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Sparse Spectral Methods for Approximating PDE Solutions in Particle Flow

Augusto Magalhaes*

Abstract

In sequential Monte Carlo, a method for performing the
Bayesian computation prior x likelihood is to derive the law
of motion of a particle ensemble: a particle flow. This enables
sampling from complex distributions while avoiding issues
such as particle degeneracy and the need for resampling.
However, some particle-flow implementations require solving
a partial differential equation (PDE) whose coefficients
depend on the density of particles. The solution to this PDE
must typically be approximated as analytical solutions are
limited to specific cases. Traditionally, spectral methods
for approximating the solution are based on the tensor
product formulation in which the solution is represented as a
weighted sum of products of univariate basis functions. Using
Np bases per coordinate of the Nx-dimensional domain
leads to (Ng)NX unknowns. Thus, even for problems of
moderate dimensionality, current computational resources are
insufficient to support the full tensor-product grid necessary
for an accurate approximation. In this work, we propose
an approximation based on a sparse grid/hyperbolic cross
technique to solve the PDE in more general settings. The
solution is approximated with multivariate polynomials bases
whose span is dense in the space of solutions under mild
assumptions on the underlying distribution. We show the
accuracy of our technique for sampling from Gaussian and
non-Gaussian distributions.

1 Introduction.

Let Sx be a complete separable metric space, e.g.

Sx € R¥x, Nx > 1. In this work, we construct a
sparse spectral method for solving the elliptic equation

=V (a(z) B (x) Ve (2)) =

(1.1) /m

where V and V - () denote, respectively, the gradient
and divergence operators, ¢ : S — R is the function of
interest, and the coefficients are mappings of the form

m(z)a(z),

x:O,xES,SQSX,

a:S >Ry, B:8 = RVXx xRV andm : S — R.

Notably, the condition [¢m () a (x) dz = 0 is equivalent
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to a Neumann boundary condition on the boundary 0.5
of a set S within which x is constrained.

In general, (1.1) describes the potential associated
with the transport of particles i) modulated by interac-
tions captured by f; ii) following a gradient-type flow,
i.e. V¢; and #4) driven by a source term m which repre-
sents local imbalances in the generation or depletion of
particles at different points in the domain. In the case of
a constant coefficient «, say « () = 1, this elliptic par-
tial differential equation (PDE) is reduced to the Poisson
equation, describing the potential associated with the
transport of particles uniformly distributed over S. For
a varying coefficient o, PDE (1.1) generalises the flow to
account for particles distributed with spatial weighting.
Herein, we refer to the general form of PDE (1.1) as the
weighted Poisson equation, similarly to [1].

Except for specific cases, the weighted Poisson
equation has no available analytical solution, and
¢ must be numerically approximated. We aim to
approximate ¢ i) without restrictive assumptions on
a other than a(z) x exp (—V (x)) with mild growth
conditions on V', and ) under the context of particle-
based approximations, that is, ¢ is to be evaluated on
Monte Carlo particles. Within this context, several
methods have been proposed in the literature. These
primarily include diffusion map-based approaches using
a semigroup formulation [1], as well as spectral methods
based on a weak formulation [2, 3]. A recent study
comparing these approaches can be found in [4].

Traditional spectral methods for solving PDEs rely
on a tensor product [5]. In this case, the challenge is
evident in the error decay rate in terms of the total
number of unknowns. A typical error estimate for an
approximation ¢ is

¢ — D2 (s

where the norms are in Hilbert spaces weighted by the
coefficient o, N € N is a discretisation parameter, r € N
is the isotropic smoothness of ¢, and c¢ is a constant which
may depend on Nx but not on N [6]. Notably, (1.2)
shows that the error estimate deteriorates exponentially
with the dimension Nx, an issue known as the “curse of
dimensionality”.

