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Sequential decision making under uncertainty is a fundamental challenge across engineering and
science. In these problems, decision makers must infer hidden states of the world and take actions
based on them to maximize some expected utility over a horizon. Finding optimal behavior is
notoriously difficult: each decision requires reasoning about (i) the immediate utility obtained, (ii)
how the decision’s outcome improves knowledge of the hidden state, and (iii) how this improved
state estimate could yield better utility over remaining decisions. Most existing algorithms for
sequential decision making rely on restrictive approximations to make this otherwise computationally
intractable problem tractable.

This thesis develops a unified inference and learning framework that addresses these
challenges by leveraging the connection between stochastic optimal control and probabilistic
inference. Using this framework, we build algorithms that reason over future decisions and
observations without resorting to common approximations, and amortize this behavior into history-
dependent policies that can be deployed in real-time systems. We show that different sequential
decision problems---namely optimal control of Markov decision processes (MDPs) and partially
observed MDPs, and sequential Bayesian experimental design (BED)---can be framed as maximum
likelihood estimation in Feynman-Kac models, providing a unified conceptual framework for
understanding superficially distinct problems. We then solve these decision problems by introducing
nested sequential Monte Carlo (SMC) algorithms that efficiently plan in the space of decisions and
observations. The generality of this SMC framework enables applications to nonlinear, non-
Gaussian, and non-Markovian settings.

Beyond decision making, we extend this probabilistic inference perspective to numerical
computation. We develop a novel Bayesian probabilistic numerical algorithm for solving time-
dependent nonlinear partial differential equations (PDEs). Collectively, this thesis provides a unified
theoretical perspective and a suite of advanced computational tools for optimal decision making and
inference in dynamical systems.
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The d-dimensional Euclidean space.

The set of non-negative real numbers.

A sequence of values (x,,Xm+1,-..,%,) for m <n.

m+1
b

A sequence of values (x™,x LLx) form<n.

The space in which latent variables, or hidden states of the
world, take values. Unless otherwise specified, X is assumed
to be a subset of a Euclidean space equipped with the Borel
o-algebra.

The space in which observations take values. Unless otherwise
specified, Y is assumed to be a subset of a Euclidean space
equipped with the Borel o-algebra.

The sequence {m,m+1,...,n}, for m,neNy, m <n.

Measures and random variables:

Eu[X]

EIX Y]
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Expectation of a random variable X with law p. We omit the
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Conditional expectation of the random variable X given the
random variable Y.

Entropy of a random variable X, H[X]:= E[-1log u(X)].

Gaussian distribution with mean & and covariance C.
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Density of a Gaussian distribution with mean b and covariance
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The Dirac measure at a point a.

A measure on a measurable space (X,%). The notation is equiv-
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Alternative notation for E[f(X)] for some integrable function f,
where X ~ p.

Miscellaneous:
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Arguments of the maxima. For any function f: X — R, it is
defined as argmax ,.x f(x) = {x € X: f(x') < f(x) for all x' € X}.

Arguments of the minima. For any function f: X — R, it is
defined as argmin .y f(x) :={x € X: f(x") = f(x) for all x’' € X}.

Inverse of a matrix A.
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1. Introduction

What connects the problem of landing a spacecraft on the Moon with
measuring people’s willingness to wait for bigger rewards? For the lunar
module from NASA’s Apollo program, engineers needed to design a guidance
system that continuously estimated the module’s position, velocity, and
orientation from noisy sensor measurements, and then used this information
to compute the thrust magnitude and nozzle direction needed to safely land
on the lunar surface (Suddath et al., 1967). By contrast, when psychologists
study temporal discounting, they pose questions like "Would you prefer
$10 today or $100 in a month?", update their beliefs about a participant’s
preferences after each response, and iteratively refine their questions until
they can reliably estimate the underlying discount rate (Vincent, 2016).

Both scenarios exemplify problems of sequential inference and decision
making under uncertainty. In each case, a decision maker (DM) maintains
beliefs about some hidden state of the world—the spacecraft’s true trajec-
tory, or a person’s discount rate—and must choose actions with the intention
of advancing toward a goal. After each action, new observations arrive:
sensor readings, or a participant’s choice. The decision maker then updates
their beliefs to be consistent with the observations through an inference
procedure, and the process repeats.

The examples above highlight the intimate connection between inference
and decision making. A better estimate of the true state can help the DM
choose superior actions, while certain actions could reveal observations that
lead to a more accurate state estimate. However, the connection between
(statistical) inference and decision making runs even deeper. A DM’s beliefs
can be understood as subjective probabilities that obey coherent updating
rules if the DM makes consistent decisions under uncertainty (Savage,
1954). Moreover, statistical inference itself can be formulated as a decision
problem (Bernardo and Smith, 1994), while conversely, decision problems
can be cast as statistical inference (Kalman, 1960; Kueck et al., 2009).

This latter connection between decision making and inference was first ob-
served by Kalman, who discovered an exact duality between certain optimal
control and state estimation problems (Kalméan, 1960). More recent work
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Introduction

has generalized this idea by introducing auxiliary variables that represent
goal satisfaction and conditioning on them, transforming the search for
optimal decisions into posterior inference (Toussaint and Storkey, 2006;
Rawlik, 2013). In informal terms, we ask: "Assuming the goal has been
achieved, what decisions must have been made?".

Building on this connection, this thesis develops Bayesian inference meth-
ods (Bernardo and Smith, 1994), with an emphasis on methods based on
random sampling (Doucet et al., 2001), for solving decision problems and re-
lated computational problems. The central theme is to formulate sequential
decision making under uncertainty as a problem of statistical estimation,
where optimal policies or control strategies emerge from maximizing likeli-
hoods or posterior probabilities. This inferential viewpoint is then extended
beyond decision problems to numerical analysis, by showing that solving
a partial differential equation can likewise be interpreted as an inference
problem. Across these settings, the thesis develops algorithms that unify
learning, estimation, and control under a single probabilistic perspective.

1.1 Thesis outline

The thesis is organized as follows. Chapters 2 through 5 provide the nec-
essary background for understanding the contributions in Publications I
to IV. Chapter 6 discusses each publication in detail, and the publications
themselves are appended at the end. The contents of each chapter are as
follows.

Chapter 2 reviews the foundations of statistical inference for discrete-
time sequential models. We introduce the two model classes central to
this thesis—state-space models (SSMs) and Feynman-Kac (FK) models—
and present the general Bayesian filtering and smoothing recursions for
state estimation, together with algorithms for computing Gaussian state
estimates in both linear and nonlinear SSMs.

Chapter 3 develops a unified inference-based formulation of sequential
decision making. We begin with stochastic optimal control for Markov
decision processes (MDPs), then present a general procedure applicable
across a range of decision problems. We also introduce partially observable
MDPs (POMDPs) and sequential Bayesian experimental design.

Chapter 4 turns to flexible, non-Gaussian inference via particle approxi-
mations. We present Monte Carlo methods for approximating FK models,
laying the groundwork for the methodological contributions of the thesis.

Chapter 5 applies the inferential perspective to numerical analysis. It out-
lines Bayesian ODE solvers based on filtering and smoothing, and introduces
temporal-parallelization schemes that enable efficient GPU-accelerated in-
ference.

Chapter 6 summarizes the contributions of the four publications included

16
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in the thesis, relates them to the topics developed in the preceding chapters,
and discusses directions for future research.

17






2. Statistical inference in sequential
models

The goal of statistical inference is to characterize uncertainty about un-
known quantities using observed data. As discussed in the previous chapter,
inference often serves both as a prerequisite for decision making and as a
tool for solving decision problems. Here we provide a concise introduction
to statistical inference from a Bayesian perspective (Bernardo and Smith,
1994), which we adopt throughout the remainder of the thesis.

Let X denote the possible hidden states of the world and Y the set of
observations or data. A decision maker starts with a prior density p(x), which
encodes their initial beliefs about the hidden state as probabilities over
different realizations x € X. The DM also has a likelihood function p(y | x),
a conditional probability density function that describes the probability of
observing y €Y if the hidden state is x. Then, if the DM observes data y,
Bayes’ rule provides the rational way to update their beliefs, yielding a
posterior (Savage, 1954)

p(y|x)px)

plx|y)= ()

The normalizing constant in the denominator, p(y) = f ply | x)px)dx, is
known as the marginal likelihood.

Many quantities of interest in Bayesian statistics take the form of posterior
expectations f f(@)p(x | y)dx for suitable functions f, which among other
things are used to summarize predictions and inform decisions (Berger,
1985). In practice, for many complex models of interest, the marginal likeli-
hood and hence the posterior are not available in closed form. Computing
estimates of the posterior and of posterior expectations is therefore the
central challenge of Bayesian statistics (Martin et al., 2023).

While the posterior p(x | ¥) is the main object of study in Bayesian inference,
two point estimates of the hidden state are often used and relevant for this
thesis. The first of these is a mode of the posterior, x* € argmax , p(x | v),
known as the maximum a posteriori (MAP) estimate. The second, called
a maximum likelihood estimate (MLE, Stigler, 2007), is defined as x* €
argmax , p(y | x). Both the MAP estimate and the MLE are frequently used
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in the setting of parameter inference, where the state of the world x is seen
as a parameter of the likelihood function p(y | x).

In the remainder of this chapter, we focus on sequential (time-indexed)
models, where uncertainty evolves and data arrive over time. We start by re-
viewing the basic concepts of Markov chains and state-space models (SSMs)
in Section 2.1. We then cover exact inference in linear-Gaussian SSMs in
Section 2.2 and discuss Gaussian approximations for state estimates in
nonlinear SSMs in Section 2.3. Finally, in Section 2.4, we introduce a very
general class of sequential models known as Feynman-Kac models.

Notation and conventions. We denote random variables by uppercase let-
ters and their realizations by corresponding lowercase letters, e.g., random
variable X has a realization x. We write X ~ y to mean random variable X
has distribution (or density) p, and we denote the expectation of a func-
tion f by E,[£(X)], with the subscript u omitted when the distribution of
X is clear from the context. We only consider continuous state and ob-
servation spaces, so throughout the thesis we assume X € R% and Y < R%
for dy,dy, € N. For m,n €N, m <n, we denote [m :nl:={m,m+1,...,n} and

Xmn = X, X1, -2, Xn)-

2.1 Markov models

We begin by introducing Markov chains—stochastic processes in which the
current state summarizes all past information for predicting the next.

Definition 2.1 (Markov chain). A sequence of random variables (X;)I, :=
(Xo,X1,...,X7) is called a discrete-time Markov chain if its distribution p

factorizes as
T

plaor) = poxo) | [ peer 12:-0), (2.1)
t=1

where py is an initial distribution and p.(x; | x;—1) are conditional probability
density functions for t € {1,...,T}.

The factorization (2.1) can be equivalently stated as the condition
plxs | x0:4-1) = pelg 1 x4-1), 21, (2.2)

which is known as the Markov property. As evident from (2.2), Markov
chains are memoryless processes, meaning the next state is conditionally
independent of the past given the current state.

2.1.1 State-space models

A related concept to Markov chains is that of state-space models (SSMs),
also known as hidden Markov models (HMMs, Cappé et al., 2005; Sarkka

20



Statistical inference in sequential models

Figure 2.1. Graphical model of an SSM. Latent states X; generate observations Y;.

and Svensson, 2023). SSMs are a class of probabilistic models that is ubiqui-
tous in many fields including statistics, biology, and finance. They are used
to model dynamical phenomena where the underlying state is Markovian,
but the state is hidden and we only have access to noisy observations at
each time step; see Figure 2.1.

Definition 2.2 (State-space model). A state-space model is a bivariate
stochastic process (Xt,Yt)ZLO taking values in (X x Y)T*! with joint density

T T
P, yor) = poxo) | [ peCee 101 [ [ g6(vs 1 20).
t=1 s=0
The process (Xt)fzo is a Markov chain with initial density po and transition
densities {p:};>1, and the observations Yo.r are conditionally independent
given Xo.r, with Y; depending only on X; through the conditional density
function g(y: | x¢).

For brevity, and to unify the presentation with a wider class of models
introduced in Section 2.4, we introduce the notation

t

q¢(x0:5) = p(x0:s | ¥0:t) X po(xo)Hpk(xk ka—1)Hgl(yl lx1), (2.3)
k=1 1=0

for0<t<s<T. For s <t, we can define g;(x¢.s) by integrating out the future
states from the joint distribution:

q¢(x0:5) = /Qt(xo:t)dxs+1:t7 0=<s<t=T.

