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1. Introduction

The collective behavior of large numbers of interacting particles may give
rise to a phase transition, an abrupt change in the state of a system. This
phenomenon emerges in many important systems in nature, from supercon-
ductors to black holes. A continuing challenge is to identify the underlying
principles of this emergent behavior and characterize the critical points
which mark the transition from one phase to another. This is a tantalizing
problem as one needs to consider systems in the thermodynamic limit while
keeping track of the fluctuations that accompany critical phenomena.

In this thesis, we present a theoretical and methodological framework
for predicting the phase properties of a macroscopic system based on the
behavior of just a few of its constituents. To this end, we devise a direct
pathway from the detection of partition function zeros by measuring or
simulating fluctuating observables in systems of finite size to the character-
ization of criticality and large deviation statistics in interacting many-body
systems. Our approach combines ideas and concepts from the finite-size
scaling analysis with the Lee–Yang formalism and theories of high cu-
mulants and large deviations, and it can be applied in a wide range of
critical systems from physics, chemistry, and biology, both in theory and
experiment.

The structure of this thesis is as follows. In Chapter 1, we briefly intro-
duce the preliminaries including the notation used throughout the thesis
and present the Lee–Yang theory of phase transitions. In Chapter 2, we
describe a method for extracting partition function zeros from high-order
cumulants and develop a finite-size scaling analysis of the leading par-
tition function zeros. We demonstrate our approach on the Ising model
by determining the partition function zeros and the critical exponents
from the thermodynamic fluctuations even if the system is away from the
phase transition. In Chapter 3, we introduce the large deviation theory
and provide an intriguing connection between the Lee–Yang zeros and the
large deviation statistics. In Chapter 4, we give a summary of our key
findings.

9



Introduction

1.1 Preliminaries

Statistical mechanics is one of the most fundamental theories in physics
developed in the second half of the 19th century particularly through
the influential works by Maxwell, Boltzmann, and Gibbs. It provides a
framework to relate collective properties in the macroscopic realm with the
dynamics of microscopic particles [1, 2, 3, 4].

Let us begin with an isolated system consisting of a large number of
particles N in a volume V with a total energy U. In equilibrium, all acces-
sible microstates of the system are equally likely. Hence, the probability of
finding the system in a given state s is

Ps = 1
Ω(U)

, (1.1)

where Ω(U) is the number of states with energy U. The probability dis-
tribution of isolated systems that are governed by energy conservation,
i.e., equilibrium systems with fixed energy, volume, and particle number,
describes the microcanonical ensemble [5]. The entropy of the system is
then defined as

S(U)= kB lnΩ(U), (1.2)

where kB denotes the Boltzmann constant which has units of joules per
kelvin. Having introduced the entropy, we continue with the definition of
the thermodynamic temperature T

1
T

= ∂S(U)
∂U

, (1.3)

which follows from the condition for equilibrium. The Legendre transform
of the internal energy with respect to S yields the Helmholtz free energy

F =U −TS(U), (1.4)

which constitutes an upper bound on the work that can be extracted from
the system at a constant temperature.

Next, we briefly discuss the canonical ensemble, where the particle
number and volume are fixed but heat exchange with the environment is
permitted. Let us assume that the system is connected to a heat bath at the
equilibrium temperature T. The energy of the heat bath UB is very large
in comparison to the system energy Us, and the total energy U =UB +Us is
constant. One can then show that the equilibrium probability to find the
system in the state s is given by

Ps ∝Ω(U −Us)= elnΩ(U−Us). (1.5)

Since the heat bath is very large Us ≪U, one can expand the entropy as

lnΩ(U −Us)≃ lnΩ(U)−Us
∂ lnΩ(U)

∂U
+O
(

(Us/U)2 ).
10
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Having defined an inverse temperature β ≡ (kBT)−1, one can obtain the
Boltzmann distribution by plugging the above expression into (1.5)

Ps = 1
Z

e−βUs , (1.6)

where Z is known as the canonical partition function that ensures the
proper normalization of the probability distribution

Z =
∑

s
e−βUs , (1.7)

where the sum runs over all the configurations. The partition function
turns out to be a crucial quantity in statistical physics and for the Lee–
Yang theory. In particular, the thermodynamic properties of the system
may be determined by differentiating the partition function with respect to
a conjugate variable of the thermodynamic observable. Hence, the partition
function plays the role of a moment generating function of the probability
distribution [6, 7, 8]. For instance, the average internal energy is given by
the first moment of the Boltzmann distribution and can be expressed in
terms of derivatives of the partition function with respect to the inverse
temperature β

〈U〉 =
∑

s
PsUs = 1

Z

∑
s

Use−βUs =− 1
Z
∂βZ, (1.8)

where the moment is denoted by 〈 〉. Along the same lines, one finds the
expression for the variance of the energy as⟨(

U −〈U〉)2 ⟩= 〈U2〉−〈U〉2 = ∂2
β ln Z, (1.9)

by differentiating the logarithm of the partition function twice with respect
to β. The variance of the energy is related to the heat capacity Cv =
kBβ

2∂2
β ln Z of the system in the canonical ensemble. The heat capacity

is an extensive quantity, i.e., it scales with the system size Cv ∼ N. The
other extensive thermodynamic quantity is the free energy which can be
expressed in terms of the partition function as

F =−1
β

ln Z. (1.10)

We note that the extensive thermodynamic quantities can be captured by
high-order cumulants of the probability distribution. These cumulants can
be regarded as a measure of fluctuations of thermodynamic observables.
In analogy with the moments of the internal energy, we find the cumulants
as

〈〈U〉〉 = 〈U〉 =−∂β ln Z, (1.11a)

〈〈U2〉〉 = 〈U2〉−〈U〉2 = ∂2
β ln Z, (1.11b)

〈〈Un〉〉 = (−1)n∂n
β ln Z = (−1)n−1∂n

β

(
βF
)

, (1.11c)
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where 〈〈 〉〉 denotes the cumulant and n is the order of the cumulant. The
first two energy cumulants n = 1,2 are the mean and variance which are
related to the average energy and specific heat as we saw above. We
note that all cumulants of order higher than two vanish for a Gaussian
distribution.

1.2 Lee–Yang theory of phase transitions

Equilibrium phase transitions are typically accompanied by non-analytic
behaviors of the free energy. Hence, one way to classify these transitions
is to identify the order of the discontinuity at the critical point (Ehren-
fest’s classification) by analyzing the derivatives of the free energy with
respect to a control parameter, e.g., the temperature or magnetic field. If
a discontinuity occurs in the first derivative, the system is said to exhibit
a first-order phase transition. For higher order derivatives of the free
energy that undergo a discontinuity, the phase transitions are known as
continuous (or second-order) and are associated with a diverging correla-
tion length at criticality. There are also other approaches to characterize
the phase transitions e.g., by analyzing the nature of the fixed points in
the renormalization group theory [9, 10] or investigating the density of
zeros of the partition function in the complex plane as described in the
Lee–Yang theory [11, 12]. This thesis concerns the latter approach.

For finite systems, the problem arises when one traces the origins of
the singularities in the free energy given in Eq. (1.10). In particular, the
non-analyticities associated with phase transitions must correspond to the
zeros of the partition function, which is an analytic function. However,
the partition function is just a finite sum of exponentials and it cannot
vanish for real values of the control parameter. This implies that the phase
transitions can only occur in the thermodynamic limit N →∞.

To understand how logarithmic singularities manifest themselves in the
thermodynamic limit, in 1952, Lee and Yang analytically continued the
partition function by allowing the control parameter to take on complex
values [11, 12]. The zeros of the partition function in the complex plane
of the control parameter are the central objects in this approach. To be
more concrete, let us assume a lattice of N interacting spins pointing
either up | ↑〉 or down | ↓〉. If neighboring spins point in the same direction,
the interaction energy is 0 and otherwise a constant ε> 0 (ferromagnetic
coupling). Under the magnetic field h, the total energy is then given by

U(h)= h
[
n(↓)−n(↑)

]+ε n(↑↓) (1.12)

where n(·) denotes the number of down, up and antiparallel spins and
N = n(↓)+n(↑). The corresponding partition function can be expressed as

ZN (h,β)=
∑

e−βU(h), (1.13)
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where the sum runs over all possible spin configurations. Similarly, the
free energy is −βFN (h,β)= ln ZN (h,β) and the magnetization is

M =−∂hF(h,β)= n(↓)−n(↑). (1.14)

Having introduced the term z = exp(−2βh), the partition function can be
completely specified by a polynomial in z of finite degree N [11, 12]

ZN (z)= eβNh
N∑

n=0

gnzn, (1.15)

where the constants, gn > 0, are real and independent of h. It is also
possible to factorize the partition function as [11, 12]

ZN (z)= κ

N∏
n=1

(
1− z

zn

)
, (1.16)

and write the free energy as

−βFN (z)= lnκ+
N∑

n=1

ln
(

1− z
zn

)
. (1.17)

where zn denotes the roots of the equation ZN (z) = 0 and κ is a non-
vanishing multiplicative constant. Since all the coefficients in the poly-
nomial are positive, the partition function zeros must all be complex for
finite systems, i.e., the zeros lie in the complex z-plane away from the
real axis. As a consequence, the free energy is an analytic function along
the real axis, which implies that phase transitions cannot occur in finite
systems. The crucial insight of Lee and Yang was that with increasing
system size, the number of zeros grows and they move towards the critical
point on the real axis where the system undergoes a phase transition in
the thermodynamic limit. Hence, one can identify the critical point, if any
exists, by extrapolating the Lee–Yang zeros determined for finite systems
to the thermodynamic limit. In addition, the order of the phase transition
can be determined from the angle formed between the real axis and the
zeros in the complex plane in the vicinity of the critical point, e.g., the
curve of zeros approaches the real axis at an angle ∼π/(2m) for mth-order
phase transition in the grand canonical ensemble [13, 14]. If no phase
transition exists as a function of h, the Lee–Yang zeros accumulate on
points h = ihc and h = −ihc in the complex-plane as N →∞. These con-
vergence points, i.e., singularities closest to the real axis, are known as
Yang–Lee edge singularities and can be regarded as complex-critical points
[15, 16]. In Chapter 3 in this thesis, we show that these convergence points
carry important information about the large deviation statistics of the
magnetization.

Originally, Lee and Yang focused on the partition function zeros in the
complex-fugacity plane for the lattice problems. However, one may equiva-
lently consider the zeros in the complex plane of other control parameters,

13
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e.g., magnetic field or inverse temperature. In 1964, Fisher reformulated
the partition function given in Eq. (1.16) in the complex temperature plane
to investigate phase transitions as a function of temperature [17]. These
zeros are known as Fisher zeros. Later on, Suzuki [18], Fisher [16], and
Itzykson [19] discovered that the partition function zeros contain all the
information regarding the critical behavior of a given system such that
the conventional critical exponents and scaling laws [20] can be expressed
in terms of the complex-zeros. Furthermore, Kenna [21, 22, 23, 24], Lang
[25, 26, 27], Janke [28, 29], Alves [30, 31, 32], Kim [33, 34], and Creswick
[35] made substantial contributions to the development of the finite-size
scaling of partition function zeros. This is especially of significance in inter-
preting and extrapolating the complex zeros determined in finite systems,
and it provides a way to predict the critical behavior of many-body systems
in the thermodynamic limit.