In this study, we work with sparse grid discretisation
methods for PDEs to circumvent the exponential deteri-

—r/N
(1.2) ) < e(Nx) N 6l 3040s),
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oration with Nx. In particular, we focus on the methods
known as hyperbolic cross (HC) approximations. In such
approximations, the convergence rate is either slowly de-
teriorated by a term N5"(log Np)WNx=D+D) o in a
better scenario, the dimension impacts the convergence
rate only through the constant c. However, these conver-
gence results are based on HC approximations applied
to generalised Hermite polynomials as the basis for ¢ [7],
and assume that ¢ belongs to £2 (.9), the space of square-
integrable functions on S. This is not a desirable result
for our applications. First, to the best of our knowledge,
there exists no systematic way of choosing a basis for ¢,
which has been one of the main challenges of the weak
formulation. Secondly, ¢ solving PDE (1.1) is often only
in £2 (9), i.e. ¢ is a square-integrable function on S
with respect to varying coefficients . For instance, in
the case of S = R, m(x) = x, and a(z) o« exp(—x?),
often discussed in the state estimation literature [4], the
solution is ¢(x) o , hence ¢ ¢ L2(R). Thus, decaying
polynomials studied in [7] do not approximate ¢ well.

The first contribution of this paper is the proposed
choice of basis whose span is dense in £2 (S), guarantee-
ing that the bases are sufficiently rich to approximate
any solution ¢. The second contribution is the novel ap-
plication of HC approximations to the case of a varying
«. Our intent is to combine these two contributions to
achieve more efficient numerical solutions to PDE (1.1)
beyond the well-documented univariate case.

The rest of this paper is organised as follows:
§2 provides a compact overview of the problem. In
particular, §2.1 describes the weak formulation of
the weighted Poisson equation, and §2.2 concerns the
representation of solutions by basis functions. §3
introduces our choice of basis and the use of smoothing
estimates as a tool to improve approximations. §4
describes the main ingredients of HC approximations. §5
concerns the solution to the weighted Poisson equation
when the coefficient « is the density of a probability
distribution. More specifically, we present numerical
results for the case of Bayesian sampling. §6 concludes
the paper with some remarks.

2 Preliminaries.

We introduce the notation in Table 1 for clarity.

2.1 The weak formulation of the weighted Pois-
son equation. The equality in PDE (1.1) is valid if ¢
is twice differentiable. To relax this condition, we seek a
solution to the weak form of this PDE via an arbitrary
test function n € H! (S). By multiplying PDE (1.1) by
n on both sides, and integrating the resulting equation

Table 1: Notation summary.

Set/Space Elements
No NU {0} (natural numbers including zero)
D" r-th order differentiation, » € Ny
C"(S) r-times continuously differentiable functions, r € Ng
L? (S) Square integrable functions on S
£2(S) Square integrable functions on S w.r.t. «
L (S) Functions bounded almost everywhere on S
H(S) Hilbert space functions whose

first r derivatives are in £2 (S)
HL (S) a-weighted Hilbert space functions whose

first r derivatives are in £2 (9)
He o (S)  Functions v in Hy, (S) with the additional condition

Jev(z)a(z)dz =0

over S, we obtain

AR

:/m(x) (x) dx
s
By integration by parts,
23) [ a@-5) Vo) Va(a)ds
z/m(x)oz x)n (z)dz,
s

for all test functions n € HL (S) which vanish at the
boundary 9S. This is because in practice we seek a
solution ¢ € HL (S) with the same property.

A detailed derivation of the existence and uniqueness
of a weak solution to PDE (1.1) for a specific choice of
coefficients is available in [8]. Since the derivation uses
arguments which are standard in the theory of Hilbert
spaces, we shall state only the outline.

First, let us consider the following inner-product and
norm of the weighted space H,, , (S):

(2.4a) <v’vl>7'li,o(5) = /Sa (z) - Vo (z) V' (x)dz,

(v, 0037

(2.4b) A1 o(9)’

[vllae sy =
where v,v" € H} o (9).

The norm defined in (2.4b) is equivalent to the
standard norm in H/, , (S), provided that o satisfies
a Poincaré inequality. That is, there exists a constant
C1 > 0 (depending only on S and «) such that

(2.5) /S( v (@) a dx<—/|Vv

where | - | denotes the Euclidean norm of a vector.
This is in fact the case for coefficients o of the form

(z) dz,
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a(x) =exp(=V (z)), with V € C?(S), D?V € L= (9),

and |VV (z)| —» oo as |z|] — oo. We describe this
particular scenario in § 5.

As a result of (2.5), ¢) the existence of a solution is
assured by the compatibility relation |, gm(z)a (z)dx =
0 and %) the uniqueness of a solution is assured by taking
a subbpace of HL (9) consisting of functions ¢ for which
Jso( z)dr = 0, ie. ¢ € HL (S). This leads to
the problem of seeking ¢ € M}, (S) which solves (2.3)
for all n € H}, o (5).

