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1. Introduction

The focus of this thesis is the computational study of electron transport

in graphene nanostructures. The first synthesis and characterization of

monolayer graphene was described in a landmark paper by Andre Geim

and Kostya Novoselov [1] in 2004. This was the starting point of the work

which soon after gave them the Nobel prize in physics in 2010 [2, 3]. The

merits of this paper are many. It established an easy experimental pro-

cedure, mechanical exfoliation or the Scotch tape method, for producing

single and multilayered graphene. It showed that optical microscopy was

enough for finding single layer graphene. It proceeded to electrically gate

graphene, proving that the electric field effect could be used to continu-

ously tune between hole doping and electron doping. Already present in

this first paper was the later much discussed minimum conductivity prob-

lem: there was no insulating regime between the hole doping and electron

doping. Already the first paper showed some of the peculiarities of elec-

tron transport in graphene in the form of very high mobilities, long range

ballistic transport and a linear energy dispersion. Quickly after this came

the proof that the charge carriers in graphene are actually well described

as massless Dirac fermions [4, 5] leading to a great deal of theoretical

interest in the novel material.

As is often the case in science, there exists a rich prehistory of experi-

mental and theoretical graphene science already prior to 2004 [2]. There

were active programs in trying to produce single graphene layers through

intercalation and epitaxially from silicon carbide. Some of these meth-

ods have since been refined and might be useful for future graphene elec-

tronics. Despite these advances, so far the exfoliated graphene method

remains the most important way for creating graphene samples for the

purposes of basic science. The concept of graphene has also long been es-

tablished in the theoretical literature, first as the basis of understanding
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Introduction

the electronic properties of graphite [6]. The properties of Dirac fermions

have thus been studied for a long time in this context [7].

In addition to the fundamental interest raised by a new type of charge

carrier, graphene has also been embraced by the materials science and

electronics community as an interesting material for commercial appli-

cations. Countless speculative applications for graphene have been pro-

posed, though so far only a few have been realized in practice. Especially

notable due to the high electronic quality of graphene is the fact that the

hoped-for use of graphene in electronics looks rather difficult due to a

lack of a band gap. Although a band gap can be created by patterning

graphene into ribbons this introduces new sources of scattering due to

imperfections at the edges, thus significantly decreasing the conducting

properties. Bilayer graphene can also be gated to produce a band gap, but

not a very large one. For these reasons it appears that graphene might be

more suited for applications in either analog high speed electronics or for

nanoelectromechanical systems (NEMS).

Whatever the use graphene might be put into in the future, there is a

clear need for understanding the electron transport properties of graphene

samples, preferably based on first principles methods with no fitting pa-

rameters. The current work shows an approach to this mostly in the con-

text of defective graphene nanoribbons. We use density functional theory

(DFT) and semiempirical tight-binding (TB) to study the coherent trans-

mission of electrons through various different defective graphene systems.

The purpose of this introductory part of the thesis is to present the pa-

pers forming the actual new physics contributions of the thesis in the

broader context of the graphene field. Since graphene research has grown

so large that any sort of comprehensive review is all but impossible only

those papers most relevant for the discussed physics and broad based re-

view articles and books are cited.

This thesis introduction then consists of the following. We started with

this short motivating chapter, and follow on with a basic description of the

computational tools that we have used in our work, focusing on the use

of DFT and semiempirical tight binding for electron transport. After in-

troducing these tools we are able to discuss the properties of pristine bulk

graphene and graphene nanoribbons as well as defective and disordered

graphene and put our method development and research findings in this

context. Finally, we close the thesis with some concluding remarks.
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2. Computational tools

2.1 Two-probe transport

Most of the work in this thesis covers the transmission of electrons through

a two-probe transport structure. We will first study the modeling of such

structures on a general footing.

Figure 2.1. Schematic of a two-probe transport setup. A central region is sandwiched
between two semi-infinite leads on both sides.

In a two-probe transport setup we consider a system like the one pic-

tured in figure 2.1. A central region is connected to two semi-infinite

leads. We describe the system with a set of local basis functions. The

nature of these basis functions is not important at the moment, later we

will consider both numerical atomic orbitals and a semiempirical tight

binding basis but for now the most important factor is their locality. Then

each basis set element belongs to just one of the regions L, C or R and the

Hamiltonian becomes

H =

⎛
⎜⎜⎝
HLL HLC 0

HCL HCC HCR

0 HRC HRR

⎞
⎟⎟⎠ . (2.1)

Here we have assumed that HRL = HLR = 0, that is, the lead regions do

not couple with each other. If this is not the case we can generally always

extend the central region to take in more of the lead structure so that

this becomes reality. Note that while HCC is a finite matrix all the other
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matrices are infinite since both leads continue from the central region

boundary to infinity.

We define the retarded Green’s function of the system by the relation

(ωI −H + iη+)GR(ω) = I, (2.2)

where I is the identity operator. The η+ in this equation is an infinitesimal

positive number that incorporates the boundary conditions in the equa-

tion. For a small negative infinitesimal η− the equation would define the

advanced Green’s function GA. The advanced Green’s function is given by

the Hermitian conjugate of the retarded Green’s function, GA = (GR)†.

Writing the Green’s function in the local basis we can also divide it into

parts

GR =

⎛
⎜⎜⎝
GLL GLC GLR

GCL GCC GCR

GRL GRC GRR

⎞
⎟⎟⎠ , (2.3)

which we can then use to solve for GLC and GRC to get an equation for the

central region

(ωICC −HCC − ΣL − ΣR)GCC = ICC , (2.4)

where we have defined the left and right lead self energies

ΣX = −HCXGXXHXC , (2.5)

for X = R or L. Due to the local basis set the matrix HCX is mostly zero

and we get

ΣX = −HC1G11HX1, (2.6)

where 1 denotes the first principal layer of the lead. The Green’s function

for this layer, also known as the surface Green’s function, is efficiently cal-

culated for the semi-infinite system by, for example, a recursive decima-

tion algorithm [8] or some of the newer and faster numerical approaches

based on the Krylov subspace method [9].

The effect of all these manipulations has been to embed the impact of the

leads on the central region in the self-energy terms which are matrices in

the central region indices only. The self-energy terms in the Hamiltonian

can be thought as a pair of complex potentials that act as sources and

sinks of electrons for the central region. The resulting equation (2.4) is

then a finite linear matrix equation that can be readily solved to yield the

central region retarded Green’s function.