We also introduce related notation for the marginals, g;(xs) := [ g¢(xo:s)dx0:5-1-
Then the three main inference problems in SSMs concern the following
distributions:

* The filtering distribution, q(x:) = p(x: | yo.t), is the posterior distribu-
tion of the current state x; given observations up to time ¢.

* The marginal smoothing distribution, qr(x;) = p(x; | yo.7), is the poste-
rior distribution of x; conditioned on all observations, past and future.
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Statistical inference in sequential models

* The pathwise smoothing distribution, qr(xo.1) = p(xo.T | yo.7), is the
joint posterior over complete trajectories xy.7 given all observations.

A fourth problem of interest is parameter estimation: when the dynamics
or measurement models depend on unknown parameters 6, we may seek
an MLE 6* € argmax g p(yo.7 | 6), where p(yo.r | 0) is the marginal likelihood.

2.1.2 Filtering and smoothing

The temporal structure of the distributions of interest in SSMs (2.3) enables
efficient recursive computation of the filtering and smoothing distributions.
The equations for computing the filtering distributions recursively are given
by the following theorem.

Theorem 2.3 (Bayesian filtering equations). If the filtering distribution
q:-1(x;—1) at time t -1 is known, then the filtering distribution at time t can
be computed in two steps:

1. Prediction step: Predict the distribution of x; using the dynamic model,
qi-1(x) = /pt(xt [xt-1)qs-1(xs1)das 1. (2.4)

2. Correction step: Modify the predictive distribution to take the current
observation into account,

q () o< qi—1(x) gyt | x1). (2.5)
Proof. For (2.4), note that

qi-1(x) = p(xs | yo:e-1) = /p(xt lx¢-1,50:4-1) P(xs-1 | yoz—1)dxs—1,

and we use the fact that x; is conditionally independent of yg.;—1 given x;_1.
Equation (2.5) is Bayes’ rule. O

This enables computing the filtering distributions in an online fashion,
i.e., as observations arrive and without needing to reprocess all past obser-
vations at each time step.

Once we have the filtering distributions, the pathwise and marginal
smoothing distributions can also be computed recursively. Using the chain
rule of probability, we may write

T-1

gr(xor) = qrer) [ [ arte | xern), (2.6)
t=0

where qr(x; | x441.7) == ples | x¢41.7, yo.7). The terminal filtering distribution
gr(x7) is also the marginal smoothing distribution at time 7. In addition,
the expression (2.6) can be further simplified using the following theorem.
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Theorem 2.4 (Markov property of the backward process). Let (Xt)tho be
the state process of the SSM defined in Definition 2.2. The time-reversed
process conditioned on the observations yo.r, denoted by the conditional
density qr(x; | x;+1.7) appearing in (2.6), forms a Markov chain. Specifically:

qr(xs | xp41.7) = qo(os | X441), tef0,...,T -1}

Proof. Using Bayes’ rule and the conditional independence properties of
the state-space model, we write:
g7t | x¢1:7) = ploe | X175 Yoo)

_ P17, Yo 1o | %25 Y0:) Pt | Yore)
PXt11.7, Yes 1.7 | Yo:1)

_ PGy, yerrr | 20 p(ee | Yout)
P17, Yer 1.7 | Yoir)

o, Yer 1 | Xer 1) a1 | x0) p(xt | Y0:0)
P2, Yer1:T | Xe41) (K41 | Y0:r)

_ Der1(xer1 1 x4) ploes | ¥0:2)
Per1 | Yo:r)

= plos | 411, Y0:) = q(xs | X41).
O

The following theorem describes how to compute q(x; | x;+1) recursively
backwards using quantities computed in the filtering pass (Theorem 2.3).

Theorem 2.5 (Bayesian smoothing equations). The smoothed backward
transition kernel q(x; | x;+1) is given by
Per1(xa1 | x¢)

qe(xs | xp41) = qilxg) ————. (2.7)
q¢(x41)

Then, given the marginal smoothing distribution qr(x;+1) at time t+1, the
distribution q(x;) can be computed as

qr(x) = /qt(xt [c2+1) qr(oese1)deess. (2.8)

Proof. See Sarkka and Svensson (2023, Thm. 12.1). O

For general SSMs, neither the Bayesian filtering nor smoothing equations
may be available in closed form, and we have to resort to approximations for
each of those steps. Nevertheless, before considering such approximations,
we briefly discuss the special case when the dynamic and measurement
models are affine and Gaussian, which admits closed-form computation of
the filtering and smoothing equations.
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2.2 Exact inference in linear-Gaussian SSMs

Let A (a;b,C) denote the density of a Gaussian distribution with mean b
and covariance C evaluated at a point a. A linear-Gaussian SSM (LGSSM)
is a state-space model in which the dynamic and measurement models are
affine and Gaussian, with Gaussian initial condition:

polxg) = A (x9;m0,Po),
Do | xp-1) = N (w3 A5126-1+bs1,Q¢-1),
8t(ye 1 x¢) = N (y;Cexy +dy, Ry).

Here, (mg,Py) are the initial mean and covariance, (A;_1,b;-1,Q:-1) are the
transition matrix, transition offset, and transition covariance respectively,
and (C;,d;,R;) are the observation matrix, observation offset and observa-
tion covariance respectively. In this case, the equations in Theorems 2.3
and 2.5 can be solved exactly, and also yield Gaussian distributions. We
detail this computation next.

2.2.1 Kalman filter

The solution to the Bayesian filtering equations for LGSSMs is known as
the Kalman filter (Kalmén, 1960). Assume we have already computed
qi-1(x4—1) = A (x4—1;my—1,P;—1). The Kalman filter provides closed-form solu-
tions for the prediction step (2.4):

qs-1(x) = N (xg;my Py, (2.9)
my=Arimy1+bi1, Py =A; 1P 1Al +Qp,
and the update step (2.5):
qi(x) = N (xg;my, Py), (2.10)
mi=m; +Kw;,  P;=P; —-K;S;K/,
ve=y,-Cim; -di,  S;=C,P;C{+R;, K;=P;C/S;".

The Kalman filter also provides the marginal likelihood increments p(y; |
yO:t—l)'
e 1 ¥0:6-1) = A (y5;Cemy +d,Sy).

These formulas follow from standard properties of Gaussian distributions
and a derivation can be found in Sarkka and Svensson (2023, Theorem 6.6).

2.2.2 Pathwise and marginal smoothers

We now describe how to compute the pathwise and marginal smoothing
distribution for LGSSMs. The backward transition kernel q(x; | x;+1) in (2.7)
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has the form

(x| xp41) = N (x;Gexcpir + fr, Hy),
G =PA/ P41,  fi=m;~Gimj,,, H;=P,~GP;,,G/,

where (m¢,P;) is the filtering mean and covariance at time ¢ (2.10) and
(mg, ,P;,1) are the predictive mean and covariance at time ¢ +1 (2.9). Fur-
thermore, if we know that qr(xs11) = A (x¢41;mi, 1, P}, 1), the marginalization
in (2.8) can be performed in closed form to obtain the distribution g7(x;):

qT(xt)Ze/V(Xt;m?,P?),
mi=m¢+Gy [m§+1_mt_+1]’ P} :Pt+Gt[P?+1_Pt_+1]G:'

This procedure to obtain the marginal smoothing distributions in LGSSMs
is known as the Rauch-Tung-Striebel (RTS) smoother (Rauch et al., 1965),
or sometimes simply the Kalman smoother.

2.3 Gaussian-approximated filters and smoothers

In many practical cases of interest, one or both of the dynamic and obser-
vation models may be nonlinear. For such nonlinear SSMs, the Bayesian
filtering and smoothing equations may not admit closed-form solutions, and
we have to resort to approximations. We develop one such class of approxi-
mations in this section, that of approximating distributions of interest as
Gaussians. We restrict ourselves to the case where the dynamic and mea-
surement models have Gaussian noise, though the methods themselves are
applicable for even more general settings (see, e.g., Sarkka and Svensson,
2023, Ch. 10).
Suppose the dynamic and observation models are

Pe(xg | xp-1) = A (s f24-1),@-1),

8t(ye 1) = N (y;h(x2), Ry),

(2.11)

where f: X — X and h: X —Y are general functions, and @;-; and R; are
the transition and observation covariances respectively. f and A may also
depend on the time step ¢, but we omit this from the notation for simplicity.
The algorithms developed in Section 2.2 suggest a straightforward way to
approximate the filtering and smoothing distributions with Gaussians:

1. Form affine approximations to f and A to obtain a linear-Gaussian
approximation to (2.11).

2. Use the Kalman filter and RTS smoother to obtain Gaussian approxi-
mations to q:(x;) and q7(xs).
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There are different ways to form affine approximations to functions, and
here we focus on one of those methods—that of using a first-order Taylor
series expansion. Assume f and & are differentiable, and let F, and H,
denote the Jacobian matrices of f and A respectively. Then, at time step
t, we can linearize the dynamic model around the previous (approximate)
filtered mean m;_1:

Pelos | xi—1) = N (x5 A 12521+ b4-1,Q1-1), (2.12)
A1 =Fy(ms_q), bi—1=f(my—1)—Fy(mi_1)ms_;1.

Performing the Kalman prediction step in (2.9) with this approximate
affine model yields an approximate predictive distribution p;(x; | yo.t-1) =
N (xg;my,Py). Similarly, the measurement model is linearized around m; :

8t(yi 1 x) = N (ys;Cexy +dy, Ry), (2.13)
Ci=H.(my), di=h(m;)-—Hy(m;)m,

which is used to perform the Kalman update step (2.10). This algorithm
is known as the extended Kalman filter (EKF, Jazwinski, 1970). Since it
is easy to compute gradients in modern programming languages using
automatic differentiation libraries (Griewank and Walther, 2008; Elliott,
2018; Bradbury et al., 2018), if the dynamic and measurement models are
differentiable, then the EKF is perhaps the simplest Gaussian-approximated
filter to implement.

The same affine approximation (2.12) to the dynamic model can be used
to perform RTS smoothing and obtain Gaussian approximations to gr(x;),
which is known as the extended RTS smoother (Cox, 1964). In this case,
the dynamic model is linearized around the filtered mean m;.

2.3.1 The iterated extended Kalman smoother

In the extended Kalman filter and RTS smoother, the linearizations were
done locally, meaning the dynamic and measurement models were linearized
around our current best approximation of the filtered (or smoothed) state.
However, once we have performed a smoothing pass, we have improved
our knowledge about the true states xp.7, and can linearize around them
and rerun the smoother to obtain a refined estimate. This is the basic
idea behind the iterated extended Kalman smoother (IEKS, Bell, 1994),
which can be seen as a Gauss-Newton optimization algorithm (Nocedal and
Wright, 2006, Ch. 10) to find the MAP estimate.

Let L(x) = Zgzl r»(x)? be a nonlinear least-squares objective with residuals
rp:X—Rfor p e[1:N]. The Gauss-Newton method is an iterative algorithm
to find argmin , L(x), which approximates L(x) with a linear least-squares
objective at each iteration and solves it analytically to obtain the next iterate.
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At each iteration i, the residuals are approximated as affine functions using
a first-order Taylor series approximation around the current iterate x#11.
The problem of finding the MAP estimate of an SSM can be written as

xpip? = argmax q7(xo.r) = argmin —log p(xo.7 | yo.7),

Xo.T Xo:T

which can be interpreted as minimizing a loss function L(xo.7) := —log p(xo.7 |
yo.7). Suppose we have a Gaussian initial condition X ~ A (m¢,Py), and a
nonlinear-Gaussian SSM as specified in (2.11). Then the loss is

L(xo.7) = —log p(xo.7 | y0.7) (2.14)

1
= g(xo —mo) Py (xo —mo)

T
1
*5 Z(xk - f(xkfl))TQ/ﬁl (xp — flxp-1))
=1
T
¥ % Z (y1 = h(xp) "R (y1 — h(x))) + constant terms.

l

Il
(=}

The above expression is a sum of weighted squared residual terms, and we
can find a local minimum of L(xg.7) using the Gauss-Newton algorithm.

At iteration i, we linearize the loss in (2.14) using a first-order Taylor
expansion for the dynamic and measurement models around the current
guess xg:}n (see (2.12) and (2.13)):

Pilxs | xp-1) = N (x5A-106-1 + b1, Q¢-1),
8t(ye | x1) = N (y1;Crxy + dy, Ry),

where - - - -

A1 =Fe(n ), bea=f(05) - Fe(a5) 650,

ComHL (), dy=h() B () 2.

Then, since the mean and mode of a Gaussian distribution are the same, the
MAP estimate of the linearized model is the mean trajectory mg. obtained
by running the RTS smoother (Section 2.2.2), so we set xg:]T = mf):T. The
initial guess xg?%q is typically obtained by running a non-iterated extended
RTS smoother and using the mean trajectory.