In fact, the first step in [8] is to check whether T in
the operation T'(n fs )V (z)-Vn(z)dx is
a bounded hnear operator If 1ts bound exists, uniqueness
of ¢ is shown via the Riesz representation theorem for
Hilbert spaces. By limiting ourselves to the subspace
¢ € Hly(S), the bound is readily shown (see, for
instance, Theorem 2.2 in [8]).

2.2 Representing functions by basis functions.

Let VN5 be a finite-dimensional subspace of 1, (S)
spanned by a collection of N basis functions. The idea
is to approximate arbitrarily well any ¢ € 7—[,1;’0 (S) by
taking a weighted sum of a sufficiently large number Np
of functions v"2 € VN8, np =1,...,Np.

Let us introduce the orthogonal projection operator

PNs . 7—[(1%0 (S) — VN5 ie. for any ¢ € 7'[(11,0 (S),
(@ =PY2 ) (5 =0, ¥ne Ve,
or equivalently
Ngp
PNog(x) = Y ¢"0" (x),
np=1

with the arbitrary test function n also written as a
weighted sum of functions v"2 € VV5,

If {¢"B }NB , and {n">? }NB denote the weights for
approximating ¢ and 7, respectlvely, we approximate ¢
with PVE ¢(x) using weights which obey

(2.6)
Nz / ,
nB%_1¢ ! /Sa(a:)ﬂ(x)vv () - Vo' (2)
No ,
= Z n"s Sm(a:)a(a:) V"B (x)dx

To simplify (2.6), let us con81der an arbitrary index
n €{1,...,Np}, and set s = § (n'y,n%), where § is

the Dirac’s delta generalised function. (2.6) becomes

> o [ at

’ILBl

) B (x) VU2 (x) - Vo"E () dx

:Lm@amw

B (z) de.

If we let
u =

(@"" )y
(/S a(z) - B (x) Vo (z) - Ve (z) dm)

([m@a@ g, @) v

np=1
with A € RV8XNe and b € RNB, the coefficients
o', ..., oNB solve the following linear system

Np
A =

np,np=1

(2.7) Au =b.

Once we extract these coefficients from u, we get

PN#G (2) = I, 6" (@)

3 Polynomial basis.

In this section, we construct multivariate polynomial
bases. We adopt the orthogonalisation method from
[9] to generate orthogonal bases suitable for potentially
correlated variables, that is, the case where the coefficient
« is not necessarily factorisable.

The series of Nx-dimensional functions
{v"E (x) 275:1 is possibly orthogonal with respect

to a. For each ng,nz =1,...,Npg,

’
<UnBv’UnB>H(1XYO(S) = HU ”7—[1 5)5"3715

When « is factorisable as a(z) = Han 1 Qny (@ny),
each v™B is a tensor product of one-dimensional func-
tions, i.e. V"B (z) = Hfgﬂ UpE (Zny ). In the general
case, the bases are mutually orthogonal with respect to
« using orthogonalisation methods.

The method from [9] projects an arbitrary basis
onto a subspace with a suitable inner product. The first

step is the initial choice of basis, e.g. a set of linearly

% independent polynomials. Any such set can be used, but

for simplicity, we consider {e"? (a:)}ffgzl given by

N np

ng _ pk"B A T (an — :u‘nx)knx

(38) e ()= P () 2 [ e fed 5
nx=1 nx:

where k"8 = (k'Z,... ,kﬁﬁ, ..., kji2 ) is a collection of

exponents with k2 € {0,..., K}, K is a discretisation
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parameter, while P denotes polynomial and pu
(H1s- -y fhnys-- -5 Ny ) is a collection of shift parameters.

The discretisation parameter K represents the
highest univariate polynomial degree. For a fixed
dimension Nx, it determines the number Ng of functions
used to approximate ¢. For example, for Nx =2, K = 2,
and p = (0,0), we obtain the following set of functions

for a variable x = (1, 22):
and thus Np = 9.

If the collection {v™® (z)}Y 5_, isnot orthogonal, the
resulting matrix A in (2.7) may be dense, making the
linear system generally more costly to solve. An orthog-

onal {v"5B (x)}fy;‘:l is constructed from {e"5 (Jc)}fj;:l
using the Gram-Schmidt process

z? 3

2727

2,2
122

4

.’)3%.%‘2 1‘117% x
2 72

)

{17 T1,T2,T1T2,

vl (z) = e (z)
TLBfl
v"P (z) = €"P (7) — Z Can/BUnB (z) for 2 <np < Np,

ng=1
where the coefficients {C"Bﬂﬂg }2S7LBSNB,1§n}3<NB are

(ene )
’ Hla,o(s)

(0B, 0B )31 (s)

C =
nBnpg ’

with the inner-product defined in (2.4a).

