g/m3

be satisfied with either Class B or Class C water. Similarly, producing Class
B water should be avoided when Class C water suffices. Importantly, pro-
ducing Class C water is beneficial not only because it is energy-inexpensive,
but also due to nitrogen being a critical commodity for agriculture. The
limit on the nitrogen content of this water is only meant to avoid issues that
might be caused by the oversupply of nutrients [73].
An energy-autonomous WRRF should be capable of adjusting its biogas

production to recover the energetic costs incurred by its operation. For
this class of WWTPs, the net demand of electricity and heating is quantified
by the energy cost index (ECI, in kWh/d) signal,

ECI = AE+ PE+ME− ηEMP+max(0,HE− ηHMP), (3.1)

given the aeration (AE, kWh/d), pumping (PE, kWh/d), mixing (ME, kWh/d),
and heating (HE, kWh/d) energy required for operation. Energy generated
from effluent biogas is expressed as methane production (MP, in kgCH4/d)
converted to electricity (with efficiency ηE > 0) and heat (with efficiency
ηH > 0). A WWTP is characterized as energetically self-sufficient when its
ECI, averaged over a specified period, is nonpositive.

State-space representation and key performance indicators
The complexity inherent to the bioprocesses in aWWTP leads to its dynamics
being often represented by continuous-time nonlinear state-space models,

ΣPlant :

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

d
dtx(t) = f(x(t), w(t), u(t));

y(t) = g(x(t), w(t), u(t));

z(t) = h(x(t), w(t), u(t)).

(3.2a)

(3.2b)

(3.2c)

The model ΣPlant results from concatenating the state x, controls u (i.e.,
recycle, air, and external carbon flow-rates), disturbances w (i.e., influent
wastewater and its composition), and measurable quantities y, of each pro-
cess unit in the WWTP. In addition to the dynamics f(·) and measurement
process g(·), this extended model also describes how a vector of key perfor-
mance indicators (or KPIs) z(t) ∈ RNz is computed based on the state x(t),
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disturbances w(t), and inputs u(t), at time t ∈ R≥0. For the aforementioned
energy-autonomous water resource recovery tasks, we consider

z = (TSSeff, BODeff
5 , TNeff, ECI), (3.3)

comprising the biochemical profile of the effluent water (in terms of solids,
organics, and nitrogen) and the plant’s energy cost index, respectively.
Hereafter, we assume no feedthrough of inputs such that y(t) = g(x(t), w(t)).

3.2 Output MPC: Overview and setup for resource recovery

We consider Output MPC (Section 2.1) as a systematic approach for design-
ing controllers that operate WWTPs as energy-autonomous WRRFs. Our
proposal consists of a reference-tracking control policy which regulates the
plant’s state to time-varying operating points whose associated KPIs reflect
the desired objective: For the plant to maintain an energy-autonomous
operation regime while producing reuse water of specified quality.
The controller (Figure 3.2) is designed to operate with a control period

of ∆t = 1/96 [days], each cycle starting at time tn = n∆t (n = 1, 2, . . .).
Due to the continuous-time and nonlinear nature of the plant’s model, our
formulation incorporates an operating point optimizer (OPO) which operates
at a longer period∆tref = 1 [days] and is responsible for: (i) determining the
operating conditions that, if enforced, lead to the currently desired profile
of KPIs, and for (ii) producing a (discrete-time) linear approximation of the
model ΣPlant around this operating point. Under this setup, the MPC and
MHE problems are jointly designed to perform output-feedback disturbance
rejection such that the plant is regulated around these optimal operating
points. In the following, we detail the main components of this controller.
The reader is referred to Publications I and II for the technical details of its
implementation and the explicit values of its tuning parameters.

Controller (Output MPC)

Measurements

Controls

WWTP

Disturbances

R
ef

er
en

ce
s

OPO

MPCMHE

Figure 3.2. Diagram of the Output MPC policy including an operating point optimizer.

16



Predictive control for self-sufficient resource recovery

Operating point optimizer (OPO)
At each nth control cycle satisfying n = (∆tref/∆t)k (k = 1, 2, . . .), the OPO
computes a pair (xrefk , urefk ) solving the nonconvex optimization problem

minimize
xk, uk

⃦⃦
⃦⃦
⃦

[︄
Wz|ref

Wu|ref

]︄[︄
zk − z̄refk

uk − ūrefk

]︄⃦⃦
⃦⃦
⃦

2

2

(3.4a)

subject to 0 = f(xk, w̄
ref
k , uk) (3.4b)

zk = h(xk, w̄
ref
k , uk) (3.4c)

zk ∈ Zref, xk ∈ Xref, uk ∈ Uref. (3.4d)

The references (z̄refk , w̄ref
k , ūrefk ) are, respectively, a desired KPI profile, a

desired actuation setup, and the expected disturbances, at the kth OPO
cycle. The weighting matrices Wz|ref,Wu|ref ⪰ 0 and constraint sets Zref,
Xref, and Uref, (Eq. 3.4c) are user-defined and configured according to the
desired objective. Specifically, to implement energy-autonomous resource
recovery, we have z̄ref represent a desired water quality (that is, we set
reference values of TSSeff, BODeff

5 , and TNeff, for each class in Table 3.1),
while having Zref designed to restrict the ECI to be nonpositive.
Using the optimal operating point, the OPO produces the state-space

Σ
δ|k
Plant :

⎧
⎨
⎩
xδ[n+1] = Akx

δ[n] +Bw|kw
δ[n] +Bu|ku

δ[n];

yδ[n] = Ckx
δ[n] +Dw|kw

δ[n],

(3.5a)

(3.5b)

obtained by linearizing the original model ΣPlant around pk = (xrefk , w̄ref
k , urefk ),

then discretizing (in time) the resulting model using the period ∆t. The
signals {xδ, wδ, uδ} describe deviations around pk, with yδ = y− g(xrefk , w̄ref

k ).
We refer to Publications I and II for more details on these computations.

Model predictive control (MPC)
At each nth control cycle, the mapping MPC(·) solves the problem

minimize
uδ [·], xδ [·]

Nc−1∑︂

n=0

⃦⃦
⃦⃦
⃦

[︄
Wx|n

Wu|n

]︄[︄
xδ[n]

uδ[n]

]︄⃦⃦
⃦⃦
⃦

2

2

+
⃦⃦
⃦Wx|Nc

xδ[Nc]
⃦⃦
⃦
2

2
(3.6a)

subject to
n=0,...,Nc−1

Σ
δ|k
Plant (Eq. 3.5) with wδ[n] = ŵδ

Ne−1 and xδ[0] = x̂δNe
, (3.6b)

xδlb ⪯ xδ[n] ⪯ xδub, uδlb ⪯ uδ[n] ⪯ uδub. (3.6c)

The Problem (3.6) is designed to use the most recent linearized state-space
model Σδ|k

Plant obtained by the OPO. Under this representation, the objective
function (Eq. 3.6a) is chosen such that the controller drives the state xδ

and input uδ deviations around the origin, i.e., it regulates the plant around
the operating point pk currently being tracked. The bound constraints (Eq.

17



Predictive control for self-sufficient resource recovery

3.6c) enforce technological restrictions related to the WWTP that must be
satisfied by the controller (e.g., volume and actuation limits).
Due to the state constraints (Eq. 3.6c), the terminal weighting matrix

Wx|Nc
requires careful tuning to ensure that this control policy is stabilizing.

