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Abstract
This thesis deals with the identification of electromagnetic stiffness and damping.
It is well known that electromagnetic stiffness and damping influence the torsional
dynamics of an electric drivetrain. The electromagnetic stiffness and damping are
obtained from a frequency response between the rotor angle and the electromagnetic
torque, which could be identified or calculated analytically. However, the frequency
response is usually only for a machine directly connected to the grid and does not
include the effect of a variable frequency drive. The variable frequency drive is a
common way to control the speed and torque of the machine. The main goal of this
thesis is to develop a method that includes the effect of the variable frequency drive
control on the frequency response. The identification method is based on a signal
injection in time-domain simulations. The simulation model includes a discrete-time
controller and a continuous-time motor model. In the simulation, an excitation
signal is injected into the steady-state rotor speed, where the response is seen in
the electromagnetic torque. The frequency response could be identified with the
rotor speed and the electromagnetic torque spectra. The identification method is
validated with analytical solutions of the frequency response from the literature. The
validation includes one machine with three control methods for the variable frequency
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vääntödynamiikkaan. Sähkömagneettinen jäykkyys ja vaimennus voidaan laskea
roottorin kulman ja sähkömagneettisen vääntömomentin välisestä taajuusvastees-
ta. Usein taajusvasteessa ei oteta huomioon taajuusmuuttajan säätömenetelmää.
Taajuusmuuttajalla voidaan ohjata sähkökoneen tuottamaa vääntömomenttia, sekä
pyörimisnopeutta. Työn päätavoite on kehittää menetelmä, jonka avulla voidaan
identifioida taajuusvaste ohjatulle sähkökoneelle. Menetelmä perustuu aikatason
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analyyttisesti laskettuihin taajusvasteisiin.
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Symbols and abbreviations

Notation
Hat is used to indicate estimated value, e.g., ψ̂R.
Tilde is used to indicate estimation error, e.g., ψ̃R.
Subscript 0 is used to indicate steady-state value, e.g., ψR0.

Latin symbols
0 Zero matrix
A State matrix
Acc, Aco Closed-loop state matrices
Bs, bs, bm Input matrices
ce Electromagnetic damping
C , cm, Cs Output matrices
C(s) Compensator
e Correction vector
fn Motor nominal frequency
Gθ(jω), Gω(jω) Frequency response
G(s), Gc(s), Gco(s), Go(s) Transfer function
I Identity matrix
iabc Stator phase current column vector
IM Rotor inertia
ism, isM Magnetizing current vector
isr, ir, isR Rotor current vectors
isf Low-pass filtered stator current
iss, is Stator current vectors
is,ref Stator current reference vectors
J Orthogonal rotation matrix
K, Kc, Ko Gain matrices
ke Electromagnetic stiffness
ku, kω Gain parameters
kT Gain vector
Lm, LM Magnetizing inductances
Lr, Lrσ Rotor inductances
Ls, Lsσ, Lσ Stator inductances
p Motor pole pairs
Rr, RR Rotor resistances
Rs Stator resistance
Rσ Total resistance
s Laplace variable
us

s, us Stator voltage vectors
us,ref Stator voltage reference vector
x State vector
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Greek symbols
α Inverse rotor time constant
αf Filter bandwidth
ψs

r, ψs
R, ψR Rotor flux linkage vectors

ψs
s, ψs Stator flux linkage vectors

τm Electromagnetic torque
ωm, ωM Rotor angular frequencies
ωr Slip angular frequency
ωrb Breakdown slip frequency
ωs Stator angular frequency
ωs,ref Stator reference angular frequency

Operators
d
dt derivative with respect to variable t∫︁

Integral
sin(), cos() Sine and cosine functions
T Transpose
∆ Small-signal quantity

Abbreviations
DC direct current
VFD Variable frequency drive
V/Hz Volts-per-hertz
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1 Introduction
More than half of the electricity is consumed in systems driven by electric motors
globally [1]. In practice, the electrical motor is always connected to a mechanical
system, which could be a fan, a pump, etc. Typically, the flow rate needs to be
controlled in pumps. A simple way is to use a valve, but this will affect the system
efficiency. Another method is to use, a variable frequency drive (VFD) which is
becoming more popular in electric motors for a variety of reasons, including potential
energy savings and controllability of the system. The VFD controls the motor speed
by changing the voltage and frequency supplied to the motor.

The pump could be seen as a simple two-mass lumped-element system, where the
load and the rotor are modeled as the masses connected with a shaft. Whenever there
is torque applied to the system, the shaft will have some torsion, and often it will also
experience torsional vibration, i.e. twisting motion of the shaft about its own axis [2].
Typically, only rotor inertia is included in a torsional analysis, but it is well known
that an electromagnetic torque will affect the torsional vibration [3–7]. One way to
include the effect of the motor in the torsional analysis is to use electromagnetic
stiffness and damping obtained from the frequency response between rotor angle and
electromagnetic torque [7].

The VFD controls the electromagnetic torque and the speed of the motor. Hence,
the electromagnetic stiffness and damping should be affected by the VFD when
controlling the motor. There are many ways to control the voltage and frequency,
ranging from simple and low-performance open-loop volts-per-hertz (V/Hz) control
to complex and high-performance control, such as field-oriented control and direct
torque control. It is known that an operating point and the control method affect
the stability of the motor [8–10].