Smoothing estimates with a roughness
penalty. The roughness of the estimate for ¢ can be
controlled by the number Np of basis functions. If the
derivative of order r is the highest required, one can also
control the curvature of the highest order derivative by
penalising the derivatives of order r + 2 [10, Chapter 5].

Let D" = (D7, .,D;’NX denote the r-th order

x
differentiation where Df’;nx is differentiation with respect
to the nx-th coordinate of x. Using the penalty

PEN,.(¢) = | D" 22 (s)

implies that the heavier the penalty, the more ¢ will
approximate a polynomial of order r — 1 weighted by
a'/2. The penalised estimate often does much better at
the boundaries of ¢ than the non-penalised one.

The penalty (3.9) applied to the space V& can be
expressed in matrix terms as PEN,.(¢) = ¢ R¢, where
¢ is a concatenation of {¢"5 }ivjf:l, and the positive
semi-definite matrix R contains elements

R

(3.9)

Ropny, = <DrUnByDTUn35>Li(S)7

. ’
with v"2 v"s € VNE and ng,nls = 1,..., Ng.

Adding a roughness penalty to the linear system
(2.7) is equivalent to finding u according to

(3.10) (A+CR)u=b, ¢>0.

Although any non-negative value of ¢ can be considered,
floating-point computation limits the implementation of
(3.10). The matrices A and R can differ in size, and with
rank(R) < Np — r, R cannot be treated as a coefficient
matrix. Thus, (R must not overwhelm A.

One technique for choosing ( is the generalised cross-
validation (GCV) method developed in [11]. Let b denote
the reconstructed fit of b using a roughness penalty. Then
the GCV criterion is expressed as

e

Np —df(¢) Np—df(¢)’
where df (¢) is the effective degree of freedom. Notably,
(3.11) allows for the selection of ¢ that minimises the

error of the fit while accounting for model complexities.
In the case of (3.10), the criterion (3.11) becomes

—G Q)b
(G ()

where G (¢) is a matrix used to reconstruct b via
b= G ()b, and it takes the form

(3.11) GCV (¢)

GOV (C) _ | (INBXNB

(3.12) Nt

)

G2 A(ATA+CR) AT,

with corresponding effective degree of freedom df (¢)
(G (0)).

Having addressed the choice of basis functions and
the use of regularisation, we now proceed to incorporate
sparsity into the approximations. The goal is to improve
approximation accuracy by increasing the number of
basis functions, while ensuring computational feasibility
for moderate-dimensional problems.

4 Hyperbolic cross approximation.

In addition to the notation introduced in Table 1, we
define the following section-specific terms:

o k=(ki,....kny,...,kny) is a multi-index vector,
where k,, € Ng for allny =1,..., Nx.

That is, k € N)'™*.

e The frequently used norms in NJ'¥ are denoted as

Nx
|k|1 - knx» |k|oo - 1§71;I)1(aSXNX k’ﬂxv
nle
Nx
|k | mix = H max{1, ky, }
nle
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Besides the discretisation parameter K € N, we
consider a sparsity level € € (—o0, 1] to define generalised
sparse grid spaces as in [6]:

Tre = {k € NYX & ki R € < KH}.

The parameter € stems from optimising the cost and
accuracy of the sparse space with respect to an energy
seminorm [12]. Based on the index set Zg ., the
corresponding finite-dimensional subspace is

YN = span{Pk ke IKG} ,
and the collection {v"? ()} _, is then constructed
from orthogonalisation of (3.8) with k € Tx .

The set {P*}rez,.. is dense in H] (S), meaning
that any function in this space can be approximated
arbitrarily well as K — oo. This follows from results on
polynomial approximation in weighted Sobolev spaces.
A sufficient condition is that « is continuous and finite
in S, and has an exponential decay [13].

The relationship between the cardinality Np and
the parameter K is now conditional on €. In practice, €
allows us to switch from the full grid case e - —o0 to
the hyperbolic cross case e = 0. It also allows us create
with € € (0,1] subspaces of the hyperbolic cross space
with further reduced complexities, as shown in Figure 1.