2.4 Feynman-Kac models

We conclude this chapter by introducing a class of sequential models known
as Feynman-Kac (FK) models (Del Moral, 2004; Chopin and Papaspiliopou-
los, 2020). As we will see, Feynman-Kac models provide a flexible formula-
tion that encompasses the filtering and smoothing distributions of SSMs
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as special cases. This abstraction is required for modeling some of the
sequential decision problems we consider in Chapter 3.

Consider a sequence of random variables (X;)T, taking values in a space
X with a joint density

T
My (xo.7) =Mo(xo) | [ Matae | x0:-1),

=1
where M is a prior distribution and M; are conditional probability density
functions for ¢ € [1: T]. Note that unlike with SSMs, we do not assume
that the sequence (X;)~, forms a Markov chain. Given so-called potential
functions Gy : X — R, and Gy : X+l . R, for t € [1:T], the sequence of
distributions defined by

t

1
Q¢(xo:t) = EMO(xO)GO(xO)HMs(xs [ x0:5-1)Gs(xo:s), t€[0:T1, (2.15)
¢ s=1

is called a Feynman-Kac model on X7*1. The normalizing constant L, is

L;=Eu,

t
GO(XO)HGS(XO:S)] :
s=1

and is known as the partition function or the marginal likelihood.

Example 2.6. Consider the state-space model defined in (2.3). For a
fixed sequence of observations yg.;, we can trivially associate q(xo.;)
with a Feynman-Kac model (2.15) by identifying

Mo(xo) = po(xo), Golxo) = golyo | xo),
Mi(xs | x0:4-1) = peloes | x4-1), Ge(xo4) = 8¢(ys 1 %4), Lz = p(yo:).

Furthermore, the filtering, marginal smoothing and pathwise smoothing
distributions are respectively

Qi(xe) = pls | yor), Qr(xy) = plxe | yor), Qr(xo.7) = p(xo.7 | yo.1).

& )

By analogy with SSMs, it is straightforward to write recursive equations
for the sequence of path-space distributions (@t)fzo. Starting from Q; for
some ¢, we can compute the one-step predictive distribution

Qe(x0:4+1) = Myy1(xs41 | 20:6) Qe (x0:¢),
and then reweight it with the potential function to obtain Qg,1:
Qs+1(x0:4+1) ¢ Gey1(x0:441) Qi (x0:4+1).

In Chapter 4, we will introduce methods that make use of these recursive
equations to approximate integrals of the form Eg,[f(Xo.7)] for suitable
functions f.
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3. Sequential Decision Making as
Inference

In Chapter 1, we alluded to the various connections between decision
problems and statistical inference, and in particular how solving a decision
problem can be cast as that of inferring optimal decisions. Our goal in
this chapter is to formalize this connection, and to specify what we mean
in saying "infer optimal decisions". In doing so, we will develop a unified
inference and learning framework for sequential decision making under
uncertainty, which underpins the contributions of Publications I, II, and IV,
as well as the unpublished manuscript Abdulsamad et al. (2023).

Our formulation builds upon the control-as-inference paradigm (Toussaint,
2009; Rawlik et al., 2012), while generalizing its scope to encompass a
broader class of sequential decision problems, including optimal control,
partially observable control, and Bayesian experimental design. The key
insight underlying this chapter is that a large variety of sequential decision
problems can be expressed as probabilistic inference in suitably defined
generative models (Dayan and Hinton, 1997; Kueck et al., 2009; Levine,
2018). This view allows one to treat the selection of optimal controls and
the design of informative experiments as instances of a general inference
problem: that of inferring the trajectories that are most likely to achieve a
desired outcome. By framing decision making as inference, we can draw
from the extensive algorithmic toolkit of Bayesian statistics and probabilistic
machine learning to solve complex, nonlinear, and non-Gaussian problems.

The chapter is structured as follows. We begin in Section 3.1 with the clas-
sical setting of optimal control in Markov decision processes (MDPs), then
present the general inference formulation in Section 3.2. Section 3.3 applies
this framework to partially observable MDPs, and Section 3.4 demonstrates
its application to Bayesian experimental design.

3.1 Stochastic optimal control of Markov decision processes

We consider the problem of a decision maker, or agent, acting in an external
environment. The agent’s goal is to select a sequence of decisions or actions
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(ApL, for T €N to maximize some expected reward. Let S < R® be the state
space representing possible states of the environment and A € R? be the set
of possible actions that can be chosen by the agent. The environment starts
in an initial state So ~ po. If the agent takes an action a; when the state is s;,
the environment transitions into a new state s;+1 according to a transition
density fi(s¢+1 | s¢,as), and the agent receives an instantaneous reward
ri(ss,a;) € R. The terminal reward rr is usually defined to only depend on
the state. The tuple (S,A, po,(f) g, (r)L,) defines a discrete-time, finite-
horizon Markov decision process (MDP, Bellman, 1957a; Puterman, 2014).

At each decision time ¢, the agent chooses an action according to a time-
dependent stochastic policy n;, which specifies a conditional distribution
over actions given the current state: m;(a; | s;). This includes deterministic
policies as a special case, where 7;(- | s;) = 6 4,5)(*) is a Dirac delta function
and a; = g4(s;) for some function g;. Let II denote the class of admissible
policies considered in a given problem. Having the action depend on the
current state is known as feedback (or closed-loop) control; in contrast,
an open-loop strategy would pre-commit to a sequence (ao,...,ar) without
conditioning on states.

Given this setup, the stochastic optimal control (SOC) problem is to find
a policy that maximizes the expected cumulative reward:

T-1
max #(n):=max Ep, ;rt(st,AmrT(ST) : (3.1)

where the expectation is under the joint distribution of states and actions,

T
Pa(sor,a0) = po(so)molao | s0) | [ felse | s1-1,ar-D)milar | sp). (3.2)
t=1
In addition to enabling adaptive decision making, learning a policy offers
the benefit of amortization: once learned, it can be deployed for real-time
control with negligible computation at each decision point (Amos, 2023).
Throughout this chapter, we assume that the transition densities f; and
the reward functions r; are known. Under this assumption, (3.1) is known
alternatively as the planning or policy-optimization problem in the SOC
literature. By contrast, reinforcement learning (RL) typically treats (f,r;)
as unknown and aims to optimize (3.1) from interaction data rather than
from a specified model (see, e.g., Sutton and Barto, 2018). We focus on the
SOC formulation, which isolates the algorithmic and structural aspects of
optimal control without the additional complications of model learning.

3.1.1 The dynamic programming solution

The traditional approach to finding the optimal policy is to use dynamic
programming (DP) algorithms (Bellman, 1957b; Bertsekas, 2012). Observe
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that the objective #(r) in (3.1) can be recursively broken down over time
steps to yield value functions

Vi(st) =rp(st),
(3.3)
Vi(s)):=E,, rt<st,At)+Vgl(sz+1>\st:st}, te[0:T—1].

Here Ep,[- | S; = s;] denotes conditional expectation given S; = s;. The value
function V/*(s;) is the expected cumulative reward attained under the policy
7 when starting from a state s;, and we have _#(r) = E,, [V (So)]. An optimal
policy can be found by recursively solving the following sub-problems for
tel0:T-11:

Vi en=max (€, [ri(St 4D+ Visi(S )| S, =5 ], (3.4)

starting from VT*(sT) = rp(st). Equation (3.4) is known as the Bellman
optimality equation for optimal value functions V;*. Classical DP algorithms
like policy and value iteration attempt to solve (3.4) directly, which is only
tractable in MDPs with finite state-action spaces, and in continuous MDPs
with linear-Gaussian transition functions and quadratic reward functions.
For more general settings with arbitrary transition and reward functions,
we require approximate solution methods (Sutton and Barto, 2018, Ch. 4).

3.1.2 The inference problem

Having outlined DP—and its limitations in high-dimensional or continuous
settings—we now adopt a complementary viewpoint: casting SOC as a
problem of probabilistic inference. The idea that (3.1) can be reframed as
inference has a long history, dating back at least to Sabes and Jordan (1995)
and Dayan and Hinton (1997) in single-decision settings, and extended to
sequential problems in Attias (2003); Kappen (2005); Toussaint and Storkey
(2006); Todorov (2008); Hoffman et al. (2009); Kappen et al. (2012); Rawlik
et al. (2012); Levine (2018), among others. Here we follow the formulation
of Toussaint (2009) and refer to Rawlik (2013) for a comprehensive overview
of related literature and alternatives.

Let s := sup, 4, 7+(st,a¢) be the maximum reward at time ¢ (with r7(s,ar) :=
rp(s7)), with the assumption that 7; < co for all £ € [0: T']. We define opti-
mality variables (0;)L_, which take values in {0,1} and have the conditional
density

pOr=1]ss,a0) =exp{nris;,a)—ns}, 1>0. (3.5)

That is, high-reward pairs (s;,a;) are exponentially more likely to be labeled
"optimal". Since high-reward trajectories are the only ones of interest, we
will henceforth use 0, as shorthand for the event {0; = 1}. The constant 7
plays the role of inverse temperature in the Boltzmann distribution: larger
1 concentrates probability mass on higher-reward choices.
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Conditioning state-action trajectories (so.1,a0.7) on optimality Op.r yields
the posterior

T

qx(so.7,a0.7 | Op.1) X pn(SO:T,CtO:T)HP(@’t |s¢,ae)
=0

T
o pr(so.r,a0.7) - €xXp {lert(staat)} .

t=0

This is a state-space model (Section 2.1.1) with (s¢,a;) playing the role of
the latent "state" and @; playing that of the observation. In contrast to the
generative model p, in (3.2), the posterior q,(- | Gy.7) exponentially favors
high-return trajectories. Furthermore, the log marginal likelihood

Lp(n) :=1og px(Go.r) =log Ep, [p(Go.r | So.r, Ao:1)] (3.6)

is a measure of the utility of the policy x, since it is the log probability of
generating optimal trajectories with n. It is therefore a natural optimization
target in the control-as-inference framework, and we seek a maximum
likelihood estimate n* € argmax ,cylog p»(@o.1).

The MLE differs from the maximizer of the original objective #(x) in (3.1),
since

log p(@o.1) =logk,, [p(@O:T | SO:T’AO:T)]

=Ep, [logp(ﬁo:T | So;T,AO:T)] (Jensen’s inequality)

T

=nkp, [Zrt(styAt)

t=0

+ constant,

where the constant does not depend on n. However, multiplying log p ,(@o.1)
by % shows that, up to the additive constant —ZtTZO 7; independent of x,
maximizing log p,(0y.7) is equivalent to maximizing

=: _gp(m).

T

1 1

EIngﬂ(@O:T)Z Elog Ep, [eXP{n E rt(St,At)}
t=0

This is a soft maximum (log-sum-exp) of the cumulative reward: it interpo-
lates between the average reward _¢ (when n — 0) and the maximum reward
achievable under the policy (when 1 — c0). It is hence a strict generalization
of the original SOC objective #(x). For large n, maximizing _#, favors poli-
cies that occasionally achieve exceptional returns over those that optimize
average performance. The objective _#, is known as a risk-sensitive SOC
objective (Marcus et al., 1997), and such log-sum-exp versions of standard
objectives are used beyond SOC (see, e.g., Li et al., 2023).
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Alternative objectives. Our focus in this thesis will be on maximizing the
log marginal likelihood (3.6), but we wish to highlight that this is far from
the only choice in the control-as-inference literature. Here we present one
popular alternative. Let 7 be a prior policy and consider the optimality-
conditioned posterior

T
pa(so:,a0.7 | Oo.r) o palsor,aon) | [ p(@r151,a0).
£=0
For a different candidate policy 7, define the trajectory distribution

T
Pa(sor,a01) = po(so))molao | 50) | [ fuls: | si-1,ar-Dmilar | s0),
t=1
with which we wish to approximate pz(- | Gg.7). Variational inference (Wain-
wright and Jordan, 2008; Blei et al., 2017) prescribes minimizing the
Kullback-Leibler (KL) divergence (Kullback and Leibler, 1951) of p, with
respect to the conditioned process pz(- | Op.7):

pa(So.7,A0.T) }
pa(So.7,A0.7 | Oo.1)

DxuLlpx | pa(- | Oo.7)] = [Epn |:10g

T
e[y 4,159
=Ep, L:o { nr{(Ss,Ay)+log A, ISt)}] + const.

