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Abstract6

Ordinal predictors are commonly used in regression models. They are often
incorrectly treated as either nominal or metric, thus under- or overestimating
the contained information. Such practices may lead to worse inference and
predictions compared to methods which are specifically designed for this
purpose. We propose a new method for modeling ordinal predictors that
applies in situations in which it is reasonable to assume their effects to be
monotonic. The parameterization of such monotonic effects is realized in
terms of a scale parameter b representing the direction and size of the effect
and a simplex parameter ζ modeling the normalized differences between
categories. This ensures that predictions increase or decrease monotonically,
while changes between adjacent categories may vary across categories. This
formulation generalizes to interaction terms as well as multilevel structures.
Monotonic effects may not only be applied to ordinal predictors, but also
to other discrete variables for which a monotonic relationship is plausible.
In simulation studies, we show that the model is well calibrated and, in
case of monotonicity, has similar or even better predictive performance than
other approaches designed to handle ordinal predictors. Using Stan, we
developed a Bayesian estimation method for monotonic effects, which allows
to incorporate prior information and to check the assumption of monotonicity.
We have implemented this method in the R package brms, so that fitting
monotonic effects in a fully Bayesian framework is now straightforward.

Keywords: Isotonic regression, Ordinal variables, Bayesian statistics, brms,
Stan, R
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Over the last few decades, a substantial amount of statistical research has been devoted8

to handling ordinal response variables in regression models starting with the seminal paper9

of McCullagh (1980; see also Agresti, 2010; Bürkner and Vuorre, 2018; Liu and Agresti, 2005;10

Tutz, 2011 for an overview). In Psychology, for instance, this kind of data is omnipresent11

in the form of Likert scale items, which are often treated as continuous out of convenience12

without ever testing this assumption (Liddell & Kruschke, 2017). With researchers realizing13

the importance of correctly modeling ordinal responses, the related models – often simply14

called ordinal models – are now increasingly applied in scientific practice. In the statistical15

language R (R Core Team, 2018), for instance, several packages are available to fit ordinal16

models, among others “ordinal” (Christensen, 2018), “VGAM” (Yee, Stoklosa, Huggins, &17

others, 2015), or “brms” (Bürkner, 2017; Bürkner, 2018) to name the perhaps most general18

ones. Ordinal predictors seem to have received less attention in statistical research. In R,19

for instance, the standard treatment of ordinal predictors is still to compute orthogonal20

polynomials on their integer representations to model linear, qudratic, cubic, etc. terms of21

the predictors (Chambers & Hastie, 1992). We believe this approach to be suboptimal for22

various reasons, most notably because it assumes the ordinal categories to be equidistant,23

which is clearly an oversimplication, and because it yields parameter estimates we would24

consider hard to interpret.25

The literature on ordinal predictors may be divided into three partially inter-conntected26

lines of research. The first is based on penalized regression/spline approaches specifically27

designed for ordinal predictors (Alvarez, Bailey, & Katz, 2011; Gertheiss, 2014; Gertheiss28

& Oehrlein, 2011; Gertheiss & Tutz, 2009; Gu, 2013), the second are categorical types of29

isotonic regression (Barlow, Bremner, Brunk, & Bartholomew, 1972; Robertson, Wright, &30

Dykstra, 1988), and the third are ordinal latent variable models (Jöreskog, 1994; Winship &31

Mare, 1984). We begin by explaining the penalized regression approach. The main idea of32

the method proposed by Gertheiss and Tutz (2009) is to penalize large differences between33

adjacent categories. This is done by imposing a penality on the squared differences between34

the means of adjacent catgories, that is, on (η(x)− η(x− 1))2, where x denotes values of35

the ordinal predictor and η(x) denotes the predicted mean at category x. The penalty36

reflects the expectation that, if a predictor is ordinal, changes may happen smoothly and37

larger differences should thus be unlikely. This approach allows for a principled and flexible38

handling of ordinal predictors in a way closely related to regression splines (Gertheiss & Tutz,39

2009; Gu, 2013). It also has a Bayesian interpretation in terms of priors on the category40

means (Gertheiss & Tutz, 2009). In the original version of this approach (used in Gertheiss41

& Tutz, 2009; Gertheiss, 2014; Gertheiss & Oehrlein, 2011), the direction of the changes42

remains unspecified and may vary across the range of the ordinal variable.43

In many practical settings, we do often expect the changes between adjacent categories44

to be monotonic, that is, consistently negative or positive across the full range of the45

ordinal variable (e.g., Barlow et al., 1972). For instance, the subjective well-being may46

be monotonically related to measures of physical or psychological health, which we would47

typically assess via Likert scales and hence in an ordinal manner. If we have theoretical48

reasons to expect a monotonic relationship, we may want to incorporate this assumption into49

our model to improve accuracy of the parameter estimates and predictions, but of course50

also to test whether this assumption was justified in the first place. Even when monotonicity51
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is justified, the size of the changes may still vary across ordinal categories by a substantial52

amount as ordinality does not contain information about the distance between categories.53

The major line of statistical research which concerns itself with regression models54

subject to order constraints (i.e., monotonicity) is known as isotonic regression1 (Barlow et55

al., 1972; Robertson et al., 1988). Depending on the research question and nature of the56

variable on which we want to impose a monotonicity constraint, different techniques may be57

more favorable. If the variable is essentially continuous, such as time intervals or the dose of58

a drug, we can use parametric functions which are known to be monotonic (e.g., the log59

or logistic functions in simple cases) or use semi-parametric approaches such as monotonic60

splines (Gu, 2013; He & Shi, 1998; Helwig, 2017; Kelly & Rice, 1990; Lee, 1996; Leitenstorfer61

& Tutz, 2006, 2007; Pya & Wood, 2015; Ramsay, 1988; Wang & Small, 2015). If the variable62

under study is categorical, the monotonicity assumption reduces to an ordering constraint63

on the predicted category means. Using frequentist approaches, the latter case has been64

studied extensively in Barlow et al. (1972) and Robertson et al. (1988; see also Best and65

Chakravarti, 1990; Dykstra and Robertson, 1982; Lee, 1981; Rufibach, 2010; Wu, Woodroofe,66

and Mentz, 2001). Bayesian approaches to order constraint category means and testing67

of these contraints have been develeoped as well (e.g., Klugkist & Mulder, 2008; Danaher,68

Roy, Chen, Mumford, & Schisterman, 2012; Mulder & Raftery, 2019). For the purpose of69

studying ordinal predictors, we are primarily interested in the categorical type of isotonic70

regression although continuous types may provide useful predictions also for categorical71

predictors if they have sufficient number of categories (e.g., see Helwig, 2017). Building72

on the penalized regression of Gertheiss and Tutz (2009) and Gu (2013), Helwig (2017)73

proposed to impose order constraints on the category means so that the implied relationship74

between response and ordinal predictor is monotonic. Combining the two approaches can75

lead to improved predictions compared to penalized or isotonic regression alone, provided76

that the true relationship is monotonic (Helwig, 2017).77

The above described approaches to modeling ordinal predictors, especially those which78

induce some regularization, have good theoretical and practical properties when it comes79

to predictive accuracy (e.g., Gertheiss & Tutz, 2009; Gu, 2013; Helwig, 2017). Further,80

the parameter estimates are easy to interpret as they simply consist of the (regularized)81

response means per ordinal predictor category. As such, they are conceptually closer to82

how categorical predictors, rather than continuous predictors, are handled in regression83

models. In contrast, in the present paper, we introduce a new monotonicity imposing84

parameterization for ordinal predictor terms which behaves much like a continuous predictor85

term. However, we do not make the assumption of equidistance of the predictor values, which86

is clearly unwarrented for ordinal variables. The proposed parameterization is designed to87

fit naturally into generalized linear modeling frameworks and their extentions. As such, it88

can be seamlessly combined with other types of predictor terms to model parameters of89

arbitrary response distributions, and may even be used within interactions or multilevel90

structures. To make this approach easy to rememeber, we simply call it monotonic effects,91

by which, of course, we do not want to imply that this is the only possible way to impose92

monotonicity. As explained in detail in the next section, the estimated parameters have an93

