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Abstract

We prove that bounded weak solutions to degenerate parabolic double-phase equations of p-Laplace
type are locally Holder continuous. The proof is based on phase analysis and methods for the p-Laplace
equation. In particular, the phase analysis determines whether the double-phase equation is locally similar
to the p-Laplace or the g-Laplace equation.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
We consider parabolic double-phase equations whose prototype is
du — div (|Vu|1’_2Vu talx, t)|Vu|q_2Vu> -0

for 1 < p < g < oo and a nonnegative Holder continuous coefficient function a. More precisely,
in this paper we consider equations of type
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o —divA(x,t,u,Vu)=0 in Qr, €Y

where the vector field A satisfies appropriate structure conditions of double-phase type with
a € C*2(Qr,R>p) defined in Section 2. Here we focus on the range

2<p<q=p+to 2

The theory for elliptic double-phase problems is well understood. As relatively recent devel-
opments we mention that Harnack’s inequality for minimizers of functionals with non-standard
growth was shown in [2]. Regularity properties for solution and its gradient were studied without
boundedness assumption in [10], and with boundedness assumption local C!-#-regularity was
proved in [9]. We stress the fact that the condition ¢ < p + « in [9] is the same as here in (2),
and the optimality of the range was demonstrated in [17]. For related results in the elliptic case,
we refer also to [1,3,10,12].

In the parabolic case, gradient regularity has been studied in terms of higher integrability
in [18,20]. For questions on existence, uniqueness and assumptions on energy space, we refer
to [8,19,23]. We also mention that an approach towards Harnack’s inequality has been suggested
in [6]. However, many regularity questions are still open. In the present paper, we address such a
problem by showing that weak solutions to (1) are Holder continuous in the range (2).

The results on local Holder continuity for parabolic p-Laplace type equations go back to
the results by DiBenedetto [13] in the degenerate case and by DiBenedetto and Chen [7] in the
singular case. The treatment of both cases can be found in the monograph [14], in which the
proof relies on DeGiorgi type iteration argument based on energy and logarithmic estimates for
truncations of solutions. For more recent developments of the proof technique, we refer to [16]
and [21]. Moreover, local Holder continuity has been shown for several other nonlinear parabolic
PDEs, e.g. for porous medium type equations in [15,16,21] and for doubly nonlinear equations
in [4,5,22].

At this stage we state our main result. For a compact subset K C Q7, we denote an intrinsic
parabolic g-distance to the parabolic boundary I' = (2 x {0}) U (2 x [0, T")) by

1o 42 1
disty (K, I') = inf {lx = yl+ A+ lalls)?llulleg 1t —sle }
(x,1)eK
(v,s)el

where we denoted ||a|| oo = llallLo (@) and [[u oo = llu|l Loo(027)-

Theorem 1.1. Let u be a bounded weak solution to (1) according to Definition 2.1 such that (5)
and (6) are in force. Then u is locally Holder continuous in Q7. Moreover, there exist ¢ > 0 and
B € (0, 1) depending only on n, p,q,a, Co, C1,aly and ||ullco such that for any compact set
KcQr

1 42 7
lxi —x2| + (1 + lalloo) 7 llullos 1t1 — 1219
min{l, dist, (K, I')}

[u(x1, 1) —u(xz, )| <c

holds for every pair of points (x1,1t1), (x2,1) € K.
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The overall strategy of the proof is based on measure theoretic alternatives together with
DeGiorgi type iteration argument as in [14,25]. In order to apply this method, we pose a suitable
criterion to be able to reduce the energy estimates of the equation to estimates of either the
p-Laplace or the g-Laplace equation.

The cylinders we consider are of the form

Q6,02 (%0, 10) = B,(x0) x (1o — 0,0, 10), 3)

in which

o= () () remm(@))

where @ denotes an upper bound for the oscillation of the solution u in a cylinder containing the
cylinder (3), see the recursive argument in Corollary 4.14 for the details. The quantity 6, reflects
an appropriate pointwise intrinsic scaling parameter with respect to the solution to the double-
phase problem in our context. Moreover, we separate the cases where the energy estimates of (1)
in Lemma 3.1 behave like a p-Laplace or a g-Laplace equation in a given cylinder, i.e., where

ato. () =K (2)" )

or the negation (>), respectively, holds true. The constant K in (4) depends on the Holder coef-
ficient of a as well as the quantity |lu|| ", see (11). With this choice we can further show that
in the g-phase a(x, t) is comparable to the value a(xg, #p) in the considered cylinder, as shown
in Lemma 4.1. Then the aim is to use (4) and its alternative to transform Caccioppoli inequality,
Lemma 3.1, to correspond either parabolic p-Laplace or g-Laplace equation, respectively, in the
iteration.

In this paper, we consider solutions which belong to the space L7(0, T; W9 (Q)) N L®(Q27)
by assumption. The first condition on the Sobolev space property is a somewhat stronger assump-
tion compared to what is considered to be the natural energy space, but we suppose it in order to
avoid additional technical complications in deriving energy estimates in Section 3. For relaxation
of such an assumption, we encourage an interested reader to consult e.g. [19]. In connection to
the second condition, we note that the local boundedness of solutions to the double-phase equa-
tion was studied in [24] in the context of problems with non-standard growth (see also [11] for
the elliptic case). In the present paper, we consider solutions that are bounded by definition, as it
may occur that the range of ¢ in (2) is beyond the range considered in [24] when « is close to 1.

2. Preliminaries
2.1. Notations and definition of solution

Let Q C R” be an open set for n > 2, T > 0 and denote Q7 = Q x (0, T']. In (1) we suppose
that A(x, t,u, Vu) : Qr x R x R” — R" is a Carathéodory vector field satisfying the following
structure assumptions: there exist constants 0 < Co < Cy < 0o such that
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|A(z, v, )| < C1(E1P7 +a(@)|E)77h,

&)
Az, v,8) - § = Co(l§1” + a2)§]7)

for almost every z € Q7 and every pair (v, ) € R x R".
Throughout the paper, we assume that 2 < p < g < oo and the non-negative coefficient func-
tion a : Qr —> Ry satisfies

ae C“’%(QT,RZ()) forsome o€ (0,1] and g <p+oa. (6)
Herea € C*2 (Q7) means that a € L°°(Q27) and that there exists a constant [a], < 0o such that

la(x,1) —a(y, )] <lalelx —y|* and |a(x,1) —a(x,s)| < [alylt — 5|2

for every (x,y) € Q and (t,s) € (0, T).
Next, we recall the definition of a weak solution to (1)

Definition 2.1. A measurable function u : Q7 —> R with
ueC,T; L*(Q)NLYO0,T; W (Q)
is a weak solution to (1) if
/ (—udrp + A(x, t,u, Vu) - Vo)dxdr =0
Qr
for every ¢ € C3°(Q27).