The dynamics and initial-state factors cancel in the ratio, leaving only
reward and policy terms. If the prior policy 7 is the uniform distribution
over the action space, we can ignore the log7 term and our optimization
problem simplifies to (up to an additive constant)

T
I;leil}’ll DxLlpx | p2(- 1 Co.7)] = 17?611%1 Ep, Lz_; {—nrt(St,At)+logﬂ(At ISt)}] . (3.7)

The objective (3.7) is known as the maximum-entropy RL objective (Ziebart
et al., 2008; Rawlik et al., 2012; Levine, 2018), and underlies many modern
deep RL algorithms (see, e.g., Haarnoja et al., 2018).

3.1.3 Policy optimization

In Section 3.1.2, we formulated the problem of finding the optimal policy
for an MDP as a maximum likelihood estimation problem:

n* € argmax log p(Go.7),
nmell

where p,(0p.r) is given in (3.6). We now describe how to find such an
optimal policy n* using a gradient-based optimization procedure.

In practice, we work with a parametric family of policies I1:={ry : ¢ € O},
which reduces the problem to finding ¢* € argmax , log py(Go.1), where p :=
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Px,- For example, the policy may be represented as a neural network, with ¢
denoting its weights and biases. Now let Q¢(so.T,a0.7) = qn,(s0.1,a0.17 | Oo.1)
be the optimality-conditioned posterior over trajectories under 7. Then
the gradient of the log marginal likelihood, also known as the score, can be
obtained with Fisher’s identity (Cappé et al., 2005):

S(¢) = Vylog pp(@o.1) = Eg, [V log py(So.r, Ao:r, Oo.1)]
(3.8)

>

t=0

T
=Eq, [Z Vglogmy(As|Sy)

where the second equality follows because the dynamics and optimality
likelihood (3.5) do not depend on ¢.

The expectation in (3.8) is generally intractable and must be approximated.
Assuming for now that we know how to construct a stochastic estimator
S(¢p) = Vglog pp(Oo.7), we apply stochastic gradient ascent (Robbins and
Monro, 1951) to obtain a local maximizer. The high-level procedure is
summarized in Algorithm 1.

Algorithm 1: Maximum likelihood estimation with stochastic gradient
ascent.
input :Initial parameters ¢y, step size sequence (;)%2;.
output : Local optimum ¢* of the marginal likelihood.
1k—1
2 while not converged do
3 Compute an estimate S‘((pk‘l) of the score (3.8).
¢k - (Pk_l +ﬁk S«((Pk—l)
k—k+1

[, I

How to approximate the score—and hence implement the update—will
be our focus in Chapter 4. In the remainder of this chapter, we general-
ize the learning and inference framework presented for MDPs, and then
demonstrate its application to other sequential decision problems.

3.2 An inference and learning framework for sequential decision
making

The policy learning framework we presented in Section 3.1 can be extended
beyond MDPs to other sequential decision problems, yielding algorithms
that avoid simplifying assumptions. In this section, we present a general
formulation of this approach before specializing it to the specific problems
considered in Publications I and II. This general treatment will help clarify
the common structure underlying both applications.

Consider a sequence of random variables (X;), taking values in a space
X, with joint density py(xo.7) parameterized by ¢ € . We decompose this
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density as
T

Po(o.) = ppx0) | [ poes I x0:-1).
=1
Now, given reward functions R; : X{*1 — R for ¢ € [0 : T'], we wish to solve the
optimization problem

T
ZRt(XO:t)] : (3.9)

max [E
o t=0
and find parameters ¢* which achieve this maximum.
Instead of directly optimizing (3.9), we will consider a more general
formulation that offers additional flexibility. Specifically, we optimize the

exponentially tilted (Li et al., 2023) objective

T
max log[qu, lexp{nZRt(XOt)H n>0, (3.10)

t=0

which recovers the standard objective (3.9) in the limit as n — 0. The key
insight is that the argument of the logarithm in (3.10) can be recognized as
the normalizing constant Lr(¢) of the distribution

T

q¢(0.r) = ——— pylxo; T>Hexp{nRt<x0t>} (3.11)

L ((l))
Notice that this is an instance of a Feynman-Kac model, which we intro-
duced in Section 2.4. Consequently, the optimization problem (3.10) is
equivalent to maximizing the marginal likelihood in the graphical model
defined by (3.11). The gradient of the log normalizing constant can be
computed using Fisher’s identity (Cappé et al., 2005):

Vg logLr(d) =Eq, [V(p 10gp¢(X0:T)] ,

and optimal parameters can be obtained using stochastic gradient ascent

as in Algorithm 1.

s B\
Example 3.1 (Control-as-inference for MDPs). The MDP formulation
in Section 3.1 is recovered by defining

Xt = (St,At),
Ri(Xo:t) = Ri(Xy) =11(St,Ay),
Po(xs | X0:4-1) = pp(xs | x4-1) = f(ss | s4-1,as-1) Wp(@s | 5¢).

This demonstrates that the control-as-inference formulation for MDPs
is a special case of the general framework presented here.

(.

This formulation yields the following general procedure for policy opti-
mization in sequential decision problems:
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1. Express the decision-making problem as maximum likelihood estima-
tion in a Feynman-Kac model of the form (3.11).

2. Develop efficient methods to sample from g, (and thereby estimate
the score) using sequential Monte Carlo (Chapter 4).

The power of this general procedure lies in its ability to handle a much
broader range of sequential decision problems beyond fully observable
MDPs. In the following sections, we demonstrate this flexibility by applying
the framework to two important problem classes: partially observable
MDPs, where the agent must act under uncertainty about the true state,
and sequential experimental design, where the goal is to efficiently gather
information about hidden parameters.

3.3 Partially observable Markov decision processes

We now apply the general framework from Section 3.2 to the problem of
optimal control of partially observable Markov decision processes (POMDPs,
Astrém, 1965; Aoki, 1967; Sondik, 1971), which is the topic of Publication II.

3.3.1 Background

A POMDP extends the Markov decision process framework to settings where
the agent cannot directly observe the true state of the system. Instead
of observing the state S;, at each time step ¢ the agent receives a noisy
observation Z; € Z governed by the conditional density

(Zi1Ss =54~ gi(- | s¢).

The tuple (S,A,Z, po, (f) ()L, (r)L) then defines a POMDP, where we
have used the same notation for the underlying MDP from Section 3.1.
The example of the Apollo lunar module we considered in Chapter 1 is a
prototypical example of a POMDP, as the true position and orientation of
the spacecraft must be inferred from noisy sensor measurements and used
to decide the action (the thrust from the engine).

Since different states may produce identical observations, a single ob-
servation does not uniquely identify the current state. However, the full
sequence of past observations and actions can provide additional informa-
tion and constrain the set of plausible states. Optimal decision making must
therefore account for the full history of past actions and observations, lead-
ing to policies of the form m;(a; | zo.4,@0::-1). An equivalent way to incorporate
all past information is to maintain a belief state—a probability distribution
over the hidden state conditioned on the history, p(s; | z0.t,@0::~1)—and make
decisions based on this belief. With the above specification for the policy,
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the generative process for a POMDP can be written as

T T
Pa(sorsa0r,z0r) = po(so) [ [ fulsi 1 si-1,a- 0 [ [ mlar | 20,0041 (21 1 50).
1=1 t=0

The absence of full observability makes optimal control of POMDPs sub-
stantially more challenging than of MDPs. A POMDP can be viewed as an
MDP defined over the belief state (Littman et al., 1995), which means the
value function now depends on the entire observation-action history:

VtH(ZO:t,GO:t—l) = [Ep,, [rt(ShAt) + thil(ZO:Hl,AO:t) Zo:t = 20:,

Agy1= aO:t—l} . (3.12)

The expectation is taken over the joint distribution p, conditioned on the
history (z¢.t,a0:+~1). The hidden state S; will then be distributed according
to the belief state p(s; | z0.4,a0:+—1), and the predictive distribution of the
next observation Z;,; given the history is

P(z¢+1 1 20:4,@0:4) = /gt+1(2t+1 Istr1) fre1(ser1 | se,a0) p(st | 20:,@0:0-1) dSpp41.

For finite-horizon POMDPs with discrete state, observation, and action
spaces, the value function (3.12) is piecewise linear and convex in the belief
space (Sondik, 1971; Smallwood and Sondik, 1973). While this structure
allows value iteration to compute the optimal solution in principle, the
number of linear segments grows exponentially with both the number of
states and the time horizon. Except in very small problems, exact computa-
tion quickly becomes infeasible, motivating numerous approximate solution
methods (Littman et al., 1995; Kaelbling et al., 1998; Cassandra et al., 1997;
Pineau et al., 2003).

On the other hand, for continuous POMDPs, where state, action, and obser-
vation spaces are all continuous, the belief state is infinite-dimensional—a
probability measure on the continuous state space S. Consequently, most
state-of-the-art methods rely on approximations, some of which impact the
agent’s ability to act optimally. For example, many modern deep reinforce-
ment learning algorithms for POMDPs (see, e.g., Hafner et al., 2019; Lee
et al., 2020; Zhang et al., 2023) employ the QMDP approximation from
Littman et al. (1995), which replaces (3.12) with

th(ZO:h a0:t-1) = [Ep(-lzo:t,a();,,l) [Vtﬂ(st)] ,

where V/(S;) is the value function of the underlying fully observable MDP
from (3.3). This approximation is equivalent to assuming that all state
uncertainty vanishes after the current time step, since we no longer reason
about future observations. This assumption is suboptimal because it ignores
the information-gathering role of actions. Beyond influencing immediate
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rewards, actions can also improve state estimation by directing the agent
towards regions of the state space that yield more informative observa-
tions, thereby enabling better future decisions. In systems exhibiting this
dual effect—where actions serve both control and information-gathering
purposes—such approximations cannot yield optimal policies (Bar-Shalom
and Tse, 1974).

3.3.2 The inference formulation

The previous section introduced the problem of optimal control in POMDPs
and highlighted the inherent difficulties in continuous settings. We noted
that, due to this complexity, most existing algorithms rely on approximations
to estimate the value function, often compromising the quality of the learned
policy. In this section, we present a novel approach: formulating policy
optimization in POMDPs as a maximum likelihood estimation problem,
following the general framework of Section 3.2. When combined with the
particle methods for score approximation introduced in Chapter 4, this
approach yields a policy optimization algorithm that effectively plans in the
belief space without requiring simplifying assumptions.

As with MDPs, our objective is to find a policy n that maximizes the
expected cumulative reward,

T

F(m)=E,, [Zrt(st,At)

t=0

However, since the states are not directly observed, it is more natural to
work with an equivalent formulation expressed in terms of observations
and actions, as given in Proposition 3.2.

Proposition 3.2 (POMDP objective). The finite-horizon stochastic optimal
control objective for POMDPs can be equivalently written as

T
> RuZos,Avs) |, (3.13)

t=0

F(m)=E,,

where Ry(z0.t,00:t) = Ep(|z9.4,a0._1) [T1(St,a4)] is the stage reward at time t as-
sociated with the belief state p(s; | zo.t,a0:4—1) and action a;. The expectation
is taken with respect to

T
pa(zo.r,a0:m) = Hp(zt | z0:t-1,a0:-D 7@t | 204, @0:4-1),  20:-1 =@0:-1 = D.
t=0
Proof. See Abdulsamad et al. (2025, App. A.1). O

The formulation (3.13) makes explicit the adaptive nature of the decision-
making process: at each step ¢, the agent observes z;, updates its belief
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to p(s¢ | zo:1,a0:2-1), Selects an action a;, and receives an expected reward
Ry(z0:4,0:)-

By defining X; :=(Z;,A;), we can recognize that this problem has precisely
the structure of the general objective in (3.9). Following the control-as-
inference approach, we introduce the optimality-conditioned target distri-
bution

T
qz(20.7,a0:1) X pn(ZO:T,ao:T)HeXP{ﬂRt(ZO:t,ao:t)}, n>0. (3.14)
=0
If we can generate samples from ¢ , then we can approximate the score
and apply the maximum likelihood estimation procedure from Algorithm 1
to optimize the policy. However, sampling from g, is non-trivial: evalu-
ating the reward R/(zo.,0.:) requires marginalizing over the belief state
p(s¢ | z0:4,a0:4-1), while the trajectory distribution p,(z¢.7,a0.7) couples ob-
servations through these evolving belief states. Simulating an MDP over
beliefs cannot typically be done analytically, which makes exact sampling
infeasible and requires specialized approximate inference techniques.

Remark 3.3. The key algorithmic challenge is sampling from q, the dis-
tribution over observation-action trajectories conditioned on optimality. In
Publication II, we develop a nested sequential Monte Carlo (SMC) algo-
rithm for this purpose. The outer SMC loop simulates trajectories (zy.,,ag.,)
forward in time, while an inner SMC algorithm maintains an empirical ap-
proximation of the belief state p(s; | z.;,a5.,_1) for each observation-action
trajectory.