In this work, we obtain Wx|Nc
from the matrix solving the algebraic Riccati

equation (ARE) associated with the unconstrained version of Problem (3.6).
Under this setup, as the constraints sets {Xc|(·),Uc|(·)} are convex, compact,
and contain the origin in their interior, the MPC policy is stabilizing [19].

Moving horizon estimation (MHE)
At each nth control cycle, the mapping MHE(·) solves the problem

minimize
wδ [·], xδ [·]

Ne−1∑︂

n=0

⃦⃦
⃦⃦
⃦

[︄
Wy|n

Ww|n

]︄[︄
yδ[n]−y

data|δ
n

wδ[n]−w
data|δ
n

]︄⃦⃦
⃦⃦
⃦

2

2

+
⃦⃦
⃦Wy|Ne

(︁
yδ[Ne]−y

data|δ
Ne

)︁⃦⃦
⃦
2

2

(3.7a)

subject to
n=0,...,Ne−1

Σ
δ|k
Plant (Eq. 3.5) with uδ[n] = udata|δn , (3.7b)

xδlb ⪯ xδ[n] ⪯ xδub, wδ
lb ⪯ wδ[n] ⪯ wδ

ub. (3.7c)

The Problem (3.7) considers the same model as in the MPC (Problem 3.6),
that is, the most recent linearized model Σδ|k

Plant from the OPO. The objective
function (Eq. 3.7a) is designed so that the estimator tracks the measure-
ment data ydata|δ = ydata − g(xrefk , urefk ) and some pre-specified disturbance
reference wdata|δ (explicitly, we set wdata|δ = 0). In practice, the estimation
objective is to produce state estimates that closely match the measurement
data while having the disturbance estimates match the expected profile w̄ref

k .
Finally, the bound constraints (Eq. 3.7c) are designed to enforce physical
constraints related to the WWTP to be satisfied by the estimates (e.g., the
fact that influent flow-rates and composition are positive quantities).
The convergence of the MHE requires a careful tuning of the initial

weighting matrix We|0. Again, We|0 is obtained from the matrix solving the
ARE associated with the unconstrained version of Problem (3.7). Under the
assumption that the estimation error is bounded, the proposed Output MPC
(i.e., the combined MHE/MPC policy) is asymptotically stable [19].

3.3 Experimental results and discussion

The long-term operation of a conventional WWTP as an energy-autonomous
WRRF (Section 3.1) under our Output MPC controller (Section 3.2) is vali-
dated in a simulation experiment (we refer to Publication II for more details).
The Benchmark Simulation Model no. 2 (BSM2, [74]) is used to represent a
large-scale plant subject to typical municipal influents. In this scenario, the
targeted water quality alternates periodically between Class A and Class B,
with Class C assumed to be the desired quality during cold months.
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In this experiment, the OPO (Problem (3.4) and Eq. 3.5) is implemented
using the software CasADi/IPOPT [54, 75]. The MPC (Problem 3.6) and
the MHE (Problem 3.7) are both computed using an implementation of the
structure-exploiting primal-barrier interior point method described in [55].
The computations are performed in a Dell Precision 3650 Tower Workstation
(Intel Xeon W-1370P (16) @ 3.60GHz, 64GB of RAM).

Primary objective: Reuse water of tailored quality
The results (Figure 3.3) show that the Output MPC can operate the WWTP
to provide water of the required quality class, consistently, despite influent
disturbances. The biochemical profile of the treated water (in terms of
TSSeff, BODeff

5 , and TNeff) shows that the control performance is satisfactory
except for sporadic rain and storm events. For the solids and organic matter:

– The effluent total suspended solids (TSSeff) are kept under the 30 g/m3

limit (complying with the requirements for all quality classes), aside
from occasional storm events. We remark on the extreme events at
the 1st month (t ∈ [0, 31) days) and 10th month (t ∈ [273, 304) days),
when TSSeff varies notably and stays uncorrected for a long period.

– The effluent 5-days measured biochemical oxygen demand (BODeff
5 )

is kept under the 10 g/m3 (complying with the requirements for all
quality classes) throughout the entire period. Again, the performance
is less satisfactory only during extreme events.

The effluent total nitrogen (TNeff), being the nutrient we are interested in
recovering, changes periodically according to the targeted water quality:

– During oddmonths, the controller targets quality Class A by regulating
TNeff around 7.5 g/m3. The performance is mostly consistent, with a
noticeable but small decline in the 1st month (t ∈ [0, 31)). In addition
to the rain event, the task is more demanding at this period as the
lower temperature conditions affect the nitrogen removal efficiency.
In contrast, the nitrogen removal efficiency is noticeably higher in
the latter months, when temperatures increase. The daily-average
signal during odd months is always below the 15 g/m3 limit, and thus
complies with the requirements for Class A water.

– During even months, the controller targets quality Class B by reg-
ulating TNeff around 22.5 g/m3. In this case, performance is less
consistent but still satisfactory. The controller struggles to track the
reference during the 8th month (t ∈ [212, 243)) and the 10th month
(t ∈ [273, 304)). Again, this is because higher temperature conditions
amplify the nitrogen removal efficiency of this treatment process. The
daily-average signal during even months is within the (15, 30] g/m3

limits and thus complies with the requirements for Class B water.
– During the cold season (months 3–5), the controller targets quality
Class C by regulating TNeff around 37.5 g/m3. The reference is tracked
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Figure 3.3. Simulation results: Effluent quality in terms of total suspended solids (TSSeff),
biochemical oxygen demand (BODeff

5 ) and total nitrogen (TNeff). Shaded regions
indicate the different water quality classes (A, B, and C). The ternary plot shows
the composition of TNeff at each time-step in terms of inorganic and organic
nitrogen forms. (This figure is adapted from Publication II, © The authors).

consistently, except for a few isolated events. Specifically, the effluent
concentrations of this nutrient decrease abruptly at days t ≈ 65, t ≈ 95,
and t ≈ 145. These periods align with the occurrence of rain events,
indicating that this operational regime is more sensitive to extreme
influent disturbances. Regardless, the daily-average signal during
this period is mostly within the (30, 45] g/m3 limits and thus complies
with the requirements for Class C water.

In Figure 3.3, we also visualize the composition of TNeff at each time-step
based on the achieved quality class. The results show that the stricter the
quality limits, the higher the focus on recovering nitrogen in the form of am-
monium. This is not surprising, as the influent nitrogen is mostly comprised
of organic and ammonium nitrogen. While the former must be removed to
avoid violating the quality limits on organic matter (BOD5), the latter can be
recovered by relaxing the nitrogen removal efficiency of the process. The
fact that inorganic nitrogen is preferred for crop fertigation, together with
the known toxicity of nitrite, makes this chemical profile ideal for clients
requesting water of quality Class C (agricultural reuse). Interestingly, this
behavior was not explicitly programmed into the controller, but emerged
from its planning given the process model and the expected influent profile.
In summary, the results demonstrate the efficacy of this Output MPC

strategy and highlight some facts on wastewater treatment and nitrogen
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recovery. Firstly, it reinforces the well-known fact that nitrogen removal
via biological treatment is reduced and amplified, respectively, by low
and high temperature conditions. The conjecture is that conventional
WWTPs operated as WRRFs should be scheduled to recover nutrients during
cold seasons, when producing nitrogen-rich reuse water is shown to be
a less demanding task. Similarly, the plant can be scheduled to focus on
producing cleaner water during warm seasons. Finally, the results show
that conventional WWTPs can still remove solids and organic matter while
simultaneously manipulating the chemical profile of their water effluents.

