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Abstract

We consider complex valued linear blind source separation, where the signal dimension
might be smaller than the dimension of the observable data vector. In order to measure the
success of the signal separation, we propose an extension of the minimum distance index
and establish its properties. Interpretations for the index are derived through connections
to signal-to-noise ratios and correlations. The interpretations are novel also for the real
valued original case. In addition, we consider the asymptotic behavior of the extended
minimum distance index. This paper is an invited extended version of the paper presented
at the CDAM 2019 conference.

Keywords: blind source separation, performance indices, asymptotic properties.

1. Introduction

In several application areas, including, e.g., signal processing, economics and biomedical ap-
plications, it is assumed that one observes vectors that are linear mixtures of latent source
variables. See, e.g., Comon and Jutten (2010) for an introduction. The corresponding model
is referred to as linear blind source separation (BSS) model. Usually, the goal in BSS is to re-
cover the latent unobservable variables. That is, the objective is to estimate the corresponding
mixing (or unmixing) matrix.

Several algorithms for solving the linear BSS problem have been presented in the literature,
see for example llmonen and Paindaveine (2011); Matteson and Tsay (2017); Miettinen, Iliner,
Nordhausen, Oja, Taskinen, and Theis (2016); Nordhausen (2014); Risk, Matteson, Ruppert,
Eloyan, and Ca o (2014); Virta, Li, Nordhausen, and Oja (2017). As theoretical results,
including asymptotic distributions, are often not presented, di erent estimators are compared
in simulation studies. To enable comparisons, performance indices are needed. Popular indices
considered in the literature include the Amari index, interference to signal ratio (ISR), mean
square error (MSE) and the minimum distance index (MDI), see Nordhausen, Ollila, and Oja
(2011) for a comparative study. MDI has the advantage of being a ne invariant. Moreover, its
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asymptotic behavior is known in the case of real valued square mixing matrices, see Ilmonen,
Nordhausen, Oja, and Ollila (2010, 2012). In this paper, our focus is on the MDI for complex
valued non-square matrices.

This paper is an invited extension of the paper presented at the CDAM 2019 conference
Lietzen, Virta, Nordhausen, and Ilmonen (2019). In the conference paper, we extended the
MDI to the case where only some of the sources, the signals, are of interest to us, and
the index measures how well these signals are recovered. Furthermore, in order to cover
applications such as biomedical image processing, where the observed signals can be complex
valued, we worked under the assumption of complex valued signals. A real valued version
of this extension was proposed already in Virta, Nordhausen, and Oja (2016). However,
no theoretical justi cation for its properties was given in Virta et al. (2016). Similarly, a
complex valued version of the regular MDI (where no distinction between the signal and
the noise was made) was introduced in Lietzen, Nordhausen, and Ilmonen (2016). In this
paper, we review the results presented in the aforementioned conference paper Lietzen et al.
(2019). In particular, Lemma 2, Theorem 3 and Theorem 8, and the corresponding proofs,
were already given in Lietzen et al. (2019). In this paper, we extend the theoretical results of
Lietzen et al. (2019) by considering the limiting distribution of the non-square complex valued
MDI. Moreover, to highlight the applicability and interpretation of the MDI, we present an
interesting new image data example.

2. Linear complex valued BSS model

Let x be an observable CP-valued random vector. Assume that,

X= z= 77 7z ; Q)

where is a full-rank CP P-matrix and the latent CP-vector z = z;" z5 ~ ; consists of two
parts. In this linear complex valued BSS model, the CY-vector z; contains the signals of
interest. Furthermore, the C%-vector zo, d + dg = p, contains uninteresting noise.

Given Model (1), the objective is to nd a CY P transformation matrix , such that the
transformed vector corresponds to the signal variables, x = zi, up to some class of trans-
formations, by using only the information contained in the observable x. Note that, usually
the transformation matrix is not unique. For example, in independent component analysis
(ICA), where the latent signals are assumed to be stochastically independent, the trans-
formation matrix is unique up to heterogeneous scaling, permutations and phase-shifts of
the rows. Thus in general, we have no guarantees that two separate IC estimation proce-
dures estimate the same population quantities, which is something we need to consider when
measuring performances. The minimum distance index discussed in the next section solves

the issue by measuring how close the corresponding gain matrix G = is to the matrix
lgp = lg 0 2 RY P, up to heterogeneous scaling, permutations and phase-shifts of the
rows.

