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a b s t r a c t

Independent component analysis (ICA) is possibly the most widespread approach to

solve the blind source separation problem. Many different algorithms have been

proposed, together with several highly successful applications. There is also an extensive

body of work on the theoretical foundations and limits of the ICA methodology.

One practical concern about the use of ICA with real world data is the robustness of

its estimates. Slight variations in the estimates, may stem from the inherent stochastic

nature of the algorithms used or some deviations from the theoretical assumptions. To

overcome this problem, different approaches have been proposed, most of which are

based on the use of multiple runs of ICA algorithms with bootstrap.

Here we show the consistency and asymptotic normality of FastICA and bootstrap

FastICA, based on empirical process theory, including Z-estimators and Hoeffding’s

inequality. These results give theoretical grounds for the robust use of FastICA, in a

multiple run, bootstrap and randomly initialized manner. In this framework, it is also

possible to assess the convergence of the algorithm through a normality test.

& 2011 Elsevier B.V. All rights reserved.

1. Introduction

In the recent years, blind source separation (BSS) has
become a mainstream topic in signal and image processing,
with independent component analysis (ICA) as possibly the
most widespread approach to solve the aforementioned
problem. The considerable amount of publications and
dedicated conferences and workshops in these topics attest
to their scientific spread. Furthermore, it is believed that
the basic theoretical foundations of ICA, as well as various
of its applications are rather well understood. A multitude
of algorithms has been proposed and carefully analyzed
(cf., [14,6,4]). Especially, for the FastICA algorithm (cf.,
[13,15]), which is the main topic of this paper, theoretical
limits have been presented earlier (cf., [16,13,19]).

One persistent concern for the practical use of ICA with
real data is the robustness of the estimated sources.
Repeated use of most ICA algorithms results in slight
variations in the estimated components. This may have a
variety of possible factors, including the possible inher-
ently stochastic nature of the ICA implementation, or
some departures from the ideal theoretical assumptions
made [23]. To assess the robustness of the source estima-
tion, several methods have been proposed, often based
on a bootstrapped analysis of the estimated components
[8], or using a bagging approach of FastICA (cf., [15]), a
widely used algorithmic implementation of ICA. In [10],
the multiple runs of FastICA are clustered by a self-
organizing map, revealing common properties of the
many estimated sources. In [23], using a different cluster-
ing strategy, the estimating variability itself is addressed,
as a source of information on the robustness properties of
the estimates.

We have shown experimentally that a multiple run of
FastICA in a bagging manner [2] can lead to very
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interesting new insights into the analysis of independent
components of functional magnetic resonance images
(fMRI, [12]) (cf., [21,10]). Nevertheless, in spite of such
positive experimental outcomes, there has been no clear
study of the theoretical validity of a bootstrapping
approach to ICA algorithms.

In the present paper, we show the asymptotic normal-
ity of FastICA and bootstrapped FastICA, using the method
of empirical process theory and Z-estimators in particular
and their bootstrapped versions [20]. We first review the
basic theoretical background behind FastICA, followed
by a thorough theoretic study of the consistency and
asymptotic normality of the algorithm. Experimental
illustrations of these properties will be shown, using real
fMRI data. The paper concludes with a brief discussion
of the limitations and the implications of the current
study. Note that, although we focus on the FastICA
algorithm, we believe that several of the considerations
made throughout the paper can be extended to other ICA
methods. Yet, such extension is beyond the scope of the
current paper.

In the following, we introduce the notation used
throughout the paper. We assume x1, . . . ,xn are indepen-
dent and identically distributed by some joint distribution
P, xi 2 X � Rd, satisfying the ICA model defined by x¼ As.
s¼ ðs1, . . . ,sdÞ> with si and sj statistically independent for
iaj, and A 2 Rd�d is full rank. Let us denote the covariance
matrix of x by Sd ¼ covfxg. Then, we define the whitened
random vector z¼S�1=2

d x, which has identity covariance
matrix. In general, the empirical estimate will be denoted
by ŷn or ŵn. Convergence in distribution is denoted by *,
whereas convergence in probability is denoted by -

P
. The

bootstrap sample and corresponding estimate carry
superscript n , e.g. zni , ŷ

n

n for original samples zi and
sample estimates ŷn. Parameter with subscript ‘‘0’’, w0,
denotes the true parameter. Ef :¼ RX f dP and
Enf :¼ ð1=nÞPn

i ¼ 1 f ðxiÞ, where En ¼ ð1=nÞPn
i ¼ 1 dxi ð�Þ is the

empirical measure, which puts mass 1=n on samples. The
r-norm is defined by Jf Jr :¼ ðE9f 9rÞ1=r . Lr(P) is the space
defined by the norm J � Jr . The operator diag½� � �� returns a
diagonal matrix with its argument on the diagonal ele-
ments. The Lipschitz norm is denoted by 9 � 9L. oP stands
for stochastic order and O is the numerical order. The
operator norm is denoted by J � Jo and is defined by
JAJo ¼ supJtJ2 ¼ 1JAtJ2.

2. FastICA algorithm and previous convergence results

Let us assume the whitened samples fzigni ¼ 1 satisfying
the ICA model with an orthogonal mixing matrix. It has
been shown that ICA model is identifiable up to rotation
and scaling, for details see [6]. One direction of deriving
an algorithm for ICA is to search for a suitable vector w 2
Rd which maximizes the non-Gaussianity of w>z. Intui-
tively, by Central Limit Theorem, the maximum non-
Gaussianity corresponds to a maximum degree of separa-
tion. This framework resembles Projection Pursuit [11].
Hyvärinen and Oja [15] proposed to find a demixing
vector w through maximizing the non-Gaussianity of

w>z, measured by Jð�Þ :¼ EðGð�Þ�GðnÞÞ2, i.e.
ŵ ¼ argmax

w2Sd�1

EJðw>zÞ, ð1Þ

where n is the standard Gaussian random variable, i.e.
n�N ð0;1Þ, G : R-R is a nonlinear smooth function, and
Sd�1 :¼ fw 2 Rd,JwJ22 ¼ 1g. The space solution Sd�1 is
compact, therefore, the maximization has a solution w0

in the quotient space of scaling and unitary rotations.
Hyvarinen et al. [14] further proposed to replace the
problem defined in Eq. (1) by

argmax
w2Sd�1

EGðw>zÞ, ð2Þ

as it has the same optimizing solution w as for J. By first
order optimality condition we have

F :¼ Ezgðw>zÞ ¼ 0, w 2 Sd�1, ð3Þ
where g : R-R is the first derivative of function G.
Therefore, one can estimate the demixing matrix by
finding ‘‘zeros’’ of F or its empirical estimate
F̂ ¼ Enzgðw>zÞ. One approach to find roots of equation
F¼0 is to use the Newton iteration

w’w�FðrFÞ�1,

where

rF ¼ Ezz>g0ðw>zÞ � Eg0ðw>zÞ,
where g0 : R-R is the second derivative of function G.
The approximation is due to the fact that the expectation
expression above does not generally factorize. Further
simplifying ð@=@wÞF, and plugging the results in the New-
ton iteration, results in the fixed point iteration

wðkþ1Þ ¼ EzgðwðkÞ>zÞ�wðkÞg0ðwðkÞ>zÞ, ð4Þ

wðkþ1Þ ¼ wðkþ1Þ
Jwðkþ1ÞJ : ð5Þ

The fixed-point iteration in Eq. (4) and the normalization
in Eq. (5) constitute the core of FastICA. The sample
version of fastICA is defined in a similar way by

wnðkþ1Þ ¼ EnzgðwnðkÞ>zÞ�wnðkÞg0ðwnðkÞ>zÞ, ð6Þ

wnðkþ1Þ ¼ wnðkþ1Þ
Jwnðkþ1ÞJ : ð7Þ

We summarize the speed of convergence for solving
Eq. (2) using Eqs. (6) and (7) in Lemma 2.1. In summary,
it relates the convergence of FastICA iteration to the
number of samples, moments of samples, and properties
of the nonlinear function.