Secondary objective: Nonpositive energy costs
The results (Figure 3.4) show that the operation implemented by the Output
MPC is energy-autonomous: Except for two short periods (at days t ≈ 15 and
t ≈ 150), the energy cost index (ECI) indicates that the plant can recover
more heat and electrical energy daily than needed for its operation. The
violations of the energy-autonomy constraints align with the occurrence of
rain events, highlighting the effect of extreme influent disturbances. For
this experiment, the WWTP produced a total of 83 GWh, with an average
output of 2385 kWh/d of surplus energy. We conjecture that the plant can
eliminate the need for buying external electricity (and even benefit from
selling its surplus) by including energy-storage systems in its infrastructure.
The energy recovery is also shown to depend on the targeted water quality:

– When targeting Class A, the output is 2022 kWh/d, on average. On
a monthly-basis, this ranges from producing 1607 kWh/d (1st month,
t ∈ [0, 31) days) to 2178 kWh/d (7th month, t ∈ [181, 212) days).

– When targeting Class B, the output is 2534 kWh/d, on average. On
a monthly-basis, this ranges from producing 1877 kWh/d (6th month,
t ∈ [151, 181) days) to 2933 kWh/d (2nd month, t ∈ [31, 59) days).

– When targeting Class C, the output is 2635 kWh/d, on average. This
production is consistent throughout the cold season.

Figure 3.4. Simulation results: Energy cost index (ECI). Negative values imply that the
WWTP is recovering more energy than necessary for its operation. (This figure
is adapted from Publication II, © The authors).
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The energy recovery performance concurs with the conclusions from the
nutrient recovery task: It is more inexpensive to produce water of Class A
during warm seasons, whereas producing water of Class B or C benefits
from low-temperature conditions. In addition, the results show that set-
point changes have a noticeable effect on the ECI. Specifically, switching
the reference from Class B to Class A causes a short burst in the energy
costs, whereas switching from Class A to Class B causes a sudden decrease.
The controller achieves this energy-autonomous operation not by boosting

biogas production but instead by implementing cheaper aeration schemes
while maintaining a regular methane production. Such a strategy reflects
the fact that the controller was explicitly programmed not to minimize
energy costs but only to ensure they are nonpositive. Under an alternative
tuning, the controller would be able to prioritize energy production, likely at
the expense of worsened nutrient recovery. Since our configuration achieves
both the primary (resource recovery) and secondary (energy recovery) goals,
it constitutes a solution to the problem of operating conventional WWTPs
as energy-autonomous WRRFs.

22



4. Generalized feedback Nash
equilibrium seeking

This chapter summarizes our contributions to solving generalized feedback
Nash equilibrium problems (Publications III and IV). We demonstrate how
the solutions to a relevant class of noncooperative dynamic games can
be reformulated using SLS, then enabling the design of tractable GFNE-
seeking algorithms. Here, the contribution is methodological and applicable
to general networked systems, including, but not limited to, the networked
water reuse chains conceptualized in Chapter 1.

4.1 Problem statement

The focus is on noncooperative dynamic games G := (P, {Up}p∈P , {Jp}p∈P)
defined by the best-response mappings BRp

K : ℓN
−p
u∞ ⇒ ℓN

p
u∞ ,

BRp
K(K−p) := argmin

up:=Kpy

{︁
Jp(up, u−p) | Kp ∈ Cp(K−p), up ∈ Up(u−p)

}︁
, (4.1)

being to the solution set of the infinite-dimensional stochastic problem

minimize
up:=Kpy

E

⎡
⎣

∞∑︂

n=0

⃦⃦
⃦⃦
⃦
[︂
W p

x W p
u

]︂[︄ x[n]
up[n]

]︄ ⃦⃦
⃦⃦
⃦

2

2

⎤
⎦ (4.2a)

subject to
n=0,1,...

ΣG (Eq. 2.13) with up̃ = Φp̃
K ∗ y (∀p̃ ∈ P), (4.2b)

Φp
K ∈ Sp, (Φp

K ,Φ−p
K ) ∈ Sglobal, (4.2c)

Gupup[n] ⪯ 1, Gxx[n] +Guu[n] ⪯ 1, (4.2d)

with the structural constraints Cp(·) defined by the local Sp and global
Sglobal constraint sets, and the operational constraintsUp(·) defined as linear
inequalities given the local Gup and global (Gx, Gu) matrices. We refer to
Publications IV for all the details and assumptions on Problem (4.2). Under
this formulation, the GFNE-seeking problem consists of players learning
feedback policies that stabilize the underlying networked system ΣG while
competing for a limited shared resource (e.g., bandwidth in a network or
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goods in a supply-chain) and subjected to a shared communication structure.
Although specific, this class of linear-quadratic games covers a wide range
of practically relevant control problems (cf. Chapter 3).
In this work, we propose to overcome both fundamental and practical

limitations to the design of GFNE-seeking algorithms by leveraging the
system level synthesis framework to policy design (Section 2.1). Specifically,
our solution is centered on a specific, but equivalent, representation of
feedback policies, K = (K1, . . . ,KNP ), as system level responses to noise,
Φ = (Φ1, . . . ,ΦNP ). This representation allows us to furnish “system-level
best-responses” {BRp

Φ}p∈P which correspond to solving finite-dimensional
optimal control problems incorporating both the operational and the struc-
tural restrictions in the form of convex constraints. Finally, we show that

K⋆ ∈ fix(BRK) ⇐⇒ Φ⋆ ∈ fix(BRΦ).

The system-level approach to GFNE-seeking is presented in the following.

4.2 System-level best-response mappings

We start by demonstrating how dynamic games admit an equivalent system-
level static game through a reformulation of their best-response mappings.
In the frequency domain, each player’s policy is associated with a transfer
matrix K̂

p
=
∑︁∞

n=0
1
znΦ

p
K [n] ∈ RH∞, defining the output-feedback ûp = K̂

p
ŷ.

Considering the Z-transform of the state-space ΣG (Eq. 2.13), the signals
(x̂, ûp) can be posed in terms of the noise ŵ as
[︄
x̂

ûp

]︄
=

[︄
Φ̂xx

∑︁
p̃∈P Φ̂xxB

p̃
uK̂

p̃
,

K̂
p
CΦ̂xx K̂

p
+
∑︁

p̃∈P K̂
p
CΦ̂xxB

p̃
uK̂

p̃

]︄[︄
δ̂x

δ̂y

]︄
:=

[︄
Φ̂xx Φ̂xy

Φ̂
p
ux Φ̂

p
uy

]︄[︄
δ̂x

δ̂y

]︄

(4.3)
where Φxx =

(︁
(zI−A)−∑︁p∈P Bp

uK̂
p
C
)︁−1, δ̂x = Bwŵ, and δ̂y = Dwŵ. As in

Section 2.1, the system level responses (Φ̂xx, Φ̂xy, Φ̂
p
ux, Φ̂

p
uy) describe how the

state and the players’ actions react to the noise under the output-feedback
policy Kp. For ease of notation, let Φ̂ux = (Φ̂

p
ux)p∈P and Φ̂uy = (Φ̂

p
uy)p∈P . In

favour of a time-domain exposition, we will refer to these transfer matrices
mostly through their spectral factors Φ(·) = (Φ(·)[n])n∈N. Under this setup,
the following holds (see Publications III and IV for the full details):