161::

64 64 64 64
32 32 32 32
(0] 0 0 0

0 32 64 0 32 64 0 32 64 0 32 64

Figure 1: Index sets Zi6, (top) and Zgs,. (bottom) for
€ — —oo and € = —2,0,0.5 (from left to right), Nx = 2.

The complexities are as follows:

e ¢ — —o0 corresponds to the Ny-dimensional full
tensor grid, indexed by the set

Tk, oo = {k €N i [kl < K},
with corresponding finite-dimensional subspace
YNE — span {P’c ke IK’,OO} ,

and cardinality Ng (number of indexed basis func-
tions) known to depend exponentially on the dimen-
sion of the state space, Ng = (K + 1)Vx.

e ¢ = 0 corresponds to the so-called regular hyperbolic
cross approximation. Np is O(K (In K)Nx~1).

e 0 < € < 1 corresponds to the so-called optimal
hyperbolic cross approximation. The curse of
dimensionality with respect to Ny, which still was
present when ¢ = 0, has now disappeared: Np is
O(K). The question is if for € € (0, 1], the accuracy
deteriorates exponentially with Nx or is maintained.
We investigate this in a future publication.

5 Particle Flow.

In this section, we explore an instance of PDE (1.1)
where « is the density of particles drawn from a
probability distribution, and whose transport is affected
by an external force m linked to the likelihood of the
particles with respect to observations. This is one of
the core problems in particle flow for solving Bayesian
statistical problems. Its successful treatment would allow
sampling from complex distributions without facing
particle degeneracy and sample impoverishment.

Let us denote by 7 the prior probability distribution
of an Nx-dimensional random variable X, and by m
the probability distribution of X conditional on y, a
given observation. The probability density function of
71, denoted p1, is computed using Bayes’ rule as follows:

1 (z) = Do (x)p(ylx)’

(5.13)

where p (y|z) represents the likelihood of observing y
given x, pg is the probability density function of 7y, and
z is a normalising factor.

To briefly introduce particle flow, we start by letting
i) Cx = Cx([0,1],Sx) be the space of continuous
functions on the time index set [0,1] that take values in
Sx € RM¥x and ii) Sy be a complete separable metric
space such that regular conditional probabilities exist.

We introduce a pseudo-time variable A in [0, 1],
which parametrises a density function p (A, -) satisfying

po(x)p* (y|)

(5.14) 0

p()\7$): 7$€S,SQSX,

where the normalising factor z(\) is such that p (A, x)
remains a probability density function for all A € [0, 1].
Equations (5.13) and (5.14) are linked by setting

p(0,z) =po(z), p(l,x)=p1(z),

that is, p (0, x) is the probability density function of the
prior and p (1, ) is that of the posterior.

In particle flow, we seek a (possibly random) process
X = (X, A €[0,1]) for which the probability density
function of X is exactly p (A, -) for all A € [0,1]. If such
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process exists, my is given, Xg ~ mg and X7 ~ 7, we
then call X a particle flow.
Let us assume that X has the following evolution:

(5.15) dXy = fx (X) d\

where z is distributed according to mg.

In (5.15), fn : Cx — RMx is chosen such that
the distribution of X, has density p(),-). Different
choices of the functional f) lead to different flows
X. In this work, we let (2, F,P) be the appropriate
probability space for our processes, and restrict ourselves
to functionals fy that depend only on X (w) at pseudo-
time A, where X (w) is the sample path, or trajectory,
of X associated with w € Q. That is, f) (X) = fa (Xh),
implying that X is a Markov process. Given pg on Sx,
p satisfies the continuity equation

==

’erl

Xo = w0,

N’

(5.16) () p (A, 2)];

axnx

with initial condition p (0, z) = po ().
Furthermore, the flow is assumed to be of gradient
type, meaning that for any A € [0,1], f\ minimises

%/Sng (z)p (A, z) da

over all admissible vector fields g : Sx — RVx.

This happens when f) takes the form f) (z) =
M= (\,z) Vi (N z), where ¢ : [0,1] x Sx — R
represents a dynamic potential function, V, is the
gradient operator with respect to x, and M is a
symmetric positive semi-definite matrix acting as a
preconditioner. Therefore, letting V. - (-) denote the
divergence operator with respect to x, (5.16) can be
rewritten as
(5.17)

Ix(g) =

P Vo (p(A2) "M\ 2) Vad (N 2)) .

