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TUTKIMUKSEN TAVOITTEET
Tässä tutkielmassa tutkitaan sähköhintojen hintadynamiikkaa ja sen vaikutuksia hintojen 
mallintamiseen ja optioiden hinnoitteluun. Pääasiallisena tavoitteena on selvittää, millaisia aikasarja- 
ja jakaumaominaisuuksia spot- ja termiinihinnoilla on, ja näiden havaintojen perusteella estimoida 
stokastisia malleja ja arvioida niiden kykyä mallintaa sähköhintojen käyttäytymistä. Tutkimuksessa 
keskitytään erityisesti hinta- ja tuottosarjojen mallintamiseen hyppyprosesseilla, joiden 
mallintamiskykyä tutkitaan suhteessa normaalijakaumaan pohjautuviin malleihin.

Sähköhintojen ominaisuuksia tutkitaan aikasaija-analyysillä, jossa keskitytään hintojen kausivaihtelun, 
keskiarvoon hakeutumisen ja mahdollisen heteroskedastisuuden tunnistamiseen. Analyysissä 
tarkastellaan tuottojakaumien ominaisuuksia, joihin pohjautuen eri mallien sopivuutta arvioidaan ja 
vertaillaan. Termiinihintojen osalta tutkimuksessa pyritään selvittämään, miten hyppyjen ja 
jakaumallisten modifikaatioiden soveltaminen vaikuttaa mallien selityskykyyn ja optioiden 
hinnoitteluun.

LÄHDEAINEISTO JA TUTKIMUSMENETELMÄT
Tutkimuksessa käytetty lähdeaineisto on saatu Nord Poolin tietokannasta. Spot-hinta-aineisto koostuu 
tuntikohtaisista Norjan kruunumääräisistä systeemihinnoista periodilta 1.1.1993 - 28.1.2003. 
Tuntihintojen aritmeettista keskiarvoa käytetään kunkin päivän spot-hintana. Termiinihintojen 
tarkastelussa käytetään vuositermiinisopimusten hintoja ajalta 25.9.1995-28.1.2003.

Stokastisten prosessien kykyä mallintaa hintojen kehitystä tutkitaan Monte Carlo -simulaatioilla sekä 
vertaamalla simuloitujen hintapolkujen ja tuottojakaumien ominaisuuksia. Mallien parametrien 
estimoinnissa käytetään maximum likelihood -menetelmää ja hyppyprosessin parametrien osalta 
rekursiivista filtteriestimointia. Spot-hintojen kausivaihtelua mallintavien funktioiden estimoinnissa 
sovelletaan pienimmän neliösumman menetelmää. Mallien estimointiin ja simulointiin käytetyt 
proseduurit on ohjelmoitu tilastollisella R-kielellä (www.r-project.com).

TULOKSET
Tutkimuksen pääasiallisena tuloksena on, että hyppyjen lisääminen stokastisiin malleihin parantaa 
merkittävästi mallien selityskykyä sekä spot- ja termiinihintojen osalta. Hyppyprosessien avulla 
pystytään paremmin mallintamaan toteutuneita tuottojakaumia verrattuna normaalijakaumaan 
perustuviin malleihin. Mallien soveltuvuutta voidaan lisäksi parantaa käyttämällä prosesseissa 
logistisesti jakautuneita virhetermejä ja asymmetrisiä hyppyjä, jotka liittävät malleihin 
tuottojakaumien huipukkuuden ja positiivisen vinouden. Termiinihintojen mallintamisen osalta 
tutkimuksessa havaitaan, että hyppyjen ja jakaumallisten modifikaatioiden lisääminen stokastisiin 
prosesseihin kasvattaa simulaatioista laskettujen optioiden hintoja. Lisäksi aikasaija-analyysi tuo esille 
kausivaihtelun keskeisen aseman aikasaijamallien rakentamisessa. Analyysi antaa myös tilastollista 
tukea spot-hintojen heteroskedastisille ominaisuuksille ja keskiarvoon hakeutuvalle hintakehitykselle. 
Tuottojakaumien havaitaan poikkeavan normaalijakaumasta pääosin äärimmäisten tuottojen vuoksi.
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ABSTRACT

13.5.2004

ELECTRICITY PRICE DYNAMICS IN THE NORDIC POWER EXCHANGE 
IMPLICATIONS FOR POWER PRICE MODELING AND OPTION PRICING

PURPOSE OF THE STUDY
This thesis studies the dynamics of electricity prices and their implications for power price modeling 
and option pricing. The purpose of the study is to find out what kind of temporal and distributional 
properties spot and forward prices possess, and based on a thorough time series analysis, construct and 
evaluate alternative stochastic models for describing the real power price behavior. The focus is 
particularly on examining whether the jump extensions of Gaussian models improve the performance 
of stochastic models of spot and forward price behavior.

Time series analysis of the study addresses the problems of modeling regular periodic patterns, 
potential mean reversion and heteroscedasticity in the spot price series. The analysis concentrates on 
examining the properties of return distributions, which in turn have an integral role in comparison of 
alternative time series models. As for the forward price modeling, the study attempts to find out how 
the inclusion of jumps and other model extensions that capture the leptokurtosis of return distributions 
affect the valuation of options on forward contracts.

DATA AND METHODOLOGY
Data used in the study is obtained from the Nord Pool’s database. The spot price data consists of 
hourly system prices in NOK from 1.1.1993 to 28.1.2003. The arithmetic average of the hourly prices 
each day is used as the spot price for a given day. Daily closing prices year forward contracts from the 
period 25.9.1995-28.1.2003 are used in the analysis of forward prices.

The performance of the stochastic models is investigated by means of Monte Carlo simulation and 
comparative analysis of simulated price paths and return distributions. Parameters of stochastic 
processes are estimated by maximum likelihood and a recursive filter approaches. Ordinary least 
squares method is used in the estimation of the parameters of deterministic seasonal functions that 
model the periodic patterns in spot prices. The statistical estimations and simulations are computed in 
statistical R-programming environment readily available from www.r-project.com.

RESULTS
The study finds that jump extensions clearly improve the performance of stochastic models of spot and 
forward price behavior. While Gaussian processes perform rather poorly in replicating the underlying 
price paths and return distributions, jump models are better able to capture the leptokurtic features of 
the realized return distributions. The fit of the models is further improved by drawing the model 
innovations from a logistic distribution and incorporating the positively skewed return distributions by 
inclusion of asymmetric jumps in the models. In the forward price models the inclusion of jumps and 
distributional modifications is found to increase the values of options on forward contracts, implying 
that the normality assumption of the Black-76 model does not seem totally realistic when pricing 
options on power forwards. Furthermore, time series analysis points out that seasonal behavior plays a 
central role in the construction of time series models of spot prices. Analysis also provides statistical 
evidence of mean reverting and heteroscedastic behavior in the spot price series. The return 
distributions are found to deviate from Gaussian ones due extreme returns in the time series.

KEY WORDS
Electricity price modeling, jump process, time series analysis, seasonality, mean reversion, Nord Pool
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1 Introduction
Research on commodity price modeling and valuation of commodity derivatives has been an 

expanding area within finance during the last decade. However, the majority of the research 

has concentrated on modeling prices of storable commodities, such as oil and gas, and less 

academic work has been done on electricity price modeling. As the ongoing deregulation of 

electricity markets has paved the way for spot and derivatives trading worldwide, the need for 

further research on the unique features of electricity and more sophisticated pricing models 

has become obvious.

The non-storability feature of electricity makes the price modeling particularly challenging 

field of study. Even though hydroelectric resources are arguably storable, electricity as a 

commodity cannot be economically stored. This unique characteristic of power leads to a 

collapse of the spot-forward relationship, which is traditionally based on non-arbitrage 

arguments. Consequently, the valuation of derivative contracts becomes rather ambiguous, as 

arbitrage across time and space is seriously limited in the electricity markets.

Another implication of non-storability is that power prices are highly volatile and sensitive to 

seasonal changes in demand. These features complicate the time series modeling of power 

prices, particularly in the Nordic market, where the spot price behavior has a strong seasonal 

character. As a consequence, applications of standard stochastic models do not seem as 

straightforward as with financial assets due to unique time series properties of power prices. 

The apparent complexity of power price modeling challenges the standard Gaussian models 

of asset price behavior and serves as an initial source of motivation for conducting this study.
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1.1 OBJECTIVES AND CONTRIBUTIONS OF THE STUDY

The purpose of this thesis is to study the dynamics of electricity prices and their implications 

for power price modeling and option pricing. The objective is to find out what kind of 

temporal and distributional properties spot and forward prices do possess, and based on 

thorough time series analysis, construct and evaluate alternative stochastic models for 

describing the real power price behavior. The research interest is particularly on examining 

whether the inclusion of jumps, i.e. separate modeling of extreme returns, improves the 

performance of stochastic models which attempt to capture the evolution of power prices.

The modeling approach applied in the study is based on pure time series analysis; no 

structural factors, such as demand and supply conditions, are included in the modeling 

framework. As it seems evident that such structural factors as emission permits affect the 

electricity price levels, this study circumvents the complexity of structural modeling by 

concentrating on pure time series modeling which, in turn, should ultimately complement the 

structural market models.

Disposition of the paper moves from theoretical aspects of electricity price behavior and 

modeling to empirical tests of time series properties of power prices. After a fundamental 

time series analysis the paper focuses on investigating the performance of alternative 

stochastic models by means of Monte Carlo simulation. Prior to the empirical analysis, the 

paper reviews different modeling approaches and their most essential features through a 

comparative summary of models appearing in the literature and recent research.

The empirical analysis of the thesis can be roughly divided to two areas of research: time 

series analysis, and construction and evaluation of stochastic models.
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1.1.1 Time series analysis

The empirical part of the study begins with analysis of time series properties of electricity 

spot prices. The focus is on analyzing the temporal and distributional properties of 

logarithmic price changes. While several papers [see e.g. Knittel & Roberts (2001)] have 

pointed out some general characteristics of power price behavior in the US markets, the 

research on temporal and distributional properties of the Nordic power prices is still scarce. 

The current research on time series modeling effectively bypasses the analysis of return 

distributions, which serves an important function in construction of risk management 

applications and price scenario models. The time series analysis of this study contributes 

mainly to the, previously incomplete, distribution analysis of spot returns. The emphasis is on 

examining whether the returns are Gaussian in nature and whether the returns can be 

characterized by a normal distribution as the outliers are removed from the return series. As 

the temporal properties are examined, the focus is on the recognition of the predictable 

periodic component of spot prices as well as on the potential existence of mean reversion, 

which typically characterizes commodity prices.

The stochastic characteristics of spot prices are analyzed after removal of the predictable 

deterministic components, i.e. seasonal regularities, in the behavior of the electricity prices. 

The price series is deseasonalized by using a sinusoidal modeling approach of Lucia & 

Schwartz (2002), which effectively captures the annual periodicity in the price data. The 

applicability of the seasonal model is tested using the longest possible series of Nordic 

electricity spot prices.

Unlike most papers on electricity price modeling [e.g. Uljas (2001), Hlouskova et al. (2001)] 

this study is not concerned with the construction of predictive short term models of future 

prices. While recent research has concentrated on examining the relation between electricity 

forward prices and expected spot prices and the potential existence of risk premia [see e.g. 

Malo (2003) for a recent analysis], the interest of this study draws rather on exploring the 

time series properties of electricity forwards. The focus is chosen since the temporal evolution 

of forward prices and the average shape of return distributions have an integral role in pricing 

derivative contracts written on forwards.
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1.1.2 Stochastic modeling

The second part of the empirical study concentrates on estimating and evaluating alternative 

stochastic models for spot and forward prices. Based on the results of time series analysis, 

deseasonalized spot prices are modeled through a Gaussian mean reverting model, which is 

extended by inclusion of jumps and distributional modifications which attempt to capture the 

properties of realized price series. Similar model extensions as with spot prices are also 

applied to year forward prices which are originally modeled by a risk neutral process of 

Brownian motion type. The performance of the models is tested by means of Monte Carlo 

simulation and statistical examination of simulated return distributions.

The stochastic modeling contributes mainly to testing whether the jump extensions improve 

the performance of stochastic models on Nordic electricity prices. While the research on 

alternative modeling approaches has shown a steady increase lately, relatively little attention 

has been directed to empirically testing any stochastic models on electricity prices. Most 

studies [see e.g. Deng (2000)] present alternative jump approaches but, in effect, leave out 

any comparison between models or empirical tests of model performance. This research 

attempts to fill the gap between model construction and performance evaluation by comparing 

the properties of the modeled returns with the realized ones. Furthermore, the analysis of 

forward price models focuses on the implications of alternative modeling approaches for 

pricing electricity options, a research area where current research seems seriously limited.

The parameter estimation of jump processes is carried out by a combination of maximum 

likelihood method and a recursive filter approach originally introduced by Clewlow & 

Strickland (2000). This approach is chosen since it can be easily implemented by practitioners 

in a basic spread sheet environment. The study tests the applicability of the filter method, 

which has not been previously examined on the Nordic power price data.



5

1.2 RESEARCH PROBLEMS

Summarizing the above target setting, the research problems of this thesis can be divided into 

two sets of questions:

1) Time series dynamics of spot and forward prices:
• Does the spot price series exhibit mean reversion and periodic regular patterns?

• How are spot and forward returns distributed? Are the returns Gaussian in nature?

• How does volatility behave over time? Are there indications of heteroscedastic price behavior?

2) Stochastic modeling:
• Is the Gaussian mean reverting model applicable for modeling spot price behavior?

• Is the standard Gaussian model applicable for modeling forward price behavior?

• Does the inclusion of jumps in the modeling framework improve the performance of models?
о What kind of model extensions are able to accommodate the skewness and excess kurtosis 

features of the realized distributions?

• How do the jump diffusion and other model extensions affect the valuation of options on forwards?

о Is the underlying assumption of Gaussian log returns of the Black-76 formula applicable for 

pricing options on electricity forwards?

1.3 STRUCTURE

The remainder of the thesis is organized as follows: Section 2 provides a brief overview of the 

Nordic power exchange Nord Pool and the most essential features of the products traded in 

the exchange. Section 3 introduces the basic characteristics of electricity prices and discusses 

the theoretical aspects of power derivative pricing. In the fourth section a few representative 

approaches to electricity price modeling are reviewed and the stochastic assumptions of the 

models are discussed. Section 5 introduces the data and analyzes the time series properties of 

spot and forward prices. The statistical methods used in the estimation of stochastic models 

are also introduced. Section 6 reports the results of the model estimation and simulation, and 

analyzes the implications of the results for model construction and option pricing. Section 7 

concludes the study with some final remarks and directions for future research.
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2 Overview of Nord Pool - the Nordic power exchange1

Established in 1993 the Nordic Power Exchange (formerly Statnett Marked AS) originally 

covered only the Norwegian market. In 1996 the exchange was renamed to Nord Pool ASA as 

the Swedish grid company, Svenske Kraftnät, bought 50% of Statnett Marked AS and became 

a part of the power exchange area. Finland also joined the market in 1998 followed by 

western Denmark in 1999 and eastern Denmark in 2000.