(a) The policy profile K = (K1, . . . ,KNP ) is internally stabilizing if the
spectral factors of the profile (Φ̂xx, Φ̂xy, Φ̂ux, Φ̂uy) satisfy the system

ΣΦ|G :

⎧
⎨
⎩
Φxx[n+1] = AΦxx[n] +

∑︁
p∈P Bp

uΦ
p
ux[n];

Φxy[n+1] = AΦxy[n] +
∑︁

p∈P Bp
uΦ

p
uy[n];

(4.4a)

(4.4b)
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Figure 4.1. Feedback structure for the policies K̂
p
= Φ̂

p

uy +Φ̂
p

uxΦ̂
−1

xx Φ̂xy using the auxiliary
transfer matrices Φ̃x = z(I−zΦ̂xx), Φ̃

p
ux = zΦ̂

p

ux, Φ̃xy = −zΦ̂xy and Φ̃
p
uy = Φ̂

p

uy.

and its “dual”

Σ∗
Φ|G :

⎧
⎨
⎩
Φxx[n+1] = Φxx[n]A+Φxy[n]C;

Φp
ux[n+1] = Φp

ux[n]A+Φp
uy[n]C, (∀p ∈ P);

(4.5a)

(4.5b)

with Φxx[0] = Φxy[0] = Φp
ux[0] = 0 (for all p ∈ P) and Φxx[1] = INx .

(b) A profile (Φ̂xx, Φ̂xy, Φ̂ux, Φ̂uy) satisfying (ΣΦ|G , Σ∗
Φ|G) is achieved by the

policies K̂
p
= Φ̂

p
uy − Φ̂

p
uxΦ̂

−1
xx Φ̂xy (Figure 4.1), implemented as

ΣKp :

⎧
⎨
⎩
ξ[n+1] = −∑︁n

k=0 Φ̃xx[k]ξ[n−k]−∑︁n
k=0 Φ̃xy[k]y[n−k];

up[n] =
∑︁n

k=0 Φ̃
p
ux[k]ξ[n−k] +

∑︁n
k=0Φ

p
uy[k]y[n−k].

(4.6a)

(4.6b)

with auxiliary kernels Φ̃xx = (Φxx[n+2])n∈N, Φ̃xy = (Φxy[n+1])n∈N, and
Φ̃ux = (Φux[n+1])k∈N, and internal state ξ = (ξ[n])n∈N with ξ[0] = 0.

The system level parametrization enables a methodology for policy synthe-
sis consisting of searching the space of stabilizing policies directly through
(Φxx,Φxy,Φ

p
ux,Φ

p
uy), for each p ∈ P. In this direction, consider that the play-

ers plan their control actions by choosing a desired system level response
Φp
u = (Φp

ux,Φ
p
uy) to the noise, then implementing their feedback policy as

the system ΣKp (Eq. 4.6). The original best-response mappings {BRp
K}p∈P

are equivalent to system-level best-response mappings {BRp
Φ}p∈P ,

BRp
Φ(Φ

−p
u ) := argmin

Φp
u

{︁
Jp
Φ(Φ

p
u,Φ

−p
u ) | Φp

u ∈ Cp
Φ(Φ

−p
u ), Φp

u ∈ Up
Φ(Φ

−p
u )
}︁
,

(4.7)
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corresponding to the solution set of the system level synthesis problem

minimize
Φp

ux,Φ
p
uy

∞∑︂

n=0

⃦⃦
⃦⃦
⃦
[︂
W p

x W p
u

]︂[︄Φxx[n] Φxy[n]

Φp
ux[n] Φp

uy[n]

]︄[︄
Bw

Dw

]︄⃦⃦
⃦⃦
⃦

2

F

(4.8a)

subject to
n=0,1,...

ΣΦ|G (Eq. 4.4), Σ∗
Φ|G (Eq. 4.5) , (4.8b)

[︄
Φxx[n] Φxy[n]

Φp
ux[n] Φp

uy[n]

]︄
∈ Sp

Φ[n], (4.8c)

[︄
Gx Gu

˜︁Gup

]︄[︄
Φxx Φxy

Φux Φuy

]︄[︄
Bw

Dw

]︄
∗ w[n] ⪯ 1, (4.8d)

where we let ˜︁Gup = eTp ⊗Gup to simplify its statement. The translation from
the structural constraints Cp to the equivalent Cp

Φ is done by (i) enforcing
internal stability using the system level parametrization (Eq. 4.8b), and by
(ii) enforcing any structural specification directly to the spectral factors of
the closed-loop maps (Eq. 4.8c), consequently restricting the structure of
the policy realization ΣKp (Eq. 4.6). In this formulation, we remark that the
players’ policies are only linked through the (Φxx,Φxy) responses. Finally,
the translation from the operational constraints Up to Up

Φ (Eq. 4.8d) follows
directly from the definition of (Φxx,Φxy,Φ

p
ux,Φ

p
uy) in Eq. (4.3).

The mappings {BRp
Φ}p∈P are still intractable as Problem (4.8) is also

infinite-dimensional and stochastic. In this case, however, both issues can
be tackled by a special design of the structural constraints {Sp

Φ}p∈P and by
a robust reformulation of the operational constraints {Up

Φ}p∈P .

Structural constraints: Finite-impulse responses and sparsity patterns
The problem in BRp

Φ (p ∈ P) can be made finite-dimensional by restricting
the choice of Kp to policies with finite-impulse response (FIR) kernels.
Using the constraint sets Sp

Φ = (Sp
Φ[n])n∈N, this can be enforced by defining

Sp
Φ[n] =

{︄[︄
Φxx Φxy

Φp
ux Φp

uy

]︄ ⃓⃓
⃓⃓
⃓

[︄
Φxx Φxy

Φp
ux Φp

uy

]︄
= 0

}︄
, for all n ≥ N, (4.9)

given a FIR horizon of N > 1. In practice, this is equivalent to requiring
Φxx[N ] = Φxy[N ] = Φp

ux[N ] = Φp
uy[N ] = 0 then restricting Problem (4.8) to

the finite sequence of spectral factors (Φxx[n],Φxy[n],Φ
p
ux[n],Φ

p
uy[n])Nn=1 and

Φp
uy[0]. The best-response mappings {BRp

Φ}p∈P are then equivalent to solv-
ing finite-dimensional optimization problems, with such solutions still being
equivalent representations of the policies that solve the infinite-dimensional
Problem (4.2). Additionally, the FIR kernels simplify the realization of the
policies Kp by fixing the total number of summand terms in ΣKp (Eq. 4.6).

Remark 4.1. The terminal constraints induced by Eq. (4.9) cannot be
satisfied when the system ΣG is not controllable and observable. While this
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constraint can be relaxed (e.g., to take the form ∥Φ[N ]∥2 ≤ γ for a γ > 0),
the stability and sub-optimality properties of the resulting control policies
are well-understood only for the state-feedback case [51,76].

