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Cohesive cracking in negative geometries

S.Wanga, I.E. Gharamtib, J.P. Dempseyc,∗

aNuScale Power LLC, 1100 NE Circle #200, Corvallis, OR USA
bDepartment of Mechanical Engineering, Aalto University, FI-00076 AALTO, Finland

cDepartment of Civil and Environmental Engineering, Clarkson University, Potsdam, NY 13699, USA

Abstract

An isolated cohesive crack loaded by a central concentrated load and a cohesive edge crack loaded by concentrated

loading at the crack mouth are examined. In the cohesive zones of both cases, rectangular softening and linear

softening are investigated. A distinct peak load does not occur for these negative geometries. The traction-free crack

grows at the instant that the process zone is fully developed. In a negative geometry, in order to maintain traction-free

crack propagation, the load ratio must always increase,ensuring that stable crack growth always occurs.

Keywords: negative geometry; isolated crack; edge crack; cohesive zone; rectangular softening; linear softening.

1. Introduction

A positive (negative) geometry is one which dK/dA > 0 (dK/dA < 0) with increasing crack length [1–3] (at this

stage one has not accounted for the possible formation of cohesive zones). Here K is the Mode I stress-intensity-factor

(SIF) and A is the crack length. Negative geometries are often caused by concentrated loading, especially at the crack

mouth. A key feature of a negative geometry is that stable crack propagation occurs before the peak load has been

reached. In this paper, two specific negative geometries (an isolated crack and an edge crack) will be examined using

the ‘cohesive zone model’ or ‘fictitious crack model’ [3–9]. The approach in this paper is to focus on rectangular and

linear softening. The isolated and edge cracks are subjected to concentrated loading at the center and at the crack

mouth, respectively, which are both negative geometries.

Nomenclature

A half crack length (isolated crack)

A crack length (edge crack)

B half traction-free crack length (isolated crack)

B traction-free crack length (edge crack)

COA crack-opening-area

COD crack-opening-displacement

CMOD crack-mouth-opening-displacement

E Young’s modulus

E′ E plane stress; E/(1 − ν2) plane strain

EC edge crack

ERR energy-release-rate

FDPZ fully developed process zone
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fr coefficient of the uniformly loaded edge crack SIF

Hr edge crack weight function

IC isolated crack

K Mode I SIF induced by Σ

P concentrated load at X = 0,Y = 0±

P∗ P/Z∗
R A − B

SIF stress-intensity-factor

x X/λ

X,Y = 0± distance from the crack center on the crack plane (isolated crack)

X,Y = 0± distance from the crack mouth on the crack plane (edge crack)

U half of COD for arbitrary crack face loading Σ

2Ucr COD at which Σ∗(U) = 0

U∗ U/Ucr

Ut U(A, B, B)

V Ut/Ucr

Z∗ thickness of the plate in the Z-direction

α A/λ

β B/λ

∆t 2Ut

λ πE′Ucr/2Σ0

ν Poisson’s ratio

Σ arbitrary crack face pressure on −A ≤ X ≤ A, Y = 0± (isolated crack)

Σ arbitrary crack face pressure on 0 ≤ X ≤ A, Y = 0± (edge crack)

Σcoh normal tensile traction in the cohesive zone B ≤ |X| ≤ A, Y = 0± (isolated crack)

Σcoh normal tensile traction in the cohesive zone B ≤ X ≤ A, Y = 0± (edge crack)

Σ∗ Σ∗(U) ≡ Σcoh(A, B, X)

Σ0 local tensile strength

U Green’s function for the edge crack COD

2. An isolated crack

In the first problem under consideration here, an isolated crack (IC) of length 2A is loaded by equal and opposite

concentrated loads P acting at X = 0, Y = 0± (as portrayed in Figure 1a). The crack itself is subjected to symmetrical

deformations and is comprised of two cohesive zones located between B < |X| < A. The portion |X| < B is traction-

free, other than the equal and opposite concentrated loads acting at the origin. In this cohesive zone model, the fracture

process is assumed to take place within the cohesive zones. All of the localized strain-softening is lumped into the

material-dependent stress-separation law Σ∗∗(∆) ≡ Σ∗(U) ≡ Σcoh(A, B, X). The material contiguous to the cohesive

zones is assumed to be linearly elastic. The total separation 2U(A, B, X) between the upper and lower crack surfaces

is denoted by ∆(A, B, X). The energy-release-rate may be calculated using the J-integral [10], noting that

J =

∫

∆t

0

Σ∗∗(∆)d∆ = 2

∫ Ut

0

Σ∗(U)dU = −2

∫ A

B

Σcoh(A, B, X)
∂U

∂X
(A, B, X)dX (1)

with ∆t = 2Ut = 2U(A, B, B).