In particular, this paper considers a weak solution to (1) with the boundedness assumption,
that is,

lulloo = llullLoe(@r) < 00.

For simplicity, we denote the constant dependency c(data) if a constant ¢ > 0 depends (at most)
on

n,p,q,a Co, Cr, [ala, lulco.
Furthermore, instead of essinf, ess sup and ess osc we simply write inf, sup and osc.
2.2. Auxiliary results

In this section we state some standard results that are useful in the proof. First, we state a
lemma on fast geometric convergence and DeGiorgi’s isoperimetric inequality [14, Chapter I,
Lemma 4.1 & Lemma 2.2].
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Lemma 2.2. Suppose that {Y;};cN, is a sequence of positive real numbers that satisfy
Yip1 <CB'Y™ forall i>0,

with constants C,o > 0and B > 1. Then Y; — 0 as i — oo whenever

1
Yo<C 7B 2.
Lemma 2.3. Let k < | be real numbers and B, (x,) C R". Then for every v € W“(BQ (x,)) there
exists a constant c(n) > 0 such that
ch-H
(I —k)|By(xo) N{v > 1} < |Vu| dx.
|Bo(x0) N{v <k}

By (xo)N{k<v<l}

We will also exploit the following embedding, see e.g. [14, Chapter I, Corollary 3.1].
Definition 2.4. For 1 <m < oo, let V" (Q27) be the function space
V7(Qr) = L0, T; L™ (@) N L"(0, T; Wy (@)

with the norm

1
m

lvllym @y =| sup /Iv(x,t)l’"der//IVvl’”dxdt
0<t<T o
T

Q

Lemma 2.5. For 1 <m < oo and any v € V" (Q7), there exists c(n, m) such that

m

10112, < HRT : [v] 7 Y77 0] g, -

3. Energy bounds

In this section we provide two energy estimates. The first estimate is the Caccioppoli type
inequality.

Lemma 3.1. Let u be a weak solution to (1). Suppose Q. 5s(20) = By (xo) X (to — 5, t,) C Q1 With
r,s >0and s < r2. Let ¢ be a Lipschitz continuous function vanishing on d B, x (t, — s, t,) with
0 <@ < 1. Then for k € R with |k| < ||ut|leo, there exists a constant c(data) such that

sup / (u — k)igoq dx
te(ty—s,ty)
By (x)

+ // V(= k) £pM)I” +a@IV (@ - k) £9)|) dxds
Qr,x(Zo)
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<c // (= EAVeI” +r|Ve|®) +a(zo) (u — k)L Vel|?) dxdr
0r,s(20)

+c / (u—k)i|a,(pq|dxdt~|—c / (u—k)iqaq dx.

Qr,,\'(zu) By (x0) x{to—s}

Proof. By using the standard mollifier with parameter ¢, the mollified weak formulation can be
written as

// orusp + (A(x, t,u, Vu))s - Vodxdr = 0.

Qr
Suppose that ¢ is given as in the assumptions and let 1, (¢) be a piecewise affine approximation

of the characteristic function n(t) = x(,,,) with parameter h, in which 1, — s <] <t <1,.
Then, by testing with @7 (x, t)n,(¢)(us — k)4 we obtain for the parabolic part

1
// dus@iny(ue — k)4 dxdr = —3 / (ndrp? + dmnp?) (ue — k)3 dxdr.
Qr Qr
Consequently, we get
// azus§0qnh(ua — k)4 dxdt
Qr
1 1
=0 ) //nh8,¢q(u — k)f_ dxdr — 3 //E)mhgoq(u - k)%_ dxdr
Qr Qr
=I1+1L
Recalling 7y, is a approximation of x(, s,y and u € C(0, T; L%(2)), there holds

-0 1 1
II£—0>—§ / @1 =k dx + 5 / o7 (u — I)% dx.
Qxlin) Qxliz)

For the divergence part we obtain

// m CAGE £, Vit))e - V(@ (e — K)-4) dedr
Qr

== //ﬁA(x, tu, Vu) - ((u — k)1 V! + ¢V (u — k)4) dxdr.

Qr

It follows from (5) that
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// nAQ, t,u, Vu) - (u — k) Vol + @1V (u — k)4) dxdr
Qr

zCo//mpq(IV(u—k)+|”+a(z)IV(u—k)+lq)dxdt

Qr
—clq//nwllwuu — k)4
Qr

X (V=K 1P7" +a@)IV -k 97" dxdr
=1 —1IV.

Furthermore, by Young’s inequality and the fact 0 < ¢ < 1, we have

=L // 107 (1 — K4 17+ a()IV (u — k)4 [9) dds
Qr
+c//n<<u—k>¢|w|f’+a<z><u—k)i|w|'f>dxdr
Qr

for some c(p, g, Co, C1). On the other hand, since we have by (6) that a(z) < a(zo) + [alar?,
and (u — k)% < Bllullsc)?™P(u — k)%, there holds

a@)(u — k)% |Ve|? dxdr
Qr,s (ZO)

<c // (=)L r* Vol +a(zo)(u — k)§|Vel?) dxdr.
Qr,s(ZO)

Combining the estimates and passing 4 — 0 yields

/ o (u — k)% dx

By x{t2}

+ // P! (IV(u = k)+1” +a@)|Vu —k)4|?) dxd

By x(t1,12)

<c / W — k)L (IVel? +r¥Vel?) +a(z0) (u — k)% |Vel|? dxdt
Qr,s(ZO)

+c // 19,07 |(u — k)% dxdt + ¢ / o7 (u — k)% dx.

0r,5(20) By x{n}
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Now we may pass to the limit #; — f, — s. By considering separately the terms on the left
hand side, we may take the supremum of #, over (¢, — s, t,) in the first term and pass to the limit
t» — t, in the second to conclude the claim.

The analogous calculations work if we take —¢?(x, 1), (t)(u, — k)_ as a test function. 0O

The second estimate we introduce is the logarithmic estimate. For constants s, k, ¢ with 0 <
¥ < s, we denote the non-negative function

. _ s
Vsro (™= (log{ S+ —(t—k+ })+

ﬂm} if kEdStsSkE(s+0),
e >
0 if rzk:tz?.

Observe that the derivative function is also non-negative and defined as

if k+dSTSk:(5+9),

1
+ ’ _ ) k—tE£(+9)
T) =
Wil (®) {0 if T<k+v.