10
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Although the retarded Green’s function is a somewhat abstract quantity,

it is nevertheless quite close to several useful and even experimentally ap-

proachable quantities. The imaginary part of the Green’s function directly

yields the spectral function

A(ω) = i
(
GR(ω)−GA(ω)

)
, (2.7)

where GA = (GR)† is the advances Green’s function as defined above. The

spectral function is a generalized density of states: the diagonal gives

the local density of states while a trace gives the density of states. The

local density of states is directly visible through scanning tunneling mi-

croscopy. The most important thing for our purposes, however, is the fact

that we can calculate the transmission through the central region from

the retarded Green’s function and the self-energy matrices.

2.2 Landauer transmission formula

This work concentrates on the study of coherent electron transport through

nanoscale graphene structures. This means that all the collisions between

electrons and impurities are elastic and thus preserve the phase of the

wave function. The standard approach for coherent transport in two-

probe nano- and mesoscale systems is called the Landauer or the scat-

tering approach [10].

The Landauer approach is based on the concept of transmission prob-

ability for incoming electronic states. This is typically discussed using

the terminology of the scattering or S-matrix that couples the incoming

and outcoming modes together. The S-matrix can be calculated based on

the Green’s function description of the two-probe system covered in the

previous section. We give the main transmission formula here without

derivation. It can be derived either based on Green’s functions [11] or the

Fisher-Lee relation [12]. The transmission is

T (ω) = Tr{ΓLG
RΓRG

A}, (2.8)

where GR/A are the retarded and advanced Green’s functions of the cen-

tral region. The gamma matrices are couplings to both of the leads given

by the lead self-energies Σ

ΓL/R = i(ΣR
L/R − ΣA

L/R), (2.9)

where R and A again denote retarded and advanced self energies.
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The actual conductance through the central region is then given by

G(ω) =
2e2

h

∫ ∞

−∞
(nF (ω − EL

F )− nF (ω − ER
F ))T (ω)dω (2.10)

where G0 = 2e2/h is the quantum of conductance, the 2 coming from the

spin degeneracy and nF is the Fermi function.

These last sections have shown how to calculate the transmission from

the infinite Hamiltonian of a two-probe system. In the semi empirical

tight binding model where the Hamiltonian is explicitly known this thus

gives a straightforward and easily implemented blueprint for computa-

tional transport studies. If, however, the Hamiltonian is unknown we

first need a way for constructing it from first principles. One such way

is provided by DFT. Conveniently the Green’s function language is the

same for both the tight binding formalism and the DFT, what remains is

then to find out how DFT can be used to construct the Hamiltonian for a

two-probe system.

2.3 Density functional theory

Before considering how a two-probe transport calculation can be performed

on a first principles basis we describe briefly some of the theory and praxis

of the study of the electronic structure of materials. DFT is a general way

to simplify the manybody problem so that it can be solved with reason-

ably accuracy and limited computational time. A large amount of method

and code development has turned DFT into the most widely used compu-

tational tool for electronic structure studies.

The basic idea of DFT is to forget about the complex many-body wave-

functions and deal with the electron system based on its density instead.

The Hohenberg-Kohn theorem, the fundamental basis of DFT, then states

that there exists a unique functional of density only whose minimum gives

the ground-state of the system. The many body problem has thus been

turned into a simple functional minimization task if such a functional can

be found. The theoretical foundations of DFT will be omitted here and we

will simply go through the main results needed for practical applications.

DFT is based on two Hohenberg-Kohn theorems which state that the

electron density uniquely determines the ground state wavefunction and

the exact ground state minimizes the total energy which is a functional of

particle density [13]. This makes it reasonable to try to concoct a scheme

to calculate the ground state density in a self-consistent manner. The
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commonly used method is to solve a set of Kohn-Sham equations which

represent non-interacting quasi-particles in an effective potential[
− h̄

2m
∇2 + Veff(r)

]
φi(r) = εiφi(r), (2.11)

where φi and εi are the Kohn-Sham orbitals and energies of the system

and the effective potential is given by

Veff(r) = Vion(r) +

∫
dr

n(r)

|r− r′| + Vxc(r). (2.12)

Here Vion is the potential due to the nuclei and the integral term is the

classical Hartree self-energy of the electrons. The effective potential also

contains the exchange-correlation potential Vxc. This potential contains

the many-body effects of the electron gas and has to be approximated.

The most fundamental approximation for exchange and correlation is the

local density approximation (LDA) in which Vxc is locally approximated

by the exchange-correlation potential of a homogeneous electron gas with

density n(r). This many-body potential of the homogeneous gas can be

calculated by correlated many-particle techniques like quantum Monte

Carlo methods and then parameterized for use in DFT calculations.

In practise DFT is used with one of several more or less standard pack-

ages. These typically have different ways of implementing the basic DFT

formalism, some of these design choices having far reaching implications

on the use of the code in question. The most fundamental choice is prob-

ably that of the basis set, that is how exactly are the eigenfunctions of

the equation (2.11) expanded. This can be done by plane waves (for ex-

ample the package VASP [14]), local orbitals (SIESTA) or real space grids

(GPAW [15]), just to mention some common choices. Other choices are

things like full-electron versus pseudopotential code or the exact type of

the pseudopotential. Recently also the inclusion of various methods and

techniques building on top of the basic DFT routines have become an im-

portant distinction between different codes. Things such as ab initio elec-

tron transport and post-DFT methods like GW or time-dependent DFT

are often built on top of the regular computational framework provided

by the base DFT code depending on the precise focus of the code. Codes

also differ in their licencing terms, some are fully commercial or free for

academic use while others are open source.

In this thesis we have mainly used the SIESTA package and especially

its generalization for the two-probe transport problem, TRANSIESTA.

