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1. Introduction

This thesis studies distributed computing in large-scale communication

networks. We are interested in the basic question of how far information

has to be propagated in those networks in order to solve problems related

to their structure. We are especially interested in tasks that can be solved

locally, that is, the solution in one part of the communication network does

not depend on the solution in other far-away parts of the network. The

technical focus is on structural results, especially lower bound results. This

introduction is intended, in part, as a toolbox of lower bound techniques in

distributed computing.

1.1 The setting

This work studies synchronous distributed message passing models. In this

setting, the communication network is also the input graph – the computers

are the vertices and the communication links the edges of the graph. The

computers run the same deterministic algorithm, communicating via the

communication links in synchronous rounds, with the aim of solving some

problem related to the structure of the communication network itself. We

are interested in locality. Which problems are such that each computer

only requires information local to its own neighbourhood in the network to

decide its own output. To this end, we use a model, known as the LOCAL

model [45, 54], where all other challenges of distributed computing are

abstracted away: there are no faults, no bounds on message size, no bounds

on the memory nor the computation performed by the computers, and no

Byzantine adversaries. Due to its strength, the LOCAL model is a good

model for proving impossibility results: any results applicable to it are also

applicable to a wide variety of models in distributed computing.

Since the question is one of information propagation and not computation,

9
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we measure the distributed time complexity as the number of communica-

tion rounds the system has to take until all vertices of the network have

stopped and produced their own local part of the output. Since there are

no bounds on communication, the running time of each vertex corresponds

exactly to the distance from which it has to receive information in order de-

cide its own output, making time and distance essentially interchangable.

In this sense, many interesting distributed problems are clearly global

instead of local. Such problems include computing spanning trees, efficient

routing, or finding the optimum solution of various optimization problems.

We are interested in the opposite type of problems: local problems, prob-

lems for which the dependence of the running time on the size of the graph

can be made very small.

From the perspective of locality, one of the most important classes of

problems are so-called locally checkable labellings [49]. Informally, a

graph problem is locally checkable, if given a solution, each vertex can

verify locally that the solution is correct in its local neighbourhood. As an

example of such a problem, consider k-colouring, the problem of labelling

the vertices with k colours in such a way that no two vertices connected by

an edge have the same colour. This problem is locally checkable since each

vertex can ask its neighbours for their colours and check that they differ

from its own.

The best we could hope for is that a problem could be solved in constant

time, that is, the time complexity of a problem would be completely inde-

pendent of the size of the input graph. Such an algorithm is also known as

a local algorithm. There are many problems for which local algorithms do

not exist: In his seminal work, Linial showed that 3-colouring an n-vertex

ring network requires Ω(log∗ n) time [45]. This is also the true complexity

of graph colouring [17]. By reduction, the same lower bound also applies

to maximal matching and maximal independent set. These problems are

classic examples of symmetry breaking problems. Broadly speaking these

are problems that require that the vertices produce different outputs. It

turns out that symmetry breaking is in general impossible for constant-

time algorithms, even if the vertices are labelled with globally unique

names [49].

On the positive side, there are non-trivial problems that can be solved

in constant time. The key observation is that solving some problems does

not require symmetry breaking in symmetric graphs. Typically the bad

inputs are cycles or other regular graphs of even degree so that the local

10



Introduction

structure of the graph does not give any symmetry breaking information.

For many problems a trivial, completely symmetric solution is feasible

in such graphs. Examples of such problems include 2-approximation of

vertex cover [6], many linear programming problems [21, 41, 42], and the

linear relaxation of maximal matching [6]. See the survey of Suomela for a

general overview of locally solvable tasks [58].

Somewhat orthogonally to the question of how fast a problem can be

solved as a function of the graph size n, it often happens that the best

known algorithms, as a function of the size of the graph, have a linear

dependency on the maximum degree ∆ of the input graph [13, 50]. Unlike

the dependency on n, this dependency is fairly poorly understood and

generally no matching lower bounds exist. The work presented in this

thesis contains the first linear-in-∆ lower bounds. We argue that this linear

dependency, presents a second challenge of local coordination to distributed

computing, one that is orthogonal to symmetry breaking [59]. While a

lower bound that simultaneously captures aspects of symmetry breaking

and local coordination is still beyond the reach of current techniques, in

Publication V we show that there are problems that cannot be solved in

time o(∆) independent of n.

Randomization is often of little help when trying to solve locally checkable

labelling problems in constant or almost constant time. Naor showed that

randomization cannot reduce the complexity of colouring below Ω(log∗ n)

rounds [48]. Naor and Stockmeyer showed that constant-time algorithms

do not gain benefit from randomization when solving any locally checkable

labelling problems. In this work we will concentrate on deterministic

algorithms, unless otherwise specified.

In this thesis I study several questions in this extremely local corner of

the distributed complexity landscape.

• In Publication IV we study the power of unique identifiers in constant-

time distributed computation. We show that there are locally check-

able problems in which unique names do help. This result also shows

that the technical limitations of the result of Naor and Stockmeyer

are also necessary [49].

• In Publication I and in Publication V we study the distributed com-

plexity as a function of the maximum degree of the input graph.

We give the first lower bounds that are linear in ∆, which is an

exponential improvement over the previous best lower bounds [42].

11
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• In Publication II we study the power of unique identifiers in the

context of local decision. We establish the minimal amount of inform-

ation that captures the power of unique names. It turns out that

the useful property of unique identifiers is different from the case of

corresponding construction tasks.

• In Publication III we study the power of non-determinism in local

decision. We present a local hierarchy (analogous to the polynomial

hierarchy) and give several structural results concerning it.

1.1.1 Structure of this work

We will continue by giving necessary definitions about graphs and dis-

tributed graph algorithms in Section 1.2. After that, we will give brief

introductions to the topics of this thesis in Sections 1.3, 1.4, and 1.5. In Sec-

tion 1.6 I give a general non-exhaustive overview of lower bound techniques

for distributed graph algorithms.

The latter part is divided in three chapters. In Chapter 2 I present two

linear-in-∆ lower bounds, one for maximal matching in an anonymous

model and a second one for fractional maximal matching in the standard

LOCAL model. In Chapter 3 we look at the results in Publication IV,

where we study the power of unique identifiers in constant-time computing.

Finally, in Chapter 4 we study the power of unique identifiers and the

power of nondeterminism in the context of local decision.

1.2 Definitions

In this section I present definitions that will be used throughout this

work. Some definitions, that are only used in one of the chapters, will be

presented as required.

Sets. The set of integers {1, 2, . . . , n} is denoted in short by [n].

1.2.1 Graph theory

In this section I give the necessary graph theoretic definitions. Most

definitions are given as characterizations via subgraphs [20].

Graphs. A graph G is denoted by a pair (V,E), where V = V (G) is a set

of vertices and E = E(G) a set of edges. The size of a graph G is defined to

12
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be the size of its vertex set |V (G)|, denoted by n. By default the edges are

undirected pairs of vertices {u, v}. We denote directed edges by e = (u, v),

where u is the tail of e and v is the head of v. For each edge e = {u, v}, we

say that u and v are adjacent and that both u and v are incident to edge e.

A vertex u adjacent to another vertex v is a neighbour of v, and the set of

neighbours of v is denoted by N(v).

The degree degG(v) of vertex v in graph G is the number of edges incident

to v. The maximum degree ∆ = ∆(G) of graph G is the maximum degree

among its vertices. A family F of graphs has bounded degree if there is

a constant c such that for all G ∈ F , we have that ∆(G) ≤ c. A graph is

d-regular, if each of its vertices has degree d.

The distance distG(v, u) between two vertices v and u is the length of the

shortest path between u and v, that is, the number of edges on that path.

The girth g(G) of graph G is equal to the length of its shortest cycle. The

radius r(G) of G is defined as minv∈V (G) maxu∈V (G) distG(v, u).

Graph problems. Typically we will deal with graph problems where the

solution is either a subset of vertices of a subset of edges.

• An independent set is a subset of vertices I ⊆ V (G) such that there

are no edges {v, u} for any u, v ∈ I. An independent set is maximal,

if it is not a proper subset of any other independent set.

• A matching is a subset of edges M ⊆ E(G) such that no two edges

e, e′ ∈ M share an endpoint. A matching is maximal, if it is not a

proper subset of any other matching.

• A k-vertex colouring is a labelling c : V (G) → [c] such that for every

pair of adjacent vertices u and v we have that c(v) 6= c(u).

1.2.2 Models of distributed computing

The underlying model of distributed computing is throughout this work the

model of Linial [45], known as the LOCAL model, with synchronous rounds

of communication. The specific input labels, such as unique identifiers,

change depending on the context. We will usually assume that the input

graphs have bounded maximum degree, except in the context of local

decision.

The LOCAL model. In the LOCAL model, the input graph G also rep-

resents the communication network. Each vertex is running the same,

deterministic algorithm. The vertices operate in synchronous communica-

tion rounds, during each of which each vertex may send a message to each

13
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Figure 1.1. The information gathering radii t = 0, 1, 2, 3 for two vertices in the syn-
chronous message passing model. Note that edges which have both of their
endpoints at distance t of a vertex are not visible to vertex v after t rounds of
communication.

of its neighbours and receive a message from each of its neighbours. The

size of these messages is unbounded and there are no vertex failures.

In t synchronous communication rounds, a vertex can gather all inform-

ation about its radius-t local neighbourhood in the graph, including all

input labellings such as unique identifiers, and possible additional inputs.

See Figure 1.1 for illustration.

Local neighbourhoods. We will denote this ball of radius t around vertex

v in graph G by BG(v, t). Note that edges are contained in BG(v, t) if at least

one their endpoints is within distance t− 1 of v. If the neighbourhoods of

two vertices u and v are isomorphic, we denote this by BG(v, t) � BG(u, t).

Constant-time algorithms. If the running time of an algorithm A is a

constant t independent of n, then A can be defined as a mapping from

the set of possible t-neighbourhoods to the set of possible outputs. In a

bounded-degree graph we may assume that the vertices know this bound,

as all of our lower bound constructions will still apply.

Locally checkable labellings. A locally checkable (vertex) labelling L (LCL

for short) consists of an integer r, the locality parameter or radius of L,

a finite set of input labels Σ, a finite set of output labels Γ, and a finite

set of locally consistent labellings C. Each element of C is a graph H of

radius at most r with a fixed center vertex v. Each vertex of H is labelled

with a pair from Σ × Γ. A labelling x : V (G) → Σ × Γ is consistent with

L if for every v ∈ V (G) there is an isomorphism that maps BG(v, r) to an

element H of C, such that v is the center of H and the mapping respects

the input and output labellings. None of the LCLs considered in this thesis

have input labels. Note that the finiteness of C implies that by definition,

14
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only bounded-degree graphs admit locally checkable labellings, and the

finiteness of Γ implies that all LCLs must have a bounded number of

possible outputs.

The various models of distributed computing used throughout this work

are presented next and illustrated in Figure 1.2.
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Figure 1.2. The models of distributed computing used in this work. In the PO model it is
possible to represent a port-numbering as a digraph edge colouring, an vice
versa.

Unique identifiers. In the standard LOCAL model, vertices are assumed

to have globally unique names which are at most polynomial in the size of

the graph. We will denote this identifier labelling by id . Unique identifiers

can be used to construct other labellings, such as port-numberings and

orientations. A model where the vertices have no labelling is known an

anonymous model.

The fact that unique identifiers are assumed to be of polynomial size

leaks information about the size of the graph to the vertices. How much

this information helps is one of the main topics of this thesis.