3.4 Bayesian experimental design

As a final example of the generality of the learning framework developed
in Section 3.2, we now consider a different type of decision problem: that
of optimally designing experiments (Fisher, 1935; Huan et al., 2024). We
adopt a Bayesian decision-theoretic perspective which leads to a framework
known as Bayesian experimental design (BED, Lindley, 1956; Bernardo and
Smith, 1994), which forms the basis of Publication I.

3.4.1 Background

Consider an experimenter who, upon choosing an action (or design) Z=¢,
observes an outcome Y =y with probability fg(y | ¢), a family indexed by an
unknown (random) parameter ©. The experimenter has a preference for
certain experimental outcomes over others, captured in a utility function
u(¢,y,0) which quantifies how useful they find the experiment (¢, y) if the
true parameter is ® = 6. The experimenter’s goal is to choose a design to
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execute, and the rational choice is to apply that design which maximizes
the expected utility (von Neumann and Morgenstern, 1944)

U@Q) =y p[u,Y,0)], (3.15)

where the expectation is taken under p(y,0 | &) = fo(y | &) p(0), and p(0) is
a prior distribution encoding the experimenter’s beliefs about © prior to
performing the experiment.

Little more can be said without specifying a utility function, which depends
on the problem. Nevertheless, the experimenter is often either unclear on
how to define an appropriate utility function, or is primarily interested in
inferring © (or some function of it), as illustrated in the example below.

Example 3.4. A pharmaceutical company wants to determine the
price at which to market a new drug. One key factor influencing this
decision is the optimal dosage ®. The scientists in charge of clinical
trials must decide which dosage levels to test and how to allocate
participants across them—the design E—for a fixed trial size. Their
goal is to estimate O as precisely as possible, leaving it to the executives

to use this information, along with other considerations, to set the price.
. J

Even for this special case of inferring ©, many different utility functions
have been proposed over the years (see, e.g., Chaloner and Verdinelli, 1995).
We will focus on the proposal of Lindley (1956) of using the information
gain in O from the prior to the posterior as the utility function:

u(g,y,0):=logp(0|y,5)—logp(0),

based on Shannon’s definition of information as negative log probabil-
ity (Shannon, 1948). The interpretation is intuitive: the experimenter
prefers experiments (¢,y) which make the true parameter value 6 more
probable under the posterior. Substituting this expression into (3.15) yields
a decision criterion known as the expected information gain (EIG),

U(&) = Ep(io [logp(® Y ,&) ~log p(O)]

=H[B]-HI[B |Y,¢], (3.16)

where the two terms in (3.16) denote the entropy and conditional entropy,
respectively:

H[O]:= - /logp(e)p(ﬂ)dH, HeY,¢] :z—/logp(GIy,é)p(y,BIE)dey.
The EIG is hence the expected reduction in entropy from prior to posterior,

or equivalently, the mutual information (MacKay, 2003) between © and Y
for a fixed design ¢.
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The expected information gain is both conceptually appealing and decision-
theoretically justified (Bernardo, 1979), providing a principled criterion
for experimental design. Unfortunately, optimizing the EIG in practice is
notoriously difficult because it involves nested expectations over unknown
quantities. In particular, the posterior p(@ | ¥,¢) required for computing
the conditional entropy is rarely available in closed form, and even when
it is, the requisite integrals may lack analytical expressions. As a result,
optimizing the EIG typically requires approximations or sampling-based
methods, even for relatively simple models.

3.4.2 Designing sequential experiments

In the previous section, we focused on designing a single experiment. A
more interesting and widely applicable scenario is when we wish to optimize
a sequence of experiments, where the outcomes of previous experiments
are used to select the design for the next. For instance, recall the example
of the psychologist studying temporal discounting from Chapter 1. They
ask a participant a question, update their beliefs based on the response,
then decide on and ask the next question. This process repeats until they
are sufficiently confident about the participant’s true discount rate. We
consider this setting of sequential experiments now.

Let T be the total number of experiments to conduct. At each ¢ €[1:T1, the
experimenter selects a design ¢; and observes an outcome Y;. In the most
general case, the distribution of Y; may depend on all previous observations
Y1.:-1, all previous designs including the current one ¢;.;, and the hidden
parameter ©. We denote this conditional density by fe(y: | y1:+-1,¢1:¢), which
may also vary with ¢.

Extending the definition of the expected information gain to a sequence
of experiments is straightforward. If the full sequence of designs ¢1.7 is
fixed in advance, the expected utility is

U(EI:T) =H[B] -H[® | Yl:T’é-lZT]y

which is the expected reduction in uncertainty in © after all experiments
have been conducted.

In a more flexible setting, the experimenter adapts each new design to the
data observed so far. We formalize this adaptive behavior through a stochas-
tic policy m which specifies a conditional distribution over designs given an
experimental history, m(¢; | y1.¢4-1,¢1:4-1). This enables the experimenter to
choose better designs and, when the policy is learned prior to performing
experiments, confers the usual amortization benefit: experiments can be
run in real time because the experimenter queries the policy rather than
solving a new optimization problem at every time step (Rainforth et al.,
2024).

Under such a policy, the sequence of designs =Z;.7 is random, and the
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expected information gain becomes a function of the policy,
U(r)=HIO]-HIO | Y1.1,E1.7]. (3.17)

The expectation for the conditional entropy is taken under the joint distri-
bution

T

pr(yrr,61:1) = Hﬂ(ft | ¥1:4-1,$1:-1) Pt | ¥1:6-1,61:0), (3.18)
t=1

Pt | y1:6-1,61:4) = /fe(yt [ ¥1:4-1,€1:0) p(dO | y1:-1,E1:2-1),

with the convention yj.0 =¢&1.0 = @.

Most existing works on learning policies for Bayesian experiment de-
sign (e.g., Huan and Marzouk, 2016; Foster et al., 2021; Ivanova et al.,
2021; Blau et al., 2022) optimize tractable approximations or bounds on
the expected information gain (Foster et al., 2019; Rainforth et al., 2024),
which is often intractable to evaluate, as noted above.

3.4.3 The inference formulation

Our goal in this section is to show that, although a different problem,
Bayesian experimental design can be cast in terms similar to the optimal
control of POMDPs (Section 3.3). Consequently, we can use the inference
and learning procedure from Section 3.2 to learn an optimal policy. Define
X; =(5;,Yy), and consider the following alternative expression for the EIG
in (3.17).

Proposition 3.5 (EIG as expected cumulative reward). The expected in-
formation gain for the sequential problem (3.17) can be expressed as

U(r)=E,,

T
ZRqu)] : (3.19)

t=1

where the expectation is under (3.18) and R(x1.;) = a;(x1.) + Bs(x1) is a
stage reward with components a; and B; defined as

as(x1:4) = /IngB(yt lx1:4-1,6¢) p(0 | x1.4)dB,
(3.20)

Be(x1:4) = —log/fg(yt [ %1:4-1,¢2) p(O | x1:4-1)d0.

Proof. See Igbal et al. (2024, App. A). O

The components of the stage reward R; in (3.20) have simple interpre-
tations. Bs(x1.) is the surprisal or informativeness (Shannon, 1948) of the
experiment x; under the current belief p(6 | x1.4—1), while a;(x1.;) represents
the expected log likelihood of the same observation under the updated
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posterior distribution p(0 | x1.;), capturing how well the posterior model
accounts for the new data. In essence, B; quantifies predictive surprise and
a; rewards posterior consistency, together decomposing the incremental
information gain into these two complementary aspects.

Observe that the EIG (3.19) is an expected cumulative reward of the
form (3.9), and hence the learning formulation of Section 3.2 is applicable
directly. Specifically, the normalizing constant of the distribution

T

gn1r) o paler) [ [exp{nRex1.0}, n>0, (3.21)
t=1

where p, is defined in (3.18), is a tilted version of the objective (3.19). From
Section 3.2, we know that if we have a sampler for ¢, we can perform
stochastic gradient ascent to optimize 7.

Similar to the case for POMDPs (Section 3.3.2), sampling from g, in (3.21)
is not straightforward. Computing R; (3.20) requires integrating with re-
spect to the filtering distributions p(0 | x1.;). Moreover, the prior distribution
over experiments under the policy, p, in (3.18), also involves expectations
over the parameter posteriors. Taken together, these requirements preclude
exact sampling from ¢, and necessitate developing approximate sampling
schemes.

Remark 3.6. In Publication I, we introduce a sequential Monte Carlo
method called Inside-Out SMC?2 (I0-SMC?) to sample from g (3.21). IO-
SMC? uses an algorithm known as iterated batch importance sampling (IBIS,
Chopin, 2002) to track the parameter posteriors, which operates inside
another SMC algorithm that simulates experiments (Z1.7,Y1.7). IBIS is
discussed in detail in Section 4.3.2. In Publication IV, we introduce a less
exact but computationally lighter variant of I0-SMC?, the Inside-Out Nested
Particle Filter (IO-NPF).
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4. Particle Approximations in General
Sequential Models

In Chapter 3, we formulated several sequential decision problems as maxi-
mum likelihood estimation in appropriate Feynman-Kac models, and pre-
sented a general gradient-based algorithm in Section 3.2 to find an MLE.
This procedure is contingent on our ability to estimate the score, which is
an expectation of the form [, " [f(Xo.7)] where

T
q(x0:7) P¢(x0:T)HeXP{TIRt(xo:t)}.
=0
The question now is how to compute this expectation, because it is in-
tractable in general.

Chapter 2 introduced various recursive algorithms that form Gaussian ap-
proximations for state-space models. While they are broadly used, they are
insufficient for our present purposes for two key reasons. First, the Gaus-
sian methods we covered assume Markovian state dynamics, an assumption
that no longer holds for many decision problems (Sections 3.3.2 and 3.4.3).
Second, Gaussian approximations are fundamentally limited in their ability
to capture distributions that exhibit multimodality, heavy tails, or other
characteristics that deviate substantially from quadratic log-densities.

To overcome these limitations, this chapter develops a more flexible
class of approximations that represent distributions as finite collections of
weighted sample points. This representation enables us to approximate the
required integral as

N
Eg, [f (KXol = Y W" f(XG),
n=1

where the weights W” € R, and the trajectories X2, € X?*1 for ne[1:N],
with N e N denoting the number of particles.

Notation and conventions. Throughout this chapter, we adopt measure-
theoretic notation to easily represent both continuous distributions and
empirical distributions defined by Dirac measures. For a measure u, we
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write u(dx) to denote the measure of an infinitesimal region around x € X,
emphasizing the variable being sampled or integrated over. The following
expressions for expectations are equivalent:

u(f) = [Ey[f(X)]:/f(x)du(x)=/f(x)y(dx).
X X

When the measure p is absolutely continuous with respect to the Lebesgue
measure, we use the same symbol for its density, so that u(dx) = p(x)dx. This
notation follows that in standard textbooks on sequential Monte Carlo (see,
e.g., Chopin and Papaspiliopoulos, 2020) and simplifies the presentation
considerably.

Now we can formally state the main goal of this chapter: constructing par-
ticle approximations to arbitrary distributions v. A particle approximation
is an empirical measure of the form

N
vWidx) = ZW” Sxn(dx), 4.1)

n=1

where N eN, X1V =(x1 ... XN) are X-valued random variables, and W& =
(W1l,...,Ww")are non-negative random weights satisfying Zflv: ; W" =1almost
surely. Here, §x» is the Dirac measure concentrated at X”.

We will use the term "particle approximation" to refer both to the empirical
measure vV in (4.1) and to its weighted support set {(X*,W™")}_,. These
approximations are useful for two main purposes:

« Sampling: A sample X ~v" can be collected by first sampling an index
A from the categorical distribution over N, with the probability of
sampling n € [1: N] given by W”, and setting X = X4.

» Integration: For suitable functions f, we can approximate the integral
v(f) = / f(x)v(dx)
X

by the weighted sum vN(f) =N w» £(X™).

The rest of this chapter is organized in two parts. First, we study particle
approximations for static distributions, where the goal is to approximate a
fixed target distribution v—covering classical Monte Carlo and its extension,
importance sampling. Second, we consider sequential models, in which
the target distributions are specified as Feynman-Kac models (Section 2.4).
We discuss how we can construct particle approximations for FK models
recursively, yielding the family of methods collectively known as sequential
Monte Carlo.
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4.1 The static setting

We begin with the case of static target distributions, where the goal is to
form particle approximations of a fixed probability measure v. Throughout
the section, we use f : X — R to denote an arbitrary function.