Having expanded to cover four countries the Nordic power exchange currently forms an 

important part of the infrastructure of the Nordic power market. However, the electricity 

market is a non-mandatory market and a significant share of electricity and financial contracts 

are still traded bilaterally - approximately 75% of the physical electricity. The total volume of 

financial contracts traded at Nord Pool’s financial market totaled to 545 TWh (NOK 139 

billion) in 2003, whereas the total volume cleared by the Nord Pool clearing services was 1 

882 TWh. This gives Nord Pool ASA a market share of approximately 29% in trading of 

financial contracts.

Nord Pool is owned by the Nordic transmission system operators and Nord Pool ASA. The 

exchange operates two different market places: a physical market Elspot and a financial 

market Eitermin. Nord Pool also provides with clearing services for both exchange traded and 

over the counter contracts.

2.1 PHYSICAL MARKET - THE SPOT MARKET

In the Elspot market day-ahead power contracts are traded for physical delivery. Every 

contract in Elspot refers to the delivery of 1MW for a specified hour next day. The trading is 

based on an auction trade system where an equilibrium price called the system price is fixed 

separately for each hour for the next day. The system price is determined through the balance 

between aggregate supply and demand for all participants in the whole market area without 

considering any capacity limits. Thus, the system price can be regarded as the unconstrained 

market price that prevails throughout the whole market area when there is no grid congestion 

between the bidding areas. If there are bottlenecks in the system i.e. the required electricity

1 This section is based on the material in Nord Pool’s Product reports available at www.nordpool.com.
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flow exceeds the capacity limits of the transmission lines, several different area prices may 

occur. The system price is used as a reference price for futures and forward contracts traded in 

the Nordic Power Exchange and also in the Nordic OTC market.

Due to the long time span - up to 36 hours - between spot market price fixing and delivery, 

there is frequently need for market that is closer to real-time. To handle any unpredictable 

differences between the planned and real exchange during the delivery the national system 

operators have also set up a regulating or balancing market called Elbas. In this market 

participants can trade one-hour contracts until two hours before the delivery. See Figure 1 for 

an illustration of different spot markets.

Figure 1: Structure of different spot markets

Figure 1 presents the connection between Eispot, Elbas and real time market. One hour 
contracts are traded in the day-ahead market Elspot. In the Elbas market demand and supply 
are balanced one hour ahead between Finnish and Swedish system operators. The real time 
markets are tools for the five Nordic system operators to balance generation to match power 
consumption during all hours of operation. Source: The Nordic spot market - Product 
report, available at www.nordpool.com
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2.2 FINANCIAL MARKET - ELTERMIN

Nord Pool's financial market is designed to serve as a risk management tool for generators 

and retailers who want to hedge their future profit. While the retailers hedge their positions by 

going long, the energy producers seek to minimize the price risk by taking short positions in 

the financial contracts. These differing interests on the demand and supply side form the basis 
of well functioning electricity derivative markets.

At the present four types of contracts are traded in Nord Pool's financial market Eltermin: 

base load futures, base load forwards, options and contracts for difference. All the four 

contract types are pure financial contracts i.e. there is no physical delivery. The contracts are 

settled using the system price of the total Nordic power markets as a reference price. Hence, 

the physical trade takes place in the spot market. The maximum trading time horizon is 
currently four years.

The financial contracts traded on Eltermin are written on the arithmetic mean of the system 

price at a given time interval. This time interval is called the delivery period and the period 

prior to the delivery is termed the trading period. The futures and forward contracts differ as 

to how the settlement is carried out during the trading period. Futures contracts feature daily 

market settlement during the trading and delivery periods, whereas forward contracts have 

daily settlement only during the delivery period. The mark-to-market settlement of futures 

covers gains and losses from the daily changes in the market price of the futures contracts. 

These changes are settled financially at each participant's margin account. The final price- 

securing settlement covers the difference between the last closing price of the futures contract 

and the system price during the delivery period. None of the contracts are traded during the 

delivery period. See Figure 2 for a simple illustration of settlement of a futures contract.
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Figure 2, Settlement structure of a futures contract

Contract
Price

200

One hour
250

245 '
Market price of 
futures contract

V 220

System /
price -—^

\ y Received during 
final settlement

L A

r
Received during 2 
mark-to-market 

settlement

к

f

Trading Period Delivery Period

Net 1
procurement 

cost
1

i

V....”

Procurement cost in 
the spot market

Mark-to-Market Settlement Spot Reference Cash Settlement Time

Figure 2 presents the settlement structure of an electricity futures contract for one 
specific hour. The only difference between futures and forwards is that forward 
contracts are not subject to mark-to-market settlement during the trading period. The 
owner of a futures contract is credited NOK 20 (220-200) during the trading period 
and for the specific single hour indicated in the figure the owner gains NOK 25 (245- 
220). The owner of a forward contract, in turn, is credited NOK 45 (245-200) for the 
specific hour in the delivery period - i.e. the difference between the original forward 
price and the prevailing spot price. The total gain/loss from the delivery period is 
calculated as a difference between the original contract price and a weighted average 
of all hourly system prices during the delivery period.

The futures market contains day, week and block (consisting of four weeks) contracts. As the 

due date approaches, blocks are split into weeks and weeks are split into days. New blocks are 

listed for trade to maintain an overall time horizon of 8-12 months.

The forward market consists of season and year contracts. Each year is divided into three 
seasons: VI - late winter (Jan 1st - Apr 30lh), SO - summer (May 1st - Sep 30th) and V2 - early 

winter (Oct 1st - Dec 31st). Seasonal contracts2 are written on each of the seasonal delivery 

periods. In January each year SO and V2 contracts for the coming year and all three seasonal 

contracts for the next two years are available. The yearly forward contracts are available for 

the next three years so that the term structure of futures and forward prices varies from 3 to 4 

years into the future depending on the time of the year.

2 As opposed to futures contracts, the season contracts are not subject to further splitting.
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The European options in Nord Pool are written on the season or year forward contracts3. 

Hence, exercising a European option results in opening position in the underlying forward 

contract. To date, the volume of options trade in the exchange has been rather low since the 

majority of the option deals are carried out in the OTC market. Due to their low liquidity 

Asian options on the average system price do no longer trade in Nord Pool.

Furthermore, Nord Pool quotes prices of Contracts for Difference. A CfD is a forward 

contract with reference to the difference between the area price and the Nord Pool system 

price. The market price of a CfD can be positive or negative or zero depending on the 

market's prediction of the price difference during the delivery period. CfDs allow market 

participants to create a perfect hedge that also removes the base risk when area prices are not 

equal to the system price. A perfect hedge can be formed by

1) hedging the required volume using forward contracts

2) hedging the price difference through CfDs and

3) accomplishing physical trade

Creating the hedge also requires eliminating the currency risk, since trading is done in NOK. 

However, Nord Pool is switching to Euro as the main currency in 2006.

3 Some options traded in the OTC market may be written on different contracts/reference prices e.g. on area 
price of Finland.
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3 Theoretical Background

This chapter introduces the basic characteristics of electricity prices and presents some 

theoretical relations and models that are used to price derivative contracts on commodity 

prices.

3.1 CHARACTERISTICS OF ELECTRICITY

Unlike many other commodities such as gas and oil, electricity is a non-storable flow 

commodity, which makes the spot price behavior rather unique and erratic. The main features 

that can be found in most of the electricity spot price series include mean reversion, strong 

seasonality, high and clustered volatility, and the existence of spikes in the prices. The 

following two sections review the typical characteristics of electricity prices and discuss the 

rationale behind such time series behavior.

3.1.1 Mean reversion and seasonality

As found in many empirical studies [see e.g. Schwartz (1997)] commodity prices tend to 

fluctuate around their mean level. This should also hold for electricity. It seems natural to 

expect some degree of mean reversion in the prices, since positive shifts in demand will push 

up the prices and increase the economic incentives of more expensive generators to enter the 

supply side. This in turn should result in an upward shift of the supply curve. On the other 

hand, it can also be argued that prices are mean reverting because weather is a dominant 

factor which influences equilibrium prices through demand. (Escribano et.al., 2002) Since the 

evolution of weather is a cyclical and mean reverting process, it will also affect demand and 

therefore equilibrium prices (Knittel and Roberts, 2001).

Even though the majority of spot price models proposed for electricity are mean reverting [see 

e.g. Knittel & Roberts (2001) or Lucia & Schwartz (2002) on Nordic data], there are some 

papers that characterize electricity prices as non-mean reverting [see e.g. Leon & Rubia 

(2001)]. However, as analyzed by Johnson & Barz (1999), mean reverting models seem to 

have the best average fit in various deregulated electricity markets worldwide.
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It is a well documented phenomenon that electricity prices exhibit different regular patterns. 

These seasonalities can be explained by periodic economic activities and weather conditions, 

which in turn affect the level of demand. For instance, daily, weekly and annual seasonalities4 

appear in majority of the electricity time series. (Escribano et.al., 2002) The importance of the 

seasonal patterns has been analyzed, e.g., by Lucia & Schwartz (2002), who examine the 

Nordic power prices. They note that periodic regularities could partly explain the observed 

term structure of futures prices in Nord Pool.

In the Nordic market seasonality is an essential feature of electricity prices due to both the 

supply and the demand side factors. The generation of electricity relies heavily on Norwegian 

and Swedish hydro power plants which receive high levels of inflow during spring and 

summer time as snow melts in the mountains. To avoid costly spills resulting from overflow 

of reservoirs, these plants must produce at high levels during the summer time. This creates 

downward pressure on prices, which is further exacerbated by the low demand5. During the 

winter there is high electricity demand for heating purposes, which creates an upward price 

pressure from the demand side. (Fleten & Lemming, 2001)

3.1.2 Time varying volatility and extreme returns

From the modeling perspective, one of the most challenging features of electricity prices is 

the existence of high volatility and jumps in the prices. The erratic nature of prices is mainly 

due to the non-storability feature of electricity and the inelasticity of supply and demand. As 

the level of demand stays rather constant6, the changes in supply may cause significant jumps 

in the prices. In the Nordic market the largest price fluctuations occur during dry seasons as 

the energy supply of hydro plants becomes limited. Switching to other means of power 

generation is often rather slow and costly process making the supply very inelastic - a 

phenomenon often called supply stack.

4 It is worth noting that these regular patterns in electricity prices cannot be exploited due to non-storability 
feature of electricity.
5 In contrast to other market areas the cold climate in the Nordic countries means that there is little need for air 
conditioning in the summer.
6 Constant demand in this context means that average electricity consumption does not vary with the electricity 
price level, since it is necessary for households and industry to consume a certain minimum amount of 
electricity. However, the required electricity consumption naturally changes due to other factors such as weather.
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According to recent analyses [see e.g. Lucia & Schwartz (2002), Weron (2000)] the volatility 

of electricity prices has a seasonal character and it tends to be clustered in the periods of 

extremely high volatility. These features clearly indicate that the assumption of normally 

distributed returns cannot be applied when modeling the spot price behavior. It seems obvious 

that such models as stochastic volatility and jump processes are needed to capture the time 

varying price behavior7. Some applications of jump processes to several electricity price 

series - excluding Nord Pool - have already been introduced by Johnson & Bartz (1999) and 

Knittel & Roberts (2001) among others. For applications of stochastic volatility on 

Californian data see e.g. Kellerhals (2001).

It has also been shown that the term structure of commodity forward price volatility tends to 

decline with contract horizon (Routledge et al., 2000). This feature, known as the Samuelson 

(1965) effect8, also characterizes various energy price series. Another characteristic unique to 

electricity prices is the so called inverse leverage effect, which describes the asymmetric 

response of volatility to positive and negative shocks. It seems that volatility of power prices 

tends to increase more with positive shocks than negative shocks - due to the convex marginal 

costs of power generation. (Knittel & Roberts, 2001)

7 Additionally, heavy-tailed random components, such as Student's-t and Levy processes, could also be likely 
candidates for the modeling purposes.
8 In his seminal article Samuelson (1965) finds that the volatility of futures price changes increases as the 
contract approaches expiration. Consequently, at given point of time, the volatility of contracts closer to expiry 
will be greater than that of contracts farther from expiration. This phenomenon is explained e.g. by limited 
availability of information regarding longer dated contracts. As the maturity approaches the amount of 
information reflecting the fundamentals of spot prices increases, causing larger changes in the futures prices.
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3.2 PRICING OF ENERGY DERIVATIVES

This section discusses the theoretical aspects of the valuation of power derivatives and 

presents the basic formulas used for pricing forwards and option contracts.

3.2.1 Spot-forward relationship

The theory of pricing futures and forward contracts on financial assets and commodities is 

based on non-arbitrage arguments. According to the non-arbitrage relationship the forward 

price should be equal to the cost of financing the purchase of the spot asset today and holding 

it until the forward maturity date. (Clewlow & Strickland, 2000) For financial assets this 

relation is rather straightforward, but in the context of commodities, the notion of 
convenience yield9 is needed to mathematically represent the relationship between the spot 

and futures prices. The convenience yield can be defined as a factor that captures the benefit 

from owning a commodity minus the cost of storage. (Eydeland & Geman, 1998) Hence, the 

so called ‘cost of carry’ relationship between the spot price S(t) and the future price F(t,T) of a 

contract of maturity T boils down to the following formula:

(1) F(t,T) = S(t)e(r-y)(T'0

where r is the risk free rate and y is the convenience yield.

The main challenge in the valuation of electricity derivatives is the fact that electricity cannot 

be stored practically. The non-storability leads to a breakdown of the cost of carry 

relationship between spot and futures prices, since the no-arbitrage argument used to establish 

the relationship requires that the underlying instrument is bought at time t and held until the 

expiration of the futures contract. (Eydeland & Geman, 1998) In other words, the convenience 

yield cannot be specified because of the impossibility of holding electricity in storage - and 
thus infinite storing costs.

Eydeland and Geman (1998) state that there is one essential consequence of non-storability: 

“ Using the spot price evolution models for pricing power options is not very helpful, since

9 The notion of convenience yield was initially introduced by the economists Kaldor and Working, who worked 
on the theory of storage. Brennan and Schwartz (1985) in their pioneering research incorporated the convenience 
yield to the valuation of commodity derivatives.

14
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hedges involving the underlying asset, i.e. the famous delta hedging, cannot be implemented, 

as they require buying and holding power for a certain period of time'' They argue that using 

the risk neutral probability measure in pricing electricity derivatives does not appear totally 

convincing due to incompleteness of electricity market.

Clewlow and Strickland (2000), in turn, note that in such cases where it is not reasonable to 

apply risk neutral pricing, the risk neutral price provides a good reference with which to 

compare other pricing models.

3.2.2 Pricing of electricity options

The selection of electricity derivatives traded in the exchanges and OTC markets varies from 

standard European and American options to complicated exotic options on spot and forward 

prices. While the number of exotic option contracts has seen significant growth during the last 

few years, most of the electricity options are still standard options written on forward 

contracts. The electricity options traded in the Nordic exchange are European options on 

electricity forwards. Therefore, the Black-76 model is widely used to price the European 

options in these markets. Black's (1976) modification of the Black-Scholes (1973) pricing 

formula assumes that the forward prices are lognormally distributed and follow a standard 

Brownian motion type process as described by Formula (2). Formula (3) exhibits the same 

dynamics as Formula (2), but for logarithmic transformations of prices.