Anonymous distributed algorithms. If the vertices do not have unique

names or other vertex labels that break symmetry (such as vertex col-

ouring), we say that the model is anonymous. Many basic tasks become

impossible in anonymous models, such as detecting cycles or even pro-

ducing different outputs [5]. The crucial observation is that an anonym-

ous algorithm produces the same output in a graph and in its covering

graph [5, 60]. This is due to the fact that its view, the information it can
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extract from the network, is the same in both cases. We will use this

property in our proofs in Chapter 2.

Port-numbering. Usually the vertices are assumed to have an ordering on

their incident edges. This ordering is defined as a labelling p that assigns

distinct labels from [degG(v)] to the edges incident to each v. We denote

the port-number of {v, u} at v by p(v, u).

Model PO. We may consider a model where the edges have an orientation

on them. Note that this orientation simply provides symmetry breaking

information and does not affect communication. We will denote the an-

onymous model with a port numbering and an orientation on the edges by

PO. This model is especially useful for proving lower bounds [33].

We will find it useful to consider a labelling that can be derived from a

port-numbering and orientation. A digraph k2-edge colouring is a labelling

c : E(G)→ [k]× [k] such that for any pair of incident incoming or outgoing

edges e, e′, we have c(e) 6= c(e′). We represent the colours as pairs for

technical reasons. First, a port-numbering and orientation can be used

to derive a digraph ∆2-colouring: each edge e = (u, v) is labelled with

c(e) = (p(u, v), p(v, u)). Second, a digraph ∆2-colouring can be used to

derive a port-numbering: each vertex first considers the outgoing edges in

the order of their labels, and assigns them port numbers, and repeats this

for outgoing edges.

We will use the two labellings as equivalent definitions of the PO model.

Note that the described conversion do not necessarily produce the same

port-numbering, but this will be fine from the perspective of worst-case

analysis.

Model OI. Finally, it is often useful to consider order-invariant algorithms

as stepping stone to the standard LOCAL model [33, 49]. We say that an

algorithm A is order-invariant (with respect to the assignment of unique

identifiers), if the output of the algorithm only depends on the relative

order of the the identifiers, not their values. Put otherwise, if one changes

the identifiers in the local neighbourhood of a vertex in a way that respects

the same total order, then the output of the algorithm cannot change. We

denote the model where algorithms are forced to be order-invariant by OI.

This model can also be defined by a total order that is given to the vertices

as a labelling.

Model EC. In the k-edge colouring model, denoted by EC, the edges are

coloured with k colours such that incident edges have different colours.
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The colouring is a function c : E(G)→ [k].

The vertices are anonymous, so breaking symmetry between vertices is

impossible in EC model. On the other hand it is a relatively strong model.

For example a maximal matching can be found in constant time. We will

use this model primarily as a lower bound model.

Randomization. We will model randomization as another part of the input.

In a randomized model, each vertex has access to a private source of

randomness and receives an infinite string of independent and uniform

random bits.

1.3 Coordination and symmetry breaking

Typically the complexity of an LCL problem on bounded-degree graphs

falls into one of two categories: either it is a relatively local symmetry

breaking problem, like (∆ + 1)-colouring, and the complexity is Θ(log∗ n),

or the problem is inherently global, like 2-colouring, and the complexity

is Θ(n). There are problems, like ∆-colouring, for which the best known

algorithm is polylogarithmic in n. No matching lower bounds have existed,

however. While Kuhn et al. gave a lower bound of

min
{

log ∆/ log log ∆,
√

log n/ log log n
}

for maximal matching [42], their lower bound is unconditional only as a

function of ∆. Recently, we gave the first examples of problems that are of

neither type mentioned previously: for example ∆-colouring requires time

Ω(log log n) [15] and there is an algorithm that runs in polylogarithmic

time [51]. This randomized lower bound was used by Chang et al. to show

a deterministic lower bound of Ω(log n) for ∆-colouring [16]. They also

show that there are no LCL problems of deterministic complexity ω(log∗ n)

and o(log n).

While we can say that symmetry breaking is fairly well understood,

sometimes even up to constants [57], the most efficient algorithms for

symmetry breaking problems problems like (∆ + 1)-colouring, maximal

matching, or maximal independent set also feature in their running time

a component dependent on ∆. This dependency on ∆ is much less well

understood. As an example, there is no lower bound telling that the

O(∆+log∗ n)-time maximal matching algorithm of Panconesi and Rizzi [50]

could not be improved to something of the form o(∆) +O(log∗ n). The state

of the art lower bound has an exponential gap: Recall that Kuhn et al.
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Figure 1.3. The complexity landscape of symmetry breaking and local coordination in
distributed computing, specifically for LCL problems. For each problem I
list the running time of the algorithm with the best known running time
as a function of n, and algorithms that improve on the running time as a
function of Δ. The problem names are abbreviated as follows. MIS = maximal
independent set, MM = maximal matching, k-COL = k-vertex colouring, FMM
= fractional maximal matching, and BMM = bipartite maximal matching. An
asterisk after the problem’s name indicates that the result applies to random-
ized algorithms. The dashed lines indicate the randomized lower bound
of min{Ω(logΔ/ log logΔ) (horizontal),Ω(

√
log n/ log log n) (vertical)} [42].

Other lower bounds: MM, MIS, (Δ+1)-COL needs time Ω(log∗ n) [45], random-
ized Δ-COL needs time Ω(log log n) [15], and Δ-COL needs time Ω(log n) [16].
MIS: in time O(Δ + log∗ n) [13], in time 2O(

√
logn) [52], and in randomized

time O(logΔ) + 2O(
√

log logn) [31]. MM in time O(Δ + log∗ n) [50], in time
O(log4 n) [34], in randomized time O(logΔ+log log4 n) [12]. (Δ+1)-colouring:
in time Õ(

√
Δ + log∗ n) [11, 28], in time 2O(

√
logn) [52]. Δ2-COL in time

O(log∗ n) [45]. FMM in time O(Δ) [6]. BMM in time O(Δ) [18].
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showed that many problems, among them maximal matching, require time

Ω(log ∆/ log log ∆) [42].

The lower bound is provably tight for some problems, such as constant-

approximation of minimum vertex cover [10], or provably almost tight for

some others, such as constant-approximation of many linear packing and

covering problems [41, 42]. The lower bound is specifically designed for

approximation problems: a maximal matching lower bound is achieved

through the fact that a maximal matching is a 2-approximation of max-

imum matching. One of the main themes of this work is to argue that

there exists a class of problems, loosely speaking those problems for which

a greedy approach works, such that the true local complexity is linear in

the maximum degree of the input graph, ∆. Such problems include natural

and fundamental problems in distributed computing, such as maximal

matching, maximal independent set, and bipartite maximal matching. See

Figure 1.3 for an illustration of the complexity landscape of LCL problems.

From a slightly different perspective, I will argue that in addition to

symmetry breaking, there is another fundamental distributed computing

challenge that we will call local coordination [59]. If, broadly speaking,

symmetry breaking is about ensuring that two vertices are able to produce

different outputs, then coordination is about ensuring that the solution is a

local equilibrium; that there are no vertices that could still contribute more

to the solution when the other vertices’ outputs remain constant. From an

algorithmic perspective, this is exactly what a greedy algorithm does.

There are two lines of work that give evidence to such a hypothesis.

First, there are plenty of problems, for which the algorithm with the best

running time as a function of n runs in time O(∆). Some examples include

maximal independent set in time O(∆ + log∗ n) [13], maximal matching

in time O(∆ + log∗ n) [50], bipartite maximal matching in time O(∆) [34],

and fractional maximal matching in time O(∆) [6]. Second, there are

the lower bound results included in this work. In Publication I we gave

the first linear-in-∆ lower bound for a natural graph problem, maximal

matching. The catch is that this result only applies in anonymous, edge-

coloured networks. We showed that in k-edge coloured networks, maximal

matching requires exactly k − 1 rounds, which is achieved by the greedy

algorithm. Later, in Publication V, we showed that fractional maximal

matching requires time Ω(∆) in the standard LOCAL model, if the running

time is independent of n. Combined with the algorithm of Åstrand and

Suomela [6], this result is tight.
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There are some caveats to the above hypothesis. First, if an algorithm

is allowed a much larger time budget as a function of n than O(log∗ n),

the dependency on ∆ can become sublinear. As an example, there ex-

ists a deterministic maximal matching algorithm with a time complex-

ity of O(log4 n) [34], that is, with no dependency on ∆. Similarly, on

the randomized side, maximal independent set can be solved in time

O(log ∆) + 2O(
√
log logn)) [31]. Where and how this transition occurs is a

very interesting open question. Second, there is another recent line of

research, where Barenboim showed that the greedy version of colouring,

(∆ + 1)-colouring, can be solved in time O(∆3/4 + log∗ n) [11]. This was

improved by Fraigniaud et al. [28], who showed that a certain class of

colouring problems, including (∆ + 1)-colouring, can be solved in time

Õ(
√

∆ + log∗ n), where Õ hides polylogarithmic factors of ∆. Barenboim

also gives a separation between edge colouring and maximal matching: in

the EC model (2∆−1)-edge colouring can be solved in time O(∆3/4 +log∗ k),

where k is the number of edge colours [11].

It is still an open question if local coordination and symmetry breaking

exist as separate basic problems in the LOCAL model. A lower bound of

the form Ω(∆) + Ω(log∗ n) for maximal matching or maximal independent

set would be a definite answer to this question. Unfortunately, such a

lower bound is beyond our current lower bound techniques. As a stepping

stone to lower bounds for maximal matching, one should consider the

problem of bipartite maximal matching: here is a problem that combines

elements from the LOCAL model (2-colouring breaks symmetry) and from

the anonymous models (simple, no unique identifiers with their strange

effects). Proving a lower bound for this problem would allow a two-phase

approach: worry about the symmetry breaking information first, and only

then about the effect of uniqueness of the identifiers.

1.4 Unique identifiers and constant-time algorithms

Unique identifiers are potentially useful in several different ways. First

and foremost, they locally break symmetry, allowing vertices to detect

the true local structure of the input graph. The unique identifiers can

be interpreted as colourings, which admit efficient bit manipulation al-

gorithms [17, 49]. Unique identifiers, by definition, leak information about

the size of the graph. This information can be used at least in the context

of local decision [26]. The last aspect, uniqueness, does not seem to be as
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useful, at least from the perspective of fast distributed algorithms. For

example, recently Chang et al. showed that any algorithm for an LCL

problem running in time o(log n) can be sped up to run in time O(log∗ n).

Their proof uses a colour reduction technique to produce locally distinct

“identifiers” from a smaller set. A distributed algorithm cannot tell if the

input graph is smaller or the identifiers have changed, and has to run in

time O(log∗ n).

One important feature of constant-time distributed algorithms is the

apparent uselessness of unique identifiers. While one can do colour reduc-

tion from k colours to O(log(t) k) colours in t communication rounds [17],

this does not yield a constant-size labelling when t = O(1) and one starts

with unique identifiers that are polynomial in n. In their seminal work

Naor and Stockmeyer showed that when one considers locally checkable

labelling problems from the perspective of constant-time algorithms, then

unique identifiers are only as powerful as the OI model [49]. That is, if

there exists an algorithm that uses the actual values of the unique identifi-

ers, then there also exists an algorithm that only uses their relative order.

Their result also extends to randomization.