13



Computational tools

2.4 SIESTA and TRANSIESTA

All the DFT calculations in this thesis were done with the SIESTA DFT

package [16, 17, 18]. SIESTA is a widely used DFT code that uses numeric

atomic orbitals as a basis set and nonlocal pseudopotentials to deal with

the core electrons. This means that the eigenfunctions are expanded as a

linear combination of numerical atomic orbitals for each atom I located at

RI

ΨIlmn(r) = ψIln(rI)Ylm(r̂I), (2.13)

for rI = r − RI and r̂I = rI/rI . This consists of a radial part ψ and

a spherical harmonic Ylm. The radial part of the wave function can in

principle be some arbitrarily chosen local function, for example it can be

optimized to yield some particular desired result. SIESTA also includes

an automatic mechanism for generating basis sets by the energy shift

process. Here the radial part is found by solving(
− 1

2r

d

dr2
+

l(l + 1)

2r2
+ Vl(r)

)
ψl(r) = (εl + δεl)ψl(r), (2.14)

where δε is the energy shift, which can be chosen by for example mini-

mizing the ground state energy of the system. The basis generated by

including only the ψl from this equation is called the single-ζ or SZ basis.

Increasing of the basis set size from just the “physical” angular momen-

tum eigenstates can be done in two different ways. First by adding polar-

ization orbitals, that is orbitals of higher angular momentum than those

in the valence. Actual physical polarization orbitals, i.e. those solved

from (2.14) by increasing l by one, turn out to be too extended and some-

times even unbound and clearly cannot be used. Localized polarization

orbitals can however be constructed from the radial Scrödinger equation

for the highest angular momentum in an external electric field. The re-

sulting function is then multiplied by Yl+1m and added to the basis set,

thus yielding the single-ζ-polarization or SZP basis.

The second way to increase the size of the basis set is by using two radial

functions for each angular momentum. This is done by the split-valence

method. Here the additional orbitals are smooth polynomials inside a

radius rsl and have tail-behavior like the first-ζ orbitals. The radius is

set by fixing the norm of the orbital outside the radius rsl . This “split

norm” is then the other major parameter in addition to the energy shift

for automatic basis set generation. The doubling of the basis set in this

way yields the double-ζ (DZ) or the double-ζ-polarization (DZP) basis.
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In the calculations done for this thesis structural relaxations are typi-

cally performed with a DZP basis while transport is calculated with the

SZP basis. This is a practical compromise between accuracy and efficiency.

Even higher accuracy basis sets can in principle be generated by follow-

ing the procedures outlined before to get triple-ζ and double polarization

orbitals but in practice it might be a good idea to use a code with a plane

wave basis set such as VASP if very high accuracy is desired.

Things that cannot be represented by the LCAO basis such as the ex-

change-correlation potentials are described by an uniform real-space grid,

the density of which is typically given by the equivalent plane-wave cutoff

in Rydberg. The electrostatic Hartree potential is calculated by a fast

Fourier transform. For periodic systems the first Brillouin zone can be

sampled with the Monkhorst-Pack sampling [19].

To calculate electron transport with DFT we use the TRANSIESTA pack-

age, now a standard part of the SIESTA DFT code [20]. In many ways

TRANSIESTA operates like an implementation of the tight-binding trans-

port formalism presented before. The use of DFT and especially the pos-

sibility to use a bias voltage, that is, a linear voltage drop between the

electrodes, just complicates things slightly.

A TRANSIESTA calculation proceeds in three parts. First the electronic

structure of the leads is calculated with a standard periodic DFT calcula-

tion to get the density matrix and the Hamiltonian for the infinite leads

which are saved for the subsequent steps.

Next a standard periodic SIESTA calculation is performed for a system

that includes the central region and the leads. This yields the Hamilto-

nian and density matrix for the central region. Next the Hamiltonian for

the leads and the central region is used to calculate the retarded Green’s

function for the system with the leads embedded using the self energies

as for discussed before. The density is calculated by integrating over the

retarded Green’s function using an efficient contour integration technique

that requires only a few energy points. This yields a Hamiltonian for the

central region. A separate self consistent iteration for the Green’s func-

tion makes it possible to calculate the electronic structure for a system

with a finite bias voltage between the electrodes.

The third part of the calculation is the actual transmission calculation,

done with an external utility TBTrans. This utility works as was dis-

cussed before for two-probe transport by first calculating the self-energies

for the needed energies and then calculating the transmission based on

15
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equation (2.8).

All the calculations included in this thesis work have been done without

the bias voltage. Its inclusion is in principle simple, the potential in the

leads is increased and decreased by a rigid shift and a ramp potential

from left lead to right lead is added to the central region.

Other ab initio programs capable of the type of calculations discussed

here include Smeagol [21], also based on SIESTA, GPAW using a SIESTA-

inspired optional numerical atomic orbital basis set and Wannier90 [22]

using Wannier functions generated from a variety of plane-wave basis

codes. Transport calculations based on the Landauer formula have been

widely utilized in the literature for various systems. One limit of the

method is that it limits the studied geometry to a linear quasi-1D setup

even though the systems can be periodic in the transverse direction. One

alternative computational method that works well for bulk systems is the

real-space Kubo-Greenwood method [23]. This method has been widely

used to study transport in graphene [24, 25, 26].

2.5 Beyond DFT

The theoretical formulation presented here is unfortunately not without

some fundamental problems [27, 28]. The difficulties come from the fact

that the two-probe transport setup we have discussed is in fact a compli-

cated problem of nonequilibrium statistical physics [29]. Since the central

region is not in equilibrium we do not have a variational ground-state in

the region either. The lack of this variational principle in turn means that

the basis of DFT, the Hohenberg-Kohn theorem, is not valid. The use of

DFT in the non-equilibrium setting of a quantum transport device cannot

therefore be justified on theoretical grounds. The justification then has to

be a practical one: often we can get at least a qualitative understanding

of transport processes with NEGF-DFT in cases where other more exact

methods are too cumbersome. And often enough we get results which

closely match experimental data.

The whole enterprise of dividing the scattering problem to leads which

are in equilibrium and a central non-equilibrium molecular region has

also been criticized [30]. This dividing technique, based on the work

of Caroli et al. on transport in metal-insulator-metal tunneling junc-

tions [11], can be replaced by a partition-free approach by Cini [31]. A

time-dependent version of the density-function theory (TDDFT) can be
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combined with this approach allowing for a more rigorous ab initio for-

mulation of the transport problem [30, 32]. The downside of this formu-

lation is increased computational cost, it has to date been used only with

one-dimensional test systems.

