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We investigate the emission properties of a polarizable point dipole placed within a subwavelength distance
from a silver or a slightly absorbing, negative-index metamaterial nanoslab. Using electromagnetic theory we
show that in the immediate vicinity of the slab the dipole-slab interaction prevents the dipole from radiating.
For the metamaterial slab close to the perfect-lens arrangement, the interaction is relatively weak and of short
range. In particular, a region exists in the near zone of the metamaterial slab where the dipole emission is not
disturbed by the interaction, and a bright intensity distribution of subwavelength width is created on the opposite
side of the slab. This suggests that a low-loss metamaterial slab can act as a near-field imaging device which
does not disturb the object. For the silver slab the interaction is stronger and it reaches over the near-field zone,
adversely influencing the imaging capabilities in terms of brightness and resolution. The results are important
for the development of metal and metamaterial superlenses.
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I. INTRODUCTION

The radiative properties of a dipolar emitter such as a
molecule, atom, or a nanoparticle depend strongly on the
environment [1]. A famous example is the change in the rate
of spontaneous emission of an atom placed in a cavity, known
as the Purcell effect [2]. A quantum-electrodynamic theory
of spontaneous emission in the presence of dielectrics and
conductors has been developed some time ago [3], and the
radiation characteristics of a dipole close to a rough surface [4],
a phase-conjugate mirror [5], and planar structures [6] have
been assessed. In particular, it has been demonstrated that
molecular radiation can be substantiallymodified nearmetallic
nanoparticles supporting plasmon resonances [7]. Recently,
the variations in the lifetime of a single dipolar emitter close
to a metamaterial nanoslab were considered [8].
Especially in the microwave regime but recently also in-

creasingly at optical frequencies, metamaterials have brought
a diverse amount of engrossing physics and potential appli-
cations into the focus of scientists [9–11]. In particular, the
possibility of near-field superlenses enabling a subwavelength
image resolution [12,13] has inspired a large number of
theoretical [14–20] and experimental [21–25] works since
the proposal of the “perfect lens” in 2000 [26]. The super-
lenses would have significant applications in several fields of
technology and science, e.g., optical nanoscale microscopy
and biosensing, ultra-accurate optical lithography, and data
storage [9,12,27].
The perfect lens is a slab of lossless negative-index

material (NIM)with relative electric permittivity andmagnetic
permeability εr = μr = −1 in vacuum environment. Such a
lens cancels the phase changes induced into propagatingwaves
and restores the evanescent wave contributions in the image.
Due to the perfect impedance match at the slab interfaces
no backscattering occurs from the lens, and therefore it
does not interact with the object. However, negative-index
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materials are necessarily dispersive and hence lossy, leading
to imperfect impedance matching [28]. Consequently, any
realistic near-field superlens interacts with the object, which
may distort the image. In general, the interaction between
the object and the imaging device is an inherent feature
in nanoscale techniques, such as scanning near-field optical
microscopy (SNOM) [1,29]. Although the NIM superlenses
may be less than perfect, they evidently allow subwavelength
resolution [16,19]. However, despite rapid progress in meta-
materials [30–36], experimental NIM-lens realizations are
few [25]. It has been demonstrated that besides NIM lenses,
subwavelength imaging can be achieved also with metallic
nanoslabs exhibiting plasmon resonances [21–23].
In this work we consider the effect of electromagnetic

near-field interactions of an object dipole with a silver and
a slightly absorbing NIM slab on the superlens resolution. We
show that very close to the slab the interaction cancels the
dipole emission for both types of slabs. For the silver slab
the interaction is stronger and reaches farther away than for
the lossy NIM slab due to the worse impedance match. We
also find that in the near-field zone of the NIM slab, one can
identify a range of dipole-slab distances where the interaction
vanishes and a bright, subwavelength-size intensity spot is
formed on the opposite side of the slab. The thinner the slab and
the lower the losses, the closer to the slab the noninteracting
range falls. In general, our results show that a slightly lossy
NIM slab is well suited to noninteracting near-field imaging
with subwavelength resolution. In contrast, the silver superlens
structure can interact stronglywith the object, implying a lower
intensity image with possibly distorted information.
The paper is organized as follows. In Sec. II we describe the

dipole-slab structure and this is followed in Sec. III by a pre-
sentation of the theoretical methods used to analyze the dipole
radiation in the presence of the nanoslab. Section IV focuses
first on the physical results of the dipole-slab interaction, and
second on the properties of the intensity distribution produced
on the opposite side of the slab. The main conclusions of the
work are summarized in Sec. V. Much of the mathematical
details is deferred to four Appendices.
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II. DIPOLE-SLAB GEOMETRY

In this work we consider the effect of electromagnetic
near-field interactions between a dipolar emitter and a material
slab on the field of the dipole transmitted through the slab.
The geometry is illustrated in Fig. 1. The half-space z < 0 is
composed of a medium 1 having the relative permittivity and
relative permeability of εr,1 and μr,1, respectively. A transver-
sally infinite slab of thickness d and material parameters
εr,2 and μr,2 (medium 2) fills the region 0 < z < d, which
is followed by a half-space characterized by εr,3 and μr,3
(medium 3). The point emitter described by the dipole moment
q is placed in the “object plane” at a distance a from the
front face of the slab. The dipole is a polarizable object whose
emission properties depend on the surrounding (presence of the
slab), and it can represent, for instance, an atom or a molecule,
an aggregate of molecules, or a nanoparticle. The transmitted
field is considered in the “observation plane” located a distance
b away from the slab’s back surface.
The dipole is excited by a monochromatic, p-polarized

plane wave incident at an angle θ . Its spatial part at a point r is
denoted by Eex,i(r,ω), where ω is the angular frequency. The
reflected part of the incident wave is Eex,r(r,ω), whereas the
fields in the slab and behind it are Eex,s(r,ω) and Eex,t(r,ω),
respectively. Due to the excitation the dipole emits the field
Ed(r,ω). The dipole field scattered back from the slab, which is
responsible for the dipole-slab interaction, isEd,r(r,ω), and the
dipole fields in the slab and in the region z > d are Ed,s(r,ω)
and Ed,t(r,ω), respectively. The fields within the slab and exit-
ing from it (in both directions) are based on the exact boundary
conditions of electromagnetic fields. The time-dependent parts
e−iωt of all fields are suppressed. In the later sections we

FIG. 1. (Color online) Illustration of the dipole-slab geometry. A
slab of thickness d has the material parameters εr,2(ω), μr,2(ω) and
is surrounded by materials characterized by εr,1(ω), μr,1(ω) (z < 0)
and εr,3(ω), μr,3(ω) (z > d). A polarizable point dipole is located in
the “object plane” at a distance a in front of the slab. The dipole is
excited by a p-polarized plane waveEex,i with an angle of incidence θ .
The dipole field reflected from the slab Ed,r and the reflected exciting
field Eex,r affect the induced dipole moment q of the emitter. The
dipole field transmitted through the slab Ed,t is considered in the
“observation plane” at a distance b behind the slab. The vectors Ed,s
and Eex,s denote, respectively, the dipole field and the exciting field
inside the slab.