(2) dF = pFdt + crFdz

(3)

where dz is a normally distributed random variable with zero mean and variance of dt, F 

denotes the forward price, and p stands for expected rate of return. Black (1976) shows that 

the expected growth of a forward price equals zero in a risk neutral world. This result stems 

from the fact that it costs nothing to enter into a forward contract, and therefore the expected 

gain to the holder of a forward contract should also be zero in a risk neutral setting.
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The European call (c) and put (p) prices are consequently given by Equations (4) and (5):

(4) c = e'^F.Md,)- XN{d-,)\

(5) p=e-'T[xN(-d2)-F,N(-dl)}

where

and

d, =

d, =

In(fJx) + o2 T/2
оу[Т

\x{fJx)-ct'TI2

o4t
= d. - <j4t

cj = volatility of the futures/forward price, 
F - underlying forward price,
T = the time to maturity,
X = strike price

Black's model does not require the options contract and forward contract to mature at the 

same time. Thus, it can be used to price options on futures and forwards10 with different 

maturities. (Hull, 1999) It is worth noting that the assumption of risk neutrality seems more 

applicable in the valuation of options written on forward contracts. This is because one is able 

to replicate such European options on forwards with a risk free asset and the underlying 

forward contract. Furthermore, forwards can be held in storage, whereas storing electricity is 
practically impossible.

10 By arbitrage arguments it can be shown that forward and futures contracts with same delivery dates have the 
same price if the interest are assumed to be constant (Cox et al., 1981).
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4 Overview of electricity price modeling

The research on time series behavior of electricity prices can be roughly divided into 

fundamental and financial approaches to modeling. The distinction between the two 

approaches is that the first is based on competitive equilibrium models for the entire 

electricity market while the latter depends on the set of parameters that describe the time 

series properties of electricity price processes. The following section gives a brief overview of 

the main characteristics of the approaches and provides with illustrative examples of a few 

representative stochastic models used to describe the price behavior.

4.1 FUNDAMENTAL MODELS

The fundamental models have traditionally been used in the regulated electricity markets for 

the purpose of predicting production costs and the level of consumption. The fundamental 

approach is based on a technical bottom-up modeling of electricity system where future 

market price dynamics are modeled using data on supply, transmission, distribution and 

demand conditions (Flemming, 2003). This form of modeling tends to be rather complex, 

since it requires an accurate description of a large technical system including such factors as 

consumption patterns, production capacity and transmission constraints. Modeling such 

factors is generally a very data intensive task and the main difficulty lies in the translation of 

the factor models into credible market price scenarios. Furthermore, the main drawback of the 

models is that they cannot capture the risk premium or market price of risk determined by 

market forces (Fleten & Lemming, 2001).

One of the merits of the fundamental models is that they offer a detailed description of the 

underlying factors affecting electricity price formation. Hence, for example, seasonal price 

variation is a direct result of the changes in the underlying variables such as hydrological 

conditions or the level of fuel prices. For examples of fundamental bottom-up models see, 

e.g., Skantze & Uic (2001) or Wallace & Fleten (2002).
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4.2 FINANCIAL MODELS

In the financial models the dynamics of market prices are driven by a set of stochastic 

differential equations (SDEs) known from the financial theory. The market data of spot and 

derivative prices are used to estimate the model parameters that best capture the behavior of 

electricity prices. As described in Clewlow & Strickland (1999a) two categories of modeling 

approaches can be distinguished. The first approach starts from a stochastic representation of 

the spot prices and other key variables, while the second is based on modeling the evolution 

of the whole forward or futures curve. Both approaches have the strength of using realized 

market prices - thus taking the real market behavior and risk premia into account - whereas 

the main weakness lies with the potential lack of predictive power over the future prices.

4.2.1 Spot models

Due to the special characteristics of electricity prices the estimation of stochastic spot models 

presents a challenging task. Relatively complex models have to be constructed to capture high 

volatility, seasonality and mean reverting features found in the electricity price series. As a 

result, researchers have introduced a variety of spot price models which attempt to 

accommodate the specific features by including time-varying volatility, regime switching and 
jump components into the price processes.

Seasonal models

The models of spot dynamics are generally split into a deterministic component, modeling the 

seasonal behavior, and a stochastic component, modeling the average random price behavior. 

Examples of such approaches are Pilipovic (1998) and Lucia & Schwartz (2002), which both 

find that seasonal deterministic components are essential factors in explaining the spot price 

behavior and the structure of the forward curve. Both suggest that the cyclical behavior can be 

modeled by fitting sinusoidal functions to the underlying price data. Pilipovic (1998) proposes 

that two sinusoidal functions are needed to capture the annual and semi-annual seasonalities 

found in the US OTC electricity prices. The stochastic part of the models is presented through 

a stationary mean reverting process of Omstein-Uhlenbeck type. For further details of the 

model components see Section 4.4.
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Jump models
The inclusion of jumps in the spot price series, i.e. separate modeling of extreme returns, has 

been examined in several papers concentrating mainly on the US data. Deng (2000) proposes 

three different mean reverting jump models with either deterministic or stochastic volatility, 

or regime switching processes. While the paper does not provide any evidence on the 

goodness of fit of different models, it still argues that jumps and spikes present an integral 

part of electricity price behavior, and should therefore be included in the modeling 

framework. One of the main findings is that jumps in the spot price do have an impact on the 

valuation of derivative contracts11. Other applications of jump models have been introduced 

for instance by Clewlow et al. (2001) and Knittel & Roberts (2001). Both provide fairly 

simple spot price models that capture mean reversion and jump effects by including normally 

distributed jumps to a basic mean reverting model.

Regime switching models
More advanced applications of jump models include Huisman & Mahieu (2001) and de Jong 

& Huisman (2002) who also stress the importance of regime switching approaches to 

disentangle mean reversion from jump behavior. By introducing two or three regimes in the 

jump processes one is able to model jumps separately from the mean reversion. Markov 

transition matrices are used to specify the probabilities that the electricity prices move from 

one regime to another. One of the main arguments in favor of using the regime models is that 

electricity price dynamics may be governed by several different processes. This is because 

there are generally systematic alterations between normal and abnormal equilibrium states of 

supply and demand for electricity. (Deng, 2000) In the Nordic market regime switching 

transitions could be caused, for instance, by varying precipitation levels or changing weather 

conditions.

Models of time varying volatility
To overcome the problems of time varying volatility, different ARCH and stochastic volatility 

models have been applied to electricity prices. While the stochastic volatility approaches [see 

e.g. Kellerhals (2001)] seem to improve the fit of the models quite convincingly, the ARCH

11 This is in contrast to Hilliard & Reis (1998) who argue that jumps in the commodity spot prices do not affect 
the forward and futures prices
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and G ARCH approaches [see e.g. Escribano et al. (2002), Knittel & Roberts (2001)] have 

some practical limitations. As showed by Duffle et al. (1998) the application of G ARCH 

models to electricity prices can lead to an integrated volatility process, which is not a very 

appealing result. One reason for the apparent possibility of explosive volatility is the presence 

of spikes and jumps, which biases the estimation of the G ARCH processes.

Models of underlying price variables

Some studies [see e.g. Eydeland and Geman (1998)] suggest that other underlying factors, 

such as fuel and natural gas prices, should be included in the modeling framework, since they 

are clearly correlated with the electricity prices, which ultimately depend on the prices of the 

resources used to produce the energy. However, this approach does not seem fully applicable 

in the Nordic market, since the power generation is so strongly hydro based, and only a 

fraction of the energy is produced by fossil fuels.

Overall, the sophisticated spot price modeling forms the basis for risk management and 

valuation of physical and financial contracts. Still, the main difficulty that the approaches face 

is that the standard arbitrage principles cannot be applied to map spot prices to forward prices. 

The proposed solutions are generally derived from the bond or storable commodity pricing 

literature, and risk neutral processes are obtained either through the specification of risk 

premia or convenience yields. Theoretically these approaches seem somewhat flawed, since 

the interpretation of convenience yield in the case of electricity is questionable. Furthermore, 

fitting the theoretical forward curve to market data presents a serious problem, because 

forward price data is often rather limited and several institutional factors affect power forward 

price dynamics, (de Jong & Huisman, 2002)

4.2.2 Forward models

The second category of electricity price models is based on modeling the forward prices and 

the evolution of the forward curve. This approach is similar in spirit with the Heath, Jarrow, 

and Morton (1992) framework widely used in the interest rate markets12. The basic idea is to

12 The similarities between the interest rate markets and electricity forward markets are studied in Koekebakker 
& Ollmar (2001). They find that a simple HJM approach does not explain electricity forward curve dynamics as 
well as interest rate dynamics.
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simultaneously describe the stochastic time dynamics of the entire forward price curve using a 

volatility function and the initial forward curve observed in the market. The benefit of this 

kind of modeling is that, unlike with the spot models, there is no problem of fitting the model 

to prevailing forward price curve. (Audet et al., 2002)

The main difficulty in forward curve modeling lies in the scarcity of the price data used to 

construct the forward curves. Since electricity is a flow commodity, the forward contracts are 

traded in relatively large blocks meaning that there is a significant problem of finding specific 

forward maturities or in general constructing a continuous forward curve. (Fleten & 

Lemming, 2001) To mitigate the problems of discontinuity different smoothing procedures 

have to be used. For an application of forward curve smoothing on electricity prices see, e.g., 

Bjerksund et al. (2000) who use maximum smoothness criterion to construct a continuous 

forward curve.

One of the pioneering researches on the electricity forward price models has been carried out 

by Clewlow & Strickland (1999a). They present a single factor model where forward price 

evolution is defined using volatilities that are determined from futures volatilities observed in 

the market. The model reflects the mean reverting nature of electricity prices by including a 

time dependent mean reversion rate in the stochastic model of forward prices. Since the 

parameters of mean reversion rate and volatilities can be time dependent, the model also 

allows the introduction of seasonal factors. The advantage of this kind of modeling is that the 

initial forward curve can be whatever the market dictates, and the futures prices used as an 
input to the model are easily observed in the market13.

Different multifactor term structure models have also been proposed by Clewlow & 

Strickland (1999b) and Koekebakker & Ollmar (2001) who analyze forward contracts traded 

in Nordic electricity market. They specify two different multifactor models in a Heat-Jarrow- 

Morton framework and use principal component analysis to reveal the volatility structure. The 

analysis shows that a two-factor model explains 75% of price variation in the data compared 

to 95% in most other markets. It is also found that the correlation between short-term and

13 Several other kinds of models, such as Schwartz ( 1997), are based on stochastic representation of spot prices 
and convenience yields, which are not directly observable.
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long-term forward prices is clearly lower that in other markets - a behavior attributable to 

non-storability feature of electricity.

4.3 COMBINED APPROACHES

To get the best out of each model practitioners generally prefer to combine the fundamental 

and financial models. The combination can be carried out by first creating a series of price 

scenarios under the fundamental model and then calibrating the model scenarios so that 

expected prices in the set of scenarios fit the observed forward price curve in the market. The 

obvious benefit is that the combined models contain information on short-term and long-term 

changes in supply and demand as well as market's average expectations of future prices and 

risk aversion. For an example of application of combined approach in the Nordic market see 

e.g. Fleten & Lemming (2001). The below Figure 3 illustrates the relations between different 

modeling approaches.

Figure 3, Categorization of different approaches to electricity price modeling

Electricity 
price modeling

Financial models

Fundamental models e.g. 
(Skantze & Ilic, 2001)

Combined approaches e.g. 
(Fleten & Lemming, 2001)

/
X

Spot price modeling
Single and Multifactor 
models featuring
- Mean reversion
- Seasonal factors
- Stochastic volatility
- G ARCH behavior
- Jumps
- Regime switching etc.
e-g.
(Pilipovic, 1998),
(Lucia & Schwartz, 2002)

Forward price modeling
- Single factor models
- Multi factor models
e-g-
(Clewlow & Strickland, 1999)

This figure illustrates how different approaches to electricity price modeling relate to each other. The 
financial models are divided into spot and forward based modeling approaches. Spot and forward models can 
be further split into single and multifactor models. Representative examples of each approach are shown in 
parentheses.
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4.4 COMPARISON OF FINANCIAL MODELS

This section reviews a few representative stochastic models that have been applied to 

electricity prices in the financial literature and recent research papers. The basic 

characteristics of the models are presented and the implications of the approaches on 

derivative valuation are also briefly discussed.

Black-Scholes (1973) - Single factor lognormal model

The widely known option price formula of Black & Scholes (1973) has also been frequently 

applied to pricing electricity options. The Black-Scholes model assumes that the spot price 

behavior is governed by the following stochastic process:

(6) dS = fjSdt + oSdz

where dz is a standard Wiener process with a zero mean and a variance of one, S is the asset 

price, д is the expected rate of return and о denotes the standard deviation of modeled returns. 

The model implies a flat term structure of volatilities and therefore, a perfect correlation 

between spot and forward prices. The Black-Scholes model and its Black-76 modification are 

most applicable with short maturity options on long maturity forward contract. This is 

because in that context assumption of constant volatility is not unrealistic. An advantage of 

the model is that it provides widely known analytical formulas for option pricing.

Schwartz (1997) - Single factor mean reverting model
In his pioneering research of commodity price modeling Schwartz (1997) proposes the 

following mean reverting dynamics for spot price behavior:

(7) dS = к[/л - In s)sdt + oSdz

Defining X = InS and applying Ito's Lemma [see Ito (1951) for specifications], the log price 

can be characterized by an Omstein-Uhlenbeck stochastic process:

(8) dX = к{а - X)dt + adz

(9) «-"”f?

where к > 0 measures the degree of mean reversion to the long run mean log price, a. In this 

model mean reversion makes the term structure of volatilities decrease with time. Volatility of
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forward contracts decreases exponentially at a rate determined by the speed of mean 

reversion, and approaches zero as the maturity of the forward increases. Hence, the difference 

between Black-Scholes model, which assumes constant volatility, and Schwartz model 

increases with longer dated contracts. If the mean reversion is strong, the volatility of forward 

prices will be very low, even with high spot volatility. This may be an unrealistic assumption 

when valuing derivatives with payoffs contingent on the evolution of the forward curve. 

Although the market volatilities of forward prices decline with maturity they never get close 

to zero, implying that the Schwartz model may not have the right properties when pricing 

options on long maturity forward contracts. Furthermore, in the Schwartz model the spot price 

behavior is assumed to be the only source of risk in the model, and the forward curve evolves 

according to spot price shocks.

Pilipovic (1998) - Two-factor mean reverting model

In the Pilipovic (1998) two-factor approach spot prices (10) exhibit mean reversion to the 

equilibrium or long run price level, Lt, which also follows a stochastic process described in 

Equation (11). The spot volatility is constant over time, whereas the forward volatility is 

defined by two factors: spot volatility and the long term equilibrium price volatility, The 

forward volatility is dependent on time, and it approaches the long term equilibrium price 

volatility as the forward expiration time increases. In other words, the weighting of the 

forward price volatility on the spot price volatility decreases, while the weighting on the long 

term equilibrium price volatility increases, as the forward maturity becomes longer.

In the Pilipovic (1998) framework the dynamics of spot prices are defined by the following 

equations:

( 10) dS, = cc(l, - S, )dt + S, odz,

(11) dLt = pLtdt + ÇL,dwt

where dw, and dz, are independent Wiener processes and a denotes the rate of mean reversion. 