In the worst case, a total order provides very little symmetry breaking

information. As an example, consider an n-cycle where the order is increas-

ing clockwise. Since initially there is only one place on the cycle where

the order is not increasing, colouring the cycle with any number of colours

requires Θ(n) time in the OI model.

More recently, we showed that for a large class of natural optimization

problems such as independent sets, matchings, vertex covers, and domin-

ating sets, the worst-case approximation ratios of deterministic constant-

time algorithms using unique identifiers are equal to what anonymous

algorithms that only use a port-numbering and an orientation on the edges

as input (the PO model) can achieve [33]. This is a completely anonymous

model, and many symmetry breaking tasks cannot be solved at all. As

with ordering, consider again an n-cycle. The edges can be oriented in a

consistent way, and the port numbers arranged similarly. Every vertex

has the same view up to any distance, and is therefore unable to break

symmetry.

The two results about the uselessness of unique identifiers share a com-

mon feature: they require that the problem is such that the size of the

local output is bounded by a constant. In principle this restriction could be

a proof artefact from an argument using Ramsey’s theorem [56], shared
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by the proofs of both results. In Publication IV we show, however, that

this restriction is actually necessary: there are natural optimization prob-

lems with unbounded outputs, such as fractional graph colouring and

fractional domatic partition, where constant-time algorithms using unique

identifiers can achieve non-trivial approximation ratios, but anonymous

algorithms cannot. The result is abusing the unboundedness of the out-

puts: it produces a schedule of activity as an output, where lengths of the

single intervals depend inversely on the size of the identifiers space (and

thus the size of the input graph). A similar result is implied by the prior

multicoloring algorithm of Kuhn [40].

There is nothing special about unique identifiers from the perspective of

this result. Indeed, any colouring is sufficient. Even more, a good colouring

produces a much better solution from the perspective of output schedule’s

granularity.

1.5 Local decision

Analogous to sequential computing, it is natural to study decision problems

in the distributed setting. In distributed decision, as defined by Fraigniaud

et al. [23], the task is to decide, in the standard LOCAL model, whether

a given graph G, possibly with some input labelling x, satisfies a given

graph property P . The twist is that, unlike in sequential computing, each

vertex is only allowed to see its own local neighourhood in the graph and

must produce its own local binary output, yes or no. The natural decision

procedure now becomes asymmetric: we say that the system accepts the

input if every vertex accepts, and rejects otherwise.

As an example, let P be the property of x being a 3-colouring of G. This

can be decided with a 1-hop algorithm: every vertex looks at the inputs

of its neighbours and checks that they differ from its own. If they do, the

vertex accepts and if not, it rejects. This same procedure works, naturally,

for all locally checkable labelling problems.

More generally we say that LD(t) consists of graph properties P , that is,

subsets of labelled graphs (G, x), such that there exists a t-time distributed

algorithm A for which

(G, x) ∈ P ⇐⇒ ∀v ∈ V (G), A(v) accepts. (1.1)

We will be especially interested in the class of properties which can be

decided in constant time. From now on, this class LD(O(1)) will be denoted
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simply by LD.

Remark 1. Note that there is the technical issue of quantifying unique

identifiers in (1.1). We will assume that all properties are independent of

the identifier assignment id on G. In addition, in the above definition, the

algorithm must accept yes-instances on all identifier assignments.

Locally checkable labellings are one example of locally decidable prop-

erties [49]. Fraigniaud et al. defined the class LD [23, 25, 27], and also

studied the effects of non-determinism and randomization on local decision.

Korman and Kutten studied the verification of minimum spanning trees

and general non-deterministic certificates [37, 38]. Göös and Suomela stud-

ied a slightly stronger model of non-determinism [32]. Recently Förster et

al. studied non-deterministic local decidability of s-t reachability, acyclicity,

and other similar properties under a weaker model [22].

Work related to local decision has also been done in the context of self-

stabilizing algorithms. The protocol of Afek et al. verifying a spanning

tree [2] is especially important in our work. Further connections between

self-stabilization and local checkability have been studied by, for example,

Awerbuch et al. [8]. Finally, the distributed verification of global struc-

tures, such as minimum spanning trees has been studied [19], and it has

connections to non-deterministic proof complexity [37, 39].

1.5.1 Power of unique identifiers

In this work we look at two aspects of local decision: the power of unique

identifiers and the power of nondeterminism. On a high level, unique

identifiers, like nondeterminism, can be treated as an oracle: by definition

the identifiers leak information about the size of the graph and, as we will

see, this allows the vertices to collectively guess the size of the input graph

(or at least an upper bound for it).

In Publication II we study the power of unique identifiers in the context

of local decision. In particular, we characterise the minimal information

that is sufficient to replace unique identifiers.

This line of research began when Fraigniaud et al. showed that for a

large class of problems, the actual values of unique identifiers do not help

in local decision [24]; for these problems, an algorithm can be modified

so that after (G, x) is fixed, the output of the algorithm at each vertex is

independent of the assignment of unique identifiers. Such an algorithm

is called identifier oblivious. We will denote the class of properties that
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can be decided using constant-time identifier-oblivious algorithms by LDO.

Fraignaud et al. also conjectured that LD = LDO [24]. This conjecture

turned out to be false: there exist properties in LD \ LDO [26].

The separation of LD and LDO is fundamentally a question of computab-

ility. To gain intuition on this, consider the following promise-version P of

a property separating the two classes [26]. Let (G,M) be an n-cycle where

every vertex is labelled with the same Turing machine M . We promise

that if M halts on an empty tape, it does so in s ≤ n steps. Now (G,M) is

a yes-instance if and only if M does not halt. If algorithms are allowed to

behave arbitrarily when the promise is violated, then it holds that P ∈ LD:

every vertex v simulates M for id(v) steps and outputs no if M halts, and

yes if M does not halt. On the other hand we have that P /∈ LDO: an

identifier-oblivious algorithm has to solve the halting problem since it has

no information about the running time of M . In Section 4.1 we sketch how

the promise in the above problem can be removed.

A separation argument based on computability is also necessary: if we

assume that the local algorithm is allowed to be uncomputable, identifier-

oblivious algorithms can easily simulate unique identifiers. Given a normal

local algorithm A, such an identifier-oblivious algorithm consists of testing

whether A accepts with every identifier assignment to the vertex’s local

neighbourhood, and accepting if and only if A does.

The separation is due to the fact that unique identifiers leak information

about the size of the graph. The crucial property in the above example is

that since unique identifiers are indeed unique, there is a vertex v with

id(v) ≥ n ≥ s, the halting time bound on M . Note that this is a different

property from that which is useful in the context of symmetry breaking:

there the running times are typically dependent on an upper bound on the

size of the identifiers, and the uniqueness property does not play a role.

Indeed, often a proper colouring with a small number of colours allows for

even faster distributed algorithms, such as in the case of most symmetry

breaking problems.

In Publication II we characterise the minimal labellings that give an

identifier-oblivious algorithm the power of unique identifiers. These la-

bellings must have the following property: each subset S of vertices re-

ceives at least one label with size |S|. This clearly allows an identifier-

oblivious algorithm to decide the property P related to the halting of Turing

machines: since there is one label of size at least n, every vertex simulates

the Turing machine M for a number of steps equal to its label.
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Now let us define things slightly more formally. We say that a scalar

oracle is a function f that maps each positive integer n to a multiset of n

integers (f1, f2, . . . , fn). Now, given a graph G, an oracle f produces a set of

labels and an adversary assigns the labels to the graph. Each vertex then

sees, in addition to the input and the unique identifiers, the assignment of

f in its own local neighbourhood. For a given oracle f , we say that LDOf is

the class of properties decidable using identifier-oblivious local algorithms.

The class LDf is defined similarly. Scalar oracles are a direct generalization

of unique identifiers: indeed, unique identifiers can be defined a class of

scalar oracles F such that if f ∈ F , then there exists a constant c such that

f(n) consists of n distinct elements from [nc] for all n.

Denote by f (n)k the kth largest label produced by f on input n. It turns

out that the following property is crucial. We say that an oracle is large, if

∀c > 0,∃k ≥ 1,∀n ≥ k, f (n)k ≥ c. (1.2)

If f is not large, it is small. The above property says, roughly, that for any

constant bound c, there is a bound k such that every k-subset of labels has

a label of size at least c.

Our main result is to show the following theorem.

Theorem 2. LDOf = LDf if and only if f is large.

In addition, we show that if f is small, there exists a property P ∈
LD \ LDOf . Since by definition identifier-oblivious algorithms see the local

structure of the graph, the two results combine to show that our definition

of a large oracle gives the minimal sufficient property for a labelling to be

as strong as unique identifiers. For any large oracle, we have the following

relations between the four classes:

LDO ( LD ⊆ LDOf = LDf , (1.3)

where the inclusion of LD in LDOf may be strict, depending on f . The

structure of these classes with regard to various oracles is covered in

Section 4.1.

1.5.2 Non-determinism in local decision

It is natural to ask how non-determinism affects local decision. From a

more practicable point of view this can be seen as the question of locally

verifying a given answer, even if computing it requires global information.

Several models of non-deterministic distributed decision have been pro-

posed, including at least proof labelling schemes [36–38], non-deterministic
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local decision (NLD for short) [23, 27], and locally checkable proofs [32]. In

each of the models, the vertices are allowed to receive non-deterministic

advice as input when making their decisions. On the other hand, there

are technical differences regarding the use and assignment of unique

identifiers, and the size of the labels.

As an example, the class LCP(t) is defined as the graph properties such

that if and only if (G, x) ∈ P , there exists a t-bit certificate or proof

y : V (G) → {0, 1}t and a local algorithm A such that each vertex accepts

the proof with the input x. In symbols we say that

(G, x) ∈ P ⇐⇒ ∃y : ∀v ∈ V (G), A(G, x, v, y) accepts.

Locally checkable proofs are a strictly stronger version of the proof labelling

schemes, as the running time of the local algorithm is not as restricted

and the non-deterministic labels are allowed to refer to the identifiers of

the vertices. In NLD the sizes of the certificates are not restricted, but the

certificate has to work for every identifier assignment.

Compared to LD, many NP-complete decision problems, such as 3-colouring

or the graph encoding of SAT are in LCP(O(1)). For example, in the former

case y(v) simply encodes the colour of vertex v, and each vertex accepts if

y(v) 6= y(u) for each neighbour u of v. Crucially, a spanning tree can be cer-

tified using O(log n) bits per vertex [2, 32]. This can be used as a building

block to distribute information globally: a spanning tree can be used to

gather the number of nodes, to elect a leader, or to reverse decisions [32].

This last property is interesting because of the asymmetric nature of local

decision.

Göös and Suomela also show that Ω(log n) proof bits are necessary for cer-

tifying a spanning tree [32]. This makes LCP with O(log n)-bit certificates,

or LCP(log n), a natural and robust class of properties.

1.5.3 A hierarchy of local decision

In Publication III we study the generalization of LCP(log n) analogous to

the polynomial hierarchy in the centralized computing. The first level of

the hierarchy, LCP(log n), is the class of problems such that the correctness

of a solution is easy to verify, similar to the class NP. Now additional

nondeterminism can be seen as a game between two players, similar to the

polynomial hierarchy.

We will call the two players prover and disprover. The players take

turns, assigning O(log n)-bit labels `1, `2, . . . , `k to the vertices of the input
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graph. Prover wins, if it can make the local algorithm accept everywhere,

and disprover wins otherwise. Roughly speaking property P is at the kth

level of the hierarchy if the prover has a winning strategy if and only if

(G, x) ∈ P .