3. Complex valued non-square MDI

In this section, we present the de nition of the complex valued non-square MDI. We start by
considering the concept of equivalent matrices.

De nition 1. Let bearelationon CY P, de nedby A B (O A = (PJD)B, for some
D2DY% J2J%and P 2 P9, where P% is the set of RY 9 permutation matrices, DY is the
set of RY 9 diagonal matrices with strictly positive real valued diagonal entries and J ¢ is the
i is the imaginary unit. We use CY to denote the set de ned as

cd=fc2c! djc=PID:P2P%323%D2D:
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Lemma 2. The relation is an equivalence relation on C¢ P.

We use the equivalence relation  to partition C% P into equivalence classes and denote the
set of matrices that are equivalent to the matrix A asCa =fB2CY PjA Bay.

We next consider the shortest squared distance between the equivalence class Ca and the
matrix lgp = lg O 2RY P. The corresponding optimization problem is,

minimize kPJDA g5k st. P2P% 3239 and D2DY )

where k kg is the Frobenius norm. Note that the diagonal elements of matrices belonging to
DY are in the open interval (0; 1), and thus, the optimization problem does not necessarily
have a minimizer. This leads us to de ne the shortest distance between the equivalence class
Ca and the matrix 14 using in mum as follows,
%(A; lgp) = Iinf kB lgpke = inf KCA ke 3
0( d,p) B2CA d;pKgE cocd d;pKg ( )

The squared distance [% (A; Id;p)]2 can be converted into a more applicable form, see the
following theorem.

Theorem 3. Let A2CY Pand lgp = Ig O 2R4 P, d p. Furthermore, let Ajx =
JAjKi>= " P iAjnj?, if A has at least one nonzero element in row j and Ajx = 0 if A has
only zeros in row j. Then, the squared distance [% (A; Id;p)]2 de ned in Eg. (3), coincides
with,

n o

d max Trace PA ;
p2pd

where the trace of a non-square matrix is the sum of its main-diagonal elements.

Proof of Theorem 3. We nd the greatest lower bound by allowing the matrix D to have
zeros on the diagonal. We combine the optimization variables J and D by optimizing over
a variable L 2 L9, where L9 is the set of all CY 9 diagonal matrices. Since the Frobenius
norm is orthogonally invariant, the corresponding objective function f can be reformulated
as follows,

2 2
f(P;L; 1gp) = kPLA Id;pkf:: P LA Pl F= LA P7lgp -

Next, write A=V +iW and L = Q +iR, where Q; R; V; W have real valued entries. Now,
since L is a diagonal matrix, we obtain the following form for f(P;L; l4;p):

XK s s ) s ) X
Qji Vik+Wijk *Rjj Vik+Wj 2 QjjVik  RjiWijk Py +d:
j=lk=1 jk=1

In the formula above, we have applied the constraints that the o -diagonal elements of Q
and R are zero. Thus, the only remaining constraint is that P is a permutation matrix. We
proceed to verify the Karush-Kuhn-Tucker (KKT) necessary conditions.

Assume that A has  rows that have at least one nonzero element. Thed * rows that contain
only zeros give no contribution to the objective function and we can without loss of generality
permute A such that the  rst rows of A are the ones with at least one nonzero element.
The partial derivatives with respect to the rst “ diagonal elements of Q and R are,

ef (P;L; lg; X *
of (PiL hap) _ 2Qji Vi+Wi 2 VjPy;

0Qj; k=1 k=1
Of (P;L; 1gp) XK X
(@R__ tp) 2Rjj Vi+Wj +2 WPy
1)

k=1 k=1
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from which we can derive the solution candidates Qj; and Rj;,
convexity of the corresponding optimization problem,

P

which are optimal by the

d_ VP Pa_ WP
k=1 VjkKj and RO - P k=1 JKTKj
1] v

Q%j =P5 2 7 P 2 2
k=1 Vijk+ Wi k=1 Vijk+ Wi

Since the last d  “ rows of A do not contribute to the objective function, we set Q%j = L%j =0
and Pjj =1, when j > *. Using the property ijk + szk = jAjka and since a permutation
matrix has exactly one nonzero element 1 in every row and column, we can reformulate the
objective function for L" = Q' + iR’ as follows,