Moreover, we also have

WE )" @ =(WE ) @)% %

To simplify the notation, we write

st = si(k) = sup (u—k)+
0Or.s(z0)

and

YEW) =Yy ou (8)

Lemma 3.2. Let u be a weak solution to (1). Suppose Q. s(20) = Br(x,) X (t, — 5,1,) C Qr
with r,s > 0 and s < r2. Let ¢ be a Lipschitz continuous spatial function vanishing on d B, with
0 <@ < 1. Then for k € R with |k| < ||utl||co, there exists a constant c(data) such that

sup / o 1Y E )l dx
te(ty—s,ty)
Br(xn)

<c // YE @) (WF) @) (Vel? + r*|Vel9) dedr
Qr.s(Zn)

+ec // a(zo) =) (W) )|Vl dxdr
Qr.x(Za)
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+ 2
+ / @ |Y = (u)|” dx.
By (x0) x{to—s}
Proof. As in the proof of Lemma 3.1, we take 25, ¢? wi(ue)(t//i)/(ue) as a test function to the

mollified weak formulation. Then applying integration by parts to the time derivative part, we
get

// By 2 Y () (U (o) deds

Qr
=//¢qnhat|wi<ue>|2dxdr=— // A e? [UE (ue)|? dxdr
Qr 0r.5(20)

By passing € and & to 0 and using u € C(0, T; LZ(Q)), the time derivative part converges to

/ 1y @)|? dx — / o |y )| dx.

By (x0)x{t2} By (x0)x{t1}

On the other hand, in order to estimate the spatial derivative part we first estimate the p-Laplace
part of the double-phase operator, that is

J] 192 v @ngt oy ) axe
Qr

= // nVul?2Vu - Vu(Z((l//i)/(u))z + 2y @) (Y E) () ! dxdr
Qr

+ // nIVulP 2V - Vo (2909~ 9 () (W) ) dudr
Qr

=I+1IL

Applying (7), we have

2
= //2n|w|1’(1 + W) (WE) ) ? dxdt.
Qr
To estimate II, we use Young’s inequality to have

p=1
1= = [ 2(n1vuir vt (@ w)’er) *
Qr

2(p=1)

X qn? (WE@) T (W @) 7T |Volp' 7 dudr

9
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> — // 20 Vul Py ) () (W) ? dxdr
Qr
—c // @) (W) @)* " Vel et ~P dxdr
Qr

for some c(p, g). Since the first term on the right hand side cancels the term in I, we obtain

// Va2V - V 2090y ) () () dde
Qr
> // 20| Vul? () @) drde
Qr
—C//Ul//i(u)((lﬂi)/(u))z_pIWplpdxdt.
Qr

Similarly, we have the following estimate for the g-Laplace part of the double-phase equation:

//amew V(20 Y= ) (¥ F) () dxdr
Qr
> // 20alVul? (05 ()27 dxd
Qr
—c // nay ™ ) () @)* | Vel? dxdr.
Qr

Moreover, since ¢ is supported in Q, s(zo) With s < r2, it follows from (6) that in the last term
we may replace a(z) by a(zo) + [aler®. On the other hand, since |k| < ||u|oo gives ¥ < s <
3ulloo, we get (¥5)' )" ™ <cflulld” and

2—,
// nay =) (W) )| Vel dxdr
Qr
<c // na(zo)y ) (W) )" Vel drds
Qr
v [ (@) vl a
Qr
Combining all the estimates and passing #; — #, — s while taking #, be arbitrary, the conclusion

follows. O

10
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4. Reduction of oscillation

For simplicity, we denote (x,,?,) = (0,0) and Q,(0,0) = Q,5. Let o € (0,1) such that
Q0,0 CQr and w € (0, 2[u[loc]. For A >4 to be determined later in Lemma 4.11, we further
assume

1
Arlp < w. )

By denoting ag = a(0, 0), we write the scaling factor of the double-phase equation at (0, 0) as

W\2//@\P w\ 9\ —1
== () +ol2))
r r r
Note that A6, <1 since A6, < A( %)2—” and (9) hold. We suppose that Q is a cylinder such that
QQ’AQ(MYQ)QZ C Q C QQ,Q2 C QT, let
+

pT=supu and p~ =infu
o) Q

and suppose that u* — 1~ < @ is satisfied together with

w—p > te. (10)

In this section we will analyze the phase of (1) by comparing (%)p with ao(g)q. In fact, these

two will appear in our arguments by estimating the right-hand side of the Caccioppoli inequality
in Lemma 3.1 further and the phase analysis will play a role in determining an intrinsic geometry
so that the embedding in Lemma 2.5 can be utilized. In the following lemma, we consider the
case when the term with exponent g is larger than the term with exponent p which corresponds
to the (p, g)-phase in [18,20].

Lemma 4.1. Let K = max{1, 4[aly|lu |5 P} IfK(%)p < ao(%)q holds, then we have

%O <a(x) <2ay forall zeQ,,.
Proof. We claim that

inf a(z) > [ale0”.

8L, 02

Otherwise, it follows from the assumption that

W\ P @\
K(—) <2[a]ag‘)‘<—) .
e e
Here we used (6) to have

ap < iéif a(z) + [ale0” < 2[ale0”.

€ Qan

11
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It follows that K < 2[a]e0P T 9w 7. As 4lale|lulll? < K, 0 €(0,1) and @ < 2||u|o0, We
have 4[alg|lulll? < 219~ Plal,|lu||s P which is a contradiction. Therefore, the claim is true
and from it we deduce that

sup a(z) < inf a(z)+[alg0® <2 inf a(z).
€0, 2 €L 02 €L 02

The conclusion of the lemma follows from the above inequality. O
In the rest of the paper we suppose that
K = max({l, 4[alsull5s"}. (an
4.1. First alternative

Let vy € (0,1). We say that the first alternative holds if there exists some * € (—(A —
1)6,0%,0) such that

. (12)

QQ’Qng (09 t*) n {M =< I'Li + %}’ < 0] ‘QQ,GQQZ
Next, we state the DeGiorgi type lemma.

Lemma 4.2. There exists vo(data) € (0, 1) such that if (12) holds,
_ ., W ) o
u>mn + g a.e.in QQ/(4K)v99/(4K)(Q/(4K))2( N )

Proof. For the proof we consider the following cases:

(D ao(ﬁ)q > K(%)p holds.
(2) ao(2)" < K(2)" holds.