Lemma 2.1. Assume that up to the fourth moments of z or s
exist. Let us denote the Lipschitz norm and the smallest

eigenvalue of the Hessian matrix Enzz>g0ðw>zÞ 2 Rd�d by L

and m, respectively. Furthermore, assume d=n is small, where

d is the dimension and n is the number of samples and

9/ei,zS9rM, 8i¼ 1, . . . ,d, where ei is the i-th coordinate

vector. Then the convergence rate of the Newton iteration, in
Eq. (6), with normalization as in Eq. (7) for solving sample

problem equation (2) is

Jŵnðkþ1Þ�w0J2r
L

2m
Jŵnð0Þ�wnJ22
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þMð9g9Lþ9g09LÞ
ffiffiffiffiffiffiffiffi
2dt
n

r
þ

ffiffiffi
d

n

r
þ 4t

ffiffiffi
d

p

3n

 !
,

with probability 1�e�t.

For the proof of Lemma 2.1 see Appendix A.

Remark 2.2. FastICA uses two steps of approximation
[14]. First Enzz>g0ðw>zÞ is approximated by
Enzz>Eng0ðw>zÞ and, second, Enzz> is estimated by Id. For
arbitrary w1,w2 2 Sd�1 in a small neighborhood of w0, the
Lipschitz norm of the Hessian can be computed by

L¼ JEnzz>JoJEng0ðw>
2 zÞ�Eng

0ðw>
1 zÞJ

rJEnzz>Jo9g09LEnJzJJw2�w1J,

and the smallest eigenvalue of Hessian is
9Eng0ðw>zÞ9sdðEnzz>Þ. The smallest eigenvalue of matrix
S is denoted by sdðSÞ. Therefore, we have

L

m
¼ JEnzz>Jo
sdðEnzz>Þ

� 9g09LEnJzJ
9Eng0ðw>zÞ9 :

If we assume Sd :¼ Enzz> ¼ Id—the second step of
approximation—then L=m is almost 1, which guarantees
the fast convergence for high dimensions, as long as d=n

remains small (see Eq. (9)). Note that for any sample
covariance, we have

L

m
� JEnzz>Jo
sdðEnzz>Þ

¼ s1ðSdÞ
sdðSdÞ

:

The sample covariance matrix is not a consistent estima-
tor for high dimensional data. Therefore, the condition
number of a sample covariance matrix can be very large.
This would seem to imply slow convergence of FastICA in
high dimensions; however, this is not happening, as
FastICA assumes a fixed covariance matrix Id, leading to
L=m� 1. &

In the following, for brevity, we use the notation ŵn

for some wnðkþ1Þ such that Jwnðkþ1Þ�wnðkÞJ2rE, for a
fixed small E40. This condition corresponds to a stopping
criterion. Similar notation applies to the population
analysis.

Hyvarinen [13, Appendix A.1] presents a population
analysis which shows that the fixed point algorithm
converges quadratically with any continuous differenti-
able nonlinearity which has up to fourth-order bounded
derivatives. It also requires that data has bounded fourth
moment, and that the algorithm is initialized by the true
solution. The same line of proof has been followed in [16],
to show that the fixed point algorithm is stable in the
presence of small-norm perturbations from the true
solution. Further, Tichavsky et al. [19] show that the
fixed-point iteration is asymptotically normal, if the
iteration converges in a single step. Single step conver-
gence requires that the initial point is again the true
solution. In summary, the previous works mainly show
that the fixed-point of the ‘‘FastICA iteration’’ is a solution
to the ICA problem in some probabilistic sense.

As argued in the previous section, sample FastICA
estimates may fluctuate either by subsampling or by
changing the algorithm’s initializations. Therefore, in
practice, one might use different randomization, i.e.

changing initial values or subsampling, to have a robust
estimation of the mixing matrix. It is of practical and
theoretical interest to check if the bootstrap FastICA
converges or if it shows asymptotic normality. Note that
due to randomization, the local analysis approach used in
previous works (cf., [13,16,19]) is not applicable anymore,
and consistency or asymptotic normality cannot be
addressed. The main contribution of this paper is to
establish asymptotic normality of FastICA and Bootstrap
FastICA using techniques rooted in empirical process
theory, which allow us to relax the strong initialization
assumptions and run sample analysis.

3. Main results

The main focus in this paper is to show that FastICA is
a consistent estimator and it asymptotically converges to a
normal random vector. The consistency of the estimator is
similar to a weak law of large numbers [20], where we
need to show that the estimator converges in probability
to a nearby local or global solution as the number of
samples increases. For the asymptotic normality we will
show that the difference between the random estimator
and the true solution, or true mapping, converges to a
centered Gaussian random variable/vector, with nonsin-
gular covariance matrix. We will then show that bootstrap
FastICA shares the same properties as sample FastICA.

Besides its theoretical importance, the aforementioned
results allow us to check if the algorithm converges using
hypothesis testing, i.e. multivariate normality test (for
example, HZ-Multivariate Normality Test [9], which is
used in our experiments) and T2-Hotelling [1]. Another
application for these results is the selection and inter-
pretation of the outcomes of FastICA for different runs of
the algorithm.

In the rest of this section, we introduce the general M-
and Z-estimator framework, state the consistency and
asymptotic convergence results together with an expla-
nation of the conditions under which the results hold. We
continue the section with establishing the results regard-
ing the Bootstrap FastICA.

3.1. FastICA as M-/Z-estimator

M-estimators are defined as maximizers of given
criterion functions, over a finite Euclidean subset. Exam-
ples include empirical risk minimization and maximum
likelihood, cf., [7]. The roots of the derivative of an M-
estimator or a suitable system of equations, which we will
use throughout the paper, is called a Z-estimator.

A general approach to study the statistical behavior of
such estimator is to check the conditions within which
the criterion function is continuous in a neighborhood of
the true solution, and the true solution is ‘‘well-sepa-
rated’’, cf., [7, Chapter 5] or [20, Chapter 3]. Let us say the
criterion function is myð�Þ with derivative cyð�Þ, where y is
the parameter of interest. Then, by the continuous map-
ping theorem, cf., [20], the convergence of the criterion
function or its derivative implies the convergence of the
estimator. Nevertheless, the criterion function changes
within a class of functions, as the parameter of interest, y,
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changes. The size of this function class plays an important
role in the convergence of the estimator. Indeed, by
empirical process theory, cf., [20,7], the supremum of
the scaled difference between sample criterion function,
Enmy (Ency), and the expectation of the criterion function,
Emy (Ecy), can be controlled by the size of underlying
class of functions and their smoothness. The size of the
function class is the minimum number of balls with
certain radius in proper metric that cover the function
class, called covering number.