In this work, we design the remaining constraint sets (Sp
Φ[n])

N
n=0 to en-

code actuation and communication delays imposed by the structure of the
networked system. Specifically, we use the sparsity constraints

Sp
Φ[n] =

{︄[︄
Φxx Φxy

Φp
ux Φp

uy

]︄ ⃓⃓
⃓⃓
⃓ Sp

[︄
Φxx Φxy

Φp
ux Φp

uy

]︄
= Sp

[︄
Aαn AαnCT

BpT
u Aαn BpT

u Aαn+1CT

]︄}︄
,

(4.10)
with αn = max(0, ⌊(n− da)/dc⌋) and Sp[ · ] denoting the support of a matrix.
Under this setup, the policy Kp (p ∈ P) satisfy that the ith state component
(xi[n])n∈N can only be affected by the ith action component ([Buu

p[n]]i)n∈N
after an actuation delay of da ≥ 0 time-steps. In addition, it specifies that
measurements propagate in the communication network (assumed to have
the same topology as the dynamical system) with a communication delay
of dc > 0. The policies satisfying this information pattern are referred to
as (da, dc)-delayed feedback policies. Intuitively, the delays (da, dc) restrict
the space of feasible control policies, thus affecting the performance of the
closed-loop system (when compared to a policy with instantaneous actua-
tion/communication). The ability to impose sparsity to feedback policies, a
central feature of the SLS framework, enables the solution of GFNE prob-
lems with asymmetric information patterns; a major challenge in the field
[77,78]. Finally, we note that this choice is not restrictive and our proposed
GFNE-seeking algorithms generalize to a broader class of informational
constraints (such as those discussed in [58]).

Operational constraints: Robust and chance constraints
The problem inBRp

Φ (p ∈ P) can bemade deterministic by using the available
information about the noise process w to replace the operational constraints
(Eq. 4.8d) with robust equivalents (see [53, Chapter 4.4]). If the filtered
noise process is known to be bounded, (Bw, Dw)w ∈ W = {Pwζ | ∥ζ∥ℓ∞ ≤ 1},
then Problem (4.8) can be rendered robust by considering

sup

{︄[︄
Gx Gu

˜︁Gup

]︄

i,:

[︄
Φxx Φxy

Φux Φuy

]︄
Pw ∗ ζ[n]

⃓⃓
⃓⃓
⃓ ∥ζ∥ℓ∞ ≤ 1

}︄
≤ 1

⇐⇒
⃦⃦
⃦⃦
⃦

(︄[︄
Gx Gu

˜︁Gup

]︄

i,:

[︄
Φxx Φxy

Φux Φuy

]︄
Pw

)︄T⃦⃦
⃦⃦
⃦
ℓ1

≤ 1, (4.11)

for every ith row of the matrix col([Gx Gu], [0 ˜︁Gup ]). In practice, at the
expense of conservativeness, this ensures that the synthesized policies will
satisfy the operational constraints for all possible realizations of the noise.
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Alternatively, when an explicit bound on the noise process is not avail-
able, the operational constraints can be rendered robust using a statistical
approach. Under the assumption that w is an additive white Gaussian noise
(AWGN) process, then Problem (4.8) can be rendered robust by considering

prob

(︄[︄
Gx Gu

˜︁Gup

]︄

i,:

[︄
Φxx Φxy

Φux Φuy

]︄[︄
Bw

Dw

]︄
∗ w[n] ≤ 1

)︄
≥ ρ

⇐⇒
⃦⃦
⃦⃦
⃦

(︄[︄
Gx Gu

˜︁Gup

]︄

i,:

[︄
Φxx Φxy

Φux Φuy

]︄[︄
Bw

Dw

]︄)︄T⃦⃦
⃦⃦
⃦
ℓ2

≤ 1

Q(ρ)
, (4.12)

given a probability ρ ∈ (0.5, 1) and with Q : [0, 1] → R being the quantile
function of the standard Normal distribution. We remark that this approach
cannot ensure that the synthesized policy Kp will satisfy the operational
constraints for all actual realizations of the noise w (even without the
Gaussian assumption). However, at the risk of conservativeness, Kp can
still be designed to ensure with arbitrarily high probability ρ > 0.5 that
such constraints will be satisfied during operation, if the noise is Gaussian.

4.3 System-level approach to equilibrium seeking

The equivalence between BRK and BRΦ implies that a policy profile K⋆ is
a GFNE (i.e., K⋆ ∈ fix(BRK)) if its corresponding response Φ⋆

u is a GNE
of the associated “system-level” game (i.e., Φ⋆

u ∈ fix(BRΦ)). In turn, this
implies that searching for an equilibrium policyK ∈ L(ℓNy

∞ , ℓNu∞ ), in a Banach
space, can be reformulated as finding an equivalent equilibrium response
Φ ∈ ℓ2[0, N ], in a Hilbert space isomorphic to the Euclidean space (due to
being finite-dimensional); that is, the problem is equivalent to a static game.
In this section, we leverage this fact to realize our system-level approach
to GFNE-seeking in dynamic games. Specifically, two algorithmic solutions
are presented: Best-response dynamics and operator-splitting.

4.3.1 Best-response dynamics for GFNE-seeking

The routine for GFNE-Seeking based on the system-level best-responses
{BRΦ}p∈P is outlined in Algorithm 1. At each kth update, it consists of
each pth player collecting the information about its rival’s current system
level responses (Φ−p

u|k) then computing a best-response (Φp
u|k+1) which will

be used to realize its output-feedback policy Kp
k+1. The operations can be

performed in parallel, without any need for coordination other than having
the players exchanging information before evaluating BRp

Φ.
A distinct feature of this GFNE-Seeking routine is the policy update

(line 4): In practice, it corresponds to each player plugging the responses
(Φxx|k,Φxx|k,Φ

p
ux|k,Φ

p
uy|k) on their policy’s representationΣKp (Eq. 4.6), with

(Φxx,Φxy) computed according to the system ΣΦ|G (Eq. 4.4). Importantly,
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Algorithm 1: GFNE-Seeking via BRD
1 Initialize Φu|0 = (Φ1

u|0, . . . ,Φ
NP

u|0 );
2 for k = 0, 1, 2, . . . do
3 for each player p ∈ P do
4 K̂

p
k := Φ̂

p
uy|k − Φ̂

p
ux|kΦ̂

−1
xx|kΦ̂xy|k;

5 Φp
u|k+1

:= (1−η)Φp
u|k − ηBRp

Φ(Φ
−p
u|k);

this routine does not require knowledge of the state or input signals and
thus players can update their policies while simultaneously operating the
underlying networked system. This enables the GFNE-Seeking via BRD
algorithm to be performed in games which cannot be interrupted for players
to redesign their control policies (for instance, markets and smart grids).