consider two different excitations: a normally incident plane
wave (θ = 0) with the electric field in the x direction, and a
perpendicular incidence (θ = π/2) with the electric field in the
z direction. The chosen situations result in the dipole moments
oriented in the x and z directions. Notice that in the latter case
Eex,r(r,ω) = Eex,s(r,ω) = Eex,t(r,ω) = 0.
Besides two incident waves, we consider two different sets

of materials in this work. The first is a silver (Ag) sheet sur-
rounded by dielectric media. The region z < 0 is filled with a
polymethylmethacrylate (PMMA),while the half-space z > d

consists of a photoresist (PR). Thewavelength of the excitation
is λ = 365 nm, corresponding to the I line of a mercury lamp.
At this wavelength εr,1 ≈ 2.3, εr,2 ≈ −2.4+ i0.2 [37], and
εr,3 ≈ 2.9, indicating a relatively good impedance match at the
interfaces, i.e., |εr,1(ω)| ≈ |εr,2(ω)| ≈ |εr,3(ω)|. Furthermore,
μr,i(ω) = 1, with i = 1,2,3, as the materials do not have a
magnetic response at optical frequencies. This case corre-
sponds to the silver superlens structures considered in some
recent experimental works [21,22]. The slab acts as a near-field
imaging element and its operation is based on the enhancement
of p-polarized high-spatial-frequency components emitted by
the object. Physically, the enhancement is due to the surface
plasmon resonances in the silver slab [20,38–40].
The second structure we study is a NIM slab surrounded

by vacuum [εr,1(ω) = μr,1(ω) = εr,3(ω) = μr,3(ω) = 1]. It is
known that if an object dipole is placed at the distance d/2 in
front of a NIM slab (of thickness d) with εr,2(ω) = μr,2(ω) =
−1 in free space, a perfect replica (image) of the object is
produced at the distance d/2 behind the slab [26]. In addition,
perfect impedance matching holds at the interfaces and no
reflection, and consequently no dipole-slab interaction, takes
place. Here we consider the NIM structure when the condition
of perfect imaging is not exactly satisfied due to a small
amount of absorption, leading to the fact that the slab has an
influence on the dipole. This situation corresponds to the slab
consisting of metamaterial with the effective material param-
eters εr,2(ω) = −1+ iε′′

r,2(ω) and μr,2(ω) = −1+ iμ′′
r,2(ω),

where ε′′
r,2(ω) and μ′′

r,2(ω) are small positive numbers [28].
Sincemetamaterials consist of resonant structures, thematerial
parameters may depend on the external electromagnetic field
[41,42]. However, we take the parameters of the NIM slab
to be field independent for two reasons. First, the field of a
single dipolar emitter (for instance, a molecule) is relatively
weak, and second, our aim is to keep the analysis similar to the
silver-lens case. In analogy to the silver slab, the imaging with
subwavelength resolution by a weakly absorbing NIM layer
follows from the enhancement of the high-spatial-frequency
components of the object radiation. However, the enhancement
occurs also for the s-polarized waves due to the magnetic
response of the NIM.

III. ANALYTICAL METHODS

A. Dipole field

The electric field at r = (x,y,z) generated by a point
dipole located at r0 = (x0,y0,z0) in a homogeneous, linear,
and isotropic medium is [1,19,43]

E(r,ω) = μrμ0ω
2

↔
G (r,r0,ω) · q, (1)
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whereμ0 is the vacuumpermeability,
↔
G (r,r0,ω) is the infinite-

space dyadic Green function, and q is the dipole moment. The
Green tensor can be written as [1,43]

↔
G (r,r0,ω) =

[ ↔
I + 1

k2
∇∇

]
G(r,r0,ω), (2)

where
↔
I is the unit dyad, k is the wave number, andG(r,r0,ω)

denotes the scalar free-space Green function, which is a
diverging spherical wave:

G(r,r0,ω) = eik|r−r0|

4π |r − r0| . (3)

Substituting the scalar Green function into Eq. (2), one finds
that [1]

↔
G (r,r0,ω) =

[(
1+ i

kR
− 1

k2R2

) ↔
I

+
(

− 1− 3i

kR
+ 3

k2R2

)
RR
R2

]
eikR

4πR
, (4)

where R = r − r0, and R = |R|. The dyadic Green function
in Eq. (4) can be represented by a symmetric 3× 3 matrix,
and according to Eq. (1), it fully defines the electric field
of an arbitrarily oriented electric dipole with three Cartesian
components q = (qx,qy,qz). Notice that the Green tensor has
three different terms identified by their R dependence. In the
far zone (R � λ) only the terms with R−1 are significant,
whereas the near zone (R � λ) is dominated by the terms
with R−3. In the intermediate range (R ≈ λ) the terms with
R−2 give the strongest contribution to the field. In addition, an
important point to notice is that the near field is not shaped as
the far field (radiation pattern) [19].
Another way to express the Green tensor is to employ

the Weyl representation [44] for the scalar spherical wave in
Eq. (2). With this approach, we end up with [3,19,45]

↔
G (r,r0,ω) = i

8π2

∫∫ ∞

−∞

1

kz

(ŝŝ + p̂±p̂±)

× ei[k‖·(r‖−r‖,0)±kz(z−z0)]dkxdky, (5)

where k‖ = (kx,ky), r‖ = (x,y), r‖,0 = (x0,y0), and kz =√
k2 − k2‖ . This form leads to the dipole field expressed as
a superposition of electromagnetic plane waves that propagate
in various directions specified by k± = (k‖, ± kz), and whose
s-polarized and p-polarized amplitudes are proportional to ŝ · q
and p̂± · q, respectively. The plus signs in k±, p̂±, and in
Eq. (5) denote the plane waves propagating into the half-space
z > z0, whereas the minus signs refer to the propagation into
the half-space z < z0. The unit vectors ŝ and p̂± occurring in
Eq. (5) specify the directions of the s-polarized and p-polarized
electric field components associated with the waves. The unit
vectors satisfy the relations ŝ = k̂‖ × ûz and p̂± = ŝ × k̂±,
where k̂‖ = k‖/

√
k2x + k2y , k̂± = k±/k, and ûz denotes the unit

vector in the z direction. The two vector triads (k̂+, ŝ, p̂+) and
(k̂−, ŝ, p̂−) are orthogonal and right-handed (but k̂±, and thus
also p̂±, are not normalized in the sense of complex-valued
vectors [46]).

B. Reflection and transmission of the dipole field by a slab

The propagation of the dipole field from the object plane
z = z0 < 0 to the observation plane z > d through the slab (see
Fig. 1), or back to the object plane via reflection from the slab,
can be analyzed by dealing with each plane-wave component
separately and employing the superposition principle. The
transfer of a single wave from the object plane to the front
surface of the slab corresponds to a factor e−ikz,1z0 , where kz,1

is the z component of the wave vector in medium 1. The trans-
mission and reflection of a single plane wave can be treated by
using the Fresnel coefficients at the slab interfaces, taking into
account themultiple reflections and related propagations inside
the slab, and summing all multiply reflected waves at the front
or rear interface [19]. The transfer of each plane wave from the
slab’s rear interface to the observation plane or from the front
face back to the object plane corresponds, respectively, to the
factors eikz,3(z−d) or e−ikz,1z0 , where kz,3 is the wave vector’s
z component in medium 3. Summing the multiply reflected
waves inside the slab leads to a geometric series for which
the condition of convergence is satisfied in the case of the
slowly decaying (propagating, low-spatial-frequency) waves
in absorbing negative-index and positive-index slab materials.
The convergence condition may fail with the fast-decaying
(evanescent, high-spatial-frequency) waves for both type of
materials, but the summing is conventionally justified in terms
of the analytic continuation [19,47,48].
The propagation of plane waves through the slab or the

reflection from the slab can be rigorously treated by using
the electromagnetic boundary conditions. This approach is
valid for both slowly decaying (propagating) and fast decaying
(evanescent) waves, as it is a direct consequence of Maxwell’s
equations, and it leads to exactly the same transmission
and reflection coefficients for the slab as the partial-wave
summation method, but no argument of analytic continuation
is required. The derivation of the transmission and reflection
coefficients, Ts,p and Rs,p, respectively, for both the s- and
p-polarized waves, is given in detail in Appendix A. The
expressions are