In this modeling framework closed form solutions exist and derivatives can be consistently 

priced given certain assumptions of the price of risk of the underlying factors. An overall 

merit of the model is that it remedies the deficiencies of single factor models, namely the very



25

simple shape of the volatility structure and its attenuation to zero with increasing maturity, by 

introducing a second stochastic factor into the model.

Lucia & Schwartz (2002) - Seasonal models
Lucia & Schwartz (2002)14 model the spot price, Pt, dynamics in terms of two components: a 

predictable deterministic component f(t) that accounts for the seasonal regularities in the price 

data, and a stochastic component that follows a continuous time diffusion process X,. The spot 

price behavior is assumed to be governed by the following equations.

(12) p.-m+x.

(13) dX, = -KX,dt + odZ

X, follows a stationary mean reverting process with a zero long run mean and speed of mean 

reversion of к > 0. Recalling that X, = P,- f(t), the Equations (12) and (13) can be rewritten:

(14) d(P,-f(t)) = K(m-P)dt + odZ

(15) dP, =K{a(t)-P,)dt + odZ where a(t) = ”¿^(0 + /(0

Equation (14) shows that when the spot price, Pu deviates from f(t), it is pulled back to 

deterministic mean level at a rate proportional to the deviation. The only source of uncertainty 

in the model comes from the stochastic behavior of state variable X,. For this model closed 

form solution for the forward price can be obtained.

14 Lucia & Schwartz (2002) propose four different models for the spot price behavior. The models based on the 
logarithmic prices are not presented here, since according to the research the models based on pure prices do a 
better job in explaining actual derivative prices.



26

Lucia & Schwartz present two different versions of deterministic functions f(t) to capture the 

periodic behavior in the price data. The first approach (16) is based on the use of seasonal 

dummy variables while the second (17) relies on the use of a sinusoidal function.

(16) fl(t) = a + ßDl+fjßiMil

(17) f2 (t) = a + ßDt + y + r)

where Dt, Mit, у, t, a, ß and fi for i = 2,...,12 are all constant parameters. D, equals one if date 

t is holiday or weekend, and zero otherwise. Mit equals one if date t belongs to the zth calendar 

month, or zero otherwise. The ß -parameters try to capture the changes in the level of the 

variable for weekends and holidays. The benefit of this kind of modeling is that the periodic 

behavior of electricity prices is included in the modeling framework i.e. the deterministic 

component appears directly in the price of forward and futures contracts. The seasonal 

approach of Equation (17) is used for modeling the periodic spot price behavior in this study.

Knittel & Roberts (2001) - Mean reverting jump model

Knittel & Roberts (2001) suggest a popular jump diffusion extension to a standard diffusion 

process in order to capture the leptokurtosis present in the electricity price series. The price 

process is specified by adding a jump component to a mean reverting process as follows:

( 18) dp(t) = K(p(t) - p(t))dt + <Jbdb{t) + zdq(t)

d _ J 0 with probability 1-X 
' I 1 with probability X

where db(t) is a standard Wiener process and z is a draw from a normal distribution with 

mean pz and standard deviation crz and q(t) is a Poisson process with intensity X - i.e. the 

probability of a jump. Wiener process, Poisson process and the jump size are assumed to be 

mutually independent. The obvious advantage of the model is that the large price variations 

are captured by the inclusion of jumps in the price process. Even though the estimation of the 

jump sizes and intensities is statistically challenging, the estimation of the model parameters 

can be carried out by maximum likelihood method. Furthermore, the model can be extended
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to capture the predictable patterns in the prices by incorporating a periodic structure to the 

time varying mean.

The specifications of the model are similar to those of the mean reverting jump model applied 

in the stochastic modeling part of the thesis. The approach of this study can thus be regarded 

as a combination of Lucia & Schwartz (2002) and Knittel & Roberts (2001) models.

De Jong & Huisman (2002) - Mean reverting two-regime jump model 

Following the basic regime switching15 framework de Jong & Huisman (2002) propose a two- 

regime model which consists of a stable mean reverting regime and a spike regime. The 

model has the following specifications:

Stable regime (19) lnSM , = In S+ a(// - In 5M) + eMj,

Spike regime (20) In Ssj = ps + eS l

where eUjt ~ £¡¡j ~ n(o,cts)

are independent and a is the speed of mean reversion. At any point of time the spot price S, is 

either in stable (19) or spike (20) regime. The spikes in the second regime are modeled with a 

simple lognormal distribution whose standard deviation and mean are higher than those of 

mean reverting process. The probabilities of switching from one regime to another are defined 

by a Markov transition matrix, which has the following form:

(21) M =
1 - nMS л,SM

кMS 1- n,SM .

The entries in the matrix represent the probabilities of each regime occurring. nSM. for 

example, presents the probability of moving from mean reverting regime to spike regime. As 

discussed in the Section 4.2.1, the advantage of this kind of modeling lies in the separation of 
mean reversion from the spikes in the prices. When a jump occurs the price is not necessarily 

pulled back to the mean level immediately by the mean reversion coefficient - which is the

15 The basic regime switching model was originally introduced by Hamilton (1989).
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case with the standard mean reversion jump models. Intuitively this kind of modeling has 

some applicability in the Nordic market where the effect of abnormal jumps may last 

relatively long.

Clewlow & Strickland (1999a) - Forward price model

In the Clewlow and Strickland (1999a) modeling framework the evolution of the forward 

curve is modeled as follows:

(22)
dF{t,T)
F(t,T)

= oe a(T 0dz(t)

where F(t,T) is the forward price at time t for maturity T and oe'a<T'°dz(t) is the volatility 

function. In the model a represents the ‘overall’ volatility of the forward curve whilst a 

determines the rate at which the forward volatility curve attenuates with increasing maturity 

and is also the speed of mean reversion of the spot price. For such volatility function short 

dated forward returns are more volatile than long dated ones. Clewlow & Strickland (1999a) 

model can be seen as an extension of Schwartz's (1997) first model - in the same way that the 

HJM (1992) approach can be seen as an extension of e.g. Vasicek (1977) model. The 

volatility structure of the forward prices is the same and reflects mean reverting nature of 

energy prices.

Clewlow and Strickland (1999b) also propose a multi-factor version of the model:

dF(t,T) A(23) -^-ZotfMWO

where cr¡(t,T) are volatility functions associated with the independent Brownian motions z/t). 

In this formulation there are n independent sources of uncertainty which drive the evolution of 

the forward curve. Each source of uncertainty has associated with it a volatility function 

which determines by how much, and which direction, that random shock moves each point of 

the forward curve. In practical applications n is usually set to 1, 2 or 3, and principal 

component analysis is generally used to determine the number of factors driving the evolution 

of the forward curve.
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The forward approaches have a practical advantage over the stochastic models for spot prices: 

In the forward price models the forward curve is an input into the derivative pricing model, 

rather than an output from it, as is the case with the constant parameter versions of spot price 

models. Hence, the forward curve is consistent with the observable market forward prices.

Selection of appropriate model
The choice between the above models naturally depends on the kind of energy market and the 

derivatives being valued. A thorough investigation of the temporal and distributional 

properties of the price series is clearly needed in selection of the most suitable modeling 

framework. The distinct time series properties - such as mean reversion, jumps and the 

dynamics of spot and forward volatilities - ultimately determine the features that the model 

should possess. In the Nordic market the existence of strong seasonality and large price 

variations clearly imply that the inclusion of deterministic seasonal components and jumps 

play a central role in the selection of the appropriate model.

29
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5 Description of data and methods

This chapter presents the Nord Pool electricity price data and analyzes the time series 

properties of the price spot and forward price series. The statistical methods applied in the 

empirical part of the study are also introduced.

5.1 DATA DESCRIPTION

Data used in the study was obtained from the Nord Pool's FTP server files. The spot price data 

consists of hourly system prices in NOK from 1.1.1993 to 28.1.2003. The longest possible 

time span is chosen to minimize the effect of temporary price fluctuations on the estimation of 

models depicting the average price behavior. The arithmetic mean of the hourly prices each 

day is used as the spot price for a given day. This is in accordance with the practice used in 

the Nordic exchange, where the arithmetic average of hourly prices - termed system prices - is 

calculated and used as a reference price of the Eltermin derivative contracts. Table 1 on the 

next page summarizes the descriptive statistics of the spot price series.

Daily closing prices from the period 25.9.1995 - 28.1.2003 are used in the analysis of forward 

prices. The study concentrates on examining the prices of year forward contracts, which are 

used as underlying contracts in the European options traded in Nord Pool. Further statistical 

properties of forward prices are presented in Section 5.2.4 of the study.
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Table 1, Descriptive statistics of system prices

Descriptive Statistics System price Log system price Log return Arithmetic return Price change

Period U. 1993-28.1.2003 P(t) InfP(t)) In (PfO/PO-D) P(t)/P(t-1) -1 P(t)-P(t-I)

Mean 151.9 4.895 0.000 0.006 0.057
Median 137.0 33,695.0 -0.005 -0.005 -0.688
Daily standard deviation 83.1 0.522 0.107 0.122 19.64
Daily variance 6912.0 0.272 0.011 0.015 311.158
Kurtosis 13.9 1.921 17.251 71.888 158.335
Skewness 2.7 -0.57 1.016 5.051 3.746
Range 816.6 4.029 1.963 2.824 704.883
Minimum 14.8 2.694 -0.774 -0.539 -264.293
Maximum 831.4 6.723 1.190 2.286 440.59
Number of observations 3,680 3,680 3,679 3,679 3,679

Summer periods
I.5.-30.9. System price Log system price Log return Arithmetic return Price change

Mean 125.8 4.676 0.002 0.011 0.244
Median 114.5 4.741 -0.005 -0.005 -0.567
Daily standard deviation 68.9 0.594 0.128 0.138 11.841
Daily variance 4743.1 0.352 0.016 0.019 140.203
Kurtosis 1.0 0.376 5.632 9.919 3.548
Skewness 1.0 -0.569 0.602 1.985 0.767
Range 355.2 3.219 1.419 1.529 112.29
Minimum 14.8 2.694 -0.718 -0.512 -47.777
Maximum 370.0 5.914 0.701 1.017 64.513
Number of observations 1,530 1,530 1,530 1,530 1,530

Winter periods

1.10.-31.4. System price Log system price Log return Arithmetic return Price change

Mean 170.4 5.051 -0.001 0.003 -0.075
Median 148.2 4.999 -0.005 -0.005 -0.761
Daily standard deviation 87.3 0.396 0.09 0.109 20.807
Daily variance 7628.3 0.157 0.008 0.012 432.951
Kurtosis 16.8 2.266 42.282 175.931 139.458
Skewness 3.4 0.659 1.684 9.226 3.822
Range 798.0 3.213 1.963 2.824 704.883
Minimum 33.4 3.510 -0.774 -0.539 -264.293
Maximum 831.4 6.723 1.190 2.286 440.59
Number of observations 2,150 2,150 2,149 2,149 2,149

This table shows the statistical properties of the spot price series used in the time series analysis. The statistics 
are calculated separately for winter and summer periods in order to bring out the seasonal variation in the spot 
price series.
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5.2 TIME SERIES ANALYSIS OF ELECTRICITY PRICES

This section first examines the temporal properties of spot prices. The analysis focuses on the 

recognition of periodic behavior and mean reversion in the price series. The volatility 

dynamics are also investigated by examination of the evolution of rolling volatilities and tests 

of autoregressive conditional heteroscedasticity. Based on the time series analysis, a 

deterministic seasonal model is constructed in order to remove the seasonal regularities from 

the price series. The deseasonalized spot prices are then used in the examination of return 

distributions. Finally, the interest is directed to investigation of forward price dynamics, both 

distributional and temporal.

5.2.1 Temporal properties of spot prices

The following Figure 4 plots the system price and return series for period 1993-2003.

Figure 4, System prices and logarithmic returns
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The time series clearly reveals the erratic behavior of spot prices and the existence of annual 

seasonality. While the system price series has a mean value of NOK 151.9, the minimum and 
maximum16 values total to NOK 14.8 and NOK 831.4. The daily standard deviation of log 

system price changes amounts to 10.7%, which translates into an annualized volatility of 

201.9%. System prices clearly reach higher values during winter than summer with the

16 The highest value was reached during winter 2002-2003 when the weather conditions were exceptionally dry 
in the Nordic countries.
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exception of extremely hot and dry summer of 1996 - having scarce water supply and 

increased demand. A notable feature of the price series is that the volatility of daily returns 

seems to be higher during summer periods than during winter - a phenomenon that has been 

previously detected by Johnsen et al. (1999) and Lucia & Schwartz (2002). Even though the 

summer periods are more volatile than winter periods the difference between the volatilities 

during cold and warm seasons is clearly smaller when compared to the results of previous 

studies. This feature can be partly explained by the exceptionally high price changes during 

winter 2002-2003, which are not included in the previous studies.

It should be also noted that log transformation comparatively increases the volatility during 

periods with consistently lower prices and, thus, makes the difference between volatilities 

larger. When the arithmetic returns, which are not affected by log transformations, are 

examined, the difference between volatilities becomes smaller. In fact, the volatility 

difference seems to be so small and sensitive to the existence of large jumps that models of 

seasonal volatility do not seem applicable in this context.

The following Figure 5 illustrates the evolution of spot volatility by displaying the 30-day 

rolling volatility of logarithmic spot price changes.

Figure 5 Annualized 30-day rolling volatility of system prices
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Figure 5 illustrates the evolution of rolling volatility of system prices. The 
volatilities are calculated using logarithmic returns of deseasonalized prices 
(see Section 5.2.2. for details of deseasonalization). Volatilities are annualized 
by multiplying the daily standard deviation by square root of 365.

As seen in Figure 5, the volatility process exhibits random jumps, which seem to decay to a 

stationary level. This suggests that mean reverting jump processes and stochastic volatility
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models are among the potential candidates for describing the stochastic behavior of volatility. 

In addition, the volatility seems to be somewhat clustered around short volatile periods, which 

can be interpreted as an indication of ARCH behavior. The existence of AutoRegressive 

Conditional Heteroskedasticity is investigated later in this section.

Periodic price behavior

The seasonal character of volatility does not have as significant impact on the price modeling 

as the seasonality of spot prices. The figures of hourly and monthly average prices clearly 

indicate that the prices are consistently higher during winter months and working days. Unlike 

with most other commodity price models, these seasonal effects have to be taken into account 

when modeling the evolution of electricity prices.

Figures 6, Monthly averages of system prices
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Figure 6 shows the average system prices for each month of the year. The 
graph clearly illustrates the price differences between different months.
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Figure 7, Hourly averages of system prices
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Figure 7 displays the average system prices for each hour of the week. The graph clearly illustrates 
the price differences between different days and hours.

The importance of seasonal decomposition of the system price series is further emphasized by 

inspection of autocorrelation functions of daily log returns. The weekly seasonality is 

statistically significant and clearly visible in the plots of autocorrelation functions of Figure 8.

Figure 8, Autocorrelation plots of logarithmic system price changes
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The above figures display autocorrelation and partial autocorrelation functions with 20 day lags. While full 
autocorrelation function measures the simultaneous correlation of 20 lagging returns, partial autocorrelation 
function shows the individual correlations measured separately for each lag. The dotted line signifies the 95% 
level of significance.