Case (1). In this case, we observe that the term with exponent ¢ dominates the scaling factor and
the time interval is estimated as in

(g)z(aoG)q)_l@z > 60,0" > (%y@o(%)q)_l(g/z)z'

Using the above estimate, (12) becomes
- +
|QQ/2,a0_1a)2*q(Q/2)q 0, N {” =n + %H <2 q”0| QQ/Z,ao_la)Z*q(Q/Z)q | (13)
For each j € N, define
Q Q
=+t Bj = By,

Iy T o
szBj X]j,

(14)
Ij=(@* —aglwz—qgj,t*).

12
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Let0 < ¢; < 1 be a Lipschitz function such that ¢ ; = 1 in Q ;41 and ¢; vanishes on the parabolic
boundary of Q; and

2./ 2q]a0wq_2
IVpjl<c— and [0¢j| <c— . (15)
e ol
Finally, let
®
ki=p~ +8+2]Jr3 (16)
Since Qo C Q, 2, it follows from Lemma 3.1 and Lemma 4.1 that
sup/(u — k.,')2_<p? dx + //a()|V((u — kj)—ﬁl)j)lq dxdt
tely
<c [[w=k)7(Vo17 + 1901 + o = k) Vg dxd g,
+c//(u — k)2 10,07 dxdr
Qo
for some c(data). Note that the definitions of k; and u™ imply
2—q
w—kp-=%. (3) "w-k? s@—kp2 in Q. (18)
Using (15), (18) and (1), the Caccioppoli inequality in (17) becomes
a;’ (4 sup/((u—k ) <p])qu+/ IV((u —kj)_p))|? dxdr
IEI()
(19)

2qj
//X{Q, u<k;y dxdr.

Next, we do a change of variables with i(-, 1* +1) = u(-,t* +1) and ¢; (-, 1* +1) = @, (-, t* + 1),
where 7 = 1/(ay ' @*~7), and denote 0 = B; x (t* — 0%, 1*) and A; = Q; N {it <k;}. Then
(19) becomes '

/((u—k) ¢,>de+/ V(@ — k)-G;)1 dxdt

tE(l* g z*)
- 297 s\ ded
_CQ—q (Z> XA; dxdr,

13

(20)
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where we replaced Qg by O ;j since @; is supported there. As k; —kj 1 = 2_/%, we have

279N A | = //(kj_kj+l)q)({12<kj+1}dx‘it
Oj+1

< //(kj_ﬁ)qX{ﬁ<kj}dxdt

Qj+1
— Wi —F:) G119
=|(u kj)—§01||Lq(Qj)-
Therefore, applying Lemma 2.5 and (20) gives

271 A | < 11— kj)-g;1]

L4(0))
_ _ 4
SC||(M_kj)—§0j||[‘],q(Qj)|Aj|”+‘1 @1
247 q g
< (9) |Aj|l+nj-q_
ol \4

By dividing the inequality above by |Qj+1| and denoting ¥; = |A |/ Qj |, we have
14
Yit1 < c22‘”Yj "

Recall that Yy < 2”91 holds by (13). By choosing C =¢, B=2?? and o = % in Lemma 2.2,
we have

-, W .
u(x,t) > pn +§ a.e.in Qg/4,aglw2*q(g/4)q(0vf*),

provided that

n+q 72q ('H—g)z

2"y < a2 P (22)

Case (2). The proof is analogous to the previous case. The only difference is that we do the
estimates in p-intrinsic cylinders. Indeed, by (2) we have

®

(2)" o> t00” > (Lf_p (0/K))?
0 7 \e/CK) ’

and (12) can be written as

)Qg/<2l<>,w2-p<g/<2k>>v(0» N {u=p”+ %}(

< (2K)"* Py ‘QQ/(zK),wap(g/(zK))p

14
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For the index j € N, we replace (14) by

@ Q B; =B

T 2—p P % . —R. .
ic T Bi=Be L= —0Tel, Qj=BjxI;

0j =

and take a Lipschitz function 0 < ¢; < 1 such that ¢; =1 in Q4 and ¢ = 0 on the parabolic
boundary of Q ;, with

2J 2P P2
|V¢j|fcz and |3t¢j|507, (23)

where ¢ = c(data). Again, for k; defined in (16) we have

sup/(u—k 2o dx+/ IV ((u—kj)-— <p] PY|P dxdt

IEI()

sc/ (U — k)P (V1P + 0% Vs 1) + aou — k) |Vep; |4 dds
Qo

+c//(u — k)2 10,97 | dxdr

Qo

for some c(data). Moreover, using

w w\2-p
w—kp-=2. (3) @—kp” =@—kp?

along with (2) and (23), we get

sup/((u—k) 9] )pdx—l-//W((u—k) 9; )|pdxdt

telo

24j
<C— — //X{Q,u<k }dxdt

After a change of variables with u(-, t*+t)—u( t*+1) and ¢; (-, t*+1)=¢@;(-,t* +1), where
7 =t/w*"P, and denoting QJ_B x(t*—Q tYand A; =Q; N {u<k } we obtain

/((u—k) ]%)pdx+/ IV((u—k)— ]%)|”dxdt
te(r* g RX

Sczi: (%)p//XAj dxdt.

Again, by using the embedding theorem in Lemma 2.5 we get

15
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‘ 9
2 PU P\ A | < 1 — k)¢ 117

LP(Q;)
. by L
<ell@—kp)-@] I}, 5 14177
290 ;@\ P p
<e () 1A
oP \4

P

1+ _
Therefore, Y11 < c2%4i Y, "*7 holds with Y; = |Aj|/|Q;|. Recall Yy < (2K)"*Pvy. By choos-

ingC=c,B=2%ando = ﬁ in Lemma 2.2, we have

- .
u(x, t) > 0 + g a.c. 1m QQ/(4K),&)27P(Q/(4K))I’(O’ t*),
provided that

2
_ntp g AP
QK" Pyg<c™ 7 2 »

Taking vy to satisfy the above inequality and (22), the conclusion follows. O

Remark 4.3. We remark on the relation between the phase criterion and the Caccioppoli inequal-
ity in the proof of the previous lemma. In case (1), we have considered the Caccioppoli inequality
in g-intrinsic cylinders. This and the choice of truncation level in (16) leads (%)q to appear in
the first and last terms of (21) so that @ is canceled. The case (2) is treated similarly by taking
p-intrinsic cylinders.

In the next lemma we use the logarithmic estimate and the result of Lemma 4.2 to obtain
from (12) a measure density condition slice-wise up to = 0. We point out that the phase analysis
is not necessary for it.