> >

0=d A (pii
P ia. 32 3 (Pi)
j=1 k:lJAj;kJ j=+1 j=1

G 2
X Aj_i) P ey

f P51y, =d

such that :PY f1;:::;dg ¥ f1;:::;dg:P j @& Cj, where ¢j is the row-index for the only
nonzero element of the permutation matrix P in the column j. An equivalent optimization
problem is then to nd a permutation for the rows of A, such that the sum of the main-
diagonal elements is maximized, that is,

8 o
< p ¢ = n o
min _d Aj. pjy. O d max Trace PA

p2pd . p2pd
=1

O]

As in llmonen et al. (2012), the trace maximization problem in Theorem 3 can be seen as
a linear sum assignment problem (LSAP). It can be solved, e.g., by the Hungarian method
Papadimitriou and Steiglitz (1982). In practice, the LSAP can be solved using, e.g., the
solve_LSAP function given in the statistical software R, R Core Team (2018), package clue,
Hornik (2005).

We next present the minimum distance index (MDI) for non-square complex valued matrices.
Note that this is an extension to the cases presented in Ilmonen et al. (2010, 2012); Lietzen
et al. (2016).

De nition 4. Let  be the mixing matrix in Model (1), let ™ be a corresponding unmixing
estimate and let & = * be CY P-valued. The minimum distance index (MDI) for the
estimate " is given by,

MD()=#=& inf c& 14 O

d cacd F'

Remark 5. Note that, the non-square MDI is applicable beyond Model (1). It can, for
example, be applied for assessing the performance when the mixing matrix 2 CP 9, g p.

Note that, in order to apply the MDI, the mixing matrix  needs to be known. We next
show that MDI satis es properties that enable interpretations and fair comparisons.

Theorem 6. Let A 2 CY P. Then, MD(A) 2 [0; 1] and the following properties are satis ed,
(i) MD(A)=0 O A la 0 = lgy,
(ii) MD(A) =1 O 9B2CtI P DA =0 B,

(iii) the function f : [0;1] ® R, f(c)=% 114y O +c o (A); lgp ,Iisincreasinginc 2 [0;1]
for all matrices A that satisfy jAjxj <1 when j & k. (The function o () here sets the
main-diagonal elements of its argument equal to zero.)
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Proof of Theorem 6. Let G = A and let Gjx = jGjkj?= Pﬂ=1jGjhj2, if G has at least one
nonzero element in row j and Gjx = 0 if G has only zeros in row j. By Theorem 3, we
have that MD?(A) = 1 %maxprrace(PG)g, where the elements of G are between zero
and one. Hereby, the minimal value for MD?(A) is obtained, when PG is an identity matrix,
and consequently, Trace(PG) = d. In addition, the maximal value for MD?(A) is obtained,
when the rst d columns of G contain only zeros, and consequently, Trace(PG) = 0. Thus,
it follows that MD(A) 2 [0;1]. Next, we proceed to verify properties (i){(iii).

First, assume that G lg4,. This gives us that G is equal, up to a permutation, to l4,,. The
maximal trace is then achieved by the permutation that places the only nonzero elements 1 of
the matrix G to the main-diagonal. Thus, maxpfTrace(PG)g = d, which implies MD(A) = 0.
Next, assume that MD(A) = 0. This assumption gives us that maxpfTrace(PG)g = d. The
corresponding trace can be d only when there exists an element Gj in every row j such that
k dand Gjx = 1. Hereby, there has to be exactly one nonzero element in each of the rst
d columns of G and the nonzero elements have to be on di erent rows. Consequently, G is
equivalent to lq,,. Thus, property (i) holds.

For property (ii), rst assume that G = 0 B . Then, the main-diagonal of G;jx con-
tains only zeros, regardless of the permutation and regardless of the matrix B. Thus,
maxpfTrace(PG)g = 0, which gives us that MD(A) = 1. For the only if part, assume
that MD(A) = 1. This assumption gives us that Trace(PG) = 0 for the optimal P and
consequently for every other P as well. Thus, G= 0 B , where B2 CY ® 9 js arbitrary.
Hereby, property (ii) holds.

For the nal property (iii), assume that 0 c¢; ¢ 1. The requirement that the absolute
values of the o -diagonal elements of A are less than one ensures that the permutation matrix

that maximizes the trace is the identity matrix. Then,
|

FEF Fef= Pyt P ! 0
2 1 - ¥ - T ¥ T . ,
oy C2 TerAGZ+1 o [e A2 +1
that is, the function f is increasing under the given conditions. O

Remark 7. Note that Theorem 6 and its proof are very similar to (Lietzen et al. 2019,
Theorem 6). However, (Lietzen et al. 2019, Theorem 6) contains an error that was corrected
in Theorem 6 and its proof.