1The term “isotonic” is mostly used synonymously to “monotonic” in the mathematical-statistical literature.
We prefer the latter as we believe it to be understandable by a wider audience outside of mathematics.
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intuitive meaning and are thus easy to interpret and communicate. In contrast to existing94

approaches, we work in a fully Bayesian framework for model specification and estimation,95

which increases the complexity of models in which monotonic effects can be incorporated96

and also allows to specify prior distributions on the corresponding parameters. The latter97

may not only be used to incorporate additional subject matter knowledge into the model98

that would otherwise remain unused, but also to regularize the model’s predictions and99

make it robust against overfitting even in the absense of such specific knowledge.100

The method proposed in the present paper, as well as other approaches discussed101

above, model ordinal predictors as manifest variables, that is, do not explicitly consider102

potential measurement error in these predictors. In contrast, in latent variable models, it is103

common to model ordinal variables as indicators of an underlying latent continuous variable,104

from which the observed ordinal variable originated via categorization (e.g., Winship & Mare,105

1984; Finney & DiStefano, 2006; Jöreskog, 1994; Lei, 2009). Such models then estimate the106

relationship between this latent variable and the (manifest or latent) response variable. This107

way, latent ordinal models are able to take measurement error into account and provide108

estimates of how the relationship between variables would have been if we had been able to109

directly observe the underlying true continuous construct. Importantly, this also implies a110

monotonic relationship between the manifest ordinal predictor and the response variable. A111

latent approach may be a reasonable modeling choice (a) if there is substantial measurement112

error and/or we are interested in the (hypothetical) latent relationships between variables.113

In contrast, a manifest approach maybe a reasonable choice (a) if the variables are measured114

very precisely or simply known by design (e.g., discrete points in time in a longituditinal115

study), (b) if the main focus lies on making predictions for new response values, and/or116

(c) if the observable manifest relationships between variables are simply those which are117

of interest. It is beyond the scope of this paper to make a general point about manifest118

vs. latent approaches for ordinal variables. However, we want to point out that our proposed119

method treats ordinal predictors as manifest variables, as is the case for a lot of other120

prominent approaches (e.g., Klugkist & Mulder, 2008; Gertheiss & Tutz, 2009; Gu, 2013).121

The structure of this paper is as follows. In Section 2, we will introduce monotonic122

effects as well as their mathematical foundation in detail. We continue by explaining a123

software implementation of monotonic effects in the R package “brms” (Bürkner, 2017;124

Bürkner, 2018) in Section 3, which supports a wide and growing range of Bayesian regression125

models. In Section 4, we perform a simulation study to investigate parameter recovery126

of monotonic effects and compare their performance to other approaches proposed in the127

literature. In Section 5, a case study dealing with measures of chronic widespread pain128

(Cieza et al., 2004; Gertheiss et al., 2011) will be discussed, in which we make extensive use129

of monotonic effects. We end with a discussion in Section 6. Mathematical proofs about130

the properties of monotonic effects as well as further simulation results are presented in the131

Appendix.132

1 Monotonic Effects133

We will develop monotonic effects in the context of a distributional regression framework134

(Bürkner, 2018) in which the response y is distributed according to distribution D with P135

distributional parameters ψ1, ..., ψP . We write136
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yn ∼ D(ψ1n, ψ2n, . . . , ψPn)

to stress the dependency on the nth observation. The domain of each parameter ψp depends137

on the distribution D. For instance, the mean parameter of a normal distribution might138

take on all real values while the probability parameter of a binomial distribution can only139

take on values in the interval [0, 1]. Each ψp (1 ≤ p ≤ P ; with individual elements ψpn) may140

be predicted by a vector of predictor variables X = (x1, . . . ,xK) where each variable xk is141

itself a vector of length N . To regress ψp on X, we formulate ψp in terms of a generalized142

linear model (GLM). To reduce the notational burden, we will drop the index p in the143

following as the GLM is formulated in the same way for all distributional parameters. We144

write ψ = g(η), where g is the response function (i.e., inverse link function) and η ∈ RN is a145

linear predictor term. Its nth element, ηn, may be written as146

ηn =
J∑
j=0

bjfj(Xn). (1)

In Equation (1), Xn denotes the vector (x1n, . . . , xKn) of predictor values of the nth147

observation, fj are (possibly non-linear) transformations of the predictor variables and bj are148

the regression coefficients. Typically, f0 = 1 is a constant function to include an intercept149

into the model. The notation above is a slightly non-standard formulation of a GLM (in fact150

we could speak of a generalized additive model in this context; Hastie, 2017). We use this151

notation in order to naturally generalize the framework to monotonic effects as explained in152

the following.153

A predictor variable which we want to model as monotonic must have discrete values154

in an ordered set, which are coded as integers. The integer value may represent, for instance,155

count data, discrete points in time, or categories of an ordinal variable. Since the latter is156

possibly the most relevant use case in psychology and related disciplines, in the following,157

we are going to concentrate on this example of an application for a monotonic predictor.158

We are going to refer to the values of such a variable as predictor categories. As opposed to159

the values of a continuous predictor, predictor categories should not be assumed equidistant160

with respect to their effect on the response variable. Instead, the distance between adjacent161

predictor categories is estimated from the data and may vary across categories.162

Suppose we have an ordinal predictor x which we want to model as having a monotonic163

effect. Ordinal variables contain no information about the distance between adjacent164

categories. Thus, without loss of generality, we can code the categories of x so that the165

lowest possible category is zero2 and the largest is D. Since we start counting at zero, D is166

equal to the number of differences between two adjacent categories and also equal to the167

total number of categories minus one. For any value x ∈ {0, . . . , D} that x can take on, we168

define169

2Note that this convention differs of the one customarily used in statistical software, where indices of
vectors, matrices, etc. usually start at one. However, starting at zero simplifies the notation of monotonic
effects and so we adopt this approach in the present paper.
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mo: {0, . . . , D} → [0, D], x→ mo(x, ζ) = D
x∑
i=1

ζi (2)

and call it the monotonic transform. For notational convenience, we set
∑0
i=1 ζi = 0. The170

vector ζ is defined as a simplex, which means that is it satisfies ζi ∈ [0, 1] and
∑D
i=1 ζi = 1.171

By definition, the elements of ζ represent the normalized distances between consecutive172

predictor categories. As we can identify any set of D + 1 ordinal categories with {0, . . . , D},173

the monotonic transform is invariant under ordinality preserving transformations of x.174

The additive increment of xn (i.e., the nth value of x) to ηn can be written as:175

bmo(xn, ζ) = bD
xn∑
i=1

ζi (3)

where b can take on any real value. In the above parameterization, b represents the size and176

the sign of the effect similar to an ordinary regression coefficient. That is, we do not have177

to specify the sign of the monotonic effect a-priori but let the model find out itself if effect178

is positive or negative, just as we do it for coefficients in ordinary regression models. To179

explicitely bring monotonic effects into our GLM framework from (1) we can set bj = b and180

fj = mo(., ζ). However, monotonic effects cannot be included in standard GLMs because181

the transformations fj are not fully known a-priori but contain the parameter ζ, which182

needs to be estimated along with all other model parameters. As such, monotonic effects183

have some similarities with regression splines, a fact we will come back to later on.184

If the monotonic effect is used in a linear model, b can be interpreted as the expected185

average difference between two adjacent categories of x, while ζi describes the expected186

difference between the categories i and i − 1 in the form of a proportion of the overall187

difference between lowest and highest categories. Thus, this parameterization has an intuitive188

interpretation while guaranteeing the monotonicity of the effect (see Proof A1 in Appendix189

A). As visualized in Figure 1, we can understand monotonic effects as implying a piecewise190

linear curve of which all components have the same sign. In a simple linear model, monotonic191

effects are equivalent to categorical isotonic regression (see Proof A2 in Appendix A). A192

conceptual advantage of monotonic effects over isotonic regression – or other approaches193

working directly on the category means – is that the former emits a single regression194

coefficient, b, which can directly be post-processed further. An example where this is useful195

are path models, in which regression coefficients are multiplied along the paths of interest,196

and monotonic effects can naturally be incorporated in such models.197

Interaction terms including a monotonic predictor x can be canonically written as198

b mo(xn, ζ) f(Xn) (4)

where f(.) is an arbitrary function on the set of predictor variables X, and may of course199

include further monotonic effects. In more complex predictor terms, monotonic effects of200

x may also appear multiple times. As such, one modeling choice to be made is whether201

different simplex parameters related to x should be the same or allowed to have different202
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Figure 1 . Visualization of a monotonic effect with D+1 = 4 predictor categories. Parameters
were set to b = 100/3 and ζ = (0.6, 0.3, 0.1).