The energy-release-rate for rectangular softening is given by (1) as J = Σ0∆t = 2Σ0Ut. The length of the cohesive

zone R = A−B is not assumed a priori to be negligible in size in comparison with the length B. The stress at the crack

tip is finite (the Mode I stress intensity factor being zero at X = A). Given the smooth closure condition at X = A, it

follows from [11] that

P∗ ≡
P

Z∗
= 2A

∫ A

B

Σcoh(A, B, X)
√

A2 − X2
dX,
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E′U(A, B, X) =
2

π

(

P∗ cosh−1 A

X
−
∫ A

B

Σcoh(A, B, S )H(A, X, S )dS

)

(2)

with Z∗ being the thickness of the plate in the Z-direction (Z∗ equals unity in the case of plane strain). Hence

E′U(A, B, X) = −2

π

∫ A

B

F (A, X, S )Σcoh(A, B, S )dS (3)

It follows from (3), as well as [11], that

E′
∂U

∂X
(A, B, X) = −2

π
L(A, X, B)Σcoh(A, B, B) − 2

π

∫ A

B

L(A, X, S )
∂Σcoh

∂S
(A, B, S )dS (4)

In (2) through (4) note that

H(A, X, S ) = ln

∣

∣

∣

∣

∣

∣

∣

√
A2 − X2 +

√
A2 − S 2

√
A2 − X2 −

√
A2 − S 2

∣

∣

∣

∣

∣

∣

∣

, G(A, X, S ) = ln

∣

∣

∣

∣

∣

∣

∣

S
√

A2 − X2 + X
√

A2 − S 2

S
√

A2 − X2 − X
√

A2 − S 2

∣

∣

∣

∣

∣

∣

∣

(5)

F (A, X, S ) = H(A, X, S ) − 2A
√

A2 − S 2
cosh−1 A

X
, L(A, X, S ) =

2

X

√
A2 − X2 arccos

S

A
+ G(A, X, S ) (6)

∂F
∂X

(A, X, S ) = −∂L
∂S

(A, X, S ) (7)

A key requirement of the cohesive crack model is that at the traction-free crack tip, Ut ≡ U(A, B, B) ≤ Ucr. As will

be determined, a direct consequence for negative geometries is that a vanishingly small traction-free zone (B → 0)

equates with the process zone size shrinking to zero (in other words A→ 0).

Before navigating through the upcoming specific cases, it is useful to introduce the following notation:

R = A − B, λ =
πE′Ucr

2Σ0

, V =
Ut

Ucr

, α =
A

λ
, β =

B

λ
, x =

X

λ
, s =

S

λ
(8)

In addition, let

U∗(A, B, X) = U(A, B, X)/Ucr ≡ Û∗(α, β, x), Ut = U(A, B, B), V = Û∗(α, β, β) (9)

2.1. Isolated crack: rectangular softening

This section focuses on rectangular softening, this being a Dugdale-type model [4] with a cutoff [3] (see Figure 2a).

Consider an isolated crack loaded by equal and opposite concentrated loads P acting at X = 0, Y = 0± with cohesive

zones located between B < |X| < A (Figure 1a). Within these zones, Σcoh(A, B, X) = Σ0 and U(A, B, X) ≤ Ucr, while

the cohesive zone lengths are such that the Mode I stress-intensity-factors (SIFs) at X = ±A are both zero. Using the

closure condition in (2), it follows that

P∗
2λΣ0

= α cos−1 β

α
(10)

By equations (3) and (10), the crack-opening-displacement (COD) is given by

Û∗(α, β, x) = Dr(α, β, x) = 2 cos−1 β

α

[

α cosh−1 α

x
−
√
α2 − x2

]

+

(

βH(α, x, β) − xG(α, x, β)

)

(11)

The energy-release-rate for rectangular softening is given by (1) as J = Σ0∆t = 2Σ0Ut. By equations (8) – (11),

V = 2 cos−1 β

α

[

α cosh−1 α

β
−
√

α2 − β2
]

+ 2β ln
α

β
(12)

In the case of a vanishing traction-free zone (β → 0), as long as α , 0 (or, equivalently, the process zone size