The problem with the torsional analysis for electric drivetrains is that the analysis
rarely includes the motor model. Even if the motor model is included, the effect
of the VFD control is not taken into account which is essential for calculating the
correct electromagnetic stiffness and damping. A few analytical solutions exist that
include the control of the VFD [9, 10]. However, the analytical models are nearly
impossible to formulate for complex control methods. Furthermore, control methods
are not publicly shared since it is a trade secrets for the manufacturers. Therefore,
manufacturers should be able to give a black-box model without revealing the control
method. In the current literature, there is no suitable method to include the VFD
effects in electromagnetic stiffness and damping, especially if the control scheme is
advanced.

This thesis aims to develop a method to identify the controlled motor frequency
response from the rotor angle to the electromagnetic torque at different operating
conditions from time-domain simulations. In particular, the thesis aims to answer
the following question: Can a frequency response function from the rotor angle to the
electromagnetic torque be obtained from time-domain simulations? The identification
will be done with a small-signal injection around the steady-state operating point.
Simulations will utilize continuous-time dynamic motor models and discrete-time
control algorithms. Furthermore, identified frequency responses will be compared to
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known analytical models from the literature [9, 10].
The scope of this thesis will be limited to simulations. In these simulations,

induction motor is used which is controlled with V/Hz and observer-based V/Hz [9,10].
The outcome of the thesis is validation that the frequency response can be obtained
from time-domain simulations.

This thesis proposes a time-domain simulation-based identification method for
obtaining the frequency response from motor angle to electromagnetic torque. In this
method, the controller could be a black box in the simulations. The electromagnetic
stiffness and damping for torsional analysis could be calculated using the frequency
response.

The rest of the thesis is divided into four chapters. Chapter 2 presents electro-
magnetic stiffness and damping and proposes a method to obtain the frequency
response for the stiffness and damping. Chapter 3 shows the motor model, control
method, and derived analytical small-signal models for the verification. Chapter
4 describes the implementation of the identification algorithm in an open source
motulator motor drive simulator and compares the analytical and identified frequency
responses. Lastly, Chapter 5 concludes the thesis and suggests future work.
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2 System identification
The system identification of electromagnetic stiffness and damping is based on
time-domain simulation. The electromagnetic stiffness and how it is obtained are
introduced in section 2.2, and then the identification method is shown in section 2.3

2.1 Frequency response
A frequency response contains phase shift and amplification between input and
output as a function of frequency. At each frequency, the frequency response is a
complex quantity, represented either with real and imaginary parts or in polar form.
A transfer function and frequency response are closely related to each other. The
transfer function is

G(s) = Y (s)
U(s) (1)

where U(s) is input, Y (s) is output, and s is the Laplace variable. Furthermore, the
frequency response is obtained by substituting s = jω into the transfer function [11].

The frequency response describes a linear time-invariant system response to a
sinusoidal input. When the system is excited with

u(t) = uamp sin(ωt+ α) (2)

where uamp is amplitude, ω is angular frequency, and α is phase shift. Then in the
steady state, the output contains the same frequency sinusoid, as

y(t) = yamp sin(ωt+ β) (3)

where yamp is amplitude and β is phase shift [12]. The magnitude for the frequency
response at angular frequency ω is obtained as

|G(jω)| = yamp

uamp
. (4)

The angle as
∠G(jω) = β − α. (5)

The input and output could be shown in phasor form, where the resulting frequency
response is [12]

G(jω) = Y (ω)
U(ω) . (6)

2.2 Equivalent torsional stiffness and damping
An equivalent torsional stiffness and damping are usually associated with the me-
chanical components of a drivetrain. The stiffness could be thought of as a spring
that stores energy when compressed, but instead of compression, it is a torsion along
the shaft shown in Figure 1. The angle θ depends on the stiffness of the shaft and
the torque τ that is applied to the shaft. This torsion occurs whenever a torque is
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transmitted. The damping dissipates the energy in torsional vibrations, but often
the shaft that transmits the torque has low damping.

Torsional vibration is a twisting motion of the shaft about its own axis [2]. In
the ideal case, the angle of the twist stays constant in the steady state. Then there
would be just constant torque over the shaft. But in reality, the load and torque
production are not constant in rotating machines. There are always some changes in
torque that act as an excitation for torsional vibrations. These torsional vibrations
are hard to detect without specialized measurement equipment [2].

θ

τ

τ

Figure 1: Torsion in a shaft, where τ is torque and θ is angle of twist.

A two-mass lumped-element model, as shown in Figure 2, is one simplified method
to model a system with an electric motor and load. The model has a stator, a rotor,
and a load. The stator is the ground for the model and the rotor is connected to
it with an electromagnetic stiffness ke and damping ce. The rotor and the load are
connected with a massless shaft that has stiffness k and damping c.

In torsional analysis commonly the electromagnetic stiffness and damping between
stator and rotor are omitted, and only the rotor inertia IM is included. One of
the earliest inclusions of electromagnetic interaction in the torsional analysis was
done with directly online connected synchronous machines and an electrical grid
[4, 5]. It was shown that the electrical grid had a major effect on electromagnetic
stiffness and damping. The method used synchronizing torque and damping torque
from the electromagnetic stiffness and damping were calculated. Furthermore, the
electromagnetic stiffness and damping were summed with mechanical stiffness and
damping. The method was called a complex torque coefficient. This complex torque
method was proven insufficient for the torsional analysis [6].