The seminal ideas of Lee and Yang, introduced almost three-quarters
of a century ago, have become an indispensable theoretical framework in
physics with applications to diverse problems ranging from protein folding
[36], percolation [37, 38], complex networks [39, 40], quantum chromo-
dynamics [41, 42], quantum gravity [43, 44], Bose-Einstein condensation
[45, 46, 47, 48] and various spin models [49, 50, 51, 52, 53, 54, 55]. Further
extensions include the use of Lee–Yang zeros to characterize phase transi-
tions in non-equilibrium systems [56, 13, 14], dynamical phase transitions
[57, 58], space-time phase transitions in glass formers [59, 60, 61, 62]
and open quantum systems [63, 64, 65]. In addition to these theoretical
developments, partition function zeros have been determined in several
recent experiments [66, 67, 68, 69, 70] and additional proposals for their
detection have been developed [71, 72, 73].

Although there are many fruitful results and applications, in most cases,
the partition function zeros are not accessible analytically and iterative
root-finding methods are based on the explicit form of partition function
which is hard to obtain for many-body systems. Moreover, there is no gen-
eral scheme for determining the partition function zeros in experiments
or numerical simulations. To address these challenges, in this thesis, we
report a novel method that makes it possible to extract the partition func-
tion zeros in interacting many-body systems of finite size solely from the
fluctuations of thermodynamic observables without any prior knowledge
of the partition function.

14



2. The Cumulant Method

"Extraordinary claims need
extraordinary evidence."

Journal Referee A

In this chapter, we present a novel method to determine the partition
function zeros from the high cumulants of thermodynamic observables
without any prior knowledge of the partition function. Our approach
enables us to predict the phase transition point and critical exponents
even if the system is away from the phase transition. This provides an
intriguing perspective for investigations of phase transitions that may be
hard to reach experimentally. The power and simplicity of the method are
illustrated in lattice models for both Fisher and Lee–Yang zeros.

2.1 Partition function zeros and high cumulants

In this section, we describe a method for extracting partition function zeros
from fluctuating observables of finite size systems. By investigating the
position of these zeros as a function of the system size, we can predict the
critical point at which a phase transition occurs in the thermodynamic
limit. The method relies on the observation that the partition function
captures fluctuations of thermodynamic observables upon differentiation
with respect to the appropriate conjugate field. The same analogy applies
to non-equilibrium situations where a moment-generating function (or the
Loschmidt amplitude) delivers the moments of the fluctuating observables.

Let us consider a generic partition function Z(q) that depends on a control
parameter q, whose conjugate variable is the thermodynamic observable
Φ. For instance, the control parameter could be the inverse temperature
(q = −β) or the external magnetic field (q = βh), then the corresponding
zeros may be extracted respectively from the energy cumulants (Φ=U) or
the cumulants of the magnetization (Φ= M). If the control parameter is
the magnetic field, the partition function zeros are called Lee–Yang zeros,
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while for the inverse temperature, they are typically referred to as Fisher
zeros. For finite size systems, the partition function is an entire function
and it can be factorized as

Z(q)= Z(0)ecq
∏

k

(
1− q

qk

)
, (2.1)

where qk are complex partition function zeros and c is a constant inde-
pendent from q. The free energy, which encapsulates the thermodynamic
properties of the system, then becomes

F(q)=−β−1

[
ln Z(0)+ cq+

∑
k

ln
(

1− q
qk

)]
. (2.2)

This expression shows that the free energy of finite systems is analytic for
real values of q, which are of physical interest. However, in the thermody-
namic limit, the partition function zeros move towards the critical point on
the real axis where the phase transition occurs at q = qc. Computing the
zeros of the partition function explicitly can be challenging for non-trivial
systems. As we now demonstrate, the partition function zeros can be
obtained from the high-order cumulants.

We first note that the logarithm of the partition function delivers the
cumulants of the observable Φ upon differentiation with respect to q

〈〈Φn〉〉 = ∂n
q ln Z(q)= ∂n

q
[−βF(q)

]
, n ≥ 1. (2.3)

where n denotes the order of the cumulant. Differentiating the factorized
partition function yields

〈〈Φ〉〉 = ∂q

[
ln Z(0)+ cq+

∑
k

ln
(

1− q
qk

)]
= c−

∑
k

1
(qk − q)

,

〈〈Φ2〉〉 = ∂q〈〈Φ〉〉 =−
∑

k

1
(qk − q)2 .

which are the average value and variance of the thermodynamic observable
in terms of the complex-zeros. Generalizing this result to higher cumu-
lants, we obtain the following key relation between the cumulants and the
partition function zeros

〈〈Φn〉〉 =− (n−1)!
∑

k

(qk − q)−n , n > 1. (2.4)

which shows that the thermodynamic fluctuations (or high-order cumu-
lants of the observable) are fully described by the partition function zeros.

For a finite system size, the partition function is a finite sum of real
exponentials; thus, the zeros are all complex and come in conjugate pairs,
qk and q∗

k. Equation (2.4) may therefore be expressed in polar form

〈〈Φn〉〉 =− (n−1)!
∑

k

2cos(narg[qk − q])
|qk − q|n , n > 1, (2.5)

16



The Cumulant Method
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Figure 2.1. Schematic illustration of the partition function zeros in the complex-q plane
at fixed finite system size. The leading pair of zeros that are closest to the
real axis are denoted by qo and q∗o and subleading pairs of zeros are shown as
(q1, q∗1 ) and (q2, q∗2 ). The black point indicates the fixed point at which the high-
order cumulants are measured or calculated. The red point shows the critical
point where the system undergoes a phase transition in the thermodynamic
limit, N →∞.

where the sum now runs over all conjugate pairs of zeros. We note that
the sum, for large n, is increasingly dominated by the conjugate pair with
the smallest value of |qk − q|, namely the leading zeros, qo and q∗

o , that are
closest to the real-axis. With increasing n, the contributions from other,
sub-leading zeros are suppressed as |qo − q|n|qk − q|−n and they may be
neglected for n ≫ 1. This now allows us to approximate the sum as

〈〈Φn〉〉 ≃− (n−1)!
2cos(narg[qo − q])

|qo − q|n , n ≫ 1, (2.6)

which gives an important relation between the leading pair of zeros and the
cumulants. In particular, the equation relates the position of the leading
zero qo in the complex plane to high-order fluctuations at fixed point q. In
Figure 2.1, we illustrate the first three pairs of partition function zeros
that are closest to the real axis. To extract the leading pair of zeros from
Eq. (2.6), we solve the following system of equations [74, 63, 75, 76, 77][

2 Re[qo − q]

|qo − q|2

]
≃
[

1 −µ(+)
n
n

1 −µ(+)
n+1

n+1

]−1[
(n−1)µ(−)

n

n µ(−)
n+1

]
, n ≫ 1, (2.7)

where µ(±)
n ≡ 〈〈Φn±1〉〉/〈〈Φn〉〉 denotes the ratio of cumulants of subsequent

orders. From Eq. (2.7), we obtain the final result as [77]

Re[qo − q]≃ n (n+1) 〈〈Φn〉〉 〈〈Φn+1〉〉 − n (n−1) 〈〈Φn−1〉〉 〈〈Φn+2〉〉
2
[
(n+1) 〈〈Φn+1〉〉2 − n 〈〈Φn〉〉 〈〈Φn+2〉〉] , n ≫ 1,

|qo − q|2 ≃ n2 (n+1) 〈〈Φn〉〉2 − n
(
n2 −1

)〈〈Φn−1〉〉 〈〈Φn+1〉〉
(n+1) 〈〈Φn+1〉〉2 − n 〈〈Φn〉〉 〈〈Φn+2〉〉 , n ≫ 1.

(2.8)
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We have thus arrived at a general formula for computing the leading
partition function zeros from four successive high-order cumulants of the
thermodynamic observable Φ that is measured at a fixed control parameter
q above (or below) the phase transition point q > qc, (or q < qc).

The above expression can be further simplified if all the odd cumulants
of the distribution vanish. Then, the numerator in the real part of the
partition function zeros vanishes and the imaginary part of the zeros can
be conveniently expressed as

Im[qo − q]≃±
√

2n(2n+1)
⏐⏐⏐⏐ 〈〈Φ2n〉〉
〈〈Φ2(n+1)〉〉

⏐⏐⏐⏐, n ≫ 1, (2.9)

involving the ratio of two subsequent even cumulants. Having determined
the leading partition function zeros from high-order cumulants in the sys-
tem of finite size, we can now predict the critical point where the phase
transition occurs. To find the convergence points of the leading zeros, we
need to extrapolate their position in the thermodynamic limit. For con-
tinuous phase transitions, one must perform a detailed finite-size scaling
analysis for the leading zeros, which will be discussed in the next sec-
tion. For the case of first-order phase transition, we perform an expansion
around the leading partition function zeros as

Re[qo]=Re[qc]+αRe
1 /N +αRe

2 /N2 + . . .

Im[qo]= Im[qc]+αIm
1 /N +αIm

2 /N2 + . . .

with unknown expansion parameters. We then use linear interpolation
in 1/N with increasing system size to predict possible phase transitions in
the thermodynamic limit.

The method has significant advantages over conventional approaches.
First, it can be realized experimentally by measuring fluctuating observ-
ables and does not rely on the order parameter to capture the transition
point. Second, it can be applied to a variety of phase transitions, not only
in equilibrium but also in non-equilibrium situations, such as dynamical
phase transitions after a quench. Third, it provides an intriguing per-
spective for the detection of phase transitions that may be hard to reach
experimentally, e.g., at low temperatures or high pressures. In the follow-
ing subsections, we demonstrate the feasibility of this method by extracting
the Fisher and Lee–Yang zeros from the fluctuations of the energy and
the magnetization in paradigmatic models that exhibit first-order phase
transitions.
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2.1.1 Fisher zeros of a molecular zipper

"I just have nothing to say
except that this paper is
beautiful... It can even become a
textbook example of the use of
Lee–Yang zeroes."

Journal Referee B

We begin with a simple toy model of a molecular zipper to illustrate the
use of Fisher zeros. The model was introduced by Kittel in 1969 [78] to
describe a phase transition in double-stranded DNA molecules. Let us
consider a zipper with N links in contact with a heat bath at temperature
T as shown in Fig. 2.2. Opening each link in the zipper requires an energy
ε. Then the total energy of the system is U = nε with n being the number of
open links. The molecule can unzip only from one end to prevent the zipper
from disconnecting, and it is only possible to open a link if the preceding
one is also open, which leads to long-range correlations between distant
links. Each link can open in g different ways such that n links can be open
in gn different configurations. Thus, the entropy is given by S = kB ln gn,
where kB is Boltzmann’s constant. The degeneracy factor g has to be larger
than g > 1 for the system to exhibit a phase transition. The free energy of
the model is given by

F =U −TS = n(ε−kBT ln g), 0≤ n ≤ N. (2.10)

At low temperatures, the free energy is dominated by the internal energy.
Since the lowest energy configuration of the zipper is given by n = 0, the
free energy minimization in equilibrium corresponds to a closed zipper.
With increasing temperature, the free energy becomes dominated by the
entropy kB ln gn, such that the free energy is maximally negative for the
fully open zipper with n = N. The transition between the two phases occurs
at the temperature Tc in the thermodynamic limit, where F = 0,

Tc = ε

kB ln g
. (2.11)

Besides the phenomenological arguments, the phase transition in the
zipper model can be investigated using the Lee–Yang formalism. The
partition function of the zipper model can easily be expressed as a sum
over all possible numbers of open links

Z(β)=
N∑

n=0

gne−βnε = 1− (ge−βε)N+1

1− ge−βε
, (2.12)

where the closed form follows from the geometric series and the inverse
temperature is β= 1/(kBT). For real values of β, it is clear that the partition
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Figure 2.2. The molecular zipper is a double-stranded macromolecule held together by
N links that can be either open or closed. At the critical point Tc, the system
goes through a first-order phase transition.

function in Eq. (2.12) cannot vanish, since it is a sum of positive terms. On
the other hand, treating β as a complex variable, the partition function
vanishes at the points

βk =βc + 2πk
ε(N +1)

i, (2.13)

where βc = 1/(kBTc) is the inverse transition temperature and the βk’s are
known as Fisher zeros with k ∈ {−N, . . . , N}\ {0}. This expression shows that
the imaginary part of the Fisher zeros is inversely proportional to the
number of links N, whereas the real part of the zeros is independent of
the system size and fixed at the critical point βc. This implies that these
complex-zeros move towards the critical inverse temperature on the real
axis with increasing system size. In the thermodynamic limit, N →∞, the
imaginary parts of the zeros will vanish and the phase transition occurs at
βc. We note that the perpendicular approach to the real-axis signals that
the system exhibits a first-order phase transition [13].