Lemma 4.4. Suppose (12) holds with vy(data) € (0, 1) chosen in Lemma 4.2. For any v € (0, 1),
there exists By(data, A, v1) € N such that for wp, = @/ B,

|Bossky N {u(-,1) <™ +wp, }| <vilByjsk)l ae te(—¢,0),

where

—0=1"—0pax)(0/(4K))*.

Proof. For an integer j > 2 to be determined later, we let

®
T 0j+3

(O] _
+—=, s = sup (u—k_, 9

k=pn ,
8 Qo/4K). b

for the logarithmic function (8) in the cylinder Q,/k),¢. Note that

16
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k—uGen=sT =T in Qyune 24)
and therefore
s : [0}
Y = k’g{ o ">} ko gm (25)
0 if k-85 <u.
Moreover, we also have
Y@ (x,0) < jlog2, (W)@, <sT in Qgpuake- (26)

Take a Lipschitz function 0 < ¢ < 1 on the spatial space such that ¢ =1 in B,/gk), ¢ =0 on
dBo/ak) and [Vo| <8K /0. As Qp/ak),e C Qg o2, it follows from Lemma 3.2 that there exists
c(data) such that

sup / @71y~ )| dx

te(—¢,0)
Bojwk)
| v @@y @y aver + et ivem
Qo/4K).t
+e // aoy™ ) (™) @)™ |Vl dxd,
Qo/4aK).0

where we used the fact that by Lemma 4.2 and (25) we have

YW (x,—€) =0 ae.in Byuk).

Applying |Ve| < 8K /o, (24) and (26), we get

sup / @1y (W) dx
te(—¢,0)
Boak)

<¢j // ((g)erao(g)q)édxdt @n

Qo/(K). b

= ¢j|Bojar)1€(6,0%) " < cjAIBya)l,

where the last inequality follows from the fact that £ < AGQQ2 by (9).

To estimate the left hand side, observe that when k — = > u, we have that

27 *+m—(k )

is a decreasing function with respect to the variable s~ > k — u. Thus, there holds

17



W. Kim, K. Moring and L. Scirkio Journal of Differential Equations 434 (2025) 113231

- ®
s 3

>
ST k—u) T g+ 5 — (k—uw)
©

=#>2J’_1
— ®w_ = ’
u—p-+ 35

provided that u < =~ + 2]% Therefore, (27) becomes

((j—Dlog 2)215?1_150) / X{u(x,z)</r+2j%} dx < cjA|Bysk)l-
" Byjsk)

” _
< < v1, and choosing

The proof is completed by taking sufficiently large j > 2, so that (EE

B,=213. 0

At this stage, we are ready to show that a reduction of oscillation is obtained in case the
first alternative (12) holds. The proof is based on DeGiorgi type iteration and using Lemma 4.4,
when choosing the coefficient % of ® small enough. In order to be able to combine Caccioppoli
inequality, Lemma 3.1, and the embedding in Lemma 2.5 with the aforementioned coefficient, in
the g-phase we consider two subcases where the phase criterion for  is replaced by w/B.

Lemma 4.5. Suppose (12) holds with vo(data) € (0, 1) chosen in Lemma 4.2. Then there exists
B(data, A) € N such that for op = /B

_ wp .
u>p +? ae. in  Qp/(16K),¢-

Proof. For each j € N, define

e Q

0j=1ox t rag: Bi=Bo. Qj=Bjx(~L.0). 28)

Let 0 < ¢; <1 be a Lipschitz function on the spatial variables such that ¢; =1 in B and
¢ =0on dB; with
2
|V¢j|563, (29)

where ¢ = c(data). Also, for B > 2 chosen later, consider

_  wp g
kj=n"+—2+ 575

Note that it follows from Lemma 4.2 that
(u — kj)_(x, —@) =0 in BQ/(4K).

In order to prove the lemma, we will follow the analogous argument in the proof of
Lemma 4.2. Again, it follows from the definitions of k; and u™ that

18
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(u—kj)_ <“jTB in O (30)

After using the above estimate, terms involving wg and aow‘j’9 will appear on the right hand side
of the Caccioppoli inequality. Thus, we consider the following cases:

(a) ao(g)q > K(g)p and ao(“’?’?)q > K(FB) hold
(®) ao(2)” > K(2)” and ap(%£)? < K (%) hold
(©) ao(2)" < K(%)” holds.

Case (a). In this case, we apply Lemma 3.1 with (28)-(30), Lemma 4.1 and (a), to obtain

sup /(u— )2y dx-i-//aolv((u—kj)—qﬂj)lqudt

te(—t, 0)

24J wB
Cao— - //X{Q,u<k}dxdt

for a constant c(data). To estimate the left hand side, note that as £ < Af,0° < Aw? (ao(%)qy1 ,
we have

q—2
a)é_q > B a()ﬁ
Ap1

3D

For B be large enough so that B172> A, we get from (30) and (31) that

wp\2— q—2

w—kp)? > <T> Tkt =2

L 0
Q—qao(u — kj)(i = Q—qao(u - kj)(i'
Therefore, we have

— sup /(u— )qwqu—i-/ IV((u —kj)—¢;j)|9 dxdt
07 te(— o J

24j
<C— — //X{Ql u<kj }dxdl‘

Qo

Define Y; = |A;|/|Q;|, where Q; = Bj x (—¢?,0) and A; = Q; N {a <k;}, for ii(-,7) =
u(-, 1) witht =t/(£/0?). As in the proof of Lemma 4.2, we obtain via an embedding argument
that

q
Yy <c2iy) i
jt1=c j .

By choosing C =c¢, B=2? and 0 = % in Lemma 2.2, we have

19
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_  WB .
u(x,r)>p" + 5 aein Qo/(16K),¢5
provided that

2
_ntg g g
Yo<c 72 P

Furthermore, this condition is satisfied by using Lemma 4.4 with

ntg 24 (n+£1)2

vi<c 92 q (32)
and choosing 4B > B,, where B.(data, A) comes from Lemma 4.4. This finishes the proof in
the first case.