There are also other approaches than the full TDDFT treatment to im-

prove on the plain NEGF-DFT. One is the so-called GW approximation,

which has recently been used to deal with transport systems [33]. The

GW approximation provides a better picture of a correlated electron sys-

tem and thus makes it possible to study many interesting properties of

correlated transport systems such as the Kondo effect.
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3. Pristine graphene

3.1 Bulk graphene

A basic understanding of the electronic structure of graphene starts from

a tight-binding model. This was studied already in 1947 by Wallace et

al. [6] to understand the electronic properties of graphite. The core elec-

trons can be safely forgotten and only the four valence electrons are con-

sidered. Three of these are bound tightly with neighboring atoms forming

directional σ bonds. This leaves only the pz orbitals, which form delocal-

ized π bonds with each other.

Figure 3.1 shows a view of a graphene sheet and the first Brillouin zone

of the reciprocal lattice. The graphene lattice is a bipartite lattice, there

are two atoms, marked A and B in the schematic, forming two sublattices.

The shaded area shows the primitive unit cell. The hexagonal first Bril-

louin zone shows six high symmetry K-points two of which are unequal

since they cannot be connected with a reciprocal lattice vector, typically

called K and K ′.

Figure 3.1. Schematic view of a graphene lattice showing the primitive cell and the first
Brillouin zone of the reciprocal lattice. The Brillouin zone shows the band-
path plotted in figure 3.2

.
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The nearest neighbor Hamiltonian can be written

H =
∑
〈i,j〉

tc†icj +H.c., (3.1)

where t is the hopping element and we sum over pairs of nearest neigh-

bors and the onsite energy has been set to zero. This Hamiltonian can

then be solved to get the dispersion

ε(k) = ±t
√

1 + 4 cos
akx
2

cos

√
3ky
2

+ 4 cos2
akx
2

, (3.2)

where a is the lattice constant of around 2.46 Å. The only points where

the conductance and valence bands meet is at the K-points where ε(K) =

ε(K ′) = 0.

M Γ K M

5

0

5

E
n
e
rg

y
 (

e
V

)

Figure 3.2. Graphene band structure between high symmetry points along the path
shown in figure 3.1. Tight-binding results (dashed red) compared with DFT
(solid black). The extra DFT bands are due to the σ-bonds which are ignored
in the TB model.

Figure 3.2 shows a comparison between DFT (SIESTA with LDA func-

tional) and tight-binding band structure (equation (3.2) with t = −2.7eV ).
Close to the Fermi energy the correspondence is exact, while further away

there are some discrepancies. The comparison with DFT shows that a

tight-binding level description should be accurate for graphene. One can

however simplify even more by noticing that the dispersion is actually

linear near the Fermi level. Linearizing (3.2) near the K-points of the

reciprocal lattice gives a linear dispersion

E(k) = ±vF |k| (3.3)
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with the Fermi velocity vF =
√
3at
2 .

The linear dispersion relation at the K and K ′ Dirac points hints at

the possibility for simplifying the tight-binding model even further. One

proceeds by Fourier transforming the equation (3.1) and expanding for the

Dirac point only [34] to get the expression

−ivFσ · ∇ψ(r) = Eψ(r), (3.4)

for theK Dirac point. Here σ = (σx, σy) is formed from the Pauli matrices.

A similar expression can be derived for the other Dirac point. The link

with relativistic field theory comes from the fact that equation (3.4) is the

same as massless Dirac equation in two dimensions.

We do not employ the Dirac model for the calculations in this thesis but

rather either use DFT or directly numerically solve the TB equation (3.1)

and its generalizations. The use of the Dirac equation is covered in many

reviews on the electronic structure of graphene [34] and electron trans-

port in bulk graphene [35]. Some fundamental properties of charge trans-

port are however directly related to the peculiar structure of the Hamil-

tonian and thus merit comment. Most importantly the eigenfunctions of

(3.4) are two-component spinors, where the “spin” is not the physical spin

of the electrons but rather comes from the two sublattices and is called

the pseudospin. The spinor structure of the eigenfunctions has important

consequences for the transport properties of the Dirac fermions. In terms

of the Berry’s phase it means that when the k is rotated around the ori-

gin by an angle of 2π the phase of the wavefunction changes by −π. This
leads to an absence of backscattering in graphene, as pointed out first in

the context of carbon nanotubes [36].

It is interesting to consider the possible deficiencies of the tight bind-

ing model for graphene. In particular electron-electron interactions can

change the picture drastically by renormalizing the bands [37]. Also at

very high temperatures or bias voltages phonon scattering effects become

appreciable.

3.2 Graphene nanoribbons

As graphene has no band gap, several schemes to produce a gap have

been proposed. These include creating a superlattice of graphene anti-

dots or holes in graphene [38], using gated bilayer graphene [39] and

the cutting of graphene into a finite-width wire, a graphene nanorib-
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bon [40]. The most developed of these methods is arguably the produc-

tion of graphene nanoribbons (GNR), strips of graphene with edges. In

addition to lithographic patterning [40] graphene nanoribbons have also

been created through chemical self-assembly [41] and the unzipping of

nanotubes [42].

Ideal nanoribbons belong to one of two classes: zigzag (ZGNR) or arm-

chair (AGNR). Figure 3.3 shows the two ribbon categories and the typical

way of counting the ribbon width: by carbon dimer for AGNRs and zigzag

line for ZGNRs. Somewhat confusingly if an armchair nanoribbon is made

periodic in the transverse direction it will form a zigzag carbon nanotube

while a zigzag nanoribbon will transform to an armchair nanotube. DFT

calculations indicate that armchair edges are energetically the most sta-

ble ones [43].
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Figure 3.3. Two ideal graphene nanoribbon types: armchair (AGNR) and zigzag (ZGNR)
and how the width of the ribbons are typically indexed.

If a graphene sheet is cut in some other direction than ideal armchair

or zigzag, a chiral edge is the end result. Apart from the chiral and ideal

edges also reconstructions of the edge shape are possible. The so called

reczag reconstruction of the zigzag edge is even lower in energy than the

armchair edge [44]. This edge type, which is formed by pentagons and

heptagons at the graphene edge, has also been seen experimentally [45],

though it appears not to be the dominant edge type. In fact, in many

experiments there is a large amount of zigzag edge, even though it is

much higher in energy than the armchair edge [46]. One explanation

for this conundrum can be found in the kinetics of the edge carbon atoms

when the edge is formed [47, 48].

The dangling bonds at the nanoribbon edge are extremely reactive and

will thus almost certainly be saturated by atoms or molecules. The dan-

gling bonds are thus commonly assumed to be saturated by hydrogen

when doing theoretical calculations. It is far from clear that the edges

are ideally passivated with one hydrogen atom for each dangling bond
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under experimental conditions. Indeed, under many experimentally rele-

vant conditions DFT calculations indicate that the edge is passivated by

hydrogen molecules either at every dangling bond or at every other [49].