values. For example, a linear predictor term consisting of an intercept as well as the main203

effects and two-way interaction between a monotonic predictor x and a continuous (or coded204

nominal) predictor z could be formulated as205

ηn = b0 + b1 zn + b2 mo(xn, ζ2) + b3 zn mo(xn, ζ3), (5)

where ζ2 and ζ3 are two simplex parameters related to x. If ζ2 and ζ3 are different, x may206

not necessarily be conditionally monotonic for all values of z (see Proof A4 in Appendix207

A for a counter example). Rather the monotonicity being modeled depends on the chosen208

parameterization. For instance, if the predictor z is dummy coded as 0 and 1 representing209

the two categories of a dichotomous variable, the formulation above models the effect of x to210

be monotonic for category 0 as well as for the change between category 1 and 0. Conversely,211

when using cell mean coding rather than dummy coding for z, the model assumes a different212

monotonic effect of x for both categories of z. In the latter case, x is conditionally monotonic213

on z. If we fix all simplex parameters corresponding to the same monotonic variable x to214

the same value, conditionally monotonicity is achieved in general (see Proof A3 in Appendix215

A):216

Proposition 1. Let η be an arbitrary linear predictor term containing the monotonic217

predictor x with the corresponding simplex parameter ζ being the same across all terms218
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including x. Then η is monotonic in x conditionally on all possible combinations of all219

other predictor variables.220

While fixing all simplex parameters associated with x to the same vector guarantees221

conditional monotonicity, it may be too restrictive for many common situations. For instance,222

if one wanted to model different monotonic effects for two groups, it would imply the shape223

(ζ) of the predictions to be the same across groups with just their overall effect scale (b)224

to be different. As explained in Section 3, in brms we make use of both parameterizations225

(varying and constant ζ) at different places in the package.226

1.1 Monotonic effects in a Bayesian framework227

The present paper describes monotonic effects as embedded in a fully Bayesian228

framework. We consider every statistical model a Bayesian model if it quantifies the229

uncertainty in all observed and unobserved variables (conventionally denoted as data and230

parameters, respectively) by means of probabilities. This is often expressed in terms of231

Bayes’ Theorem, which states that the posterior distribution p(θ|y) of the model parameters232

θ given the data y can be expressed in terms of the product of likelihood p(y|θ) and prior233

distribution p(θ) as well as a normalizing constant p(y):234

p(θ|y) = p(y|θ)p(θ)
p(y) (6)

A thorough introduction to Bayesian statistics is outside the scope of the present235

paper. Instead, we refer to well established text books such as McElreath (2016), Kruschke236

(2014), and Gelman et al. (2013).237

With respect to monotonic effects, a fully Bayesian framework has two main impli-238

cations. First, such a framework allows to incorporate monotonic effects in a large class239

of regression models without the need to develop any model-specific estimators. Second,240

it implies that we can think of prior distributions for b and ζ. Such prior distributions241

enable us to incorporate information, which does not come directly from data in terms of242

the likelihood contribution, such as expert knowledge or findings from previous studies.243

Priors for b can be derived based on the a-priori expectation regarding the average244

difference between adjacent categories. Any family of prior distributions typically applied to245

regression coefficients can be applied on b, as well. As a weakly-informative prior for b, we246

can understand any location shift distribution – such as a normal of student-t distribution –247

centered around zero and with a scale parameter large enough to allow for large but plausible248

average differences, while penalizing implausibly large differences. This scale will necessarily249

depend on the scale of the response distribution and, the range of the monotonic predictor250

and also on the chosen link-function (Gelman, Simpson, & Betancourt, 2017). Alternatively,251

one may use an improper flat prior that treats all real values as being equally likely a-priori252

in the hope that the data alone is sufficient to identify b. Importantly, when setting up a253

prior on b, we do not need to take into account the individual differences between adjacent254

categories since the latter is fully handled by the simplex parameter ζ.255
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Setting a prior on the simplex parameter ζ requires a different approach. A natural256

choice for a prior on simplex parameters is the Dirichlet distribution, a multivariate general-257

ization of the beta distribution (Frigyik, Kapila, & Gupta, 2010). It is non-zero for all valid258

simplexes (i.e., for ζ with ζi ∈ (0, 1) and
∑D
i=1 ζi = 1) and zero otherwise. The Dirichlet259

prior has a single parameter vector α of the same length as ζ. Its density is defined as260

f(ζ|α) = 1
B(α)

D∏
i=1

ζαi−1
i , (7)

where B(α) is a normalizing constant (Balakrishnan, 2014). As the a-priori expectation of261

ζi is given by wi = E(ζi) = αi/α0, with α0 =
∑D
i=1 αi, higher values of αi in comparison to262

the sum over α imply higher a priori values of ζi. Moreover, the higher the sum over α, the263

higher the certainty in each of the proportions wi.264

In the absence of any problem specific information, a reasonable default prior on ζ265

would surely be one that assumed all differences between adjacent categories to be the same266

on average while being considerably uncertain about this expectation. Such a prior would267

imply, on average, a linear trend but with enough uncertainty to allow for all other possible268

monotonic trends as well. The Dirichlet prior with a constant α = 1 puts equal probability269

on all valid simplex and can thus be understood as the multivariate generalization of the270

uniform prior on simplexes. Since we have wi = 1/D, this prior centers ζ around a linear271

trend with large uncertainty and thus appears to be a good default prior in the absence of272

any problem specific information.273

If the prior on b is centered around zero and the prior of ζ is centered around a linear274

trend, the implied joint prior of the monotonic effect is centered around zero, with potentally275

substantial uncertainty around it, depending how uncertain the priors on b and ζ are. That276

is, the data has to provide enough evidence for a non-zero effect in order to overcome the277

prior. The stronger the prior in favor of a zero-effect, the more evidence we need from the278

data in order to be convinced of a non-zero effect. This property actually enables shrinkage279

priors for regression coefficient (e.g., Carvalho, Polson, & Scott, 2009; Piironen, Vehtari, &280

others, 2017) to be applied to monotonic effects.281

1.2 Regularizing larger changes between categories282

In a Bayesian framework, larger differences between adjacent categories can naturally283

be penalized—that is made less likely a-priori—by means of priors on b and ζ. Importantly,284

when we speak of penalizing larger differences, we do not mean making the overall functional285

form smoother. Since monotonic effects are piecewise linear, priors on b or ζ will not make286

them look smoother (unless the effect turns out the be exactly linear across all predictor287

categories). This is an important difference to other approaches such as monotonic regression288

splines and should be taken into account when interpreting the influence of priors on the289

obtained parameter estimates.290

If we expect the total effect b to be small, we can use a zero-centered prior on b291

with comparatively small tails. For instance, if we expect b to be between −10 and 10292

with probability 95% as well as higher probability for values closer to zero, we can use a293
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Normal(0, 5) prior. The logic behind this choice is straightforward as the normal distribution294

has approximately 95% probability between −2 and 2 standard deviations around its mean.295

When it comes to the shape of the monotonic effect, we have to take a closer look at296

the prior on ζ. As discussed above, a constant vector α of the Dirichlet prior on ζ implies a297

linear trend in expectation. In other words, for constant α, the prior means of all changes298

ζi between adjacent categories are the same. The higher the sum over α, the higher the299

certainty in that expectation. Thus, if we expect a linear trend with some certainty, we300

assign all elements of α to the same value a. To get an intuition about what is a reasonable301

value for a, we may use the standard deviation of the elements ζi, which can be computed302

as (see Balakrishnan, 2014):303

SD(ζi) =
√
wi(1− wi)
α0 + 1 (8)

where wi = αi/α0 is the expectation of the ith component. Although the standard deviation304

is an imperfect measure of variability for the Dirichlet distribution as the latter is not305

symmetric in general, we still believe the former to be helpful in better understanding the306

implications of one’s chosen priors. For the default of a = 1 and a total of D + 1 = 5307

categories, we get a rather large standard deviation of SD(ζi) = 0.19. If we set, for example,308

a = 5, we get SD(ζi) = 0.09 and thus much higher certainty in changes of equal size.309