R , 0), V → +∞. The cohesive crack model requires R/λ = α−β→ 0. For a given finite value of β, as shown in (12),

the process zone size R will grow until it is fully developed, with V = 1. For V = 1, given β, equation (12) provides

the associated value of α, and then (10) provides the corresponding value of P∗/2λΣ0. To maintain steady quasi-static

traction-free crack propagation, the load ratio must increase as shown in Figure 3a, while the fully developed process

zone size approaches 1/2 with β→ ∞.
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2.2. Isolated crack: linear softening

Outside of rectangular softening, linear softening (see Figure 2b) is the most studied cohesive zone model. In this

model,

Σcoh(A, B, X) = Σ0 (1 − U∗(A, B, X)) , B ≤ |X| ≤ A (13)

For a fully developed process zone U(A, B, B) = Ut = Ucr, at which juncture traction-free crack growth is imminent,

it is clear from (13) that in this instance Σcoh(A, B, B) = 0, and that therefore, from (4), (8) and (9)

∂U

∂X
(A, B, X) =

1

λ

∫ A

B

L(A, X, S )
∂U

∂S
(A, B, S )dS (14)

The solution method of the normalized process zone size R/λ to the homogeneous Fredholm equations of the second

kind [12] stated in (14) is outlined in Appendix B [13]. The limiting case is examined in detail in Table 1: the process

zone size at the attainment of a fully developed process zone (FDPZ) as A → ∞. The convergence is examined as a

function of n and the size of A/R. Assume in the following that rn is the numerical solution of R/λ corresponding to

n, let en = rn − rn/2, and assume en ≈ Cn−ζ , in which both C and ζ are constants. The convergence factor ζ may be

expressed in the form

ζ = ln
en/2

en

/ ln 2 = ln
rn/2 − rn/4

rn − rn/2

/ ln 2 (15)

The convergence is presented in Table 2, in which n is consistent with the expression in(15). The convergence is

essentially quadratic.

To ascertain additional quantities such as the energy-release-rate J, the crack-tip-opening-displacement Ut, the

shape of the crack during crack growth and the load ratio, the integral equation governing the crack opening displace-

ment needs to be solved. The condition that KI = 0 yields, via (2) and (13),

P∗
2λΣ0

= α arccos
β

α
− α
∫ α

β

Û∗(α, β, s)
√
α2 − s2

ds (16)

noting that U∗(A, B, X) = U(A, B, X)/Ucr. Substituting (13) into (3), and using (6), (8), (9) and (11), it follows that

Û∗(α, β, x) = Dr(α, β, x) +

∫ α

β

F (α, x, s)Û∗(α, β, s)ds (17)

The energy-release-rate for the linear softening cohesive crack model is given by (1) and (13) as J = Σ0Ucr(2V − V2)

(remembering that V = Ut/Ucr, with Ut = U(A, B, B)).

The solution method to obtain the Fredholm equation of the second kind stated in (17), the load-ratio P∗/2λΣ0,

and the cohesive crack opening area COAcoh is similar to that outlined in Appendix C [13]. Given the full solution

of crack opening displacement, the normalized process zone size R/λ = α − β at the attainment of a FDPZ can be

obtained.

Figure 4b shows the development of the process zones caused by increasing load. For a given β, an increasing load

ratio P∗/2λΣ0 causes the stable development of the process zone (portion AB in Figure 4b) until fully developed, i.e.,

Σcoh(A, B,±B) = 0 and U(A, B,±B) = Ucr. On the FDPZ envelope FiBiCiDi, further quasi-static crack propagation

requires growth of the traction free crack with the load ratio increasing. The fully developed process zone size α−β and

corresponding load ratio P∗/2λΣ0 are plotted as a function of the normalized traction free crack length β in Figure 3b.

For the linear softening cohesive model considered here, α − β and P∗/2λΣ0 increase with increasing traction free

crack length while J/Σ0Ucr = 2Ut/Ucr − (Ut/Ucr)
2
= 1. In the case of a vanishingly small traction-free zone (β→ 0),

the cohesive crack model requires R/λ = α − β→ 0. The FDPZ size approaches 0.465 with β→ ∞.

4



3. An edge crack

Consider now an edge-cracked semi-plane loaded by equal and opposite concentrated loads at the crack mouth

(CM) with a cohesive zone located between B < X < A, as shown in Figure 1b.