More formally we can define classes Σk and Πk via alternating quantific-

ation of the proof labels. Define Σk as the class of properties P such that

there exists a local algorithm A for which we have that

(G, x) ∈ P ⇐⇒ ∃`1, ∀`2, . . . ,Q `k : ∀v ∈ V (G), A(G, v, x, `1, `2, . . . , `k) = 1,

where Q denotes the existential quantifier, if k is odd and the universal

quantifier otherwise. Similarly Πk is defined as the class of properties P

such that there exists a local algorithm A for which we have that

(G, x) ∈ P ⇐⇒ ∀`1, ∃`2, . . . ,Q `k : ∀v ∈ V (G), A(G, v, x, `1, `2, . . . , `k) = 1,

where Q denotes the existential quantifier, if k is odd and the universal

quantifier otherwise.

It turns out that the classes where the quantification ends in a universal

quantifier collapse to the previous level. Therefore we can define a local

hierarchy LH = ∪kΛk as follows. When k = 0, we have Λ0 = LD = Σ0 = Π0.

For k > 0, define

Λk =





Σk if k is odd, and

Πk if k is even.

In Publication III we show structural results about this hierarchy. Trivi-

ally we have that Λk ⊆ Λk+1 for all k. The complement P̄ of property P is

the set {(G, x) : (G, x) /∈ P}. Due to the asymmetric nature of the decision

procedure, define the complement of Λk as

co−Λk = {P : P̄ ∈ Λk}.

Since decision cannot be simply reversed by the local algorithm, we do not

necessarily have that co−Λk ⊆ Λk. We do show, however, that co−Λk ⊆
Λk+1. In a symmetric fashion we also have that co−Λk ⊆ co−Λk+1 for all k,

and that Λk ⊆ co−Λk+1. Properties in the intersection Λk ∩ co−Λk can be

decided in a symmetric fashion: the prover can force all vertices to accept

yes-instances and the disprover can force all vertices to reject no-instances.

We also give a conditional collapse result: if there are k and k + 1 such

that Λk = Λk+1, then the whole hierarchy collapses to its kth level. This

proof uses a straightforward simulation argument.
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Finally, we show that there are languages outside the local hierarchy.

This is done using a counting argument on the languages on 0/1-labelled

paths, similar to many other existence results in various models of compu-

tational complexity.

On the positive side we show, for example, that many NP-hard optimiza-

tion problems such as maximum independent set or minimum dominating

set fall into co−Λ1 (and therefore the second level Λ2). More generally, the

graph version of satisfiability for quantified Boolean formulas with k al-

ternations of quantifiers (a complete problem for the kth level of polynomial

hierarchy) is in Λk.

The first two levels of the hierarchy have an arguably reasonable inter-

pretation as distributed protocols. In addition, the two player protocol can

have an exponentially smaller requirement on the size of the certificates:

for example non-3-colourability requires an Ω(n2/ log n) size proof in LCP,

but is clearly in Λ2.

In comparison, Balliu et al. consider the generalization of NLD into a

corresponding local hierarchy [9]. This model differs in two crucial aspects:

one labelling has to work for all identifier assignments, and the size of the

labelling is unbounded. The hierarchy, defined this way, collapses to its

second level.

1.6 Lower bound techniques

One aim of this work is to present new lower bounds and lower bound

techniques for distributed computing. Existing lower bounds are often

shown via one of two basic techniques: indistinguishability and simulation.

In what follows I give a brief overview of the these two techniques in

local distributed computing. This overview will not cover lower bound

techniques such as communication complexity arguments for the CONGEST

model, which are not applicable in the LOCAL model.

1.6.1 Indistinguishability

The indistinguishability principle says that if two vertices see the same

information, they must produce the same output. This produces a lower

bound if the vertices are located in two different problem instances where

they need to produce different outputs. This approach has been very

powerful in the context of message passing models [3, 42]. For an example
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of a typical lower bound of this type in the LOCAL model, consider the

problem of 2-colouring. Consider two paths Pn and Pn+1 on n and n + 1

vertices, respectively. In order to decide whether the endpoints should

have different colours or not, these vertices need to see Ω(n) steps away.

Typically the indistinguishability argument is well suited to proving

approximation lower bounds, as in the case of the lower bound construction

of Kuhn et al. [42]. In its most simplified form, one constructs two d-regular

graphs with girth 2g + 1. Now in both graphs, for each t ≤ g, the radius-

t neighbourhood of each vertex is a d-regular tree. Now if one of the

graphs has a large optimum solution and the other a small one, no t-time

algorithm can distinguish the two graphs and therefore must produce

(with a suitable identifier assignment) a small solution in the graph with

a large optimum [3, 35]. Graphs with suitable properties can be derived

for example from the theory of random graphs [4, 14, 29] or sometimes via

explicit constructions [46, 47].

Recently a form of indistinguishability argument has been used to show

lower bounds for optimization in CSP problems. Gamarnik and Sudan

gave an upper bound on the size of independent sets that constant-time

(randomized) algorithms can find in d-regular graphs [30]. Their proof

is based on the shattering phenomenon of random CSP instances [1],

where the geometry of the solution space undergoes a rapid transition

when the target solution size grows large enough. In particular they

show that in large solutions, the outputs of vertices must be globally

correlated, or in other words, any two solutions either have a large overlap

or almost no overlap. Vertices in different parts of the graph are unable to

coordinate their choices. Later, Rahman and Virág showed that constant-

time algorithms are exactly half-optimal in this setting [55]. Interestingly

this coincides with the best known polynomial-time algorithms for this

problem [43].

This work. In Publication IV our lower bound uses a simple indistin-

guishability argument, essentially as described in the previous section,

based on the proof of Bollobas that there are graphs of high girth with

no large independent sets [14] (and therefore no short fractional graph

colourings).

Our EC lower bound for maximal matching in Publication I can be seen

as a kind of iterated indistinguishability argument: at each step t we find

two graphs with a pair of vertices such that their neighbourhoods agree up

to distance t, but the vertices must produce different outputs. Therefore
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the vertices must see up to distance t+ 1.

Our separation of LDOf and LD for small oracles f in Publication II uses

an indistinguishability argument: we show that the oracle labels can be

assigned in such a way that vertices with potentially useful oracle labels

cannot separate between the instances where they should accept and the

instances where the should reject. The actual construction is fairly involved

and described in some detail in Section 4.1. We also use indistinguishability

arguments (combined with uncomputability arguments) to further study

the relations of the classes LDO, LDOf , LD, and LDOf for various oracles f .

1.6.2 Simulation

Simulation is an extremely powerful lower bound technique in distributed

computing. At its heart, the classic lower bound of Linial [45] is a simula-

tion argument [44]. On a high level, the argument goes as follows: assume

that there is a t-time c-colouring algorithm A for (oriented) cycles. Now

we construct a (t − 1)-time 2c-colouring algorithm A′: the output of A′ is

the set of possible outputs for A given the (t − 1)-neighbourhood of the

vertex. Now we begin with the assumption of having a t-time 3-colouring

algorithm. In each iteration the simulation argument produces a faster

colouring algorithm with a larger colour palette. Finally, any 0-round

algorithm must use at least n colours to avoid any conflicts, which gives a

lower bound of t = Ω(log∗ n).

More recently we used a simulation argument to show that sinkless

orientation requires Ω(log log n) rounds in ∆-regular graphs and trees [15].

This is another iterated simulation argument, but instead of using a larger

colour palette, the success probability decreases in each step. Any 0-round

algorithm must have a large error probability.

This work. Our maximal fractional matching lower bound in Publication V

consists of two parts: one is the new iterated indistinguishability technique

presented in Publication I, and the other is a series of simulations that lift

the result from the anonymous EC model to the standard LOCAL model.

While the last step OI LOCAL is a fairly standard Ramsey argument, the

other three steps are novel and can be of independent interest. In general

the approach of proving lower bounds in a weak (anonymous) model, where

such proofs are relatively easy, has proven to be powerful [33, 49].

On the side of local decision, our result showing that LDOf = LDf for

large oracles f is a straightforward simulation argument. An identifier-
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oblivious algorithm is given enough information by the oracle label f so

that each vertex can simulate identifier assignments in its local neighbour-

hood. The property that f is large will guarantee that there is a set of such

simulations, one at each vertex, which form a consistent assignment of

unique identifiers to the graph. Finally, many of the structural results in

Publication III are based on a simulation argument.
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2. Lower bounds for coordination
problems

In this chapter I present the first linear-in-∆ lower bounds for two natural

graph problems, maximal matching and its linear relaxation, fractional

maximal matching. These lower bounds hint that in addition to symmetry

breaking, there is another basic distributed challenge, local coordination.

I will present an overview of the proofs for the two results, highlighting

how the maximal matching lower bound at the heart of both results forces

any algorithm to have greedy-like properties. Our lower bound in Publica-

tion I represents a new type of lower bound argument: we tie the running

time of an algorithm to the amount of symmetries in the neighbourhood of

each vertex.

In Publication V we extend this lower bound to fractional maximal match-

ing in the standard LOCAL model. This proof has the same symmetry-based

argument at its heart, but uses simulation arguments, some of which are

novel, to lift the original lower bound to the stronger model. This com-

bined approach allows us to tackle different challenges to lower bounds

separately.

2.1 New lower bounds for coordination problems

In Publication I we gave the first linear-in-∆ lower bound for a natural

graph problem, maximal matching. This proof comes with a large caveat,

though: it is not for the standard LOCAL model, but for the relatively

strong anonymous model known as the edge-colouring model, or EC for

short. In this model, vertices do not have any identifiers (and are thus

unable to break symmetry), but the edges are coloured with ∆ + 1 colours.

We show the following theorem.

Theorem 3. Let k ≥ 3 be an integer. Finding a maximal matching in

anonymous k-edge coloured graphs requires k − 1 rounds.
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This result is also tight: the greedy algorithm actually runs in k − 1

rounds.

We will see the proof of Theorem 3 in Section 2.2. On a high level, it

works by iteratively constructing, for any given algorithm, pairs of graphs

such that

(1) the output of the algorithm differs on the two graphs, but

(2) to distinguish the two graphs the algorithm must look further and

further away.

The difficult inputs will be ones that contain lots of symmetries. In par-

ticular, every vertex in these graphs will have some number neighbours

with isomorphic infinite-radius neighbourhoods, that is, there is an auto-

morphism of the graph that switches the place of the two nodes. These

symmetries are a crucial resource in the proof: loosely speaking, in each

step, the algorithm can force the number of symmetries to decrease by one

at some vertex. The induction stops once some vertex runs out of all of its

symmetries. As a byproduct we will see, as we discuss in Section 2.2.3,

that any algorithm must behave in a somewhat greedy fashion.

There are two main weaknesses to the main result of Publication I. First,

the EC model is a “toy” model and we would really like to prove linear-

in-∆ lower bounds in the standard LOCAL model. Second, the model is

incomparable with the LOCAL model, since symmetry breaking is both

impossible and unnecessary for solving maximal matching. Therefore

the result says nothing of what happens when the running time can be a

combination of a function of ∆ and a function of n.

We address the first weakness in Publication V, where we use a similar

construction to prove a lower bound for fractional maximal matchings.

This lower bound is then lifted through a series of simulation results all

the way to the standard LOCAL model. Formally we have the following

theorem.

Theorem 4. Any algorithm for the LOCAL model that finds a fractional

maximal matching in time independent of n must have running time Ω(∆).