Next, we illustrate the extraction of the leading Fisher zeros using the
cumulant method. To this end, we firstly factorize the partition function in
terms of the Fisher zeros similar to Eq. (2.1)

Z(β)= Z(0)ecβ
∏

k

(
1− β

βk

)
, (2.14)

and compute the nth-order energy cumulants as

〈〈Un〉〉 = (−1)n ∂n ln Z(β)
∂βn , (2.15)

which follows from setting Φ = U and the conjugate variable q = −β in
Eq. (2.3). Differentiating the logarithm of the factorized partition function
n times with respect to −β yields the following key relation between the
energy cumulants and the Fisher zeros

〈〈Un〉〉 ≃ (−1)n−1(n−1)!
2cos(nθo)

ρn
o

, n ≫ 1, (2.16)

where we consider only the leading pair of Fisher zeros, βo and β∗
o , in polar

coordinates as βo ≡ ρoeiθo +β by neglecting the subleading zeros for n ≫ 1.
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Figure 2.3. Extraction of Lee–Yang zeros from the energy cumulants. (a) The Lee–Yang
zeros are extracted from four consecutive cumulants up to order nmax for
zippers of length N = 1,2, . . . ,30. The inverse temperature is β= 0.75βc. The
inset illustrates how the accuracy of the method is improved by increasing
the cumulant order. (b) Extrapolation of the real and imaginary part of the
Lee–Yang zeros in the thermodynamic limit.

This equation is of importance as it relates the Fisher zeros to the energy
fluctuations at fixed temperature β which can be measured in experiments.
Taking into account four successive high-order cumulants, Eq. (2.16) can
be solved for the leading zeros as[

−2ρo cosθo

ρ2
o

]
≃
[

1 −κ(+)
n

n

1 −κ(+)
n+1

n+1

]−1[
(n−1)κ(−)

n

n κ(−)
n+1,

]
, n ≫ 1, (2.17)

where the ratios of cumulants are given by

κ(±)
n = 〈〈Un±1〉〉/〈〈Un〉〉. (2.18)

Solving this equation for ρo and θo makes it possible to express the leading
Fisher zeros in terms of high-order energy cumulants. The accuracy of the
resulting relation increases with the order of cumulants involved. Figure
2.3 (a) illustrates the leading Fisher zeros of the molecular zipper model
that are extracted from high-order energy cumulants at fixed inverse
temperature β= 0.75βc. In particular, the accuracy with a cumulant set of
n = {9,10,11,12} is better than the set of n = {3,4,5,6} since in the latter case,
the contribution from subleading zeros becomes substantially important
with increasing system size and thus cannot be neglected. The accuracy
can be further improved by shifting the measurement point β closer to
βc. Having determined the Fisher zeros for finite sizes, Figure 2.3 (b)
shows how one can extrapolate the position of the leading zeros in the
thermodynamic limit where the first-order phase transition occurs.

Broken zipper. We now increase the complexity of the zipper model by
introducing a finite energetic cost J for opening a link inside a closed
segment, i.e., for breaking the zipper as shown in the inset of the Fig. 2.4.
For a given configuration of links the total energy reads

U = ε

N∑
i=1

σi + J
N∑

i=2

σi(1−σi−1), (2.19)
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Figure 2.4. The inset of the figure illustrates the broken zipper model, where internal links
can be broken at finite energetic cost J. (a) The exact zeros (red circles) are
depicted together with the zeros (blue points) determined from the cumulants
at β= 0.95Re[βc] for J = ε (b) The exact convergence point βcε= 1.24± i0.96 is
calculated from Eq. (2.25).

where σi = 1 for open links and σi = 0 for closed links. We find that the
corresponding partition function can be expressed as

Z =
∑
{σi}

gσ1 e−βεσ1

N∏
i=2

T(σi,σi−1),

where
T(σi,σi−1)= gσi e−β(J+ε)σi eβJσiσi−1

are elements of the transfer matrix

T=
(

ge−βε ge−β(J+ε)

1 1

)
, (2.20)

with the eigenvalues

λ±(β)= 1+ ge−βε

2
±
√(

1− ge−βε

2

)2

+ ge−β(ε+J). (2.21)

By imposing the appropriate boundary conditions, the partition function
can be expressed in the compact form

Z(β)= (1 1 ) . TN .
(

1
0
)= c1λ

N
+ (β)+ c2λ

N
− (β) (2.22)

where the prefactors c1 and c2 are independent of the system size. From
this equation, it is clear that the zeros of the partition function are given
by the values of β for which c1λ

N+ (β)=−c2λ
N− (β). For a finite system, these

zeros lie in the complex inverse temperature plane

lnλ+(β)= lnλ−(β)+ ln(c2/c1)+ iπ(2k+1)
N

(2.23)

for integer k. The above equation shows that the phase transition occurs
at the eigenvalue crossing in the thermodynamic limit N →∞. Hence with
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increasing system size, the Fisher zeros move towards a point βc which
solves the equation λ+(βc) = λ−(βc). This is a general result for transfer
matrices of any size, where the phase transition is determined by a crossing
of the two largest eigenvalues. Equation (2.21) shows that the crossing
can only occur when the argument of the square root is zero. For real
values of β, the argument of the square root can only vanish in the limit
J →∞, which corresponds to the standard zipper model since infinite J
means that the zipper is unbreakable. For finite J, the eigenvalue crossing
occurs for complex values of β. In this case, the system does not exhibit
a sharp phase transition and the Fisher zeros will stay complex in the
thermodynamic limit. This resembles the Yang–Lee edge singularities of
the Ising models [16].

At last, we find a specific limit ε = J where the Fisher zeros can be
calculated explicitly

βkε= ln g+ ln

[
cos
(

2πk
N +1

)
±cos

(
πk

N +1

)√
−4

g
+2
[

cos
(

2πk
N +1

)
−1
] ]

,

(2.24)
where in the thermodynamic limit N → ∞, these zeros converge to the
following point in the complex-β plane

βcε= ln
(

g±2i
p

g
)

. (2.25)

In Fig. 2.4, we present the Fisher zeros extracted from the cumulant
method and compare them with the analytic solution. The figure illus-
trates the extrapolation of convergence points in the complex β-plane,
although the cumulants are calculated in finite system away from the con-
vergence point. Having calculated the Fisher zeros in the complex inverse
temperature plane, we next consider the zeros of the partition function in
the complex plane of magnetic field, namely the Lee–Yang zeros.

2.1.2 Lee–Yang zeros of the Ising chain

Let us further illustrate the cumulant method with the one-dimensional
Ising model and compare the results with the zeros computed analytically
from the partition function. The energy of the Ising chain of N spins with
periodic boundary condition (σN+1 =σ1) is given by

U ({σi})=−J
N∑

i=1

σiσi+1 −h
N∑

i=1

σi, (2.26)

where each spin can take on the values σi =±1. An external magnetic field
of magnitude h can be applied and neighboring spins are coupled via a
ferromagnetic interaction of strength J > 0. Then, the partition function is

Z =Tr{TN }=λN
+ +λN

− (2.27)
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Figure 2.5. Imaginary part of the Lee–Yang zeros for the Ising chain. The blue points
are the zeros extracted from the cumulant method, while red circles are exact
zeros from the analytical solution. (a) The imaginary part of the Lee–Yang
zeros for different inverse temperature βJ = 0.6,4, depicted as a function of
system size. (b) Extrapolation of the imaginary part of Lee–Yang zeros in
the thermodynamic limit. For βJ = 0.6 the convergence point is calculated
as Im[hc/J]= 0.5102, which is close to the exact result Im[hc/J]= 0.5099. The
βJ = 4 case effectively corresponds to the zero temperature limit. We find the
convergence point as 10−7, while the exact solution in (2.32) yields Im[hc/J]=
0.000084.

in terms of the transfer matrix

T=
(

eβ(J+h) e−βJ

e−βJ eβ(J−h)

)
, (2.28)

and its eigenvalues

λ±(h)= eβJ
[

coshβh±
√

sinh2βh+ e−4βJ
]

. (2.29)

In the thermodynamic limit N →∞, the free energy per spin is determined
by the largest eigenvalue of the transfer matrix

f (h)= F(h)
N

=−β−1 lnmax{λ±(h)}, (2.30)

and the average magnetization is

〈m〉 =−∂h f (h)= 1
βmax{λ±(h)}

∂h max{λ±(h)}

⇒ lim
h→0

〈m〉 = 0,

which implies a lack of spontaneous magnetization at any finite tempera-
ture. Ernst Ising obtained this result in his Ph.D. work and erroneously
concluded that the model does not exhibit a thermal phase transition in
any dimension [79]. In 1936, Rudolf Peierls proved him wrong by showing
that the model undergoes a continuous phase transition in two or more
dimensions [80]. We will investigate the partition function zeros for these
cases in the next section.
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Similar to the zipper model, the non-analyticities in the free energy occur
at the points where the eigenvalues of the transfer matrix cross in the limit
N →∞. This happens when the argument of the square-root in Eq. (2.29) is
zero, e.g., at zero temperature and zero magnetic field, the system exhibits
a first-order phase transition as a function of the magnetic field. For finite
temperatures, an eigenvalue crossing can only occur for complex values of
the magnetic field. In this case, one can find an exact expression for the
Lee–Yang zeros as follows

βhk =±iarccos
[√

1− e−4βJ cos
(
π (2k+1)

2N

)]
, (2.31)

where k = 0 corresponds to the leading zeros that are closest to the real axis
for a given system size N. In the thermodynamic limit, the Lee–Yang zeros
will converge to a point in the complex-plane of the external magnetic field

βhc =± iarcsin
(
e−2βJ) (2.32)

corresponding to an eigenvalue crossing for finite temperatures.
Conventionally, Lee–Yang zeros are computed directly from the partition

function, which in most cases is not a viable option since the partition
function is of complicated structure for many-body systems. When the
partition function is too complex or not accessible, we can still obtain Lee–
Yang zeros from the high-order fluctuations of the magnetization. To this
end, we factorize the partition function in terms of magnetic field hk as

Z(h)= Z(0)ech
∏

k

(
1− h

hk

)
, (2.33)

where c is a constant and the nth-order magnetization cumulants are given
by

〈〈Mn〉〉 = (β)−n ∂n [ln Z(h)]
∂hn . (2.34)

Following the steps presented in Eqs. (2.4)-(2.7) yields the key formula[
2 β Re[ho −h]

β2 |ho −h|2

]
≃
[

1 −κ(+)
n
n

1 −κ(+)
n+1

n+1

]−1[
(n−1)κ(−)

n

n κ(−)
n+1

]
, n ≫ 1, (2.35)

where κ(±)
n ≡ 〈〈Mn±1〉〉/〈〈Mn〉〉 is the ratio of magnetization cumulants. Evalu-

ating the above equation gives the leading pair of Lee–Yang zeros ho and h∗
o

from the magnetization cumulants measured at fixed inverse temperature
and external field. We note that the odd cumulants vanish in the Ising
model in the absence of a magnetic field h = 0 due to symmetry properties,
which implies that the real part of the Lee–Yang zeros vanishes as well.
One can then use the convenient formula (2.9) to extract the imaginary
part of the zeros from only two even cumulants.