Case (b)-(c). Note that (c) implies the second condition of (b). Therefore, in both cases
Lemma 3.1 with (29)-(30) and the second condition of (b) gives

sup /(u—k-)z_ [.’dx+//|V((u—kj)_(pj%)|pdxdt

te(—t 0)

2(1/ wB
<c X{Qju<k;} dth

for some c¢(data). Using (30) and £ < sz(g)_p, we get

— sup /(u— o dx+/|V((u k)(p/)|pdxdt

te( £, 0)

24/ wB
X{Qju<k;} dxdr

if B satisfies B”~2 > A. Again defining Q; = B; x (—0”,0), Aj = Q;N{i <k;}and (-, ) =
u(-,t) fort =r/(£/o"), we obtain

2qj 1+n-€p
Yig < c2 (UY

As in the previous case, it follows from Lemma 2.2 that
_ L Wp .
ux,t)>p + 3 ae.in  Qy/(16K).¢5
after using Lemma 4.4 with

_ntp _2g4 ("+l7)2

vi<c 72 »? (33)

20
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and taking 4B > B,, where B,(data, A) comes from Lemma 4.4.
The proof is finished after choosing B to satisfy B” ~2 > A and 4B > B,, where B, is deter-
mined by Lemma 4.4 with (32) and (33). O

By combining the results of this subsection, we arrive at the reduction of oscillation when the
first alternative holds.

Corollary 4.6. Suppose (12) holds with vo(data) € (0, 1) chosen in Lemma 4.2. Then there exists
B(data, A) € N such that

1
osc u< <1 — —) w,
Q'Ae,exgug)z 8B

_ 1
where A = 6K -

4.2. Second alternative

Note that (10) implies ut — £ > p~ + 9. Thus, if the first alternative (12) fails, we have for
any t* € (—(A — 1)6,0%, 0) that

(34)

Q00,020,191 fuz=n" - %}‘ <1 —w) ’Qg,eggz

Lemma 4.7. For each t* € (—(A — 1)9QQ2, 0), there exists h € (t* — QQQZ, t* — %’%Qz) such
that

{Bo:uGe.h) > pt - }|_( )|B| (35)

Proof. For a contradiction, assume that the opposite holds, in which case

f*—%%é)z
/ 1-v |By| dr
/2
t*—OQQZ
t*—%%@z
< / {Bou(x,1)>pt — 2} dt
t*—éggz

t*
< / By - ur.1) = w* — @) dr.

1*—,0?
Applying (34) to the last term, we have

21
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(1 - UO)' QQ,HQQZ | < (1 - UO) | QQ,GQ,Qz |’
which is a contradiction and the proof is completed. 0O
In the following lemma we show that the measure information in (35) can be propagated to the
whole interval (—(A — I)QQQZ, 0) by using the logarithmic estimate, Lemma 3.2 and shrinking

the coefficient of @ appropriately. Observe that no phase analysis is required at this stage.

Lemma 4.8. Suppose that (34) holds true. Then there exists D(data) € N such that for ®p =
®w/D

2
1By N {u(x,0) > pt —wp)| < (1 - (%) ) |By|
fora.e. t € (—(A —1)6,02,0).

Proof. Fix t* € (—(A —1)6,07, 0). It is enough to prove that for a.e. t € (t* — 226,02, t*) there
holds

Vo 2
1By N {ux,0) > p —wpl| < (1— (3) >|BQ|. (36)
We set
gt _ - “
k=n 1 s _sgp(u k)+, 19_2j+2, 37

where Q = B, x (h,t*) with h € [t* — QQQZ, t* — %QQQZ] as in Lemma 4.7 and j is a non-
negative integer that will be determined later. Observe that

u(x,t)—k§s+§; in 0. (38)

We consider the logarithmic function (8) with (37), that is

+ .
Yt ) = log{m} if k+ 5% <u,

0 if k—i—z,-%zu.

It follows from (38) that

Yy, n <jlog2, [N W, nl" <sT in Q. (39)

For o € (0, 1) determined later, let 0 < ¢ < 1 be a Lipschitz function on the spatial variables
such that ¢ =1 in B(1—s), ¢ =0 0n 8B, and

1
Vol < —. (40)
oo
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Applying Lemma 3.2 with the above ¢, we get

sup /(pqll//+(u)|2dx§ / o1yt ()]? dx
te(h,t*)
B, Box{h}

2—
+ C// ) (W' @) (IVel? + 0% Vel?) dxdt
0
+ C//aow+(u)((¢+)/(u))27qIVf/JIq dxdz,
0
where ¢ = c(data). With Lemma 4.7, (39) and (40), the above inequality becomes

sup /<p‘1|w+<u)|2dxsj2<log2>2( 1= )|BQ|

] 1—vp/2
te(h,t )B

g (2) ) n-rim

0

+cj

Recalling h € (t* — 6,02, t* — 26,0?), we obtain

. 1 —w cj
sup / [y T (u)[* dx < (ﬂlogz)2 (—) + —) Byl
te(h,t*) 1— U0/2 o4 ¢

(1-0)o

In order to estimate the left hand side, we use fact that " (u) is decreasing function with
respect to the s variable and (38) to have

@

Y () > IOg{é} > (j —1)log2

Ttasm—utk
provided that § —u +k = nt—u< 21% Thus, it follows that

sup (j — 1)2‘{3(1_0)9 cu(x, ) >pt — 2}%”
te(h,t*)

1—v cj
< 2 —O + _J B, .
—<J T—vo2) T oa) 17!
As | By \ B(1—0)0| < no|B,l, it follows from the above inequality that for a.e. € (h, t*)

HBg:u(x,t)zuf—zj%H

- ( J2(1 = w) cj
NG =DM =v/2) (- Dol

+n0) | B,l.
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Fix o small enough such that no < 3\)3 Since 1 < (1 —vg/2)(1 + vp), we may choose j large

2
__Jj"(=v)
enough such that G—DZ(1—-v9/2)

proof of (36). O

<1- ”0 and m < 81)0 Selecting D = 2712 completes the

In the next two lemmas we show that measure theoretic information can be transferred into
pointwise information in the sense that if a solution is close to its supremum in a cylinder in a
measure theoretic sense, then it is close to the supremum pointwise in a subcylinder. For 2D < F
and wp defined tobe F4™ 2= A and wyp = o/ F, we consider the following cases:

)" > K(
)" > K(

)" =< K(

Lemma 4.9. Suppose (e) holds. There exists vy (data) € (0, 1) such that if

(e) ao
() ao
(2) ao

)? and ao(:?F)Z > K(:’?F)i hold.
; andao(?’”) SK(?F) hold.
holds.

JISESISESYS
fclemsme

Huz " —or} N 0on amanem2] = V2| Qo a8,/ (41)

holds true, then

+ WF .
w<pt— o aein Qo amoyue/h?