It is well known that the electromagnetic stiffness ke and damping ce affect the
torsional characteristics, especially in the first few torsional modes, and it could be
included in the torsional analysis [13,14]. The electromagnetic stiffness and damping
depend on the motor parameters and operating point [7]. The electromagnetic
stiffness and damping are obtained from a frequency response

Gθ(jω) = ∆τm(ω)
∆θm(ω) (7)
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IM

ke ce

k

c

IL

Stator

Rotor Load

Figure 2: Two-mass model with electromagnetic stiffness ke and damping ce between
stator and rotor.

where ∆τm is a small-signal electromagnetic torque and ∆θm is a small-signal rotor
angle. The small-signal values are used since equivalent stiffness and damping are
based on linearized models. Where the twist of the shaft angle occurs around the
equilibrium point. Furthermore, the electromagnetic stiffness and damping are
obtained from the frequency response (7) as [7]

ke(jω) = −Re{Gθ(jω)} (8a)
ce(jω) = −Im{Gθ(jω)}/(ω). (8b)

2.3 Signal injection
A signal injection in the time-domain simulation is one way to identify the frequency
response for the electromagnetic stiffness and damping [7]. The excitation could
be injected into the rotor angle θm or angular frequency ωm since the angular
frequency is derivative of the angle. Then the response could be seen in the produced
electromagnetic torque τm.

The controlled motor consists of three systems shown in Figure 3; controller,
electrical subsystem, and mechanical subsystem. The electromagnetic stiffness and
damping that needs to be identified are produced in the electrical subsystem, which
is affected by the controller. In Figure 3, the gray background highlights the system
in which frequency response G(jω) needs to be identified.

The mechanical subsystem is not required for identification, it could be removed.
Figure 4 illustrates a block diagram of the simulation model where the mechanical
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τm(t)

τL(t)

ωm(t)

ωs(t)us(t) is(t)

Control

Electrical
subsystem

Mechanical
subsystem

Figure 3: Large-signal block diagram of the controlled motor, where us is the stator
voltage, ωs the stator angular frequency, is is the stator current, and τL is load torque.

system is removed. Instead of the mechanical subsystem, there is an input for the
motor angular frequency ωm and an output for the electromagnetic torque τm. The
input is determined by a desired steady-state rotor angular frequency ωm0 and the
excitation signal ∆ωm, and the output has some steady-state electromagnetic torque
τm0 with response torque ∆τm from the excitation. Furthermore, the excitation signal
could be a transient, a sinusoid, or a binary sequence. Each of these signals have
some benefits and drawbacks.

The transient is a sudden change in the input. With the transient, the frequency
response is fast to acquire since it could be done once for each operating point. The
problem with this method is the signal-to-noise ratio, the change in ∆ωm should be
high enough to be noticeable, but low enough to stay in a small signal region [11].
The binary sequence is a periodic signal with two values +A and −A where A is
the amplitude of the signal. There are multiple different versions of the binary
sequence, such as a pseudo-random binary sequence and a maximum length binary
sequence [15].

The sinusoid signal injection is used in the proposed identification method. The
benefit is the signal-to-noise ratio is high, even when the amplitude of excitation is low.
However, the big drawback of this method is the fact one simulation corresponds to
one excitation frequency. This increases the simulation time to obtain the frequency
response.

The signal injection is done in time-domain simulations. The time-domain input
and output data are transferred to the frequency domain with the discrete Fourier
transform. The transformation is carried out as

∆ωm,DFT(k) = 1
N

N−1∑︂
n=0

∆ωm(n)e−j2πnk/N (9)

where ∆ωm,DFT(k) is a kth frequency component, ∆ωm(n) is nth sample, and N is



7

Control

Electrical
subsystem

us(t) ωs(t) is(t)

ωm(t) = ωm0 + ∆ωm(t) τm(t) = τm0 + ∆τm(t)

Figure 4: Block diagram of the simulation model for the identification.

the number of samples. The same transformation is carried out for ∆τm as well [16].
Since the identification is done with the signal injection at the steady-state operating
point. The steady-state operating point has to be subtracted from the input and
output data. The maximum detectable frequency is determined with the Nyquist
frequency. The angular frequency for the kth value is calculated as [16]

ω = 2πk
N

. (10)

After frequency spectra from the electromagnetic torque and the motor speed are
obtained, the frequency response is calculated as

Gθ(jω) = ∆τm(ω)
∆ωm(ω)/jω = ∆τm(ω)

∆θm(ω) . (11)

From the frequency response, the electromagnetic stiffness and damping could be
calculated (8). In this thesis, the frequency response is presented from the angular
speed ωm to the electromagnetic torque τm as

Gω(jω) = ∆τm(ω)
∆ωm(ω) . (12)
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3 Motor models and control methods
The rotation speed of an asynchronous motor is affected by the load torque. The
mechanical motor speed ωM is calculated as

ωM = ωm

p
(13)

where p is the number of pole pairs in the motor. The electrical angular speed is

ωm = ωs − ωr (14)

where ωs is the stator angular frequency and ωr is the slip angular frequency caused
by the load torque. This means that, if the motor speed needs to be controlled there
are three options: the stator angular frequency ωs, the load torque, and pole pairs
p. One solution for the control is to use VFD. The VFD controls motor speed, by
changing the stator angular frequency ωs and stator voltage us.