Ts,p = t
s,p
1,2t

s,p
2,3e

ikz,2de−ikz,3d

1− r
s,p
2,1r

s,p
2,3e

2ikz,2d
, (6)

Rs,p = r
s,p
1,2 + r

s,p
2,3t

s,p
1,2t

s,p
2,1e

2ikz,2d

1− r
s,p
2,1r

s,p
2,3e

2ikz,2d
, (7)

where t
s,p
i,j and r

s,p
i,j denote, respectively, the Fresnel transmis-

sion and reflection coefficients for a single interface separating
the media i and j , with i,j = (1,2,3). In addition, kz,2 =
k′
z,2 + ik′′

z,2 is the z component of the wave vector in the
lossy slab material, with k′

z,2 > 0, k′′
z,2 > 0 for conventional

media, and k′
z,2 < 0, k′′

z,2 > 0 in the case of negative-index
materials [19].
With these considerations, the dipole field reflected from

the slab and propagated back to a point r = (x,y,z) in z < 0
becomes

Ed,r(r,ω) = μr,1μ0ω
2

↔
Gr (r,r0,ω) · q, (8)
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where the dyadic Green function for the reflection,
↔
Gr

(r,r0,ω), has the form

↔
Gr (r,r0,ω) = i

8π2

∫∫ ∞

−∞

1

kz,1
ei[k‖·(r‖−r‖,0)−ikz,1(z+z0)]

× (Rsŝŝ + Rpp̂−,1p̂+,1)dkxdky. (9)

This expression can be simplified by transferring into the
polar coordinates and performing the angular integrations. The
detailed analysis is presented in Appendix B, and the result is

↔
Gr (r,r0,ω) = i

8π2

∫ ∞

0

k‖
kz,1

e−ikz,1(z+z0)(Rs
↔
S r +Rp

↔
Pr)dk‖,

(10)

where the elements of the dyads
↔
S r and

↔
Pr are given in Table I

in Appendix B.
The dyadic Green function for transmission and the dipole

field in z > d are analyzed similarly in Sec. III D.

C. Reflection Green tensor in the quasistatic limit

When the object dipole is located very close to the
slab (|z0| � λ), the highest spatial-frequency components
dominate the dipole-slab interaction and we can employ the
quasistatic approximation. This corresponds to writing the
reflectionGreen tensor for high k‖ values. In the limit k|| → ∞,
one finds that

kz,j = ik‖, for j = (1,2,3), (11)

Rs,p = r
s,p
1,2. (12)

The dyadic Green function for reflection, Eq. (10), can be
calculated analytically under the quasistatic approximation.
Employing Eqs. (11) and (12), we obtain

↔
Gr (r,r0,ω) = I1 + I2, (13)

where

I1 = 1

8π2

∫ ∞

0
ek‖(z+z0)rs1,2

↔
S r dk‖, (14)

I2 = 1

8π2

∫ ∞

0
ek‖(z+z0)r

p
1,2

↔
Pr,qs dk‖. (15)

The dyad
↔
S r related to the s polarization remains unaltered

in this approximation. The dyad
↔
Pr,qs for p polarization is the

quasistatic form of
↔
Pr, with the elements listed in Table II in

Appendix C.
Consider first the integral I2. With the help of the integrals

given in the Appendix C and after some algebraic manipula-
tion, we get

I2 = 1

4πk21R
5
m

(3RmRm − R2m
↔
I ) r

p
1,2

⎛
⎜⎝

−1 0 0

0 −1 0

0 0 1

⎞
⎟⎠ , (16)

where Rm = (x − x0)ûx + (y − y0)ûy + (z + z0)ûz and
Rm = |Rm|. Notice the R−3

m dependence in Eq. (16).

Evaluation of the integral I1 is a bit different. For conven-
tional materials μr = 1 at optical frequencies. As a result,
rs1,2 → 0 when k‖ increases, and I1 = 0 in the quasistatic
regime. In NIMs the magnetic permeability differs from unity
and rs1,2 approaches a finite value as k‖ grows. Although not
explicitly shown, one ends up with a R−1

m -dependent formula
for I1 in Eq. (14). Thus, also in the case of NIMs, the
contribution of I1 can be neglected and the reflection Green
tensor in the quasistatic limit is

↔
Gr,qs (r,r0,ω) = I2, (17)

where I2 is explicitly given by Eq. (16).

Comparing Eqs. (16) and (17) with Eq. (4), we see that
↔
Gr,qs

(r,r0,ω) closely resembles the near-field part (proportional to
R−3) of the infinite-spaceGreen tensor. In particular, according
to Eqs. (1), (4), (8), (16), and (17), the reflected electric field
in z < 0 created by a point dipole q = (qx,qy,qz) at r0 =
(x0,y0,z0) is the same as the electric field propagated directly
from the dipole with the moment q = r

p
1,2(−qx, − qy,qz) and

located at the point r0 = (x0,y0, − z0). Thus the reflection
by the slab in the quasistatic limit is the same as a direct
propagation from a mirror dipole [49], for both ordinary
materials and metamaterials.

D. Point-dipole field in the observation plane

The dipole moment of a polarizable point dipole is
determined by the total electric field at the dipole site through
a relation

q =↔
α ·Etot(r0,ω), (18)

where
↔
α is the polarizability. We assume that the polarizability

is isotropic, i.e.,

↔
α= α0

↔
I , (19)

where α0 is a scalar coefficient. The total electric field at the
position of the dipole in the geometry of Fig. 1 consists of the
exciting field E(r,ω)ex,i, the part of this field that is reflected
from the slab E(r,ω)ex,r, and the dipole field reflected from the
slab Ed,r(r,ω). Hence

Etot(r0,ω) = Eex,i(r0,ω)+ Eex,r(r0,ω)+ Ed,r(r0,ω). (20)

With the help of Eqs. (8) and (18)–(20) we can write a self-
consistent relation for the dipole moment,

q = α0[Eex,i(r0,ω)+ Eex,r(r0,ω)

+μr,1μ0ω
2

↔
Gr (r0,r0,ω) · q], (21)

which implies that

q = α0[
↔
I −α0μr,1μ0ω

2
↔
Gr (r0,r0,ω)]−1 · Eex(r0,ω), (22)

where

Eex(r0,ω) = Eex,i(r0,ω)+ Eex,r(r0,ω). (23)
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With this q, the dipole field at the observation region in the
half-space z > d is

Ed,t(r,ω) = μrμ0ω
2

↔
Gt (r,r0,ω) · q, (24)

where
↔
Gt (r,r0,ω) is the Green tensor for the transmission

through the slab, employed in [19] and explicitly given by

↔
Gt (r,r0,ω) = i

8π2

∫∫ ∞

−∞

1

kz,1
ei[k‖·(r‖−r‖,0)]e−ikz,1z0eikz,3z

× (Tsŝŝ + Tpp̂+,3p̂+,1)dkxdky. (25)

Using polar coordinates this takes on the simpler form [19,20]

↔
Gt (r,r0,ω) = i

8π2

∫ ∞

0

k‖
kz,1

e−ikz,1z0eikz,3z(Ts
↔
S t +Tp

↔
P t)dk‖.

(26)

The expressions of
↔
S t and

↔
P t for a lossy NIM slab in vacuum

are presented in [19]. For a metal (or NIM) slab surrounded by

two dielectric media the elements of
↔
S t remain unchanged,

while the expressions of
↔
P t have slightly different forms.