Proof. For each j € N, we take

Ki=nt = o
Note that
(u—kj)+ <or, (42)
and let
o o
Qj:Z+_2J'+2’ Bj =By, I;=(—(4a0)” la)F QJ,O), Qj=BjxIj.
As we have

(A/9)8,/2(0/2)* < (A/2)(2a0) &> (0/2)1
= (4ap) w7 1 (0/2)" 43)
< (A/2)8,/2(0/2)*,

applying the above inequality to (41) gives
{u>pt —wr}n Qo| <212]Q0|. (44)
Also the fact Q; C QQ/Z’(A/z)g(g/z)(Q/z)z for every j € N is immediate.
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Let 0 < ¢; <1 be a Lipschitz function such that ¢; = 1 in Q41 and ¢; = 0 on the parabolic
boundary of Q; with

2J 24) gpw’
IVoil<c—, lopjl<c
0 o1

We follow the argument in the case (1) of the proof of Lemma 4.2. As (42) holds, we have

(4a0)_1w?q sup/(u - )+<p] dx +/ V(e —kj)19;)|9 dxdr

ZGIO
24j
< C—wFﬂX{QI usk; }dxdt

where ¢ = c(data). Moreover, by using the change of variables with Q j=Bjx (—Q?, 0),Y; =
|Aj1/101,Aj=QjNn{i>k;}and (-, 7)) =u(- 1) fori = t/((4a0)_1w2F_q), we arrive at

q
Yo < 22qjyl+m
j+H1=¢C j ,

while Yy < 2v, holds by (44). The proof of this case is completed owing to Lemma 2.2, provided
that

ntqg g (n+)*

2uy<c¢ 4 2 < .0 (45)

Note that in the proof of the previous lemma, the scaling factor of the time interval /; is
chosen with respect to the first conditions of (e) while the Caccioppoli inequality is estimated
by using the second condition of (e). Thus, in this case, we use the g-phase for both the scaling
factor and the Caccioppoli inequality. On the other hand, the first condition in (f) is the g-phase
criterion, while the second is of p-phase type. Since we have set F9=2 = A, it follows from (f)
that

-1
2 _ @ \q 2
(A/2)0512(0/2) —<A/2><( - /2)) ©
1
> (A/2) <2a ) w?
-1
=(1/2) (2’1“ ) w7

> (1/2) (22PK(“;—F)p>1 o
= (Q/(E)SFK)>7pw%’
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and therefore

Q35,0 08K © Lo/2.(A/08,2(0/2

On the other hand, the above inclusion also holds for the case (g) as we have

-1
2 ) a(2)") @
(A/2)0,2(0/2) —(A/2)<<Q/2> +a°(g/2)) ¢
1

> (4)2) (zq“K(f)p) o
o
-1
> 2 (23171{(9)”) o
B Q
WE P 2

> — .

= <Q/(8K)> @rF
Lemma 4.10. Suppose either (f) or (g) holds. There exists vy (data) € (0, 1) such that if

+
ez 0™ =0r} N0, ) wirioysiom] =V21 Qo002 7 s (46)

holds true, then

+_OF -
wspt = oaein Q66,62 /6K

Proof. For each j € N, we set

o WF WF
Sl T

and then we have

(U —kj)y < wF.
We denote

Q @ 2—
+ i Bi=Bo, Ij=(-wp"0}.0), Qj=B8;xIj

©i= 16k T 2itAK’

when (46) can be written as

{u=n" —wr} N Qo| <12l Qol (47)

Let 0 < ¢; <1 be a Lipschitz function such that ¢; =1in Q4 and ¢; =0 on the parabolic
boundary of Q; with

2 200l
Vol <c—, 0pj|l<c———.
=70 ! o?
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Arguing as in case (2) of the proof of Lemma 4.2, we get

Sup/(u —kphel dx+/ IV ((u—k;j )+<ﬂ”)|”dxdt

t€10

Z‘UwF
4 o7 X{Qj:u>kj}dth7
Qo

where ¢ = c(data). As in the proof of Lemma 4.2, using the change of variables (-, f) = u(-, t)
for f:t/wi_p and denoting Q; = Bj x (=0%,0), Aj = Q; N{a >k;} and Y; = |A;1/1Q,l,
we obtain from the embedding theorem that

4
Yj+1 < 622q] Yj r
Since Yy < v; holds by (47), taking

2
_ntp 9 (ntp)*
pm<c p 2 12

the proof is completed. O

Lemma 4.11. Suppose that (34) holds with vo(data) € (0, 1) determined in Lemma 4.2. There
1

exists sufficiently large A(data) > 4, satisfying 4 < A1=2 € N, such that if (e) holds, then (41) is
satisfied and if either (f) or (g) holds, then (46) is satisfied.

Proof. Case (e). Let D = D(data) be the constant from Lemma 4.8, fix E satisfying D < E <
F/2 and consider wg = ®/E and k = p™ — wg. Also, we denote

0= 05200 2= CQo/2.4/20,00/27

and let 0 < ¢ <1 be a Lipschitz function such that ¢ =1 in Q and ¢ =0 on the parabolic
boundary of Q with

2
Vol<Z, |9 < — (48)
0 AG

where we used the fact that QQ/Z(Q/Z)2 < 9992 < ZqGQ/g(Q/Z)Z. Applying Lemma 3.1 and
Lemma 4.1, we get

//a0|V(u — k) |9 dxds
0

SC/ W =k (Vel” + 0% Vel?) +ao(u — k)% |Ve|? dxdr
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+ c/ (u — k)2 3,97 dxdt

for some c(data). Using (48), (v — k)+ < @wf and (e), we get

/|V(u—k)+|qudt<6< )|Q| (49

where we used (43) and E < F to estimate the last term of the Caccioppoli inequality. Moreover,
applying Holder’s inequality, the above inequality becomes

/|V(u—k)+|f’dxdr<c( £)101=c(=) 101 (50)

On the other hand, as we have set D < E it follows from Lemma 4.8 that
)
By N {u<p* =21 = 2Byl forae. 1€ (=(A—1)00%0).