Of course, the process of increasing α on average works equally well even if we do not310

expect all changes to be the same a-priori. For instance, if D = 4 and we expect a 3-times311

larger change between the first two categories than between all the other categories with312

some certainty, we may set α = (9, 3, 3, 3). As a result, we get w1 = 1/2 and esle wi = 1/6.313

As standard deviations, we get SD(ζ1) = 0.11 and SD(ζi) = 0.09 else.314

Alternatively, and perhaps favorably, we can directly plot the marginals of the Dirichlet315

distribution. These marginal priors are known to be beta distributions with shape parameters316

s1 = αi and s2 = α0−αi (Balakrishnan, 2014). For α = (9, 3, 3, 3), the marginal distributions317

of ζ are exemplified in Figure 2. All of the above approaches to better understand the318

Dirichlet prior have in common that they ignore the dependencies between elements of ζ.319

More precisely, elements of ζ are always negatively correlated as an increase in one element320

needs to be reflected in a decrease in the other elements to satisfy the sum-to-one constraint321

(Balakrishnan, 2014):322

Cor(ζi, ζj) = − wiwj√
wi(1− wi)wj(1− wj)

(9)

A possible solution would be to plot the multivariate density of the Dirichlet prior,323

but this will become more difficult for higher dimensional ζ (i.e., for variables with more324

than three categories) and so we do not illustrate this approach in the present paper.325
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Figure 2 . Densities of marginal priors of ζ1 and ζ2 for α = (9, 3, 3, 3). The marginal priors
of ζ3 and ζ4 are in this case identical to the one of ζ2.

2 Implementation in brms326

The brms package (Bürkner, 2017; Bürkner, 2018) provides an interface to fit Bayesian327

generalized (non-)linear (multilevel) regression models using Stan (Carpenter et al., 2017;328

Stan Development Team, 2019), which is a C++ package for performing full Bayesian329

inference (see also http://mc-stan.org/). It supports a wide range of distributions, allowing330

users to fit – among others – linear, count data, survival, response times, ordinal, zero-inflated,331

and even self-defined mixture models all in a distributional multilevel context.332

In brms, monotonic effects are fully integrated into the formula syntax, which builds333

on and extends standard R formula syntax as well as the multilevel formula syntax initially334

created for the lme4 package (Bates, Mächler, Bolker, & Walker, 2015). Monotonic predictors335

can be used like any other predictor variable and, with respect to the formula syntax, behave336

like a numeric predictor. Suppose the response variable y is predicted by a monotonic337

variable x and a non-monotonic variable z (i.e., a continuous or categorical variable). Then338

the corresponding model formula is339

y ~ mo(x) + z

Modeling both main effects and interaction of x and z can be achieved by340

y ~ mo(x) * z

Depending on whether z is a continuous or categorical variable, this will imply a341

different predictor term, which is fully determined by and thus consistent with the basic342

R formula syntax. If z is monotonic as well, then z is simply replaced by mo(z). Please343

note that for models including interactions with monotonic variables, brms will use different344

simplex parameters for different terms of the same monotonic variable (e.g., for the main345

effect of x and the interaction of x and z). This results is much greater modeling flexibility346

http://mc-stan.org/
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as explained in the former section. The variable which should be modeled as monotonic may347

either be integer valued or an ordered factor. In the latter case, the ordered factor will be348

transformed to an integer variable with the lowest factor level being identified with zero as349

described above.350

An especially well developed feature of brms is its multilevel formula syntax allowing351

to model, for instance, hierarchically nested data structures such as multiple observations352

per person in a longitudinal study. Suppose we wanted to fit a monotonic effect per person353

in a multilevel model, then we could specify this as follows:354

y ~ mo(x) + (mo(x) | person)

The mo(x) term outside the brackets denotes the average monotonic effect across per-355

sons, while the (mo(x) | person) term indicates that the difference between the individual356

monotonic effects per person and the average effect should be modeled as well (for more357

details on the brms formula syntax see Bürkner (2018)). For this parameterization to make358

sense in combination with monotonic effects, we treat the shape (i.e., the simplex parameter359

ζ) as constant across persons and only vary the size and direction of the effect (i.e, b) as360

varying across persons. This restricts the flexibility of the model but results in much more361

stable estimates and less convergence problems in particular if the number of observations362

per person (or more generally, per level of the grouping factor) is small.363

3 Simulations364

To verify the correctness of our implementation of monotonic effects and to compare365

them to other approaches for ordinal predictors, we performed a simulation study. All366

simulations were done in R (R Core Team, 2018) via the RStudio interface (RStudio Team,367

2018). For data preparation and plotting we used packages from the tidyverse (Wickham,368

2017) in particular dplyr (Wickham, François, Henry, & Müller, 2019) and ggplot2 (Wickham,369

2016).370

3.1 Parameter recovery371

Before applying a statistical model in practice, we should first make sure that it is372

able to recover its own parameters (e.g., Cook, Gelman, & Rubin, 2006). This means that if373

data is simulated from the model under consideration – so that it is the true data generating374

model – we should, on average, be able to recover the true parameters of the model. What is375

more, our parameter estimates should have just the right amount of uncertainty so that we376

are neither overly certain not overly uncertain about the location of the parameter. We may377

be tempted to just select a few parameter values to work as the ground truth, and evaluate378

parameter recovery on their basis. However, this is dangerous since we may (accidentally)379

select parameter values for which the algorithm works particularily well or particularily380

poorly (Talts, Betancourt, Simpson, Vehtari, & Gelman, 2018). A more robust approach is381

to sample the ground truth from a distribution of ground truths in each simulation trial and382

then evaluate the set of estimates against the true distribution.383

If an estimation algorithm for a given model suceeds in the procedure described above,384

we call the algorithm well calibrated. In Bayesian statistics, we could equivalently say that385
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given the prior and the likelihood, we are able to estimate the true posterior distribution of386

the parameters. This can be formally tested by means of simulation based calibration (SBC;387

Talts et al., 2018), a procedure which works as follows. First, sample true parameter values388

θ̃ from the prior, θ̃ ∼ p(θ), second sample data ỹ from the likelihood, ỹ ∼ p(y | θ̃). Third,389

using the algorithm which we want to validate, obtain L samples {θ1, . . . , θL} from the390

estimated posterior distribution, {θ1, . . . , θL} ∼ p(θ|ỹ). Fourth, for a quantity (or quantities)391

of interest f(θ), which can be computed on the basis of the posterior samples (e.g., the392

individual parameter estimates), count how many values in {f(θ1), . . . , f(θL)} fall below the393

true value f(θ̃). We call this count the rank statistic and denote it by r(θ1:L | θ̃, f).394

If the algorithm is well calibrated for a given model, θ̃ and {θ1, . . . , θL} should be395

distributed according to the same distribution (Talts et al., 2018). We can verify this396

by repeating the above steps multiple times (say, T = 1000 times). For each repetition397

t, we compute the rank statistic rt(θ | θ̃, f). Afterwards, we create an histogram over398

{r1(θ1:L | θ̃, f), . . . , rT (θ1:L | θ̃, f)} and investigate its shape. If the histogram is approximately399

uniform over [0, L], the algorithm is well calibrated to the model. If it is skewed, the400

algorithm is biased. If the histogram is U-shaped or inverse-U-shaped, the estimated401

posterior distribution is narrower or wider, respectively, than the true posterior distribution.402

We may add confidence intervals to the histograms to indicate the range in which we would403

the bars to be for a well calibrated quantity. This helps in differentiating actual estimation404

problems from random simulation noise. The SBC procedure needs to be adjusted slightly405

for use with autocorrelated samples such as those obtained by MCMC sampling. For more406

details see Talts et al. (2018).407

To analyse the calibration of monotonic models using SBC in practically common408

settings, we performed a simulation study. We focused on normally distributed response409

variables:410

y ∼ normal(µ, σ),

where the mean µ is regressed on some monotonic effects as detailed in the following, and σ411

is the residual standard deviation assumed constant across observations. This resembles a412

linear regression model except that the predictors were modeled as monotonic effects. We413

varied µ as either containing the main effect of a single monotonic predictor x:414

µ = b0 + b1 mo(x, ζx),

or the main effects of two monotonic predictors x and z plus their interaction:415

µ = b0 + b1 mo(x, ζ1) + b2 mo(z, ζ2) + b3 mo(x, ζ31) mo(z, ζ32).