The autocorrelation functions indicate that returns are highly correlated with seven-day 

intervals, whereas the lags between seven-day periods seem negatively correlated. The weekly 

and annual periodicities are also clearly visible in the standard periodogram of Figure 9, 

which plots the spectral density of the time series for given frequencies. A high density of a
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given frequency means that there is periodic behavior on that specific frequency. The spikes 

in the density plot indicate the existence of weekly and annual seasonality. See, e.g., Harvey 

(1981) or Greene (2000) for detailed specifications of the estimation of periodograms.

Figure 9, Plot of standard periodogram of logarithmic system prices
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The above figure plots the spectral densities for given frequencies. High densities 
on the lowest frequencies indicate the existence of annual seasonality. The 
second highest peak implies the existence of weekly periodicity. The last two 
peaks demonstrate the price differences between workdays and weekends.

To overcome the evident problem of distinguishing the deterministic regular patterns from 

stochastic price behavior, the time series is deseasonalized. The following figures present the 

deseasonalized time series of system prices and logarithmic prices. The details of seasonal 

decomposition are presented in Section 5.2.2.

Figure 10, Deseasonalized system prices
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Figure 10 displays the deseasonalized time series of system prices.
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Deseasonalized log system prices
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Figure 11 displays the deseasonalized time series of logarithmic 
system prices. The sinusoidal functions used in the seasonal 
decomposition are plotted in Appendix A.

As the figures illustrate the evolution of spot prices is somewhat smoother as the price series 

is deseasonalized. However, the removal of average annual and weekly periodicities does not 

eliminate the unpredictable jumps in the prices. Even though there are periods of smooth price 

behavior, the rather erratic stochastic evolution of prices still remains making the time series 

modeling a relatively challenging task. Furthermore, it should be noted that there is still 

positive autocorrelation present at lags multiple of seven and slight negative autocorrelation at 

lower lags, see Appendix A for illustration. The autocorrelations are related to regular 

patterns within the week, which the model does not fully account for. Based on this result a 

model including dummy variables for each day of the week could be considered when 

modeling the periodic behavior within the week. However, such dummy models have been 

discarded in previous studies due to their low significance [see e.g. Lucia & Schwartz 

(2002)]. For this reason only the price difference between workdays and holidays is modeled 

in the seasonal decomposition of this study.

Unit root tests and mean reversion
Electricity price series tend to fluctuate around their long-term mean value. To test whether 

system prices exhibit mean reversion, standard unit root tests of Dickey-Fuller and Phillips- 

Perron17 are run on deseasonalized and pure system price data. Both test procedures reject the 

existence of unit root in the system price series and support the hypothesis of stationarity on 

the 95% level of significance.

Figure 11, Deseasonalized logarithmic system prices

17 For specifications of the test procedures, see the original papers of Dickey & Fuller (1979) and Phillips & 
Perron (1988). Definitions of unit root and explanatory representation of the properties of integrated time series 
can be found e.g. in Greene (2000) and Gourieroux & Jasiak (2001).
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Table 2, Tests of unit root and stationarity 
Unit root tests
H(0): Stationary

Augmented Dickey-Fuller Test Price Log price Deseasonalized price Deseasonalized log price

Dickey-Fuller -statistic -3.914 -3.861 -3.805 -4.034
P-value 0.013 0.016 0.019 0.010

Phillips-Perron Unit Root Test

Dickey-Fuller Z (alpha) -54.47 -50.63 -58.66 -52.75
P-value 0.01 0.01 0.01 0.01

This table shows the results of unit root tests run on pure and deseasonalized system prices and their 
log transformations. The existence of unit root in each of the price series is rejected at the 95% level 
of significance.

The test results of Table 2 on both deseasonalized and pure prices imply that mean reversion 

is not only due to seasonal factors such as weather and changing precipitation. After removal 

of average seasonality in the price series the mean reverting behavior still remains. The results 

also suggest that mean reverting processes are applicable candidates when choosing stochastic 

models for the system price behavior. The application of mean reverting processes of 

Omstein-Uhlenbeck -type seems appropriate as opposed to the standard Brownian motion.

Existence of Autoregressive Conditional Heteroskedasticity

As noted in the previous sections electricity prices are highly volatile over time. The large 

price variations seem to be non-constant and somewhat clustered around periods of high 

volatility. Thus, it is of special interest to investigate the existence of conditional 

heteroskedasticity in the electricity time series.

Models that attempt to incorporate and explain autoregressive and heteroskedastic behavior 

go by the generic name of Autoregressive Conditional Heteroskedasticity, or simply ARCH, 

models. First proposed by Engle (1982) to model price inflation, ARCH models and their 

various modifications have been applied in many different areas of finance. The most famous 

variation on the basic concept is the Generalised ARCH, or GARCH, model introduced by 

Bollerslev (1986). This approach extends the basic ARCH model, which conditions 

innovation variance only on previously realized innovations, to include both past innovations 

and past conditional variances as explanatory variables of volatility. The specifications of 

both models are presented in Appendix B.
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Although the parameter estimation of (G)ARCH type models is beyond the scope of this 

study, the presence of conditional heteroskedasticity is tested by the following straightforward 

approach. The mathematical representation of the approach is displayed in Appendix B. The 

intuition of the test procedure is to fit an AutoRegressive Moving Average model into the log 

return series and then examine the autocorrelation structure of the squared residuals of the 

model. Autocorrelations that are significantly different from zero are indicative of G ARCH 

innovations. Ljung-Box -statistic18 is calculated to verify statistical significance of the 

autocorrelation. Rejecting the null hypothesis that the squared residuals are uncorrelated is 

equivalent to rejecting the null hypothesis of no ARCH or GARCH innovations. The 

following figure presents the partial autocorrelations of squared residuals of the ARMA(2,2)- 

model19, which is chosen to describe the time series behavior by Akaike information criteria 

(AIC).

Figure 12, Partial autocorrelation of squared residuals of ARMA(2,2) -model.
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As the Figure 12 illustrates there exists a significant correlation between the squared residuals 

with three lagging values. This is indicative of potential ARCH behavior in the return series 

together with high value of Ljung-Box -statistic, which rejects the hypothesis of 

independence of squared residuals. Thus, including the autoregressive heteroscedasticity in 

the modeling framework would seem statistically reasonable, even though it slightly 

complicates the estimation procedures and lessens the tractability of the models.

18 For specifications of Ljung-Box statistics see Appendix D or, e.g., Campbell et al. (1997, pp. 47).
19 See Appendix C for detailed estimation results. The autoregressive moving average models were estimated 
using both deseasonalised price data and deseasonalised log price data. However, the results did not differ 
markedly from each other, so only estimation results on pure prices were reported.
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5.2.2 Seasonal decomposition

To study the stochastic evolution of system prices seasonal regularities, i.e. deterministic 

components, have to be removed from the price series. Seasonal decomposition is carried out 

by fitting a sinusoidal function to the historical system price data by a standard least squares 

method. The modeling approach is practically similar to the one used by Lucia and Schwartz 

(2002). The main difference between the approaches is that while Lucia and Schwartz include 

the seasonal component directly to the model, this study examines the stochastic behavior of 

the deseasonalized data separately. This should simplify the estimation of stochastic processes 

and clearly differentiate the effect of deterministic seasonal components from random price 

behavior. Furthermore, this approach enables us to investigate the time series properties of 

system prices when the periodic regularities are excluded20. The seasonal deterministic 

behavior is described by the following formula:

(24) f(t) = a + ßDt + у cos (t + r)
2 я л 
365,

The annual seasonality is captured by a cosine function, which reaches the highest values 

during the winter and lowest during the summer. The value of parameter x determines the 

points of time when maximum and minimum values are obtained. The variation of prices 

between workdays and holidays is captured by including a dummy regression variable into 

the model. The dummy variable D, equals one if the date t is holiday or weekend, and is zero 

otherwise. The price series is deseasonalized by subtracting the difference between the value 

of deterministic function f(t) and the mean system price from the system price of a specific 
date.

20 It should be noted that the seasonal decomposition used partly dictates the time series properties of the 
remaining price series, which excludes the periodic regularities.
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The following table shows the least square parameter estimates for equation (24) using pure 

system prices and logarithmic prices.

Table 3, Parameter estimates of deterministic seasonal function

fit) = a + ßD'+r cos|(f + r)^-j

Parameters Prices Log of prices
a 154.96 4.922

(100.99**) (529.84**)

ß -11.36 -0.099
(-4.05**) (-5.83**)

7 40.48 0.310
(22.35**) (28.23**)

T 8.00 3.90

R square 12.22% 18.30%
Standard error 77.91 0.4717
F stats 255.96** 411.94**

Corresponding I-statistics in parentheses 

** statistically significant at 99% level

This table presents the estimation results for the deterministic seasonal 
function. Estimation is carried out by running linear regressions and 
minimizing the squared estimation error.

The results indicate that the model using logarithmic prices has somewhat better fit than the 

model using pure prices; the R square measure has a value of 18.3% as opposed to 12.2% 

with pure system prices. A potential reason for this is that logarithmic transformation 

smoothes the price series by reducing the relative size of extreme spikes in the prices, thus 

decreasing the mean squared error of the model.

The seasonal function follows the evolution of prices rather well during periods of normal 

weather conditions and stable market conditions, as seen in the figures of Appendix A. When 

random spikes in the price series occur, the seasonal function differs quite drastically from the 

realized price behavior. However, the deseasonalization should remove the average 

periodicities, so that the remaining price series has mainly a stochastic character, which is 

then modeled by stochastic differential equations.

When modeling the annual seasonality a monthly step-wise function was also fitted to data. 

However, the estimation results did not significantly differ from the sinusoidal approach. In
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fact, the explanatory power of both approaches was equal, but the sinusoidal approach was 

chosen, since a continuous cosine function should more realistically describe the average 

seasonal behavior of system prices21.

5.2.3 Distributional properties of spot prices

From the modeling perspective it is interesting to examine the distributional properties that 

system prices and returns possess. The statistical properties ultimately determine what kind of 

stochastic model should be chosen to describe the real price behavior. The following table 

shows the descriptive statistics of deseasonalized price and return series.

Table 4, Descriptive statistics of deseasonalized system prices
Deseasonalized prices

Descriptive Statistics System price Log system price Arithmetic return Log return
Period 1.1.1993-28.1.2003 P(t) ln(P(0) P(t)/P(t-1) -1 In (P(t)/P(t-l))

Mean 151.9 4.895 0.004 0.000
Median 134.0 4.872 -0.003 -0.003
Daily standard deviation 77.9 0.472 0.105 0.093
Daily variance 6,067.3 0.222 0.011 0.009
Kurtosis 13.5 1.261 229.796 20.712
Skewness 2.8 -0.183 10.412 0.978
Range 774.4 3.476 3.222 1.802
Minimum 14.6 2.978 -0.562 -0.709
Maximum 789.0 6.454 2.659 1.094
Number of observations 3,680 3,680 3,679 3,679

This figure shows the descriptive statistics of deseasonalised price and return series. Arithmetic returns are 
deseasonalised using pure system prices and logarithmic returns are deseasonalised using model on log prices.

In addition to the wide range and high variation of returns, it is interesting to observe that 

kurtosis and skewness measures of the return distributions differ markedly from those of 

normal distribution. This is obviously due to extreme values in the return series, i.e. outliers, 

which increase the volatility measure and make the return distribution highly leptokurtic in 

relation to a normal distribution with the same mean and variance. In fact, if the 2.5% 

quantiles, i.e. extreme returns, are removed from the return series, the properties of the 

distribution become clearly more Gaussian, and a normal distribution with lower volatility fits 

better to the return data. Figures 13 and 14 display the return distributions for the complete

21 The possibility of fitting a full Fourier series into the data was also considered, but the idea was given up due 
to lacking evidence of periodic behavior on other than weekly and annual frequencies.
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deseasonalized return series and series excluding 0.5% and 2.5% quantiles of return 

distributions. A casual look at the distributions reveals that normal distribution with the same 

mean and standard deviation as in the realized return distribution has worse average fit than 

normal distribution with lower volatility than the one estimated from historical returns.

Figure 13, Comparison of realized distribution and normal distributions

Distribution of log returns

This figure illustrates how normal distribution with a lower daily volatility 
than estimated (0.086) has a better fit to the observed distribution of log 
returns.

The normality of daily log returns is tested by estimating Jarque-Bera -statistics and quantile- 

to-quantile -plots on the return data. As the figures illustrate the real return distribution is far 

from normal, but it approaches to normality as the outliers, i.e. extremely high and low 

returns, are removed from the return series.

Figure 14, Return distributions excluding extreme returns
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The above graphs show the histograms of realized logarithmic spot returns against normal 
distributions. In the first plot 0.5% quantiles of return distributions are removed, while the second 
plot excludes the 2.5% quantiles. Smaller Jarque-Bera statistics indicate better fit.
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Normal Q-Q Plot

Theoretical Quantiles

Figure 15 shows quantile-to-quantile 
plots of deseasonalized log returns. 
Normally distributed returns would 
appear linear in this plot.

Normal Q-Q Plot

Theoretical Quantiles

Figure 16 shows quantile-to-quantile 
plots of deseasonalized log returns 
excluding 2.5% quantiles of the return 
distribution.

Figure 17, Fit of normal and logistic distributions to truncated return data
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The above figures illustrate how the fit of normal and logistic distributions is improved as 
the extreme returns are removed from the spot return series.

When ranked by both Chi-square and Kolmogorov-Smimov criteria, logistic distribution 

performs best in replicating the real distribution of log returns. From twenty widely known 
distributions22, the logistic distribution is best able to capture the properties, in particular the 

leptokurtosis, of the observed return data. Table 5 displays the statistical properties and 

goodness of fit statistics of logistic and normal distributions.

22 The comparison was made by running a curve fitting procedure in a statistical BestFit program of Palisade 
Corporation. See http://www.palisade-europe.com/html/bestfit.html for further details.
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Table 5, Statistical properties and goodness of fit statistics of logistic and normal distributions
Data excluding 2.5% quantiles Data excluding 0.5% quantiles
Statistics Real distribution Logistic Normal Real distribution Logistic Normal
Mean -0.001 -0.001 -0.001 0.000 0.000 0.000
Standard Deviation 0.057 0.057 0.057 0.075 0.074 0.075
Skewness 0.242 0.000 0.000 0.580 0.000 0.000
Kurtosis 3.511 4.200 3.000 6.568 4.200 3.000
Chi-Square

Test Value 1.672** 3.820** 9.262** 816.700
Kolmogorov-Smimov

Test Value 0.039 0.050 0.067 0.084
*• 99% significance level

The above table displays the statistical properties and goodness of fit statistics for logistic and normal 
distributions of logarithmic spot returns. Smaller test values of Chi-square and К-S statistics imply better fit to 
the realized returns.

The values of Chi-square and Kolmogorov-Smimov statistics indicate that logistic 

distribution has a better fit to the underlying return data than normal distribution. Both logistic 

and normal distributions seem to fit better to the data excluding 2.5% quantiles of the 

observed returns. The statistical measures suggest that spot returns could potentially be 

modeled by logistic or Gaussian models with the extension of additional discrete process 

which incorporates the extreme returns to the model.

5.2.4 Forward price dynamics 

Distributional properties
The time series dynamics of forward prices play an integral role in derivative pricing, since 

most of the OTC and exchange traded electricity options are written on forward contracts. 