Summary of the experimental results
We evaluate the performance of the GFNE-Seeking via BRD routine in two
exemplary problems on the noncooperative control of networked systems
(see Publication III for the full details). The systems are fully-observed and
thus the players operate their subsystems via state-feedback policies. The
results (Figure 4.2) demonstrate the efficacy of the routine in approaching
an equilibrium policy profile K̂

⋆
= (Φ̂

p⋆

uy − Φ̂
p⋆

ux(Φ̂
⋆
xx)

−1Φ̂
⋆
xy)p∈P . The conver-

gence rates are shown to be linear and dependent on the structure of the
problem: In the first problem, a 3-player game defined for an unstable chain
networked system, a distance of order 10−6 to a (unique) GFNE solution is
achieved under 400 iterations. In the second problem, a 4-player dynamic
pricing game for an oligopolistic market, a (non-unique) GFNE solution
is approached at a slower rate—a distance of order 10−6 is achieved only
after 900 iterations. In both cases, players are restricted to (1,1)-delayed
policies and must satisfy a set of operational constraints for all realizations
of the bounded noise; but only for the second problem are the operational
constraints coupled. The policies are shown to be stabilizing and to have
satisfactory performance in operating the systems alongside the execution
of the GFNE-seeking routine (see Publication III, Figures 5 and 8).
The simplicity and decentralized nature of the GFNE-Seeking via BRD

algorithm make this routine appealing for practical implementation. How-
ever, despite the empirical evidence, its convergence properties are still
difficult to establish a priori: The convergence to a GFNE requires BRΦ to
be LBRΦ

-Lipschitz with LBRΦ
≤ 1 [63]. Regrettably, aside from very specific

cases (see Publication III), obtaining such a constant is demanding even
for the linear-quadratic SLS Problem (4.8) due to analytical formulas for
the mappings {BRp

Φ}p∈P not existing. Despite this limitation, this routine
is still a valid approach to many control problems in which players must
agree to an equilibrium policy with minimal coordination.
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Player 1

Player 2

Player 3

Player 1 Player 2

Player 4Player 3

Figure 4.2. GFNE-Seeking via BRD: The network topology and convergence of the
equilibrium-seeking routine for two exemplary dynamic games. In the first
problem (top), players operate distinct sections of a chain-networked system
with the goal of stabilizing its state. In the second problem (bottom), players
apply price changes to their product (solid lines) to regulate their demands,
indirectly affecting their competitors’ products (dashed lines). (Adapted from
Publication III, © The authors, reproduced from IEEE under CC BY 4.0).

4.3.2 Operator-splitting for vGFNE-seeking

In this section, we let Φx = [Φxx Φxy], Φp
u = [Φp

ux Φp
uy], and Ww = (Bw, Dw).

The concept of a variational generalized feedback Nash equilibria (vGFNE)
can be defined indirectly through the system level parametrization: A policy
profile K⋆ = (K1⋆ , . . . ,KN⋆

P ) with K̂
p⋆

= Φ̂
p⋆

uy − Φ̂
p⋆

ux(Φ̂
⋆
xx)

−1Φ̂
⋆
xy is a vGFNE

when Φ⋆
u = (Φ1⋆

u , . . . ,Φ
N⋆

P
u ) is a vGNE of the game defined by the objectives

Jp
Φ(Φ

p
u,Φ

−p
u ) =

N∑︂

n=0

⃦⃦
⃦⃦
⃦
[︂
W p

x W p
u

]︂[︄Φx[n]

Φp
u[n]

]︄
Ww

⃦⃦
⃦⃦
⃦

2

F

(∀p ∈ P),

and the global set of feasible strategies

UΦ = {Φu

⃓⃓
ΣΦ|G (Eq. 4.4), Σ∗

Φ|G (Eq. 4.5), Φx[N ] = Φu[N ] = 0,

Sp

[︄
Φx[n]

Φu[n]

]︄
= Sp
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i,:

[︄
Φx
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]︄
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)︄T⃦⃦
⃦⃦
⃦
ℓ2

≤ 1

Q(ρ)
, (∀i)

⎫
⎬
⎭ ,

30



Generalized feedback Nash equilibrium seeking

Algorithm 2: vGFNE-Seeking via FB-Splitting
1 Initialize Φu|0 = (Φ1

u|0, . . . ,Φ
NP

u|0 );
2 for k = 0, 1, 2, . . . do
3 for each player p ∈ P do
4 K̂

p
k := Φ̂

p
uy|k − Φ̂

p
ux|kΦ̂

−1
xx|kΦ̂xy|k;

5 Φp
u|k+1/2

:= Φp
u|k − η∇Φp

u
Jp
Φ(Φ

p
u|k,Φ

−p
u|k);

6 for coordinator do
7 Φu|k+1 := projUΦ

(Φu|k+1/2);

with ˜︁Gu = blkdiag(Gu1 , . . . , GuNP ). Due to the FIR constraint, the feasible
set UΦ is finite-dimensional and Φx = (Φx[n])

N
n=1 and Φp

u = (Φp
u[n])Nn=0 can be

represented as matrices by stacking their spectral factors. Using standard
results from monotone operator theory and variational analysis [61], the
vGFNE-seeking problem can be posed as the monotone inclusion problem

Find Φ⋆
u such that 0 ∈ FΦ(Φ

⋆
u) +NUΦ

(Φ⋆
u), (4.13)

given the pseudo-gradient FΦ(Φu) = (∇Φp
u
Jp
Φ(Φ

p
u,Φ

−p
u ))p∈P and with NUG

being the normal cone operator defined for the closed convex set UG .
Problem (4.13) can be approached using operator splitting methods [79].

In general, these require the evaluation of the operators FΦ, NUΦ
, and/or

their resolvents. A fundamental instance of such algorithms is the forward-
backward splitting (FB-Splitting), based on the relationship

0 ∈ FΦ(Φ
⋆
u) +NUΦ

(Φ⋆
u) ⇐⇒ Φ⋆

u ∈ (I + ηNUΦ
)−1(I − ηFΦ)(Φ

⋆
u),

for any given η > 0; that is, a vGNE must satisfy Φ⋆
u ∈ fix(T ) ⊆ fix(BRΦ) for

the operator T = (I + ηNUΦ
)−1 ◦ (I − ηFΦ). The operator T induces a fixed-

point iteration Φu|k+1 = T (Φu|k) which converges to a unique vGNE (thus,
a vGFNE of G) whenever T is a contraction. Due to its composition form,
this iteration results in the (semi)decentralized routine for vGFNE-Seeking
via FB-Splitting in Algorithm 2. At each k > 0, it consists of two main steps:

(1) The players propose new policies to improve their objectives, simulta-
neously, given the current profile and disregarding the constraints.

(2) A coordinator collects these proposals and then computes (and broad-
casts to the players) the closest admissible policy profile.

Computation
Numerically, the gradient ∇Φp

u
Jp
Φ(·) can be evaluated through automatic

differentiation and the projection operator projUΦ
(·) by directly solving the

associated optimization problem. However, the structure of the game G
allows for more efficient numerics. The gradient can be computed as

∇Φp
u
Jp(·) =

(︂
2
(︁
(W p

u
TW p

u )Φ
p
u|k[n] + (Bp

u)
T∆p

x|k[n]
)︁(︁
WwW

T
w

)︁)︂N
n=0

, (4.14)
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with sensitivities ∆p
x|k = (∆p

x|k[n])
N
n=0 obtained by first forward-propagating

Φx|k according with the system ΣΦ|G (Eq. 4.4), then backward-propagating

∆p
x|k[n−1] = AT∆p

x|k[n] + (W p
x
TW p

x )Φx|k[n], ∆p
x|k[N ] = 0.