4. Two interpretations for MDI

Theorem 6 reveals that the endpoints of the MDI-range [0; 1] correspond to completely suc-
cessful and unsuccessful signal separations, respectively. However, it is not entirely clear how
much the separation result improves when the index decreases within the interval, say, from
0.2 to 0.1. To better interpret the MDI-values in practice, we next express MDI through two
better-known measures of estimation accuracy, signal-to-noise ratio (SNR) and correlation.

Assume Model (1) and let, without loss of generality, the identi ability constraint Cov(z) = I,
hold. Let further *~ 2 CY P be an estimated unmixing matrix for the d signals of interest,

Z1 = (z1;:::;24). The estimates of the signals are then 2, = (2¢;:::;24)~ = Gz, where
& =" 29 Pis the gain matrix. We de ne the SNR and the absolute correlation of the
jth signal to be,
Var(2y) . . .
SNRi = —— 32 and jCorij = jCor(?i;z)j:
1=V ) JCorjj = jCor(j; zj)j

The above form of SNR is as de ned in Gonzales and Woods (2001). Both SNR; and jCor;jj
measure the accuracy with which we estimate the jth signal. They have the respective ranges
[0; 1) and [0; 1], with the upper endpoints corresponding to a perfect estimation of the jth
signal.

61



62 Minimum Distance Index for BSS, Generalization, Interpretation and Asymptotics

Our next result establishes a connection between MDI, SNR; and jCorjj under two constant
contamination models for the gain matrix &: a homogeneous model where the contamination
is equal for each of the elements, and a heterogeneous model where the contaminations are al-
lowed to di er element-by-element but (for mathematical tractability) we require the diagonal
elements of & to be uncontaminated. These contamination models mimic situations, where
there are estimation errors of di erent severities in the estimation of the unmixing matrix.

Theorem 8. Assume Model (1) with Cov(z) = Iy.

i) Under the homogeneous contamination, G = g, + "14;, Where 14p isad p matrix
full of ones and " 2 C;Re(*") > 1=2, we have

MD?(Q) = ppl SNR,1=1 jCorj:

ii) Under the heterogenous contamination, G = lg;p + B, where B 2 CY P has zero main
diagonal and jBjxj <1, j & k, we have

Proof of Theorem 8. Under the homogeneous contamination, we have that MD?(&) = 1
% maxp FTrace(PG)g; where each diagonal element of G equals j1+"j=[j1 +"j*+(p 1)j"j‘]
and each of its o -diagonal elements equals j"j?=[j1 + "j2 + (p 1)j"j2]. The assumption
Re("™) > 1=2 guarantees that ly4 is the unique solution to the maximization problem over
d d permutation matrices, yielding MD2(&) =[(p  1)j"j%=[i1 +"j*+( 1)j"j*]. Now, by
Cov(z) = I, the signal-to-noise ratio SNR; of the jth signal 2; = Gji1z1 +  + Gjazp, is

P, A .
var(s) b1 Gk _p 1

= - e MD %(&): 4
Vary 7)) Gy 12+ b iGjui? P

SNRj -

Similarly, the second-order statistics Var(z;) = 1, Var(%)) = j1+"]" + (p 1)j"j2 and
Cov(2j,z5) = 1+ " imply that the squared absolute correlation for the jth signal has the
value _ , _ ,
ICov(®; )i _ T w6,

B+t +0( DJY

. 2
Corj) Var(2y)Var(zj)

concluding the proof for the homogeneous contamination.

The claim is shown for the heterogeneous contamination in exactly analogous manner, and
we list onlly,the vaIu¢i§ of some of the key quantities. The squared MDI is now MD%(&) =
1 (1=d) le(l + ﬁ&jjéjka) 1 and, using the form (2) for the signal-to-noise ratio,
we obtain 1 (SNR;) ! = (1 + E&jjéjka) 1 which together prove the result for the
SNR. For the correlation, we have the values Var(zj) = 1, Var(%) = 1+ ﬁ&j jijj2 and
Cov(2j;zj) = 1, which together imply that jCor;j* = (1 + he iGjki?) 1, yielding the nal
part of the claim. O

In Table 1, we demonstrate the results of Theorem 8 under the heterogeneous contamination
(where the conversion formula does not depend on the dimensionality p), with the SNR-values
expressed in the standard decibel scale through the transformation SNR & 10log;o(SNR).

