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Tyossé todistetaan, ettd parabolisen p-Laplacen yhtélon heikko ratkaisu on lo-
kaalisti integroituva korkeampaan eksponenttiin kuin alunperin oletettu. Tulok-
sen todistus pohjautuu kédnteiseen Holderin epayhtéloon, joka osoitetaan ener-
giaestimaatin ja yleisen Sobolevin epayhtdlon avulla. Korkeampi integroituvuus
seuraa kédnteisen Holderin epayhtdlon ominaisuudesta parantaa itsedén.

Parabolisen p-Laplacen yhtédlon epdhomogeenisuuden vuoksi kdédnteinen Holderin
epayhtalo on todistettava sylintereissé, joiden aikaskaalaus riippuu ratkaisusta it-
sestadn. Tama tekee argumenteista mutkikkaampia kuin lineaarisessa tapaukses-
sa. Ty0ssé esitetyilld menetelmilld on edelleen merkitysté, silld ne ovat robusteja
ja sovellettavissa myos yleisemmille parabolisille osittaisdifferentiaal iyhtélgille.

Asiasanat: Epélineaariset paraboliset osittaisdifferentiaaliyhtélot, para-
bolinen p-Laplacen yhtélo, korkeampi integroituvuus, ener-
giaestimaatti, Sobolevin epéyhtilo, kéddnteinen Holderin
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Chapter 1

Introduction

This thesis concerns the regularity theory of the parabolic p-Laplace equation

du _ div(|Vu[P*Vu), (1.1)
ot

which is a typical prototype for a nonlinear evolutionary partial differential
equation. A solution to (1.1), referred to here as u, is a function of space and
time, and Vu denotes the spatial gradient of u. In case p = 2, (1.1) is the
classical heat equation, but with other values of p the equation can model
diffusive processes with different behaviour. For example, in the degenerate
case p > 2, solutions to (1.1) have finite speed of propagation, in contrast to
the heat equation. Equation (1.1) comes up typically in fluid dynamics when
modelling non-Newtonian fluids or flow through an anisotropic medium.

In order to study existence of solutions to (1.1), an appropriate function
space is needed. The minimization problem corresponding to (1.1) involves
the integral of |Vu|’, and therefore it is natural to consider weak solutions
in the space W1?. In this thesis, we study whether (1.1) is strong enough to
make a weak solution integrable to an exponent larger than p. This is called
higher integrability of the gradient, or simply higher integrability. Our thesis
is based on the article [11] by Kinnunen and Lewis, where higher integrability
is shown for parabolic systems of p-Laplacian type.

Higher integrability is a fundamental step for obtaining other regularity
results of PDEs. In terms of regularity, the most one can usually obtain,
is partial regularity, i.e., Holder regularity of the gradient outside a set of
measure zero. For regularity theory of p-laplacian type equations, we refer
to [4]. Showing partial regularity of the prototype equation (1.1) does not
require higher integrability, but the methods used in [11] allow regularity
results to be extended for more general PDEs. What is important is not
only the result, but also the techniques used. In order to give an example of
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other applications of higher integrability, we mention that showing stability
of the p-Laplace equation with respect to change of p, requires higher inte-
grability be able to compare solutions in the same function space, see [12].
Moreover, higher integrability lays the foundation for studying very weak
solution, i.e.; solutions for which less integrability is assumed a priori than
for weak solutions.

The proof of higher integrability as presented in this thesis, is based on
a reverse Holder inequality for the gradient, which is shown with an energy
estimate and a general Sobolev inequality. Then an argument using the
self improvement property of reverse Holder inequalities, known as Gehring’s
lemma, gives us higher integrability of the gradient. This method originates
from the higher integrability of elliptic p-Laplace type systems, shown by
Elcrat and Meyers in [14]. The method extends to parabolic systems with
p = 2 straightforwardly enough, as shown in[8], but when p # 2, showing the
reverse Holder inequality proves to be problematic due to the inhomogene-
ity of (1.1). This problem was finally solved in [11] by proving the reverse
Holder inequality in cylinders with dimensions scaled to compensate for the
inhomogeneity. This scaling has to depend on the solution itself and is there-
fore called intrinsic. The idea of intrinsic geometry goes back to the work of
diBenedetto and Friedman in, e.g., [5].

Over the last two decades, the same strategy as by Kinnunen and Lewis in
[11] has been used for showing higher integrability of other nonlinear PDEs;
such as the porous medium equation, in [7] and [3], and doubly nonlinear
equation, in [2]. With these equations a more complicated intrinsic geome-
try is needed, and this brings additional difficulties into the arguments. The
results discussed so far are all local in nature, meaning that higher integrabil-
ity is obtained in a region sufficiently far away from the parabolic boundary.
However, higher integrability can also be extended to the whole domain, with
some assumptions on the regularity of the boundary. For parabolic p-Laplace
equation this was shown by Parviainen in [15].

This thesis is based mostly on the original article [11] by Kinnunen and
Lewis. As an additional reference for the same arguments, we used the
PhD thesis of Verena Bogelein [1]. Our aim is not to present the results in
maximal generality, but to give a transparent argument with all the details
included. To increase the clarity of presentation, we consider (1.1) in the
most simple setting. More precisely, in [11] higher integrability is shown for
systems of parabolic p-Laplacian type with p > 2n/(n + 2), but we consider
only the scalar valued prototype equation (1.1) with p > 2. This way the
core arguments become hopefully more visible.

As briefly mentioned, the proof of higher integrability is based on a reverse
Holder inequality, showing which has also independent importance. In order
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to show the reverse Holder inequality, we need two lemmas derived from
the weak formulation of (1.1): an energy estimate and a so called gluing
lemma. When proving the energy estimate, there is a technical difficulty
when using u as a test function, as it has no smoothness in time. In [11] this
is merely commented, but here we write in detail how to resolve the issue
with mollification. Also for the gluing lemma, we give a complete proof,
unlike in [11]. The energy estimate tells that |Vu|” can be estimated with an
oscillation, and the oscillation can be further estimated by integral of |Vul|
to a lower exponent by the Sobolev embedding theorem. However, this can
only be done at fixed times, and we need the gluing lemma in order to stitch
together the reverse Holder inequality in a space-time cylinder. The main
difficulty in the proof of the reverse Holder inequality, is that we have to
compensate the inhomogeneity of (1.1) by conducting the proof of reverse
Holder inequality in intrinsic cylinders, whose time scaling depends on the
integral average of |Vu|” over the cylinder itself. Heuristically, the idea is that
we assume a constant A to be comparable to |Vu| in the intrinsic cylinder,
when scaling time by A*~2 would negate the diffusivity constant of (1.1).

Our proof for obtaining higher integrability is essentially self contained.
It is based on a general self-improving property of uniform reverse Hélder
inequality for upper level sets, which we show by elementary measure theo-
retic tools. In order to use our previously obtained reverse Holder inequality,
we construct intrinsic cylinders with a stopping time argument, and obtain
a disjoint covering for the upper level set with a Vitali type lemma. Our
presentation elaborates on the dense arguments of [11] and makes the proof
more modular. In addition, we give a proof for the Vitali covering theorem
for intrinsic cylinders, which was originally neglected in [11] and [1].