This is the first linear-in-∆ lower bound for any natural graph problem

in the LOCAL model. This result, again, comes with a caveat: we do not

rule out an algorithm for fractional maximal matching with a running

time of o(∆) + O(log∗ n). This is due to the same reason as to why our

proof does not yield a lower bound for maximal matching: current lower

bound techniques are unable to both handle unique identifiers and to prove
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lower bounds of order ω(log∗ n). This barrier for showing lower bounds for

maximal matching with both the coordination and the symmetry breaking

elements is discussed in Section 2.4.

2.2 Linear-in-∆ lower bound for maximal matching

In this section we present a slightly more concise version of the proof of

the main theorem in Publication I. We completely omit the group theoretic

notation of the proof in Publication I and use notation similar to the proof

in Publication V.

The general picture is that given an algorithm (that can be non-uniform

over d, the graph degree), we inductively construct a series of graphs such

that in the ith graph the algorithm has to look at least i hops away (at

some vertex).

In the following sections I present the necessary notations specific to the

proof of Theorem 3.

2.2.1 Edge-colouring model EC

In what follows, we will use the non-standard EC model. Recall that in

this model, the vertices of the input graph G = (V,E) do not have any

labels, they are completely anonymous. We will focus on the special case of

d-regular graphs with a (d+ 1)-edge colouring. Each vertex v has exactly

one missing colour, that is, a colour with no edge of that colour incident to

it, denoted by f(v).

Multigraphs. We will consider, in addition to simple graphs, also multi-

graphs as representations of simple graphs with symmetries. In particular,

we will allow graphs with loops, that is, edges from a vertex to itself. To

this end, we will allow edges of the form {v, v}, and consider E to be a

multiset. The graphs considered here will not have multiple edges of the

form {v, u} with v 6= u. For the rest of this chapter, we will call multigraphs

simply graphs.

An edge is simple, if it is not a loop. The simple degree of a vertex v is the

number of simple edges incident to v. In the following proof, the simple

degree is a measure of asymmetries in the neighbourhood of a vertex.

Covering graphs and lifts. A graph G with an edge colouring c is the lift

of another graph H with edge colouring c′ if and only if there exists an

onto graph homomorphism from G to H that preserves the edge colours.
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That is, a mapping φ : V (G)→ V (H) is a graph homomorphism (with some

abuse of notation due to loops), if and only if

(1) for every {v, u} ∈ E(G) with c({v, u}) = χ there exists {φ(v), φ(u)} ∈
E(H) with c′({φ(v), φ(u)}) = χ, and

(2) φ preserves vertex degrees.

A crucial property of lifts is that for all vertices v, u such that φ(v) = φ(u),

we have that the neighbourhoods of v and u are isomorphic up to any

distance. This property will be at the heart of our proof.

Universal covers. For a given graph G, the universal cover UG of G is

defined as follows. Fix an arbitrary vertex v ∈ V (G) (each choice produces

and isomorphic graph). The set V (UG) consists of all non-backtracking

walks in G, and two vertices u,w ∈ V (UG) are connected by an edge of

colour χ if u as a walk follows w to its endpoint and then takes one more

step along an edge of colour χ. Note that UG is always a tree and that it

can be infinite. This is not a problem, as we can consider the execution of

constant-time algorithms also on infinite graphs by cutting a finite piece of

them.

Factor graphs. Conversely to the universal covers, the factor graph FG

of graph G is the smallest graph H such that G is a lift of H. The factor

graph is a representation of the symmetries in the original graph: each

vertex v ∈ V (FG) represents an equivalence class of vertices that look the

same up to any distance and that must all have the same output in the

original graph G. We say that vertices u and v in G are identical, if they

are mapped to the same vertex on FG.

Executing distributed algorithms on multigraphs. In the proof that fol-

lows, we will consider the virtual execution of distributed algorithms on

multigraphs. In practice, we define this to be the following process.

(1) Given the input graph G, take the universal cover UG of G.

(2) Run algorithm A on UG.

(3) For each v ∈ V (G), we define that A(v,G) = A(φ−1(v), UG), that is,

the output of v is equal to the output of the vertices that map to it on

its universal cover.

Loopy graphs. We say that a vertex v in graph G is k-loopy, if φ(v) ∈ FG

has at least k loops. Graph G is said to be k-loopy, if every vertex in FG has

k loops. Loopiness has the following consequence, which is crucial to our

argument.
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d = 3

4 4 42 2 2

1 1 1

3 3 3

1 2 3 4

Figure 2.1. The multigraphs G(c) for the base case of the induction when d = 3. Each
graph is a single-vertex multigraph with the vertices labelled with their
respective missing colours. A possible output, which corresponds to the output
of the greedy algorithm, in bold.

Fact 5. Any anonymous distributed maximal matching algorithm must

produce a perfect matching on loopy (edge-coloured) graphs.

To see this, consider a loopy vertex that is unmatched: by definition, it

has at least one neighbour which is identical to it, and is therefore also

unmatched, a contradiction with the maximality of the solution.

Now we are ready to proceed to the lower bound construction.

2.2.2 The lower bound construction

In this section we give a concise proof of Theorem 3.

Proof of Theorem 3. For any constant d, any distributed algorithm Ad, and

any t ∈ [d] we will construct a pair of d-regular graphs (Gt, Ht) such that

the existence of Gt and Ht forces Ad to have running time at least t+ 1.

More concretely, there are vertices gt ∈ V (Gt) and ht ∈ V (Ht) such that

the t-neighbourhood of gt is isomorphic to the t-neighbourhood of ht, but

their outputs differ. The proof is by induction and in order to sustain the

induction argument, we will in addition require that the outputs differ on

a loop edge, that Gt and Ht are (d− t)-loopy, and that the structure of both

Gt and Ht, ignoring loop edges, is a tree. We call such a pair of graphs

t-critical for Ad.

Base case t = 0. We begin by showing that for any d ≥ 3, and any

algorithm A = Ad, there exists a pair (G,H) of 0-critical graphs. We

consider the d+ 1 different single-vertex multigraphs, denoted by G(c) for

each choice of the missing colour c. See Figure 2.1 for illustration. Any

algorithm must output a single colour not equal to c in each G(c). It is easy

to see that there must exist a colour χ and graphs G(c) and G(c′), with

c, c′ 6= χ, such that A outputs χ on G(c), but does not output χ on G(c′).
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Figure 2.2. The mixing step for d = 3 and t = 0. We have two graphs, G and H that are a
0-critical pair, that is, their vertices have isomorphic radius-0 neighbourhoods
(by definition) and different outputs. We construct the three graphs GG, HH,
and GH. Depending on A, either GG and GH or GH and HH will become a
1-critical pair. In the example illustrated, the output of the left vertex differs
between GG and GH, and these are the 1-critical pair.
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Figure 2.3. The mixing step for d = 3 and t = 1. The critical vertices are connected by a
new edge. The greedy algorithm outputs a new loop colour.

3

1 4
1

321 34

3

3

1

1

1

4

1

3 23

3

3

1

43

1

2 2

3
2

24

2 4 2 4 2 4

4 2

2

3

1

4

4

3

1 4

1

3
2

GH:

Figure 2.4. Graph GH from Figure 2.2 and a part of its unfolded universal cover UG.
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Now let G and H be a 0-critical pair. We construct a new graph GH by

taking a copy of G and a copy H, with V (G) = {g} and V (H) = {h}, remove

the loop of colour χ from both G and H, and add a new edge {g, h} of colour

χ. Now the following is true.

1. We have for the neighbourhoods of g and h that BG(g, 0) ' BGH(g, 0)

and that BH(h, 0) ' BGH(h, 0),

2. There exists a colour χ′ 6= χ such that the output of A on differs

between two loop edges of colour χ′ in at least one of the following

cases.

a. There is a loop of colour χ′ incident to g in G and the output of g

with respect to the loop of colour χ′ differs between G and GH.

b. There is a loop of colour χ′ incident to h in H and the output of h

with respect to the loop of colour χ′ differs between H and GH.

See Figure 2.2 for illustration.

Mixing. Now assume that a t-critical pair of graphs (G,H) = (Gt, Ht)

exists for some t < d. In particular, there are vertices g ∈ V (G) and

h ∈ V (H) such that BG(g, t − 1) ' BH(h, t − 1), but A(g,G) = c 6= A(h,H)

for some loop edge c. We construct three new graphs GG,GH, and HH by

gluing together copies of G and H. For example, to construct GH we

Step 1: take a copy of G and a copy of H and set V (GH) = V (G) ∪ V (H) and

E(GH) = E(G) ∪ E(H),

Step 2: remove the loop edges of colour c incident to nodes g ∈ V (G) and

h ∈ V (H), and finally

Step 3: add an edge {g, h} of colour c to E(GH).

See Figure 2.2 for illustration.

Propagation. Recall that we want to find a node such that it changes

output on a loop edge. We claim that whatever A does, the change in

the output of {g, h} must propagate to some loop edge in GH. Now let us

consider the output of A in GH. Since the outputs of A(g,G) and A(h,H)

are incompatible in GH, at least one of them must change this output. The

analysis splits into two cases.

Case 1: Vertices g and h output A(g,GH) = A(h,GH) = c. We have that

A(h,GH) 6= A(h,H) = A(h,HH) = χ, vertex h changes output.

Case 2: Vertices g and h output A(g,GH), A(h,GH) 6= c, that is, g changes

output by A(g,G) = A(g,GG) 6= A(g,GH) = χ′.
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First observe that for all vertices v ∈ V (G) and u ∈ V (H) we have that

BGG(v, t) ' BGH(v, t+ 1) and BHH(u, t) ' BGH(u, t+ 1). That is, if vertices

change outputs between the two constructions, they must see at least t+ 1

steps away to differentiate between the two constructions. In particular,

since the simple edges of GG, GH, and HH induce a tree, the distance to

which a vertex v has to see to distinguish the two constructions is

t+ min{distGH(v, h),distGH(v, g)}+ 1.

Finally, we will show that the change in outputs must propagate to some

loop in GH. For simplicity, we will assume the first case where h changes

output. We assume that the edge of colour χ incident to h is a simple

edge {h, s1}, as otherwise we have the claim. By the loopiness property s1
must be matched, but to avoid changes in loops it must be matched via a

simple edge to a vertex s2 that is not matched via a loop in HH. Since the

simple edges of GH form a tree, s2 is at distance 2 from h. Again, since s2
is matched via a simple edge to s3 in HH, the vertex s3 must be matched

to some other vertex, as was the case for h. This propagation continues

until there is some vertex s` such that s` changes the output of one of

its loops. Now s` ∈ V (GH) and its corresponding copy s′` ∈ V (HH) have

isomorphic local neighbourhoods up to distance t+ `+ 1 and GH and HH

form a (t+ `+ 1)-critical pair.

2.2.3 Coordination and greedy algorithms

The above proof shows that in (∆ + 1)-edge coloured graphs, the greedy

algorithm is optimal. Naturally, for a larger number k of edge colours

one can do colour reduction in time O(log∗ k), but this does not allow

circumventing the linear-in-∆ barrier.

Moreover, the proof shows that any optimal algorithm must have “greedy”

properties. First, note that we can iterate the lower bound until at least

one of the vertices in both constructions has simple degree d. In particular,

only if the change propagates to a vertex with no loops, we do not get a

new critical pair. This means that any optimal algorithm must always

propagate the difference of the outputs of the two critical vertices into one

of the loops of one of those vertices to force a vertex of simple degree d after

d iterations of the proof. In addition, if an algorithm behaves optimally, as

described above, then there exists a missing colour c such that any vertex

with that missing colour could, a priori, output any of its incident edge

colours. It should be noted that existing algorithms for maximal matching
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tend to have similar, greedy features [18, 50]. Whether such an approach

is also necessary, is an interesting open question.