In Fig. 2.5 (a), we present our results for the Lee–Yang zeros obtained
from the cumulant method together with exact zeros calculated from the
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analytical expression given in Eq. (2.31). As the system size is increased,
the imaginary part of the Lee–Yang zeros decreases and converges to
the points ±ihc, which are shown in Fig. 2.5 (b). This convergence point
is known as the Yang–Lee edge singularity [16, 81] and it depends on
the value of βJ. At low temperatures, the convergence point is closer
to the origin, where a sharp phase transition takes place at T = 0. For
high temperatures, the convergence point is farther away from the origin,
which forms a gap where no zeros exist in between the points ±ihc in the
complex-plane.

2.2 Critical exponents of partition function zeros

In macroscopic systems, there exists a length scale the so-called correlation
length corresponding to the size of the smallest part of the system that
carries the same macroscopic properties as the larger system [82, 10]. The
fluctuations in different parts of the system separated within the correla-
tion length are said to be correlated with each other. These correlations
play a major role in continuous phase transitions, i.e., the correlation
length and some thermodynamic response functions diverge at the critical
point. Near criticality, the strong correlations between the different parts
of the system give rise to collective behavior, which transcends the nature
of the microscopic constituents. Consequently, the criticality can be char-
acterized in terms of quantities that solely depend on the fundamental
symmetries and dimension of the system rather than the details of the
microscopic interactions. This constitutes the basis of universality. The
universality hypothesis states that a range of different physical systems
that belong to the same universality class behave identically in the vicinity
of the critical point and thus, they can be described by the same set of uni-
versal critical exponents. As such, the determination of critical exponents
is of key importance for critical phenomena in statistical physics.

In 1937, Landau made one of the first attempts to determine the critical
exponents of phase transitions by formulating a general framework for
mean-field theories e.g., the Van der Waals model of simple fluids and the
Weiss theory of ferromagnetism [83, 2]. To this end, he introduced the con-
cept of the order parameter, which takes on finite values in one phase and
vanishes in the other phase, and expanded the free energy in terms of the
order parameter based on the assumption that it is small near criticality.
Since this theory neglects fluctuations of the order parameter, the critical
exponents calculated with this approach are only correct in systems with
dimensions d ≥ 4 [84]. In 1963, Essam and Fisher calculated the critical
exponents for a lattice gas (or equivalently the Ising ferromagnet) for a
range of different lattices in two and three dimensions and established
relations between the critical exponents [85, 17]. In 1965, Domb reached
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the same results and concluded that the critical behavior can be described
by only two independent critical exponents [86]. In the same year, Widom
conjectured a power-law scaling of thermodynamic quantities near the crit-
ical region by drawing on the homogeneity of the free energy and studied
the scaling relations between the critical exponents [87].

The scaling hypothesis was further advanced through the concept of
the block spin transformation introduced by Kadanoff. In an influential
article published in 1966, Kadanoff suggested an intuitive scaling picture
to extract the critical exponents and scaling relations by thinning the
degrees of freedom, i.e., replacing the block of spins by a single spin and
thereby studying the invariant properties of the system under different
length scales [88]. These ideas form the basis of the renormalization group
framework formulated by Wilson in 1971 [9, 82]. With this contribution,
Wilson was awarded a Nobel prize for providing a mathematical framework
to describe physics at different scales. In general, the exact renormalization
group calculation is a difficult task [84, 89]; however, the perturbative
implementation of it exists for certain problems [3]. For instance, Wilson
and Fisher suggested a powerful ϵ expansion method, where d = 4− ϵ
with ϵ→ 0, to solve the critical models with mean-field exponents, e.g., a
case of d = 3.99 dimension [90], and Aharony and Fisher calculated the
scaling function for two-point correlations [91, 92]. Having performed
the small ϵ expansion, the critical exponents are given by infinite series
where the first term represents the Landau’s mean field exponent [82].
The inclusion of higher terms of ϵ in the series yields the critical values
of d = 4− ϵ dimensions; however, the ϵ expansion is non-convergent, and
thus a summation method, e.g., the Borel summation, is required to obtain
accurate results [93, 94, 95].

In this section, we consider an alternative way of determining the univer-
sal critical exponents by the use of the Lee–Yang theory and its connection
to fluctuations. The proposed approach has some advantages over conven-
tional methods. For example, in contrast to standard methods based on
Binder cumulants [96, 97, 98] that require the control parameter to be
tuned across the phase transition, we can determine the critical exponents
from a single (fixed) measurement point above or below the critical point.
This provides a novel way of characterizing the phase transitions that may
be hard to reach experimentally, for instance at very low temperatures or
very high pressures.

Before illustrating our approach, we present the standard finite-size
scaling hypothesis known as the Privman–Fisher ansatz, which describes
the scaling of the singular part of the free energy per site, f ≡ Fs/NkBT and
the correlation length ξ [10, 99, 100, 101, 102],

f (t,h,L)= L−d Ỹ
(
c1tL1/ν, c2hL∆/ν) (2.36a)

ξ(t,h,L)= L X̃
(
c1tL1/ν, c2hL∆/ν) , with ∆= B+γ, (2.36b)
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where L is the linear size of the hypercubic lattice with periodic boundary
conditions and the total system size is given by N = Ld, where d denotes
the dimension of the lattice. The external magnetic field in dimensionless
units is denoted by h = βH and the reduced temperature is defined as
t = |T −Tc|/Tc, where Tc is the critical temperature. The universal scaling
functions are denoted by Ỹ , X̃ and c1,2 are system dependent non-universal
parameters [102]. Here, we consider the free energy of a system with two
relevant scaling variables, e.g., the reduced temperature and the magnetic
field. However, the hypothesis is general and can be formulated for other
systems and relevant fields [102, 103]. The universal critical exponents
B,γ,α,ν describe the scaling of the asymptotic behavior of thermodynamic
quantities (per site) as follows

magnetization: m = L−d〈M〉 ∼ |t|B (2.37a)

susceptibility: χm ≃ ∂hm ∼ |t|−γ (2.37b)

specific heat: cv ≃ L−d∂t〈U〉 ∼ |t|−α (2.37c)

correlation length: ξ∼ |t|−ν. (2.37d)

where 〈M〉 and 〈U〉 are the average magnetization and energy respectively.
The above form of the Privman–Fisher ansatz embodies only the leading
critical behavior below the upper critical dimension d < dc, where dc = 4
for the Ising universality class. It is known that there are corrections
to the scaling of thermodynamic quantities arising from the irrelevant
variables of the free energy whose effects become negligible near the
critical point [84, 103]. For instance, the exact results for the correction
terms exist for the two-dimensional Ising model [104, 105]. Aharony and
Fisher also pointed out that nonlinear scaling fields, i.e., t is replaced by
gt ≈ t+bh2 + ct2 + ..., may constitute the source of the leading corrections to
the scaling in the two-dimensional Ising model [106, 107]. Furthermore,
the hyperscaling relations, e.g., dν = 2−α, break down for d > dc due to
Fisher’s dangerous irrelevant variable description [108, 109]. To address
this issue, Kenna and Berche showed that a modified hyperscaling relation
can be formulated as [23, 24]

dν= ϙ(2−α), (2.38)

where ϙ = 1 for d < dc and ϙ = d/dc otherwise. We can then accordingly
modify the Privman–Fisher ansatz as

f (t,h,L)= L−d Ỹ
(
c1tLϙ/ν, c2hLϙ∆/ν) (2.39a)

and
ξ(t,h,L)= Lϙ X̃

(
c1tLϙ/ν, c2hLϙ∆/ν) . (2.39b)

The modified ansatz is in good agreement with Brezin’s exact renormal-
ization group calculations for d < dc and d > dc cases [110]. However, we
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note that special care should be taken for the cases when d = dc or 2−α
is an integer due to the logarithmic corrections to the finite-size scaling
[111, 107, 20, 22]. From the modified ansatz, one can obtain the critical
behavior of thermodynamic observables for the mean-field models, e.g., the
Curie–Weiss model, and hypercubic lattices with d > dc. For instance, with
h = t = 0, the specific heat is given as

cv ∝ ∂2
t f (t,0,L)|t=0 ∝ L−dL2ϙ/ν∝ Lϙα/ν, (2.40)

while the magnetic susceptibility reads

χ∝ ∂2
h f (0,h,L)|h=0 ∝ L−dL2ϙ∆/ν∝ Lϙγ/ν, (2.41)

having used the modified hyperscaling relations, Eq. (2.38) and

dν= ϙ(2B+γ)= ϙ(2∆−γ), (2.42)

which can be derived directly from Eq. (2.39). For example, the numerical
results for the magnetic susceptibility obtained from Monte Carlo simula-
tions of the 5D Ising model with periodic boundary conditions are in good
agreement with the above scaling prediction χ∝ L5/2 rather than χ∝ L2

as given by the standard finite-size scaling theory [112, 24].
To develop our scaling analysis for the partition function zeros qk, we

consider the finite-size scaling of the thermodynamic fluctuations 〈〈Φn〉〉
close to the critical point, T ≈ Tc. Following Bruce and Binder [113, 96], we
make an ansatz for the probability distribution of the singular part of the
thermodynamic observable Φ

P(Φ,L)= aLxP̃
(
bLyΦ,Lϙ/ξ

)
, (2.43)

where we include the linear size as Lϙ in the argument of the scaling
function P̃ to give a more complete ansatz valid for both cases d < dc and
d > dc. As usual, ξ denotes the correlation length in the thermodynamic
limit, x, y are the unknown scaling exponents, and a,b are constants. We
note that imposing the normalization of the probability distribution

1≡
∫ ∞

−∞
dΦ P(Φ,L)= aLx

∫ ∞

−∞
dΦ P̃

(
bLyΦ,Lϙ/ξ

)
,

delivers the relation x = y [96]. The nth-order moments of the thermody-
namic observable Φ follow from the probability distribution as

〈Φn〉 =
∫

dΦ ΦnP(Φ,L)= aLx
∫ ∞

−∞
dΦ ΦnP̃

(
bLxΦ,Lϙ/ξ

)
. (2.44)

Then, via change of variable z ≡ bLxΦ and by absorbing all constants in
the definition of a universal function vn(x) ≡ ab−(n+1) ∫ dz znP̃(z, x), which
becomes constant at the critical point, we obtain scaling relations for the
high-order moments as

〈Φn〉 = L−nxvn
(
Lϙ/ξ

)
. (2.45)
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Using the following dependence between cumulants and moments [114]

〈〈Φn〉〉 = 〈Φn〉−
n−1∑
m=1

(
n−1
m−1

)
〈〈Φm〉〉〈Φn−m〉, (2.46)

similar scaling relations for the high-order cumulants can be established
as

〈〈Φn〉〉 = L−nx un
(
Lϙ/ξ

)
, (2.47)

where un is the scaling function associated with the high-order cumulants.
The comparison of the above equation with the following relation between
the high-order cumulants and partition function zeros, established in
Eq. (2.6)

〈〈Φn〉〉∝ |qo − qc|−n (2.48)

yields the finite-size scaling of the partition function zeros in the complex-
plane of the conjugate variable q, as

|qo − qc|∝ Lx (2.49)

where the critical point (or convergence point in the complex-plane) is
denoted by qc. If there exists a sharp phase transition, i.e., Im[qc]= 0, the
imaginary parts of the partition function zeros should then scale as

Im[qo]∝ Lx. (2.50)

This result is of importance as it links the scaling exponents of the high
cumulants of any observable to the corresponding partition function zeros.
Thus, we expect this relation to hold even in nonequilibrium systems.
For example, the non-analytic behavior of the Loschmidt amplitude as a
function of time signals a dynamical phase transition after a quench; these
quantities can be regarded as a non-equilibrium analog of the partition
function and the control parameter [57, 115]. One may then show that the
zeros of the Loschmidt amplitude should scale with the same exponent as
the high-order cumulants that can be measured in experiments. Exploiting
this connection may provide a new insight on the scaling of nonequilibrium
systems, which is an exciting challenge for future work.