Chapter 2

Preliminaries

2.1 Weak solution

We will study solutions to (1.1) defined in Q x (0,7"), where the spatial
domain €2 is an open subset of R", with n > 2. Throughout this thesis we
assume that p > 2.

We say that u € L2 _(0,T; W,2"(2)), when

loc loc

to
/ [l sy dE < 00,

t1
for any 0 < t; < ty < T and compact set K C Q. A function u €
LP (0, T;WEP(Q)) is called a weak solution of (1.1) on Q x (0,T), when
it satisfies

’ 9¢ —2
—u— + |VulP™*Vu - Vodrdt =0 (2.1)
o Jo Ot

for all test functions ¢ € C§°(2 x (0,7)).
By restricting the test function in the weak formulation to a subinterval
in time, and mollifying appropriately, we get that a weak solution u satisfies
to a¢ to
/ / —u— + |VulP*Vu - Vo dz dt + {/ ug dx] =0, (2.2)
t1 Q at Q t1
for all ¢ € C§°(2%x (0,7)), and almost every t1,ty € (0,7). We refer to these
times where the above formula is satisfied as Lebesgue instants.
In order to consider u as a test function, even though it is not smooth,
we formulate in the next lemma a mollified version of the weak formulation.
We will denote a function f mollified in time with

(e t) = / Flr,s)be(t — s) dt.
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where 1. is a one-dimensional standard mollifier with support (—¢,¢).

Lemma 2.1. Let u be a weak solution to (1.1) and 0 < t; <ty < T. We
have

/ / +[|VulP V. - Vo da dt
+ {/Q[U(:v,t)]aﬁﬁ(%“r s)dx ‘- 0

t1
for all ¢ € C(Q x (0,T)) and 0 < 26 < min{ty, T — to}.

Proof. Let ¢ € C5°(Q2 x (0,7)), 0 < 2¢ < min{ty,T — t2} and s € [—¢,¢].
After an appropriate smooth cut-off near 0 or 7', the shifted test function
gb(x t + s) is an admissible test function for (2.2) with integration bounds
t1 — s and t9 — s, and therefore we have

/ / xai—l— s) + | Vu(z, )P 2Vu(z,t) - Vé(x,t + s) dz dt
+ {/ u(z, t)p(z,t + s) da:] o —0.
@ t1—s

After a change of variables t = ¢ — s, this becomes

/ / z,t—s) g;’ J + | Vu(z, t — )P *Vu(x,t — s) - Vo(z,t) dr dt

+ [ /Q u(w,t — 8)(z, 1) da:} "o

t1

To introduce the mollified solution inside the integrals, we multiply both
sides with ¢.(s) and integrate with respect to s over [—&,]. This gives

[ vt =02 asana

+/5 /tz/ |VU($,t—3)’P—2Vu(I,t—3).ng(x’t)wE(S) du dt ds
—eJt Q

¥ [ [ ateit = ot vt deds 0

1
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where we separated the integrals for more clarity. After changing the order
of integration with Fubini’s theorem, we have the desired formula

// 0¢xt /5 u(z,t — s)e(s)dsdxdt

/ /ng / |Vu(x,t — )P 2Vu(z,t — s)ib.(s) ds dx dt

LS e awirwa] -

2.2 Notation

Our notation is standard. We will write
B(z) = {y € R" : |y — x| <1}
for open ball of radius 7 > 0 and center x € R”, and
As(to) = (to — s, to + 5).

for time intervals. Space-time cylinder centered at (z,t) € R™™ is denoted
by

Qrs(x,t) = Br(x) x Ag(t).

The n + 1 dimensional Lebesgue measure of a measurable £ C R*™! is
denoted with |E|, and we use the notation

1
fda:dt:—/fd:cdt
]{; 1E| /5

for the integral average of f € L'(E) where 0 < |E| < oo. For brevity we
will write

u,(t) = m(B,(x0))"" / w(, 1) do
BP(QCO)
for the integral average of u over a ball at time t. Here m denotes the n-
dimensional Lebesgue measure. The center of the cylinder, z¢, is omitted in
this notation as it will generally be fixed within the forthcoming arguments.
Most of the time we will not keep track of constants, instead redefining
the constant ¢ from line to line when required.



CHAPTER 2. PRELIMINARIES 7

2.3 Auxiliary lemmas

In this section we will state some general lemmas which will be used in the
thesis. The first two are well known.

Lemma 2.2 (Young’s inequality with €). Let a,b,e > 0 and p,q > 1 satis-
fying 1/p+1/q=1. We have ¢ = c(e,p) such that

ab < caP + b4,

Lemma 2.3 (Poincare inequality). Let 1 < p < oo and u € W'P(R"™). There
exist c(n,p), such that

][ lu —up,|Pde < e+ |VulP dz,
B, B,

for all balls B, C R™.

The next lemma is a version of the Gagliado-Nirenberg-Sobolev inequal-
ity, for proof we refer to [10] Corollary 3.7.

Lemma 2.4. Let u € W, ?(Q) with 1 < p and Q € R bounded. There exists
c = c(n,p), such that

p

(/ |5 dx) " §c</ |Vu|Pd:(:)p.
Q Q

We need the following iteration lemma to conclude the proof of Lemma
3.2. For proof we refer to [13], Lemma 2.

Lemma 2.5. Let 0 < p, 0 < <1,a>0,p>0andb >0, and let f be a
nonnegative bounded function on R, satisfying

f(p1) < 0f(p2) + alpa — p1)™" + b, (2.3)

for all py, pa € [p,2p| with py < pa. Then there exists a constant ¢ = c(p,0),
such that

f(p) < clap™ +b).



Chapter 3

Fundamental estimates

In this chapter we prove three lemmas which allow us to prove a reverse
Holder inequality. Actually, showing Lemmas 3.1 and 3.2 is the only part
in this thesis where we use the fact that u is a weak solution to (1.1). This
makes the whole argument very flexible.

In the first lemma we use the behaviour of a solution, that is the weak
formulation (2.1), to show that the difference of mean values of u at different
times can be controlled by a spatial gradient. In order to get a reverse Holder
inequality, it is important that here the exponent of the gradient is less than p.
This so called gluing lemma is needed to estimate an oscillatory integral over
a cylinder with slice-wise oscillations. Here the fundamental difference with
the elliptic case is that gradient in itself has no control over the oscillation in
time direction, and thus Sobolev inequalities cannot be used directly in the
whole cylinder.

Lemma 3.1. Assume that u is a weak solution to (1.1) and Qu,s(x0,t0) C
Q x (0,T). Then there exists p € (p,2p), and a constant ¢ = ¢(n), such that

ulta) — up(to)] < s f [Vl da dt,
Q2p,s(0,t0)

for almost all ty,ts € Ag(to).