Further, the dimension of all simplex parameters was D ∈ {4, 10, 50} so that the number416

of predictor categories of x and z took on values of D + 1 ∈ {4, 11, 51}, respectively.417

In each simulation trial, the values of x and z where sampled uniformly from the set418

of possible categories {0, . . . , D}. The number of observations took on values of N ∈419

{50, 200, 1000}. As priors for the model parameters, we used Normal(0, 1) distributions for420

all regression coefficients, uniform Dirichlet distributions of dimension D for all simplexes,421

and truncated Normal+(0, 1) distribution for the residual standard deviation σ. Further,422

regression coefficients were scaled to be independent of the number of predictor categories,423
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that is, b1 and b2 were divided by D and b3 was divided by D2. This ensures comparability424

of model predictions across different values of D. The monotonic models where fitted425

in Stan via the brms interface using 500 warmup and 500 post-warmup draws from the426

posterior obtained from a single Markov chain. For each of the 2× 3× 3 = 18 conditions,427

the simulations were repeated T = 1000 times.428

For brevity’s sake, we only show results of selected simulation conditions that are429

representative of the overall findings. A complete overview of all results is available on430

Github (https://github.com/paul-buerkner/monotonic-effects-paper). The SBC results for431

the monotonic main effect and interaction models for N = 200 and D = 4 are displayed in432

Figure 3 and 4, respectively. We clearly see that all model parameters are well calibrated433

under these conditions. Even if the number of parameters P becomes substantially larger434

than the number of observations N , the model is may be well calibrated as examplified for435

the interaction model when N = 50 and D = 50 (see Figure 5).436

However, this may not always be the case. In the interactiom model for N = 1000 and437

D = 50, we obsere spikes in the histograms at very small and very large parameter values, in438

particular for the simplex parameters (see Figure 6). This indicates strong autocorrelation439

in the chains and thus convergence problems of the model (Talts et al., 2018). A closer440

investigation of the fitted models revealed that most iterations exceeded the maximum441

treedepth (see Stan Development Team, 2019 for details). This indicates a highly complex442

posterior distribution which is hard to properly explore by the algorithm. For this model, the443

reason is the interaction term of two 50-dimensional simplex parameters, which the algorithm444

fails to explore efficiently (although model predictions are still accurate; see Section 3.2).445

Increasing the maximum treedepth can resolve this problem but increases the computation446

time noticeably.447

Of course, monotonic effects can be applied in a lot of other modelling settings and448

so the present results provide no guarantee that they will be well calibrated in cases not449

studied in the present paper. Generally, we recommed building models specifically tuned450

to the study design, data, and subject matter knowledge. These models should then be451

validated as a natural part of the research process using SBC or other validation procedures.452

3.2 Comparison to other approaches453

To compare the predictive performance of monotonic effects to alternative approaches,454

which can be used under the same circumstances, we performed another simulation study.455

We used the same simulation conditions as in Section 3.1 with one exception described in456

following. As underlying data generating processes, we considered the main effects and457

interaction models described in Section 3.1 in three different variations: (1) simplex values458

fixed to 1/D implying a linear relationship, (2) simplex values sampled from a uniform459

dirichlet distribution of dimension D implying a non-linear but monotonic relationship,460

and (3) simplex values sampled from a uniform dirichlet distribution of dimension D461

with approximately half of the values having a negative sign implying a non-monotonic462

relationship.463

As alternatives to the monotonic model (abbreviated as MO), we considered simple464

https://github.com/paul-buerkner/monotonic-effects-paper
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Figure 3 . SBC results of the monotonic main effects model for N = 200 and D = 4. Facets
show histograms of different model parameters whose names are taken from brms. Horizontal
black lines indicate 99% confidence intervals under the assumption of correct calibration.
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Figure 4 . SBC results of the monotonic interaction model for N = 200 and D = 4. Facets
show histograms of different model parameters whose names are taken from brms. Horizontal
black lines indicate 99% confidence intervals under the assumption of correct calibration.
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Figure 5 . SBC results of the monotonic interaction model for N = 50 and D = 50. Facets
show histograms of different model parameters whose names are taken from brms. For
simplex parameters, only the first 4 elements are displayed. Horizontal black lines indicate
99% confidence intervals under the assumption of correct calibration.

linear (LIN) and categorical (CAT) regression3, isotonic regression (ISO; Barlow et al., 1972;465

Robertson et al., 1988), penalized ordinal regression (OS; Gertheiss & Tutz, 2009; Gu, 2013),466

penalized ordinal regression with monotonicity constraint (OSMO; Helwig, 2017), as well as467

linear and cubic spline models (LS and CS; e.g., Gu, 2013; Helwig, 2016). The latter two468

are primarily designed for continuous responses but may still perform reasonably well for469

linear relationships or sufficiently large number of predictor categories. In the following, we470

will refer to the different approaches using the above introduced abbreviations.471

The MO models were fitted with brms using its default priors, that is, without472

considering the true priors used in the data generating process. This avoids giving these473

models a possibly unfair advantage as in reality we are unlikely to be aware of the exact data474

generating process. LIN and CAT models were fitted via the lm function, while ISO models475

were fitted via the isoreg function. All penalized regression/splines approaches were fitted476

in the bigsplines package (Helwig, 2018) using the bigspline and bigssp functions.477

For the main effect models, simulation results are displayed in Figure 7 and 8 showing478

the models’ RMSE under true linearity and monotonicty, respectively. From Figure 7 we479

see that, under true linearity, LIN performed consistently better than all other models,480

3Here, categorical refers to treating the predictor(s) as categorical, not the response variable which was
assumed to be normally distributed under all simulation conditions.
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Figure 6 . SBC results of the monotonic interaction model for N = 1000 and D = 50. Facets
show histograms of different model parameters whose names are taken from brms. For
simplex parameters, only the first 4 elements are displayed. Horizontal black lines indicate
99% confidence intervals under the assumption of correct calibration.

closely follows by CS and MO. Other penalized approaches had slightly but noticably higher481

RMSEs, while unpenalized approaches such as CAT or ISO models had even higher RMSEs482

in particular for larger D. From Figure 8 we see that, under true monotonicty, MO models483

had the same or better predictive performance than all other approaches although the484

difference to CS, OS, and OSMO models was generally quite small. As expected, under485

true non-monotonicty, MO models performed worse than models without monotonicity486

assumption but similarily to other monotonicity assuming models (see Figure 14 in Appendix487

B).488

For the interaction models, simulation results are displayed in Figure 9 and 10 showing489

the models’ RMSE under true linearity and monotonicty, respectively. We did not find490

implementations for interactions in ISO or OSMO models, which are thus not displayed in491

the figures. From Figure 9 we see that, under true linearity, LIN and CS models performed492

better than all other models, closely followed by MO, CS and LS. For small N and large D,493

MO was even on par with LIN. From 10 we see that, under true monotonicty, MO models494

had better predictive performance across all conditions compared all other approaches. As495

expected, under true non-monotonicty, MO models performed worse than models without496

monotonicity assumption (see Figure 15 in Appendix B).497

In summary, in our simulations, MO yielded the same or better predictions than other498
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Figure 7 . Simulation results for the main effects models under true linearity based on
T = 1000 simulation trials. Abbreviations: N = number of observations; D = number of
categories minus one; CAT = categorical model; CS = cubic spline model; ISO = Isotonic
regression model; LIN = linear model; LS = Linear spline model; MO = monotonic model;
OS = ordinal spline model; OSMO = ordinal monotonic spline model.

penalized or unpenalized ordinal approaches if the monotonicity assumption was justified.499

Intuitively, one may expect that MO models tend to overfit the data in cases of small N500

and comparably large D in particular for interaction models as they have considerably more501

parameters than observations. However, as evident in our simulations, this is not actually502

what happens, although we found convergence issues under some of these conditions. The503

reason for this lies in the joint Dirichlet prior on the simplex parameters: If one particular504

element of ζ (i.e., one difference between two adjacent categories) is large, larger values of505

other elements are automatically penalized (i.e., made more unlikely) due to the sum-to-one506

constraint on ζ. The same property can be expressed in terms of the negative correlation507

between two distinct elements of ζ (see Equation 9). This holds even if the Dirichlet prior is508

uniform over the set of possible simplexes, which is used as the default prior in brms.509