The widely used Black-76 option pricing model assumes that forward prices are lognormally 

distributed, i.e. log returns are normally distributed, but in reality most electricity forward 

return distributions display non-normal characteristics. The following section briefly analyzes 

the time series properties of forward prices and returns. The emphasis is on examining 

whether the returns are Gaussian in nature.
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Table 6, Descriptive statistics of electricity forward returns
Forward returns ln(F(t)/F(t-l))
Descriptive statistics FWYR FWV1 FWSO FWV2
Mean 0.000 0.000 0.000 0.000
Min -0.123 -0.143 -0.144 -0.122
Max 0.164 0.230 0.135 0.138
Daily standard deviation 0.010 0.013 0.014 0.011
Annual standard deviation 0.161 0.212 0.223 0.175
Kurtosis 37.98 53.45 21.74 23.00
Skewness 1.44 2.50 -0.60 -0.15
Number of observations 3598 2717 3141 3642
Jarque-Bera statistics 216,825.8 325,026.6 61,832.6 80,037.5
J-В statistics excluding 2.5% quantiles 51.9 43.7 101.3 64.2
P-value <0.001 <0.001 <0.001 < 0.001

The table displays the descriptive statistics of year and season forward returns. The figures are 
calculated from the aggregate data from period 25.9.1995-28.1.2003.

The descriptive statistics of the forward returns of Table 6 provide strong evidence of non- 

Gaussian behavior. The kurtosis of the distributions is extremely high when compared to a 

normal distribution. In other words, the forward prices seem to be characterized by high 

frequency of minor or zero price changes, which increases the kurtosis of the return 

distribution. The relative high skewness measure of the early winter season forwards (FWV1) 

is apparently caused by spot price jumps, which have given rise to large forward returns 

during the early autumn. Overwhelmingly high Jarque-Bera statistics prove the excess 

leptokurtosis present in the return series. However, it is worth noting that the removal of 

extreme returns from the data significantly reduces the Jarque-Bera statistics making the 

distribution more Gaussian. Figure 18 depicts the distributions of forward returns of year 

forward contracts before and after removal of extreme returns.
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Figure 18, Distributions of forward returns
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The first plot shows the histogram of observed returns of year forward contracts. The second plot displays 
the histogram of observed returns excluding extreme positive and negative returns. Both histograms are 
compared to respective normal distributions having same mean and standard deviation.

Figure 18 suggests that returns are roughly normally distributed as the extreme returns are 

removed. Thus, also forward prices could potentially be modeled by combining a Gaussian 

process and a random discrete process that incorporates outliers into the model.

Temporal properties
The time series of forward prices are displayed in Figure 19. A casual look at the price series 

reveals somewhat smoother temporal structure as opposed to spot prices. It seems natural to 

expect this kind of price behavior, since forward contracts refer to the arithmetic mean of 

system prices over a specific period and, for this reason, have lower volatility. A more careful 

examination of forward volatilities shows that contracts with longer time to maturity have 

higher volatility than those with shorter maturities, see Figure 20 for estimated volatility 

curves. This observation is in accordance with the so called Samuelson (1965) effect, which 

states that forward price volatility tends to decline with increasing contract horizon. As for the 

forward price modeling, it is important to note that the changing volatilities have a significant 

impact on option pricing, since the prices of options depend on the integral of the underlying 

forward price variance from its initial value to its value at the option maturity. Hence, the 

shape of the whole volatility curve plays an important role in construction of spot price 

models, especially for a large and diverse portfolio of electricity contracts.
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Figure 19, Time series plots of year and season forward prices
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The above graphs plot the price series of year and season forward 
contracts traded in Nord Pool.
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Figure 20, Volatilities of different forward contracts on 2.5.2002 and 2.1.2003
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The above figure illustrates how volatility tends to decrease as contract horizon increases.

As the above figure illustrates the volatility structure of forward contracts decreases with 

contract horizon in a fairly monotone fashion and could thus be approximated by linear 

functions. Another possibility would be to model volatility curves by exponential functions as 

in the Clewlow & Strickland (1999a) framework.

Forward curve
A typical electricity forward curve clearly conveys the periodic behavior of spot prices. As 

can be seen in Figure 21, the forward curve has a step-wise structure with distinct 

seasonalities between winter and summer time. Consequently, forward curve includes useful 

information on market’s average anticipation of spot price seasonality. This information could 

be used in modeling the deterministic seasonal behavior of system prices. However, the 

forward curve based estimation of annual seasonality is complicated by the fact that the curve 

has a step-wise structure and the forward prices contain risk premia, which should be 

separated from the pure price expectations.
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Figure 21, Observed forward curves at the beginning of years 2001 and 2002.

Term structure of formrd prices
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The figure shows the observed futures/forward curves in the Nordic power 
exchange at the beginning of years 2001 and 2002. The curves have step-wise 
structure since longer dated forward contracts are season forward contracts 
which convey the seasonal changes in the electricity price levels. The solid line 
in the end of the curve displays the forward price of a year forward contract.



51

5.3 ESTIMATION OF MODEL PARAMETERS

This section describes the methods that are applied in the estimation the stochastic processes. 

The underlying ideas behind the maximum likelihood estimation and recursive filter method 

are briefly introduced. Detailed specifications of the estimated processes are presented along 

the study in Chapter 6.

5.3.1 Maximum likelihood approach

Maximum likelihood is a popular method of estimating the parameters of stochastic process 

when the probability density for the stochastic variable can be written down analytically. The 

idea behind the maximum likelihood is based on the observation that for a given choice of 

parameter values, 0, it is possible to compute the probability or likelihood, L(Ax;6), that a 

given set of log price changes, Ax, would have occurred. The probability is the product of the 

probabilities, р(Ах;в), for the individual observations in the data set. By taking the natural log 

of the probability for the whole data set, L(Ax;9), a sum of the logs of the probabilities for the 

individual observations is obtained. If we then maximize L(Ax;0) with respect to the 

parameter set в, we obtain the set of parameters that maximizes the likelihood that we would 

have observed the set of price changes in our data set. (Clewlow & Strickland, 2000)

The analytical expressions of the likelihood functions exist only for a limited number of 

diffusion processes. These processes include, e.g., geometric Brownian motion appearing in 

Black-Scholes formula and mean reverting processes of Omstein-Uhlenbeck type. The 

following presents the log likelihood function of a mean reverting О-U process used in the 

estimation of model parameters.

(25) i. = --ln2;r--lncr2 
' 2 2

\-eM _ 1 (у, -■Г,Ч.,-М
2к 2 21-e'2**a ---------

2 к

where у, {/ = 1,...,Г} is a time series with constant time intervals h. Maximization of function 

(25) yields ML estimates of к, p and a of mean reverting process (26).
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dX(t) = a:(/í - X{t))dt + «Щ/)
(zo)

*(*„) = *o

where Ajf/) denotes the logarithmic price, к is the mean reversion rate and ¡x is the long run 
mean log price level.

5.3.2 Maximum likelihood estimation of jump diffusion parameters

Maximum likelihood (ML) model can also be applied to estimating jump diffusion 

parameters. It has been used successfully, for instance, by Ball and Torous (1983) to estimate 

jump parameters for New York Stock Exchange stock prices. However, the ML method has 

some potentially undesirable empirical properties that affect the estimation results. The ML 

estimation tends to converge on the smallest and most frequent jump component of the actual 

data, which is usually not desirable. As electricity price return series has typically various 

different jump components - ranging from high frequency, low volatility jumps to low 

frequency, high volatility jumps - the jump diffusion models should preferably capture the 

lower frequency high volatility jumps. Thus, maximum likelihood estimation may not have 

the properties that jump parameter estimation procedure should posses.

5.3.3 Recursive filter estimation of jump diffusion parameters

Clewlow & Strickland (2000) propose an alternative, easily tractable method of estimating 

jump parameters. This recursive filter approach, as termed by the authors, filters out the 

extreme returns and excludes the outliers from the ‘normal’ non-jump behavior. The 

exclusion of jumps is made by estimating the standard deviation of returns and identifying 

such returns as jumps that are larger than expected for a chosen probability - typically larger 
than three times the volatility.

Assuming that jumps are relatively infrequent and not extremely large the diffusion volatility 

can be estimated in the usual way by calculating the sample standard deviation of returns. 

Based on this estimate of the volatility one can then look for returns that are larger than would 

be expected in the absence of jumps. Given that some returns have been identified as jumps, 

the estimate of the diffusion volatility should be recomputed by recalculating the sample 

standard deviation of returns with the jump returns excluded. This will result in a lower
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estimate of the diffusion volatility. Consequently, using this new estimate of the diffusion 

volatility, one can look for further returns which exceed the chosen limit. This process can be 

repeated until the estimates converge and no new jumps are identified - typically within ten 

iterations.

Empirical analysis suggests that the recursive filter approach does pick out the lower 

frequency higher volatility jump components, thus producing better results than maximum 

likelihood based estimation.
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6 Implications of price behavior for modeling and option pricing

In this chapter the parameters of the stochastic models are estimated using maximum 

likelihood and recursive filter approaches. The proposed models are tested by means of 

simulation and comparative time series analysis. In case of forward prices the impact of 

changing model specifications on the valuation of option contracts is also examined.

6.1 SPOT MODEL CONSTRUCTION

The subsequent section presents the mathematical expressions of the estimated processes as 

well as the results of parameter estimation of standard mean reverting processes and mean 

reverting processes including jumps.

6.1.1 Mean reverting single factor process

As examined in Section 5.2.1 electricity time series tend to revert to the long term mean level. 

Stationary price behavior suggests that mean reverting processes would be appropriate 

candidates for describing the temporal dynamics of the spot price series. Consequently, mean 

reverting Omstein-Uhlenbeck processes (27) are estimated to depict the stochastic evolution 

of logarithmic system prices.

(27) dS, = k(/j - S, )dt + odz

where S, is natural logarithm of spot price. Table 7 shows the maximum likelihood estimates 

for the parameters of this mean reverting model23.

23
The connection between the estimated model and Schwartz (1997) one factor model is shown in Section 4.4. 

In the estimation of the model parameters market price of risk is assumed to equal zero.
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Table 7, Parameter estimates of mean reverting model using logarithmic prices
Results of maximum likelihood estimation

II

3

k(/u - S, )dt + adz

Parameter Model 1 s.e. Model 2 s.e.
log deseasonalisation deseasonalisation on pure prices

К 0.0197 (0.0033) 0.0198 (0.0033)

t-value (5.942)** (5.955)**

И 4.9090 (0.0786) 4.9417 (0.0718)

t-value (62.450)** (68.8584)**

<J 0.0937 (0.0011) 0.0862 (0.0010)

t-value (84.971)** (84.985)**

Log likelihood 3525 3835

*• statistically significant at 99% level

This table displays the parameter estimates for the mean reverting model of log prices. 
Standard errors and t-statistics are shown in parentheses. Parameter values are first 
estimated by ordinary least squares method, see Appendix E for detailed estimation. The 
OLS estimates are then used as initial values in the maximization of log likelihood 
functions. This procedure should ensure that optimization does not lead to a local 
maximum. Quasi-Newton method is used as an optimization procedure. Parameter 
estimates of mean reverting model of pure system prices are shown in Appendix F.

Both estimation procedures, using deseasonalization on logarithmic (Model 1) and pure prices 

(Model 2), result in statistically significant parameter estimates. In both cases the rate of mean 

reversion is relatively low but statistically significant, which is in line with the previous 

studies on Nord Pool system price behavior, see e.g. Lucia & Schwartz (2002). Model 2 

seems to have somewhat lower volatility and, according to the values of log likelihood 

functions, a slightly better fit.

The model takes the following form as the deterministic seasonal function is added to the 

process.

(28) dS, = K(n(t) - S, )dt + adz

(29) //(/) = a + ßD, + у со

The seasonality is captured by inclusion of time varying mean, to which the spot prices revert 

over time.
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6.1.2 Mean reverting jump processes

It seems obvious that very large price spikes should be attributed to jumps because the 

probability of the normal Brownian motion type behavior generating the large price changes 

is virtually zero. A jump extension of the mean reverting process has the following 

mathematical representation (30) as a discrete Poisson process is added to the model.

(30) i/5, = /с(//(/) - S' )dt + adz + ах1д(ф)

The proportional jump size, or equivalently jump return, ы is random and normally 

distributed with mean m and standard deviation or jump volatility of y. The annualized 

frequency of jumps is given by ф, which is the average number of jumps per year. The jump 

process is a discrete time process, where jumps do not occur continuously but at specific 

instants of time. Therefore, dq^) is defined as a Poisson process

ÍC
¿Hi

0 with probability 1-ф dt

1 with probability фdt

where ф denotes the intensity of the Poisson process.

The jump parameters are estimated using recursive filter approach described earlier. The 

following tables show the parameter estimates at each stage of the iteration. The final 

parameter values are displayed in the last row.
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Table 8, Filtration results on log returns using deseasonalized pure prices

Iteration SD Jumps Jump frequency Average jump Jump volatility

a Ф 67 1

1 0.0607 47 0.0128 0.0439 0.5429
2 0.0553 101 0.0275 0.0062 0.4011
3 0.0532 132 0.0359 0.0169 0.3601
4 0.0522 147 0.0400 0.0185 0.3449
5 0.0516 156 0.0424 0.0245 0.3365
6 0.0513 161 0.0438 0.0267 0.3322
7 0.0512 164 0.0446 0.0290 0.3295
8 0.0510 166 0.0451 0.0305 0.3278
9 0.0510 167 0.0454 0.0294 0.3271
10 0.0509 168 0.0457 0.0301 0.3263
11 0.0509 169 0.0459 0.0308 0.3255
12 0.0509 170 0.0462 0.0316 0.3246
13 0.0509 170 0.0462 0.0316 0.3246

Table 9, Filtration results on log returns using deseasonalized logarithmic prices

Iteration SD Jumps Jump frequency Average jump Jump volatility

a Ф 67 7
1 0.0674 72 0.0196 0.0758 0.4624
2 0.0604 136 0.0370 0.0313 0.3746
3 0.0574 173 0.0470 0.0277 0.3435
4 0.0563 189 0.0514 0.0290 0.3324
5 0.0558 196 0.0533 0.0270 0.3281
6 0.0555 201 0.0546 0.0288 0.3249
7 0.0555 202 0.0549 0.0295 0.3242
8 0.0555 202 0.0549 0.0295 0.3242

Tables 8 and 9 show the parameter estimates of mean reverting jump process (30) 
estimated by recursive filter approach. Returns larger than three times the standard 
deviation of the remaining return series are recognized as jumps. The exclusion of 
jumps from ‘normal’ returns is continued as long as the estimates converge. Jump 
frequency is the proportion of jumps from all returns. Daily jump volatility is simply the 
standard deviation of jump returns. SD stands for the standard deviation of the 
remaining non-jump spot returns.

Results of filtration show that estimation on deseasonalized pure prices results in slightly 

smoother price series in terms of diffusion volatility and jump frequency. Thirteen iterations, 

as opposed to eight with deseasonalized log prices, are needed to filter out the converging 

parameter values. Both procedures generate approximately similar jump volatilities and 

average jump sizes24. Logarithmic approach produces somewhat lower diffusion volatility

24 The average jump size is generally set to equal zero in practical applications, since the mean jump is usually 
very difficult to estimate robustly.
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estimates as can be expected from the lower initial standard deviation. The jump frequency of 

approximately 5% implies that one jump should occur every 20th day on average.