Proof. As everything is centered around (zo, ty), we omit notating the centers
in the proof. Assume t1,ty € A4(tg), with t; < t5, are Lebesgue instants. Let
p € (p,2p) be a Lebesgue point for the function

g(r) = / |Vu|p_1 ds,
dB,
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satisfying

2p
/ |VulP~!dS §][ / |VulP~!dS dr, (3.1)
0B p OBy

where S denotes the n — 1 dimensional Hausdorff measure. It is clear that
such p exists as it is a point where g is less or equal than the average on

(p:2p).
Let 0 < § < p be a parameter we will eventually let tend to zero. Let
» € C§°(2 x (0,T)) be a cut-off function, satisfying

¢ =1on Qs
Vo <2/8
(ﬁ(',f) =0on () \ B,3+5.

Inserting ¢ into (2.2) with time interval (¢1,¢2), and taking absolute value of
both sides, gives

e

and taking into account that % = 0, on @5, and ¢ = 0 outside Bj5, we

have
' [ / uQp dm]
Bpts

Estimating the right hand side with Cauchy-Schwarz inequality and using

the properties of ¢, gives
to
< / / VY Vel da dt
4o

to
// \VulP~2Vu - Ve dz dt
t P36
t22
/ / |Vu|p_1dxdt
546 \Bp—
p+d
:/][ / |VulP~tdS dr dt,
tv Jp—6 JOB,

where we rewrote the integral over an annulus as an iterated integral over
spheres.

+\Vu|p *Vu - Veédrdt|,

|VulP~2Vu - Vo dr dt| .

p+s
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As p was defined to be a Lebesgue point for the appropriate function g,

letting & — 0 gives
to
[ / ug dx]
Bpts

t1
to
< / / VulP dS dt.
t1 835

From the way p was defined, that is (3.1), we get

to to 2p
/ / IVl dS dt < / ][ / IVl dS dr dt
t1 8Bﬁ t1 P OB,

< ,01/ |VulP~! dz dt,
Q

2p,s

| Bl [up(t2) — up(ts)| = lim

| =i
6—0

and consequently

B
|up(ta) — up(ta)] < 5,0_1% [VulP~ dx dt
P Q2p,5

< 2”sp_1][ |VulP~ dz dt,
QQp,s

which finishes the proof. O]

Next we prove a so called energy or Caccioppoli type estimate. As both
terms on left hand side are positive, there are in fact two estimates included;
one for the p-energy and another for the maximal slice-wise potential en-
ergy. These estimates are used separately when showing the reverse Holder
inequality.

As in the previous lemma, we proof the lemma by using a suitable test
function in the weak formulation, in this case (u—a) with an appropriate cut-
off. Here it is important that (u—a) is also a weak solution to (1.1). There is
a technical problem as a weak solution has no smoothness in time direction,
and thus cannot be used as a test function. This problem is circumvented
by using the mollified formulation of Lemma 2.1. After dealing with the
problematic time derivatives with integration by parts, we can take the limit
and do rest of the calculations with regular u.
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Lemma 3.2. Let u be a weak solution to (1.1), a € R a constant and
Qupa2s(To,t0) C Q x (0,T). There exists a constant ¢ = c(n,p), such that

/ |Vul? da:dt+esssup/ lu — al? dx
Qp,s(xosto) teAs(to) J By(zo) x {t}
< st / lu — a|* dx dt
Qqp,225(z0t0)

—i—cp_p/ |u — al? dz dt
Qs 225(T0st0)

Proof. As everything is centered around (zg, ty) or zo and t, respectively, we
will omit notation of the centers.

In order to use the iteration argument of Lemma 2.5, we let p < p; <
p2 < 2p. We define a suitable test function for the mollified formulation with
small € > 0, by

e =n¢*([u]: —a),

where n € C§°(B,,) and ¢ € C§°((0,T")) are cut-off functions satisfying

n=11in B,
0<n<l
IVl < cylp2 — pa| ™,

and

¢ =0on (0,ty — 224]

¢ =1on [ty — s,tg+ 2%s]
0<¢<1

0< ¢ <s L,

Let 7 € As24(to) be a Lebesgue instant for (v — a). As (u — a) is also
a weak solution to (1.1), we can use Lemma 2.1 with integration bounds
to — 2%s and 7, and test function ¢.. This gives

ot

+ / [u — al.¢p. dz =0,
B,,QX{T}

as 7 vanishes outside B, and ¢ at to — 22s.

T 8 . B
/ / —[u —al. ¢ + [|VuP2Va). - V. dr dt
to—2%s Bp2 (32)
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We begin by considering the first term with time derivative of ¢.. Using
elementary rules for derivatives and integration by parts in time variable, we

/ / —[u— ae ddt
to—22s

877@([ Je —

/ / —[u—al. @) dx dt
to—22s B at
N
Olu —al-
nCu — al. dx dt
/t‘o 22¢g L 8t
1

/ / (lu — al. nCC’dmdt——/ nC?u — al? dx
to—22s J B,, 2 JB,, x{r}

/to 23/3 n¢¢ u 2 dw dt,

where the boundary term at ¢, — 2%s was zero by the definition of (.

Now we no longer have a time derivative of u and can let ¢ — 0. Because
convolutions are dominated by maximal functions, for details see [10], Section
2.3., the mollifications converge and (3.2) becomes

4 1
/ / —|u—al*n¢¢ dadt — —/ n¢*u—al? dx
to—22s By, 2 Bp, x{7}
+/ / |VulP2Vu - V(n¢*(u — a)) dx dt
to—22s BPQ

+/ n¢? ju — af® dz = 0.
Bpy x{r}

After expanding the gradient of the test function and reordering terms, we
get

([u — a).)*n¢¢ dx dt

1 T
—/ n¢? ju — af® do +/ / n¢? |Vul’ dx dt
2 By x{7} to—2%s J By,

:/t 22/3 lu — al?>n¢c de dt (3.3)
0278 P2

— / C(u — a)|VulP~*Vu - V dx dt.
to—2%s sz
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We estimate the signed term on the right hand side with absolute values
and Cauchy-Schwarz inequality, and split the resulting product with Young’s
inequality. This, and taking into account the bounds for 7, |Vn|,{ and (',
gives

/ / |u—a]2nC</dxdt—/ C(u — a)|VulP">Vu - Vi dz dt
to—22s Bp2 to—22s Bp2
< 3_1/ / lu—al? ddt
to—22s Bp2
+/ Clu — a||[Vul?~Y V| dx dt
to—22s Bp2

T T
< 3_1/ / lu—al® dxdt + / cC?|VnlPlu — al?
to—22s Bp2 tg—22s Bp2

1
+ §C2 |Vu\p dx dt

.
33_1/ / lu—al? ddt
to—22s Bp2

—I—c|p2—p1|_p/ / |u — alP dx dt
to—22s sz
1 T

- —/ ¢ |Vul? dz dt,
2 tg—22s Bp2

where Young’s inequality was used with ¢ = 1/2 and exponents p and p/(p —
1). Inserting the above estimate into (3.3), and adding the first term on the
left-hand side of (3.3) to both sides, we get