All elements of
↔
S t and

↔
P t for a metal or metamaterial

layer sandwiched by dielectrics are given in Table III in
Appendix D.
In our calculations we take the exciting field E(r,ω)ex,i to

be normally or perpendicularly incident and p-polarized with
unit amplitude. Explicitly, for normal incidence E(r,ω)ex,i =
E0eikz,1z, where E0 = (1,0,0), and for orthogonal incidence
E(r,ω)ex,i = E0eikx,1x , whereE0 = (0,0,1) and kx,1 is the wave
vector of a plane wave propagating in the +x direction in
medium 1. For the former case, the reflected exciting field at
the dipole site can be written as E(r0,ω)ex,r = −RpE0e−ikz,1z0 ,
where the minus sign originates from the choice of the unit
vectors of the polarization components. For the perpendicular
incidence E(r0,ω)ex,r = 0. In addition to the dipole field, a
part of the exciting field is also transmitted through the slab
if the dipole is irradiated by a normally incident plane wave.
Consequently, in this case the total field in the image plane is

Eim(r,ω) = Ed,t(r,ω)+ TpE0eikz,3z, (27)

whereas for the orthogonal incidence the latter term is absent.
If the slab is NIM and the parameters correspond

to the perfect lens [26], i.e., εr,1 = μr,1 = εr,3 = μr,3 = 1,
εr,2,μr,2 → −1, z0 = −d/2, and z = 3d/2, then Rs,p →
0 and Ts,p → e−i2kz,1d . Substituting these values into
Eq. (25) and comparing the result with Eq. (5), one finds

that
↔
Gt [(r‖,3d/2),(r‖,0, − d/2),ω] =↔

G [(r‖, − d/2),(r‖,0, −
d/2),ω]. Therefore the dipole field in the observation plane
is exactly the same as the dipole field in the object plane, as
expected under the conditions of perfect imaging.

E. Effect of the slab on polarizability

Comparing Eqs. (18) and (22), we may define a new
polarizability that includes the effect of the slab as

↔
α s= α0[

↔
I −α0μr,1μ0ω

2
↔
Gr (r0,r0,ω)]−1. (28)

Inserting Eqs. (16) and (17) into Eq. (28), the polarizability in
the quasistatic limit takes on the form

↔
α s= α0ξ

⎛
⎜⎝

1
ξ+1 0 0

0 1
ξ+1 0

0 0 1
ξ+2

⎞
⎟⎠ , (29)

where ξ = 32πz30/α0c
2μ0r

p
1,2 and α0 is the scalar polarizabil-

ity. Since z0 is in the nanometer scale in the quasistatic regime,
Eq. (29) can be well approximated as

↔
α s= 32πz30

c2μ0r
p
1,2

⎛
⎜⎝
1 0 0

0 1 0

0 0 1
2

⎞
⎟⎠ . (30)

This expression shows that the polarizability decreases as z30
when the dipole approaches the slab. Therefore if the dipole is
placed very close to the metal or lossy NIM layer, the dipole-
slab interaction is strong, eventually preventing the dipole from
radiating.

IV. RESULTS

A. Dipole-slab interaction

We investigate the dipole-slab interaction by considering
the behavior of the dipole moment of a polarizable object
dipole as a function of the distance from the slab. The dipole
is located at r0 = (0,0,z0) in front of the slab (z0 < 0), and we
employ Eq. (22), with the exact form of the reflection Green
tensor, Eq. (10), to calculate the dipole moment. Figure 2
illustrates the magnitude of the dipole-moment components of
the object dipole at the distances |z0| = [1 nm,2000 nm] in the
case of the silver slab. The wavelength of light is λ = 365 nm,
while the thickness of the slab is 35 nm and it is surrounded
by PMMA and PR, as discussed in Sec. II. The blue solid
line represents the magnitude of qx for the normally incident
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FIG. 2. (Color online) Magnitudes of the dipole-moment com-
ponents as a function of the dipole-slab distance z0 for the structure
of a silver slab surrounded by PMMA and PR. The blue solid line
represents |qx | for normally incident excitation, and the red dashed
line shows |qz| for the perpendicular incidence. The inset gives
the behavior of |qx | and |qz| close to the slab in the range |z0| =
[1 nm,140 nm]. The parameters are λ = 365 nm, d = 35 nm, εr,1 =
2.3, εr,2 = −2.4+ i0.2, εr,3 = 2.9, μr,1 = μr,2 = μr,3 = 1, and α0 =
1× 10−30 C m2/V characteristic of a molecule.
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TIMO HAKKARAINEN, TERO SETÄLÄ, AND ARI T. FRIBERG PHYSICAL REVIEW A 84, 033849 (2011)

exciting field (|qy | = |qz| = 0), whereas the red dashed line
is |qz| for the perpendicular incidence (|qx | = |qy | = 0). The
inset shows an expanded view of the behavior of the dipole
moment components in the range of |z0| = [1 nm,140 nm].
It is seen from Fig. 2 that the magnitude of the dipole

moment decreases and eventually vanishes when the dipole
approaches the slab. Therefore if the object is placed in the
close proximity of the slab (|z0| < 40 nm), the dipole-slab
interaction prevents the dipole from radiating, as already
predicted in Sec. III E. For larger dipole-slab distances, the
dipole moment shows an oscillating behavior as a function
of z0. These observations hold for both the x- and z-oriented
dipoles, although for |qz| the oscillation is not so visible in
the figure. In the case of |qx | the features are due to two
reasons. First, the interference of the incident and reflected
exciting field produces essentially a standing wave with a node
at the PMMA-slab interface. This weakens the exciting field
close to the boundary and leads to periodic dipole-moment
oscillations farther away from the surface, corresponding
to the positions of the nodes and antinodes. Second, the
backscattered dipole field, responsible for the dipole-slab
interaction, has an influence on |qx |. In particular, as evidenced
by Eq. (30), the polarizability decreases as z0 approaches
the slab. Physically this follows from the fact that for small
z0 the reflected dipole near field cancels the dipole moment
induced by the exciting field. For longer distances, the reflected
dipole field contributes to the oscillation of |qx | inducing,
e.g., configurational resonances that show up as the strong
peaks at around |z0| = 1000 nm [49]. In the case of |qz|,
no standing exciting wave is produced since E(r0,ω)ex,r =
0 for the perpendicular incidence. In addition, the dipole
does not radiate a far field along its axis and, therefore,
sufficiently far from the slab (z0 � 1000 nm) no dipole-slab
interaction takes place and |qz| settles to the constant value
of α0 V/m. However, the nonradiating near field is strong
around the ends of the dipole. The vanishing |qz| for small
z0 and its oscillations at distances 200 nm � |z0| � 1000 nm
follow from the reflection of the near and intermediate
field.
Consider next the interaction between a dipole and a

slightly lossyNIM slab in vacuum environment (recall Sec. II).
In this case we choose the wavelength λ = 633 nm and
the slab thickness d = 35 nm. We consider two different
absorptions ofNIM, corresponding to εr,2 = μr,2 = −1+ i0.1
and εr,2 = μr,2 = −1+ i0.001. Figure 3 depicts the values of
|qx | and |qz| for the normally and perpendicularly incident
excitation fields and for the two absorptions as a function
of z0 within the range |z0| = [1 nm,400 nm]. In the inset
|qx | and |qz| are shown in the range |z0| = [1 nm,140 nm].
The blue solid and black dashed-dotted lines represent the
magnitude of qx for the normally incident excitation (|qy | =
|qz| = 0), when the imaginary parts of the material parameters
are ε′′

r,2 = μ′′
r,2 = 0.1 and ε′′

r,2 = μ′′
r,2 = 0.001, respectively.