Based on the table, the value MDI = 0:1 is already an indicator of a very satisfactory sepa-
ration, corresponding to an average SNR of 20 dB and to an average absolute correlation of
0.995. Next, we visually demonstrate the MDI in the context of image separation.
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Table 1: The average SNRs and absolute correlations for particular MDI-values.

MDI ‘ 0.1 0.01 0.001 0.0001
d—I(SNRj) 20 dB 40 dB 60 dB 80 dB

A(iCorjj®) |1 05 102 1 051204 1 05 10°% 1 05 10 8

Figure 1: Original images.

(a) MD = 0.01 (b) MD = 0.25 (c) MD =05 (d) MD = 0.85

Figure 2: llustration of homogeneous contamination of the second image in Figure 1 with
MDI values. The images are linear combinations of the images presented in Figure 1.

We consider four unmixed color images, presented in Figure 1. The example was conducted
using the statistical software R, R Core Team (2018). We have chosen images with colors on
the surface of the RGB cube, that is, at least one of the three values that de ne the color of
a single pixel has either the maximal or minimal value. We can then nd a transformation
between the RGB cube surface and the complex plane. The transformation is not de ned on a
single point and is bijective everywhere else. The images in this example are chosen such that
none of their pixels are on the non-bijective point. We have then homogeneously contaminated
the images and calculated the corresponding MD index values for them. As an example, we
present the contaminated second image, with the corresponding MDI values, in Figure 2.
The contamination is conducted as in Theorem 8 part i), which ensures that the optimal
permutation is the identity matrix, and thus the order of the images remains unchanged.
As the contamination is homogeneous, the omitted images illustrate similar results. Note
that the actual color in Figure 2 does not play a role in calculating the MDI as the color
corresponds to the phase-shift and MDI is invariant with respect to scale, complex phase and
order of the components.

5. Asymptotic behavior

In this section we provide the limiting distribution of the minimum distance index under
gener%;s.ettings. In addition, we provide an example of the asymptotic properties, when we
have " n-consistency and asymptotic normality.

For an n-indexed sequence I%(n) of CY P-matrices, we use é(n) = Op(1) to denote that the
univariate sequences that correspond to the elements of é(n) are uniformly tight, i.e., bounded
in probability. Additionally, we use B(n) = 0p(1) to denote that a sequence converges in
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probability to a zero matrix.
Under general settings, nding the asymptotic distribution of the MDI can be complicated.
In the following theorem, we present a direct asymptotic link between a sequence A(n) and

the squared distance [%(A(n); Id;p)]z. By applying the theorem, one can usually signi cantly
simplify the problem of nding the asymptotic distribution of the corresponding MDI.

Theorem 9. Let A(n) be an n-indexed sequence of CY P-matrices that satis es n(A(n)
l4p) = Op(1), where ( n)n2on is a real-valued increasing sequence that tends to in nity as
nY®™ 1. Then,asn ¥ 1,

2ho A, 2 _, A 2 .
nh Amilap = 50 n) F"'Op(l),

where %(A(n); lg;p) is de ned in Eq. (3) and the function o () sets the main-diagonal ele-
ments of its argument equal to zero.

Proof of Theorem 9. Note that, the assumption n(Agy lap) = Op(1) implies that A,

C(n) = arg nlin CA(n) Id;p F;
c2cd

whereCd =fCc2cd djCc=PID: P 2P%J2J3%D 2 Ddg, and DY is the set of RY d
diagonal matrices with non-negative diagonal entries. We can then write,

Ay lap :Cinf CAny lap e CrmAry lap

2cd F

Similarly as in the proof of Theorem 3, we can split C(n) into a permutation matrix part I5(n) 2
PY and a diagonal matrix part L,y 2 L9, such that €y = PyLeny. Since A,y converges
in probability to 14, we obtain that C(n) g = 0p(1), see (Arcones 1998, Theorem 1). This
further implies that P,y 1q = 0p(1) and Ly 1g = 0p(2). In addition, since the number
of possible permutation matrices is nite, we have that n(Is(r,) l4) = 0p(1). For additional

details, see the beginning of the proof of (Ilmonen et al. 2012, Theorem 4.2), and note that
similar arguments can be applied here.