T

/ Clu—al? d:zc+/ ¢ |Vul’ dz dt
By, x{t} to—22s J By,

1 1 /"
S—/ Clu—al? dx+—/ ¢ |Vul’ dz dt
By, x{7} 2 J

0—22s J By,

—I—clpg—p1|_p/ / |u — al? dz dt
to—22s Bp2

+ 81/ / lu — al® dz dt,
to—22s Bp2

where we also restricted the integration to B,, on the left-hand side. This is
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exactly what we need to use Lemma 2.5 with

Fr) =[5,y Clu— al de+ [} . [y GIVul’ dodt
a= CftZ—Q% me |u — a|P dx dt
b=s5"" [ 5, prg lu—al* dxdt
=1
37

and therefore we have

T

/ ¢ u—al? dx+/ ¢ |Vul? dx dt
BpX{T} to—22s Bp

< cp_p/ / |u — al? dx dt (3.4)
to—22s ng

—l—c/ / lu—al? dzdt.
to—22s ng

By the definition of supremum, there is a Lebesgue instant £ € A,(t),
such that

esssup/ lu — al® dx < 2/ lu — al® dz.
teAs(to) J B, x{t} By (o) x {1}

By choosing 7 = # in (3.4) and recalling that ¢ = 1 on A,(ty), we conclude
that

esssup/ lu — al*dx < 2/ lu— al? dzx
teAs(to) J B, x{t} B,x{t}

< csl/ lu—al? d dt
Q

20,225
+ cpp/ |u — al|P dzx dt.
Q2p,223

On the other hand, choosing T = to + 2%s in (3.4) gives

/ |Vul? dxdtg/ | Vul’ dz dt

p,s Qp,22s

< cs_l/ lu— a|” dzdt
Q2p,225
+ c,o_p/ lu — al? dz dt,
Q2p,225

which finishes the proof. ]
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Finally, we show a general parabolic Sobolev inequality, which tells us
that extra differentiability can be turned into extra integrability. In a way
this is the origin for the reverse Holder inequality, and thus the higher inte-
grability as well. Naturally this general lemma alone is not enough to show
the reverse Holder inequality, and we need the previous energy to obtain the
aforementioned extra differentiability, as well as the gluing lemma.

Lemma 3.3. Let 1 < v < 0o and assume that u € L”(Aas(to); W (Ba,(20)).
Then there is a constant ¢ depending only on n and v, such that

/ lu(z, t) — u, ()" do dt < c/ |Vu(z, t)|” d dt
Qp,s(xmto)

Q2p,25(x0,t0)

v/n
. ess sup / [u(,t) — us,(t)|* dz :
te(t072s,t0+28) ng(ro)

Proof. For brevity we omit notating the centers in the proof, as everything
is centered around (xg,to). Let t € Agg be such that z — u(x,t) belongs to
Wh¥(Bs,). Let n € C§°(Qap,25) be a cutoff function satisfying

n=1inQ,
0<n<l1
(V| < 10/p.

We denote
u(z,t) = |u(z,t) — uy(t)|n(z, 1).

To ensure that @ is finite and differentiable, we do a standard mollification
denoted by [a]. = 1 * 9..

We estimate the integral in the left hand side of the claim slice-wise.
Holder’s inequality with exponents n and n/(n — 1) gives

ngX{t}

= [ e i
ng X {t}

t/n (n=1)/n
< / [@]? dx / (@] /e (1) gy _
Bapx{t} Ba,x{t}

Assume first v > 1. By the Gagliardo-Nirenberg-Sobolev inequality in
W, (Bsy,) see Lemma 2.4, and Holder’s inequality with exponents v/(v — 1)
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and v, we have

(n-1)/n
/ (] =)/ () g
Bapx{t}

<cf V(@ emen)
ngX{t}

—e / (v +2/n(v — D)D) V]a. | da
BQPX{t}

(v=1)/v 1/v
<e / (]2 gy / VA de |
Bopx{t} Bapx{t}

where the equality in the third line comes from the chain rule for gradients.
In case v = 1, already the Gagliardo-Nirenberg-Sobolev inequality implies
the inequality above. Thus in both cases we have

1/v 1/n
J < C{](Vfl)/’/ / ‘V[{L]E”/ dx / [’EL]? dz .
Bo,x{t} Bapx{t}

Absorbing J®*~V/¥ on the left hand side and raising both sides to power v,

gives
v/n
/ [a]v A+ dy < c/ V(@) dx / [@)? dx
BQPX{t} BQPX{t} ngx{t}

Now we can let ¢ — 0 and by the convergence of convolutions in Sobolev
spaces, see [6], Section 5.3.1, we have

v/n
/ a2 g < c/ |Va|” dx / a* dx . (3.5)
Bapx{t} Bapx{t} Bapx{t}

We estimate the first integral on the right-hand side of above inequality.
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Triangle inequality of ||-||,. gives

1/v
/ |Val|” dx
B2p><{t}
B /;pr{t}

1/v 1/v
!/ mmvm“m> +</ﬂ |vmwu—qum>
B2p><{t} szX{t}

1/v 1/v
<([ W) ot ([ peulas)
Baopx{t} Ba,x{t}

where we used the product rule of gradient in the first equality and the
properties of 7 in the last inequality. Furthermore, Poincare’s inequality in
W' (Bs,), see Lemma 2.3, implies

1/v
[l
ngx{t}
1/v 1/v
< ( / ru—u2p<t>\"dx> n ( [ o —up<t>r”das)
Bapx{t} Bapx{t}
1/v
< (1+2") / |u — g, (t)|” dz
BZpX{t}

1/v
<ol [ wups)
B2p><{t}

and hence

1/v
1Vl = u,(8)] + Ju — (O[] do:)

IN

/ |vmnmgc/ IVl de. (3.6)
B2P><{t} B2p><{t}

We were able to merge the terms in the second line of the previous chain of
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inequalities, as

1/v
( / g (1) — up<t>|”dw>
ngx{t}

= [uzp(t) — up(t)[| Byl

][ Ugy(t) — ude
By

< ][ uto (1) — | | Boy |V
B

P

]ng\ 1

<2 f g (t) — ul del By
ngx{t}

1/v
<2" (][ g, (t) — ul” d$> ‘B2p’1/y
ngx{t}

1/v
=2" / |u — g, (t)|” dz :
szX{t}

The same argument as above, but with v replaced by 2, and the fact that
n <1, gives

v/n
/ a* dax < / lu — u,(t)|* dx
Bapx{t} Bapx{t}
v/n
<c / lu — ug,(t)|* dx :
BQPX{t}

Inserting inequalities (3.6) and (3.7) into (3.5), and integrating over A,

v/n

(3.7)
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gives

][ |u — u, (t)["OH2) da dt
Qp,s

s BQp
§c][][ \Vu|” dx /
AS BQP B2p

< C][ |Vul” dz dt
Q2p,25(x0,t0)

v/n
: ess sup / lu — ug,(t)|* dz :
TE(t072S,t0+28) sz

which finishes the proof.

v/n
lu — ug,(t)[? dx) dt

19



Chapter 4

Reverse Holder inequality

Now we are ready to prove a reverse Holder inequality, which is the basis
for the higher integrability result of our thesis. The idea of the proof is to
estimate the integral of |Vu|” by an oscillatory integral, with Lemma 3.2,
thus allowing us to lower the exponent with a Sobolev embedding. However
we cannot do this in a regular cylinder as problems emerge when trying to
fit together the scale dependencies of Lemmas 3.1 and 3.2. The remedy is
to show the reverse Holder inequality in intrinsic cylinders with time scaling
depending on the integral average of |[Vu|” in same cylinder.