Next, we relate the exponent x to the universal critical exponents. This
exponent will differ depending on the inspected cumulants. For example,
for the case of magnetization cumulants, we set Φ= M and q =βh. Utilizing
the definition of the magnetic susceptibility per site

χ= β

N
〈〈M2〉〉∝ ξγ/ν, (2.51)

and substituting Eq. (2.47) into the above equation,

L−dL−2x u2
(
Lϙ/ξ

)∝ ξγ/ν

L−dL−2x (Lϙ/ξ)−γ/ν∝ ξγ/ν,
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we obtain the value of unknown exponent 2x =−d−ϙγ/ν by matching the ξ
terms on both sides of the equation, where γ and ν are critical exponents
related to the magnetic susceptibility and correlation length respectively.
Using the modified hyperscaling relation given in Eq. (2.42), we find the
value of the critical exponent x = −ϙ∆/ν. Then, the finite-size scaling of
high-order magnetization cumulants become

〈〈Mn〉〉 = Lnϙ∆/νun
(
Lϙ/ξ

)
, (2.52)

where the scaling function is constant at the critical point. This relation
carries over to the Lee–Yang zeros as

|ho −hc|∝ L−ϙ∆/ν (2.53a)

Im[ho]∝ L−ϙ∆/ν. (2.53b)

These expressions are valid for any dimensions d < dc and d > dc except
d = dc because of the logarithmic corrections to the scaling of partition
function zeros [22]. Next, we consider the finite-size scaling of the energy
fluctuations close to the critical point, which from Eq. (2.47) reads

〈〈Un〉〉 = L−nxun
(
Lϙ/ξ

)
,

where we have set Φ = U and the conjugate parameter is q = −β. By
arguments similar to the magnetization cumulants, we can express the
value of the exponent x in terms of ν by using the definition of specific heat
given by cv = kBβ

2N−1〈〈U2〉〉 ∝ ξα/ν. Using this expression together with
〈〈U2〉〉 = L−2xu2

(
Lϙ/ξ

)
, we find that L−2xu2

(
Lϙ/ξ

)∝ Ldξα/ν, which implies
u2
(
Lϙ/ξ

)∝ (
Lϙ/ξ

)−α/ν, since both hand-sides should scale similarly with
ξ. Consequently, we find the relation 2x = −d−ϙα/ν between the scaling
exponents. Furthermore, employing the modified hyperscaling relation
dν = ϙ(2−α) yields the value of x = −ϙ/ν and thus, the finite-size scaling
relation for the energy cumulants is given by

〈〈Un〉〉 = Lnϙ/νun(Lϙ/ξ). (2.54)

Similarly, the leading Fisher zeros should obey the following scaling rela-
tions

|βo −βc|∝ L−ϙ/ν (2.55a)

Im
[
βo
]∝ L−ϙ/ν. (2.55b)

With these relations, we can determine the universal critical exponents
from the size-dependence of the partition function zeros. We note that these
zeros can be extracted accurately from the thermodynamic fluctuations
measured (or calculated) at a fixed point that is below or above the phase
transition point. Our findings offer a novel approach to obtain both the
critical values of the control parameters and the critical exponents of a
macroscopic system without knowing the partition function and even if the
system is away from the phase transition point.
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2.3 Criticality in Ising models

"I am not convinced by the
statement ‘we are here able to
determine the critical exponents
from the energy fluctuations at
a fixed temperature above the
transition’."

Journal Referee C

The Ising models in higher dimensions d ≥ 2 are nontrivial many-body
problems that exhibit a continuous phase transition [116, 105]. In 1944,
Onsager provided an exact but formidable solution of the square-lattice
Ising model in the absence of a magnetic field, and nearly a decade af-
ter, Yang calculated the closed form of the spontaneous magnetization
[117]. Later on, Schultz et al. reformulated the problem using the second
quantization formalism for fermions, which can be exactly diagonalized
by subsequent use of Jordan–Wigner, Fourier, and Bogoliubov transforma-
tions [118, 119]. This approach also provided a way to express the partition
function in terms of a transfer matrix; making it possible to obtain numer-
ical solutions of the model in the presence of a magnetic field. The Ising
model in three dimensions still remains unsolved.

In this section, we apply the tools developed so far to the Ising model
in two dimensions (application to higher dimensions is also possible) and
the Curie–Weiss model which is a mean-field approximation of the Ising
model. In particular, we demonstrate how to extract the Fisher (Lee–Yang)
zeros from the energy (magnetization) fluctuations, which are determined
by Monte-Carlo simulations and also predict the phase transition point
and universal critical exponents from the finite-size scaling.

Fisher zeros from Monte Carlo simulations. Let us consider an experi-
mental setup describing an interacting many-body system where one can
increase the system size in a controllable manner, e.g., nanoscale struc-
tures that are carefully assembled by adding single spins to an atomic
chain on a surface or by loading individual atoms into an optical lattice

Figure 2.6. Energy fluctuations at β = 0.8βc for the two-dimensional Ising lattice on a
torus with L = 12. Red (blue) spins point up (down).
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Figure 2.7. Fisher zeros and critical exponents for the two-dimensional Ising model on
a torus. The leading Fisher zeros (blue points) extracted from the energy
cumulants that were averaged over m = 10 sets of Monte-Carlo simulations.
The simulations were carried out at a temperature above the phase transition,
βJ = 0.8βc ≈ 0.35 (black circle). (b) The critical exponent ν is extracted from
the log-log plot. (c) With increasing system size, the Fisher zeros approach
the critical point βc J ≃ 0.4405(97) (red circle), which is close to the exact
result β2DJ = ln(1+p

2)/2≃ 0.4407. The imaginary part of the zeros vanishes,
signaling a sharp phase transition.

one at a time [120, 121]. To mimic this experiment, we perform m = 10
different sets of Monte-Carlo simulations of the Ising model based on the
standard Metropolis algorithm [122]. For each set, we collect statistics
from 1.5×107 measurements on an N-site Ising lattice in two dimensions.
We then evaluate the high-order cumulants (n = 6,7,8,9) of the energy at a
fixed inverse temperature β, which can be below or above the critical point.
The simulations are repeated for different lattice sizes L where N = Ld and
for different Monte-Carlo sets (m = 10) to estimate the statistical error on
high-order cumulants. Having determined the energy fluctuations at the
fixed temperature, see Fig. 2.6 for an illustration, we can extract the Fisher
zeros using the cumulant method presented in Eq. (2.8). The results of
this procedure are shown in Fig. 2.7. Even for small lattices, we observe
that the Fisher zeros approach the critical inverse temperature on the
real axis. We note that, for the 2D Ising lattice, the zeros are extracted
at a fixed inverse temperature at β/βc = 0.8 (denoted by black point in the
figure) which is considerably away from the critical point, yet, remarkably,
they are in good agreement with the exact zeros computed by the use of
standard root-finding algorithms.

A quantitative analysis is provided in Fig. 2.7(b), where we investi-
gate the finite-size scaling of the imaginary zeros which takes the form
of Im[βo] ∝ L−1/ν(1+ L−w) with w denoting the correction exponent [19,
20]. Calculating the correction exponent w numerically, e.g., from a four-
parameter fit, constitutes another line of research and requires the use
of advanced numerical techniques and thorough error analysis [31, 123].
Here, we extract the value of ν using least-squares fitting (or L1-norm
fitting) with 95% confidence interval. Although the zeros are obtained
away from the critical point, the extracted critical exponents are close to
the exact values for the Ising model [20]. We note that these zeros and the
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Figure 2.8. Fisher zeros of the 2D Ising model extracted from the energy fluctuations at
different inverse temperatures.

exponents are obtained solely from fluctuations measured at fixed inverse
temperature β. Having determined the critical exponents, one can easily
identify the phase transition point by extrapolating the position of the
leading Fisher zeros to the thermodynamic limit as shown in Fig. 2.7 (c).
The imaginary part of the Fisher zeros vanishes in the thermodynamic
limit, while the real part comes close to the exact value of the critical
point for the Ising model. We note that the method has a broad scope of
applicability and can be utilized to probe criticality in other interacting
many-body systems in higher dimensions.

Choosing the parameters of the cumulant method. We now demonstrate
how to select the lattice sizes and fixed measurement point when extracting
the leading zeros to avoid the adverse effects of subleading zeros. To this
end, we first collect statistics from three (or more if possible) arbitrary
inverse temperatures, e.g., β/βc = 0.8,0.85,1. We note that it is not necessary
to include the critical temperature but the measurement points should
be placed in the vicinity of the critical point. The expectation here is
that the cumulant method should deliver the same Fisher zeros, although
the fluctuations are calculated at different temperatures. Hence, one can
identify at which lattice size the subleading zeros begin to interfere. The
results for the 2D Ising model presented in Fig. 2.8 show that the imaginary
and real parts of the Fisher zeros start to deviate from its mean value at
the lattice size L = 12. Thus, it is important to not consider higher lattice
sizes in the calculations. We note that this analysis should be conducted
for each model separately if one seeks to obtain more accurate results from
the cumulant method.

Another way of choosing the parameters is to start off at an arbitrary
measurement point, determine the zeros and extrapolate the critical point.
Then, by adopting an iterative approach, one can choose the next measure-
ment point closer to the critical point that was determined in the previous
step. This iterative approach together with the finite-size scaling analysis
may improve the estimates of the critical exponents and critical point.
However, here we stress that the aim of our method is not to compete with
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Figure 2.9. Binder cumulants. (a) The Binder parameter as a function of the inverse
temperature for different system sizes. The intersection point (red circle)
yields the critical inverse temperature βc J ≈ 0.4434. The estimation highly
depends upon the proximity of the measurements to the critical point. The
gray frame corresponds to the data that we utilize to determine the critical
exponents and critical temperature with our method. (b) Collapse of the
Binder cumulant for different system sizes. The estimate of the critical point
from (a) is used to roughly tune the critical exponent ν≈ 1.07 so that all data
collapse onto a single curve.

existing sophisticated numerical methods. Rather, the idea is to develop
a novel method that can be realized in an experiment, e.g., by analyzing
fluctuating observables at a single fixed temperature above (or below) the
critical point. This is in contrast to conventional methods [124], which
typically require that the control parameter is tuned across the phase
transition.

2.3.1 Comparison with Binder cumulants

We now compare our method to the Binder cumulants, which are often
used to determine critical points and critical exponents of phase transitions
[97]. The Binder parameter M4 is a modified fourth-order cumulant of the
order parameter, which for Ising models is the magnetization M, and it is
defined as

M4(L)= 1− 〈M4〉
3〈M2〉2 , (2.56)

where 〈M2〉 and 〈M4〉 denote the second and fourth order moments of the
magnetization. The method exploits the fact that M4 becomes invariant to
the system size at the critical point. Thus, the crossing point of the Binder
parameter for systems of different sizes as a function of the inverse tem-
perature delivers the critical point, where the system undergoes a phase
transition in the thermodynamic limit. Using similar phenomenological
arguments, discussed at the beginning of this section, one can show that
the Binder parameter scales as

M4(L)= M̃
(
L1/ν (β−βc

))
, (2.57)

where M̃ is a scaling function. Based on the scaling behavior of the Binder
parameter, one may fit the critical exponent ν by substituting the critical
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temperature βc, which is given by the intersection of the Binder cumulants,
into the scaling form of the Binder parameter so that all curves corre-
sponding to different system sizes collapse onto the same line. In Fig. 2.9
we show the Binder parameter as a function of inverse temperature for
different system sizes and roughly predict the critical values of the 2D
Ising model.