The red dashed and green dotted lines show the magni-
tudes of qz for the orthogonal-incidence excitation (|qx | =
|qy | = 0), when ε′′

r,2 = μ′′
r,2 = 0.1 and ε′′

r,2 = μ′′
r,2 = 0.001,

respectively.
Figure 3 shows that also in the case of a NIM slab, |qx |

and |qz| vanish and the dipole is unable to radiate if it is
placed in the immediate vicinity of the slab. When the dipole
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FIG. 3. (Color online) Magnitudes of the dipole-moment compo-
nents as a function of the dipole-slab distance for an absorbing NIM
layer in vacuum environment. The blue solid and black dashed-dotted
lines represent |qx |, when ε ′′

r,2 = μ′′
r,2 = 0.1 and ε ′′

r,2 = μ′′
r,2 = 0.001,

respectively, for a normally incident exciting wave. The red-dashed
and green-dotted lines give |qz| for ε ′′

r,2 = μ′′
r,2 = 0.1 and ε ′′

r,2 = μ′′
r,2 =

0.001, respectively, in the case of the perpendicular incidence. The
inset shows the behavior of |qx | and |qz| close to the slab in the range
|z0| = [1 nm,140 nm]. The parameters are λ = 633 nm, d = 35 nm,
εr,1 = μr,1 = εr,3 = μr,3 = 1, εr,2 = −1+ iε ′′

r,2, μr,2 = −1+ iμ′′
r,2,

and α0 = 1× 10−30 C m2/V.

object is moved farther away from the slab, |qx | and |qy |
quickly approach the constant value ofα0V/m.The explanation
for this is the good impedance matching at the interfaces
leading to weak reflection from the slab. Consequently, only
close to the slab is the dipole-slab interaction significant.
In addition, the higher the losses the farther the interaction
reaches. Although not explicitly shown, similar behavior is
found when the slab thickness is increased. Notice that no
standing wave and the related dipole-moment oscillations are
created for the normally incident excitation due to the good
impedance match.
It is known that when the NIM slab in vacuum is

nonabsorbing (εr,2 = μr,2 = −1), it acts as a perfect lens. In
particular, due to the ideal impedance matching, such a layer
is also a noninteracting near-field imaging element which does
not distort the object. The above results for a slightly absorbing
NIMslab demonstrate that, despite the interaction at very small
object-slab distances, an absorbing NIM slab could be used as
a noninteracting near-field lens if the object-slab distance is
larger than a few tens of nanometers. For a silver slab such an
operation is not possible due to the worse impedance match
and subsequent stronger reflection.

B. Field in the observation plane

Nextwe consider the influence of the dipole-slab interaction
on the field in the observation plane on the opposite side of the
slab (see Fig. 1). For characterizing the intensity distribution
we calculate its width (FWHM value of |Eim(r,ω)|2) and
brightness (peak value of |Eim(r,ω)|2) as a function of the
dipole-slab distance. Both the silver-slab and the NIM-slab
structures are considered. If the condition of perfect imaging
holds for the NIM slab, an exact replica of the point-dipole
field is created in a certain plane in the half-space z > d,
as pointed out in Sec. III D. In this situation the high-spatial-
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FIG. 4. (Color online) Brightness (blue) and width (red) of the
intensity distribution in the observation plane (b = 2 nm) for the
PMMA-silver-PR structure (εr,1 = 2.3, εr,2 = −2.4+ i0.2, εr,3 =
2.9, and μr,1 = μr,2 = μr,3 = 1) as a function of the dipole-slab
distance z0. The dipole is oriented along (a) the x axis (normally
incident excitation) and (b) the z axis (perpendicularly incident
excitation). The solid and dashed lines are for the slab thickness
of d = 35 nm and d = 45 nm, respectively. The wavelength of the
light is λ = 365 nm.

frequency (evanescent)wave components are enhanced and the
propagation-induced phase changes of low-spatial-frequency
(propagating) waves are compensated in passage through the
slab from the object plane to the observation plane. In the cases
of the silver slab and the absorbing NIM slab, the evanescent
wave modes are enhanced only within a finite range of spatial
frequencies, and exact phase compensation does not take
place for the propagating modes [19,20]. Thus, the intensity
distribution of a point source in the observation plane is a finite
spot in the cases of the silver and lossyNIMslabs.However, the
spot is of subwavelength size with narrower width compared
to the near-field distribution of the point dipole at the front
surface of the slab.
Figure 4 illustrates the brightness (blue) and the width

(red) of the intensity distribution in the observation plane as a
function of the dipole-slab distance in the case of the PMMA-
silver-PR structure presented in Sec. II. The observation plane
is taken to be immediately behind the slab (as in experiments
[21,22]) at b = 2 nm in order to ensure a strong contribution
of the enhanced evanescent waves. In Fig. 4(a) the brightness
and width are shown for the normally incident excitation
(x-oriented dipole), whereas Fig. 4(b) depicts the same but for
the perpendicular incidence (z-oriented dipole). The quantities

are calculated for two slab thicknesses: d = 35 nm (solid
lines) and d = 45 nm (dashed lines) in both figures. The
wavelength of the light is λ = 365 nm, and we use the bulk
values of the material parameters, although for very small
slab thicknesses the parameters may be slightly different. We
consider the dipole-slab distances of 20 nm < |z0| < 140 nm,
because if the dipole is too far from the slab, the far-field
components of the dipole field start to dominate and no
subwavelength-size intensity distribution is created in the
observation plane. On the other hand, if the dipole is too
close to the slab, the dipole moment is damped due to the
dipole-slab interaction (recall Sec. IVA), leading to a weaker
image brightness. Consequently, the field of the dipole is no
longer distinguishable.
For a z-oriented dipole the intensity distribution in the

observation plane is circularly symmetric, whereas for an
x-oriented (and a y-oriented) dipole it contains a dent in
the middle and is elongated in the direction of the dipole
axis [19,20]. When comparing Figs. 4(a) and 4(b) we observe
that due to the elongation, the intensity distribution for the
x-oriented dipole is wider than for the z-oriented dipole.
For normal incidence |qx | becomes exceedingly small around
|z0| ≈ 90 nm (see inset in Fig. 2), leading to the result
that the dipole field effectively vanishes. Hence the image
width in the observation plane grows strongly, as indicated in
Fig. 4(a), since the field consists primarily of the transmitted
exciting wave. We also see that for the thicker slab, the
brightness is lower due to stronger absorption, and the intensity
distribution is wider since the enhancement of the p-polarized
high-spatial-frequency components is weaker for the thicker
slab [20].
In the case of silver slab, the dipole-slab interaction has

a considerable influence on the properties of the intensity
in the observation region. We assessed the image brightness
when the dipole-slab interaction is excluded and found that
it grows exponentially when |z0| decreases. For example, in
the case of a normally incident excitation and 35-nm-thick
silver slab, the brightnesses for the dipole-slab separations
40 nm < |z0| < 50 nm are about 103 times higher without
the interaction than with it. On the other hand, the width
of the image intensity was found to be approximately the
same with and without the dipole-slab interaction. The slab
attenuates the dipolar emission (see the inset of Fig. 2) and
therefore decreases the brightness in the observation plane,
but the shape of the distribution remains much the same.
According to Fig. 4, the width of the distribution is of
subwavelength size, especially so for the z-oriented dipole,
but grows when |z0| increases. We also see that a relatively
thin silver slab is preferable over a thick one. We conclude
that a silver layer can be used as a near-field element to
image a three-dimensional dipole field with subwavelength
resolution, provided the conditions (as regard to dipole-slab
distance, slab thickness, and dipole orientation) are properly
chosen. In fact, a few years ago the resolutions of λ/6 [21] and
λ/7 [22] were experimentally obtained in planar structures of
the samematerials andwavelength by using the object distance
a = 40 nm and slab thickness d = 35 nm.
Figure 5 shows the brightness and the width of the intensity

distributions in the observation plane (b = d/2) as a function
of the dipole-slab distance for the NIM-slab structure (recall
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FIG. 5. (Color online) Brightness (blue) and width (red) of the
intensity distribution in the observation plane (b = d/2) for the
NIM slab in vacuum (εr,1 = μr,1 = εr,3 = μr,3 = 1 and εr,2 = μr,2 =
−1+ i0.01) as a function of the dipole-slab distance z0. The dipole
is oriented along (a) the x axis (normally incident excitation) and
(b) the z axis (perpendicularly incident excitation). The solid and
dashed lines are for the slab thickness of d = 35 nm and d = 45 nm,
respectively. The wavelength of the light is λ = 633 nm.