To prove consistency of an estimator, we need to
establish a bound to its covering number (in proper
metric). For the proof of convergence in distribution, in
particular asymptotic normality, the growth rate of the
covering number should be small. The class of functions
with bounded covering is called P-Glivenko–Cantelli and
the class with logarithmic speed of growth is called
P-Donsker. These conditions can be further simplified
for a particular class of smooth Lipschitz functions, such
as FastICA, see Theorem 3.1. For more technical details on
the discussion above see Appendix A and proof in
Appendix C.

Theorem 3.1 (Consistency and asymptotic normality of

FastICA). Let us assume Ez¼ 0 and z has all moments up

to the fourth, Ezz> ¼ Id, 9/ei,zS9rM,8i¼ 1, . . . ,d and func-

tions g : R-R and its first and second derivatives, denoted
by g0 and g00, are Lipschitz. Further, assume g00ð�Þ is bounded,
Eg0ðs0Þa0, Es20g

0ðs0Þa0, Eg2ðs0Þa0, and Es20g
2ðs0Þa0 and all

are bounded. Then FastICA estimator defined by

ŵn ¼ fw : Enzgðw>zÞ ¼ 0,w 2 Sd�1g
is consistent and asymptotically normal, i.e.

ŵn-
P
w0,ffiffiffi

n
p ðŵn�w0Þ*N ð0,SdÞ,
where

Sd ¼ A

Eg2ðs0Þ
Eg0 ðs0Þ2

&
Es20g

2ðs0Þ
ðEs20g0 ðs0ÞÞ2

&
Eg2ðs0Þ
Eg0 ðs0Þ2

0BBBBBBBBB@

1CCCCCCCCCA
A>:

The smoothness and moments conditions on nonlinear
function gð�Þ are partial to ensure that, (a) the bounded
Taylor expansion near the true solution exists, cf., [20,7],
and the result of Lemma 2.1 is applicable; (b) the limiting
distribution is Gaussian with nonsingular covariance
matrix. Lemma 2.1 is used to show that the result of the
iterations converges to a nearby local minimum, with
high probability. The Lipschitz condition on the nonlinear
function, together with the boundedness of the moments
bounds also controls the entropy of the function class,
which eventually results in the consistency and asympto-
tic normality of the algorithm. The technical conditions
on nonlinear function gð�Þ, as required above are common
for FastICA and they also appeared in previous works

[13,16,19]. The conditions on the criterion function can
be partially replaced by the bounded moments of
higher order of components. The proof is presented in
Appendix C.

3.2. Bootstrap FastICA

Let us now extend our results to the bootstrap version
of FastICA. Given a set of samples, the bootstrap estimator
can be obtained by evaluating the estimator on any
randomly chosen subsample set. As in the original esti-
mator, we can study the consistency and asymptotic
normality of the bootstrap estimator. The asymptotic
normality also means that the difference between the
sample estimator and the bootstrap estimator converges
to a centered normal vector with nonsingular covariance
matrix.

Given samples x1, . . . ,xn, we define a bootstrap sample
as xn

1, . . . ,x
n
n, where xn

1, . . . ,x
n
n are independent draws from

the original sample with a given policy, e.g. with or without
replacement. One can simulate the sampling policy through
introducing weights in the empirical measure, called
‘‘weighted bootstrap measure’’, with random weights
D1, . . . ,Dn, which is defined by En

n :¼ ð1=nÞPn
i ¼ 1 Didxi ð�Þ. A

general requirement is that the weights are exchangeable
and have bounded variance. Some extra technical conditions
are also required, see Appendix C (section Bootstrap Fas-
tICA). The exchangeability is to guarantee that there is no
decision behind particular subsampling of a given sample. In
this section, we drop the term ‘‘weighted’’ from the boot-
strap. An important example for weight vector D satisfying
the aforementioned condition is the multinomial vector
ðD1, . . . ,DnÞ, with parameters n and probabilities
ð1=n, . . . ,1=nÞ. This set of weights represents Efron’s empiri-
cal bootstrap with replacement. Another example is the set
of weights ðD1, . . . ,DnÞ built as a row of k times the number
nðn�kÞ�1=2k�1=2 and n�k times 0, ordered at random and
independent from xi’s. These weights correspond to ‘‘boot-
strap without replacement’’ or k-out-of-n bootstrap. For
technical details, see [20, Example 3.6.14].

For a set of random weights D1, . . . ,Dn, the bootstrap
FastICA can be obtained by replacing the sample measure
En by the bootstrap measure En

n, defined earlier, which
reads

ŵ
n 2 fw : En

nzgðw>zÞ ¼ 0,w 2 Sd�1g:
Given a fixed sample, the bootstrap fixed-point iteration
can then be defined by

wn

nðkþ1Þ ¼ En

n½zgðwn>
n ðkÞzÞ�wn>

n ðkÞg0ðwn>
n ðkÞzÞ�,

wn

nðkþ1Þ ¼ wn
nðkþ1Þ

Jwn
nðkþ1ÞJ :

The results of bootstrap FastICA may give the different
directions, therefore one additional step is required to
collect/group the results from different bootstrap trials that
indicate the same direction. The bootstrap FastICA algorithm
proposed in [22] is summarized in Table 1, that uses a
simple grouping strategy based on cross-correlations.

The consistency and asymptotic normality of bootstrap
FastICA is summarized in Proposition 3.2.
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Proposition 3.2. Under the assumption of Theorem 3.1, the
bootstrap estimator is consistent and the following holds:

sup
x2Rd

9ð ffiffiffi
n

p
=cðŵn

n�ŵnÞrxÞ�PX ðPD9Xn
ðN ð0,V�1

ŵn
Uŵn

ðV�1
ŵn

Þ>ÞÞrxÞ9-PX 0,

conditioned that Uŵn
:¼ Enzz>g2ðŵ>

n zÞ and Vŵn
:¼

Enzz>g0ðŵ>
n zÞ exist and are non-singular. The positive con-

stant c depends on weights random variables ðD1, . . . ,DnÞ
through ð1=nÞPn

i ¼ 1ðDi�1Þ2-PD c240.

Note that, for the k-out-of-n and multinomial weights
defined earlier in this section the constant c¼1. For
discussion about the above proposition, see Appendix C
section bootstrap FastICA.

4. Experimental results

To illustrate the theoretical implications in practice, a
series of experiments were performed with both artifi-
cially generated and real-world data. The robust ICA
approach used in the experiments was introduced in
[23] and is implemented in the Arabica toolbox [22].
Using the toolbox, FastICA can be run multiple times,
with varying initial conditions and bootstrap sampling.

In both simulated and real cases, an initial test with
100 runs of FastICA was performed without bootstrap, in
order to determine representative sets of initial condi-
tions. All other parameters were the same as used in the
following experiments. The results of these initial runs
were also used to define the values of ŵn, explained in
Section 2. The set of initial conditions found were kept
fixed during the following bootstrap analysis. Thus, all the
variations in the estimated solutions were due to the
bootstrap sampling.