Also the possibility of various other edge terminations has been stud-

ied [50, 51].

Now that we have discussed some of the many difficulties inherent in

the study of graphene nanoribbons, mostly related to their edges, we turn

back to the most simple case of armchair and zigzag nanoribbons passi-

vated with hydrogen. The TB model used to understand the properties of

bulk graphene can be very useful for the study of ribbons as well. However

for ribbons the correspondence between ab initio results and TB results

turns out to be greatly inferior to the case of bulk graphene. Whereas for

bulk graphene the low energy band dispersion is more or less perfectly

captured by TB, DFT shows armchair ribbons of all widths to have band-

gaps, while the TB model shows some widths to be metallic. For zigzag

ribbons the situation is even worse since the ground state DFT result

turns out to be magnetic and thus not within the validity of a standard

TB treatment. The work of modifying a TB model so that it can accom-

modate these more complicated results for nanoribbons is the main focus

of Publication II.

Figure 3.4 shows the band structures for ribbons of a particular width,

a 14-AGNR and a 16-ZGNR. There is a significant difference between the

TB and the DFT results shown. TB predicts that both the ZGNR and

AGNR are metallic while DFT shows both to be semiconducting.
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Figure 3.4. Band structure close to the Fermi energy for a 14-AGNR and 16-ZGNR cal-
culated with the unmodified nearest neighbor tight binding model (red) and
compared with a DFT calculation (black).

The natural way to improve the TB model is to increase the number of

hopping elements between neighboring atoms. Whereas before we only

had the nearest neighbor Hamiltonian element, we now increase up to

third nearest neighbor hopping. The second way to gain greater accuracy
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is to go from orthogonal to nonorthogonal tight-binding. This means that

the Scrödinger equation contains the overlap matrix S

H |ψ〉 = ωαS |ψ〉 , (3.5)

where the matrix elements of S are

Sij = 〈i|j〉 , (3.6)

over the single particle states i and j.

Zigzag nanoribbons present extra difficulties for theory due to the mag-

netic ordering in the ground state. DFT indicates that spin ordering

with ferromagnetism along the ribbon edges and antiferromagnetism be-

tween the edges is energetically favored. This is followed by a ferro-

magnetic ordering between the edges and finally by the paramagnetic

state [52]. The experimental evidence for the magnetic edge state re-

mains slim, though some evidence has been seen by scanning tunneling

microscopy recently [53].

To study magnetism within a TB approach one needs to leave behind the

plain TB model and consider a Hubbard-type Hamiltonian that explicitly

includes the spin-up and spin-down densities n↓ and n↑. The mean-field

Hubbard-model Hamiltonian then reads

H = −
∑
ijσ

tijc
†
iσcjσ + U

∑
i

(ni↑〈ni↓〉+ ni↓〈ni↑〉 − 〈ni↑〉〈ni↓〉) . (3.7)

Here the “Hubbard” U is the onsite Coulomb repulsion between electrons

of opposite spin. The brackets denote average spin density per orbital,

which can be calculated from the retarded Green’s function GR by

〈niσ〉 = − 1

π

∫ EF

−∞
Im{GR

σii}. (3.8)

Comparing the band structure between DFT and TB and adjusting the

TB parameters is done in Publication II to yield a minimal third-nearest

neighbor orthogonal TB parametrization with t1 = 2.7 eV, t2 = 0.2 eV, t3 =

0.18 eV and U = 2.0 eV for zigzag ribbon. This parametrization is found to

generate results close to DFT results for both armchair and zigzag ribbons

and it thus forms an universal minimal TB parametrization for accurate

calculations of all types of ribbon systems. In addition to pristine ribbons,

also ribbons with edge disorder, such as notches, are found to be described

well as found out by comparing with DFT transport calculations in Publi-

cation I and Publication II.
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The tight-binding parametrization presented here works quite well and

yields good results. However some more complicated systems such as di-

vacancies, due to be discussed later, are complicated to deal with on such

an ad hoc basis since there are many bond lengths that change. A good

alternative here is to get a bond-length dependent parametrization based

on DFT calculations and then use relaxed results as input for the bond

lengths. Such an approach can also be used to produce a gap for all AGNR

families, as shown by Son et al. [54], by decreasing the hopping between

edge-most carbon atoms according to DFT relaxed bond lengths.

Like the case of planar graphene also for graphene nanoribbons the pos-

sibility that electron-electron interactions might be important should be

considered. We have already seen that for the case of zigzag termina-

tions Coulomb repulsion leads to a spin-polarized ground state. We should

then keep in mind that the DFT approach, using the “normal” functionals

LDA and GGA at least, does not apply very well for strongly correlated

electron systems. Indeed, it has been shown that adding to DFT a self-

consistent GW formalism the gaps of graphene nanoribbons are signifi-

cantly increased [55]. For transport the possibility of Coulomb blockade

between weakly coupled graphene islands has been proposed as an expla-

nation to transport experiments [56].
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4. Defective graphene

4.1 Single defects

Although pristine graphene and ideal nanoribbons are of themselves in-

teresting, realistic experimental systems tend to contain various defects.

These generally degrade the transmission properties of graphene and un-

derstanding the main sources of defects is thus important for improving

the behavior of graphene samples for graphene electronics. Although ex-

foliated graphene samples are remarkably defect-free based on their ex-

cellent electronic properties, defects still pose limits for ultimate graphene

device performance.

One of the most widely studied defect types that has an impact on gra-

phene transport are defects not in the graphene itself but in the insulat-

ing substrate, typically made of silicon oxide [35]. These are thought to

be caused by charge trapped in the oxide and the theory is corroborated

by the fact that when the oxide is removed to form suspended graphene

the mobility is greatly increased [57]. From the point of view of theory

the most salient feature of the scattering potential caused by the charges

is that it is long range in nature, changing smoothly on the scale of the

graphene lattice constant. Such a potential does not scatter electrons be-

tween the valleys at K and K ′ Dirac points, i.e., it does not cause inter-

valley scattering, just intravalley scattering.