The main point of this comparison is that, in contrast to our method,
to make use of the Binder parameter, one must collect statistics of the
magnetization at a number of different temperatures and tune the system
across the critical point. From an experimental point of view, it may be
a great advantage to work with fixed parameters, as we demonstrated
in Fig 2.7, e.g., if the phase transition takes place at a low temperature,
which is hard to reach.

2.3.2 Lee–Yang zeros of the 2D Ising lattice

We begin with a brief recap of the solution of the square-lattice Ising model
in the presence of an external field using the transfer matrix method.
Then, we introduce a useful recursive formula for calculating high-order
magnetization moments from the transfer matrix description of the system.
This formula enables us to evaluate the exact high-order magnetization
cumulants and subsequently obtain the Lee–Yang zeros.

We start with the partition function of the 2D Ising model expressed in
terms of the 2L× 2L transfer matrix [2]

Z(h)=Tr{TL} (2.58)

where
T= [2sinh(2βJ)]L/2V3V2V1, (2.59)

is given by a product of the three matrices

V1 =
L∏

i=1

eΘXi ,V2 =
L∏

i=1

eβJZiZi+1 ,V3 =
L∏

i=1

eβhZi (2.60)

with tanhΘ= e−2βJ , and having defined

Xi =1⊗1⊗·· ·⊗σx ⊗·· ·⊗1⊗1 (2.61)

and
Zi =1⊗1⊗·· ·⊗σz ⊗·· ·⊗1⊗1 (2.62)

with the standard Pauli matrices on position i = 1, . . . ,L,

σx =
(

0 1

1 0

)
, σz =

(
1 0

0 −1

)
. (2.63)
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Generally, it is difficult to evaluate high derivatives numerically; thus, we
pursue a different approach. We express the moments of the magnetization
as

〈Mn〉 =
Tr{∂n

βhTL}

Z(h)
(2.64)

and then use a recursive expression for the derivatives of powers of the
transfer matrix. We first note that

∂βhTL =MTL +T∂βhTL−1, (2.65)

having used that ∂βhT=MT, since V3 = eβhM with

M=
∑

i

Zi. (2.66)

Then the second derivative is given by

∂2
βhTL = ∂βh

[
MTL +T∂βhTL−1] (2.67a)

=M∂βhTL +MT ∂βhTL−1 +T ∂2
βhTL−1. (2.67b)

Evaluating the higher derivatives, we find [77]

∂n
βhTl =M∂n−1

βh Tl +
n−1∑
m=0

(
n−1

m

)
Mn−1−m T∂m+1

βh Tl−1 (2.68)

for l = 1, . . . ,L, having made use of the binomial series,

(a+b)n =
n∑

m=0

(
n
m

)
an−mbm. (2.69)

With these expressions, one can evaluate the exact high moments of the
magnetization and subsequently obtain the cumulants using the relation
[125]

〈〈Mn〉〉 = (−1)n+1

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

〈M1〉 1 0 0 0 . . .

〈M2〉 〈M1〉 1 0 0 . . .

〈M3〉 〈M2〉
(

2
1

)
〈M1〉 1 0 . . .

〈M4〉 〈M3〉
(

3
1

)
〈M2〉

(
3
2

)
〈M1〉 1 . . .

. . . . . . . . . . . . . . . . . .

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐
n×n

(2.70)

These exact results are based on the partition function and serve as a
ground for comparison with the cumulants obtained from Monte Carlo
simulations.

Having calculated the exact magnetization cumulants for the 2D Ising
model, we can now extract the Lee–Yang zeros at different inverse tem-
peratures by using the cumulant method given in Eq. (2.8). Figure 2.10
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Figure 2.10. Higher-order cumulants and Lee–Yang zeros for the 2D Ising model. (a)
Lee–Yang zeros obtained from high-order magnetization cumulants (blue
points) and exact Lee–Yang zeros calculated numerically (red circles). (b)
The slope is extracted from the log-log plot. (c) The convergence points of
Lee–Yang zeros for two phases β= 0.8βc and β= 1.2βc.

shows the Lee–Yang zeros (blue points) extracted from the exact high-order
cumulants together with the exact zeros (red points) that are computed
using standard root-finding algorithms. We note that extracted zeros are in
perfect agreement with the exact zeros. Further analyzing the imaginary
parts of extracted zeros that take the form of Im[ho]∝ LB/ν−d, see Eq. (2.53),
we determine the ratio of the critical exponents as B/ν= 0.1256(2), which is
in agreement with the exact value of B/ν= 1/8. One can then extrapolate
the Lee–Yang zeros to the thermodynamic limit knowing how they scale
with the linear size. Our analysis shows that the imaginary and real parts
of the Lee–Yang zeros move towards the critical point hc ≈ 0 when the
system is in the low temperature phase β≥ βc; this implies a first-order
phase transition across h = 0. However, for the high-temperature phase,
the lattice is in the disordered state and the imaginary parts of the Lee–
Yang zeros converge to a point in the complex-plane of magnetic field,
similar to the 1D Ising model and the broken zipper model presented in
Sec. 2.1. In the next chapter, we discuss the physical meaning of these
convergence points within the framework of large deviation statistics of
the magnetization.

2.3.3 Curie–Weiss model

At last, let us consider the Curie–Weiss model, which is mean-field example
of a continuous phase transition. The model is analytically tractable and
one can thus compute the high-order cumulants explicitly. However, it
comes with the caveat that the number of neighbors for each spin is
proportional to the total system size N, i.e., all spins interact with each
other even if they are located far apart in the lattice. To characterize
the phase behavior of the Curie–Weiss model, we consider the partition
function

Z(β,h)=
N∑

n=0

(
N
n

)
e
βJ
2N (N−2n)2+βh(N−2n), (2.71)
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Figure 2.11. High cumulants of the energy and the magnetization at the critical point
β=βc. (a) Energy cumulants as functions of the system size N for cumulant
orders n = 1 and n = 10. (b) Magnetization cumulants as functions of the
system size N for cumulant orders n = 2 and n = 11. (c) The slopes extracted
in panels (a) and (b) as a function of the cumulant order n, allowing us to
extract the scaling exponents of the cumulants.

where the magnetization is given by M = N − 2n, where n denotes the
number of spins pointing down, and the binomial coefficient yields the
number of such spin configurations. The inverse temperature, magnetic
field, and the strength of the spin interactions are denoted by β= 1/(kBT),
h, and J respectively.

As discussed in the Sec. 2.2, the standard finite-size scaling does not hold
for mean-field systems and thus, one should make modification to it by
taking into account the ϙ exponent, which follows from Fisher’s dangerous
irrelevant variable [108, 10, 103, 23, 24]. Drawing on Eqs. (2.52) and (2.54),
the scaling relations for high cumulants at the phase transition β=βc can
be expressed as

〈〈Un〉〉 = Lnϙ/ν = Nn/4ν (2.72a)

〈〈Mn〉〉 = Lnϙ∆/ν = Nn∆/4ν. (2.72b)

The latter formula is obtained from the definition of ϙ= d/4 for d > 4 and
based on the assumption that the total system size is given by N = Ld.
To test these scaling relations, we explicitly evaluate the high-order en-
ergy and magnetization cumulants of the Curie–Weiss model, depicted in
Fig. 2.11 as a function of the total system size N. We then find the slopes of
the energy and magnetization cumulants of different orders in the log-log
plot and identify the critical exponents related to the energy cumulants as
1/4ν≈ 0.503(19) and magnetization cumulants as ∆/4ν≈ 0.7442(12). These
results are in good agreement with the exact values of the critical expo-
nents ∆= 3/2 and ν= 1/2, which are obtained from Landau’s order parame-
ter expansion. Based on the parallels between the high-order fluctuations
and the partition function zeros, the same critical exponents describe the
scaling relations of the zeros

|βo −βc|∝ N−1/4ν, Im[βo]∝ N−1/4ν. (2.73a)

|ho −h|∝ N−∆/4ν, Im[ho]∝ N−∆/4ν (2.73b)
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Figure 2.12. Error analysis for the Fisher zeros with different system sizes, tempera-
tures, and cumulant orders. The red bands indicate the standard error,
σ/
p

m, where σ denotes the standard deviation and m = 7 is the number of
different sets of high-order cumulants used to extract the Fisher zeros, i.e.,
n = 11, . . .14;12, . . . ,15; ...;17, . . . ,20. The mean values over the cumulant sets
are indicated by blue points at the inverse temperatures. Each panel consists
of two different sets of system sizes in order to investigate finite-size effects.
(a) The critical exponent is extracted from the log-log plot of the imaginary
part of the Fisher zeros as a function of the system size. (b) The critical
point is estimated to be Re[βcJ]≈ 1.00976 by averaging over the small system
sizes and Re[βcJ] ≈ 1.00260 for the large system sizes. (c) The convergence
point of the imaginary part of the Fisher zeros yields Im[βcJ]≈ 0 to a good
approximation for both sizes.

where ho and βo denote the Lee–Yang zeros and Fisher zeros respectively.
With these scaling relations, one can pinpoint the phase transition from the
asymptotic behavior of the partition function zeros in the thermodynamic
limit.

Finally, we discuss the error estimates of the critical points and expo-
nents extracted by the cumulant method. In particular, we consider the
influence of different parameters of the method, e.g., the system size, in-
verse temperature at which the cumulants are computed, and cumulant
orders. To this end, we first analyze the imaginary parts of the Fisher
zeros as a function of two sets of system sizes, one set for small lattices
N < 103 and another for large lattices N > 103, in the log-log plot where the
slope of each set yields the value of critical exponent −1/4ν. Figure 2.12(a)
shows our results where the red bands indicate the standard errors calcu-
lated over different sets of cumulants orders. As expected, the exponents
extracted from large lattices yields approximately 5% better estimation
results. Figure 2.12(b) and 2.12(c) show the results of a similar analysis
for the real and imaginary convergence points of the Fisher zeros. The
imaginary part essentially vanishes in the thermodynamic limit, signaling
a phase transition, while the real part comes very close to the exact critical
point βc J = 1. We stress that these results are obtained at a single fixed
temperature below or above the critical temperature denoted by blue points
in the figures.
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3. Large Deviation Statistics

In this chapter, we provide an introduction to the theory of large deviations
and present an intriguing connection between the Lee–Yang zeros and
the large deviation statistics for systems that undergo first-order phase
transitions. In particular, we introduce an ansatz for evaluating the large
deviation statistics based on the asymptotic behavior of the Lee–Yang
zeros, which can be determined from the magnetization fluctuations in
finite systems. We find that the Lee–Yang zeros encode crucial information
about the rare fluctuations of magnetization that appear in the tails of the
probability distribution.

3.1 Large deviation theory

Fluctuations play an essential role in statistical physics. Small fluctuations
can be described as small deviations from the expected value of given
quantities. These fluctuations can be understood in the picture of the
central limit theorem which states, crudely, that the sum of independent
and identically distributed (iid) random variables can be approximated by
a Gaussian probability density function

G(X )= 1p
2πNσ2

e−
1

2Nσ2 (X−Nµ)2
(3.1)

where X is the sum of the N iid random variables xi

X =
N∑

i=1

xi (3.2)

and the expectation of xi is E(xi)=µ and the variance is Var(xi)=σ2. This
theorem holds in the limit N ≫ 1, regardless of the underlying distribution
of the random variables [126]. To illustrate this idea, we start with a
simple example: a coin tossing experiment.