We may write p(ylz) in (5.13) in terms of the
negative log-likelihood L (z,y), that is, p(ylz) =
exp (—L (z,y)). Then the following identity must hold:

P\ z) =

(5.18) —(L(z,y) =L\ )p (A7),

where L:Sx xSy > R and L : [0,1] x Sy — R, with
~logp (ylz), T (A y) 2 /S L(z.y)p(hx)de.

By comparing the right-hand sides of (5.17) and
(5.18), we obtain the following PDE of interest:

S(pz) ML (A 2) Vap (N, )
=—(L(z,y) =L\ y)p(\ ).

7)\]9 (/\a J}) =

L(z,y) 2

(5.19) —V,

Notably, this PDE is a special case of PDE (1.1),

=V (a(z)-B(x) Vo (x))

/m(x)a(x)dxzo, xeS, SCSx,
s

=m(z) o (z),

where a(z) = p(\2), Bx) = M=t (\z), ¢(x) =
¢ (N, 2), and m () = —(L(z,y) — L(\,y)), for fixed
values of pseudo-time A and observation y.

5.1 Numerical experiments. In this section, we
present the results obtained by combining the spectral
representation (§3) of the solution to PDE (5.19) with
the hyperbolic cross approximation (§4), when applied
to Gaussian and non-Gaussian posterior distributions.

Here, the probability density functions take the form
p (A x) = exp (=V (z)), for all XA € [0,1]. Moreover, V
satisfies the conditions outlined in 2.1 for existence of a
unique solution to the corresponding PDE.

To evaluate our results, we use the Kullback—Leibler
(KL) divergence as a comparative metric between two
probability distributions. Given two probability densi-
ties, ¢ and p, defined on S C Sx, the KL divergence of
q relative to p is given by

(5.20) KL(q,p) = / log 4
S p
This quantity is always non-negative and equals zero
if and only if ¢ and p are identical almost everywhere.
Lower values indicate that ¢ is closer to p, while higher
values imply greater divergence.
We work with the following Monte Carlo-based
estimator of the integral in (5.20):

(5.21)
KL(q, p) Z (r (x0) —togr (x)) 1),
where r(z) = qgm) , and {X( ”P)} , are samples drawn

from a probability distribution Wlth density function gq.
Hereafter, p denotes the reference density, while ¢ is
approximated by a kernel density estimator §:

1 Jr
1) = o 2 {

np=1

Nx

H n(x”x X (np)" X lnx)

TLX21

where {l,, }g ~_1 are scaling parameters of a suitable
kernel x. For simplicity, we set the kernel & (a,d’;l)
to be the squared-exponential kernel «(a,a’;l) =

afa' 2
~(=))
according to the leave-one-out likelihood criterion [14].

To assess our proposed spectral method equipped
with the hyperbolic crossing approximation (GHC), we

exp . The scaling parameters are selected
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compare its resulting approximation of the posterior
distribution with the results from two other techniques.
Specifically, we will contrast GHC with the diffusion-
map technique (KERNEL), also often used in particle
flow [1, 4], and with the importance sampling technique
(IS), standard in the Monte Carlo literature.

For GHC and KERNEL, we need to solve (5.15) by
integrating it from A = 0 to A = 1. However, we must
first obtain fy (z) = MY (A, 2) V.o (AN, x), A € [0,1].
For this, we let MY (\,x) = In,xn, and ¢ be the
approximated solution to (5.19), either by our proposed
spectral method or by diffusion-maps.

There are several parameter choices in GHC and
KERNEL that will affect the performance. For GHC,
the maximum order K, the sparsity level ¢, and the
smoothing parameters r and ( are the main parameters
to tweak. For KERNEL, its length-scale parameter is
the most important. As in [15], we have not spent much
effort in tuning these to each particular example, and
it is likely that better performance can be achieved by
adjusting the values of these parameters. However, (
in GHC was set to be the minimiser of the generalised
cross-validation criteria in (3.12), and the length-scale
parameter in KERNEL follows the median criterion for
bandwidth selection from [16], as suggested in [1].