4.1.1 The Monte Carlo method

The classical Monte Carlo method (Metropolis and Ulam, 1949; Roger,
1987) provides the simplest example of a particle approximation. It draws
samples X1V independently from v and defines the empirical measure

N
1
vW(dx) = 5 ;6Xn(dx). (4.2)

The validity of (4.2) as an approximation to v can be justified in different
ways. For any function f such that v(f) < oo, vN(f) is a consistent estimator
of v(f) by Kolmogorov’s strong law of large numbers (see, e.g., Kallenberg,
2021, Theorem 5.23):

N
W) = lZ:;‘(X") — v(f) almost surely as N — co.
N n=1
Moreover, the Monte Carlo estimator is unbiased, E[vYV(f)] = v(f), and its
mean squared error (MSE) is

1
E[(W(H-wh)?] = 5 Vanr ol

where Var,[f(X)] denotes the variance of f. Hence, when Var,[f(X)] < oo,
the MSE decreases at rate G(1/N).

4.1.2 Importance sampling

The Monte Carlo method requires samples from the target distribution v,
which in many practical scenarios may not be readily available. A classic
example is when we want to compute an expectation under a Bayesian

posterior:
p(y | x)p(dx)

p(y)
Computing the marginal likelihood p(y) = [ p(y | x) p(dx) is often intractable,
precluding direct sampling from v.

Suppose we know another distribution g (which we will call the proposal)
that is easy to sample from, such that p(x) > 0 whenever v(x) > 0. Importance
sampling constructs a particle approximation for v using samples from p.
Assume we can evaluate the ratio

pldx|y)=
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in closed form, up to a multiplicative constant. Then, for any appropriate
function f, we have the identity

v (wf)
V)= p (f) - sl
u uw)
and we can form a Monte Carlo estimate of the RHS by sampling from u:
S wEDFEY
o w(X™)

This corresponds to the particle approximation

v(f) =

N
vW(dx) = Z W 6xn(dx), W":=

n=1

Yoo w(X™)

where W” are called importance weights. vV depends on u, but we omit this
dependence from the notation for conciseness. Unlike standard Monte Carlo,
the estimate vM(f) is biased because it is a ratio of unbiased estimators,
but it is still consistent (Owen, 2013, Ch. 9).

4.1.3 The effective sample size

We conclude this section with a short discussion on how to judge the quality
of an importance sampling approximation in practice. The most popular
method among practitioners is to compute what is known as the effective
sample size (ESS, Liu and Chen, 1995; Liu, 1996):

_
i (W")Q.

The ESS is an intuitive measure of the diversity of a particle approximation:
it obtains its maximum value of N when all weights are equal to 1/N and its
minimum value of 1 when exactly one weight is nonzero. A low value for the
ESS indicates that the proposal is poorly suited for the target. For further
insights into measuring and improving the quality of importance sampling
approximations, see Agapiou et al. (2017); Chatterjee and Diaconis (2018).

ESS(W) =

4.2 The sequential setting

We now turn our attention to particle approximations for sequential models,
focusing on the Feynman-Kac (FK) formulation from Section 2.4. As dis-
cussed in Sections 3.3.2 and 3.4.3, we can frame certain sequential decision
problems as maximum likelihood estimation in FK models, sampling from
which is necessary to compute the score. We begin with a direct extension
of importance sampling to time-evolving targets and then introduce more
effective procedures that address its well-known limitations, leading to the
class of sequential Monte Carlo methods.
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4.2.1 Sequential importance sampling
Our goal is to form particle approximations to the FK model Q; from (2.15),

t
1
Qu(dxor) i= 7-Mo(dxo) Golxo) | [ Mitdxs | x05-1) Gilwo),  £€10:T1,
¢ s=1
so that we can estimate Eg,[f(Xo;)] for suitable functions f. A direct ap-
proach is importance sampling on X**! (Section 4.1.2). In particular, if we
construct a proposal that factorizes over time:

t
P4(dxo:) = Po(dxo)HPs(dxs | %0:5-1), (4.3)
s=1

then the unnormalized importance weight at time ¢ factorizes as

QX5

PAXE,)

Qe-1Xg,—1) QXY 1 X5 4)

|]:Dt—l(‘X(’)l:tfl) Py(X} |X(’)l:t71)

M(X{' | X5, 1) G(Xg.,)
PyXP 1 X541)

wi =wi(X(,) x

(4.4)

o w1 (Xfy_p): = w a (X3,
where w;_1 is the unnormalized importance weight function at time ¢ -1
and a; is called the incremental weight function.

The factorization (4.4) yields a simple recursive scheme. If we have an im-
portance sampling approximation @fﬂ 1(dxg¢-1) = Zf:’:l Wi .6 ngt_l(dxo;t_l) of
Q:-1, we can approximate Q; by sampling X, ~ Ps(dx; |xo:t—1)5xg:,,1(dxo:t—1)
and computing importance weights using (4.4) to yield

N n
w
QY (dxo.) = Y Wpoxy, (dxos), W= —z——.
n=1 m:1wt

This procedure, known as sequential importance sampling (SIS), is consis-
tent (@Itv(f) — Qu(f) almost surely as N — o0), and zﬁ)’:l W ay(X3,) is an
unbiased estimator of the normalizing constant increment L;/L;_; (see, e.g.,
Doucet and Johansen, 2011).

While simple to implement and understand, SIS suffers from a problem
known as weight degeneracy: the weights accumulate on a few trajectories
as t grows, causing the effective sample size to collapse and the estimator’s
variance to increase (often rapidly, see Chopin and Papaspiliopoulos, 2020,
Sec. 8.7). For this reason, plain SIS is rarely used in practice, and we now
describe a strategy to partially alleviate degeneracy.

4.2.2 Resampling

Resampling refers to the technique of obtaining an unweighted particle set
by repeatedly sampling from a set of weighted particles. For example, in
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the multinomial resampling scheme, given a particle approximation

N
QN y(dx1)=> WP 6xn (day-y),

n=1

we draw indices A} ~ €(W}XY) from the categorical distribution €(W}XY),
which generates value n with probability W} ;, and form the measure

N

- 1

QN (dxi-1) = N E 6XAt” (docz—1).
n:1 t-1

Observe that resampling only hides degeneracy: even though we now
have equal weights, we have not generated new particles, and we will have
duplicates. Furthermore, it is obvious that the estimate @ﬁ 1(f) has higher
variance than @ﬁ 1(f), because of randomly sampling the ancestor indices.
How then is resampling useful?

The utility of resampling lies in its ability to counteract the exponential
growth of the variance of the importance weights caused by repeated weight
multiplication in subsequent steps. By discarding low-weight particles and
replicating high-weight ones, resampling prevents weight skewness from
rendering the approximation useless over time (Chopin and Papaspiliopou-
los, 2020; Doucet et al., 2001). Although this introduces additional noise
at the current step, it stabilizes the estimator in the long run, and there is
considerable empirical evidence that resampling improves the performance
of the SIS (Chopin et al., 2022).

Multinomial resampling has relatively high variance—notice that it would
discard particles even when QY | has uniform weights. In practice, lower-
variance schemes such as systematic, stratified, or residual resampling are
preferred (Carpenter et al., 1999; Douc et al., 2005).

4.2.3 Sequential Monte Carlo

We now present the general sequential Monte Carlo (SMC) algorithm, also
known as the particle filter. It combines sequential importance sampling
with resampling to reduce degeneracy, see Algorithm 2. The original particle
filter introduced in Gordon et al. (1993) used P; = M;, a choice that has
come to be known as the bootstrap.

Various results on convergence and consistency of the particle approxi-
mations, and on unbiasedness of the normalizing constant estimates, are
available in Crisan (2001); Crisan and Doucet (2002); Del Moral (2004);
Chopin and Papaspiliopoulos (2020).

In Algorithm 2, the particles are resampled at every time step, which
is usually unnecessary and can reduce particle diversity. It suffices to
resample only when the variance of the weights is high, which is typically
measured using the effective sample size (Section 4.1.2). This is known
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Algorithm 2: Sequential Monte Carlo.

input :A Feynman-Kac model (@t)?:o (2.15), an importance proposal
P7 (4.3) and number of particles N.

output: Particle approximation @ﬁv (dxg) = Zivzl Wio Xg:t(dxo;t) and
normalizing constant estimate LY for e [0:T].

> Operations involving the index n must be performed for n e[1:N].

Sample X§ ~ Po(dxo)
Set wf — “UGHEIEE and Wy —wl/ S w

N 1 N m
Set LO «— N Zm:l wO

fort—1to T do
Sample A} ~€(WEY)

Sample Xg:t ~ Pt(dxt |x0;t_1)6XA? (de;t_l)
0:2-1

N =

w

AN - N B

M(X}1XG, )G(X5,) N
n g 0.1/ T 0t n n m
Set Wy <~ W and Wt — wt/§ m=1W¢

N N 1NN n
9 | SetLy —Ly"; 52 p=1w;

=]

as the adaptive resampling strategy, when resampling is only performed
if ESS(W,}:N) < BN for some B€(0,1) (Liu and Chen, 1995; Del Moral et al.,
2012).

4.2.4 Sequential Monte Carlo Smoother

The SMC algorithm of the previous section produces particle approximations
to the (pathwise) filtering distributions Q;(dxo.). It also yields an approxima-
tion of the pathwise smoothing distribution, QI}’ (dxg.7) = zﬁf:l W7o Xg;T(dxo;T),
from which the marginals can be extracted. However, using this forward
pass alone to obtain the marginal smoothing distributions is often insuffi-
cient due to the problem of sample impoverishment: repeated resampling
collapses lineages of particles so that only a few distinct ancestors sur-
vive (Kitagawa, 1996).

Various algorithms have been proposed to address sample impoverish-
ment (see, e.qg., Briers et al., 2010; Douc et al., 2011; Lindsten and Schon,
2013). Here, we present the backward sampling algorithm from Godsill
et al. (2004), which generates diverse trajectories by sampling backward
with approximate reverse kernels Qr(dxo.; | x;+1.7). Using the identity

Qr(dxo:t | x+1:7) o< Qrdoxo.s, %z+1:7) = Qrl.7) Q¢(dxo:)
Q¢(x0:¢)
and the particle approximation QY (dx.) = Zﬁlvzl Wi 6xp (dxo:) obtained via
Algorithm 2, we obtain the empirical distribution

N
QP (dxo:t | xes1:7) = Y W/ 6z (dxour),

n=1
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where the smoothing weights W} are given by

W= Nw? . Qr(Xg.s, Xe+1:7) "
Ym0 QX3

The backward-sampling procedure is: (i) draw a terminal index Ap ~
€(WxN) and set X7 :X?T,- (ii) for te {T'—1,...,0}, sample an ancestor A; ~
€(W}N) and set X;.r = (Xf‘,XHLT). Repeating this yields a collection of
trajectories approximately distributed according to the smoothing law with
markedly improved path diversity.

The cost of sampling N trajectories with backward sampling scales as
G(N?), because we need to compute the smoothing weights (4.5) for every
possible ancestor for each trajectory. This can be improved to G(IN) using
rejection sampling or Markov moves; for details and recommendations we
refer to Dau and Chopin (2023).

(4.5)

4.3 Advanced SMC methods

We conclude this chapter by discussing two advanced SMC methods that are
required to understand the methodological contributions in Publications I
and IV.

4.3.1 The resample-move algorithm

In Section 4.2.2, we remarked that resampling is only a partial solution
to the problem of degeneracy, because it does not create new particles.
The resample-move algorithm (Gilks and Berzuini, 2001) addresses this
limitation by augmenting resampling with a subsequent move step: apply,
independently to each resampled path, a Markov kernel that leaves the
current target invariant.

Formally, at time ¢+ 1 of Algorithm 2, after resampling (line 6) we have
the particle approximation

N
- 1
ACONEEDY 6 7. (dxo)
n=1 i

Now, let K(dxg,, | x0:t) be a Q;-invariant kernel, meaning it satisfies

/Kt(dxf):t | %0:¢) Q¢(dxg:) = Q4(duxgyy)-

Invariance ensures that if we have a sample Xy, ~ Q;, then a sample
X0, ~ Ki(dxj., | Xo.;) obtained by sampling from K; is also distributed as
Q. Applying K; independently to each resampled path yields a new particle
approximation

N
. 1 X An
Q (wo)i= 12> Oxy (@), Xfy ~ Kildngy, | Xoi™),
n=1
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which preserves the target and replaces duplicates, thereby increasing
particle diversity.