For a cohesionless edge crack (EC) of length A loaded by Σ(X) = P∗δ(X − 0+), the SIF and half-COD follow from

[14] and equation (16) [13], respectively, as

KCM
P =

2P∗

ψ
√
πA
, UCM

P (A, X) =
P∗
E′

2
√

2

πψ
Ω(

X

A
), Ω(u) =

{
√

2

ψ
ln

∣

∣

∣

∣

∣

∣

1 +
√

1 − u

1 −
√

1 − u

∣

∣

∣

∣

∣

∣

+

√
1 − u

4
∑

k=0

ckuk

}

(18)

in which

c0 = −
64

945
− 1

18

π
√

2

fr
+

11

24
π fr
√

2 − 1307

630

√
2

ψ
= −1.80851 . . .

c1 = −
32

945
− 1

36

π
√

2

fr
+

11

48
π fr
√

2 − 677

1260

√
2

ψ
= 0.0126635

c2 = −
8

315
− 1

48

π
√

2

fr
+

11

64
π fr
√

2 − 143

420

√
2

ψ
= 0.124112

c3 = −
676

189
+

415

288

π
√

2

fr
+

2365

384
π fr
√

2 − 17905

1008

√
2

ψ
= 0.245710

c4 =
154

27
− 385

288

π
√

2

fr
− 2695

384
π fr
√

2 +
2695

144

√
2

ψ
= −0.241649 (19)

with
∑4

k=0 ck = 2(1 −
√

2/ψ). Note that these constants are expressed solely in terms of fr and ψ =
√

1 − 4/π2.

For an edge crack loaded by a uniform pressure Σ(X) = Σ0, the SIF is given by K(A) = Σ0 fr
√
πA, in which fr =

1.12152225523 . . . [15] (see also equation (3) of [13]). The COA determined by the second expression in (18) gives

the exact result 4 frP∗A/ψE′.
In parallel with the SIF and COD expressions stated in equations (41) and (43) of [13], it follows that

P∗ =
ψ
√
πA

2

∫ A

B

Σcoh(A, B, S )Hr(A, S )dS

E′U(A, B, X) = E′UCM
P (A, X) −

∫ A

B

Σcoh(A, B, S )U(A, X, S )dS (20)

in which the edge crack SIF weight function and COD Green’s function are given by

Hr(A, X) =

√

2

π

h(X/A)
√

A − X
, U(A, X, S ) =

2

π

∫ A

max(S ,X)

h(S/T )h(X/T )
√

(T − S )(T − X)
dT, h(z) =

N+1
∑

j=0

h j(1 − z) j (21)

The two equations in (20) may be combined to give

E′U(A, B, X) =

∫ A

B

{

√

2A

π
Ω

(

X

A

)

Hr(A, S ) −U(A, X, S )

}

Σcoh(A, B, S )dS (22)

3.1. Edge crack: rectangular softening

For rectangular softening as described for the isolated crack, with A = αλ, X = xλ, and B = βλ, it follows readily

that

P∗
Σ0λ
= ψ

√

α

2
S 0(α, β), U∗(A, B, X) =

√
αS 0(α, β)Ω(x/α) − π

2
I0(α, x, β) (23)

in which S k(t, f ) and Ik(a, x, f ) are defined in equations (A6) and (A7) of [13]. It is immediate that

V =
Ut

Ucr

=
√
αS 0(α, β)Ω(β/α) − π

2
I0(α, β, β) (24)
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with I0(α, β, β) being defined in equation (51) [13].

Similar to the case of the isolated crack, for a vanishing traction-free zone (β → 0), so long as α , 0 (or,

equivalently, the process zone size R , 0), V → +∞. The cohesive crack model requires R = α − β → 0. For a

given finite value of β, the process zone size R will grow until it is fully developed, with V = 1. At this instant, the

values of α and load ratio P∗/λΣ0 are given by (24) with V equal to unity. To maintain quasi-static traction-free crack

propagation, the load ratio must increase as shown in Figure 3a, while the FDPZ size approaches 1/2 with β→ ∞.

3.2. Edge crack: linear softening

Using (13), the first equation in (20), and (22), it is immediate that

P∗
Σ0λ

= ψ

√

α

2

{

S 0(α, β) −
∫ α

β

h(s/α)
√
α − s

Û∗(α, β, s)ds

}

Û∗(α, β, x) = D(α, β, x) +

∫ α

β

E(α, x, s)Û∗(α, β, s)ds (25)

noting again that U∗(A, B, X) ≡ Û∗(α, β, x), while

D(α, β, x) =
√
αΩ

(

x

α

)

S 0(α, β) − π
2

I0(α, x, β), E(α, x, s) =
π

2
U(α, x, s) −

√
αΩ

(

x

α

)

h(s/α)
√
α − s

(26)

The energy-release-rate for the linear softening cohesive crack model is given by (1) and (13) as J = Σ0Ucr(2V − V2),

with V = Ut/Ucr, noting that Ut = U(A, B, B)). The solution to the Fredholm equation of the second kind stated

in (25), the load-ratio P∗/λσ0, and the cohesive crack opening area COAcoh follows the methodology outlined in

Appendix C [13]. Given the full solution of crack opening displacement, the normalized process zone size R/λ = α−β
at the attainment of a FDPZ can be obtained.