3.1 Large-signal motor model
The motor model uses space vectors to present the voltage, current, and flux linkages.
These space vectors represent three-phase quantities with two values without losing
any information [17]. When the system is a balanced three-phase system the zero
sequence disappears. An induction machine is one example that does not have
zero-sequence because the neutral wire is not connected, and the phase currents sum
up to zero. Transformations can be done with matrix multiplication

iss =
[︄
iα
iβ

]︄
= 2

3

⎡⎣1 −1
2 −1

2

0
√

3
2 −

√
3

2

⎤⎦
⎡⎢⎣iaib
ic

⎤⎥⎦ , iabc =

⎡⎢⎣iaib
ic

⎤⎥⎦ =

⎡⎢⎢⎣
1 0

−1
2

√
3

2
−1

2 −
√

3
2

⎤⎥⎥⎦
[︄
iα
iβ

]︄
(15)

where iss is the stator current vector in stator coordinates with α − β components
and iabc is a vector with instantaneous phase current values as components. The
relationship between α− β space vector and phase quantities is shown in Figure 5.
Dashed lines are phase current positive directions, and the solid colored lines are
instantaneous phase current vectors.

The space vector can be transferred to any arbitrarily rotating reference frame
with Park transformation

ias =
[︄
id
iq

]︄
=

⎡⎣ cos(θa) sin(θa)
− sin(θa) cos(θa)

⎤⎦ [︄
iα
iβ

]︄

iss =
[︄
iα
iβ

]︄
=

⎡⎣cos(θa) − sin(θa)
sin(θa) cos(θa)

⎤⎦ [︄
id
iq

]︄ (16)

where θa is the instantaneous angle of the reference frame and a refers to the reference
frame. The angle θa is calculated as

θa =
∫︂
ωadt (17)
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β

αia

ib

ic

iss

Figure 5: Phase voltages to space vector.

where ωa is the reference frame angular speed. If synchronous reference speed is
selected, the steady-state stator current is a constant value instead of a sinusoidally
changing value. A common convention is to drop out superscript s in synchronous
coordinates.

The asynchronous induction motor has two main components: stator and rotor.
The stator is made out of three-phase windings that are distributed sinusoidally.
Generally, the rotor is caged with aluminum or copper bars [18]. The stator current
produces sinusoidally distributed flux that induces a current in the rotor bars. In
addition, the rotor bars are affected by Lorenz force which produces electromechanical
torque. The T-model in Figure 6 is a well-known induction motor model in the
literature.

iss
Rs Lsσ

ism

Lm ωmJψs
r

isr
RrLrσ

+

−
us

s
dψs

s
dt

dψs
r

dt

Figure 6: Dynamic T model.

The system is presented in stator coordinates, where the flux linkage equations
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are

ψs
s = Lsσi

s
s + Lmi

s
m (18a)

ψs
r = Lrσi

s
r + Lmi

s
m (18b)

where ψs
s is stator flux linkage and ψs

r is rotor flux linkages, Lsσ = Ls − Lm is stator
leakage inductance, Lrσ = Lr −Lm is rotor leakage inductance, and Lm is magnetizing
inductance. The magnetizing current is a sum of stator and rotor currents ism = iss +isr.
The voltage equations are expressed as

dψs
s

dt = us
s −Rsi

s
s (19a)

dψs
r

dt = ωmJψs
r −Rri

s
r (19b)

where us
s is stator voltage, Rs is stator resistance, Rr rotor resistance and J = [ 0 −1

1 0 ]
is the orthogonal rotation matrix. However, the T-model is over-parametrized with
five motor parameters, while only four parameters would sufficient without losing
information.

The inverse-Γ model is based on T-model, but since actual rotor parameters are
not needed, the turns ratio between the stator and rotor can be chosen arbitrarily.
In the inverse-Γ model, the turns ratio is chosen in the manner that Lr and Lm are
equal [19]. From this, the scaling factor is chosen as

γ = Lm

Lr
= Lm

Lrσ + Lm
. (20)

The scaled values in the inverse-Γ model are

LM = γLm (21a)
Lσ = γLrσ + Lsσ (21b)
RR = γ 2Rr. (21c)

The motor model with scaled values is shown in Figure 7. The corresponding flux
equations are

ψs
s = Lσi

s
s +ψs

R (22a)
ψs

R = LM(iss + isR). (22b)

The voltage equations are

dψs
s

dt = us
s −Rsi

s
s (23a)

dψs
R

dt = ωmJψs
R −RRi

s
R. (23b)

These equations can be transformed to synchronously rotating coordinates by
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iss
Rs Lσ

isM

LM ωmJψs
R

isR
RR

+

−
us

s
dψs

s
dt

dψs
R

dt

Figure 7: Dynamic inverse-Γ model.

choosing ωs as the reference frame angular speed, resulting in equations
dψs
dt = −Rsis − ωsJψs + us (24a)

dψR
dt = −RRiR − ωrJψR. (24b)

Furthermore, flux linkage equations are transformed into synchronous coordinates

ψs = Lσis +ψR (25a)
ψR = LM(is + iR) (25b)

where the only change is the missing superscript s.
The stator current is and the rotor flux ψR are chosen as system state variables.

These state variables are obtained by substituting equation (25a) to (24a) and
equation (25b) to (24b), resulting in following state equations

Lσ
dis
dt = −(RσI + ωsLσJ)is + (αI − ωmJ)ψR + us (26a)

dψR
dt = RRis − (αI + ωrJ)ψR (26b)

where α = RR/LM is the inverse rotor time constant, Rσ = Rs + RR is the total
resistance, and I = [ 1 0

0 1 ] is the identity matrix. The electromagnetic torque is

τm = 3p
2 i

T
s JψR. (27)

A rigid mechanical subsystem for the motor is

IM
dωm

dt = τm − τL (28)

where τL is load torque.
Steady-state quantities are calculated by substituting d

dt
= 0. The steady-state

current is calculated from equation (26b) as

is0 = αI + ωr0J
RR

ψR0 (29)
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where subscript 0 marks the steady-state operating point quantity. By applying the
stator flux equation (25a) to (29) the steady-state rotor flux is obtained as

ψR0 = RR

Lσ

(ωrbI + ωr0J)−1ψs0 (30)

where ωrb = RR(1/LM+1/Lσ) is the breakdown slip frequency and ψs0 is steady-state
stator flux linkage.