The jump diffusion model takes the following form as the deterministic seasonal function is 

added to the process.

(31)

(32)

dSt = - S, )dt + adz + a>dq(</))

( 2 n ^/u(t) = a + ßDt + у cos (t + r)
V 365

In this model the mean price changes over time and spot price reverts to this changing average 

price level which has a seasonal character depicted by Equation (32).

6.2 SIMULATION AND MODEL COMPARISON

To evaluate the performance of the stochastic models it is necessary to examine how well the 

proposed models describe the observed data. The most intuitive test of relative quality of the 

models is a simple qualitative inspection of the sample price processes and the associated log 

return distributions. In the following section the stochastic processes are simulated and the 

resulting price paths and return distributions are compared to those observed in the electricity 

market.

6.2.1 Simulation of mean reverting process

Mean reverting process of Equation (27) can be discretized for simulation purposes as 

follows:

(33) AS', - a(jU - S, )At + oAz

where the random increment Az has zero mean and a variance of At, and can therefore be 

simulated by random samples of vAte where e is a sample from a standard normal

distribution.
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Figure 22 - Simulation of a simple mean reverting process of deseasonalized log prices.
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The above graphs display the simulated price and return paths of a Gaussian mean reverting process of О-U type, 
see Equation (27). The last row shows the smoothed return distribution. Kernel density estimates are used in 
smoothing the density plots. The simulated figures are compared to the figures of observed data on the right hand 
side.

Figure 22 shows the simulation results of a simple mean reverting process estimated using 

deseasonalized log prices. The figure demonstrates the poor quality of the fit of a simple mean 

reverting process. Due to the Gaussian nature of the model, simulation generates very volatile 

returns that are distributed too smoothly over time when compared to the realized returns. It 

seems that the standard deviation is excessively influenced by a few large valued returns at 

the expense of a larger number of relatively small returns. Consequently, the return 

distribution becomes overly fat and the model produces highly volatile price paths that are 

clearly distinguishable from the observed data. In fact, some simulated price paths seem to be 

even exploding to unrealistic levels. The time series plot of realized returns implies that the
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return series has a relatively low volatility during most of the time and only occasionally the 

size of returns increases to extreme levels. This is in line with the observations of the 

preliminary data analysis which stated that a normal distribution with lower standard 

deviation has distinctively better fit to the real return data.

6.2.2 Simulation of mean reverting jump process

To accommodate the problem of the high volatility and extreme returns, a jump component is 

added to the model. The estimated jump model separates the extremely large returns from the 

‘normal’ less volatile return series by modeling the extreme returns as a separate discrete 

process. Mean reverting jump model of Equation (30) has the following discretized form:

(34) AS, = a(/j-St )A t + cr\Ate] + (oj + ys2 )u,

where e¡ and 62 are independent standard normal random variables and ut is uniform [0,1] 

random sample. The term u, equals one if the condition is true and zero otherwise. This 

generates jumps randomly at the correct average frequency in the limit as At tends to zero. 

When a jump occurs, its size is the mean jump size plus a normally distributed random 

amount with standard deviation 7 determined by 62. Figure 23 presents the simulation results 

of a mean reverting jump process.
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Figure 23, Simulation results of mean reverting jump process
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Figure 23 displays the simulated price and return paths of mean reverting jump process (30). The last row shows 
the smoothed return distribution. The parameters of the simulated model are estimated using deseasonalized 
logarithmic prices.

The simulation results suggest that a jump process performs distinctively better in describing 

the real price behavior than a simple mean reverting process. Even though the model still 

generates rather erratic price paths, the return series and distributions clearly approach those 

of observed data. Furthermore, the jump process is better able to capture the volatility 

structure of real returns by distinguishing extreme returns from the ‘normal’ process with 

lower volatility. However, inspection of the daily return plots reveals that the volatility of 

observed returns exhibits more clustering than the simulated returns, which in turn can be 

interpreted as an indication of autoregressive heteroscedasticity in the time series.
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6.2.3 Distribution analysis of simulated returns

A closer examination of jump diffusion returns reveals the moderate deviations in the shape 

of the realized and simulated distributions. The observed return distribution still appears 

somewhat too leptokurtic as opposed to slightly fatter simulated distribution. This problem 

can be partly corrected by drawing the innovations from a logistic distribution, which is partly 

able to capture the leptokurtosis of the realized distribution. Figure 24 shows the return 

distribution resulting from simulation of mean reverting jump model using normal and 

logistic innovations.

Figure 24, Observed and simulated return distributions of mean reverting jump process
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This figure shows the simulated return distributions of mean reverting jump process (30) with Gaussian and 
logistic innovations. The second graph displays the distribution of realized returns.
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The jumps in the proposed models are normally distributed and therefore symmetrical i.e. the 

number and size of positive and negative jumps are equal on average. However, the real 

observed distribution of logarithmic spot price changes is slightly positively skewed. This 

property can be incorporated into the model by having proportional jumps drawn from a 

normal distribution with different volatilities for positive and negative jumps. An alternative 

possibility would be to draw the jumps from a lognormal distribution, which gives lower limit 

on the negative jump returns. The inclusion of non-symmetric jumps is tested by using 10% 

lower daily volatility for negative jumps in the simulation. The results indicate that the use of 

different jump volatilities improves the fit of the model and clearly incorporates the positive 

skewness to the modeled return distribution.

Table 10 summarizes the simulation results and displays essential statistical measures 

describing the performance of each model. The statistics of the models are obtained by 

simulating 90 000 returns of each model and estimating the statistical measures from the 

resulting distributions.
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Table 10, Comparative analysis of simulation results

This table shows statistical measures describing distributional properties of five different models and the realized 
data. Kolmogorov-Smirnov statistics measure the maximum difference between the cumulative distributions of 
the simulated and realized log returns. Smaller test values imply better fit into the real data. See Appendix D for 
detailed specifications of the К-S statistic. The upper part of the table shows the simulation results for models 
that have been estimated using log transformations of deseasonalized pure prices. The lower part of the table 
shows corresponding results using deseasonalization on logarithmic prices.

Statistic measures of logarithmic 
deseasonalized pure prices MR MRJ MRJV LMRJ LMRJV

Observed
data

Skewness -0.008 0.025 1.609 0.101 1.825 1.870
Kurtosis 0.01 33.69 31.37 32.78 28.66 46.73

Min -0.351 -1.332 -1.545 -1.374 -0.963 -0.827
1st Qu. -0.058 -0.036 -0.037 -0.032 -0.034 -0.032
Median 0.000 0.000 -0.001 0.000 -0.002 -0.003
3rd Qu. 0.058 0.036 0.035 0.032 0.031 0.030

Max 0.359 1.656 1.918 1.560 1.703 1.297
Volatility 0.086 0.087 0.079 0.088 0.079 0.086

Kolmogorov-Smirnov statistic 0.122 0.048 0.040 0.036 0.024

Statistic measures of deseasonalized Observed
logarithmic prices MR MRJ MRJV LMRJ LMRJV data

Skewness -0.011 0.239 1.731 -0.231 1.802 0.978
Kurtosis 0.01 25.05 24.19 25.91 24.28 20.71

Min -0.397 -1.186 -1.027 -1.331 -1.102 -0.709
1st Qu. -0.063 -0.040 -0.041 -0.036 -0.037 -0.035
Median 0.000 0.000 -0.002 0.000 -0.002 -0.003
3rd Qu. 0.063 0.040 0.038 0.036 0.033 0.031

Max 0.389 1.280 1.585 1.269 1.457 1.094
Volatility 0.094 0.095 0.087 0.096 0.087 0.093

Kolmogorov-Smirnov statistic 0.124 0.054 0.049 0.046 0.033

MR Mean reverting process [see Equation (27)]
MRJ Mean reverting jump process [see Equation (30)]
MRJV Mean reverting jump process with negative jumps having 10% lower daily volatility
LMRJ Logistic mean reverting jump process (i.e. random innovations drawn from logistic distribution)
LMRJV Logistic mean reverting jump process with negative jumps having 10% lower daily volatility

The comparative statistics of the above table demonstrate how the inclusion of jumps 

improves the fit of a mean reverting model. The jump process is able to capture the excess 

kurtosis by giving up the assumptions of normality, whereas a simple mean reverting process 

yields distributions that clearly deviate from the observed data. The fit of the model is further 

improved by introduction of logistic innovations and non-symmetric jumps, which 

incorporate the positive skewness to the modeled distributions. The kurtosis and skewness 

measures of distributions can be fairly easily calibrated to match the observed measures by 

adjusting the jump volatilities. However, it should be noted that the measures are rather 

sensitive to extreme returns occurring in the simulations, or indeed in the real spot market, 

and therefore susceptible to rather large changes over different periods of time.
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According to Kolmogorov-Smimov statistics, which measure the maximum deviation 

between simulated and observed cumulative distribution, the logistic mean reverting jump 

process with non-symmetric jumps performs best in replicating the observed distribution. The 

value of К-S statistics has distinctively lower value as the positively skewed jumps and 

logistic innovations are included in the model. Furthermore, the median value and the values 

of first and second quartiles match the observed values remarkably well.

6.2.4 Analysis of simulated price paths - sensitivity to the rate of mean reversion

Inspection of the simulation plots of the previous section shows that while the jump diffusion 

models do yield more realistic price processes, they nevertheless produce price paths that are 

clearly distinguishable from the observed data. Due to high volatility and low rate of mean 

reversion the price processes tend to have too erratic character. More realistic replication of 

the price paths would require using stronger mean reversion in the models. Figure 25 shows 

how simulated price paths evolve with different levels of mean reversion.

As the graphs illustrate, high level of mean reversion is needed to bring out the annual 

seasonality in the simulated price series. A mean reversion rate of 10 seems to be high enough 

to generate realistic price paths that closely remind the observed price behavior. It seems that 

while maximum likelihood estimation produces efficient parameter estimates with respect to 

the fit of return distributions, it is not able to capture the long-term mean reversion present in 

the electricity price data.
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Figure 25, Simulated price paths with different levels of mean reversion

Simulated price path with mean reversion of 0.0198 Simulated price path with mean reversion of 0.5

Simulated price path with mean reversion of 1.0 Simulated price path with mean reversion of 2.0

Simulated price path with mean reversion of 10

Simulated price path with mean reversion of 25 Real price path

The above graphs display the simulated price paths of mean reverting jump model of Equation (30) 
using different rates of mean reversion. The last graph shows the realized spot price series.
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From statistical perspective it is important to note that the use of higher mean reversion rate 

does not significantly change the properties of the return distributions. The fit of the model 

remains on the same level as the К-S statistics and cumulative return distributions are 

examined, see Appendix G for illustration. The reason for relatively similar distributional 

properties stems from the fact that positive mean reversion factors offset the negative ones 

producing a net effect of approximately zero.

Intuition behind the use of strong mean reversion is based on the notion that supply and 

demand will gradually adjust the prices to the long term average level, which is ultimately 

determined by the level of average production costs. A demand driven price increase will thus 

be compensated by a shift in supply curve, and vice versa. The equilibrium price level is 

naturally dynamic over time due to changing seasonal and structural factors. This should be 

taken into account in construction of time series models and interpretation of model results.

6.3 FORWARD MODEL ESTIMATION

This section presents the results of parameter estimation for forward price models. The 

applicability of the models is examined in similar fashion as with spot prices. Furthermore, 

this section studies the implications of different model specifications for pricing options on 

year forward contracts.

The Black-76 option pricing model, which is widely used by practitioners in the electricity 

derivative market, assumes that changes of logarithmic forward prices are normally 

distributed. The assumption of Gaussian behavior of forward returns means that forward 

prices are lognormal and can thus be modeled by simple Brownian motion type processes. In 

the following section the applicability of Gaussian risk neutral pricing approach is tested by 

means of simulation and distribution analysis. Price series of year forward contracts are used 

in the estimation of models.

The distributional properties of forward returns are examined using aggregate return data of 

nine different year forward contracts. This gives in total 3598 daily forward returns. The 

aggregation is carried out in order to increase the number of observations and improve the 

reliability of the statistical analysis.
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6.3.1 Model definition and parameter estimation

Application of risk neutrality simplifies the estimation of model parameters. Since the 

expected return of the forward price process equals zero, it is only necessary to estimate the 

volatility of the logarithmic returns in the risk neutral setting. Valuation of an option on a 

forward can be treated as equivalent to pricing an option on an asset paying a continuous 

dividend of r, i.e. risk free rate, which in turn means that when phrasing the option pricing 

problem in terms of a risk neutral measure, the drift in forward prices under this measure must 

be zero. Consequently, forward prices are modeled through the following risk neutral 

dynamics having drift component of zero.

(35) dFt = crF'dW

where dW is a standard Wiener process and a is standard deviation of logarithmic forward 

price changes, which equals 16.12% on annual basis.

As with spot prices, the standard model is extended by inclusion of a jump component to the 

price process (35).

(36) dF, = oF,dW + a>dq(<f>)

The parameters are estimated using similar recursive filter approach as with spot prices. The 

jump component has the same specifications as described in Section 6.1.2. Table 11 shows 

the results of filter estimation.
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Table 11, Parameter estimates of jump process for forward prices
Iteration SD Jumps Jump frequency Average jump Jump volatility

a Ф m 7
1 0.0075 55 0.0153 0.0106 0.0558
2 0.0067 120 0.0334 0.0056 0.0424
3 0.0064 151 0.0420 0.0046 0.0390
4 0.0063 165 0.0459 0.0035 0.0379
5 0.0062 176 0.0489 0.0030 0.0370
6 0.0062 182 0.0506 0.0025 0.0366
7 0.0062 184 0.0511 0.0024 0.0364
8 0.0062 184 0.0511 0.0024 0.0364

The above table shows the parameter estimates for jump process (36) of forward prices 
estimated by recursive filter approach. Returns larger than three times the standard 
deviation of the remaining return series are recognized as jumps. The exclusion of 
jumps from ‘normal’ returns is continued as long as the estimates converge. Jump 
frequency is the proportion of jumps from all returns. Daily jump volatility is simply the 
standard deviation of jump returns. SD stands for the daily standard deviation of the 
remaining non-jump returns.

As Table 11 illustrates eight iterations are needed to obtain converging parameter estimates. 

Approximately five percent of the returns are identified as jumps, which implies that a jump 

should occur once a month on average. The filtration reduces the non-jump standard deviation 

(SD) to 9.8% p.a., and thus smoothes the normal, non-jump, forward price behavior. The 

estimates of jump volatility and jump sizes are roughly ten times smaller than those of spot 

prices.

6.3.2 Simulation and model comparison

The performance of models is examined by means of Monte Carlo -simulation. Sample price 

and return series are simulated for a period of 500 days using Gaussian non-jump and jump 

processes. Figure 26 plots the simulated series and compares them to the realized price and 

return series of three different year forward contracts. The graphs show that each return series 

has distinct characteristics, and the simulated return series clearly differ from each of the 

realized series. While jump process is able to incorporate the extreme returns to the model, it 

still lacks the ability to capture the slight clustering of volatile returns.