Navia aut caput. Let us consider the binomial distribution which describes
the coin toss statistics. If the probability of getting heads in a coin toss is
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denoted by p and for tails it is 1− p, e.g., for an unbiased coin p = 1/2, the
probability of getting the total number of heads H in N coin toss is given
by

P(H)=
(

N
H

)
pH(1− p)N−H , (3.3)

where (
N
H

)
= N!

H! (N −H)!
(3.4)

is the binomial coefficient. The moment and cumulant generating functions
of this expression can be respectively written as [7]

M (q)= 〈eqH〉 =
N∑

H=0

(
N
H

)
pH(1− p)N−H eqH = [peq + (1− p)

]N , (3.5a)

lnM (q)= N ln
[
peq + (1− p)

]
. (3.5b)

Differentiating the last expression n times with respect to the conjugate
field q and setting q = 0 yields the high-order cumulants. For example, the
mean 〈〈H〉〉 and the variance 〈〈H2〉〉 are given by first and second cumulants
respectively

〈〈H〉〉 = ∂q lnM (q)
⏐⏐⏐
q=0

= N
[

peq

peq + (1− p)

]
q=0

= N p (3.6a)

〈〈H2〉〉 = ∂2
q lnM (q)

⏐⏐⏐
q=0

= N p(1− p). (3.6b)

Having calculated the mean and variance for the general case, we now
consider an unbiased coin toss where p = 1/2. One can easily simulate this
experiment by tossing a coin N times and sum up all outcomes

H =
N∑

i=1

xi (3.7)

where xi = 1 for heads and xi = 0 for tails. We note that the total number
of heads H can take on the values H = 0,1,2, ..., N. We can then express
the average value of H for a fair coin as 〈〈H〉〉 = N/2 with the variance
〈〈H2〉〉 = N/4.

To illustrate this, we collect statistics from 2×107 trials where in each
trial we simulate N = 20 coin tossing. Drawing on the central limit theorem,
we can approximate this distribution with a Gaussian probability density
function [127]

G(H)=
√

2
πN

e−
2
N (H−N/2)2

(3.8)

where the mean ≈ N/2 and variance ≈ N/4 are determined from the sim-
ulation. In Fig. 3.1(a) we illustrate our results where the histogram of
the number of heads H is obtained from the simulation and the Gaussian
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Figure 3.1. (a) Coin tossing experiment where the gray bars indicate the histogram ob-
tained from the simulation and the red dashed line indicates the Gaussian fit
to the experiment, i.e., mean and variance are determined from the histogram
data. The blue line denotes the exact binomial distribution. (b) Illustration of
the decay of rare events for an increasing number of coin tossings. The solid
lines indicate exact results, whereas the dashed lines are the Gaussian fitting.

approximation is plotted together with the exact binomial solution given
in Eq. (3.3). We depict the probability in logarithmic scale to demonstrate
that, although the Gaussian approximation agrees well with the observed
data around the mean value 〈〈H〉〉 = N/2= 10, it actually over estimates the
occurrence of rare events in the tails of the probability distribution. For
example, if one tosses the coin N = 20 times, the probability of getting all
heads H = 20 is estimated 10 times higher than the correct result as can be
seen in Fig. 3.1(a). Hence, one needs a better approach when considering
the rare events or large deviations from the mean value.

Large deviation principle. To deal with the probabilities of rare events,
large fluctuations, or probabilities on the logarithmic scale, one exploits
the large deviation theory [128, 129]. The origin of the large deviation
theory lies in the work of Boltzmann’s entropy calculations, but the first
formulation of this theory was introduced by Cramér in the 1930s and
developed further by Varadhan, Ellis, and others [130]. Although the
theory and its applications are of more interest in mathematics, the large
deviation theory is also useful when considering certain physics problems,
e.g., calculating the entropy or free energy function and investigating large
fluctuations near phase transitions in many-body systems. This thesis
focuses on physical applications of large deviations, we will therefore not
provide a rigorous mathematical foundation of this theory. We begin with
Cramer’s theorem [131, 126]

P (H/N ≥ y)≍ e−NI(y) for y> 〈〈H〉〉/N (3.9)

that describes the exponential decay of the tails of the probability distri-
bution of H/N with increasing N. The "≍ " sign indicates the asymptotic
behavior of the probability in the limit of N ≫ 1. The decay rate is given by
a rate function I(y), which is positive and convex I ′′(y)> 0, and it vanishes
at y= 〈〈h〉〉 ≡ 〈〈H〉〉/N where h ≡ H/N is known as sample (or empirical) mean
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[128]. Hence for large N, we can reformulate the probability distribution
of the sample mean as

1
N

lnP(y)≈−I(y). (3.10)

The probability density functions that can be expressed in the above form
are said to satisfy a large deviation principle [128, 129]. In contrast to
the central limit theorem, the determination of the rate function requires
knowledge of the underlying probability distribution of the random vari-
ables. For instance, the probability to get H heads in N fair coin tossing
can be described by the binomial distribution

P(H)= N!
H! (N −H)!

2−N . (3.11)

which follows from Eq. (3.3). We can then use Stirling’s approximation
N! ≈ p

2πNeN ln N−N to express the probability in the form of the large
deviation principle

P(h)≈ 1p
2πhN

1p
1−h

e−NI(h) (3.12)

where h = H/N is the sample mean and the rate function is given by

I(h)= ln2+h lnh+ (1−h) ln(1−h). (3.13)

In Fig. 3.1(b), we illustrate the exponential decay of the probability distri-
bution of the rare events with increasing N and compare it with the decay
determined from the Gaussian approximation calculated in (3.8). This
result implies that the occurrence of rare events decreases exponentially
with a certain rate given by I(h) as the number of coin tosses increases.
Thereby, it is highly unlikely to observe such events where the majority of
the outcomes are heads (or tails) in a fair coin tossing experiment when
N ≫ 1. For example, the probability to obtain H ≈ 30 heads in N = 40 coin
tossing is around 10−5, which can be seen in Fig. 3.1(b). On the other hand,
the Gaussian approximation predicts the probabilities of these rare events
to be nearly one order of magnitude larger when N ≈ 40.

One can also determine the rate function I(h) based on its connection
to the cumulant generating function lnM (q) by the Legendre–Fenchel
transformation [128, 129]

I(y)= sup
q

[qy− lnM (q)] , (3.14)

where "sup" stands for the supremum. One can then directly calculate the
rate function of an unbiased coin tossing experiment by using only the
cumulant generating function

lnM (q)=− ln2+ ln
(
eq +1

)
(3.15)
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which follows from Eq. (3.5) with p = 1/2 and h = H/N. With the above
expression, we find

I(h)= ln2+h ln
(

h
1−h

)
− ln

( 1
1−h

)
(3.16)

which is the same rate function obtained from Stirling’s approximation in
Eq. (3.13).

We note that the rate function can be expanded around the empirical
mean to recover the behavior of the Gaussian distribution. For instance,
expanding the rate function around h ≈ 〈〈h〉〉 = 1/2 for a fair coin tossing
experiment yields

I(h)≈ 2
(

h− 1
2

)2
(3.17)

which coincides with the rate function of the Gaussian distribution. Hence,
the large deviation theory can be regarded as a generalization of the central
limit theorem.

3.2 Saddle point approximation

We now consider physical applications of the large deviation theory. We
begin with the Ising model with nearest neighbor interactions on a hyper-
cubic lattice with N spins, which take on the values σi =±1. The energy of
a spin configuration {σi} and the partition function are given by

U({σi})=−J
∑
〈i, j〉

σiσ j −h
∑

i

σi, (3.18)

Z(β,h)=
∑
{σi}

e−βU({σi}). (3.19)

where β= 1/(kBT) is the inverse temperature, h is the external field, and J
is the interaction strength. We can then write the probability density for
the magnetization M as

P(M)=
∑
{σi}

e−βU({σi})

Z(β,h)
δ

(
Mi −

∑
i

σi

)
, (3.20)

=
∑
{σi}

e−βU({σi})

Z(β,h)

∫ π

−π
dχ
2π

eiχ(
∑

jσ j−M) (3.21)

having used the integral representation of the delta function. Noting that

Z
(
β,h+ iχ/β

)=∑
{σi}

e−βU({σi})eiχ
∑

iσi ,

and via a change of variable κ= h+ iχ/β, this expression can be written as

P(M)= β

2πi

∫ h+iπ/β

h−iπ/β
dκ

Z
(
β,κ
)

Z
(
β,h
) eMβ(h−κ). (3.22)
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Further noting that the partition function is related to the free energy as
−βF = ln Z, we obtain an expression suitable for a saddle-point approxima-
tion in the large-N limit

P(m)= β

2πi

∫ h+iπ/β

h−iπ/β
dκ eNΘ(κ,m), (3.23)

having defined the exponent of the integrand as

Θ(κ,m)=β [ f (h)+hm]−β [ f (κ)+κm] , (3.24)

and f ≡ F/N and m ≡ M/N are the free energy and the magnetization per
site. The integral can be evaluated using a saddle point approximation
where the saddle-points are given by values of κ0 for which the first deriva-
tive of Θ(κ,m) vanishes, i.e.,

∂κΘ(κ,m)
⏐⏐
κ=κ0

= 0 (3.25a)

⇒〈m〉(κ0)= m, (3.25b)

where 〈m〉 denotes the expectation value of the magnetization per site with
an applied magnetic field κ0. After performing the saddle-point approx-
imation, we find that the probability density of magnetization satisfies
the large deviation principle and can be expressed in terms of the large
deviation function (or rate function with our sign convention) as follows

lnP(m)
N

≃Θ(κ0,m). (3.26)

This shows that the saddle-point approximation can be used as an alterna-
tive approach to the Legendre–Fenchel transformation ("sup" operation)
when considering the probability density of the magnetization. In general,
it is challenging to solve the saddle-point equation given in Eq. (3.25).
We will therefore introduce an ansatz to tackle this obstacle in the next
section.

Let us illustrate the saddle-point approximation for the 1D Ising model
for which we can obtain an explicit formula for the large deviation function.
We follow the same notation used in Sec. 2.1 and define the free energy per
site as f (h)=−β−1 lnmax {λ±(h)}, where the eigenvalues of transfer matrix
are given by

λ±(h)= eβJ
[
cosh

(
βh
)±√sinh2 (βh

)+ e−4βJ
]

. (3.27)

The saddle-point equation then reads

∂κΘ(κ,m)
⏐⏐
κ=κ0

= βsinh
(
βκ0

)√
sinh2(βκ0)+ e−4βJ

−βm = 0, (3.28)

with the solution

κ0(m)= 1
β

sinh−1
(

mp
1−m2

e−2βJ
)

. (3.29)
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Figure 3.2. Large deviation statistics of the magnetization for the Ising chain. (a) Large
deviation statistics at a finite temperature in the absence of a magnetic field.
The solid line corresponds to Eq. (3.30). (b) Large deviation statistics as in the
left panel, but with an applied magnetic field, which tilts the ellipse. (c) At
very low temperatures, the ellipse collapses to a nearly straight line.

Plugging this solution back into Eq. (3.26), we find the large deviation
function

lnP(m)
N

≃m
[
βh−sinh−1

(
me−2βJ
p

1−m2

)]
+ ln

[
e−2βJ

p
1−m2

+
√

m2

1−m2 e−4βJ +1

]

− ln
[
cosh

(
βh
)+√sinh2 (βh

)+ e−4βJ
]

.