4.1. Simulated data

The typical test signals included in the FastICA toolbox
were used as the artificial data. The simulated signals
comprised a sinusoid, a sawtooth wave and a periodic
sigmoidal wave. They were mixed with a random 3�3
mixing matrix generated in such a way that it produced
an already whitened data-matrix of size 3�500. One
hundred runs of ICA were computed, searching for three
independent components in each run and using a boot-
strap sampling with 400 (80% out of 500) samples in each
run. The estimates were clustered using a correlation

threshold of 0.99 and taking into account only direct links
between estimates. Fig. 1 shows the resulting three
independent components. Only a portion of the periodic
signals is shown. For each component, light gray lines
correspond to the 100 estimates (ŵ

n

n) and the solid line
depicts the mean of the estimates. In each case, the
estimation errors were found to be normally distributed,
with P-values of 0.87, 0.93 and 0.41 respectively.

4.2. Real-world data

Further experiments were done with functional mag-
netic resonance imaging (fMRI) data from an auditory
experiment. A series of whole-head recordings of a single
subject were used. In the fMRI study, subjects listened to
spoken safety instructions in 30 s intervals, interleaved
with 30 s resting periods. All the data were acquired at
the Advanced Magnetic Imaging Centre of Aalto Univer-
sity, using a 3.0 T MRI scanner (Signa EXCITE 3.0 T; GE
Healthcare, Chalfont St. Giles, UK) with a quadrature
birdcage head coil, and using Gradient Echo (GRE) Echo
Planar Imaging (EPI) (TR 3 s, TE 32 ms, 96�96 matrix,
FOV 20 cm, slice thickness 3 mm, 37 axial slices, 80 time
points (excl. 4 first ones), flip angle 901). For further
details on the data set, see [23].

Preprocessing of the data included the typical realign-
ment, normalization, smoothing and masking off all areas
outside the brain. The resulting data-matrix has a size of
80�263 361. Five hundred runs of ICA were performed,
searching for 15 components from a whitened space with
30 dimensions, and using a bootstrap sampling with
138 944 (52.76% out of 263 361) samples in each run.
The estimates were clustered using a correlation thresh-
old of 0.99 and taking into account only direct links
between estimates. Fig. 2 shows two examples of the
found independent components. Among the complete set
of 500 runs, respectively, 499 and 412 estimates of the
shown components were identified.

The fMRI data, like any real-world measurement, can
violate at least some of the strict assumptions in FastICA
or in the derivations on this paper. Therefore, the com-
parison of the bootstrap estimates is not as straightfor-
ward as in the simulated case. One difficulty is that the
whitening step of fastICA can produce different results for
each bootstrap set. Hence, the 499 estimates of the first
shown component were reclustered according to the
similarity of the whitening matrices of the corresponding

Table 1
ARABICA algorithm: bootstrap FastICA.

	 Perform multiple runs of FastICA by repeating the following steps as many times as wanted

1. Draw a bootstrap sample of the given data matrix

2. Whiten the bootstrap sample using PCA with possible dimension reduction

3. Randomize the initial conditions and set other given parameters for FastICA

4. Estimate a wanted number of independent components from the whitened matrix using FastICA

	 Form groups with the estimates corresponding to the same independent component

1. Collect all the estimates from the multiple runs

2. Calculate the similarity of the estimates based on correlation, taking into account the sign and scale ambiguity in ICA

3. Cluster the estimates using given correlation threshold and linkage path length

4. Rank the clusters based on the number of estimates and their compactness

5. Since over- and underfitting can appear once or a couple of times during the multiple runs, exclude leftover estimates and very small clusters

as outliers

N. Reyhani et al. / Signal Processing 92 (2012) 1767–1778 1771



runs they were identified from, measured using the
Frobenius norm.

The five largest clusters contained 37, 43, 51, 58 and 85
estimates, and for each group, the estimation errors were
found to be normally distributed with P-values 0.05, 0.14,
0.11, 0.14 and 0.17 respectively. The remaining estimates
formed clusters that were too small to perform a reliable
normality test. Fig. 3 shows six examples of the histograms
of the coordinate-wise estimation errors in the largest

cluster. Each histogram represents one dimension of the
30 dimensional whitened space. The dimension index and
P-value of the normality test, applied to that dimension
alone, are shown above each histogram.

For the second shown component, the situation is very
similar. However, in this case the estimation errors along
certain individual dimensions are far from normality. Fig. 4
shows an example histogram of the coordinate-wise esti-
mation errors in the second component. The histogram

Fig. 2. Examples of independent component from the results with fMRI data. On the left, the mean time-course as a solid line with quantiles of all the

estimates in light gray. In the first component, the estimation errors are so small that the quantiles are barely visible. The highlighted bands depict the

moments of auditory stimulation. On the right, the corresponding brain activation superimposed on a structural brain image, viewed along three

different axes of the volume. In the first component the activity is strongest around the primary auditory cortex bilaterally. (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 1. Results with simulated data. For each of the three independent components, the 100 bootstrap estimates in light gray overlaid with their mean as

a solid line. Only a portion of the periodic signals are shown. In each case, the estimate errors were found to be normally distributed, with P-values of

0.87, 0.93 and 0.41 respectively.
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represents one dimension of the 30 dimensional whitened
space. The dimension index and P-value of the normality
test, applied to that dimension alone, are shown above the
histogram.

5. Discussion

ICA algorithm and FastICA, in particular, have been
successfully applied in practice to source separation of
many data types, e.g. biomedical, audio signal processing,
and hyperspectral image analysis [5]. Yet, when applying
the algorithm twice with the same data, with different

initializations or data subsamplings, one may encounter
variations in the estimated sources. This perturbation
phenomenon is due to the nonlinear and non-convex
random mapping nature of the algorithm. To address this
issue one can run FastICA with a sufficient number of
different subsamplings and initializations, and select the
results that appear more frequently. Empirical studies
show that global optima can be found in such a way [23].
Multiple runs in a bagging framework are able to effi-
ciently explore some hidden structures of data [21]. As an
example, such an approach has led to the identification of
independent subspaces in an fMRI [21].

−0.02 −0.01 0 0.01 0.02

d = 4, P = 0.97

−0.1 −0.05 0 0.05 0.1

d = 27, P = 0.94

−0.05 −0.025 0 0.025 0.05

d = 19, P = 0.92

−0.1 −0.05 0 0.05 0.1

d = 29, P = 0.49

−0.1 −0.05 0 0.05 0.1

d = 28, P = 0.34

−0.05 −0.025 0 0.025 0.05

d = 24, P = 0.06

Fig. 3. Examples of the histograms of the estimation errors. Each histogram represents one dimension of the whitened space. The index of the dimension

and P-value from testing normality of the errors along that dimension are shown above each histogram.

−0.2 −0.1 0 0.1 0.2

d = 28, P = 0.02

Fig. 4. Example of a histogram of the estimation errors. The histogram represents one dimension of the whitened space. The index of the dimension and

P-value from testing normality of the errors along that dimension are shown above the histogram.
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Intuitively, the randomization of both initial conditions
and the subsampling improves the likelihood of finding the
global optimum by slightly changing the objective function
landscape and the direction of search therein.