One factor that affects the scattering of electrons in graphene by smooth

potentials is the phenomenon of Klein tunneling. The name comes from a

feature of relativistic field theory but for graphene it simply means that

the charge carriers tunnel through potential barriers with a probability

of one [58]. This is relevant especially for electron transport close to the

Fermi energy where it has been experimentally shown that the graphene
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charge density forms puddles of positive and negative charge [59] and the

transport thus happens between these regions via Klein tunneling.

In addition to charges in the substrate a great deal of work has been

done to understand the properties of short-range scatterers which do cause

intervalley scattering. These short-range scattering centers are formed

for example by vacancies and adatoms.

For better understanding of short-range scatterers such as vacancies

a very useful technique is the intentional creation of defects by irradi-

ating graphene with either electrons or ions [60]. In this manner the

number and type of defects can be estimated based on known quantities

such a carbon knock-off energies and irradiation doses and the transport

measurements studied as a function of generated defect density. Defect

creation could also be used to improve upon nanoribbon performance for

some specific tasks, for example by tailoring defect centers for interaction

with certain molecular species for sensor applications.

In addition to the presence of the same scattering mechanisms that exist

for bulk graphene, nanoribbons have one very important additional scat-

tering mechanism, edge disorder. The various ways of creating nanorib-

bons typically cannot produce exact edges but ones that are to a large

extend disordered. Edge disorder has often been modeled by randomly

removing edge atoms from a graphene nanoribbon with some probability

p and then cleaning up probably unphysical edge shapes such as dangling

atoms.

Edge disorder is particularly interesting in the case of zizgag ribbons.

Breaking the symmetry between the ribbon sides can produce a spin-

filtering effect. Lieb’s theorem may give rise to a finite magnetic moment

if the sublattice symmetry between the edges is broken [61]. Apart from

simple atom-level disorder at the edge, also larger edge structures such

as notches and protrusions have been studied. In Publication I we have

looked into how notches affect the transmission through a zigzag ribbon.

A notch in a zigzag ribbon will have an effect on just one of the spin-

polarized edge states.

Point defects in the graphene bulk can take the form of adatoms of var-

ious species, vacancies (single and divacancies) and topological defects

such as the Stone-Wales defect. The most widely studied of these is the

single vacancy formed by removing one carbon atom. Although this is

commonly modeled by simply removing the relevant hopping elements

from a TB model, the reality is not so simple. Figure 4.1 shows a compar-
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ison for the transmission through a nanoribbon with a vacancy calculated

with (spin compensated) DFT and with TB. As can be seen from the figure

the transmission through a single vacancy calculated with the TB model

is much closer to the DFT calculation for a hydrogen atom adsorbed on the

graphene basal plane than the DFT vacancy transmission. The reason for

this discrepancy is due to the dangling bonds left after a carbon atom is

removed.

Single vacancies have been studied extensively as a paradigmatic source

of short-range scattering in graphene. Short-range scatterers act qualita-

tively differently from longer range defects such as Coulombic charges in

the SiO substrate since they couple the two different valleys of graphene

around the K and K ′ Dirac points. Their presence can be used to explain

the sublinear behaviour seen in transport measurements [62]. The simple

vacancy-type TB model has also been used to understand more complex

cases such as graphene with substitutional Co atoms [63].
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Figure 4.1. Transmission through a 23-AGNR with a vacancy modeled with DFT (thick
red) and TB (green) compared with transmission though a GNR with a hy-
drogen atom modeled with DFT (thin red). Thin black dashed line shows the
ideal transmission through the ribbon.

One important aspect for the transmission through defective nanorib-

bons is the sometimes fairly large impact that the precise location of the

impurity on the transmission. Figure 4.2 shows the transmission through

a 23-AGNR with a hydrogen atom in three different locations and the

ideal transmission through a pristine ribbon. Particularly striking is the

complete vanishing of the transmission dip when the defect is located on
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the third carbon carbon dimer. This turns out to be a general feature

for odd-width armchair nanoribbons where impurities on 3N indexable

dimers do not scatter electrons. The reason for this can be found in the

symmetries of the ribbon electron structure [64, 65].
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Figure 4.2. The effect of defect location on the electron transmission for a 23-AGNR with
hydrogen adsorbed on different locations. The inset shows the adsorption
sites across the ribbon.

One interesting aspect for single vacancies is that they are fairly mobile.

In addition, since the formation of divacancies is energetically favored,

one can expect clustering of vacancies into divacancies, especially under

many nonequilibrium circumstances such as under ion or electron bom-

bardment. Divacancies can undergo relaxation forming different defect

structures known as 585 and 555777 divacancies, as shown in Figure 4.3.

The 555777 divacancy is created from the 585 divacancy through a bond

rotation. Energetically the 555777 divacancy is the most stable one [66].

The figure also shows an example of the even more complicated defect

structures that can be formed though the agglomeration of divacancies, a

555567777 double divacancy.

Defects can also be formed without the removal of atoms. Most promi-

nent of these is the topological Stone-Wales defect (SW) formed by rotat-

ing one carbon-carbon bond [67]. For all these defects, the SW, the 585,

the 555777 and so on the construction of a tight-binding model is best

accomplished by a parametrization based on bond length. This typically

relies on DFT in two ways: first the relaxed bond lengths are taken from
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Figure 4.3. Different divacancy relaxations, the 585-divacancy, the 555777 divacancy
and the 555567777 double divacancy. Pentagons are colored yellow while
heptagons are colored with green.

a DFT calculation and then the distance dependent hopping elements are

parametrized based on DFT calculations [68]. This procedure produces

results very much comparable with DFT for the electron transmission as

is discussed Publication IV.

Of the different adatom species hydrogen is most likely the most stud-

ied. At full coverage hydrogen turns graphene into graphane, a band in-

sulator [69]. As shown before in Figure 4.1 a simple tight-binding model

where a site is completely removed by removing all the hoppings to it

fairly accurately corresponds with the DFT results.

The model can also be improved easily by adding a new interacting level

for the hydrogen, i.e. by

H =
∑
<i,j>

(
tc†icj + tc†jci

)
+ εd†d+ γd†c0 + γc†0d, (4.1)

where the carbon atom with the index 0 is coupled to the impurity level.

The modification introduces two parameters, the impurity energy level ε

and the hybridization γ. This simple and versatile model has been widely
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used to model hydrogen and various other adsorbates, such as the hy-

droxyl group and hydrocarbons, that bind on top of a carbon atom [70,

71, 72]. For hydrogen the parameters giving results corresponding well to

DFT calculations [71] are γ = 2t and ε = t/16 though other values have

also been proposed [70].