(3.30)

The 1D Ising model exhibits a first-order phase transition at T = 0. In order
to analyze the rare magnetization events around the phase transition, one
can consider the low-temperature limit, e−2βJ ≪ 1, of the large deviation
function

lnP(m)
N

≃ mβh−|βh|+ e−2βJ
√

1−m2, (3.31)

which is the formula of an ellipse. At even lower temperatures, βJ ≫ 1, the
large deviation function simplifies further to the straight line,

lnP(m)
N

≃ mβh−|βh|, (3.32)

and it vanishes exactly at the critical point when h = T = 0. The large
deviation function describes the exponential decay of the probability to
observe magnetization fluctuations away from the average value. Figure
3.2 shows our results for different values of β and h. For finite βJ, we find
that the large deviation function forms an upper part of the ellipse in the
absence of the external field [132, 133, 134], whereas for finite temperature
and finite field h ̸= 0, the ellipse is tilted in a direction controlled by the
sign of the magnetic field. In this case, the symmetry between the up and
down spins is broken and the distribution is shifted towards positive or
negative m. For large βJ ≈ 4, the large deviation function becomes a nearly
straight line where the maximum is determined by the sign of the external
field. For instance, when h =±0.2, shown in Fig. 3.2(c), the expected value
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of the magnetization is 〈m〉 ≈ ±1, whereas other magnetization values
exponentially decay with increasing system size.

3.3 Rare fluctuations from Lee–Yang zeros

The previous sections have shown how to determine the large deviation
function via the Legendre–Fenchel transformation or a saddle point ap-
proximation. We now investigate hitherto unexplored relations between
the large deviation function and the asymptotic behavior of the Lee–Yang
zeros in the thermodynamic limit. Such relations would suggest that a
profound connection between the Lee–Yang theory and large deviation
statistics may exists. To proceed, we first recall the large deviation function
for the magnetization per site

lnP(m)
N

≃Θ(κ0,m)

with
Θ(κ,m)=β [ f (h)+hm]−β [ f (κ)+κm] ,

where κ0 = κ0(m) solves the saddle-point equation ∂κΘ(κ,m)= 0. In general,
it is challenging to solve this equation since the free energy is a complicated
function of the magnetic field. To tackle this problem, we make the ansatz

Θ(κ,m)≃ C+mβ(h−κ)+m0β
√

(hc −κ)(h∗
c −κ) (3.33)

where hc and h∗
c are the convergence points of the Lee–Yang zeros, i.e., the

Yang–Lee edge singularities. The vertical shift of the curves is controlled
by C, which is a constant independent of the magnetization and m0 is
a free parameter. Here, the expectation is that the free energy in the
thermodynamic limit has square-root branch points at the convergence
points of the Lee–Yang zeros, which is typical for eigenvalue crossings of a
transfer matrix. Under these assumptions, we can solve the saddle-point
equation,

∂κΘ(κ,m)
⏐⏐
κ=κ0

≃−mβ+m0β
κ0 −Re(hc)√

[κ0 −Re(hc)]2 + Im(hc)2
= 0 (3.34a)

⇒ κ0(m)=Re(hc)+|Im(hc)| |m|√
m2

0 −m2
, (3.34b)

having chosen the solution for which the average magnetization increases
as the magnetic field is increased. Substituting this solution back into
the ansatz in Eq. (3.33) yields a simple expression for the large deviation
statistics,

lnP(m)
N

≃ C+mβ [h−Re(hc)]+β |Im(hc)|m0|m0|−m2√
m2

0 −m2
, (3.35)
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in terms of the Lee–Yang zeros. From this approximation, we expect that
the large deviation statistics is simply given by a straight line with slope
β [h−Re(hc)], if the Lee–Yang zeros reach the real-axis and the convergence
point thus is real. The last term in (3.35) becomes important if the Lee–
Yang zeros converge to a point in the complex-plane and remain complex
in the thermodynamic limit N →∞. This, for example, can occur when the
model undergoes a smeared phase transition, which can be described by
the eigenvalue crossing as presented in the case of the broken zipper, 1D
Ising model or in the high temperature regime (disordered phase, β<βc)
of the Ising models in higher dimensions d ≥ 2.

The parameter m0 can be calculated explicitly if the free energy is known
and it is independent of the magnetic field h. Hence, if the large deviation
function is known at zero magnetic field, one can predict how it will evolve
as a magnetic field is applied. This can provide a compelling framework
for investigating the systems under the magnetic field when the analytical
solution is available only in the absence of magnetic field. We also note
that if m0 is positive, the last term simplifies to β |Im(hc)|

√
m2

0 −m2 and
the large deviation function describes the upper part of an ellipse.

The above expression for the large deviation function provides a link
between Lee–Yang theory and large-deviation statistics. However, it relies
on the ansatz in Eq. (3.33) for the free energy, which is a crude approxima-
tion, although it may capture many essential features of first-order phase
transitions. Let us now exploit the ansatz to obtain the large deviation
statistics of the Ising model in one and two dimensions.

Large deviation function of 1D Ising model from Lee–Yang zeros. In order
to determine m0 explicitly, we compare the ansatz solution (3.35) with
the exact large deviation function in the low-temperature limit e−2βJ ≪ 1.
Having noted that the exact convergence point of the Lee–Yang zeros in
this limit is

βhc =±iarcsin(e−2βJ)≃±ie−2βJ , (3.36)

we find that the approximate formula can be expressed as

lnP(m)
N

≃ C+mβh+ e−2βJ m0|m0|−m2√
m2

0 −m2
, (3.37)

where we substitute Re(hc)= 0 and |Im(hc)| = e−2βJ /β into Eq. (3.35). Com-
paring this expression with Eq. (3.31), we explicitly find that m0 = 1 and
C =−|βh|. Hence, using the convergence points of the Lee–Yang zeros to-
gether with these parameters, one obtains a formula for the large deviation
function of the 1D Ising model as

lnP(m)
N

≃ mβh−|βh|+ e−2βJ
√

1−m2, (3.38)

which exactly corresponds to Eq. (3.31). As shown in Fig. 3.2(a) and (b),
the above formula describes the upper part of the ellipse where the tilt
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of the ellipse is determined by the difference between the real part of the
convergence point Re[hc] and the magnetic field h. The width is mainly
controlled by the imaginary part Im[hc]. Thus, the convergence points
of the Lee–Yang zeros, e.g., at βJ = 0.6 the convergence point is hc/J =
i 0.50991, encode information regarding the shape of the large deviation
function. We note that m0 is independent of the magnetic field; therefore,
from the same convergence points and m0, one can determine the large
deviation function of the Ising model under different magnetic fields as
illustrated in Fig. 3.2(b).

Large deviation statistics of the 2D Ising model. In the case of the 1D Ising
model, we obtained an analytical formula for the large deviation statistics.
For the 2D Ising model, we can still determine the large deviation function
by using a numerically exact approach. Hence, the model provides an
important testbed for our ansatz, and it allows us to benchmark our results
against numerically exact calculations obtained from the saddle point
approximation.

Let us summarize the steps to determine the large deviation statistics
using the ansatz solution in Eq. (3.35). First, we extract the Lee–Yang zeros
from the magnetization fluctuations in the absence of a magnetic field and
determine the convergence points hc in the thermodynamic limit. Second,
we fix the parameter m0, which controls the tails of the distribution, such
that the ansatz solution matches the numerically exact result for the h = 0
case. Having fixed this parameter, the last step is to evaluate the large
deviation statistics by simply varying the external field in the ansatz
solution. This procedure nicely captures the exact results for the large
deviation statistics under any applied magnetic fields.

In Fig. 3.3, we present our results for several different temperatures both
with and without an applied magnetic field. The rows show the numer-
ical results together with the ansatz for the large deviation function for
different applied magnetic fields, whereas the columns show the temper-
atures above, below, and at the critical point. In particular, the first row
constitutes the base for which we fixed the m0 parameter. For the 2D Ising
model, we find that m0 =− (1+|Im(hc)|) provides a good approximation; we
use the convergence points calculated in Sec. 2.3. Having determined the
m0 parameter, we can then easily evaluate the large deviation statistics
by varying the magnetic field as shown in the second and third rows. We
observe that an applied magnetic field tilts the distributions. The vertical
shift of the curves controlled by C needs to be adjusted to ensure that the
probability distribution P(m) is properly normalized. We note that the
approximate formula based on the ansatz accurately captures the large
deviation statistics, despite their more complex geometry in comparison to
the ellipse for the 1D Ising model.

The first two columns in Fig. 3.3 represent the disordered regime, where
the Lee–Yang zeros remain complex, and the imaginary part of the zeros
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Figure 3.3. Large deviation statistics for the magnetization in the 2D Ising model. Numer-
ically exact results obtained from the saddle-point approximation are shown
in red, while the approximation based on ansatz is shown in blue. For a larger
β, the distribution becomes wider, while a finite h tilts the distribution.

gives rise to the finite curvature of the large deviation statistics. We
note that for each temperature the convergence points hc vary, and m0

parameter will thereby be slightly different. As the temperature is lowered,
β≥ βc, the Lee–Yang zeros eventually reach the real axis, and the large
deviation statistics develop a nearly flat plateau, as shown in the third and
fourth columns. At the critical point, the approximation captures the flat
plateau of the distribution but does not describe the tails of the distribution,
which are governed by the fluctuations around the spin configurations with
a positive or a negative average magnetization.
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4. Summary of the findings

In Publication I, we establish a relation between the partition function
zeros in the complex plane of the inverse temperature and the energy
fluctuations in many-body systems. As a paradigmatic example, we study
a first-order phase transition in a model of a molecular zipper and predict
the temperature at which a phase transition occurs in the thermodynamic
limit from energy fluctuations in small zippers. We also show that even
if the system does not undergo a sharp transition, the Fisher zeros carry
important information about the large-deviation statistics of the system
and its symmetry properties.

In Publication II, we use the Fisher zeros and their relation to the energy
fluctuations as a tool for probing criticality in Ising models in two and three
dimensions. We suggest an alternative way of extracting the universal
critical exponents from measured or simulated energy fluctuations in
finite-size systems away from the phase transition. In particular, we can
determine the critical points and critical exponents without having to drive
the system across the phase transition, which is typically required by other
methods.

In Publication III, we investigate the Curie–Weiss model of spontaneous
magnetization using the established cumulant method. Since the model
is analytically tractable, it allows us to benchmark our results against
numerically exact calculations and thereby improve our understanding
of the method. Furthermore, we reformulate our scaling analysis for the
partition function zeros to incorporate the criticality in higher dimensions
where the standard finite-size scaling and hyperscaling break down. We
further establish a connection between large-deviation statistics and Lee–
Yang theory, i.e., we determine the rare magnetization fluctuations from
the asymptotic behavior of the Lee–Yang zeros.

In Publication IV, we provide a detailed analysis of the Lee–Yang zeros of
the Ising model in one, two, and three dimensions, which are determined
from the high cumulants of the magnetization in lattices of finite size. In
the first part of the paper, we present a closed formula that relates the
partition function zeros to four consecutive cumulants of thermodynamic
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Summary of the findings

observables. We find that if all odd cumulants vanish, e.g., in the case
of Ising models without a magnetic field in all dimensions, this formula
further simplifies to involve only two even cumulants. We also develop
a transfer-matrix method for calculating the high cumulants in order to
extract the Lee–Yang zeros and make predictions for the convergence
points, i.e., the Yang–Lee edge singularities, for the 2D and 3D Ising
models. In the second part, we employ these convergence points together
with our ansatz for the free energy to predict the large-deviation statistics
of the Ising models. We benchmark the results obtained from our ansatz
against numerically exact calculations for the two-dimensional Ising model.
Finally, we make predictions for the large-deviation statistics of the three-
dimensional Ising model.

The connection between the partition function zeros and the high-order
fluctuations is the basis of the method presented in this thesis. Extending
these ideas to the quantum realm with applications to topological systems
and quantum information science constitutes an exciting challenge for
future work.
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