There is also another aspect of the monotonic parameterization that can guard against510

overfitting. If the scale parameter b is close to zero, there is not much to learn about the511

corresponding simplex parameter ζ, which will thus have a posterior distribution close to512

its prior. Still, this uncertainty will not lead to overfitting as changes in ζ do not influence513

predictions as long as b is small. This is because the latter controls the overall effect size of514
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Figure 8 . Simulation results for the main effects models under true monotonicity based on
T = 1000 simulation trials. LIN is not displayed as its RMSE is too large and thus obscures
differences between other models. For the same reason, CAT is not displayed for D = 50.
Abbreviations: N = number of observations; D = number of categories minus one; CAT =
categorical model; CS = cubic spline model; ISO = Isotonic regression model; LIN = linear
model; LS = Linear spline model; MO = monotonic model; OS = ordinal spline model;
OSMO = ordinal monotonic spline model.

the monotonic predictor while ζ only controls the shape. In other words, the complexity of515

a monotonic predictor with a close to zero effect naturally reduces to the complexity of a516

simple linear predictor.517

4 Case study: Measures of chronic widespread pain518

To illustrate the application of monotonic effects in practice, we will reanalyze data519

used to validate measures of chronic widespread pain (CWP) from patients’ point of view520

(Cieza et al., 2004; Gertheiss et al., 2011). There is not universally accepted definition of521

CWP, but “it may be characterized by pain involving several regions of the body, which522

causes problems in functioning, psychological distress, poor quality of sleep or difficulties523

in daily life” (Gertheiss et al., 2011, p. 378). The applied CWP measures stem from the524

international classification of functioning (ICF; Organization, 2001) and are rated by clinical525

staff not by patients themselves. Thus, it is important to validate which and to what degree526

CWP measures actually relate to subjective physical health in order to better understand527
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Figure 9 . Simulation results for the interaction models under true linearity based on
T = 1000 simulation trials. CAT is not displayed for D = 50 as its RMSE is too large and
thus obscures differences between other models. ISO and OSMO are not displayed as they
have no corresponding interaction model. Abbreviations: N = number of observations; D =
number of categories minus one; CAT = categorical model; CS = cubic spline model; ISO =
Isotonic regression model; LIN = linear model; LS = Linear spline model; MO = monotonic
model; OS = ordinal spline model; OSMO = ordinal monotonic spline model.

their implications for patients’ life.528

For each of the 420 patients, the present data contains information on 67 CWP529

measures as well as a subjective measure of physical health based on the SF-36 questionnaire530

(Ware & Sherbourne, 1992). The data is freely available in the R package ordPens (Gertheiss,531

2015) and is explained in detail in Gertheiss et al. (2011) and Cieza et al. (2004). In the532

data set, the variable of subjective physical health is called phcs while the CWP measures533

are named according to their official ICF coding (see Gertheiss et al., 2011 for explanation).534

Our fully reproducible analysis is available on OSF (https://osf.io/kvrsg/).535

In the data set, the subjective physical health (variable phcs) ranges from 10.08 to536

53.17 with a mean of 32.41 and a standard deviation of 8.17. For the purpose of this537

case study, we will predict phcs only by the impairments in “walking” (variable d450) and538

“moving around” (variable d455), which were both measured on a five point scale between 0539

(“no problem”) and 4 (“complete problem”). Both of these variables were strong predictors540

https://osf.io/kvrsg/
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Figure 10 . Simulation results for the interaction models under true monotonicity based
on T = 1000 simulation trials. LIN is not displayed as its RMSE is too large and thus
obscures differences between other models. For the same reason, CAT is not displayed for
D = 50. ISO and OSMO are not displayed as they have no corresponding interaction model.
Abbreviations: N = number of observations; D = number of categories minus one; CAT =
categorical model; CS = cubic spline model; ISO = Isotonic regression model; LIN = linear
model; LS = Linear spline model; MO = monotonic model; OS = ordinal spline model;
OSMO = ordinal monotonic spline model.

of phcs in the analysis of Gertheiss et al. (2011). The category labels of these variables541

suggest that their relationship with phcs will be monotonic. More specifically, we expect542

the subjective physical health to decrease with an increase in impairments in walking or543

moving around or basically any other everyday functioning. Including more or even all of544

the 67 predictors would be possible as well in theory but barely sensible without principled545

variable selection techniques. Such techniques have yet to be developed for monotonic effects546

and are out of the scope of the present paper.547

We will start by predicting subjective physical health only by impairments in moving548

around. For the present example (and also more generally; see Section 3.2), the default549

priors of brms on monotonic effects work well in terms of sampling efficiency and convergence.550

However, for illustrative purposes, we still manually specify our own priors for each model551

even if priors are similar to the default ones. Based on knowledge about the outcome scale, it552

is unlikely that a one-point change in any WCP measure will imply a change in the subjective553
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Table 1
Summary of parameter estimates for impair-
ments in moving around.

Estimate l-95% CI u-95% CI

intercept 37.19 35.80 38.64
slope -2.70 -3.34 -2.08
simo[1] 0.38 0.23 0.55
simo[2] 0.11 0.01 0.27
simo[3] 0.36 0.15 0.55
simo[4] 0.15 0.01 0.35

Note. simo = simplex parameter of the mono-
tonic effect; Estimate = posterior mean; CI =
credible interval based on quantiles.

physical health by more than 5 points. We code this expectation as a normal(0, 2.5) prior554

on the scale parameters b. That way, |b| will only exceed 2.5 and 5 outcome points with555

probabilities of roughly 32% and 5%, respectively. With regard to the shape of the effect556

of “moving around”, we have no particular prior expectations and thus assume a uniform557

Dirichlet prior as explained in Section 1.2, which is also the default in brms. In brms, we558

can specify the above priors by means of the following code:559

library(brms)
prior_b <- prior(normal(0, 2.5), class = "b")
prior_s1 <- prior(dirichlet(1, 1, 1, 1), class = "simo", coef = "mod4551")

We use class simo to refer to the simplex parameters of monotonic effects. The required560

coefficient name "mod4551" are constructed as mo<variable><index>, where <index> =561

1 unless a single regression term contains multiple simplexes – which is only the case for562

interactions of monotonic effects. Finally, we fit the model in brms via563

fit1 <- brm(phcs ~ mo(d455), data = cwp, prior = prior_b + prior_s1)

As illustrated in the center of Figure 11, impairments in moving around show a strong564

negative relationship to subjective physical health. Moreover, this relationship is clearly565

(at least visually) non-linear. Changes in the outcome are strongest between the first two566

categories and the third to fourth category. This impression is confirmed by the summary567

estimates of the regression parameters (see Table 1) as simo[1] and simo[3] have the568

largest estimates. For example, the estimate of simo[1] = 0.38 implies that 38% of the total569

change in subjective physical health due to impairments in walking happens between the570

first two predictor categories. Further, the estimate of slope = -2.70 implies that on average571

the subjective physical health decreases by 2.70 per increase of impairments in walking by572

one category.573

Next, let us compare the monotonic model to a linear and an unordered categorical574

model, which are fitted as follows:575
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Figure 11 . Effects of impairments in moving around on subjective physical health. Left:
linear model; center: monotonic model; right: categorical model.

fit2 <- brm(phcs ~ d455, data = cwp, prior = prior_b)
fit3 <- brm(phcs ~ d455c, data = cwp, prior = prior_b)

The variable d455c denotes the categorical version of d455 to which we applied576

sequential difference coding. Results are visualized on the left and right-hand side of Figure577

11. To compare models, we use approximate leave-one-out cross-validation (Vehtari, Gelman,578

& Gabry, 2017) together with corresponding information criteria and Akaike model weights579

(Vehtari et al., 2017; Wagenmakers & Farrell, 2004)4:580

loo_compare(loo(fit1), loo(fit2), loo(fit3))
model_weights(fit1, fit2, fit3, weights = "loo")

As shown in Table 2, the monotonic models fits better than the categorical model581

followed by the linear model although the differences between the three models is not that582

substantial. Looking closer at the results, we see that the effective number of parameters is583

somewhat smaller for the monotonic model than those of the categorical model; about the584

same difference as we see in the corresponding ELPD difference. Thus, the better predictive585

performance of the monotonic model is primarily driven by it being more parisimonous than586

the categorical model. Together, this provides evidence that the monotonicity assumption587

for the effect of predictor d455 is justified by the data.588

Next, we will use both impairments in walking (variable d450) and in moving around589

(variable d455) to predict the subjective physical health. When specifying the Dirichlet590

prior for “walking”, we have to take into account that the highest category 4 (“complete591

problem”) is actually not present in the data set. Thus, the corresponding prior requires a592

vector of reduced size.593

4In a Bayesian framework, models may be compared by various means for instance Bayes factors (Kass &
Raftery, 1995), (approximate) cross-validation methods (Vehtari et al., 2017), information criteria (Vehtari
et al., 2017; Watanabe, 2010) or stacking of posterior-predictive distributions (Yao, Vehtari, Simpson, &
Gelman, 2017). A discussion of the pros and cons of these various approaches is outside the scope of the
present paper.
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Table 2
Comparison of models fit1 to fit3 based on approximate leave-one-out cross-
validation.