Other adatoms, such as oxygen and carbon, preferentially bind on the

bridge site between carbon atoms. Their modeling is thus more difficult,

though they can be modeled as resonant levels, similarly to the hydrogen

case discussed above.

Particularly complicated behavior can occur when looking at the effect of

adsorbates and edge disorder together. In Publication III we have looked

at these effects for a model system with simple protruded graphene edges

and oxygen as the chemical disorder. Structural edge disorder has a fairly

low impact on the armchair edge while the adsorption of oxygen generates

strong antiresonances in the transmission.

Here we have concentrated on the properties of point defects in graphene.

Extended defects such as dislocations have also been widely studied and

present interesting properties such as strongly suppressed transmission

at certain incident angles [73].

4.2 Many defects: disorder

Although two-probe calculations for single defects are instructive by them-

selves, typically realistic nanosystems contain more defects than just one.

Let us then consider a long two-probe system with many randomly dis-

tributed defects. It is not directly clear if the single defect transmission

results discussed in the previous section can be used to understand such

a system.

Since the transport is coherent, interference will play a role and the

transmission function depends on the precise location of each and every

defect. It is not realistic to know the detailed atomistic structure of an

experimental sample so the numerical results need to be averaged by per-

forming numerous calculations for random defect locations which are then

summed over.

The transmission through a long sample can be calculated recursively

in linear time since a long wire can be broken into slices [74]. This makes

it possible to calculate transmission through ribbons of arbitrary length

even with DFT as long as they are narrow enough. The whole proce-
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dure is, however, quite time consuming, especially since the transmissions

should be finally averaged over the ensemble of randomly located defects.

For this typically some hundreds of calculations for each studied length

will need to be performed.

Figure 4.4 shows the average transmission function calculated with TB

through a 41-AGNR when the single vacancy density is kept constant at

0.1 % and the distance is increased. The transmission goes steadily down

and a gap appears at the Fermi level. This gap is often called a transport

gap as opposed to the band gap or optical gap.
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Figure 4.4. Average transmission through a 41-AGNR with single vacancies at a proba-
bility of 0.1 % at various distances. The dashed black line indicates pristine
ribbon, blue line is for L=10 nm, red line for L=20 nm and green line for L=40
nm.

Ideally we would like to go from the single-defect transmission calcu-

lations discussed in the last section to a large-system-averaged limit. It

turns out that this can be accomplished with scaling theory.

The study of disordered electron systems forms a large and interesting

field of its own due to some interesting theoretical findings. Philip W.

Anderson showed in 1958 [75] that the eigenfunctions of a random lat-

tice decay exponentially in a strong enough disorder leading to a metal-

insulator transition. This is nowadays understood as general feature of

coherent transmission through a disordered medium that has been exper-

imentally observed in thin metal films for electrons and photonic crystals

for coherent light [76].

Even before Anderson localization takes place, disorder can have an in-
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terference effect on transmission. This is called weak localization as it

precedes the strong or Anderson localization. It can be intuitively under-

stood by the fact that for systems with time-reversal symmetry there is a

constructive interference between the time reversed transmission paths.

This leads to a lowering of the transmission from the incoherent transmis-

sion, a fact that can be experimentally probed by introducing a magnetic

field to break the time-reversal symmetry.

Scaling theory deals with the change in transmission when the size of

the sample is increased. It has been studied in different dimensions an-

alytically and there are many reviews of the techniques and findings [77,

78, 79, 80]. We have studied the scaling properties of long disordered

graphene nanoribbons in Publication IV and generalized the previous

work done on silicon nanowires [81, 82].

We will illustrate the concept of scaling numerically with the TB model

by looking at the resistance through a long nanoribbon as a function of

ribbon length in Figure 4.5. The ribbon has a density of vacancy defects

with probability 1 % per carbon atom. First there are no defects and the

transmission is just the transmission through the ideal system T = T0.

The corresponding resistance is called the contact resistance R = Rc =

1/T0 since its physical origin is the mismatch between the continuum of

conducting states in the leads and the finite number of transverse states

inside the ballistic conductor.

As the length of the ribbon increases the resistance starts to increase

linearly

R(L) = Rc +Rc
L

le
, (4.2)

where the characteristic length le defines the elastic mean free path and it

characterizes the strength of the elastic scatterers in the system. The re-

sistance is calculated by averaging, R = 1/ 〈T 〉, where the brackets denote
ensemble averaging. This is a well-defined operation for the transmission

as it has a Gaussian distribution around the average value as is shown in

the inset in figure 4.5. This regime is known as diffusive or Ohmic regime

since the resistance grows linearly as for macroscopic Ohmic conductors.

We can solve for the elastic mean free path

le =
Rc

〈R〉 −Rc
L =

〈T 〉
〈T 〉 − T0

L. (4.3)

The greater the amount of defects the smaller the elastic mean free path.

So to characterize the scattering strength of a defective region of sizeW ×
L with a defect density of n = N/WL we define the Ohmic scattering
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Figure 4.5. Resistance of a 41-AGNR at a particular energy (E=0.8 eV) as a function of
ribbon length. The resistance is calculated by R = 1/ 〈T 〉 for the blue curve
and R = 1/ exp 〈ln(T )〉 for the red curve. The resistance shows three dis-
tinct regimes: ballistic regime where the resistance remains constant, diffu-
sive regime where the resistance grows linearly and finally localized regime
where the resistance increases exponentially. The inset shows the statisti-
cal distribution of the transmission at the lengths indicated by the arrows,
showing the evolution from the Gaussian to the log-normal distribution.

cross-section

σ(ω) =
1

nle(ω)
= W

T0(ω)− 〈T (ω)〉
N 〈T (ω)〉 . (4.4)

For our purposes the most interesting usage of this equation is calculat-

ing the scattering cross-section from an ensemble of single-defect trans-

mission calculations like those discussed previously. Then N = 1 and we

average over all the distinct defect locations and orientations across the

ribbon.

We can use the scattering cross-section to find the elastic mean free path

or the averaged transmission

〈T (ω)〉 = T0(ω)

1 + L
∑

i niσi(ω)
, L� ξ(ω). (4.5)

This means that it is feasible to go from the single defect transmission

results directly to the limit of large samples.