In spite of the practical success of the multiple run
approach to FastICA, no formal study has been made on
its limitations and validity. In this paper, we derive a
probabilistic convergence rate of FastICA, which depends
on the number of samples, the samples’ fourth moments
and the initialization. Moreover, using empirical process
theory, we show that FastICA is statistically consistent
and convergence is asymptotically normal to an optimum.
We also extend this result to bootstrap FastICA.

The aforementioned findings justify the use of FastICA
in a multiple run, bootstrap and randomly initialized
manner. One should note that after each run, a different
set of sources may be estimated. It is, therefore, crucial to
identify and group similar components from various runs.
A statistical analysis of each group can then be performed.
For example, the mean may represent ideally the whole
group, whereas the variance relates to its P-value. Note
that the ‘‘independent and identically distributed’’
assumption made on the samples guarantees that the
sample objective function has optima in close neighbor-
hoods of the population optima.

Empirical results on both the synthetic data set and
the real data set confirm the proposed theory. However,
there might be difficulties in real data, as the require-
ments may not all be fulfilled. In particular, fMRI data
may present non-stationarity and independence between
components is not always guaranteed. This may result in
a lower rate of convergence.

The asymptotic normality of the convergence of both
FastICA and weighted bootstrap FastICA suggests that
both type of randomizations, i.e. random initialization
and subsampling, are justified in cascade or simultaneous
fashion. This randomization decreases the likelihood of
finding local optima, which results in more robust and
accurate estimation of the population solution.

Appendix A. Some background theory

Here, we review some concepts in empirical process
theory, which we will later use in the proofs.

An empirical process indexed by class F is defined by
supf2F ðEn�EÞf . The fluctuations of this empirical process
depend on the size of class F , which is quantized by the
minimum number of balls required to cover the class.
More formally, we have the following definition.

Definition A.1 (Bracketing Number, van der Vaart and

Wellner [20]). Given functions l and u, both in L2ðPÞ, the
bracket ½l,u� is the set of all functions f with lr fru. An
e-bracket in L2ðPÞ is a bracket ½l,u� with Eðu�lÞ2oe2. The
bracketing number, N½�ðe,F ,L2ðPÞÞ, is the minimum num-
ber of e-brackets required to cover the set F . The brack-
eting integral is defined by

J½�ðd,F ,L2ðPÞÞ ¼
Z d

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log N½�ðe,F ,L2ðPÞÞ

q
de: &

A class of functions F is called P-Glivenko–Cantelli, if
the empirical process

JEn�EJF :¼ sup
f2F

9ðEn�EÞf 9-0 almost surely:

Theorem A.2 (Glivenko–Cantelli Theorem, van der Vaart

and Wellner [20]). Every class F of measurable functions

such that N½�ðe,F ,L1ðPÞÞo1 for every e40 is P-Glivenko–
Cantelli.

A class of functions F is called P-Donsker if the limit
of the sequence of processes f ffiffiffi

n
p ðEn�EÞf : f 2 F g is a

P-Brownian bridge as n-1 (for technical details see
[20]). The following theorem is a useful tool to check
the P-Donsker condition of a class of functions.

Theorem A.3 (Donsker Theorem, van der Vaart and Wellner

[20]). Every class F of measurable functions with

J½�ð1,F ,L2ðPÞÞo1 is P-Donsker.

The following theorem relates the expectation of the
scaled empirical process to the bracketing integral of the
running class of functions.

Theorem A.4 (Van der Vaart [7, Theorem 19.35]). For any

class F of measurable functions with envelope function F, we

have

E
ffiffiffi
n

p
sup
f2F

9ðEn�EÞf 9r J½�ðJFJ2,F ,L2ðPÞÞ,

where E denotes the outer expectation [20], and F is the

envelope function of the class, i.e. 9f ð�Þ9rF,8f 2 F with

EF2o1.

Appendix B. Proof of results in Section 2

To prove Lemma 2.1, we use the result about the
quadratic convergence of the Newton method, summar-
ized as the following.

Theorem B.1 (Ruszczynski [17, Theorem 5.13]). Assume

function f ð�Þ is a twice continuously differentiable, and its

Hessian is positive definitive at all h in the set

Y0 ¼ fh : f ðhÞr f ðh0Þg. Assume Y0 is bounded and fhkgkZ1

is generated by Newton’s iteration. Then, fhkg is convergent

to a minimum hn of f ð�Þ. The rate of convergence is

Jhkþ1�h0J2r
L

2m
Jhk�h0J22,

where m is the smallest singular value of the Hessian matrix

and L is the Lipschitz norm of the Hessian.

Lemma B.2. Let us assume g : R-R is differentiable with

Lipschitz derivative. Further assume z1, . . . ,zn � z 2 Rp,
9/z,eiS9rM. Then, for t40, we have

PfJðEn�EÞðzgðw>zÞ�wg0ðw>zÞÞJ4Cðp,M,9g9L,9g
09L,tÞgrexpð�tÞ,

ð8Þ
where Cðp,M,9g9L,9g

09L,tÞ ¼
ffiffiffi
p

p
Mð9g9Lþ9g09LÞ

ffiffiffiffiffiffiffiffiffiffiffi
2t=n

p
þ

ffiffiffiffiffiffiffiffi
1=n

p
þ�

4t=3nÞ.

Proof. Follows from Hoeffding inequality for bounded
random vectors [18, Corollary 6.15], the fact that
w 2 Sd�1, and that g and g0 are Lipschitz. &
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Proof of Lemma 2.1. Let us assume w0 and wn are the
true population and sample solution. By Theorem B.1, we
have

JŵnðkÞ�w0J2rJŵnðkÞ�wnJþJwn�w0J:

By applying Theorem B.1 to the first right hand side term,
we have

JŵnðkÞ�wnJr
Ld
2m

� �k

:

In addition, we have w0 ¼ Ezgðw>
0 zÞ�w0g

0ðw>
0 zÞ, and

similarly wn ¼ Enzgðw>
0 zÞ�w0g

0ðw>
0 zÞ, cf., [16]. By the

inequality (8), with probability 1�e�t for t40, we have

JŵnðkÞ�w0J2r
Ld
2m

� �k

þMð9g9Lþ9g09LÞ
ffiffiffiffiffiffiffiffi
2pt
n

r
þ

ffiffiffi
p

n

r
þ 4t ffiffiffi

p
p
3n

 !
: &

ð9Þ

Appendix C. Proof of results in Section 3

The technique of the proof of results mentioned in
Section 3 is borrowed particularly from theory of Z- and
M-estimators. In the following we provide a summary on
these estimators and shortly explain the necessary con-
ditions for consistency and asymptotic normality.