Thus, Lemma 2.3 with k =p ™ — Fandl= wt — 5% along with the above inequality, gives

2

® co
— 1B, N Toey< = Vul|dx.
1B Ol = 1= 5 / 1Vl

Bgﬂ{—%<u—u+<—%}

Integrating over the time interval (—(A/2)60,/2(0/ 2)2,0) and applying Holder’s inequality, we
get

®
ﬁ|Qm{“>IL+—%}|

P

co p—1
5—2 // VulPdxdt | |00 {—2 <u—pt <2457
IL+__

We estimate the above integral using (50) to have

i -2 L
10N > pt = 27T <evy P 1QIFTION (=% <u—pt <4}
As the above inequality holds for D < E < F/2, we sum over D, 2D, ..., F/2 to get
-1
(F/2= D)7 [QN{u>p" — 2} <cvy 20l
Therefore, (41) holds provided that
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C

1 = V2.

vy (F/2 — D)7

Recalling (45), the proof is completed in this case by taking F' large enough to satisfy the above
inequality.
Case (f) or (g). Let E and k = u™ — w be as in the previous case and set

Q= Qg/<41<>,wi*"(g/<41<»f” Q= Q@/<8K),w2;P<g/<8K)>P'

Moreover, let 9 < ¢ < 1 be a Lipschitz function such that ¢ = 1 in Q and ¢ = 0 on the parabolic
boundary of Q with

2 W’ 2
Vol <=, 9| <c—F—. (51)
0 o?

In order to estimate the Caccioppoli inequality, we consider the following subcases:

Note that (g) always implies (h).
Subcase (h). Applying Lemma 3.1, we get

/ IV (u — k), |? dxdt

<c [ w=02avel” + g1l + anu — % 1Vl axar
o
+c/ (u — k)% 18,97 | dxdr
o

for some ¢ = c(data) > 0. Using (51), E<F, (u —k); < % and (h), we get
/ V=01 dsdr < (22 ol

which is the same as (50). Thus, the conclusion in this case follows as in the case (e).
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Subcase (1). Applying Lemma 3.1 and Lemma 4.1, we get

//aOW(u — k)4 |9 dxds
0

<c [ w=02avel” + g1l + anu — ) 1Vl axar
o
+c/ (0 — k)% 18,97 | dxdt
o

for some ¢ = c(data) > 0. As (u — k) < % holds, it follows from (51) and (i) that

//aolv(u—k)+|qudt<wo( ) 101,

where to estimate |9,¢7]|, we used the fact that by E < F and (i) there holds

® \ P2 w \ P2 w \q92
(75) =(5,) =<alg)
Fo Eo Eo

Therefore, we obtained (49) and the rest of the proof is the same.
As we have covered all cases, the proof is completed. O

Finally, we conclude this subsection by the reduction of oscillation when the second alterna-
tive (34) holds.

Corollary 4.12. Suppose that (34) holds with vo = vo(data) € (0, 1) determined in Lemma 4.2
and let A = A(data) > 4 be as in Lemma 4.11. Then there holds

1
osc u< (1 — —> W,
Q0600002 2F

1
where A = 16K -

Proof. Since A > 4 holds, for the case (e) it follows from Lemmas 4.11 and 4.9 that

1
0sc (1 — —)
Q)‘onkg ()»Q)Z 2F

-2
On the other hand, we apply Lemmas 4.11 and 4.10 to deal with cases (f) and (g). Since Afl%2 =
FP~2> 1 and

w7 P(h0)? = FP20> P (10)” > 63,(h0)?,
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we have the conclusion. O
4.3. Recursive argument

In the following corollary we have combined the conclusions in Corollary 4.6 and Corol-
lary 4.12. Note that the estimate below holds also when (10) is false.

Corollary 4.13. Let A(data) > 4 be as in Lemma 4.11. If (9) holds, then there exists e(data) €
[%, 1) satisfying

0S¢ U <é&w,
QA-QeG)LQ()‘Q)Z

where ). = 1 with K = max{1, 4[ale||ul% ).

1
Corollary 4.14. Let A(data) > 4 be as in Lemma 4.11 and 0 < ¢ < min{1,2A™ 72 ||u||so}. Then
there exist c(data) and B(data) € (0, 1) such that for r € (0, 0)

r\P
ose  w=eluloo(2),
4

r0Qlulloo.r)"

0

where

en=((;)"+a(})") " (5)"

Proof. We set wg = 2||u||co and 6, = 6(y,,-). By using induction, we claim that for every j € N
there holds

1

Ar2g; <w; and oncufwj, (52)
j

where w; = el wo with ¢ € [%, 1) defined in Corollary 4.13 and

. 1 2
s _ Ly-1,1-2 _
oj=0%0 §=U6KAN"e 7, 0j=0y g, , 0>

We define [LO = supQ ,uand py = 1an U Clearly assumptions in the beginning of
Section 4 are satisfied and (52) holds in case j = O For j € N>, we define
;L;r = sup u and [L; = inf u.

QQ’AH(“’_/-QI')Q§ QA(')(wj QI)Q.
Then suppose that (52) holds for some j € N. Now

1 @i
5= j+1
rA e = —

16KA?» Ar2

1
Qj+1=1080; <8A " 2w; <
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since & > % Thus, (52); holds for index j 4+ 1 and by Corollary 4.13 we obtain

0sC USEW; =Wy,

10 0w ;.00)) 002

1

K Observe that we have Q(K,,\,)()»r)z > AQ(SK,gr)(Sr)Z, since Ag? > 1 implies

where A =

-1
( (Asz)*%sk )P < (Asz)*%gx >‘f 5
—— ) +a| ——— K
(Ag2) rerr (Ag2) rerr
&k P ek a\~"' 5
> A 71) +ao<71 (ex)2.
(Ae2)" v err (Ae2) P err

Th n
us, QQ.H"’Ae(w_,'+119_,'+1)£’§+1 C Q)”Qj’g(mj.)»gj)()hgj)z and

0sC U=<wjii,

(8 2
g/+1'A6(wj+1qgj+1)Qj+l

which implies that (52) holds for all j € N by induction.
Observe that Q(SK’r)rz > O(K,r)rz holds since we have

() +af2)) o
~((5) (7))
() +a))
Therefore, by (52) we have

oscu <wj,
j

where

~

Qj= Qsjg,e(mo,ajg)(ajg)z = Qsjg,eajg(sjg)z.

By setting 8 = }g% € (0, 1), there exists c(data) such that

P\P
0SC U =<cwo <—) .

Qr‘ﬁ(a)o,r)rz Q
This completes the proof. O

32



W. Kim, K. Moring and L. Scirkio Journal of Differential Equations 434 (2025) 113231

Finally, we are ready to prove our main theorem.

Proof of Theorem 1.1. We replace the pointwise scaling factor with a uniform scaling factor.
For any r € (0, 2||u|| ), there holds

<2||u||oo)p <2||u||oo>q <2||u||oo)q
— ) tal. )| —— | <U+llalcc) | ——) -
r r r

Therefore, by applying Corollary 4.14 we get

r\B
0sc u§c||u||oo<—>
Q

Q.. or4 (x0,10)

1
for 0 < r < ¢ < min{l,2A" 72 lullc} with Q, e (x0,t0) C 27 where ® = (I +
llalloo) ™' (2llut]lo0)?~9. Moreover, as dist, (-, ) is comparable with this metric by replacing ||u |«
with 2||u]|e0, the proof is completed. O
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