Figure 4b shows the development of the process zones caused by increasing load. Similar to the case of the isolated

crack, for a given β, an increasing load ratio P∗/λσ0 causes the stable development of the process zone (portionABe

in Figure 4b) until fully developed, i.e., Σcoh(A, B, B) = 0 and U(A, B, B) = Ucr. On the FDPZ envelope FeBeCeDe,

further quasi-static crack propagation requires growth of the traction free crack with the load ratio increasing. The

FDPZ size α − β and corresponding load ratio P∗/λΣ0 are plotted as a function of the normalized traction free crack

length β in Figure 3b. For the linear softening cohesive model considered here, α − β and P∗/λΣ0 increase with

increasing traction free crack length with J/Σ0Ucr = 2Ut/Ucr − (Ut/Ucr)
2
= 1. In the case of a vanishing traction-free

zone (β→ 0), the cohesive crack model requires R/λ = α − β→ 0. The FDPZ size approaches 0.465 with β→ ∞.

4. Conclusions

A cohesive isolated crack under central concentrated loading and a cohesive edge crack under concentrated load-

ing at the crack mouth have been examined. In the cohesive zones of both cases, rectangular softening and linear

softening have been examined. Full solutions have been derived for four problems: isolated and edge cracks undergo-

ing rectangular and linear softening. The influence of the normalized traction-free crack length β = B/λ on the FDPZ

sizes R = λ(α − β) and P∗ has been plotted. For all four cases, crack nucleation requires that R/λ = α − β → 0. As

the traction-free crack grows, the process zone size increases steadily. For both isolated cracks and edge cracks, long

rectangular softening cracks and long linear softening cracks require R→ 0.5λ and R→ 0.465λ, respectively. Notice

that the difference between these two geometries diminishes for this circumstance. The traction-free crack grows at

the instant that the process zone is fully developed. To maintain steady traction-free crack propagation, the load ratio

must always increase.

In [11, 13] the isolated crack and edge crack were subjected to either fixed grip or load control conditions. For

both, under fixed grip conditions, the energy-release-rate (ERR) was maximum and invariable, the FDPZ was achieved

post-peak, the FDPZ size and far-field loading decreased with traction-free crack extension. Under load control, the

ERR and fracture process zone both increase with traction-free crack extension, a FDPZ is never achieved, while the

far-field loading decreases with traction-free crack extension.

For the case of cohesive cracking in a negative geometry, the energy-release-rate (ERR) is maximum and invari-

able, the applied load and the FDPZ size both increase with traction-free crack extension.
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A/R 100 1000 10000

n = 8 0.4671 0.4695 0.4697

16 0.4640 0.4664 0.4666

32 0.4631 0.4655 0.4658

64 0.4629 0.4653 0.4655

128 0.4628 0.4652 0.4655

256 0.4628 0.4652 0.4654

512 0.4628 0.4652 0.4654

Table 1: Isolated crack, linear softening: FDPZ sizes R/λ for very long cracks.
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A/R 100 1000 10000

n = 32 1.869 1.869 1.869

64 1.878 1.878 1.879

128 1.888 1.889 1.888

256 1.897 1.897 1.899

512 1.904 1.902 1.644

Table 2: Isolated crack, linear softening: convergence factor ζ for the FDPZ size R/λ as A→ ∞.
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Figure 1: a) Isolated crack subject to central splitting loads, and b) edge crack subject to splitting loads at the crack mouth
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(a) (b)

Figure 2: a) Rectangular softening, b) linear softening
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Figure 3: a) Rectangular softening, b) linear softening. Process zone size R/λ versus traction-free crack length - IC (1), EC (2). Splitting load

P∗/λΣ0 versus traction-free crack length - IC (3), EC (4).
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Figure 4: FiBiCiDi (FeBeCeDe) is the envelope of FDPZs, portraying P∗/λΣ0 versus A/λ for the IC (EC), subject to (a) rectangular softening and

(b) linear softening.
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Highlights

The stress-intensity-factor is a decreasing function of the crack length

Crack extension is accompanied by maximum energy release rate

The process zones are fully developed for crack growth to occur

The applied load never peaks
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