In the proof we assume A to be comparable with the integral average
of [Vulf, and scale time in the intrinsic cylinder by A?*7?. Heuristically,
this scaling be seen to compensate for the inhomogeneity |Vu[P~2 of (1.1),
thus making the equation behave more like heat equation, for which the
reverse Holder inequality was already shown in [8]. However, this is more of
a motivation, and the real reasons for using exactly this intrinsic scaling are
technical details in the proof.

Theorem 4.1. Let u be a weak solution to (1.1) in Q x (0,T). Let A > 0,
denote s = N*7Pp?, and assume that Q,.4025(%0,t0) C Q x (0,T). Denote

Q = Q,s(0,t), Q" = Qupazs(xo,to), Q" = Qa0p2025(T0,t0). Given § > 1
such that

SN S][ |Vul? dz dt
Q
<o |Vulf drdt < 5N, +

Q//
there is ¢ > 1 depending on n, p and §, such that

p/q
][ \Vul? dedt < c (][ |Vul|?dx dt) : (4.1)
1" Q/

20
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where ¢ = max{p — 1,pn/(n+2)}.

Proof. As a preliminary step we use Lemma 3.1 to find p € (2p,4p), such
that

|up(tz) — up(ts)] < csp™ ' [Vul” dzdt, (4.2)
Ql

for almost all t1,ty € (tg — 2s,to + 2s). Note that it is not a problem to use
the cylinder Q" = Qu,425(20, to) instead of the smaller Qo) s(z0, to), for which
Lemma 3.1 was shown, as the integrand is positive and enlarging the cylinder
over which the integral average is taken will only change the constant ¢. With
p fixed, let us denote Q = Q5.25(z0, to).

We begin estimating the left-hand side of (4.1) using the estimates shown
in Chapter 3. By Lemma 3.2 with p; = p, p2 = 2p, 51 = s, 59 = 25 and
a = ug we have

][ \Vul? dz dt Scs_l][ |u—ué|2d:vdt
Qp,s(xosto) Q2p,2s(x0,t0)

—|—cp_p][ lu — ugl|” du dt
Q2p,25(0,t0)
:Tl + T27

where the constants in Lemma 3.2 are multiplied by 2n"*! as we moved to
integral averages.

Next we show that it is enough to estimate T7. As p > 2, we can use first
Jensen’s inequality and then Young’s e-inequality, with exponents p/(p — 2)
and p/2, to get

T, = c/\p_gp_Zj[ |u—u(§|2 dx dt
Q2p,25(x0,t0)

2/p
< e\2p? <][ lu—ugl” dz dt)
Q2p,2s(z0,t0)

< (26)7IA c,op][ lu — ugl” dx dt,

Q2p,25 (CE() 7t0)

where £ = (20) '\’ was chosen so that the first term can be absorbed into
the left hand side of the original inequality.
By assumption we have

NP < 5][ \Vul? dz dt,
Qp,s(zo,to)
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and thus M\? can be absorbed. Therefore we have
][ \Vul’ dadt < T,
Qp,s(l'mto)

where ¢ depends on n,p and 9.

In order to estimate 75 with Lemma 3.3 we want to introduce the term
|u — u5(t)| inside the integral. By convexity of | - [P and estimating the space
independent term with supremum over time, we get

T, < cp_p][ lu —up(O)F + up(t) — ugl” dz dt
Q2p,25(0,t0)

< clp_p][ lu —up(O)P dzdt +cp™ esssup  |up(T) —ugl’,  (4.3)
@ TE(to—Qs,t()-f—?S)

where we also enlarged the cylinders to @ in order to use Lemma 3.3 in the
way it is stated.

In the rest of the proof we estimate both terms in (4.3) by an integral
of |Vul| to some power less than p. We start with the supremum on the
right-hand side of (4.3).

By the gluing property (4.2) we have for almost all 7 € (to — 2s, tg + 2s),
that

1
|Uﬁ(7) - UQ’ = Uﬁ(T) - — /@u(m,@) dz df

Q|
to+2s
= ][ us(1) —u(x, ) dx do
Bg(zo)

to—2s
to+2s
< )~ usto)] s
to—2s
to+2s
< csp_l][ \VulP~! dz dt df
to—2s Q'

<ecsp  |VulPldzdt,
Q/
as also the integration variable 6 lies in the interval (ty — 2s,tg + 2s), and

the set of measure zero where (4.2) does not hold, can be discarded from the
integration.
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As the previous estimate is independent of 7, we have

cp?  esssup  |up(T) —ugl’
TE€(to—2s,t0+2s)

p
<csPp® < |VulP~! dz dt)
Q/

p
= AP (][ |VulP~ dx dt)

p/(p=1)
< 6> ( |VulP~t d dt) ,
Ql

which is a suitable reverse Holder type estimate for our theorem. Here the last
inequality deserves more explanation: by assumption and Jensen’s inequality,
we have

N > 04 |Vul? dadt
Q

> cof |Vul’ dxdt
Q/

p/(p—1)
> ¢ ( |Vu|p_1)
Q/

and as 2 — p < 0, it holds that

p
cAPP) ( |VulP~! dz dt)
Q/

< ch*P < |Vu|P~ 1)
= c)*7P ( |VulP~ 1)
)-

Now it is left to estimate the first term in (4.3). By the Parabolic Sobolev-
Poincare inequality of Lemma 3.3 with v = pn/(n + 2), we have

p(2 p) +p

cpp][A |u — us(t)|P dz dt
Q

< cpp][ V|72 da dt - esssup/
2@ TEMs B

lu(, 7) — ugp(7)?| da:) ' :
(4.4)

2p



CHAPTER 4. REVERSE HOLDER INEQUALITY 24

The first integral above is already of the right type as pn/(n+2) < p, but it
is not yet raised to the appropriate power. Therefore it is enough to estimate
the essential supremum above by p""2\?, after which we can use Young’s
inequality to get the desired result. We begin by replacing the slice-wise
mean u;(t) with a time-independent integral average over a large enough
cylinder to use Lemma 3.2. In addition we want the cylinder to satisfy the
gluing property of Lemma 3.1, therefore we choose p € (10p,20p), such that

us(ts) — us(ty)] < cspl][ V! de dt, (4.5)
20Q

for almost all ¢1,ty € A1gs. Now we denote @ = (5,105
By the triangle inequality we have

/ lu(w, 7) — ugp(7)?| da
BQE
< C/B ) |u(z, ) — ué|2 + Ju — ugp(7)|* da
2p

< c/ |u(z, ) — ué|2dx,
By
and therefore the supremum estimate of Lemma 3.2 yields

ess sup/ lu(w, 7) — ugp(7)|* da
le’j

T€A4s

< cess sup/ lu — u@|2 dx
TE€A4s J Byj

Scs_l/~|u—u©|2dxdt+cp_p/~]u—ué]pdxdt
Q Q
=T, +Ts.