2.3 Linear-in-∆ lower bound for maximal fractional matching

In this section we discuss how the proof technique from the previous setting

can be used as a building block to show Theorem 4. The proof begins by

showing an Ω(∆) lower bound for fractional maximal matching in the EC

model using similar techniques as seen in lower bound proof for maximal

matching. Then we lift this lower bound all the way to the LOCAL model

via a series of simulation results

EC PO OI LOCAL,

The first simulation EC PO is a novel but fairly simple one, incurring

an overhead of O(∆) rounds. In the second simulation PO OI we show

that port-numbering and orientation can be used to construct a locally

consistent ordering on the vertices. This ordering can then be used to

simulate any order-invariant algorithm. Finally, the simulation OI  
LOCAL uses fairly standard Ramsey techniques [18, 49] to control the

unique identifiers.

Fractional maximal matching. A fractional matching y : E → [0, 1] is an

assignment of weights to the edges in such a way that the total weight of

the edges incident to each vertex

y[v] =
∑

e3v
y(e)

is at most one. A vertex v is saturated, if it holds that y[v] = 1. A fractional

matching is maximal, if for every edge, at least one of its endpoints is

saturated.

2.3.1 Lower bound for EC

The EC lower bound for fractional maximal matching is very close to the

corresponding lower bound for maximal matching. One clear difference

is that in d-regular graph solving fractional maximal matching is trivial:

each edge outputs 1/d. On the other hand, we still have the invariant that

in a loopy graph every vertex has to be saturated.

The proof uses slightly different seed graphs for t = 0. The problem of the

lower bound construction admitting a trivial solution can be fixed using
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Figure 2.5. The simulation EC PO. Each vertex locally and virtually replaces each edge
of colour c with two edges, both labelled with (c, c), denoted by c in the figure.
Once the algorithm A has produced output in the virtual graph for each edge,
these outputs are simply reduced back to their original edges.

seed graphs of degrees d + 1 and d. Consider the multigraph G with a

single vertex g and loops of each colour in [d+1]: there must be at least one

c ∈ [d + 1] such that A(g, c,G) 6= 0. Now consider the H, the multigraph

derived from G by removing the loop of colour c. Denote the vertex of H by

h. Since the solution must be maximal, there is another colour χ such that

A(h, χ,H) 6= A(g, χ,G). Therefore G and H form a 0-critical pair.

After this, the proof proceeds as in the proof of Theorem 3: at each step

we find a t-critical pair (G,H) such that for g ∈ V (G) and h ∈ V (H) we

have that

(1) BG(g, t) ' BH(h, t), and

(2) there is a loop colour c such that A(g,G, c) 6= A(h,H, c).

Then we mix these graphs along the edge colour c, creating the graphs

GG,GH, andHH. The difference of the outputs ofG andH must propagate

somewhere, and by the fact that all vertices must be saturated, it will

propagate to a loop.

2.3.2 Simulation: EC PO

The first simulation EC PO is fairly straightforward. The vertices will

locally construct a PO-graph based on the EC-graph and simulate any

PO-algorithm with a small overhead. We will use the d2-digraph edge

colouring formulation of port numbering and orientation in the simulation.

Let A be a t-time PO-algorithm. The trick is that given an edge-coloured

d-regular multigraph G, we will simulate A in a 2d-regular PO-multigraph
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Figure 2.6. Simulation PO  OI. Vertex v in G wants so simulate an order invariant
algorithm A. First, v virtually unfolds its neighbourhood into its own local
neighbourhood in UG (this is essentially all it can do anyways, as anonymous
algorithms are unable to detect cycles). Next v derives a locally consistent
order on the vertices in its local neighbourhood from the 4-regular infinite
tree T with a homogeneous total order.

constructed by replacing each edge {u, v} of colour c with two directed

(multi)edges, (u, v) and (v, u), both labelled with (c, c) or simply c. Now

each vertex can virtually “unfold” these edges and simulate A in the simple

PO graph H produced this way.

Finally, since A produces a maximal fractional matching on the virtual

graph H, we can map the output of A back to G and define the output of

the simulation A′ as A′(g,G, {g, g′}) = A(g,H, (g, g′)) +A(g,H, (g′, g)). See

Figure 2.5 for illustration.

Now if t(∆) = o(∆), we have a contradiction: the simulation doubles

the maximum degree of the graph, but this still yields a sublinear-in-∆

algorithm for the EC model.

2.3.3 Simulation: PO OI

In this section we discuss how a port-numbering and an orientation can be

used to construct a locally consistent ordering on the vertices. This ordering

will then allow the vertices to simulate an order-invariant algorithm in the

PO model. This technique was first used to simulate OI algorithms in the
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context of constant-time approximation [33].

Simulation is based on the fact that certain infinite trees have a useful

total order on their vertices. For a fixed ∆, let r denote the number of

different possible edge labels (a, b) in the PO model. The 2r-regular infinite

tree T has a total order on its vertices that is homogeneous, that is, the

total order looks the same up to any distance at any two vertices. This also

implies that the order of any two vertices depends only on the labels on

the path that connects the vertices. We will use this order to construct a

locally consistent ordering on any graph in the PO model.

Given such a total order, an algorithm AOI with running time t can be

simulated in the PO model roughly as follows.

Step 1: Each vertex v constructs its local, unfolded radius-t view, that is, its

own local t-neighbourhood in UG.

Step 2: Each vertex v then virtually embeds B(v, UG, t) in T and derives a

total order on B(v, UG, t).

Step 3: Now each vertex can simulate AOI on UG. The solution is feasible,

as the local orders derived from T form consistent total order on

UG. Finally, this solution is feasible on G as well, as anonymous

algorithms are invariant over lifts.

See Figure 2.6 for illustration.

2.3.4 Simulation: OI LOCAL

The final simulation OI LOCAL uses a fairly standard Ramsey techniques

to control the symmetry breaking effect of the unique identifiers [18, 49].

The trick is that Ramsey’s theorem cannot be applied directly to a frac-

tional maximal matching algorithm A, as discussed in Section 1.4, because

the number of possible outputs is not bounded for linear programs. To

compensate for this, we consider algorithm A∗, which works as a saturation

indicator [7]: define that A∗(v) = 1 if v is saturated under A, and A∗(v) = 0

otherwise.

We show that in “loopy” OI-neighbourhoods, any algorithm A that uses

identifiers can be forced to behave like an order-invariant algorithm, when

identifiers are selected from a suitable set. Note that this last simulation,

as the only simulation among the three, works only in some neighbour-

hoods. This will be enough for the purposes of the lower bound, however.
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2.4 The barrier for proving maximal matching lower bounds in the
LOCAL model

Our lower bound for fractional maximal matching does not imply a mean-

ingful lower bound for maximal matching – as presented, it only applies

when the running time of the algorithm does not depend on n and by

Linial’s lower bound every maximal matching algorithm runs in time

Ω(log∗ n). Unfortunately the last simulation OI LOCAL presents a proof

barrier that the current Ramsey technique cannot breach. If I denotes the

size of the identifier space, then these techniques can only be applied when

the running time of an algorithm is o(log∗ n). The usual assumption of

identifiers bounded polynomially in n means that any small construction

must be padded so that its size allows a large enough identifiers space for

controlling the effect of unique identifiers on the original construction.

The challenge of unique identifiers is twofold. First, they break the sym-

metry in the input graph, breaking the EC lower bound construction that

relies on these symmetries. Second, controlling unique identifiers requires

large constructions. Suomela suggests a two part approach to tackling this

problem [59]: first, prove a lower bound for 2-coloured maximal matching,

taking care of the symmetry breaking side. Then, given that a 2-colouring

is unhelpful, show that the uniqueness property is also unhelpful.
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3. Unique identifiers in distributed
computing

In this chapter we see how unique identifiers can help constant-time al-

gorithms, despite the negative results of Naor and Stockmeyer [49], and

Göös et al. [33]. Both results require that the problem in question has

a bounded number of different outputs. This technical condition is not

true for the scheduling problems seen in this chapter. The algorithms for

these scheduling should be considered more as structural results, show-

ing that the bounding of outputs is necessary, and not just an artefact of

the Ramsey-type proof technique. The algorithms also establish an inter-

esting connection between randomized and deterministic constant-time

algorithms.

We will also see a new lower bound for fractional domatic partition. This

showcases the typical use of the indistinguishability argument.

3.1 Fractional graph colouring and scheduling

The scheduling problem considered in Publication IV is fractional graph

colouring. This can be seen a scheduling problem, where at each time

step the set of active vertices must be an independent set, that is, a set of

vertices such that no two vertices are adjacent.

More formally, denote by I the set of independent sets in graph G. A

fractional graph colouring x associates a value x(I) ≥ 0 to each independent

set I in G. Moreover, we must have for all v ∈ V (G) that

∑

I∈I:v∈I
x(I) ≥ 1,

that is, every node is active for at least one time unit. The quality of a

fractional graph colouring is measured by its length, defined as

`(x) =
∑

I∈I
x(I),
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Figure 3.1. An example of the correspondence between a fractional graph colouring as a
labelling x : I → [0, 1] of independent sets and the same labelling interpreted
as a local schedule with each vertex outputting the intervals when it is active.

which the optimum fractional graph colouring minimizes.

This problem can be transformed into a scheduling problem in a straight-

forward manner. We order the independent sets I = (I1, I2, . . . IN ) in an

arbitrary manner. First, all vertices v ∈ I1 are active for x(I) time units,

then, from time x(I1), all vertices in I2 are active for x(I2) time units, and

so on, for each of the N intervals.

Scheduling in a distributed setting. In the distributed setting, where the

nodes are responsible for their own local outputs, we do not define the

fractional graph colouring x explicitly. Instead, the output s(v) of each

vertex v consists of a disjoint set of intervals

s(v) = (a1, b1] ∪ (a2, b2] ∪ · · · ∪ (ak, bk],

where ai, bi are rational numbers. See Figure 3.1 for an illustration. The

total length of the schedule is `(v) = |s(v)| = ∑k
i=0(bi − ai) ≥ 1. The set of

active vertices at time t is denoted by S(t) = {v ∈ V : t ∈ s(v)}. For every

t the set S(t) must be an independent set, that is, for an edge {u, v} ∈ E,

we have that s(v) ∩ s(u) = ∅. This implicitly defines a fractional graph

colouring: for each I we set x(I) to be the sum of the lengths of the maximal

intervals such that the set of active nodes equals I. This fractional graph

colouring has length ` if maxv∈V `(v) = `.

3.1.1 Abusing unique identifiers

In their seminal work, Naor and Stockmeyer study locally checkable la-

bellings and prove the following theorem.

Theorem 6 ([49]). If an LCL problem Π can be solved in a family of graphs

G using a t-time local algorithm A, then it can be solved in G using a t-time
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identifier-oblivious algorithm A′.

This definition of an LCL problems requires two things. First, the outputs

labels come from a finite set, and second, the input graph must be of

bounded maximum degree.

We defined so-called simple PO-checkable optimization problems and

showed that unique identifiers do not help constant-time algorithms to

approximate these problems [33]. This class of problems is defined as

follows.