Sec. II). In Fig. 5(a) the quantities are for a normally incident
excitation,whereas Fig. 5(b) refers to the orthogonal incidence.
In both figures the brightness and the width are for two slab
thicknesses, d = 35 nm (solid lines) and d = 45 nm (dashed
lines). The wavelength of the light is λ = 633 nm, and the
location of the observation plane corresponds to the position
of the image plane in the case of the perfect lens.
We see from Fig. 5 that the excitation direction has a strong

impact on the width of the intensity profile in the observation
plane. The elongation of the near-field intensity distribution
in the direction of the dipole axis makes the width larger for
the x-oriented dipole than for the z-oriented dipole. We also
observe that the brightness is higher and the width narrower
for the thinner NIM slab. Again, this results from the fact that
the enhancement of the high-spatial-frequency components is
stronger for a thinner slab, implying higher slab transmission
[19]. Furthermore, we see that the intensity profile exhibits a
clear peak-shaped behavior, which is explained physically as
follows.When the dipolemoves away from the slab, the dipole-
slab interaction decreases and eventually vanishes (see Fig. 3),

increasing the brightness. However, when |z0| increases the
evanescent contribution in the observation plane decreases,
leading to decreased brightness. This latter fact also explains
why the width increases as |z0| increases. Figure 5 further
indicates that the thinner the slab, the closer to the NIM layer
the peak falls, due to a shorter-range interaction for the thinner
slab, as discussed in connection with Fig. 3.
Comparing Figs. 4 and 5, we see that the width of the

intensity distribution in the image plane is narrower and the
related brightness significantly (about 103 times) larger for the
NIM slab than for the silver-slab structure. This observation
has a twofold explanation. First, the impedance matching
is better for the NIM slab, implying weaker dipole-slab
interaction (compare the insets in Figs. 2 and 3). Second, the
lower losses in the NIM slab lead to a stronger enhancement
of high-spatial-frequency waves, i.e., higher transmission
through the slab [19,20]. In addition, in the case of the
NIM layer, both the p-polarized and s-polarized near-field
components are enhanced, whereas the silver slab amplifies
by surface plasmons the p-polarized waves only.
Consider next the effects of losses in theNIMslab on the im-

age of the dipole. The brightness andwidth of the intensity pro-
file for the normally and perpendicularly incident excitations
are shown in Figs. 6(a) and (b), respectively. The solid lines
are for εr,2 = μr,2 = −1+ i0.01, and the dashed lines refer to
εr,2 = μr,2 = −1+ i0.001. The thickness of the slab is 35 nm,
thewavelength of the light is 633 nm, and the observation plane
is at b = d/2. The insets show the brightness for εr,2 = μr,2 =
−1+ i0.001 with (blue dashed lines) and without (black
dashed-dotted lines) the dipole-slab interaction.
Figure 6 indicates that the brightness increases and the

width decreases when the losses decrease, as expected accord-
ing to the discussions above. We also see that the peak of
the intensity distribution moves toward smaller |z0| when the
losses decrease. This originates from the fact that for smaller
losses the dipole-slab interaction decreases more rapidly with
an increasing distance from the slab, as shown in Fig. 3. The
insets in Fig. 6 show that the image brightnesses with and
without the dipole-slab interaction approach each other when
|z0| increases and become equal at |z0| � 50 nm. Furthermore,
the interaction does not affect the width of the intensity
distribution. From these two observations it follows that if the
NIM slab is used as a near-field imaging element, sufficiently
far from the slab but in the near-field region, the slab produces
a subwavelength-resolution image of the object which has not
been distorted by the object-slab interaction.

V. CONCLUSIONS

We investigated the near-field interactions of a polarizable
point dipole with a silver and a slightly absorbing negative-
index metamaterial (NIM) nanoslab. The first geometry cor-
responds to one recently studied experimentally, while the
second one is the perfect-lens structure but with small losses.
The specific aim was to find out whether or not the silver or
the absorbing NIM slab can be used as a near-field detection
device that does not interact with the object. This question is
essential for the near-field imaging applications.
By making use of the electromagnetic boundary conditions

at the interfaces we derived the reflection and transmissions
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FIG. 6. (Color online) Brightness (blue) and width (red) of the
intensity distribution in the observation plane (b = d/2) for a NIM
slab in vacuum as a function of the dipole-slab distance z0. The
dipole is oriented along (a) the x axis (normally incident excitation)
and (b) the z axis (perpendicularly incident excitation). The solid and
dashed lines are for εr,2 = μr,2 = −1+ i0.01 and εr,2 = μr,2 = −1+
i0.001, respectively. The thickness of the NIM slab is 35 nm and the
wavelength of the light is λ = 633 nm. The insets show the brightness
for εr,2 = μr,2 = −1+ i0.001, when the dipole-slab interaction is
included (blue dashed lines) and excluded (black dashed-dotted lines).

coefficients of the silver and the NIM slab for propagating
and evanescent plane waves and showed that the results
are identical with those obtained by the usual partial wave
summation. We developed the Green tensor for reflection and
demonstrated that in the quasistatic limit the reflected dipole
field corresponds to a field radiated by a mirror dipole. The
dipole field reflected back from the slab interacts with the point
emitter, resulting in an efficient polarizability that reduces to
zero when the dipole approaches the silver or the absorbing
NIM layer. With this formalism we analyzed the influence of
the interactions and losses on the brightness and the width
of the intensity distribution in the observation plane on the
opposite side of the slab.
We found that too close to the silver or the NIM slab, the

object-slab interaction significantly prevents the dipole emis-
sion, leading to the diminished brightness in the observation
plane. The interaction is stronger and reaches fartherwith sharp
resonance peaks and oscillations in the case of the silver layer
than for the NIM slab. This results from the worse impedance

matching for the silver-slab geometry. We demonstrated that
for the slightly absorbing NIM slab one can find a range of
the object-slab distances where the interaction vanishes and
a bright, subwavelength-size intensity distribution (spot) is
created in the observation plane. This demonstrates that a NIM
slab can, in principle, be used as a subwavelength-resolution
near-field imaging device that does not disturb the image. Our
results also show that a metal slab is not as well suited for
near-field imaging due to its strong interaction with the object,
but acceptable conditions can be found by a proper choice of
the parameters.
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APPENDIX A: DERIVATION OF THE TRANSMISSION AND
REFLECTION COEFFICIENTS FOR A SLAB STRUCTURE