Suppose i.i.d. samples x1, . . . ,xn 2 X � Rd are given and
we want to estimate parameter y0 2 Y � Rd. Assume that
the parameter y0 is achieved at a minimum or maximum
of a functional Emyð�Þ, for a known function myð�Þ :
X �Y-R, where y 2 Y denotes the parameters of inter-
est. Then the population and sample M-estimator, respec-
tively, are defined by

y¼ argmax
y2Y

MðyÞ :¼ Emyð�Þ

and

ŷn ¼ argmax
y2Y

Mn :¼ Enmyð�Þ: ð10Þ

In many situations, estimators that maximize a certain
continuous map also solve a system of equations. Roots of
a system of equation, e.g. gradient of the criterion func-
tion, are called Z-estimators:

y¼ fy : Ecyð�Þ ¼ 0g and ŷn ¼ fy : Encyð�Þ ¼ 0g, ð11Þ

where cyð�Þ is usually the first derivative of the function
mð�,yÞ. The consistency and asymptotic normality of one
results in consistency of the other, under enough smooth-
ness assumptions. Maximum likelihood, empirical risk
minimization, and least squares estimation are popular
examples of Z or M-estimators. As explained earlier in
Section 2, the FastICA estimator can be defined as a
Z-estimator:

ŵn ¼ fw : Enzgðw>zÞ ¼ 0, 2 Sd�1g, ð12Þ

where function g is the derivative of function G : R-R. By
identifiability of the ICA model, ŵn has a unique solution
up to rotation and scaling.

The requirements for the consistency and asymptotic
normality of the Z-estimator with Lipschitz criterion
function are summarized in Theorems 5.7 and 5.8.

Theorem C.1 (Consistency of Z-estimator, van der Vaart

and Wellner [20, Theorem 3.3.7] or Van der Vaart [7,

Theorem 5.9]). Let CnðyÞ :¼ Encyð�Þ be a random vector-

valued function and let CðyÞ :¼ Ecyð�Þ be a fixed vector-

valued function of y such that for every e40

sup
y2Y

JCnðyÞ�CðyÞJ-P 0, ðC-1Þ

inf
y:dðy,y0Þ4 e

JCðyÞJ40¼ JCðy0ÞJ: ðC-2Þ

Then, any sequence of estimators ŷn such that

CnðŷnÞ ¼ oPð1Þ converges in probability to y0.

There are different presentations for the asymptotic
normality of the Z-estimator, cf., [20, Theorem 3.3.1] or [3,
Theorem 1]. However, in the case of FastICA, the nonlinear
function is a Lipschitz and smooth function, of order greater
than 2. Therefore, we recall a simpler version of Theorem
3.3.1 in [20], which deals with Lipschitz criterion function.

Theorem C.2 (Asymptotic normality of Z-estimator, van der

Vaart and Wellner [20, Theorem 3.3.1 and Example 3.3.7] or

Van der Vaart [7, Theorem 5.3]). Let us assume,

(A-1) Encŷn
¼ oPðn�1=2Þ and ŷn-

P y0.
(A-2) For each y in a bounded subset of Euclidean space,

x/cyðxÞ is a measurable vector-valued function

such that

Jcy1�cy2Jr _cJy1�y2J, ð13Þ

for every y1 and y2 in a d-neighborhood of y0
for small d40, and measurable function _c with

E _c
2o1.

(A-3) the map y/Ecy is differentiable at a zero y0, with

nonsingular derivative matrix Vy0 and Uy0 ¼ Ecy0c
>
y0

exists.

Then,ffiffiffi
n

p ðŷn�y0Þ ¼�
ffiffiffiffi
V

p �1

y0 Ency0 þoPð1Þ:

In particular, the sequence
ffiffiffi
n

p ðŷn�y0Þ*N
ð0,V�1

y0 Uy0 ðV�1
y0 Þ

>Þ.
Note that the pointwise local Lipschitz condition (A-2)

in the preceding theorem is equivalent to the condition
E supJy�y0JrdJ _cyJ

2o1, called ‘‘stochastic equicontinuity’’.
For more details, see also the requirement of Theorem 1 in
[3]. The condition (A-3) is also called ‘‘smoothness’’
condition which requires that Eðcy�cy0 Þ ¼ Vy0 ðy�y0Þþ
OðJy�y0J2Þ, for a nonsingular matrix V evaluated at y0.

Remark C.3. With the above theorem, given any consistent

estimator bS of S, we have
ffiffiffi
n

p bS�1=2ðŷn�y0Þ *N ð0,IdÞ. &

In the following we introduce some preliminary
results that will be used in the proof of Theorem 3.1.

Condition (C-1) in Theorem C.1 requires the criterion
function class to be P-Glivenko–Cantelli (see Appendix A).
The class of functions which are Lipschitz in their para-
meter are P-Donsker (see Appendix A) and P-Glivenko–
Cantelli under mild conditions. We summarize these
conditions in Remark C.4.
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Remark C.4 (Bracketing entropy of Lipschitz parametric

functions). Let F ¼ ff y : y 2 Yg be a collection of measur-
able functions indexed by a bounded subset Y � Rd. Sup-
pose that there exists a measurable function mð�Þ, such that

9f y1 ðxÞ�f y2 ðxÞ9rmðxÞJy1�y2J,

where y1 and y2 are in a small neighborhood of y0. Suppose
also that JmJ2o1. In the same line as [20, Theorem 2.7.11],
let us take a bracket of size 2eJmJ2 of the form
½f y�em,f yþem�, where y 2 X, where X is a covering of Y
with e-ball. For any Jy2�y1Jre we have
f y1�emr f y2 r f y1 þem, and the bracketing entropy of F is
smaller than the minimum number of the e=2-ball which
covers Y. Therefore, we have

N½ �ðeJmJ2,F ,L2ðPÞÞrK
diamY

e

� �d

, 0oeodiamY,

where L2ðPÞ is the space defined by the norm J � J2 and K is a
constant depending only on d andY. Then, the entropy is of
smaller order than log 1=e. Hence the L2ðPÞ-bracketing
integral exists and is finite, and the class F is
P-Donsker and also P-Glivenko–Cantelli. For the sphere
Sd�1 ¼ fw : w 2 Rd,JwJ22 ¼ 1g, the minimum covering num-
ber is of order 1þ2=e

� �d
. &

Lemma C.5. Let us assume that z has all moments up to the

fourth, and G : R-R, g : R-R, and g0 : R-R are Lipschitz

and differentiable. For fixed do1, the function classes

GG ¼ fGðw>zÞ : w 2 Sd�1,z 2 Rpg, F g ¼ fzgðw>zÞ : w 2 Sd�1,
z 2 Rpg are coordinate-wise P-Donsker and P-Glivenko–
Cantelli.

Proof. The sphere Sd�1, do1, is compact. Suppose
w1,w2 2 Sd�1. For the class GG we have

9Gðw>
2 zÞ�Gðw>

1 zÞ9r9G9LJzJ2Jw2�w1J2:

Using the notation in Remark C.4 we have

E9m92 ¼ 9G92L EJzJ
2
2 ¼ 9G92L

Xd
j ¼ 1

Ez2j ¼ d9G92L :

By assumption, the second moment is bounded and equal
to one. Therefore, E9m92o1, and the class GG has finite
bracketing integral and is a P-Donsker class.
For the class F g and 8i,1r ird, we have

9e>i zðgðw>
2 zÞ�gðw>

2 zÞÞ9r9g9L9e
>
i z9Jw2�w1J2JzJ2:

Using a similar notation as in Remark C.4, we have

E9m92 ¼ 9g92L EJzJ
2
29e

>
i z9

2 ¼ 9g92L E
Xd
j ¼ 1
jai

z2j þz4j

264
375¼ d9g92L ½d�1þEz41�,

which is bounded by the assumptions made on the fourth
moment of z. Thus, the bracketing integral is finite and
class F g is P-Donsker and P-Glivenko–Cantelli. &

The main ingredient of the proof in the following is to
apply Lemma 2.1 to show that the condition (A-1) in
Theorem C.2 holds. The rest of the requirements follow from
smoothness and Lipschitz properties of the function gð�).
Proof of Theorem 3.1. Consistency: To check the consis-
tency of FastICA, we need to check conditions (C-1) and

(C-2) of Theorem C.1. Note that the consistency is
required for the proof of asymptotic normality.