The steady-state torque is derived by substituting steady-state stator current
(29) and the rotor flux (30) to electromagnetic torque equation (27), the steady-state
torque is presented as

τm0 = ψ2
R0ωr0

RR
= 2τb0

ωr0/ωrb + ωrb/ωr0
(31a)

τb0 = 3p
2

LM

LM + Lσ

ψ2
s0

2Lσ

(31b)

where τb0 is the breakdown torque. From (31a), the steady-state slip is derived as

ωr0 = τb0

τm0

⎛⎝1 −

⌜⃓⃓⎷1 − τ 2
m0
τ 2

b0

⎞⎠ωrb. (32)

3.2 V/Hz control
There are many different variants of V/Hz control. The simplest one is open-
loop V/Hz control with constant stator flux reference. It is because the controller
only increases voltage linearly with the frequency reference, keeping the stator flux
approximately constant. The controller could include compensation for the voltage
drop over the stator resistance (RI compensation). In the open-loop V/Hz control
case the RI compensation could be implemented as a curve that boosts the voltage
at low speeds. A proper RI compensation is crucial for constant flux at high loads
and low speeds. The control law for open-loop control is

us,ref = ωsJψs,ref (33)

where ψs,ref is the constant stator flux reference value. Even with perfect RI com-
pensation, there are regions where the system could be unstable with open-loop
control [8, 9].

The stability could be improved by adding feedback from stator currents through a
compensator in Figure 8. The compensator includes RI compensation and a damping
component from the stator current as

C(s) = αf

s+ αf
RsI − s

s+ αf
K (34)

where αf filter bandwidth and K is 2 × 2 gain matrix. Another feedback from the
stator current is added to the stator angular frequency ωs, where F (s) is a high-pass
filter and kT is 1 × 2 gain vector.
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ωs,ref
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kT
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eθsJ

e−θsJ

θs

F (s) C(s)

M

s

Figure 8: Compensated V/Hz control.

Including feedback from the stator current to the control law (33), the control
law becomes

us,ref = ωsJψs,ref +Rsisf +K(isf − is) (35a)
ωs = ωs,ref + kT(isf − is) (35b)

where isf is low-pass filtered current. The low-pass filtered current represents the
operating point current, and it is calculated as

disf
dt = αf(is − isf). (36)

The K and k gain matrices are calculated as [9]

K = −RsI + kuLσ(αI + ωm,refJ) (37a)

k = kωRRJψRf
ψ2

Rf
(37b)

where ku and kω are positive design parameters, ψRf = ∥ψRf∥ is the rotor-flux
magnitude, and the operating point for rotor flux is estimated from stator flux
reference and low-pass filtered stator current ψRf = ψs,ref − Lσisf [9].

3.2.1 Observer-based V/Hz control

The observer-based V/Hz control is something between sensorless field-oriented
control and conventional V/Hz control. It utilizes a flux observer and state-feedback
control law as shown in Figure 9. The observer is a reduced-order flux observer.

The state-feedback control law is

us,ref = Rsis + ωsJψs,ref +Ks(ψs,ref − ψ̂s) (38)



14

ψs,ref
us,ref

ωs,ref

is

ωs 1

eθsJ

θs

F (s)

M

s

e−θsJτ̂m

ψ̂s

State
Feedback

State
Observer

Figure 9: Observer-based V/Hz control.

where Ks is 2 × 2 gain matrix and ψ̂s is stator flux estimate provided by state-
observer. The state-feedback control law could be rewritten since the reduced-order
flux observer is used ψ̂s = ψ̂R + Lσis holds. The modified state-feedback is

us,ref = Rsis + ωsJψs,ref +Ks(is,ref − is) (39a)

is,ref =
ψs,ref − ψ̂R

Lσ

(39b)

where is,ref is an intermediate stator current reference, that could be saturated to
limit maximum current. The stator angular frequency is expressed as

ωs = ωs,ref − kω(τ̂m − τ̂mf) (40)

where kω is a positive design parameter for damping, τ̂m is estimated torque, and
τ̂mf is low-pass filtered torque estimate. The stator frequency could be expressed as

ωs = ωs,ref − kωs

s+ αf⏞ ⏟⏟ ⏞
F (s)

τ̂m (41)

where F (s) is a high-pass filter. [10]
The reduced-order flux observer is based on (26b) and is expressed as

dψ̂R
dt = us,ref − (RsI + ωsLσJ)is − Lσ

dis
dt − ωsJψ̂R +Koe (42)

where Ko is 2 × 2 gain matrix for the observer and e is correction vector, which is
obtained from (26a) as

e = Lσ
dis
dt + (RσI + ωsLσJ)is − (αI − ω̂mJ)ψ̂R − us,ref . (43)
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The outputs from the observer are

ψ̂s = ψ̂R + Lσis (44a)
τ̂m = iTs Jψ̂R. (44b)

The motor speed is estimated as

dω̂m

dt = αo
ψ̂

T
RJe

∥ψ̂R∥2
(45)

where αo is speed estimation bandwidth. [10]
The observer can be called inherently sensorless if gain fulfills KoJψ̂R = 0, then

the speed-dependent term disappears from (43). The observer gain used is

Ko = 2σo(αI + ω̂mJ)
α2 + ω̂2

m

ψ̂Rψ̂
T
R

∥ψ̂R∥2
(46)

where σo is the exponential decay rate of estimation error. The decay rate is chosen
as

σo = ζ∞|ωs| + α/2. (47)

The state-feedback gain matrix is

Ks = σcI (48)

where σc approximately corresponds to closed-loop bandwidth. [10]

3.3 Linearized models
The induction motor is a nonlinear system. The system is linearized at the steady-
state operating to use linear system analysis. When the system is linearized the local
stability of the operating point could be analyzed using the transfer function. First,
the small-signal motor model is derived. Then motor control methods are included
in the motor model.