Definition 7. A graph optimization problem Π is simple, if every feasible

solution x of Π is a subset of vertices (or alternatively, every feasible x is a

subset of edges). The problem Π is PO-checkable if the feasibility of each

solution can be checked by a constant-time algorithm in the PO-model.

Similar to the class of LCL problems, this class includes many natural

optimization problems, such as vertex covers, independent sets, dominating

sets, matchings, and edge dominating sets.

Formally, we proved the following theorem.

Theorem 8 ([33], Theorem 1.3). Let Π be a simple PO-checkable graph

problem. Assume that F is a family of bounded-degree graphs, and it is

closed under lifts. If there is an ID-algorithm A with running time r = O(1)

that finds an α-approximation of Π in F , then there is a PO-algorithm B

with running time r that finds an α-approximation of Π in F .

The above theorem is a generalization of the fact that there are no

constant-time approximation algorithms for the typical symmetry breaking

problems, such as independent sets or matchings, even on cycles [18, 58].

In the PO-model it is impossible to break symmetry in any number of

rounds: a cycle can be oriented in a consistent manner with outgoing

ports numbered with 1s and incoming ports numbered with 2s. In such

an input graph, after every round r, every node always sees the same

r-neighbourhood. Thus the only feasible solution is the empty solution,

and no approximation is possible. On the other hand, some problems, like

2-approximation of vertex cover do not require symmetry breaking, and

our results show that local algorithms for such problems do not require

the use of unique identifiers.

It is crucial that Theorem 8 applies only to simple PO-checkable problems.

The impossibility of anonymous symmetry breaking means that algorithms

cannot find fractional graph colourings in the PO-model. On the other hand,
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since fractional graph colouring is not a simple graph problem, Theorem 8

does not apply to it. In Publication IV we give an algorithm that is able to

abuse unique identifiers to give a non-trivial constant-time approximation

algorithm for fractional graph colouring.

Theorem 9. For any α > 1 there exists a deterministic constant-time

algorithm A with running time 1 such that A finds in any graph G a

fractional graph colouring x of length α(∆(G) + 1).

Note that this result can be seen as a proof that the requirement for

constant-size outputs in the definition of LCL-problems is necessary as

well. We can consider the problem of finding a fractional graph colouring

such that each vertex v has a schedule of length at most 2(d(v) + 1). As it

turns out, the proof of Theorem 9 shows that each individual vertex v has

a schedule of length at most α(d(v) + 1), for any α > 1.

3.1.2 Constant-time algorithm for fractional graph colouring

The algorithm given by Theorem 9 is not practical in bounded-degree

graphs, and should be considered more as a structural result. It estab-

lishes an interesting connection between deterministic and randomized

algorithms, as the fine structure of the output allows the deterministic al-

gorithm for fractional graph colouring to simulate a randomized algorithm

for independent sets.

A prior constant-time algorithm for fractional graph coloring due to

Kuhn [40] uses a slightly different approach. Where we use a randomized

algorithm as a black box and iterate over all random inputs, Kuhn’s al-

gorithm iterates over all permutations of the identifiers and selects the

local maxima as active nodes.

In principle our simulation can use any randomized algorithm, but for

simplicity’s and concreteness’ sake we fix the algorithmA to be simulated to

be the algorithm where each vertex flips some constant number of random

bits and joins the independent set if its value is the local maximum. The

key idea in the simulation is that the schedule can be arbitrarily fine-

grained. We abuse this by constructing a schedule at each point of time

the set of active vertices corresponds to the independent set produced by A

with some (deterministically chosen) random input.

Let r denote the number of random bits used by the randomized inde-

pendent set algorithm A. The constant r depends on how good solutions

we want to achieve and affects the granularity of the output schedule. We
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Figure 3.2. The scheduling scheme, illustrated using the first four levels, using r = 2.
In the upper part, the static schedule goes over each possible assignment
of two random bits in a recursive fashion. On the lower part, the vertices
have computed their scheduling colours, which form a proper colouring of the
input graph. At each time t, each vertex checks its own random input and its
neighbours’ random inputs from the scheduling scheme, from the levels given
by their scheduling colours.

define a recursive simulation scheme that the vertices use to coordinate

their simulations of A. On the first level, each of the 2r possible random

inputs is used for an interval of length 1/2r. On level i, for each maximal

interval [a, b) of level i−1 during which the random input remains constant,

the scheme uses each of the possible random inputs for a subinterval of

length (b− a)/2r. See Figure 3.2 for illustration.

The vertices choose a scheduling colour based on their unique identifier

and degree, and send this to their neighbours. The scheduling colours

have some technical requirements, including that they must form a proper

colouring. Each vertex uses at each time t the random bits given by the

level in the scheduling scheme equal to its scheduling colour. For each time

step t, vertices can check their own and their neighbour’s random inputs

and simulate A. This scheme ensures that each combination of random

inputs occurs equally often and therefore the deterministic output of the

algorithm corresponds to the expected output of the randomized algorithm.

Interestingly, as we saw in Section 2.3 that there is a problem, fractional

maximal matching, which has unbounded outputs, but unique identifiers

are unhelpful when solving it in constant time. This can be explained by

the maximality condition of the solution: the output of any algorithm A

can be reduced to a version A∗, which simply tells whether a vertex is fully

saturated under A. This output is bounded, and can then be controlled

via Ramsey techniques. A fractional graph colouring is not necessarily

minimal in any analogous way.
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3.1.3 Fractional domatic partitions

In Publication IV we also study the problem of fractional domatic partitions.

In this section I will show how to give a tight lower bound, corresponding

to the algorithm in Publication IV. To this end, we will next formally define

the problem of fractional domatic partition. Given a graph G, let D denote

the set of dominating sets in G, that is, sets D ⊆ V (G) such that for all

v ∈ V (G), we have that N(v)∩D 6= ∅. Similar to fractional graph colouring,

a fractional domatic partition x assigns a weight x(D) to each dominating

set D of G. We require that for all v ∈ V (G) it holds that
∑

D∈D:D3v
x(D) ≤ 1.

Fractional domatic partition is a maximization problem with objective

function
∑

D∈Dx(D).

Again, we can turn fractional domatic partition into a scheduling problem

by defining an ordering (D1, D2, . . . , DM ) on the dominating sets and then

scheduling each set one after the other. On an intuitive level, x can be seen

as a schedule that covers the whole graph at all times, but each vertex has,

for example, a battery which constrains how long it can be active.

Now in the context of distributed computing, we once again use the local

schedule of each node to define a (fractional) domatic partition. For each v,

let s(v), or the schedule of v, consist of disjoint intervals

s(v) = (a1, b1] ∪ (a2, b2] ∪ · · · ∪ (ak, bk].

We say that s has length ` if for all t ≤ `, we have that the set of active

nodes {v : t ∈ s(v)} ∈ D is a dominating set.

3.1.4 Optimal lower bound for domatic partitions

In this section I show that the algorithm we present for fractional domatic

partitions in Publication IV is asympototically optimal. This improves the

trivial lower bound presented in Publication IV. I use the cycle cutting

technique used at least by Alon [3]. The proof is due to the existence of

graphs with minimum dominating sets of size (1 + o(1))(ln d/d)n [4].

In Publication IV we prove the following theorem.

Theorem 10 (Publication IV, Theorem 8). There exists a deterministic

local algorithm that finds a domatic partition x for any graph G in one

communication round. Moreover, the length of x is at least
δ + 1

3 ln(δ + 1)
,
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where δ is the minumum degree of graph G.

As every domatic partition must have length at least δ + 1, this result

leaves a logarithmic gap between the lower and upper bounds. In this

section I describe how this gap can be closed.

Similar to Theorem 2 in Publication IV, we have the following theorem.

Theorem 11. Let Fd be the family of d-regular graphs, and let Ad be a

deterministic constant-time algorithm that finds a domatic partition for any

Gd in Fd. For each d there exists Gd such that Gd has a domatic partition of

length d+ 1, but Ad produces a domatic partition of length O(d/ ln d).

The proof is by a familiar indistinguishability argument: for every d and

every constant g (in fact, if necessary, we could get g = Θ(logd n)), there

exist two d-regular graphs of girth at least g such that one has a domatic

partition of length d + 1, and the other has minimum dominating set of

size Ω(n ln d/d) and thus maximum (fractional) domatic partition of length

O(d/ ln d). We start with the two necessary lemmas.

Lemma 1. For every pair of constants g and d, there exists a d-regular

graph G of girth at least g such that G has a domatic partition of length

d+ 1.

Proof. The proof closely resembles the proof of Alon for the existence of

graphs with high girth and dominating sets of size 1/(d+ 1)n [3, Lemma

2.1].

First, let G = (V,E) consist of 2r disjoint stars of degree d, for r large

enough, giving n = 2r(d + 1). In addition, we fix a (d + 1)-colouring c on

these stars: each middle vertex is coloured with the colour 1, and each

of the leaf vertices gets a different colour from {2, . . . , d + 1}. Finally, to

get a d-regular graph with a domatic partition of length d+ 1, we find an

arbitrary perfect matching Ei,j , for every i, j ∈ {2, . . . , d+ 1} with i < j, in

the complete bipartite graph on the vertices of colours i and j, and add

these edges to E. We call the edges added in this fashion non-star edges.

An edge with endpoints of colours i and j will be called an (i, j)-edge. In the

graph G consisting of the original stars and each of the perfect matchings

each colour class i is a dominating set, yielding a domatic partition of

length d+ 1.

Next we will cut every cycle of length strictly less than g one by one.

Consider the shortest such cycle C (of some length g′) and an (i, j)-edge

e = {u, v}, for any i 6= j, along that cycle. Since G is d-regular and
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every node has an (i, j)-edge in its radius-2 neighbourhood, there must

be an (i, j)-edge e′ = {u′, v′} that is at distance Ω(logd n) from e. Now

remove {u, v} and {u′, v′} from E, and add {u, v′} and {u′, v}. Each colour

class c−1(i) is still a dominating set, cycle C has been cut, and no new

cycles of length at most g′ were created. To see this, note that any cycle

containing both {u, v′} and {u′, v} must have length at least 2g′, and any

cycle containing at most one of those edges must have length at least g + 1.

Repeatedly cutting short cycles we finally arrive at a graph with a domatic

partition (given by the colouring) of size d + 1 and no cycles of length at

most g.

We will need a result of Alon and Wormald as the main ingredient of the

lower bound.

Lemma 2 ([4]). There exist d-regular graphs G of arbitrarily high constant

girth g with domination number γ(G) = Ω(n ln(d)/d).

Now we are ready to prove Theorem 11.

Proof of Theorem 11. For any given d, assume that we have an algorithm

Ad with constant running time t(d). We construct two d-regular graphs G1

and G2 given by Lemmas 1 and 2 such that

• G1 has girth g1 > 2t+ 3 and a domatic partition of length d+ 1, and

• G2 has girth g2 > 2t+ 3 and has a minimum dominating set of size

Ω(n ln(d)/d), and thus maximum (fractional) domatic partition of

length O(d/ ln d).

Now there must exist an identifier assignment to G2 such that there is a

node v such that v and all nodes in N(v) are inactive after time c(d/ ln d),

for some constant c. Now we copy this identifier assignment in B2t+3(v,G2)

to the (2t+ 3)-neighbourhood of an arbitrary node u in G1. When Ad is run

on G1 with this identifier assignment, it produces a domatic partition of

length at most cd/ ln d, while a perfect domatic partition of length d + 1

exists in G1.
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In this chapter we take a closer look at the techniques for proving the two

main results of this work regarding local decision. In Publication II we

characterise the power of unique identifiers in this context. In Publication

III we present a hierarchy of local decision, analogous to the polynomial

hierarchy, and study its structure.