5.1.1 Gaussian distribution. Let us consider the
Bayes’ rule when the prior and posterior distributions
are given by, respectively, mg = N ((0,...,0), INy xNx ),
and m =N ((1,...,1), INyxny ). To transition from m

to w1, we set p (y|z) o< exp (Eanzl a:)

This example is chosen because, as Nx increases,
the two measures become exponentially singular with
respect to each other. Consequently, the particle flow
technique is expected to outperform traditional Bayesian
computational methods, such as IS.

We compute the estimator KL for the KL divergence
between 7, and the empirical posterior distribution from
an ensemble of Np = 256 particles. To demonstrate the
challenge of approximating the posterior as Nx grows,
we consider Nx € 2,4,6,8 and report the mean KL over
20 runs per dimension. Results are shown in Table 2.

Table 2: KL for Gaussian posterior distribution.

Nx ‘ IS KERNEL GHC
2 1.96 0.31 0.15
4 9.57 3.04 1.09
6 18.16 13.68 3.19
8 26.09 30.65 6.49

As expected, the KL divergence for IS rises sig-
nificantly, indicating a poor approximation due to the

increasing singularity between the prior and posterior.
KERNEL performs well in lower dimensions but diverges
for larger Nx for this choice of Np. Conversely, GHC
maintains relatively lower KL values across dimensions.
This result aligns with expectations, as spectral methods
are the standard reference in the particle flow literature
for Gaussian distributions.

5.1.2 Rosenbrock distribution. The second exam-
ple is a two-dimensional benchmark model from [17]:
the Rosenbrock distribution. We chose this distribution
for its desirable properties in Monte Carlo testing, such
as a complex density structure, an easy extension to
arbitrary dimensions, and a known normalising factor.

In this example, the Rosenbrock distribution has
a conditionally Gaussian component. Specifically, for
X = (XWX if XD ~ N (g, 0), then X | XD ~
N(XM)2 7). In this case, we set p = 0 for the prior
distribution and p = 1 for the posterior distribution,
with a standard deviation of o = 0.5.

Table 3: KL for Rosenbrock posterior distribution.

Method Np =256 Np =512
IS 1.39 1.36
GHC (¢ — —o0) 0.68 0.32
GHC (e = —2 0.24 0.17
GHC (e = 0) 0.29 0.17
GHC (e = 0.5) 0.31 0.18
KERNEL 0.43 0.35

Table 3 presents the estimated KL divergence
between 7, and the empirical posterior distribution for
different methods. As expected, increasing the number
of particles from Np = 256 to Np = 512 generally
reduces KL divergence values, indicating a better
approximation. The decrease in KL divergence for
e = —2 and € = 0 is likely due to fewer basis coefficients
being approximated. Although incorporating more
functions generally leads to better approximations, this
is not necessarily the case for (3.10) implemented using
Monte Carlo estimates with a finite Np: the estimates
for A, R and b based on higher-order polynomials
can exhibit significant variability. Conversely, for
the case of subspaces of the hyperbolic cross space,
e € (0,1], we expect the approximation to deteriorate
as € increases, as higher sparsity may result in losing
important basis functions that capture correlations
across dimensions. However, the resulting values in
Table 3 remain reasonable, indicating that even for
€ > 0, the method still provides a good approximation.

To conclude this section, we illustrate one of the
experiments used for Tables 2 and 3. Figure 2 displays
the estimated posterior density functions.
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Figure 2: 8-dimensional Gaussian prior and posterior
density functions (top) and two-dimensional Rosenbrock
prior and posterior density functions (bottom). Marginal
density functions are represented by marginal curves.
Red regions indicate areas of higher probability mass.
For the Gaussian case, only the first two coordinates are
shown. Kernel density estimators are based on Np = 256
particles using IS, KERNEL, and GHC.

GHC

6 Concluding remarks.

In this work, we proposed a spectral method to solve the
weighted Poisson equation (1.1). Within the context of
sequential Monte Carlo, we examined our choice of basis
and the approximation to the solution when adjusting
the sparsity level of the tensor product.

In an extended version of this work, we intend to )
establish error bounds for GHC-based approximations in
H}, o (S), and ii) apply GHC-based particle flow to state-
estimation problems, in which the posterior distribution
is conditional on a given stream of observations y. To
better understand the accuracy deterioration with Nx
for ¢ € (0,1], we also intend to solve the weighted
Poisson equation associated with a fixed value of A,
using quadrature rules in place of the Monte Carlo
integration, while omitting the regularisation term. This
setting would isolate the effect of the choice of basis
and the associated sparsity from the noise introduced
by sampling and regularisation.
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