Now we have essentially the same terms as in the beginning but instead of
a reverse Holder inequality we estimate these terms by p"t2)\2. However,
the arguments used are similar to the ones already used. First we split the
oscillatory integrals into slice-wise oscillations which yields four terms that
are estimated one by one.

Once again using the convexity of | - |P gives

T <ecs™? /@ lu — us(t) > — Jus(t) — uQ|2 dx dt

<cs! / lu — us(t)|* dx dt + cos™ Q| esssup |us(t) — uQv|2
@ teN10s

=T+ T,
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and
T, < cp_p/~ lu —us(O)F = usp(t) — ugl|” du dt
Q

< clp_p/ [u —us ()" dz dt + cop™|Q esssup |us(t) — ugl”
@ teA10s

=Ty + Tas.

We can estimate the slice-wise oscillations 777 and 75, with the standard
Poincare inequality of Lemma 2.3. As p > 2, we can use Jensen’s inequality
after applying Lemma 2.3, which gives

T = cs_l/ / lu — u(t)|* dx dt
A1os v Bj

Scs_lpz/ / |Vul? dx dt
A1os v Bj
= c,o"”fv |Vul? dx dt

Q

2/p
< cpt? (][~ |VulP dz dt>
Q

where we used the assumption that () is intrinsic in the last inequality. This
is an estimate of the right form. Recalling the definition of s we get similarly

Ty = cp_p/ / lu — u;(t)|P do dt
A1os v Bj

< c/ / |Vul?P dz dt
A1os / Bj

= NP |Vl da dt
Q

We can estimate the supremum terms 775 and 759 in the same way as the
supremum in 4.3. By (4.5), Jensen’s inequality and the assumption that Q)
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is intrinsic, we have
2

Tio = cp™ esssup
T€MA0s

sp_1][ |VulP~! dz dt
20Q

2(p—1)
][ |VulP dz dt
20Q

S CSQPn—ZAQ(p—l)
_ c)\Z(Q—p)pn+2)\2(p—1) _ Cpn+2)\2‘

[ utr) o) e

2
<cp"

S 652pn72

Similarly we get

p
—p+n

Thy = cp S esssup

TEA10s

spl][ |VulP~! dz dt
20Q

][ \Vul? dz dt
20Q

< Cp—2p+n8p+1)\(p—1)p

= cp NP \G-Dp — (o jnt2 )2,

/ () = us0)

p

<cp s

(p—-1)

S Cp72p+n5p+1

From the previous estimates we conclude, that

TENs

ess sup/ lu(z, 7) — usp(7)?| dz < Th1 + Tia + Tor + Too
Bsp

Now we are ready finish our proof by absorbing the supremum in 4.4 to the
left hand side of the claim. For brevity we write ¢ = pn/(n + 2) for the
exponent in the Sobolev embedding (4.4). Combining the embedding with
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the inequality above we get

cp_p][A lu — us(t)|P dz dt
Q

< cp_p][ |Vu|?dx dt - (ess sup/ lu(, 7) — ugp(T)?| dx)
QQ\ TEN4s Byjs

< X2 V|t dz dt
2Q

3

p/q
<e <][A V|t da dt) + N /(26),
2Q

where in the last inequality we use Young’s inequality with exponents p/q
and p/(p — q), and mass is distributed between the terms so that the term
containing A can be absorbed.

Now we have estimates for both terms in (4.3), that is

p/(p—1)
][ |Vul? dedt <c¢ ][ |VulP~! dz dt
Q Q4 424(w05t0)

(n+2)/n
+ ¢y <][ |VulP™ ) dy dt) + \P/(26).
Qsp,4s

As we have by assumption

][ IVl drdt — N /(26) > 1][ IVl d dt
Q 2Jq

v

1
5(52][ |Vul? dx dt,

with Jensen and enlarging the cylinder, we can write our result in a clean

form
p/q
][ |Vul? da:dtgc(][ |Vu|qda:dt> ,
" Q/

where ¢ = max{p — 1,np/(n + 2)}. O



Chapter 5
Higher integrability

The fact that we can get higher integrability from a reverse Holder inequality
is based on a general self-improving result of Lemma 5.2. This lemma can be
used to prove the well known Gehring’s lemma, but we find it more direct to
use Lemma 5.2, when showing the final higher integrability result. Its proof
is elementary in nature, using nothing more than Cavalieri’s principle and
Fatou’s lemma.

In order to make sure that a term in the proof is finite, we need the
following truncated version of Cavalieri’s principle. Time plays no special
role in either result, but for coherence we formulate the following two lemmas
in a cylinder @ C R""!. However, for brevity we denote z = (z,t) and omit
@ in the notation of distribution sets, i.e., we write {f > A} instead of
{(z,t) e R"™: f(2) > A}

Lemma 5.1. Let Q C R"™ be a cylinder and i a measure on R™™ such
that u(Q) < 0o. For 0 < g < oo and 0 < \g < A\ < 00, we have

/ fhdp
{Mo<f<A}

A1
— g / NV > A} dA+ Na((F > dob) — Mu({f > i),

Ao

Lemma 5.2. Let 1 < ¢ < p < oo and let Q C R™ be a cylinder. Assume
that f € LP(Q) is a non-negative function and that there exist Ao > 1 and
c1 > 1, such that

/ FPdy < e NP / f1dz,
(>} (7>}

28
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for all X > Xg. Then there exist ¢ = c(p, c1), such that for 0 < e < 2L we

c1—1’
have
/ fPredz < c/\f]/ fPdz.
Q Q

Proof. We denote ¢ = p + €. Clearly

/fqu:/ fqdz+/ fldz
Q {f<X o} {f>Xo}

< /\g_p/ fPdz —|—/ fldz,
{f<Xxo} {f>Xo}

and therefore it is enough to estimate f¢ in the set where f is large. We need
to ensure that the integral of f7 is finite to absorb terms later. Therefore
let Ay > A\g. We will do the estimation and then let ¢; go to infinity. By
the truncated Cavalieri’s principle of Lemma 5.1 with exponent ¢ — p and
measure y induced by f?, that is u(E) = [, f* dz, we have

[ pa= [ prra
{do<f<A} {Xo<f<A}
A1
=m—m/AH*/ fdz (5.1)