4.1 Power of unique identifiers in local decision

Recall that a distributed oracle is a function that maps each n ∈ N to a

set of n labels (f1, f2, . . . , fn). We denote by f (n)k the kth smallest label on

input n. We defined that an oracle f is large, if

∀c > 0,∃k ≥ 1,∀n ≥ k, f (n)k ≥ c. (4.1)

Otherwise f is small. As we will see in Section 4.1.2, a large f allows the

vertices to recover a new labelling f ′, which has the crucial property that

every subset S of vertices has a label of size at least |S|.
The main theorem of Publication II is a corollary of two lemmas. The

first lemma gives a separation between LD and LDO with advice from any

small oracle f .

Lemma 3. For any small f , there is a property P ∈ LD \ LDOf .

Property P is a promise free version of the property we discussed in

Section 1.5.1: similar to the separation of LDO and LD due to Fraigniaud et

al. [26], we consider the class of graphs which encode the execution table

of a Turing machine. The trick is to handle the oracle labels, which we do

by padding the graph in suitable manner.

The second lemma says that this separation is as strong as possible, as

large oracles are strong enough to simulate LD.
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Lemma 4. For any large f , we have that LDOf = LDf .

This lemma is shown via a simulation argument: a large oracle will allow

the vertices to simulate a non-identifier oblivious algorithm.

Combined, these two lemmas yield a total order on the four classes.

Theorem 12. LDO ( LD ⊆ LDOf = LDf for any large f .

In Sections 4.1.1 and 4.1.2 we take a closer look at how these two results

a shown.

We also study the relationships of the classes for small oracles f . We

show that LD and LDOf are incomparable. By Lemma 3 there is a property

P ∈ LD \ LDOf . We show that there is a small f and a property P ∈
LDOf \ LD.

LDOf

LDf

LD

LDO

Figure 4.1. A partial order on the classes LDO, LD, LDOf , and LDf for small oracles f .

4.1.1 Proof of Lemma 3

In this section I present a simplified version of the proof of Lemma 3. We

will ignore some technical aspects of the full proof, as they do not contribute

to the intuition as to why the separation exists.

The overall structure of the proof is to construct a promise-free version of

the uncomputability argument we saw in Section 1.5.1. This takes the form

of a fairly standard graph encoding of the execution of a Turing machine,

as in the proof of Fraigniaud et al. [26]. Then we modify the construction

so that small oracles are useless as well.

Recall that the property P with promise was the following: given a path

Pn on n vertices, each vertex gets a Turing machine M as input. We

promise that if M halts on an empty tape, then it does so in s ≤ n steps.

The instance (Pn,M) is a yes-instance, if M does not halt. This language is

clearly in LD, if behaviour can be arbitrary when the promise doesn’t hold:

each vertex v simulates M for id(v) steps and at least one vertex detects

that M halts if it does so. On a high level, the trick is to encode the halting
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time s of M into the input without an explicit promise. That is, the very

existence of a legal input should solve the halting problem.

To get a promise-free property, the structural properties of the input

graphs G have to be locally checkable even using identifier oblivious al-

gorithms. The promise-free property P0 consists of labelled graphs G(M, r),

for each (halting) M and each constant running time r. Moreover, such a

graph is not in P0 if and only if M halts on an empty tape and outputs 1

(we can define P1 by flipping the halting condition). The computationally

hard task will be to separate the cases where M outputs 0 and where M

outputs 1, as the input, together with local checkability, will give the fact

that M halts for free. Now if there was a local algorithm A deciding P0

in LDOf , we could sequentially construct G(M, r) and simulate A on it to

separate languages P0 and P1, a contradiction to a known uncomputability

result (see, for example, Papadimitiou [53]).

Construction G(M, r). Let M be a Turing machine that halts in s steps

on an empty tape (naturally if M does not halt, we cannot construct a

finite input graph that encodes the infinite execution of M ) and let r be the

locality parameter. The construction consists of three parts.

Part I: An (s+ 1)× (s+ 1) sized 2-dimensional grid, the execution table of M ,

denoted by T (M). Each vertex knows the identity of M . In addition,

each vertex on row j holds the contents of the tape after step j, with

the ith vertex on each row holding the contents of the ith place on

the tape. In addition, on each row one vertex holds the machine head,

including the state of M . Each vertex also holds its own coordinate

(i, j) on the grid modulo 3, providing a consistent orientation of T (M).

It is essential that the vertices don’t see their real coordinates, as

this would leak too much information on the running time of M .

Part II: A fragment collection F , consisting of every syntactically correct

(according to the transition rules of M ) (2r + 1) × (2r + 1) piece of

execution table of M . Each fragment is connected to the the pivot

along its edges.

Part III: A tail SN , a sufficiently long path starting from the pivot, depending

on the choice of f , the distributed oracle. The vertices of the path

hold distance counters to the pivot, but not the identity of M .

Properties of G(M, r). The three parts guarantee three crucial properties

of the construction.
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P I: The execution table ensures that the size of the graph G(M, r) is

connected to the number of steps s it takes for M to halt on an empty

tape. Since s ≤ |T (m)|, each vertex v on the table can simulate M for

id(v) many steps and reject if M halts with output 1.

P II: The fragment collection ensures that a local algorithm that simply

scans the execution table for a part where M halts with 1 will always

reject. This is due to the fact that the fragment collection contains

all legal pieces of the execution table, including those that witness M

outputting 1 (from some starting state).

P III: The tail ensures that a small oracle will be unhelpful. A large tail

makes sure that the adversary can label the whole execution table

T (M) with some predetermined constant label, due to the definition

of a small oracle. All useful labels end up in the tail, which does not

contain the identity of M , and cannot therefore use these labels.

There is still the technical issue that the structure of G(M, r) has to be

locally checkable for P0 to separate LD and LDOf . This can be dealt by

attaching additional structure to the construction so that the vertices can

detect if it is, for example, a wrapped around torus.

4.1.2 Proof of Lemma 4

The proof of Lemma 4 proceeds through a fairly straightforward simulation

argument: the labels provided by a large oracle allow the vertices to recover

(in a weak sense) an assignment of unique identifiers. With slight abuse

of notation we will let f(v) = f (n)(v) denote the label of vertex v, assigned

by the adversary, in some input graph G of size n. Now a large oracle f

is necessary and sufficient to recover another oracle f̂ with the following

property: if f (n)(v) is the ith smallest label produced by f , then v can

compute a new label f̂(v) ≥ i.
Let AID be a t-time algorithm that decides a property P ∈ LD. Given an

input (G, x), the identifier-oblivious simulation of AID proceeds as follows.

Step 1: Each vertex v computes f̂(v).

Step 2: Each vertex gathers BG(v, t) and the labelling f̂ restricted to BG(v, t).

Let f̂∗(v) denote the maximum of these values.

Step 3: Each vertex runs a local simulation of AID with each possible locally

unique identifier assignment from [f̂∗(v)] to the vertices of BG(v, t).
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If at least one of these simulations outputs reject, then reject, and

otherwise accept.

Clearly the algorithm rejects correctly, as rejection by AID is independent

of the identifier assignment by its correctness. To see that acceptance is

correct, observe that there is a choice of simulations, one per vertex, such

that the local identifier assignments form a globally consistent unique

identifier assignment. In particular, the assignment id where id(v) = i

when f (n)(v) is the ith smallest label (breaking ties in some consistent

way) is used locally by each vertex in a simulation.

4.2 A hierarchy of local decision

In this section we look in more detail at the hierarchy of local decision

presented in Publication III. First we will go through the structure of

the local hiearchy. Then we will see the proof of one of these results in

more detail. This is intended as an illustration of the typical simulation

techniques that we are using.

To establish the structure of the hierarchy, we show that a final universal

quantifier is unhelpful. Intuitively this happens because the algorithm

cannot trust anything from the disprover without a corresponding answer

from the prover.

Theorem 13. For all even k ≥ 2, we have that Σk = Σk−1, and for all odd

k ≥ 3, we have that Πk = Πk−1.

This collapse establishes the structure of LH as the alternation of classes

Π2k and Σ2k+1. The proof is by simple simulation argument: the prover can

certify the the size of the graph to each vertex, and the vertices can then

simulate all possible certificate assignments by the disprover, accepting if

and only if they are all accepting.

4.2.1 Reversal of decisions

The following theorem states that decisions can be reversed using an

additional level in the decision protocol.

Theorem 14. If P ∈ co−Λk, then P̄ ∈ Λk+1.

The proof is similar to the proof of the fact that co -LCP(0) ⊆ LCP(log n)

due to Göös and Suomela [32].
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We will look at the case for odd k. The even case is similar. Since

P ∈ co−Λk, we have that P̄ ∈ Λk. Let A be an algorithm that decides P̄ .

We have

(G, x) /∈ P ⇐⇒ ∀`1,∃`2, . . . ,∃`k,∀v ∈ V (G), A(v,G, x, `1, . . . , `k) = 1.

We will simulate A on level k + 1. If (G, x) ∈ P and therefore (G, x) /∈ P̄ ,

the prover can follow the winning strategy of the disprover for the first

k rounds. This guarantees that there is a rejecting vertex v. Now for its

last quantifier, the prover will construct a spanning tree to point to the

rejecting vertex v. That vertex can simulate A and see that it is rejecting,

and accept. Other vertices check that their spanning tree construction

is valid, and accept. If (G, x) ∈ P̄ , the disprover has no winning strategy,

and then at the k + 1th level the disprover can always force all vertices

to accept. Any spanning tree constructed by the prover will point to an

accepting node, which will reject as required.

This proof is just one example of the importance of spanning tree certific-

ates in broadcasting global information throughout the network.

4.2.2 Conditional collapse of the hierarchy

While we are unable to decide if the hierarchy is infinite, we can show the

following conditional collapse result.

Theorem 15. If for some k we have Λk = Λk+1, then LH = Λk.

Assume that there is an even k such that Λk = Λk+1 (again, the proof is

similar for odd k). Starting from a contradiction, assume that there is a

property P ∈ Λk+2 \ Λk+1, decided by a local algorithm A. By definition we

have that

(G, x) ∈ P ⇐⇒ ∀`1,∃`2, . . . ,∃`k+2,∀v ∈ V (G), A(v,G, x, `1, . . . , `k+2) = 1.

(4.2)

We can define a new property P̃ ∈ Λk+1 based on P , where the first labelling

of the disprover comes from the input and (G, (x, `)) ∈ P̃ if and only if the

prover has a winning strategy under A. That is, we feed the labelling `

into A and define

(G, (x, `)) ∈ P̃ ⇐⇒ ∃`′1, ∀`′2, . . . ,∃`′k+1,∀v ∈ V (G), A(v,G, x, `, `′1, . . . , `
′
k+1) = 1.

Since this language is in Λk+1, by our assumption there is a local algorithm

A′ such that

(G, (x, `)) ∈ P̃ ⇐⇒ ∀`1, . . . ,∃`k,∀v ∈ V (G), A′(v,G, (x, `), `1, . . . , `k) = 1.
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Now we have a protocol for P on level k: given (G, x), the disprover begins

by giving both ` and `1. If (G, x) ∈ P , the prover will always have a winning

strategy, no matter how ` is chosen. On the other hand, if (G, x) /∈ P , the

disprover can find by (4.2) a labelling ` such that it has a winning strategy.
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