The projection map

projUΦ
(Φu|k+1/2) = argminΦu

{︁
∥Φu|k+1/2 − Φu∥ℓ2

⃓⃓
Φu ∈ UΦ

}︁
(4.15)

is a sparse convex program that can be solved efficiently. However, it still has
(N+1)Nu(Nx+Ny) decision variables andNNx(Nx+Ny) equality constraints
and thus scales poorly with the state-space dimensions (Nx, Nu, Ny) and
FIR horizon N . The computational burden can be alleviated by exploiting
the partially-separable structure of Problem (4.15) and solving it using the
Alternating Direction Method of Multipliers (ADMM, [79]). In particular,
Problem (4.15) can be decomposed into subproblems which are often row-
wise and column-wise separable and can be further reduced into smaller
problems to be solved in parallel. This leads to a substantial performance
improvement, making Algorithm 2 scalable to very large-scale problems.
We refer to [59] for more details on partially separable SLS problems.

Convergence properties
If the learning rate satisfies η ∈ (0, 2MFΦ

/L2
FΦ

), with MFΦ
and LFΦ

being
the strong-monotonicity and Lipschitz constants of FΦ, then Algorithm 2
converges to an unique vGFNE K̂

⋆
= (Φ̂

p⋆

uy − Φ̂
p⋆

uxΦ̂
⋆−1

xx Φ⋆
xy
ˆ )p∈P , parametrised

by Φ⋆
u ∈ fix(BRΦ). Moreover, the convergence is linear with rate

lim
k→∞

∥Φu|k+1 − Φ⋆
u∥ℓ2

∥Φu|k − Φ⋆
u∥ℓ2

=
√︂
1− η(2MFΦ

− ηL2
FΦ

). (4.16)

which also corresponds to the Lipschitz constantLT for the forward-backward
operator T = (I + ηNUΦ

)−1 ◦ (I − ηFΦ). In this particular problem,

MFΦ
= λmin(HΦ +HT

Φ)σ
2
min(Ww), LFΦ

= 2σmax(HΦ)σ
2
max(Ww), (4.17)

where HΦ = [(Hpp
Φ )T(Hpp̃

Φ )]p,p̃∈P is formed by the block-triangular matrices,

[︁
Hpp̃

Φ

]︁
0≤n,n′≤N

,
[︁
Hpp̃

Φ

]︁
n,n′ =

⎧
⎪⎪⎨
⎪⎪⎩

W p
u if n = n′ and p = p̃,

W p
xA(n−1)−n′

Bp̃
u if n > n′,

0 otherwise.
(4.18)

We refer to Publication IV for more details. In practice, this result implies
that there is always a small enough learning rate η > 0 that can ensure the
convergence of Algorithm 2. However, such a convergence can still be slow
if FΦ is ill-conditioned. Interestingly, note that the pseudo-gradient FΦ is
ill-conditioned if so is the noise-filtering matrix Ww, and that convergence
rates are not affected by the noise if Ww = I. Moreover, it suggests that
open-loop unstable games (when ρ(A) ≥ 1) might require a careful tuning
of W p

x (∀p) to avoid the terms W p
xAnBp̃

u (n = 1, . . . , N−1) in Eq. (4.18) from
exploding, then affecting the condition number of FΦ.
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Summary of the experimental results
We evaluate the performance of the vGFNE-Seeking via FB-Splitting routine
in an exemplary problem on the noncooperative control of a decentralized
power-grid (see Publication IV for the full details). The system is marginally
stable, partially-observed, and players operate their individual subsystems
via output-feedback policies. The players are restricted to (1,1)-delayed
policies and must satisfy some operational constraints; in particular, they
must ensure (with probability η = 0.975) that pairwise exchanges in the
network are within a specified safety limit. The results (Figure 4.3) demon-
strate the efficacy of the routine in approaching an equilibrium policy profile
K̂

⋆
= (Φ̂

p⋆

uy − Φ̂
p⋆

ux(Φ̂
⋆
xx)

−1Φ̂
⋆
xy)p∈P . Convergence is shown to be linear, with

a distance of order 10−12 to the (unique) vGFNE solution being achieved
under 104 iterations. Interestingly, despite slow, it is still roughly 100 times
faster than that predicted using the Lipschitz constant LT ≈ 0.99995 (Eq.
4.16). The policies are also shown to be jointly stabilizing and to have satis-
factory performance in operating the power grid alongside the execution of
the vGFNE-Seeking routine (see Publication IV, Figure 4).
When compared to the GFNE-Seeking via BRD routine (Algorithm 1), the

vGFNE-Seeking via FB-Splitting routine has the disadvantage of requiring
an unbiased coordinator. However, it enjoys better computational properties
and its convergence can be easily established even in the presence of
the generalized constraints. Moreover, the coordinator can promote an
additional layer of security and privacy: If each pth player is provided with
Φx = [Φxx Φxy] (i.e., it is computed and broadcasted by the coordinator),
then they do not need to have information about the other players to update
or implement their policies. Regardless, the routine can still be made less
centralized by having the players determine these quantities by sharing
local information with their neighbors [66,67].

Player p

Figure 4.3. vGFNE-Seeking via FB-Splitting: The network topology and convergence of
the equilibrium-seeking routine for an exemplary power-grid system. Each
pth subsystem, controlled by the pth player, is observed by measuring the
phase deviation θp and manipulated by applying a load (up) directly on its fre-
quency deviation θ̇

p
, which is affected by the phase of neighboring subsystems.

(Adapted from Publication IV, © The authors).
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5. Concluding remarks

Automatic decision-making is an important tool for the transition into cir-
cular water resource recovery infrastructures. Predictive control can ren-
der the conventional biological WWTP flexible to resource recovery objec-
tives; thus enabling their repurposing for centralized water reuse chains.
Equilibrium-seeking allows noncooperative agents to learn, simultaneously,
optimal control policies to operate their subsystems in a decentralized net-
work; thus paving the way for networked water reuse chains. Furthermore,
predictive control and equilibrium-seeking are methods that can potentially
complement the design of future water resource recovery systems.
The thesis presents novel results on the predictive control of WWTPs

for resource recovery, using state-of-the-art methods and widely accepted
benchmark systems. In Publication I, we conceptualized our Output MPC
control framework and analyzed its components: the operating-point opti-
mizer (OPO), the model predictive control (MPC), and the moving-horizon
estimator (MHE). Publication II then employs this framework and obtains a
proof-of-concept on the operation of a full-scale WWTP for producing reuse
water of tailored quality given external, time-varying, demands. The control
policy is also shown to enforce an energy-positive operation regime by regu-
lating biogas production, implying that biological WWTPs have potential as
renewable power plants. Finally, being highly customizable, our controller
can be extended to different objectives (e.g., phosphorus recovery), influent
conditions (e.g., non-domestic wastewater), and treatment systems (e.g.,
membrane bioreactors) than those considered in this study.
The thesis also presents important contributions to the field of dynamic

games. In Publications III and IV, we propose algorithms which address the
previously unsolved problem of GFNE-seeking of feedback policies which
are stabilizing and subject to both operational and structural constraints. In
general, their main contribution is the enabling of noncooperative agents to
synthesize optimal control policies while operating large-scale, constrained,
and decentralized, networked systems. Our approach is principled (based
on the SLS methodology) and valid for a broad class of relevant problems,
including, but not limited to, the class of constrained linear-quadratic dy-
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namic games. The routines are shown to converge linearly to a GFNE
solution, obtaining near-equilibrium solutions within a reasonable num-
ber of policy updates. Due to their generality, these methods apply to
multi-agent problems in many different domains, such as microgrids and
autonomous driving. Nevertheless, they would still cover the control of our
conceptualized networked water reuse chains–considering, for instance,
the linearize-then-control approach taken in Publications I and II.