Ao {f>t}

+ )\gp/ fPdz — Xfp/ fPdz.
{r>Xo} {r>x}

We use the reverse Holder inequality of the assumption on the first term

above, to get
/\1 )\1
/ )\qpl/ fPdz < cl/ )\qQ/ fdz.
Ao {f>t} Ao {f>t}

We note that the above is almost the first term on the right hand side of
Lemma 5.1 with exponent g—1 and the measure p induced by f, and therefore

A1
/ /\(1—2/ fdz
Ao {f>t}
1
:_(/ fdz—Ag_l/ fdz+>\‘{_1/ fdz)
q =1 \Jpro<r<any {F>x0} {F>n}

1
g—(/ fdz+>\‘{_p/ fpdz),
q—1 \Jpo<r<n) {f>M}
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where we left out the term with negative sign and used the simple estimate

A\
ot f, (2
(F>M) U>ar \A1

=\7 / fPdz.
{f>x}

Inserting the obtained estimate to (5.1) gives

/ fqdzgclq_p/ fqdz+)\o/ 7 dz
Po<f<nl q =1 Jpo<rany (M}

+ (clq_p - 1) t‘{f’/ 7 d.
q—1 {F>M}

/ f1dz < #]Q)] < oo,
{Mo<f<A}

we can move this term to the left hand side, which is the reason why we did
the truncation with ¢;. Therefore

(1_Clq—p)/ fldz
q—1 {Po<f<A}

ng/ fpczz+(c1q_p—1>t‘{—p/ P dz
>\ q—1 (A1)

By our assumption on e, we have 01% < 1, and therefore dividing both

sides of the previous estimate with 1 — 01%, gives

/ fldz < c)\(q)p/ fPdz— Xfp/ fPdz
{ro<f<a} {f>Xo} {F>xn1

<y ” / frdz,
{f>Xo}

-1
where ¢ = (1 — clg) . As this upper bound is independent of A — 1, we

Because

conclude with Fatou’s lemma, that

/ fqdz:/ Alim Ty (2) dz
{f>Xo} {F>xo} M7

< lim Fidz
A1—o0 {Qo< <}

< c/\g_p/ fPdz,
{f>Xo}

where y is the characteristic function. This finishes the proof. ]
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The previous lemma tells us that in order to show higher integrability, it
is enough to show a uniform reverse Holder inequality on upper level sets.
We have already shown in Lemma 4.1 that on intrinsic cylinders a reverse
Holder inequality holds. Therefore our task remains to construct intrinsic
cylinders with uniform tolerance constant d, and to show that we can cover
the upper level set with disjoint collection of such cylinders.

Normally Vitali covering theorem could be used to find the required dis-
joint subcollection, but here it turns out that our intrinsic cylinders have
unbounded eccentricity, i.e., ratio of height and radius, and thus a general
covering argument does not apply. However, we made sure in Theorem 5.1
that the scaling factors are bounded from above, and the scaling factors of
neighbouring cylinders are comparable, and this is enough to construct Vi-
tali covering. We show this in the next lemma, but first we define a suitable
metric for parabolic geometry.

Definition 5.1. We define the parabolic distance between two points zq1, zo €
R as

d’p(Zl,Zg) = rnax{]a:l — l'2|, \ |t1 — tg‘} .

It is clear that such distance is a metric, with balls being cylinders of the
form @, 2. We mention in passing that also the scaled distance

d%(21722) = maX{|$1 - $2|»7_1\/ t1 — 752|} )

which generates balls of the form @, .2, is a metric. This will be useful later
when constructing intrinsic cylinders.

Lemma 5.3. Let Qo = Qrr2(z0) C R"™ be a cylinder and E C Qo. We
denote the parabolic distance of z € Qg from the boundary of Qq, with

d, = dp(z,0Q0) = inf min{\:c — &l /|t - ﬂ} :
(Z,t)€0Q0

Assume we have for almost every z € E a cylinder

Qz) = Qp. . fr2 (2),

with p, < d./10 and vy, = kd? < 1, where k, 3 > 0 are constants. Then there
exists a countable and pairwise disjoint subcollection {Q(z;)}32,, such that

E c | J0Q(z),

j=1

where § = max{5, v2°+3 4 1}.
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Proof. We can follow the proof of the standard Vitali covering theorem but
need to be more careful when showing covering property in time direction.
For ¢ € N define subcollections of decreasing scale

R R
O

We construct a disjoint countable collection inductively. First, let G; be a
maximal disjoint collection of cylinders in F;. This collection is finite as
is bounded from below for these cylinders. For k& > 2, define G to be any
maximal disjoint subcollection of

k—1
{QEFk:QﬂQ’:fZ)foranyQ’E Ugj}.

Jj=1

This collection is again finite, and thus the collection

g=Jg
j=1

is countable, as well as disjoint.

To conclude the proof, we show that any )(z) is included in some enlarged
cylinder in the collection G. From the way G is constructed, we know that
there exists Q(2) satisfying Q(2) N Q(z) # 0 and p, < 2p;. It clear that in
space )(z) is contained in enlarged @Q(Z), that is, Bp.(x) C 5Bpz(Z). The
inclusion in time direction requires more careful inspection.

First we show that the scaling factors of the two cylinders are comparable.
By triangle inequality, the intersection of the cylinders, and the assumptions

on v and pz, we have
d, < d; +3ps + /7202 + 7.2

3d

< d: 5 p2

<d:;+ 0 +1/90z
3d;  3d:

< d-

<d;+ 0 T 10

< 2d;.

By the above inequality we have

Va0 = kd’p?
< 27 kd p2

= 294252
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It is clear that we have the required inclusion in time if we find 6, such that
0°y:p% > 29207 + V22

Therefore the inclusion in time holds with constant v/2%+3 + 1. In order to
have the inclusion in space as well, take § = max{5, /2043 + 1}. ]

Now we have all the required tools for proving the higher integrability re-
sult. In the proof we construct intrinsic cylinders around points where |Vu|’
is large in comparison to the integral average on an underlying cylinder, and
then apply Theorem 4.1 to get a reverse Holder inequality. The construc-
tion is based on a so called stopping time argument. The idea is that we
fix the time scaling of a cylinder and enlarge it until the integral average
matches with the scaling. As we have less room to enlarge cylinders near
the boundary of the underlying cylinder, the time scaling has to depend on
the distance to the boundary. In order to nevertheless get a uniform reverse
Holder inequality, we define an auxiliary function f.