3.3.1 Motor model

The linearization is accomplished with the Taylor series expansion. These linearized
quantities are marked with ∆, e.g., the linearized stator current is ∆is = is − is0.
Linearising stator current dynamics (26a) results

d∆is
dt = −

(︃
Rσ

Lσ

I + ωs0J
)︃

∆is + 1
Lσ

(αI − ωm0J)∆ψR + 1
Lσ

∆us

− Jis0∆ωs − 1
Lσ

JψR0∆ωm

(49)
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where terms ∆ωs and ∆ωm are new linearized input terms for the systems. Linearising
rotor flux dynamics (26b) results

d∆ψR
dt = RR∆is − (αI + ωr0J)∆ψR − JψR0∆ωs + JψR0∆ωm (50)

and linearized torque is

∆τm = −ψR0J∆is + is0J∆ψR. (51)

The Linearized torque is formed from two terms, which originate from the stator
current and rotor flux deviations. From equations (49) and (50), state-space matrices
are acquired as [9]

d∆x
dt =

[︄
−Rσ

Lσ
I − ωs0J 1

Lσ
(αI − ωm0J)

RRI −(αI + ωr0J)

]︄
⏞ ⏟⏟ ⏞

A

∆x

+
[︄
− 1

Lσ
I

0

]︄
⏞ ⏟⏟ ⏞

Bs

∆us −
[︄

Jis0
JψR0

]︄
⏞ ⏟⏟ ⏞

bs

∆ωs +
[︄
− 1

Lσ
JψR0

JψR0

]︄
⏞ ⏟⏟ ⏞

bm

∆ωm

(52a)

where ∆x = [∆iTs ,∆ψT
R]T is 4 × 1 state vector and 0 = [ 0 0

0 0 ] is the zero matrix.
Linearized output matrices are presented as

∆is =
[︂
I 0

]︂
⏞ ⏟⏟ ⏞
Cs

∆x (52b)

∆ψs =
[︂
LσI I

]︂
⏞ ⏟⏟ ⏞

C

∆x (52c)

∆τm =
[︂
−ψT

R0J −iTs0J
]︂

⏞ ⏟⏟ ⏞
cm

∆x. (52d)

3.3.2 V/Hz control

When linearizing V/Hz control, simplification is made to reduce the system order.
The low-pass filtered current isf = is0 is assumed to be a steady-state current when
the filter bandwidth is selected low enough. The assumption holds, but then the
low-pass filter dynamics (36) is omitted.

Linearizing the control law results

∆us,ref = −(K + Jψs,refk
T)∆is, ∆ωs = −kT∆is. (53)

By substituting (53) into (52a) with the ouput (52b), the closed-loop system matrix
is obtained as

Acc = A− [Bs(K + Jψs0k
T) + bsk

T]Cs. (54)
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The transfer function from motor speed to electromagnetic torque is derived as

GC(s) = − ∆τm(s)
∆ωm(s) = −cm(sI4 −Acc)−1bm (55)

where I4 is the 4 × 4 identity matrix [9]. Equation (55) could be used to analyze
both fully open-loop V/Hz control and V/Hz control with the compensator. To
analyze the open-loop V/Hz controller, the feedback gains ku and kω are set to zero.
Furthermore, when the open-loop control is analyzed, the simplifications do not
affect the analytical solution, and the result is accurate.

3.3.3 Observer-based V/Hz control

Linearizing the observer-based control starts with linearization of the control law
(38) as

∆us = −Kc∆x+Ks∆ψ̃R +N∆ψs,ref + Jψs0∆ωs (56)

where ∆ψ̃R = ψR − ∆ψ̂R is the rotor flux estimation error, Kc = [LσKs −RsI,Ks]
is the state-feedback gain matrix, and N = ωs0J +Ks is the reference-feedforward
matrix. To get the closed-loop system, the linearized control law (56) is inserted into
linearized motor model (52a) resulting

d∆x
dt = Aco∆x+BsKs∆ψ̃R +BsN∆ψs,ref + bm∆ωδ (57)

where Aco = A−BsKc is closed-loop system matrix. The transfer function is [10]

Go(s) = ∆τm(s)
∆ωδ(s)

= cm(sI4 −Aco)−1bm = ψ2
R0
RR

ωrbs+ ω2
rb − ω2

r0
(s+ ωrb)2 + ω2

r0
(58)

where ψR0 = ∥ψR0∥ is the magnitude of steady-state rotor flux. The state-feedback
control law (38) does not affect the stability. It can be shown that the transfer function
(58) is strictly passive for the whole feasible operating region since Re{Go(s)} > 0
if |ωr0| < ωrb and ψR0 > 0. This implies that the system is robust to unknown
mechanics. As long as the mechanical system is passive, the system is stable. [10]