5.1 Future research directions

Looking forward, the contributions of this thesis open several opportunities
for further developments. Here, we discuss some relevant directions.
The predictive controller we propose deals with nonlinear dynamics by

incorporating a steady-state optimization problem which is nonconvex,
thus affecting its resilience. Addressing this issue, while maintaining the
overall control architecture, a possible direction for future work would be
to develop convex alternatives to the operating point optimizer. The online
identification of linear dynamical models [76,80] is a promising approach
which also solves the need for an accurate first-principles model of the
plant. Alternatively, learning convex steady-state models using data-based
approaches [81] and designing Lyapunov functions using sum-of-squares
[82] are methods that could enable an efficient search of operational points.
The system-level approach to GFNE-seeking can be refined in many di-

rections. The algorithms we propose are based on well-established, but
classical, fixed-point iteration methods: Adapting them to modern methods,
such as the preconditioned operator splitting [67], could enhance their per-
formance and practical applicability. For systems with nonlinear dynamics,
future work should also consider adapting SLS to nonlinear systems or hav-
ing the players collectively construct a linearized model of the networked
system. Finally, we note that our solution is based on the existence of a
global network model, shared with all agents. An interesting research prob-
lem concerns the design of GFNE-seeking algorithms for problems in which
the players can only access information pertaining to their subsystems.
The paradigm of water resource recovery is still maturing, and there are

many exciting challenges to be solved. A (perhaps next) task to be addressed
is the investigation of different water reuse network topologies and the
development of related benchmark problems. Such a research problem
draws challenges not only from a technological perspective, but also from
the urban planning required for devising a realistic concept. Finally, it
remains to extend our control solutions to novel wastewater treatment
technologies and, possibly, to applications in other domains.
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[37] S. Maghsudi and S. Stańczak, “Channel selection for network-assisted D2D
communication via no-regret bandit learning with calibrated forecasting,”
IEEE Transactions onWireless Communications, vol. 14, no. 3, pp. 1309–1322,
2015.

[38] L. Chen, N. Li, S. H. Low, and J. C. Doyle, “Two market models for demand
response in power networks,” in 2010 First IEEE International Conference
on Smart Grid Communications, 2010, pp. 397–402.

[39] A.-H. Mohsenian-Rad, V. W. S. Wong, J. Jatskevich, R. Schober, and A. Leon-
Garcia, “Autonomous demand-side management based on game-theoretic
energy consumption scheduling for the future smart grid,” IEEE Transactions
on Smart Grid, vol. 1, no. 3, pp. 320–331, 2010.

[40] W. Saad, Z. Han, H. V. Poor, and T. Basar, “Game-theoretic methods for the
smart grid: An overview of microgrid systems, demand-side management,
and smart grid communications,” IEEE Signal Processing Magazine, vol. 29,
no. 5, pp. 86–105, 2012.

[41] J. Engwerda, W. Van Den Broek, and J. M. Schumacher, “Feedback Nash equi-
libria in uncertain infinite time horizon differential games,” in Proceedings of
the 14th International Symposium of Mathematical Theory of Networks and
Systems, MTNS 2000, 2000, pp. 1–6.

[42] D. Vrabie and F. Lewis, “Integral reinforcement learning for online computa-
tion of feedback Nash strategies of nonzero-sum differential games,” in 49th
IEEE Conference on Decision and Control. IEEE, 2010, pp. 3066–3071.

[43] G. Kossioris, M. Plexousakis, A. Xepapadeas, A. de Zeeuw, and K.-G. Mäler,
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Appendix 1. Key terms of the doctoral
thesis

Key term: Water resource recovery facility
Definition: A plant which treats wastewater to produce clean water, energy,
nutrients, and other resources.
Explanation: A water resource recovery facility is a plant implementing
a wastewater treatment process (either biological or chemical) with the
purpose of recovering resources contained within the wastewater. The plant
might also include a sludge treatment line to process excess sludge from
the wastewater treatment. The most common recovered resources include
(treated) water, biofuels, and nutrients such as nitrogen and phosphorus.

Key term: Model predictive control
Definition: A model-based method of optimally controlling dynamical sys-
tems subjected to operational constraints.
Explanation: Model predictive control is a class of digital feedback con-
trollers in which the control actions (or actionable inputs) are determined
in real-time by solving a mathematical optimization problem. The optimiza-
tion is based on a dynamical model of the system to be controlled, used to
predict its response to the planned sequence of actions.

Key term: Equilibrium seeking algorithm
Definition: A class of distributed algorithms for computing an equilibrium
solution to a noncooperative game.
Explanation: In non-cooperative game theory, equilibrium-seeking algo-
rithms are computational routines in which players (decision makers) ac-
tively seek an equilibrium solution to their problem. Specifically, these are
distributed algorithms in which players exchange information and perform
the calculations/operations necessary to solve the game—as opposed to a
solution being obtained and implemented by some centralized coordinator.
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Appendix 1. Key terms of the doctoral thesis

Keskeinen käsite: Vesivarojen talteenottolaitos
Määritelmä: Jätevedenpuhdistuslaitos, joka tuottaa puhdasta vettä, ener-
giaa, ravinteita ja muita resursseja.
Selite: Vesivarojen talteenottolaitos on laitos, jossa toteutetaan jäteveden
käsittelyprosessi (joko biologinen tai kemiallinen) jätevedessä olevien re-
surssien talteenottamiseksi. Laitoksessa voi olla myös lietteen käsittelylinja,
jossa käsitellään jäteveden käsittelystä syntyvä ylimääräinen liete. Ylei-
simpiä talteenotettuja resursseja ovat (käsitelty) vesi, biopolttoaineet ja
ravinteet, kuten typpi ja fosfori.

Keskeinen käsite: Mallipohjainen ennakoiva säätö
Määritelmä: Mallipohjainen menetelmä dynaamisten järjestelmien opti-
maaliseen säätöön, kun niihin kohdistuu operatiivisia rajoituksia.
Selite: Mallipohjainen ennakoiva säätö on digitaalisen takaisinkyt-
kentäohjauksen luokka, jossa säätötoiminnot (tai toimivat ohjaustulot)
määritetään reaaliajassa ratkaisemalla matemaattinen optimointiongel-
ma. Optimointi perustuu ohjattavan järjestelmän dynaamiseen malliin,
jota käytetään ennustamaan sen vaste suunnitellun toimintasekvenssin
perusteella.

Keskeinen käsite: Tasapainohakuinen algoritmi
Määritelmä: Luokka hajautettuja algoritmeja tasapainoisten ratkaisujen
laskemiseksi epäyhteistoiminnallisessa pelissä.
Selite: Epäyhteistoiminnallisessa peliteoriassa tasapainoa etsivät algorit-
mit ovat laskennallisia rutiineja, joissa pelaajat (päätöksentekijät) etsivät
aktiivisesti tasapainoisia ratkaisuja ongelmaansa. Tarkemmin sanottuna
nämä ovat hajautettuja algoritmeja, joissa pelaajat vaihtavat tietoja ja suo-
rittavat pelin ratkaisemiseen tarvittavat laskelmat/toiminnot—toisin kuin
ratkaisu, jonka joku keskitetty koordinaattori hankkii ja panee täytäntöön.
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