(C-1) Lemma C.5 implies that F g ¼ fzgðw>zÞ : w 2 Sd�1g
is P-Glivenko–Cantelli. By definition, we have then

sup
w2Sd�1

9ðEn�EÞzgðw>zÞ9-0 almost surely

which implies that condition (C-1) holds.
(C-2) This condition is usually called ‘‘well-separated’’

condition in statistics literature. For 0oJw�w0J
re, w,w0 2 Sd�1, let us represent w>z by

Pd
i ¼ 1

aisi, for some ai 2 R, requiring that at least two ai’s
are non-zero. Therefore, Gðw>zÞ should not achieve
the maximum non-Gaussianity as Jw�w0J40,
which implies that Gðw>

0 zÞ is well separated.
Furthermore, we can expand zgðw>zÞ around w0,
assuming that the second order derivative of Gð�Þ is
bounded. Then,

Ezgðw>zÞ ¼ Ezgðw>
0 zÞþEzðw�w0Þ>zgðw>

0 zÞ

¼ 0þAEs
Xd
i ¼ 1

aisi

 !
g0ðs0Þ

¼ Aða1Eg
0ðs0Þ . . . a0Es

2
0g

0ðs0Þ . . . adEg
0ðs0ÞÞ>a0:

By assumption, Eg0ðs0Þa0 or Es20g
0ðs0Þa0. Then,

Ezgðw>zÞ is non-zero, which leads to the require-
ment for condition (C-2) to hold.

Asymptotic normality: The asymptotic normality of
the solution ŵn can be established by checking conditions
(A-1)–(A-4) in Theorem C.2.

(A-1) Condition (A-1) requires that Enzgðŵ>
n zÞ ¼ oPð1=

ffiffiffi
n

p Þ
for ŵn-

P
w0. The proof is made in three steps.

1. Let us assume g : R-R is continuous and
Lipschitz, with constant 9g9L. Then, for w 2
Sd�1, we have

Jzgðw>zÞJrJzJ29g9LrdM29g9L:

By Hoeffding theorem [18, Corollary 6.15], the
difference between sample and population esti-
mate of zgðw>zÞ, for given w 2 Sd�1, is

P

(
Enzgðw>zÞ�Ezgðw>zÞ
�� ��ZdM29g9Lffiffiffiffiffiffi

2t
n

r
þ

ffiffiffi
1

n

r
þ4

t
3n

 !)
rexpð�tÞ:

Thus, with probability 1�e�t, t40,

JEnzgðw>zÞ�Ezgðw>zÞJrdM29g9L

ffiffiffiffiffiffi
2t
n

r
þ

ffiffiffi
1

n

r
þ4

t
3n

 !

¼: Cðd2,M2,9g9L,t,nÞ: ð14Þ

Note that, as n-1, Cðd2,M2,9g9L,t,nÞ-0 with rate
oPð1=

ffiffiffi
n

p Þ.
2. As explained in Section 2, FastICA uses a New-

ton iteration to estimate the parameter ŵn. Let
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us assume that such iteration is initialized by
wð0Þ 2 Sd�1, so that Jwð0Þ�wnJrd where
d40 is small. Then, by Eq. (9), there exists
an integer k40 such that JwnðkÞ�w0JrCk

1

þopð1=
ffiffiffi
n

p Þ, for a sufficiently large number of
samples with high probability. The constant
C1 represents all left-over coefficients in Eq.
(9), which can be as small as we want. There-
fore, we have wnðkÞ-P w0.

3. By step 11, we have

JEnzgðw>
n zÞJ¼ JEnzgðw>

n zÞ�Ezgðw>
0 zÞJ

¼ JEnzgðw>
n zÞ�Ezgðw>

n zÞþEzgðw>
n zÞ�Ezgðw>

0 zÞJ
rJðEn�EÞzgðw>

n zÞJþJEzðgðw>
n zÞ�gðw>

0 zÞÞJ
¼ JðEn�EÞzgðw>

n zÞJþJwn�wJJEzz>g0ðw>
0 zÞJ

rCðd2,M2,9g9L,t,nÞþKCðd,M,9g9L,9g
09L,t,nÞ

¼ oP
1ffiffiffi
n

p
� �

þKop
1ffiffiffi
n

p
� �

,

for constant K. We have used the inequality
(14), and the assumption that Ezgðw>

0 zÞ ¼ 0
and JEzz>g0ðw>

0 zÞJo is bounded, which implies
condition (A-1) holds. Note that (C-1) and (C-
2), together with (A-1) guarantee the consis-
tency, i.e. ŵn-

P
w0.

(A-2) Condition (A-2) is equivalent to P-Donsker condition
for the class F g , which is provided by Lemma C.5.

(A-3) Condition (A-3) holds if we can show that the
Taylor expansion around y0 is bounded, and that
Ecy�cy0 can be represented up to the second
order, when Jy�y0Jrd. Now, suppose the func-
tion g : R-R has bounded 1st and 2nd deriva-
tives. Then, for Jw�w0Jrd, we have

Eðzgðw>zÞ�zgðw>
0 zÞÞ ¼ Ezgðw>

0 zÞþEzz>g0ðw>zÞðw�w0Þ

þ 1

2
ðw�w0ÞEz>zz>g00ðw>

0 zÞðw�w0Þ
þOðJw�w0J3Þ�Ezgðw>

0 zÞ
¼ Eðzz>g0ðw>

0 zÞÞðw�w0ÞþOðJw�w0J2Þ
¼ Vw0

ðw�w0ÞþOðJw�w0J2Þ,

Let us compute matrices Vw0
and Uw0

:

Vw0
¼ Ezz>g0ðw>

0 zÞ ¼ AEss>g0ðs0ÞA>

¼ A diag½Eg0ðs0Þ, . . . ,Es20g0ðs0Þ, . . . ,Eg0ðs0Þ�A> ð15Þ

and

Uw0
¼ Ezz>g2ðw>

0 zÞ ¼ AEss>g2ðs0ÞA>

¼ A diag½Eg2ðs0Þ, . . . ,Es20g2ðs0Þ, . . . ,Eg2ðs0Þ�A>:

ð16Þ

By assumption, we have Eg0ðs0Þa0,Es20g
0ðs0Þa0,

Eg2ðs0Þa0, and Es20g
2ðs0Þa0, and all are bounded,

which implies Vw0
and Uw0

are bounded and non-
singular.

Thus, by Theorem C.1, the estimate ŵn is a consistent
estimator of w0 as n-1 in probability, i.e. ŵn-

P
w0.