The damping could be increased via stator frequency high-pass filter (40) seen in
Figure 10. Including the high-pass filter F (s) in Figure 10 into the transfer function
(58) results in

Gco(s) = ωrbs+ ω2
rb − ω2

r0
[(s+ ωrb)2 + ω2

r0]/λ+ F (s)(ωrbs+ ω2
rb − ω2

r0)
(59)

where λ = ψ2
R0/RR.
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Figure 10: Linearized closed-loop system for observer-based V/Hz control.
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4 Results
The results of this thesis are split into two sections. In section 4.1, the implementation
for the identification of the frequency response is presented. The implementation is
based on the method presented in section 2.3 with frequency by frequency injection.
The algorithm is implemented in the motulator platform [20]. In section 4.2, the
comparisons are carried out between analytical models and identified frequency
responses from time-domain simulations.

4.1 Implementation
The method presented in section 2.3 could be implemented with any simulator that
can model the motor, i.e., it could be implemented with Matlab, Python, or any other
programming language. In this thesis method is implemented with the motulator
motor drive simulator [20]. With this method, the controller could be a black box
that has an interface for motor parameters, reference values, inputs for measurements,
and output for the motor electrical subsystem.

The flow chart of the identification program is shown in Figure 11. Inputs for
the program are motor, controller type, operating point, frequency response range,
and resolution. If only the speed reference and the torque are known from the
operating point, the motor is driven to that operating point. When the motor is
in a steady-state, sinusoidal injection starts with the desired frequency. After the
simulation is completed, phasor values for the excitation frequency are obtained from
motor speed and torque with the discrete Fourier transformation. If all excitation
frequencies are simulated, the data is saved as a mat file. If there are still sinusoids
that are not simulated, the program loops back and selects the next frequency. If
frequency response from several operating points, motors, or controllers is needed,
an outer for-loop could be implemented to achieve this.

There are multiple ways to implement the signal injection into motor speed. One
way to implement the signal injection in motor speed is to replace the mechanical
subsystem (28). The solver used in the simulations requires the derivative of motor
speed. To obtain the sinusoidally changing motor speed with constant amplitude,
the sinewave must be derivate resulting function for the solver is

dωM

dt = ωA cos(ωt) (60)

where ω is the excitation signal angular frequency and A is the amplitude of the
excitation signal.

When using the switching method between the mechanical subsystem and the
excitation signal the benefit is the initial motor states do not need to be known and
only the desired operating point is enough. The motor could be driven to the desired
operating point with the mechanical subsystem. Then the mechanical subsystem (28)
is replaced with the signal injection (60). The change is done with an if statement,
at the sinusoidal injection step from the flow chart in Figure 11. The change between
mechanical subsystem (28) and the signal injection (60) has to be done at specific



20

Time-domain
simulation

Desired
operating point
and excitation

frequencies

Known
initial

motor states?

Simulate to the
operating point

Sinusoid
injection

Select next
frequency

DFT
of ωm and τm

Every excitation
frequency done?

Save data to file

Frequency-
domain result

no

yes

yes

no

Figure 11: Flow chart of the program

times. Otherwise, the operating point will change shown in Figure 12. The switching
instance is dependent on the excitation frequency ω. The correct time is where
cos(ωt) = ±1 in (60). If the change is done at the point where cos(ωt) = 0 in (60) the
motor speed ωM will increase (Fig.12) and the electromagnetic torque will decrease.
As a result the operating point shifts.

After the signal injection into motor speed is simulated with the desired frequency,
the phasor for the angular frequency is obtained with DFT. Then the algorithm
checks if there are other excitation frequencies still that need to be simulated. If
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Figure 12: Shift in the operating point is caused by an incorrect switching time
between the mechanical subsystem and the signal injection.

yes it continues until every frequency is done. Otherwise, the algorithm sorts the
frequency responses and saves them as a mat file. After the data is obtained, the
steady-state value has to be subtracted from the frequency response. Therefore, a
simulation where amplitude A = 0 (60) has to be done, to obtain the steady-state
effect.

Each frequency in the frequency response is one simulation. To reduce the
simulation time an asynchronous multi-processing is used from Python library
multiprocessing [21]. The program assigns a pool of workers where the number of
workers depends on the number of cores in the central processing unit. Each worker
takes one excitation frequency to simulate and returns the result after the simulation
is done. The worker takes the next available excitation frequency.

4.2 Comparison
This section shows a comparison between identified frequency responses from time-
domain simulations and analytical solutions (55) and (59). Parameters of a 45-kW
induction motor were used shown in Table 1. The operating point is chosen to be
at 80% of nominal speed ωn and torque τn. In the time-domain simulations, pulse
width modulation is omitted, the inverter is assumed to be lossless us = us,ref , and
constant DC bus voltage is used.

The motor is controlled with three different control methods: open-loop V/Hz
control, compensator-based V/Hz control, and observer-based V/Hz control. The
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stator flux reference is chosen to be constant and nominal as

ψs,ref = [un/(2πfn), 0]T (61)

where un is the motor nominal phase voltage peak value and fn is the motor nominal
frequency obtained from the motor nominal frequency. There is no parameter error
in the controller motor parameters. In simulations, the controller works in discrete
time with sampling frequency fs = 4 kHz, while the motor is modeled in continuous
time. The motor speed and electromagnetic torque are sampled at the rate of 80
kHz for the discrete Fourier transformation.

Table 1: Data of the 45 kW induction motor.