We can then apply the following factorization,

h
n CoBAwy lap = n Py 1o Ly 1o Ay lap
+ Py lo Ly To ap+ Py lo Aw  Tap
+ Py g lap+ Ly I /iA\(n) lap (®)
+ Loy Mo lap+ Apy  lap
= n Ly 1o lap+ n Apy lap +0p(Q):
In the following, we denote, &k = [Apljx, Sj = PE=1jajkj2 and Pjx = [Pyljx. Fur-

thermore, we denote the complex conjugate of a as a . Note that S‘,— = 1+ 0p(1), and that
njajij = n(ajkajk) = 0p(1), when j & k. Recall the form of the entries of the matrix

ﬁ(n) from Theorem 3. The main-diagonal element (j; j) of Eq. (5) can then be expressed as
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follows,
1A Pd #
~ Ttz 1+ 1) +op()
g | #
n X . -2
s &t 1+ 1 jaki? +Sj@j 1) +op(l)

T k=1 i

L@ D+@5 D+ a5 1+ 1 a8 +55@;5 1) +0op(D)

1
1+ 1 &85 +S5&; 1) +op(d)
i
11 4p)+@Q 4))+S5@E; 1 +o0p()
= 1 8 n(@ 45 +0p(1) = 0p(1)op(L)Op(L) + 0p(1) = 0p(2):

The above representation uses the formulation for ﬁ(n) that assumes at least one nonzero entry
in every row of /A\(n). As we have that A(n) converges in probability to 14,5, and since the
theorem is an asymptotic result, it su ces to only consider the case of every row containing
at least one nonzero element.

Thus, by using the continuous mapping theorem and the properties of the Frobenius norm,

h P

2
A Amilap = 0 CmAm  lap

2
= n O A(n) +Op(1) F

O]

Hereby, the asymptotic distribution of the squared MDI is obtained by scaling both sides of
Theorem 9 with 1=d. Remarkably, Theorem 9 gives that the asymptotic distribution of MDI
depends only on the o -diagonal elements of the sequence A(n).

We next present the widely considered case when , = pﬁ and when A(n) is asymptotically
normal.

Corollary 10. Let Ay = Wy + iW,) be an n-indexed sequence of CY P-matrices that

satisfy,
1

vec(Wp) ntl
where . 'Dl! denotes convergence in distribution and Z  Nogp(0; z). Then,
o 1>
% An;lgp D
n@— p—— A LIS
d ney 1
- - - 1 P‘ - 2

where Y is distributed as d j=1 iXj, where xi;:::;X are independent and X; D,
8j 2f1;:::°g,and 1;::: - are the “ nonzero eigenvalues (including all algebraic multiplici-
ties) of , de ned as,

where Dy, = diag(vec(lq:p))-
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Proof of Corollary 10. Since,

N 2 > hA i 2 X ¥ h i 2 h,\ i 2#
no Am _=n Aw ., =n ey . + Wy i
F Ik jk jk
j=1k=1 ! i=1k=1 ’ !
j&k j&k

we can apply Theorem 9 and (Tan 1977, Theorem 3.1), which together with the idempotency
of lpg  Dgyp give that n(%(%; l4p)= d)? converges in distribution, asn ¥ 1, to a random
variable distributed as d ' j_; jxj, where xi;:::;x- are independent and X; 2(1),
8j 2fl;:::°g,and q;::: - are the * nonzero eigenvalues of O

Examples of estimators that satisfy the assumptions of the sequence A(n) in Theorem 9,
and in particular, Corollary 10, are given in, e.g., llmonen and Paindaveine (2011); Ilmonen
(2013); Miettinen et al. (2016).

6. Final remarks

In this paper, we considered asymptotic behavior of the MDI for complex valued non-square
matrices. The MDI is a powerful tool in controlled performance comparisons, when the mixing
matrix is known. As stated in Remark 5, the extended MDI presented in this paper can be
straightforwardly implemented to the undercomplete BSS case when  has more rows than
columns. Note that in the undercomplete case, the mixing matrix can always be converted
to a square matrix by adding zeros.

In the future, we will explore whether MDI could be extended to nonlinear BSS. Additionally,
an extension to the case of added noise, x = z + ", will be considered in future work.
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