USING THE ELECTROMAGNETIC BOUNDARY
CONDITIONS

We consider a three-layer structure whose interfaces are
located at z = 0 and z = d (see Fig. 7). The media in z < 0
and z > d are dielectrics (or vacuum), and we first take the
slab in 0 < z < d to be normal absorptive material such as a
metal. The electric fields within each region are expressed in
terms of electromagnetic plane waves. The waves traveling in
the different directions in the layers are written as

E+,1(r,ω) = (
Es

+,1ŝ + E
p
+,1p̂+,1

)
eik+,1·r, (A1)

E−,1(r,ω) = (
Es

−,1ŝ + E
p
−,1p̂−,1

)
eik−,1·r, (A2)

E+,2(r,ω) = (
Es

+,2ŝ + E
p
+,2p̂+,2

)
eik+,2·r, (A3)

E−,2(r,ω) = (
Es
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)
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FIG. 7. (Color online) Illustration of a three-layer structure and
the waves propagating in each medium. The material interfaces are
located at z = 0 and z = d . Medium 2 consists of metal or negative-
index metamaterial.
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In these expressions ŝ = k̂‖ × ûz and p̂±,i = ŝ × k̂±,i for
i = (1,2,3), where k̂‖ = k‖/k‖ with k‖ = |k‖|, k̂±,i = k±,i/ki

with k±,i = (k‖, ± kz,i), and ûz denotes the unit vector in the
z direction. Further, ki = ω

√
εr,iμr,i/c is the wave number in

region i (c is the speed of light in vacuum). Thus E+,1 and
E−,1 are the incoming and reflected wave in the first medium
traveling (or decaying) in the positive and negative z direction,
respectively. Similarly, two waves, E+,2 and E−,2, exist in the
second medium propagating (or decaying due to evanescence
or absorption) in the opposite directions. In the third medium
there is only one wave E+,3 moving away (or decaying) from
the second boundary. Each plane wave in Eqs. (A1)–(A5)
is specified by the real vector k‖ = (kx,ky) in the angular
spectrum (Weyl) expansion.
The transversal components of the wave vectors, k|| =

(kx,ky), are conserved across the interfaces. The transmission
and reflection coefficients of the slab for the s polarization and
the p polarization are, respectively, defined as

Ts,p = E
s,p
+,3

E
s,p
+,1

, (A6)

Rs,p = E
s,p
−,1

E
s,p
+,1

. (A7)

The coefficients Ts,p and Rs,p can be solved by using the
relation between the electric and the magnetic field of a plane
wave

H(r,ω) = 1

ωμ0μr
[k × E(r,ω)], (A8)

which is valid in each medium, and the electromagnetic
boundary conditions at the interfaces between media i and
j , given by

n̂ × Ei(r,ω) = n̂ × Ej (r,ω), (A9)

n̂ × Hi(r,ω) = n̂ × Hj (r,ω), (A10)

where n̂ is the unit vector normal to the boundary (n̂ = ûz).
Consider first the s polarization. At the boundary z = 0 we

obtain

Es
+,1 + Es

−,1 = Es
+,2 + Es

−,2, (A11)

kz,1

μr,1

(
Es

+,1 − Es
−,1

) = kz,2

μr,2

(
Es

+,2 − Es
−,2

)
. (A12)

Similarly, at z = d we have

Es
+,2e

ikz,2d + Es
−,2e

−ikz,2d = Es
+,3e

ikz,3d , (A13)

kz,2

μr,2

(
Es

+,2e
ikz,2d − Es

−,2e
−ikz,2d

) = kz,3

μr,3
Es

+,3e
ikz,3d . (A14)

These four relations contain five unknown amplitudes, and
thus we can solve for the ratios Es

+,3/E
s
+,1 and Es

−,1/E
s
+,1 in

Eqs. (A6) and (A7). In this way we find

Ts = t s1,2t
s
2,3e

ikz,2de−ikz,3d

1− rs2,1r
s
2,3e

2ikz,2d
, (A15)

Rs = rs1,2 + rs2,3t
s
1,2t

s
2,1e

2ikz,2d

1− rs2,1r
s
2,3e

2ikz,2d
. (A16)

For the p polarization we obtain in the same way
kz,1

k1

(
E
p
+,1 − E

p
−,1

) = kz,2

k2

(
E
p
+,2 − E

p
−,2

)
, (A17)

k1

μr,1

(
E
p
+,1 + E

p
−,1

) = k2

μr,2

(
E
p
+,2 + E

p
−,2

)
, (A18)

kz,2

k2

(
E
p
+,2e

ikz,2d − E
p
−,2e

−ikz,2d
) = kz,3

k3
E
p
+,3e

ikz,3d , (A19)

k2

μr,2

(
E
p
+,2e

ikz,2d + E
p
−,2e

−ikz,2d
) = k3

μr,3
E
p
+,3e

ikz,3d . (A20)

Solving for the ratios E
p
+,3/E

p
+,1 and E

p
−,1/E

p
+,1 from these

equations, we have

Tp = t
p
1,2t

p
2,3e

ikz,2de−ikz,3d

1− r
p
2,1r

p
2,3e

2ikz,2d
, (A21)

Rp = r
p
1,2 + r

p
2,3t

p
1,2t

p
2,1e

2ikz,2d

1− r
p
2,1r

p
2,3e

2ikz,2d
. (A22)

The terms t
s,p
i,j and r

s,p
i,j in Eqs. (A15), (A16), (A21), and (A22)

are the Fresnel transmission and reflection coefficients for the
interface betweenmedia i and j , given explicitly byEqs. (2.49)
and (2.50) of [1]. We emphasize that the transmission and
reflection coefficientsTs,p andRs,p are valid for all (propagating
and evanescent) incident waves for both lossless and absorbing
media.
If the medium in 0 < z < d is a lossless or absorptive

negative-index material (NIM) for which the real parts of
εr,2 and μr,2 are negative, Eqs. (A1)–(A5) remain valid with
the change kz,2 → −k∗

z,2. This accounts for the reversal of
phase propagation (as in a left-handed system) but retains
the absorption in the direction of wave (energy) propagation.
The transmission and reflection coefficients Ts,p and Rs,p
are calculated in a similar manner as for the metal slab.
The results are the same as in Eqs. (A15), (A16), (A21),
and (A22), with the understanding that kz,2 is replaced
by −k∗

z,2 in the expressions of Ts,p and Rs,p as well as
in the Fresnel transmission and reflection coefficients t

s,p
i,j

and r
s,p
i,j .

APPENDIX B: INTEGRATION IN EQ. (9) IN POLAR
COORDINATES

Using the definitions of the vectors ŝ and p̂±,1 given in
Sec. III A, and expressing k‖ in polar coordinates as k‖ =
(k‖ cosφ,k‖ sinφ), we find that

ŝŝ =

⎛
⎜⎝
sin2 φ − sinφ cosφ 0

− sinφ cosφ cos2 φ 0

0 0 0

⎞
⎟⎠ , (B1)

and

p̂−,1p̂+,1

= 1

k21

⎛
⎜⎝

−k2z,1 cos
2 φ −k2z,1 sinφ cosφ k‖kz,1 cosφ

−k2z,1 sinφ cosφ −k2z,1 sin
2 φ k‖kz,1 sinφ

−k‖kz,1 cosφ −k‖kz,1 sinφ k2‖

⎞
⎟⎠ .