A common choice for K; is a Metropolis-Hastings kernel (Metropolis et al.,
1953; Hastings, 1970). Given a current path Xo.;, we propose X., ~ n(dxj,, |
Xo.t) from a user-specified proposal kernel 1 and accept with probability

min (1, Q:(Xo,) 1Ko |X6:t)> ,

@t(XO:t)"](X(’):t | Xo:¢)
otherwise we keep Xy.;. Since applying the move step to the full trajectory
Xo:: has G(t) cost, using resample-move at every time step results in overall
O(T?) complexity for the particle filter, which can be prohibitively expensive.
To mitigate this, we can rejuvenate only a fixed-lag window X;_,., while
keeping Xo.;—, fixed, where ¢ <« ¢t is a chosen lag. This reduces complexity
to O(T) and is particularly useful, for example, when only marginal filtering
distributions are needed (Gilks and Berzuini, 2001). Another trick to reduce
the average computational complexity is to only apply resample-move occa-
sionally, either with a fixed probability or when some degeneracy criterion
is met.

4.3.2 lterated Batch Importance Sampling

We now consider an example of using SMC for parameter estimation by
treating static parameters as latent variables. This is a good use case for the
resample-move algorithm where it is worth paying the extra computational
cost to alleviate degeneracy.

Consider a sequence of random variables (X;)” , and a static parameter
© with joint distribution

t
P(dxo.;,d0) := ,u(dH)IF’o(dxo)HPs(dxs [ x0:5-1,0), tef0:T].
s=1
We wish to approximate the filtering distributions Q;(df;) :=P(d0 | Xo.;). Note
that this can be trivially written as a Feynman-Kac model for O,

t
Q:(dBo:1) = i(dB)Po(xo) [ [ 6, ,(d0s) Plars | 20:5-1,65). (4.6)
N e’
=l M(@0,100s ) =GO

Observe that the transition kernels are Dirac measures (since the parameter
is static) and the potential functions are the transition densities for (X;)Z,.
A bootstrap particle filter for (4.6) would sample 6 ~ u for n €[1: N], and
then apply successive reweighting steps. However, if Q; is substantially
different from p, then the support points Hé‘N will be ill-suited to form a
particle approximation of Q;, yielding poor approximations. The iterated
batch importance sampling (IBIS) algorithm of Chopin (2002) proposes a
solution by using resample-move steps to rejuvenate the 6-particles when-
ever necessary. The full algorithm is given in Algorithm 3, which uses a
Q:(df;)-invariant Markov kernel K;(- | 6;) for the resample-move step.
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Algorithm 3: Iterated batch importance sampling (IBIS, Chopin,
2002).

input :The Feynman-Kac model (Q,)", (4.6), kernels (K;)’,, and
number of particles N.
output : Particle approximation QY (d6,) = Zivzl Wi'bgr(d8;) and
normalizing constant estimate LY for te[0: T1.
1 > Operations involving the index n must be performed for n €[1: N1.
2 Sample Of ~ u(dby)
3 Set w —Py(xo) and W@ — wl/SN _ wr
4 forte[1:T]do
5 if Some degeneracy criterion is fulfilled then

6 > Perform resample-move
7 Sample A} ~ €(WEY)
8 Sample O} ~ K4(d6; | @?_?1)
9 Setw]’; —~1

10 else

11 L Set ©} — O} ;.

N
12 | Set a} —Py(x;|x0:4-1,07), w} —w} ;a} and W) —w}/y ", _w}
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5. Bayesian ODE Solvers and
Parallel-in-Time State Estimation

This chapter treats two important topics that underpin Publication III:

1. Probabilistic ODE solving, in which the solution to an ODE is rep-
resented as a conditional distribution over functions and computed
efficiently with Bayesian filters and smoothers.

2. Temporal parallelization of Bayesian filtering and smoothing, which
yields algorithms that can readily make use of the massive opportu-
nities for parallelism provided by modern graphics processing units
(GPUs).

Together, they enable us to construct GPU-accelerated algorithms for proba-
bilistic solutions to ODEs (and, by extension, partial differential equations),
which constitute the main contribution of Publication III.

5.1 ODE solving as Bayesian inference

Consider the ordinary differential equation (ODE)
Dy(t)=f(,y(¢), y(0)=yo, (5.1)

defined on a time domain T :=[0,7] with T < oo, where yg € R? is the initial
condition, f: TxR¢ —R?, and D denotes the time derivative operator. Given
a discretized time grid Ty := {to,¢1,...,tn} With 0=¢¢g <--- <ty =T, classical
numerical ODE solvers return point estimates ¥, := y(¢,) of the solution for
nel[0:N] (see, e.g., Butcher, 2016).

Here we consider a different problem, that of finding a distribution over
possible solutions. The motivation for considering such probabilistic solu-
tions is that they can accurately quantify the uncertainty induced by the
time discretization performed to solve the ODE (Cockayne et al., 2019). This
uncertainty can then be propagated for downstream tasks such as decision
making, and can also be easily combined with uncertainty stemming from
other sources, such as partial or noisy observations.
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Adopting a Bayesian perspective, let Y :=(Yy);eT be a stochastic process
defined on a probability space (Y,#%,P), where Y is a suitable class of func-
tions in R? (e.g., absolutely continuous paths so that DY; exists almost
everywhere). A realization Y = y is to be interpreted as a candidate solution
to (5.1), and our prior modeling choices are encoded in the law P of Y.
Information from the ODE is incorporated by conditioning on the following
requirements for a valid solution:

Yt() = Y0,

DY;, - f(t,,Y;,)=0, V¥Ynel0:N],

Let S denote the set of paths that meet these constraints. The updated
distribution over trajectories is then the conditional probability distribu-
tion P(- | S),! which concentrates mass on paths consistent with the initial
condition and the ODE evaluations on the grid.

The solution framework presented above for ODEs belongs to the class
of Bayesian probabilistic numerical (BPN) methods, a formal definition of
which can be found in Cockayne et al. (2019). In the following section, we
describe a specific instantiation of this method where we choose a stochastic
differential equation (SDE) prior for Y.

5.1.1 Stochastic differential equation priors

The ensuing presentation of an SDE prior for Y is adapted from Tronarp
et al. (2021). Let
x/=(v] py] - D)

be a stochastic process constructed by stacking Y; with its time derivatives
up to order veN, so X; € R¥V*D. Now let {e,,}",_, be the standard basis in
RV*! and define the selection matrices E,, = e,, ®;, where ® denotes the
Kronecker product and l; is the identity matrix in R?. Notice that the matrix
E,, picks out the m-th derivative of Y; from X;:

E} X;=D™Y;, mel0:v], (5.2)

where DY, :=Y;. We then place the following linear time-invariant SDE
prior for X; (see, e.g., @ksendal, 2003):

dXt ZFXtdt+Evdﬁt, Xto ~ JV(O,Z()), (5.3)

where B; is a d-dimensional Brownian motion with diffusion matrix I' = 0
and F,X e RIV+Dxd(v+1) gre some matrices (Zg = 0).

ITechnical note: We assume that S is measurable and the conditional probability
P(-|S) is well-defined (see, e.g., Williams, 1991, Sec. 9.9), which is satisfied for
standard choices of the path space and priors.
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To motivate this SDE prior, we note two complementary advantages—
one conceptual and one computational. First, (5.3) places a Gaussian pro-
cess (GP, Rasmussen and Williams, 2006) prior on Yy, and the triplet (F,T’, %)
corresponds to a choice of the kernel function for the GP (Hartikainen and
Sarkka, 2010; Lindgren et al., 2011). Classical GP kernels that admit such
SDE representations include the v-times integrated Wiener process (IWP)
and the Matérn family with half-integer smoothness (v+1/2); see Hartikainen
and Sarkka (2010); Sarkka and Solin (2019) for detailed equivalences and
more examples.

The second advantage is that the linear time-invariant SDE in (5.3) can
be discretized to obtain linear-Gaussian transitions on any grid (Sarkka and
Solin, 2019, Sec. 6.2):

Xty | Xe,) ~ N (Alh) Xy, ,Q(R)),
where h, :=t,,1—t, and

A(h,) = exp(Fhy),
hn
Q(hn):=/ A(hy, -T)E,TETAT(h, —1)dr.
J0

For standard choices such as IWP and half-integer Matérn priors, A(h,)
and Q(&,) can be computed analytically.

5.1.2 The state-space model formulation
The stochastic process (X;, )ﬁlvzo obtained by discretizing the SDE prior (5.3)

is a linear-Gaussian Markov chain. The ODE constraint (5.1) on the grid
Ty can be written as

0=DY; —f(tn,Y:)=E{X; —f(tn,EqX;,) = h(X,),

where we used the property (5.2). We can interpret h(x) as an observa-
tion model and 0 as the value of an "observation" Z;, that we receive at
"time" ¢,. Taken together with the prior law of X; , we have a state-space
model (Section 2.1.1)

Kty | X1,)~ N (AR Xy, Q(R1)),

n+l1

(Zt, | X)) ~Onx,,)s

where dx is the Dirac measure centered at X. The Dirac measure can
be viewed as a (degenerate) Gaussian with zero covariance (Bogachev,
1998), so this remains a (possibly singular) Gaussian state-space model.
The posterior distribution p(X;, .y | 24ty = 0) can now be obtained with,
for example, the extended Kalman filter and smoother (since f may be
nonlinear) or the iterated extended Kalman smoother (Section 2.3).
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Remark 5.1. In Publication III, we develop a Bayesian probabilistic numer-
ical method for time-dependent partial differential equations (PDESs) that
computes a maximum a posteriori (MAP) trajectory. The approach first con-
verts a PDE into a set of coupled ODESs using the method of lines (Schiesser,
2012), and then uses the framework above to cast PDE solving as pathwise
smoothing in a (Gaussian) state-space model, solved with the IEKS.

5.2 Temporal parallelization of Bayesian smoothers

By construction, the Kalman filter and the RTS smoother described in
Section 2.2 are sequential algorithms—the Kalman filter, for example,
computes p(x; | yo.:) from previously computed p(x;-1 | y0::-1). The con-
sequence is that these algorithms have a span complexity of G(T) for T time
steps, where span complexity is defined as the maximum number of steps
that need to be executed sequentially by a (possibly multithreaded) algo-
rithm (Cormen et al., 2009, Ch. 27). As single-core clock speeds have largely
plateaued (Suomela, 2025), modern accelerators deliver performance pri-
marily through massive parallelism (e.g., graphics processing units (GPUs)
expose tens of thousands of concurrent threads), leaving purely sequential
algorithms unable to exploit available hardware.

To address this bottleneck, in this section we present a parallel-in-time for-
mulation of the Kalman filter and smoother (Sarkka and Garcia-Fernandez,
2021), based on the parallel prefix-sums operation (Blelloch, 1990).

5.2.1 Prefix-sums

Let {ai,...,ar} S be a set of elements and & be an associative binary
operator on the space S. The all-prefix-sums operation, which returns the
ordered set

{al, (a19a9), ..., (aléBaQGB---eBaT)},

is a common operation in a variety of algorithms (Blelloch, 1990). For
example, if @ is the addition operation, then all-prefix-sums returns the
cumulative sums.

The prefix-sums can be obtained with a simple for-loop at a span com-
plexity of O(T'). However, if there are at least T parallel workers available
which can perform computation and memory accesses independently of
each other, various algorithms exist which can perform all-prefix-sums at
O(logT) span complexity (Pibiri and Venturini, 2021), with an example given
in Algorithm 4. For simplicity, the algorithm assumes that T is a power of
two; otherwise one pads the input with identity elements up to the next
power of two. High-quality implementations are available in modern pro-
gramming libraries like CUDA C++ (thrust::inclusive_scan, NVIDIA, 2023)
and JAX (jax.numpy.associative scan, Bradbury et al., 2018).
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Algorithm 4: Parallel scan for all-prefix-sums (Blelloch, 1990).

input :An ordered set {ai,...,a7} and associative binary operator &.

output: The ordered set {a1, (a1®as), ..., (a1 ®az® - ®ar)}.
1fori—1toT do // Compute in parallel
2 t bi—a; // Save the input
3 ford—0tolog,T—1do // Up sweep
4 | fori—o0toT-1by2%! do // Compute in parallel
5 j—i+2¢
6 k—i+24+1
7 ap—a;jdag
s8ar—1 // I is the identity element with respect to &.
9 for d —logy T -1 to 0 do // Down sweep
10 | fori—o0toT-1by2%! do // Compute in parallel
11 j—i+2¢
12 k—i+24+1
13 t—aj
14 aj<—ag
15 ap<—ap®t
16 fori —1to T do // Final pass, compute in parallel

17 Lalw—ai@bi
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5.2.2 Bayesian filtering and smoothing as prefix-sums

We now address the problem of parallelizing the Bayesian filtering and
smoothing equations for state-space models (Theorems 2.3 and 2.5) along
the time dimension. Sarkka and Garcia-Ferndndez (2021) recast the forward
and backward recursions of Bayesian filtering and smoothing as parallel
scans: per-time elements a; and a binary operator @ are chosen so that the
all-prefix-sums of (at)z;o yields all filtering distributions p(x; | ¥0.;) and (for
another choice of a¢; and @) the marginal smoothing distributions p(x; | yo.7).
We state the concrete choices of (a;,®) for filtering and smoothing in the
propositions below; proofs and derivations are given in Sarkka and Garcia-
Fernandez (2021).