Nominal values
un

√︂
2/3 400 V

in
√

2 81 A
fn 50 Hz
N 1477 r/min
τn 291 Nm

Parameters
Rs 60 mΩ
RR 30 mΩ
Lσ 2.2 mH
LM 24.5 mH
p 2

Analytical frequency responses are obtained from the transfer functions (55) and
(59) by substituting the s = jω. The identified frequency response has a resolution
of 250 linearly spaced samples for frequencies from 0.1 Hz to 100 Hz.

4.2.1 Open-loop V/Hz control

First, the fully open-loop controlled system frequency responses from the rotor speed
to the electromagnetic torque (55) are compared in Figure 13. In both analytical and
identification cases, the controller gains kω and ku are set to zero in equation (37)
and RI compensation is omitted. Indeed, the identified frequency response matches
the analytical solution. It should be noted that this control method closely resembles
a direct online motor behavior. That is why the result has the same shape as in
article [7].

The open-loop control has a nonpassive region just below the input frequency
between 24.7 Hz to 39.5 Hz. In this region, the electromagnetic damping becomes
negative since the angle goes under -90 degrees. Instead of dissipating the torsional
vibration in the electromagnetic damping, it could increase it. Additionally, the
system might not need any excitation if the torsional natural frequency is inside the
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Figure 13: Frequency response from the rotor speed ωm to the electromagnetic torque
τm with open-loop V/Hz control.

nonpassive area, assuming that the mechanical system has lower damping than the
negative damping from the electromagnetic system. This implies that the system
could become unstable.

4.2.2 V/Hz control

The second comparison uses V/Hz control with compensator (34). The analytical
solution for transfer function (55) is the same as in the open-loop control, but the
controller gains kω and ku are parametrized according to Table 2.

Table 2: Closed-loop V/Hz control parameters.

Positive design parameter ku 0.6 -
Positive design parameter kω 4 -
Low-pass filter bandwidth αf 0.1ωrb rad/s

Comparing the analytical solution and identified result in Figure 14, it can be
seen that the basic shape is nearly the same. Then again this can be expected
since the low-pass filter dynamics (36) were omitted. Furthermore, by comparing
open-loop control Figure 13 to conventional V/Hz control Figure 14, it can be seen
that the nonpassive region between 24.7 - 39.5 Hz disappears. Implying that the
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control and electrical system are passive at this operating point since there is no
negative damping.
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Figure 14: Frequency response from the rotor speed ωm to the electromagnetic torque
τm with V/Hz control.

4.2.3 Observer-based V/Hz control

Lastly, the identified frequency response of the observer-based V/Hz control is
compared to the analytical solution (59). The only assumption in the analytical
solution is the linearization [10]. The controller uses parameters given in Table 3.

Table 3: Observer based-V/Hz control parameters.

State-feedback gain σc 2π · 20 rad/s
High-pass filter bandwidth αf 2π · 1 rad/s
Damping gain kω 0.5 (Nm · s)−1

Observer damping-ratio ζ∞ 0.7 -
Speed-estiamtion bandwidth αo 2π · 40 rad/s

The comparison is shown in Figure 15. It can be seen that the identified result
starts to diverge from the analytical solution at the frequency of 20 Hz. This is caused
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Figure 15: Frequency response from the rotor speed ωm to the electromagnetic torque
τm with observer-based V/Hz control and 4 kHz sampling frequency.

by digital time delays since the analytical solution is formulated in continuous time
and the identified frequency response is simulated with a discrete-time controller.

The difference caused by digital time delays can be confirmed by increasing the
sampling frequency of the controller. The sampling frequency is increased from 4
kHz to 40 kHz, this shifts the difference originating from the digital time delays to
higher frequencies. Figure 16 shows that the sampling frequency plays a role in the
difference.

Comparing the frequency response of the observer-based V/Hz control with the
open-loop control, it can be seen that there is no nonpassive region between 24.7
Hz to 39.5 Hz. Moreover, if the mechanical system is passive, the whole system is
passive and therefore stable. To summarize the results, it could be said that the
frequency response can be obtained from the time-domain simulations. Also, the
controller has a significant role in the passivity of the electromagnetic system seen
by mechanics.
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Figure 16: Frequency response from the rotor speed ωm to the electromagnetic torque
τm with observer-based V/Hz control and 40 kHz sampling frequency.
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5 Conclusion
The goal of this thesis was to develop and validate a method to obtain controlled
motor frequency response between motor speed and electromagnetic torque from
time-domain simulations. The proposed method combines a well-known frequency-by-
frequency identification method for linear time-invariant systems with a small-signal
injection around the steady-state operating point. The identification method was
validated with analytical solutions, which include the control system.

The identification method is based on the injection of low-amplitude sinusoids
into the motor speed. The variation is small enough that the system can still be
considered linear and time-invariant. Since the system is linear the same sinusoid
frequency could be seen in the electromagnetic torque. The frequency is obtained
with a discrete Fourier transform from both motor speed and electromagnetic torque.
With this, the frequency response is constructed one frequency at a time.

The method was successfully implemented with the motulator simulation platform.
A few key points were pointed out during the implementation. Moreover, the method
was validated with one induction motor, which was controlled with three different
control methods. Even more important is that the method works with multiple
different control methods.

Future improvements on this topic could include reducing calculation time by
using various input signals such as a pseudo-random binary sequence, maximum
length binary sequence, and impulse response. The motor models could be improved
by including multiple rotor branches, this could increase the accuracy [22]. Another
topic could be an application program interface for the control system.
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