When the length of the ribbon increases the resistance starts to increase

superlinearly. This shows the onset of Anderson localization. The trans-

mission is no longer Gaussian but log-normal [83]. This is shown in the

inset histogram of figure 4.5 and by the fact that resistance calculated

from the average transmission (blue curve) and the exponent of the aver-
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age logarithm of the transmission start to diverge.

This means that the averaging should be done over the logarithm of the

transmission by 〈lnT (ω)〉 and one should look at the scaling of the typical

transmission Ttyp = exp(〈lnT (ω)〉). For a conductor with one mode it can

be shown [83] that Ttyp(ω) ∝ exp(−L/ξ(ω)) so for a lead with multiple

modes we arrive at the expression

Ttyp(ω) = T0(ω) exp(−L/ξ(ω)). (4.6)

This regime of transport is called localized, strongly localized or Anderson

localized and the length ξ the localization length. Since it is also deter-

mined by the strength of the elastic scattering it is possible to find it from

the elastic mean free path. This can be done by using random matrix the-

ory [79, 84] and turns out to depend on the symmetry of the Hamiltonian.

For graphene with intervalley scattering, which belongs to the orthogonal

Wigner-Dyson symmetry class when there is no external magnetic field,

we get the expression

ξ(ω) =
(T0(ω) + 1)lel(ω)

2
=

T0(ω) + 1

2nσ(ω)
, (4.7)

which leads us to a definition of the scattering cross-section for the local-

ized regime

σ(ω) =
W (T0(ω) + 1)〈log(T0(ω)/T (ω))〉

2N
,L� ξ(ω). (4.8)

For using single defect calculations we generally do not need to use this

equation, though in some rare cases even one defect is enough to localize

the charge carriers of the lowest transmission mode. More usefully we

can find out the typical transmission from the scattering cross-section

Ttyp(ω) =
T0(ω)

exp
[

2L
T0(ω)+1

∑
i niσi(ω)

] , L� ξ(ω). (4.9)

Equation 4.9 along with (4.5) allows us to estimate the average or typi-

cal transmission from the scattering cross section for ribbons of arbitrary

length. The scattering cross-section then fully determines the average

behavior of charge carriers for a defective sample.

The discussion above has been about the localization behaviour in rib-

bons with short range disorder. In bulk graphene with long-range disor-

der the localization behavior is quite different. As discussed before, long-

range disorder does not couple the two valleys and so a two component

spinor description is possible. Then the Berry’s phase of π between time-

reversed trajectories will cause destructive instead of constructive inter-

ference leading to weak antilocalization for the Dirac electrons. As there
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might be also short-range scattering present this leads to a complex in-

terplay between localization and antilocalization behavior depending on

the amount of different types of disorder and the experimental situation

is currently far from clear [35].
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Figure 4.6. Scattering cross-section for carbon (red) and oxygen (black) adatoms in bulk
graphene calculated for a periodic graphene sheet corresponding to a 32-
AGNR.

The scattering cross-section of the previous equations is based on calcu-

lating the transmission for a finite width ribbon. It can also be calculated

for a periodic system, however, thus forming a quantity that characterizes

the defect itself with no connection to a ribbon of particular width. We

studied the cross-sections in Publication V for various adatoms in bulk

and ribbon geometries. Figure 4.6 illustrates the idea of the scattering

fingerprint by showing the scattering cross-sections for oxygen and car-

bon adatoms calculated for a bulk graphene systems corresponding to a

32-AGNR. The scattering cross-section for both of these bridge adsorbed

species is highly characteristic: for oxygen it is peaked above the Fermi

energy while for carbon a similar peak exists below the Fermi energy.

Similar characteristic defect fingerprints have been calculated for single

and divacancies in Publication IV.

Figure 4.7 shows the estimation of transmission through a defective

sample with the aid of the scattering cross section using the Ohmic (equa-

tion (4.5)) and localized (equation (4.9)) formulas. It shows that the trans-

mission through a large sample containing many different defect species
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Defective graphene

can be very accurately predicted just based on single-defect scattering

cross sections and that this works for systems of any size, both within

the Ohmic and localized regimes.
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Figure 4.7. Averaged transmission (Tcalc) through a 1.3 μm long and 30 nm wide AGNR
with 100 monovacancies, Stone-Wales defects and 555777 defects. Compari-
son with a prediction for the Ohmic and localized regimes based on a scatter-
ing cross-section.
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5. Summary and Conclusions

This thesis presented a computational study of graphene based on DFT

calculations and a DFT-parametrized TB model. The main focus was

on defective nanoribbons and their study with a combination of first-

principles and TB numerical calculations. DFT is fairly slow but accurate

method for electronic structure calculations whereas TB is the opposite.

They thus form an ideal pair for the study of complicated and realistic

graphene samples.

Although plain nearest-neighbor TB is quite accurate for the case of

bulk graphene, it turns out to be unsatisfactory for graphene nanorib-

bons. For nanoribbons it can however be easily expanded by taking second

and third nearest neighbors into account and optionally also considering

finite overlap elements between the orbitals. For magnetic systems one

can utilize the Hubbard model where different spins have a local Coulom-

bic repulsion and the density distribution of the spins is then found self

consistently. The extended TB model was shown to be nearly as accurate

as DFT for the case of pristine and edge-defective ribbons.

For more complicated disordered systems, DFT is very useful since it

is typically not clear how exactly one should parameterize the TB or the

Hubbard model. This is especially the case for adatoms. In the presence

of both adatoms and edge disorder very complicated phenomena can be

seen.

DFT is not typically very suitable for studying long disordered graphene

samples due to the high use of computational resources. Although these

can be modeled with the aid of TB a DFT level treatment is very useful

for adatoms and other cases where the parametrization is not evident. As

the study of long disordered samples is done by averaging over an ensem-

ble of different defect positions we can use a scaling approach to go from

single-defect results to macroscopic samples. We have shown that this
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approach is usable for both different types of vacancy defects, topologi-

cal Stone-Wales defects and adatoms. The scaling approach also works

in the localized regime, thus making it possible to use DFT single-defect

transmission results directly for ribbons of arbitrary length with a high

degree of accuracy. Although the defect transmission fingerprint should

be in principle be calculated for each ribbon width separately, in practice

good results are gained for wide ribbons by calculating the transmission

through a periodic graphene sample for which the scattering cross-section

thus forms a defect fingerprint.
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