(B2)
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Next we write the dot product in the exponent of Eq. (9) in
terms of φ and k‖ as

k‖ · (r‖ − r‖,0) = k‖|r‖ − r‖,0| cos(φ − ϕ), (B3)

where ϕ is the angle that the vector r‖ − r‖,0 makes with the
positive x axis. With the substitution dkxdky → k‖dk‖dφ, we
can write Eq. (9) in the form

↔
Gr (r,r0,ω) = i

8π2

∫ ∞

0

∫ 2π

0

k‖
kz,1

(Rsŝŝ + Rpp̂−,1p̂+,1)

× ei[k‖|r‖−r‖,0| cos(φ−ϕ)−ikz,1(z+z0)]dk‖dφ. (B4)

The integration over the angular variable φ in Eq. (B4) can be
performed analytically by employing the following formulas:

∫ 2π

0
eik‖β cos(φ−ϕ)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

cosφ

sinφ

cosφ sinφ

cos2 φ

sin2 φ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

dφ

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2πJ0(k‖β)
2πiJ1(k‖β) cosϕ
2πiJ1(k‖β) sinϕ

−πJ2(k‖β) sin 2ϕ
πJ0(k‖β)− πJ2(k‖β) cos 2ϕ
πJ0(k‖β)+ πJ2(k‖β) cos 2ϕ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (B5)

where k‖ and β are required to be purely real. In
Eq. (B4), |r‖ − r‖,0| = β. The reflection Green tensor then
becomes

↔
Gr (r,r0,ω) = i

8π2

∫ ∞

0

k‖
kz,1

e−ikz,1(z+z0)(Rs
↔
S r +Rp

↔
Pr)dk‖,

(B6)

where the dyads
↔
S r and

↔
Pr are as listed in Table I.

TABLE I. Elements of the dyads
↔
S r and

↔
Pr. The elements Sr,13,

Sr,23, Sr,31, Sr,32, and Sr,33 are zero, Ji(x) (i = 0,1,2) is the ith-order
Bessel function of the first kind, and ϕ is the angle between r‖ − r‖,0
and the positive x axis in the transverse plane.

Sr,11 π [J0(k‖|r‖ − r‖,0|)+ J2(k‖|r‖ − r‖,0|) cos(2ϕ)]
Sr,12 = Sr,21 πJ2(k‖|r‖ − r‖,0|) sin(2ϕ)
Sr,22 π [J0(k‖|r‖ − r‖,0|)− J2(k‖|r‖ − r‖,0|) cos(2ϕ)]
Pr,11 π

k2
z,1

k21
[J2(k‖|r‖ − r‖,0|) cos(2ϕ)− J0(k‖|r‖ − r‖,0|)]

Pr,12 = Pr,21 π
k2
z,1

k21
J2(k‖|r‖ − r‖,0|) sin(2ϕ)

Pr,13 = −Pr,31 2πi
k‖kz,1

k21
J1(k‖|r‖ − r‖,0|) cosϕ

Pr,22 −π
k2
z,1

k21
[J0(k‖|r‖ − r‖,0|)+ J2(k‖|r‖ − r‖,0|) cos(2ϕ)]

Pr,23 = −Pr,32 2πi
k‖kz,1

k21
J1(k‖|r‖ − r‖,0|) sinϕ

Pr,33 2π
k2‖
k21

J0(k‖|r‖ − r‖,0|)

TABLE II. Elements of the dyad
↔
Pr,qs. The notations are the same

as in Table I.

Pr,qs,11 π
k2‖
k21
[J0(k‖|r‖ − r‖,0|)− J2(k‖|r‖ − r‖,0|) cos(2ϕ)]

Pr,qs,12 = Pr,qs,21 −π
k2‖
k21

J2(k‖|r‖ − r‖,0|) sin(2ϕ)
Pr,qs,13 = −Pr,qs,31 −2π k2‖

k21
J1(k‖|r‖ − r‖,0|) cosϕ

Pr,qs,22 π
k2‖
k21
[J0(k‖|r‖ − r‖,0|)+ J2(k‖|r‖ − r‖,0|) cos(2ϕ)]

Pr,qs,23 = −Pr,qs,32 −2π k2‖
k21

J1(k‖|r‖ − r‖,0|) sinϕ

Pr,qs,33 2π
k2‖
k21

J0(k‖|r‖ − r‖,0|)

APPENDIX C: INTEGRALS IN EQS. (14) AND (15)

In the quasistatic limit [Eqs. (11) and (12)] the dyad
↔
S r does

not change, but the dyad
↔
Pr assumes the form

↔
Pr,qs as given

in Table II. The integrals in Eqs. (14) and (15) are calculated
using the formulas

∫ ∞

0
ek‖γ

{
J0(k‖β)
J2(k‖β)

}
dk‖ =

⎧⎪⎪⎨
⎪⎪⎩

− 1

γ

√
1+ β2

γ 2

2γ
β2

− 1

γ

√
1+ β2

γ 2

− 2γ

β2

√
1+ β2

γ 2

⎫⎪⎪⎬
⎪⎪⎭

,

(C1)

∫ ∞

0
k2‖e

k‖γ

⎧⎪⎨
⎪⎩

J0(k‖β)
J1(k‖β)
J2(k‖β)

⎫⎪⎬
⎪⎭ dk‖ =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

γ (−2γ 2+β2)

√
1+ β2

γ 2

(γ 2+β2)3

3
√

β2

γ 4(1+ β2

γ 2
)5/2

− 3β2

γ 5(1+ β2

γ 2
)5/2

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, (C2)

with γ = z + z0 and β = |r‖ − r‖,0|.

APPENDIX D: TENSORS
↔
St AND

↔
Pt IN EQ. (26)

TABLE III. Elements of the transmission dyads
↔
S t and

↔
Pt for

a metallic or negative-index metamaterial slab embedded between
two dielectric media. The elements St,13, St,23, St,31, St,32, and St,33
are zero, and the notations are the same as in Table I.

St,11 π [J0(k‖|r‖ − r‖,0|)+ J2(k‖|r‖ − r‖,0|) cos(2ϕ)]
St,12 = St,21 πJ2(k‖|r‖ − r‖,0|) sin(2ϕ)
St,22 πJ0[(k‖|r‖ − r‖,0|)− J2(k‖|r‖ − r‖,0|) cos(2ϕ)]
Pt,11 π

kz,1kz,3
k1k3

[J0(k‖|r‖ − r‖,0|)− J2(k‖|r‖ − r‖,0|) cos(2ϕ)]
Pt,12 = Pt,21 −π

kz,1kz,3
k1k3

J2(k‖|r‖ − r‖,0|) sin(2ϕ)
Pt,13 −2πi

k‖kz,3

k1k3
J1(k‖|r‖ − r‖,0|) cosϕ

Pt,22 π
kz,1kz,3
k1k3

[J0(k‖|r‖ − r‖,0|)+ J2(k‖|r‖ − r‖,0|) cos(2ϕ)]
Pt,23 −2πi

k‖kz,3

k1k3
J1(k‖|r‖ − r‖,0|) sinϕ

Pt,31 −2πi
k‖kz,1

k1k3
J1(k‖|r‖ − r‖,0|) cosϕ

Pt,32 −2πi
k‖kz,1

k1k3
J1(k‖|r‖ − r‖,0|) sinϕ

Pt,33 2π
k2‖

k1k3
J0(k‖|r‖ − r‖,0|)
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[46] A. Norrman, T. Setälä, and A. T. Friberg, J. Opt. Soc. Am. A 28,

391 (2011).
[47] J. B. Pendry, Phys. Rev. Lett. 87, 249702 (2001).
[48] P. M. Morse and H. Feshbach, Methods of Theoretical Physics

(McGraw Hill, New York, 1953).
[49] O. Keller, M. Xiao, and S. Bozhevolnyi, Surf. Sci. 280, 217

(1993).

033849-12