Theorem 5.1. Let u be weak solution to (1.1) and Qugr,(16r)2(20,to) C Q X
(0,7), where 8 > 10 depends on n and p. Then there exists € > 0 and
¢ =c(n,p,r), such that

e/2+1
/ |VulP™ dedt < c+c / |Vul? dx dt .
Q,. 2 (wo,to) Qa,. 22,2 (z0,t0)

Proof. For brevity, denote @, = Q,,2(%o, to) and Q2 = Qay, (2012 (20, to)-
In order to use the stopping time argument successfully, we need to ensure
that the gradient in the upper level set is large enough. Let

1/2
Ko = <][ |Vul? dmdt) :

Kk > Ko = max{ry, (2r)*},

and

be the level as in Lemma 5.2.
To get a uniform reverse Holder inequality later, and to decide on which
points we construct intrinsic cylinders, we define an auxiliary function

f=¢ldg |Vl

where ¢(n,p,7) > 1 is a constant chosen to be large enough later, and o =
(n+2)/2. Let 2 € &, = {z € Q2 : f(2) > K} be a Lebesgue point for
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|Vu|P. Next we construct an intrinsic cylinder around this point to get the
reverse Holder inequality of Lemma 4.1. We choose the scaling factor for the
intrinsic cylinder around Z to be

v = (dg%)%p.
We note that as d¢ < (2r)* < k and p > 2, we have
v = (d;o‘/i)zfp <1

To find an intrinsic cylinder with this scaling factor we use the stopping
time argument. Let # = max {10, V2at3 1}. From our definitions for s,y
and « it follows that for R € (dz/6,d;), we have

][ Vul” dz dt < Qo] \Vul? dx dt
Qpp2(?) |QrR2[J g,

< (2r)”+pR_(”+2)7_1,f2

< (2r)"+p . 9n+2d;(n+2)7—1ﬁz

= (27n)"+17 . 9n+2d;2a+a(2—p)ﬁp—2ﬁ2

=& (d; k)",
where we fixed ¢ = (2r9)™"2/7,

On the other hand, we have by Lebesgue differentiation theorem on metric
spaces, see [9], Theorem 1.8., that

lim |Vul? dzdt = |Vu(Z2)|?

r—0 QT’WTQ (Z)

= PAZPFE) > (AR,

where we used the definition of f and the fact that f € ®,. As the integral
average over a cylinder depends continuously on the radius, there exists p =
pz € (0,dz/0], such that

|Vul? dedt = éP(dZ%k)?P,
Qpyp2(2)

and

][ |Vul? dedt < éP(dZ%k)P,
QR,’YRQ(E)
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for all R € (p,d;).
Now we are ready to get a reverse Holder inequality from Theorem 4.1.
Denote

Q(Z) = Qprp2(2)
Ql<2) = QQp,QQ'pr(E)
Q”(E) = QGp,102"/p2(2)'

As ¢ > 1 and 6p < d;, by the inequalities above we have
(dz k)P §][ |Vu|? dux dt, (5.2)
Q(2)

and

][ \Vul” dedt < é(d;%k)P. (5.3)
Q"(2)

We assumed that we have enough room around @, namely Qug,, (19,)2(20) C
2 x (0,7). Hence as v < 1, we have

2Q//(5) = Q?Gp,'y(ZGpP (§>
- Q49p,(49p)2 (Z()) C Qx (O,T)

This means that the assumptions of Theorem 4.1 hold with A = d;“x and
0 = ¢?, and we have the reverse Holder inequality

p/q
][ \Vul’ dedt < c (][ |Vul? da dt) : (5.4)
Q"(2) Q'(%)

where ¢ depends only on n, p and r.
To get uniform bounds in terms of k for the integrals above, we show
next for f, instead of |Vu/, the reverse Holder inequality

c kP S][ fPdxdt
Q" (%)
v/a (5.5)
< ( fldx dt) < ?KP.
Q'(%)

To show this, we first note that as v < 1 and p < d;/6, we have in Q"
the estimate

f=e"dp |Vl

5.6
< cdf |Vul (5.6)
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and similarly with geometric argument

\Vu| =¢dp” f
< ed:"f.

Then the first inequality in (5.5) follows from (5.2) and (5.7), as

e g][ (d2 [Vu|)? de dt
Q(2)

< c][ fPdxdt
Q(2)

< c][ fPdxdt.
Q" (%)

The second inequality follows from the reverse Holder inequality (5.4)
and moving from f to |Vul| by (5.6) and (5.7), that is

][ fPdzdt < crgp][ |Vul? dx dt
Q"(2) "(2)
p/q
< ed?? (][ |Vu|? dz dt)
Q'(2)
p/q
<c (][ fldx dt) )
Q'(2)

The third inequality follows from Jensen’s inequality, (5.7) and (5.3), as

p/q
(][ fldx dt) S][ fPdxdt
Q'(%) Q'(2)

< cdgp][ \Vu|? dxdt < ckP.
11(2)

Finally, we get a reverse Holder inequality for f in the upper level set ®,
in order to use Lemma 5.2. Let 1 > n(n,p) > 0 be a small constant that
is fixed later. Dividing Q(2) into parts according to whether f is larger or
smaller than nk, estimating f in the smaller part by nx and using the first
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and last inequalities of (5.5), gives

(][ fqd:xdt)q
Q(2)
p/q
_ (L g dt + — / £ dz dt
QA Joene,. Q| Jozne,,
p/q—1 1
Scnp/{p—l—c(][ fqudt) —N/ fldx dt
Q) 1Q(2)] Q(E)N® s

. 1
<P (][ fldx dt) + CcokP T —— fldx dt,
Q(2) QD) JoEne,.

where we also used the convexity of | - [P/7 in the first inequality. Choosing
n = (2¢)7!, we can absorb the first term of the right hand side of the above
inequality into left hand side, on which using reverse Holder inequality in
(5.5) gives

/ fPdxdt < cerP™1 / fldxdt. (5.8)
Q"(2) {Q(2):f>nk}

Thus far we have shown that for almost every point Z € &, we have
a cylinder Q(Z) satisfying the above inequality. We formulated Lemma 5.3
so that it matches our setting, namely p; < d;/0 < dz/10 and ~(2) < 1.
Therefore we have by this Vitali type lemma a countable collection {Q(Z;)}5°,
of disjoint cylinders, satisfying (5.8) and

o, C | J0Q(z) C Qu-
=1

Consequently we have by (5.8) and disjointedness of the cylinders, that

fPdx dt < / FP dx dt
/% ZZI 0Q(%)

< C/#’qZ/ fldx dt
) Qimq)'mﬁ

=1

< ckPT4 / fldxdt.
o

nKk
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In the part where f is small, that is ®,, \ ®,,, we also have
/ fldzdt < m""q/ fdz dt
‘I)nn\q)n (Dnn\q)n
< kP fldx dt,

as f <k on &, \ ®,,. Therefore we have

/ fpdxdtg/ fqd:cdt+/ fldxdt
D, Dy D\ Pk
< c,%p_q/ fldx dt.
@

nK
This means that for all A > nky we have
fPdxdt < ckP™1 fldx dt,
Dy Dy

and therefore Lemma 5.2 gives

/ fPrededt < ek / fPdxdt.

Recalling the definition of kg, we have

1/2
Ko < (2r)* + (][ |Vul” dx dt) :
2r

and as |Vu| < ¢f on @, and f < ¢|Vu| on @y, we can write the higher
integrability result in the form

1/2\ €
/ |Vu|P*e dxdt§c<(2r)°‘+ (][ |Vul’ da:dt) ) / \Vul” dx dt
e/2+1
§c+c(/ |Vu|pd$dt> :

where ¢ depends on n,p and r. O
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