Moreover, by Theorem C.2, FastICA is asymptotically

normal, i.e.,ffiffiffi
n

p ðŵn�w0Þ*N ð0,V�1
w0

Uw0
ðV�1

w0
Þ>Þ ¼N ð0,SdÞ: ð17Þ

The covariance above can be computed as

Sd ¼ Adiag
Eg2ðs0Þ
ðEg0ðs0ÞÞ2

, . . . ,
Es20g

2ðs0Þ
ðEs20g0ðs0ÞÞ2

, . . . ,
Eg2ðs0Þ
ðEg0ðs0ÞÞ2

" #
A>: &

C.1. Bootstrap FastICA

In the following we shortly explain the necessary
conditions for consistency and asymptotic normality of
weighted bootstrap estimator. First, let us assume the
weights in the weighted bootstrap satisfy the following
conditions.

B1. The vector D¼ ðDn
1, . . . ,D

n
nÞ> is exchangeable for all

n¼ 1;2, . . ..
B2. DiZ0,8i and n. Also,

Pn
i ¼ 1 Di ¼ n.

B3. For some positive constant Bo1,
R1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PDðD14uÞ du

p
rB.

B4. liml-1 lim supn-1suptZlt
2PDðD14tÞ ¼ 0.

B5. ð1=nÞPn
i ¼ 1ðDi�1Þ2-PD

c240, for some c40.

for details see [20, Condition 3.6.8, p. 354]. Let us assume
the class of parametrized functions F ¼ ff y : y 2 Y �
Rd,f yð�Þ : X �Y-Rg is P-Donsker and Pðsupyðf y�Ef yÞÞ2
o1. Then by [20, Theorem 3.6.13, p. 183], the difference
between the conditional random distribution offfiffiffi
n

p ðEn

n�EnÞf and the distribution of
ffiffiffi
n

p ðEn�EÞf converges
to zero, almost surely for all f 2 F . Statistically, it means
that the conditional distribution of

ffiffiffi
n

p ðEn

n�EnÞf is asymp-
totically consistent estimator of the distribution offfiffiffi
n

p ðEn�EÞf . By dropping the condition Eðf�Ef Þ2o1, the
convergence holds only in probability. The consistency
can be established by the multiplier-Glivenko–Cantelli
theorem [20, Lemma 3.6.16]. The multiplier-Glivenko–
Cantelli ensures that the following holds:

PW sup
f2F

Xn
i ¼ 1

Diðdxi�EÞf
					

					4E
( )

-0 almost surely,

if F is P-Glivenko–Cantelli. Therefore, the consistency and
asymptotic normality of Z-estimator, with P-Donsker
Lipschitz criterion function class is enough for the con-
sistency and asymptotic normality of the bootstrap
Z-estimator. Back to bootstrap FastICA, let us assume that
the conditions of Theorem 3.1 are satisfied. Then criterion
function class in FastICA, Fg ¼ fzgðw>zÞ : w 2 Sd�1g, is
P-Donsker and P-Glivenko–Cantelli (see Lemma C.5),
which implies Proposition 3.2 holds. Note that, for almost
sure convergence of the bootstrap FastICA, the condition
EðsupJy�y0Jodzgðw>zÞ�Ezgðw>zÞÞ2o1 should be satis-
fied, which requires the quantity zgðw>zÞ to be bounded
or z is concentrated around its mean.

References

[1] T.W. Anderson, An Introduction to Multivariate Statistical Analysis,
Wiley-Interscience, 2003.

N. Reyhani et al. / Signal Processing 92 (2012) 1767–1778 1777



[2] L. Breiman, Bagging predictors, Machine Learning 24 (2) (1996)
123–140.

[3] G. Cheng, J.Z. Huang, Bootstrap consistency for general semipara-
metric m-estimation, The Annals of Statistics 38 (5) (2010)
2884–2915.

[4] A. Cichocki, S.I. Amari, Adaptive Blind Signal and Image Processing:
Learning Algorithms and Applications, Wiley, 2003.

[5] P. Commons, C. Jutten (Eds.), Handbook of Blind Source Separation:
Independent Component Analysis and Applications, Academic
Press, Elsevier, 2010.

[6] P. Comon, Independent component analysis, a new concept? Signal
Processing 36 (3) (1994) 287–314 (Special issue on Higher-Order
Statistics hal-00417283).

[7] A. Van der Vaart, Asymptotics Statistics, Cambridge University
Press, Cambridge, 1998.

[8] S. Harmeling, F. Meinecke, K.-R. Müller, Injecting noise for analys-
ing the stability of ICA components, Signal Processing 84 (2) (2004)
255–266.

[9] N. Henze, B.B. Zirkler, A class of invariant consistent tests for
multivariate normality, Communications in Statistics—Theory and
Methods 19 (10) (1990).

[10] J. Himberg, A. Hyvärinen, F. Esposito, Validating the independent
components of neuroimaging time series via clustering and visua-
lization, NeuroImage 22 (3) (2004) 1214–1222.

[11] P. Huber, Projection pursuit, The Annals of Statistics 13 (2) (1985).
[12] S.A. Huettel, A.W. Song, G. McCarthy, Functional Magnetic Reso-

nance Imaging, 1st ed., Sinauer Associates, Sunderland, MA, April
2004.

[13] A. Hyvarinen, Fast and robust fixed-point algorithms for indepen-
dent component analysis, IEEE Transactions on Neural Networks 10
(3) (1999) 626–634.

[14] A. Hyvarinen, J. Karhunen, E. Oja, Independent Component Analy-
sis: Algorithms and Applications, Wiley-Interscience, 2001.

[15] A. Hyvärinen, E. Oja, Independent component analysis: algorithms
and applications, Neural Networks 13 (4–5) (2000) 411–430.

[16] E. Oja, Z. Yuan, The FastICA algorithm revisited: convergence

analysis, IEEE Transactions on Neural Networks 17 (6) (2006)
1370–1381.

[17] A. Ruszczynski, Nonlinear Optimization, Princeton University Press,

2006.

[18] I. Steinwart, A. Christmann, Support Vector Machines, Springer,
2008.

[19] P. Tichavsky, Z. Koldovsky, E. Oja, Performance analysis of the
fastICA algorithm and Crame�r–Rao bounds for linear independent
component analysis, IEEE Transactions on Signal Processing 54 (4)

(2006) 1189–1203.

[20] A.W. van der Vaart, J.A. Wellner, Weak Convergence and Empirical
Processes: With Applications to Statistics, Springer, New York,

1996.

[21] J. Ylipaavalniemi, E. Savia, S. Malinen, R. Hari, R. Vigário, S. Kaski,
Dependencies between stimuli and spatially independent fMRI

sources: towards brain correlates of natural stimuli, NeuroImage
48 (1) (2009) 176–185.

[22] J. Ylipaavalniemi, J. Soppela, Arabica: robust ICA in a pipeline, in:

8th International Conference on Independent Component Analysis
and Signal Separation (ICA 2009), Paraty, Brazil, March 2009,

pp. 379–386.

[23] J. Ylipaavalniemi, R. Vigário, Analyzing consistency of independent
components: an fMRI illustration, NeuroImage 39 (1) (2008)

169–180.

N. Reyhani et al. / Signal Processing 92 (2012) 1767–17781778