Proposition 5.2 (Bayesian filtering as all-prefix-sums). Fort€[0:T], define
a;:=(ft,8:) where

filoes | 24-1) = plos | ys,%-1), g1(xe-1) = p(ys [ x4-1), (5.4)

with the convention fo(xg | x-1) := p(xo | ¥0) and go(x-1) := p(yo). Also define
the operator (f;,g;)®(f;,g;) = (fij,gij) where

[/ fi@ | fily2)dy
[&;filyl2)dy

Then, the operator & is associative, and the t-th prefix-sum equals the
filtering distribution at time ¢ and the marginal likelihood,

fijx|2)=

, gij(z)=gi(z)/gj(y)fi(yIz)dy. (5.5)

Pl | yO:t)>

apg®a1®---da; = (
P(yo:z)

Proposition 5.3 (Bayesian smoothing as all-prefix-sums). For ¢t € [0: T1],
define
ay = p(x | Y0:t, %e+1), (5.6)

with the convention ar := p(x7 | yo.). Then the binary operator & defined as

(aieaaj)(xlz)::/ai(xIy)aj(yIz)dy (5.7)

is associative and the t-th reverse prefix-sum, a; ®a;+1 9 ---®ar, is the
marginal smoothing distribution p(x; | yo.T).

In general, neither the elements (5.4) and (5.6) nor the operations (5.5)
and (5.7) can be computed in closed form, so Propositions 5.2 and 5.3 do
not provide universal utility for state-space models. Nevertheless, there are
two important exceptions which admit closed form expressions: (i) linear-
Gaussian SSMs and (ii) SSMs with finite state and observation spaces.
In these cases, the parallel scan (Algorithm 4) yields exact filtering and
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smoothing distributions with G¢(ogT) span and &(T) work (Sarkka and
Garcia-Fernandez, 2021; Hassan et al., 2021).

The parallel-in-time approach extends naturally to the iterated extended
Kalman smoother (Yaghoobi et al., 2021). Within each IEKS iteration, lin-
earizations at different time points depend only on the current trajectory
and are therefore embarrassingly parallel; the resulting linear-Gaussian
subproblem is then solved with the same scan-based smoother. In prac-
tice, numerical stability is improved by square-root implementations that
propagate Cholesky factors of covariance matrices. Such square-root filters
and smoothers have also been parallelized and are typically the preferred
choice for practitioners (Yaghoobi et al., 2025).

Remark 5.4. In Publication III, we used the parallel implementation of
the IEKS to obtain the MAP estimate of nonlinear time-dependent PDESs in
O(logT) span complexity.
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6. Summary and Discussion

We conclude this thesis by summarizing the contributions of the publications
that comprise it. For each publication, we present a concise overview of
the method, discuss the main findings, and reflect on how the work relates
to the existing literature and directions for future research.

6.1 Publication I: Nesting particle filters for experimental design in
dynamical systems

In this work, we consider the problem of learning an optimal policy for
sequential Bayesian experimental design (Section 3.4.2). Formally, let n
be a stochastic policy, and let the joint distribution of designs ¢;.7 and
observations y;.7 conditional on hidden parameters 0 be given by

T
paCrr,yrr 10) = [ [ 7 1 €11, 510D folye | y1-1,60), 10 =y10= 0.
=1
The goal is to learn a policy that maximizes the expected information
gain (EIG) over the full sequence of experiments (3.17):

U@n):=H[O]-HI[O|Y1.1,ZE1.7].

Learning a policy before performing experiments enables real-time experi-
mentation, since minimal computational effort is required to select each
subsequent design.

The method. We first observed that the EIG can be written as an expected
cumulative reward over the experiments:

T
ZRt(Elzt, Yl:t)

t=1

U@m)=Ep,

>

where R; is defined in Proposition 3.5, and requires computing expectations
with respect to p(0]¢1.4,y1.+). Then, using the general learning formulation
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from Section 3.2, we framed policy optimization as a maximum likelihood
estimation problem in a Feynman-Kac model of the form

T
q2(S1.1, y1:1) X Pn(flzT,ylzT)Hexp{Rt(flzt,ylzt)}.
=1
The main computational challenge lies in sampling from this FK model,
for which we developed a nested sequential Monte Carlo algorithm called
Inside-Out SMC?. This takes inspiration from the SMC? algorithm of Chopin
et al. (2013), which nests a standard particle filter inside IBIS (Section 4.3.2)
for parameter estimation in state-space models.

Main findings. The method we introduced is a generic policy optimization
algorithm for sequential Bayesian experimental design which can handle
nonlinear, non-Gaussian observation likelihoods fy. Empirically, our learned
policies match or outperform state-of-the-art algorithms that also assume
fo is known (Foster et al., 2021). In addition, Inside-Out SMC? can be used
to estimate the EIG using far fewer samples compared to commonly used
EIG surrogates (Foster et al., 2019).

Reflections and outlook. The algorithm we introduced provides a com-
pelling alternative to existing methods for training policies in sequential
BED. However, a key limitation is the requirement that the transition den-
sity fp be available in closed form. This assumption does not hold in some
practical scenarios where simulation from the observation model is feasi-
ble but density evaluation is not (Ivanova et al., 2021), thereby limiting
the method’s applicability. A natural extension is therefore to remove this
limitation by developing an algorithm that learns completely from sam-
ples alone (Blau et al., 2022). Another limitation, which we addressed in
Publication IV, is that Inside-Out SMC? has G(T?) time complexity, which
may make it prohibitively expensive for designing very long sequences of
experiments.

6.2 Publication II: Sequential Monte Carlo for policy optimization in
continuous POMDPs

This work addresses the problem of optimal control of partially observable
Markov decision processes with continuous state, observation, and action
spaces (continuous POMDPs). As highlighted in Section 3.3, learning op-
timal policies for continuous POMDPs is challenging because the value
function depends on the infinite-dimensional belief state (i.e., the filtering
distribution of the hidden state).

The method. The proposed method is a policy gradient algorithm (Sutton
and Barto, 2018, Ch. 13) for finite-horizon continuous POMDPs based on
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the general inference and learning framework presented in Section 3.2.
The gradient of the objective is computed as an integral under a Feynman-
Kac model which assigns higher probability density to observation-action
trajectories that produce high returns (3.14). We introduced a nested SMC
algorithm that enables us to sample from the FK model and estimate the
gradient.

Main findings. Our algorithm either matches or outperforms state-of-the-
art deep reinforcement learning algorithms on selected tasks with con-
tinuous POMDPs. In particular, in POMDPs in which actions exhibit the
dual effect (actions influence returns and state estimates), our algorithm
demonstrates a clear advantage over competitors by explicitly incorporating
the value of information gathering. Our method also generalizes classi-
cal belief-space POMDP planners without relying on linear or Gaussian
approximations (Van Den Berg et al., 2012), similar to Thrun (1999).

Reflections and outlook. We introduced a principled policy optimization
algorithm that operates directly on the belief space. We do not make any
simplifying assumptions about the structure of the decision-making process,
and the algorithm’s effectiveness is primarily limited by available computa-
tional resources. This contrasts with much prior work on POMDPs, which
typically relies on assumptions that limit the agent’s ability to explicitly
account for the information-gathering outcome of actions (Littman et al.,
1995).

We sample from the Feynman-Kac model by effectively nesting one boot-
strap particle filter inside another. However, when scaling to high dimen-
sions, it would likely be necessary to either learn better proposals for
SMC (see, e.g., Naesseth et al., 2018) or use twisted SMC (Guarniero et al.,
2017) to ensure sample efficiency. Another limitation is that our method
requires the observation density to be tractable, since we use a particle
filter to keep track of the hidden state. Replacing this particle filter with a
state estimator that learns from samples would make the algorithm more
widely applicable.

6.3 Publication lll: Parallel-in-time probabilistic solutions for
time-dependent nonlinear partial differential equations

This work introduces a Bayesian probabilistic numerical method (Cockayne
et al., 2019) for solving time-dependent partial differential equations. We
consider PDEs of the form

0
O—L:(t,x) = £ (t,%,ult,x), Qu(t,x), tel0,T], xela,bl,
subject to initial and boundary conditions

u(0,x) = h(x), Vxe€la,bl,
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u(t,x)=g(x), V(,x)el0,T]x{a,b}.

Here f, g and h are known nonlinear functions and 2 is a differential
operator.

The method. We first convert the PDE into a set of coupled ODEs using
the method of lines (MOL, Schiesser, 2012), which discretizes all spatial
dimensions while leaving time continuous. Solving these coupled ODEs is
then formulated as a MAP estimation problem in a nonlinear state-space
model (Section 5.1), and we compute the MAP estimate using the iterated
extended Kalman smoother (Section 2.3.1). The advantage of the SSM
formulation is that it allows us to leverage parallel-in-time methods to com-
pute the solution (Section 5.2), enabling efficient computation on modern
parallel architectures.

Main findings. When compared to BPN methods that rely on the extended
Kalman filter to estimate the solution (Kramer et al., 2022), our approach
achieves comparable accuracy in the posterior mean estimates, as measured
by the Ly error with respect to a reference solution, while also providing
better calibrated posterior uncertainty, as measured by the log density
of the reference trajectory under the posterior. Another major benefit is
that we achieve @(logN) span complexity for the algorithm, where N is the
number of discretization points in time. On hardware accelerators such as
GPUs, this allows us to use finer time grids—and achieve higher-fidelity
solutions—in comparable wall-clock time to serial methods with coarser
grids.

Reflections and outlook. A limitation of our approach is that it does not
account for discretization error from the method of lines. The uncertainty
quantification therefore captures only temporal discretization error, not
spatial discretization error. This could be addressed by incorporating prob-
abilistic spatial discretization methods such as those developed by Kramer
et al. (2022), which would provide a fully probabilistic treatment of both
spatial and temporal approximations.

6.4 Publication IV: Recursive nested filtering for efficient amortized
Bayesian experimental design

In Publication I, we introduced the Inside-Out SMC? algorithm to learn poli-
cies for sequential BED. This nested SMC algorithm makes use of resample-
move steps (Section 4.3.1) to rejuvenate the 8-particles tracking the parame-
ter posteriors for each simulated experiment. Because each move step after
t experiments has 0(t) complexity, Inside-Out SMC? has overall complexity
G(NMT?), where N is the number of simulated experimental histories, M is
the number of 0-particles per posterior, and T is the number of experiments.
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This quadratic scaling in 7' limits applicability to long sequences, which we
address in Publication IV.

The method. In this work, we used an alternative to the traditional move
step known as jittering (Liu and West, 2001). Instead of using a target-
invariant Markov kernel to rejuvenate the 6-particles, we perturb the par-
ticles using a kernel with (1) cost. While the perturbed particles are no
longer distributed according to the filtering distribution, by carefully con-
trolling the magnitude of the induced perturbation as a function of the
number of samples M, we can still guarantee consistency of estimates while
eliminating the prohibitive linear cost of the move step. This approach was
inspired by the nested particle filter (NPF) of Crisan and Miguez (2017,
2018), which analogously aims to improve the computational complexity of
SMC?. The resulting algorithm, called Inside-Out NPF, also incorporates an
optional backward sampling procedure to improve the diversity of samples.

Main findings. Inside-Out NPF achieves G(NMT) computational complex-
ity, enabling our learning framework developed in Publication I to scale
to settings with long experiment sequences. We conducted a theoretical
analysis of the particle approximations produced by the Inside-Out NPF,
and proved consistency of integral estimates under reasonable assumptions
on the jittering kernel. The algorithm also performs competitively with
Inside-Out SMC? while being significantly faster.

Reflections and outlook. The Inside-Out NPF is a fully recursive algorithm
to find optimal trajectories for sequential BED. However, it shares the same
weakness as Inside-Out SMC?: the observation density must be tractable.
Additionally, using backward sampling with Inside-Out NPF increases the
computational complexity back to being quadratic in time, negating the ben-
efit of the jittering kernel. Future improvements could explore alternative
jittering kernel designs and investigate additional theoretical properties
beyond consistency, such as non-asymptotic bounds.
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