ELPD-LOO ELPD-Diff SE-Diff P-LOO LOOIC Akaike-Weight

fit1 -1,439.54 0.00 0.00 4.79 2,879.09 0.44
fit3 -1,439.85 -0.30 0.23 4.96 2,879.70 0.32
fit2 -1,440.14 -0.59 1.90 2.90 2,880.27 0.24

Note. ELPD-LOO = expected log posterior predictive density (higher is better);
ELPD-DIFF = difference in ELPD values compared to the best model. SE-DIFF
= standard error of the ELPD difference. P-LOO = effective number of model
parameters (lower is better); LOOIC: leave-one-out information criterion (lower
is better); Akaike-Weight = Model weight based on the LOOIC values (higher is
better).

prior_s2 <-
prior(dirichlet(1, 1, 1), class = "simo", coef = "mod4501") +
prior(dirichlet(1, 1, 1, 1), class = "simo", coef = "mod4551")

We fit the monotonic, linear, and categorical models as follows:594

fit4 <- brm(phcs ~ mo(d450) + mo(d455), data = cwp,
prior = prior_b + prior_s2)

fit5 <- brm(phcs ~ d450 + d455, data = cwp, prior = prior_b)
fit6 <- brm(phcs ~ d450c + d455c, data = cwp, prior = prior_b)

Conditional predictions of the three models are visualized in Figure 12. As visible595

on the right-hand side of Figure 12, the effect of moving around seems to be no longer596

monotonic when controlling for the effect of walking. Thus, we would expect the categorical597

model to now show better predictions than the monotonic model. As can be seen in Table598

3, this is indeed what happens as the categorical model has a higher ELPD value and599

corresponding model weight. That is, from a purely predictive perspective, we will likely600

prefer the categorical model. However, from a theoretical perspective, the situation may601

be different as it is more plausible that a change to worse in moving around always leads602

(in expectation) to a reduction in subjective physical health no matter the impairments in603

walking individuals may have. That is, even for impairments in walking held constant, the604

effect of impairments in moving around should still be monotonically decreasing. The fact605

that this is not strictly the case in the present data is clearly the result of the dependency606

structure between the two predictors as well as a large number of possible confounders that607

we did not account for in the present analysis. Just from the present data, it remains unclear608

how well the (non-)monotonicty will generalize to other samples or populations of impaired609

individuals.610
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Figure 12 . Effects of impairments in walking and in moving around on subjective physical
health. Left: linear model; center: monotonic model; right: categorical model.

Table 3
Comparison of models fit4 to fit6 based on approximate leave-one-out cross-
validation.

ELPD-LOO ELPD-Diff SE-Diff P-LOO LOOIC Akaike-Weight

fit6 -1,411.48 0.00 0.00 7.08 2,822.97 0.71
fit4 -1,412.45 -0.96 1.47 6.22 2,824.89 0.27
fit5 -1,415.01 -3.53 3.36 3.62 2,830.03 0.02

Note. ELPD-LOO = expected log posterior predictive density (higher is better);
ELPD-DIFF = difference in ELPD values compared to the best model. SE-DIFF
= standard error of the ELPD difference. P-LOO = effective number of model
parameters (lower is better); LOOIC: leave-one-out information criterion (lower
is better); Akaike-Weight = Model weight based on the LOOIC values (higher is
better).
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5 Discussion611

In the present paper, we proposed a new approach to including monotonic effects of612

ordinal predictors in regression models. The proposed parameterization not only ensures613

monotonicity but also naturally regularizes the model and its predictions even without614

the usage of strong prior information. Thus, monotonic effects share important aspects615

with existing methods for modeling ordinal predictors. Moreover, monotonic effects nicely616

integrate into the framework of generalized linear regression and can even be used within617

multilevel models. By making an informed decision about the parameterization of interactions618

with monotonic effects, different kinds of monotonicity can be modeled depending on the619

research question and a-priori information available. Monotonic effects are fully supported620

in the brms R package, which fits Bayesian regression models using Stan and provides621

an intuitive user interface based on widely known R formula syntax. To date, ordinal622

predictors are still mostly treated as either nominal or metric thus under- or overstating the623

contained information. Monotonic effects avoid these problems but still allow for an intuitive624

interpretation of the estimated parameters. In summary, we think that monotonic effects625

provide a useful tool for handling of ordinal predictors in regression models in situation626

where the monotonicity assumption is justified.627

One potential problem in the Bayesian estimation of monotonic effects is that elements628

of a simplex tend to be negatively correlated, sometimes rather strongly, thus making629

MCMC sampling more difficult (Hoffman & Gelman, 2014). However, due to the advanced630

Hamiltonian Monte-Carlo samplers implemented in Stan, which are designed to work well631

even for highly inter-correlated posteriors (Betancourt, Byrne, Livingstone, & Girolami,632

2014; Hoffman & Gelman, 2014), these problems may be alleviated when fitting monotonic633

effects in Stan – either directly or indirectly through brms. Indeed, in the models estimated634

for the purpose of this paper, sampling efficiency and convergence were good and rarely worse635

that when using a purely linear approach. The only exceptions were monotonic interaction636

models with a very high number of predictor categories (i.e., 51 in our simulation). For637

that many predictor categories, it may be easier to fit (monotonic) splines or similar models638

which require fewer parameters.639

With respect to predictions, monotonic effects performed very well under all simulation640

conditions where the monotonicity assumption was justified, even in those where convergence641

was an issue. More precisely, monotonic effects made similar or better predictions than642

other penalized ordinal approaches such as ordinal splines and much better predictions than643

unpenalized approaches such as standard isotonic regression or approaches treating the644

predictors as categorical. This nicely illustrates the advantages of a fully Bayesian approach,645

where joint priors, even weakly informative ones, can regularize the model parameters and646

ultimately lead to improved predictions. It has to be noted that all penalized/regularized647

approaches generally performed well in our simulations and differences between them were648

comparably small (which we believe is a good sign for the validity of these methods in649

general). Where monotonic effects differ from previously proposed approaches is their650

conceptualization as generalizations of continuous predictor terms, rather then as (penalized)651

categorial predictor means. This allows for the intuitive interpretation of the scale parameter652

as an ordinary regression coefficient, except that we do not assume the shape of the653
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relationship as linear, but more generally as monotonic. It is this clear separation between654

the strength of the relationship and its shape that, in our opinion, makes monotonic effects655

very appealing for interpretation and communication.656

This separation is especially advantageous when dealing with interactions of ordinal657

predictors. If we used any type of categorical coding (e.g., dummy coding) for the interaction658

of two ordinal predictors, the number of regression coefficients would increase quadratically659

with the number of predictor categories, which complicates interpretation. When working660

with monotonic effects, in contrast, we would only have three related regression coefficients661

(two for the main effects and one for the interaction), which would essentially have the662

same interpretative complexity as a linear model with the ordinal predictors treated as663

continuous. Of course, intepreting the shape parameters of the main effects and interactions664

will again increase the complexity to a level similar to what is implied by categorical coding.665

However, often we may not be interested in the exact shape of the effect, in which case it666

would simply be sufficient to know that the shape has been taken into account by the model.667

Of course, there is nothing wrong with directly reporting and interpreting the estimated668

category means (or their contrasts), which, depending on one’s preferences and the overall669

complexity of the model, may also be seen as more intuitive (e.g., see Barlow et al., 1972;670

Danaher et al., 2012; Gertheiss & Tutz, 2009; Klugkist & Mulder, 2008; Mulder & Raftery,671

2019 for related approaches).672

Regardless of what formulation one chooses, the assumption of monotonicity is critical673

and needs to be theoretically justified and/or statistically investigated. A general approach to674

the latter is to fit one model with and one without monotonicity constraint and then compare675

the two models using one’s prefered criteria of model fit. From a Bayesian perspective, we676

could use, for example, Bayes factors or cross-validation procedures/information critera677

depending on whether we aim to penalize prior or posterior complexity, respectively (Gelman678

et al., 2013; Hoijtink, Klugkist, & Boelen, 2008). In our case study, we applied approximate679

leave-one-out cross-valdiation for this purpose but other criteria would have been possible as680

well (e.g., see Mulder & Raftery, 2019).681

As already pointed out earlier, one important distinction within the class of models682

dealing with ordinal predictors is the assumption about the generative process of these683

variables. In our monotonic effects approach, as well as in a lot of other prominent approaches684

(e.g., Klugkist & Mulder, 2008; Gertheiss & Tutz, 2009; Gu, 2013), we treat ordinal predictors685

as manifest variables. Specifically, we do not make the assumption that the observations686

originate from the categorization of a latent continuous variable as is commonly the case in687

latent variable models (e.g., Winship & Mare, 1984; Finney & DiStefano, 2006; Jöreskog,688

1994; Lei, 2009). Such a latent variable assumption may be sensible if the ordinal predictor689

represents the chosen categories of a Likert item, for instance, with the intention of measuring690

a latent psychological construct, but would certainly not be sensible in some other cases,691

for instance, if the categories were known discrete points in time. Thus, both approaches692

seem valid in our opinion and are called for in different settings and research questions. We693

would like to note again that our proposed approach is targeted towards data settings where694

modeling manifest observations is desired, and that if researchers desire to examine a latent695

relationship, they are advised to use other methods.696
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Although our primary focus was the use of monotonic effects for modeling strictly697

ordinal predictors, we want to point out that they may be applied to other kinds of discrete698

variables, as well. Such variables may represent, for instance, count data or discrete points699

in time. As an example for the former, we can think of participants solving a sequence of700

figural analogy tasks with the value of interest being the number of tasks solved correctly.701

This count variable could then be used as predictor of a general intelligence score. It is702

plausible to assume the number of correctly solved items to be monotonically related to703

general intelligence and so the applications of a monotonic effect appears reasonable. As704

an example for the latter, we could think of a longitudinal study with few measurement705

points. If the outcome was a skill gradually acquired over time, we would expect time to be706

monotonically related to it. Of course, time may also be modeled as continuous, but for very707

few time points, using a monotonic effect may be a more reliable solution without strong708

assumptions outside of monotonicity.709

For simple cases such as regression models with only a single monotonic effect and710

normally distributed errors, maximum likelihood estimators can be developed as well (Barlow711

et al., 1972; Robertson et al., 1988). As we prefer a fully Bayesian approach to statistical712

modeling, we did not dive deeper into this direction. However, we still believe that developing713

frequentist estimators and corresponding uncertainty estimates for more complex monotonic714

models including, for instance, interactions or multilevel structure, may be a worthwhile715

endeavor for future research. Lastly, we want to note that the general idea of monotonic716

effects should also generalize to continuous data. In this case, the sum in the definition of717

monotonic effects becomes an integral and ζ a non-negative function to be integrated over.718

A similar idea is used in I-splines (i.e., intergral splines) whose basis functions represent719

integrals over the non-negative basis functions of another spline (Ramsay, 1988). In future720

research, it may thus be worthwhile to study continuous versions of monotonic effects and721

to relate them to existing methods (e.g., Ramsay, 1988; Pya & Wood, 2015) that ensure722

monotonicty in the continuous case.723
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Appendix889

Appendix A: Mathematical Proofs890

Proof. A1: Monotonicity. For all values x between 0 and D − 1, we have891

bmo(x+ 1, ζ)− bmo(x, ζ) = bD
x+1∑
i=1

ζi − bD
x∑
i=1

ζi = bDζx+1. (10)

Since D > 0 and ζx+1 > 0, the linear predictor η(x) is monotonically increasing if b ≥ 0 and892

monotonically decreasing if b ≤ 0.893

Proof. A2: Equivalence to categorical isotonic regression. Consider a simple linear model of894

a continuous response y regressed on a categorical predictor x with categories j ∈ {0, . . . , D}.895

Further, let µj be the group mean of category j with respect to the response variable. Then896

the model for observation n can be written as897

yn = µxn + en, (11)

where en are errors of the regression. In categorical isotonic regression, we estimate898

µ = (µ0, ..., µC) under the order-constraint µ0 ≤ µ1 ≤ ... ≤ µC or µ0 ≥ µ1 ≥ ... ≥ µC . Using899

a monotonic effect, we write:900

yn = b0 + b1D
xn∑
i=1

ζi + en. (12)

Hence, we can identify µ0 with b0 and µj with b0 + b1D
∑j
i=1 ζi for j > 0. This901

identification is bijective within the set of order-constraint µ.902

Proof. A3: Proposition 2.1. Under the stated assumptions, we can, without loss of generality,903

write the linear predictor η = η(x) as904

η(x) = b0 +
K∑
k=1

bkDk

x∑
i=1

ζi = b0 +
(

K∑
k=1

bkDk

)(
x∑
i=1

ζi

)
. (13)

Since all other predictors have been fixed to some constants, their contribution to η can be905

absorbed by the intercept b0 and the regression coefficients b1 to bK which are all related to906

x. If we define b =
∑K
i=1 biDi we see that η(x) is monotonic in x with the sign of the effect907

determined by the sign of b.908

Proof. A4: Counter example to conditional monotonicity for varying simplex parameters.909

Consider the situation shown in Figure 13, where quite clearly, the effect of x is monotonic910

for group G, but non-monotonic for group H. Suppose further that we named the grouping911

variable z and applied dummy coding such that G = 0 and H = 1. Using different simplex912

parameters for the main effect of x and the interaction effects between x and z, the linear913

predictor reads as follows:914
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Figure 13 . Counter example to the conditional monotonicity for varying simplex parameters.
The dashed line shows the difference between the groups G and H as a function of x.

η(x, z) = b0 + b1 z + b2 mo(x, ζ2) + b3 z mo(x, ζ3) (14)

Clearly, b0 = 0. For group G this implies η(x, 0) = b2 mo(x, ζ2) so that b2 = 50 as915

well as ζ2 = (0.8, 0.2) are completely defined by the curve of group G. For group H, we have916

η(x, 1) = b0 + b1 + b2 mo(x, ζ2) + b3 mo(x, ζ3). (15)

As the curve of group H starts at the origin, we have b1 = 0. Due to the chosen917

parameterization of z, the term b3 mo(x, ζ3) models the difference between in the effect of918

x between the two groups, which visualized as a dashed line in Figure 13 and is clearly919

monotonic. Consequently, we have b3 = 30 and ζ3 = (1
6 ,

5
6). Although the assumptions of920

the monotonic effects are fully met, the effect of x in group H is non-monotonic. Thus, x is921

not conditionally monotonic given z.922

923

Appendix B: Additional Simulation Results924
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Figure 14 . Simulation results for the main effects models under true non-monotonicity
based on T = 1000 simulation trials. LIN is not displayed as its RMSE is too large and thus
obscures differences between other models. Abbreviations: N = number of observations; D
= number of categories minus one; CAT = categorical model; CS = cubic spline model;
ISO = Isotonic regression model; LIN = linear model; LS = Linear spline model; MO =
monotonic model; OS = ordinal spline model; OSMO = ordinal monotonic spline model.
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Figure 15 . Simulation results for the interaction models under true non-monotonicity based
on T = 1000 simulation trials. LIN is not displayed as its RMSE is too large and thus
obscures differences between other models. For the same reason, CAT is not displayed for
D = 50. ISO and OSMO are not displayed as they have no corresponding interaction model.
Abbreviations: N = number of observations; D = number of categories minus one; CAT =
categorical model; CS = cubic spline model; ISO = Isotonic regression model; LIN = linear
model; LS = Linear spline model; MO = monotonic model; OS = ordinal spline model;
OSMO = ordinal monotonic spline model.
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