The fit of models is further investigated by inspection of simulated return distributions, which 

are plotted in Figure 27. The graphs illustrate how the Gaussian non-jump model produces 

overly fat return distributions as opposed to realized return distributions. As expected, the 

jump model is better able to capture the leptokurtosis of the realized return distribution.
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Figure 26, Graphs of realized and simulated forward price/retum series
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The above figures show sample price/retum series of three different year forward contracts. 
The last two graphs illustrate how simulated non-jump (35) and jump processes (36) 
replicate the realized price/retum series.
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Figure 27, Comparison of simulated and realized return distributions
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The above graphs display the simulated distributions of the Gaussian process without jumps 
(35) and with jumps (36). The realized return distribution of year forward prices is shown 
in the middle.
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The basic jump and non-jump models are extended by same kind of modifications as with 

spot prices in Section 6.2.3. The models are modified by drawing random innovations from 

logistic distribution and adjusting jump volatilities. The following table displays the 

properties of simulated return distributions for each model.

Table 12, Comparative analysis of simulation results
This table shows statistical measures describing distributional properties of four different models and 
the realized return data of year forward contracts. Kolmogorov-Smimov statistics measure the 
maximum difference between the cumulative distributions of the simulated and realized log returns. 
Smaller test values imply better fit into the real data. See Appendix D for detailed specifications of the 
К-S statistic.

Properties of simulated and 
observed distributions GPR GJPR LJPR LJPRV

Observed
data

Skewness 0.016 0.241 0.381 1.883 1.436
Kurtosis -0.010 30.31 27.41 29.71 37.98

Min -0.048 0.177 -0.139 -0.097 -0.123
1st Qu. -0.007 0.004 -0.004 -0.004 -0.004
Median 0.000 0.000 0.000 0.000 0.000
3rd Qu. 0.007 0.004 0.004 0.004 0.004

Max 0.037 0.181 0.161 0.204 0.164
Volatility (daily) 0.010 0.010 0.010 0.010 0.010

Kolmogorov-Smimov statistics 0.1217 0.0431 0.0266 0.0269

GPR Gaussian Process [see Equation (35)]
GJPR Gaussian Jump Process [see Equation (36)]
LJPR Logistic Jump Process
LJPRV Logistic Jump Process with negative jumps having 1% lower daily volatility

Statistical measures of Table 12 clearly show that addition of jumps improves the fit of the 

standard Gaussian model. According to Kolmogorov-Smimov statistics, the fit is further 

improved by inclusion of logistic innovations (LJPR) in the jump model. The positive 

skewness is also incorporated into the return distribution by decreasing the jump volatility of 

negative jumps by one percentage unit. The kurtosis of the observed return distribution still 

appears somewhat higher than in any of the model extensions indicating that the shape of 

model distributions is not sufficiently peaked. However, it is worth noting that the measure of 

excess kurtosis clearly varies from forward return series to another.

Since the value of К-S statistic is only determined by the largest discrepancy between the 

cumulative return distributions, it is also necessary to examine the fit across the rest of the 

distribution. Figure 28 displays the realized and simulated cumulative return distributions of 

each model. The difference between the standard Gaussian model and the realized data is



73

obvious, whereas three other models generate returns that replicate the realized returns 

relatively closely.

Figure 28, Cumulative distributions of simulated models

The below figures plot the cumulative return distributions of four different models (described below) and 
realized year forward returns. Distributions show that Gaussian distribution has the worst average fit to 
the realized returns.
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Even though the possibility of jumps in the forward price specifications apparently improves 

the fit of the models, the straightforward applications of jump processes to forward prices do 

not seem totally convincing. This stems from the fact that forwards refer to an average price 

of electricity over a relatively long period (in this case one year), which, in turn, means that 

there is a natural smoothing of the forward prices relative to spot prices. While spot prices 

tend to react quickly and often dramatically to new information, similar changes in forward 

prices should be rare.
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From the modeling perspective, however, the jump processes manage to capture the 

distributional properties of forward returns, i.e. leptokurtosis and existence of extreme returns. 

The integral result is that while the simulated price paths may not replicate the real world 

price behavior very closely, the jump processes clearly yield such distributions that fit 

realized data better than standard Gaussian processes. This has a significant impact on time 

series modeling and derivative pricing, in particular. The effects of jump process extensions 

on option pricing are examined in the next section.

6.3.3 Option pricing - applicability of Black-76 formula

Having estimated the process parameters and time series properties it is of particular interest 

of the study to investigate how each model performs in pricing options on forward contracts. 

The performance of the models is examined by simulating price paths of alternative processes 

and calculating option payoffs for each of the sample paths. The European option price is then 

obtained by taking the mean over all payoffs at maturity and discounting it by risk free rate. 

The following formula shows the mathematical relation through which the price of a 

European call option with strike price X and exercise date T is derived.

(37) co=e~rTE,[max(FT-X),0)],

where F is the forward price, r is the risk free rate and E* is the expectation taken under the 

risk neutral measure. The results of simulation are displayed in Table 13.

Table 13, Simulated option prices
Call options are at the money options with strike of 150 and 16.1% volatility. 

Risk free rate is taken to be constant and equal to 2.5% pa.

Option type BLACK-76 GPR GJPR LJPR LJPRV
Call price (maturity 0.5 y) 6.73 6.74 7.24 7.27 8.87
Call price (maturity 1 y) 9.40 9.38 10.50 10.40 14.22

GPR Gaussian Process [see Equation (35)]
GJPR Gaussian Jump Process [see Equation (36)]
LJPR Logistic Jump Process
LJPRV Logistic Jump Process with negative jumps having 1% lower daily volatility

The table shows European call option prices calculated from the simulated prices series of the 
above mentioned models. The values of options were obtained by simulating 50 000 price paths 
for each model. No variance reduction approaches were applied due to sufficiently large number 
of simulations and the descriptive nature of the analysis.
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As the option prices of Table 13 illustrate, it is evident that giving up the assumption of 

normality in the modeling framework has an impact on the valuation of options. While 
simulation of standard Gaussian process (GPR) produces option prices equal25 to Black-76 

model, the three other processes, which attempt to capture the extreme returns and 

leptokurtosis of the underlying return data, clearly generate larger option prices. An 

interesting observation is that the application of logistic innovations, as opposed to Gaussian 

ones, has virtually no, or very small, effect on the option prices. Although the simulation 

analysis bypasses any tests of statistical significance, the simulation results provide apparent 

evidence that inclusion of jumps, and positive skewness indeed, affect the pricing of 

electricity options - by increasing the call option values.

An important aspect here is that the parameters of the above processes are estimated using 

aggregate return data, which should convey the average behavior of forward prices over a 

long time period. The anticipated forward price evolution may, however, significantly differ 

from the average historical behavior of forward prices, e.g. due to low precipitation levels or 

structural changes in the electricity markets. Thus, the above analysis serves rather an 

illustrative purpose in comparing the option pricing performance of each model. More 

definitive statistical results regarding the applicability of the models would require 

examination of each underlying forward contract separately. That would, nevertheless, lead to 

problems of insufficient return data.

In all, the above analysis provides evidence that the Black-Scholes assumption of prices 

following a geometric Brownian motion may not be adequate when pricing electricity options 

on year forward contraes. Even though in practice, Black’s model seems to be the best 

parametric model available being a standard pricing tool among the practitioners in the 

financial industry, still, further extension that incorporate extreme returns, potential volatility 

clustering and the positive skewness of the return distributions are needed to obtain option 

prices that correspond to the realized return distributions.

25 According to the finance theory, call option prices resulting from simulation of Gaussian model (GPR) and 
Black-76 model should converge.
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It seems apparent that more empirical work has to be done with regards to option pricing in 

the Nordic deregulated electricity markets where the option contracts should be in great 

demand due to the high volatilities recorded in the electricity prices. However, the demand for 

electricity options has until now remained at relatively low levels in the Nordic power 

exchange. One reason for the relative disinterest in electricity options certainly arises from the 

uncertainty about how to price these options.
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7 Concluding remarks

The research objective of this paper has been to study the time series dynamics of spot and 

forward prices in the Nordic electricity exchange Nord Pool. The time series analysis has 

been mainly concerned with the importance of the regular patterns in the behavior of the 

electricity spot prices as well as distinctive temporal and distributional properties that affect 

the time series modeling and derivative pricing. The second area of the study has concentrated 

on constructing and evaluating alternative stochastic models for describing the evolution of 

spot and forward prices. The emphasis has been on examining whether the inclusion of jumps 

in the single factor modeling framework improves the performance of the models and further 

affects the valuation of option contracts. The following summarizes the main findings of the 

empirical part of the study.

7.1 TIME SERIES ANALYSIS

The time series part of the study has brought up various important points that should be 

considered before constructing stochastic models for power price behavior. Statistical analysis 

of spot prices provides strong evidence of annual and weekly seasonalities, which are found 

to be integral factors in the time series modeling of power prices. The seasonal regularities are 

incorporated into the models by applying a seasonal modeling framework of Lucia & 

Schwartz (2002). This model is used to remove the periodic regular patterns from the price 

series. While the approach seems to work fairly well - particularly for the logarithmic spot 

prices - in capturing the deterministic regular components, the autocorrelation analysis reveals 

the slight inadequacy of the model in differentiating the deterministic components from 

stochastic behavior.

The analysis of temporal properties indicates that spot prices have a mean reverting character, 

even after removal of the periodic patterns. Some statistical regularity, i.e. autoregressive 

behavior, is also found in the time series of historical spot volatilities. The analysis reveals 

potential ARCH features in the return series, implying that applications of ARCH models 

would improve the performance of time series models. In case of forward prices, the main 

finding concerns the behavior of volatility of different forward contracts. It is found that 

volatility tends to decline as contract horizon increases, a notion that supports the so called 

Samuelson (1965) effect of time-varying forward volatilities.
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Investigation of distributional properties of spot and forward returns provides significant 

evidence on non-Gaussian behavior of return series. The realized return distributions are 

overly peaked and have excessively fat tails as opposed to normal distributions with the same 

mean and variance. The problem of high leptokurtosis is, however, relieved by the use of 

logistic distribution and removal of outliers from the return series. In fact, logistic and normal 

distributions are found to be good proxies for the realized distributions of both spot and 

forward returns, as the 2.5% quantiles of the realized distributions are taken out from the 

sample data. This result suggests that the evolution of spot and year forward prices could be 

modeled by combining a Gaussian or a logistic process with an additional discrete process 

that incorporates outliers into the model as occasional jumps.

7.2 STOCHASTIC MODELING

The main finding of the study is that the jump extensions do improve the performance of the 

Gaussian stochastic models of Nordic electricity prices. While a simple mean reverting 

process of spot prices yields distributions that clearly deviate from the observed data, a jump 

process performs distinctively better in capturing the distributional properties of daily spot 

returns. The fit of the model is further improved by drawing the model innovations from a 

logistic distribution and by inclusion of non-symmetric jumps. The simulation analysis 

demonstrates that one is able to incorporate the positive skewness of the return distribution by 

increasing the volatility of positive jumps in relation to negative jumps.

The parameter estimation of jump models lends support for the application of recursive filter 

method of Clewlow & Strickland (2000). This easily tractable filter approach is found work 

encouragingly well for jump models on Nordic spot price data. As for the parameter 

estimation, an interesting observation is that maximum likelihood method seems to 

underestimate the value of mean reversion coefficient appearing in the spot price process. A 

simple visual inspection reveals that spot prices should revert more strongly to the long term 

mean level than suggested by maximum likelihood estimates. Thus, the level of mean 

reversion should be carefully calibrated when estimating process parameters in order to avoid 

unrealistic, or explosive, price behavior.
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The inclusion of jumps is also found to improve the fit of the models of forward price 

behavior. Although the forward price series does not have as jumpy character as the volatile 

spot series, the simulation analysis proves that a jump process is better able to replicate the 

realized returns than a standard Gaussian process. Closer replication of observed return 

distributions naturally has its implications for option pricing, since the option value is derived 

from the integral of the truncated return distribution. The study finds that the inclusion of 

extreme returns as jumps in the modeling framework clearly increases the prices of options 

written on year forward prices. The option values increase further as the jump volatilities are 

adjusted to capture the positive skewness of the observed return distribution. The results 

imply that Gaussian assumptions of the widely used Black-76 model are not fully applicable 

when valuing European options on electricity forwards. It seems evident that future 

applications of time series models should incorporate the skewed extreme returns and time- 

varying volatility into the modeling framework.

7.3 DIRECTIONS FOR FURTHER STUDY

The examination of electricity price dynamics has brought up various topics for further 

research. Analysis of time series properties suggests that modeling of periodic regular patterns 

in spot price series would clearly require more research attention. It would be particularly 

interesting to study whether the deterministic seasonal behavior could be derived from the 

prevailing forward curve, which reflects the market’s average anticipation of future spot price 

levels. Although such approach would face the difficulties of filtering the risk premia from 

the pure price expectations and constructing a smooth forward curve from block contracts, the 

forward looking feature of the approach would presumably enhance the predictive power of 

the seasonal models.

As for the stochastic modeling of spot and forward prices, it would be useful to further 

investigate the temporal behavior of volatility. In order to improve the performance of time 

series models, the future research should focus on modeling the time-varying features of 

volatility. For example, mean reverting stochastic volatility and different GARCH models 

would be potential candidates for incorporating the heteroscedastic features of power prices to 

the time series models. An alternative approach that would allow power prices to be governed
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by different types of diffusion processes would be to apply regime switching framework [see 

e.g. de Jong & Huisman (2002)] also to Nordic spot prices.

Finally, the analysis should be extended to studying the valuation of option contracts on 

forward prices. Of special interest in this context would be to examine how the inclusion of 

time-varying volatility in the stochastic models affects the option prices over time. The single 

factor approach of Clewlow & Strickland (1999a) could, for instance, be modified by using 

estimated volatility curves that better match the underlying forward return data.

On a generic level, the relation between structural and financial models would deserve further 

study as the structural changes in the electricity market ultimately affect the levels of power 

prices.
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APPENDICES

APPENDIX A, Seasonal functions and autocorrelations of deseasonalized prices

Figure Al, Plots of seasonal functions fitted to pure and logarithmic system prices
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The above graphs plot the deterministic seasonal functions that attempt to 
capture the periodic behavior of system prices. The seasonal function is 
estimated using both pure and logarithmic prices. See Section 5.2.2 for 
model specifications.

Figure A2, Autocorrelation and partial autocorrelation plots of deseasonalized system prices 
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The figures display autocorrelation and partial autocorrelation functions of deseasonalized system prices. It 
seems that the deseasonalization is not fully able to remove the regular patterns within the week.
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APPENDIX В, Definitions of ARCH and GARCH models

Autoregressive Conditional Heteroskedasticity

Let us write the price returns as:

where к is a constant mean term, and u, is the “innovation at time t”. The stochastic 

innovations can be written as n, = of,, where f, is an independent random error distributed as 

N(0,1). The essential feature of ARCH modeling is to make the innovation variance at time t 

conditional on previously realized innovations. Thus, the variance in the ARCH(q) model of 

Engle (1982) is defined as:

Generalized Autoregressive Conditional Heteroskedasticity
In the generalized ARCH or GARCHQ?,<?) model of Bollerslev (1986) the variance equation 

includes both past innovations (of order q) and past conditional variances (of order p):

Since the equation is recursive in variance, a, will effectively depend on all innovations. 

Hence, a GARCH model with a few terms will often fit a data set as well as an ARCH model 

of much higher order. (Clewlow & Strickland, 2000)
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APPENDIX C, Tests for the presence of conditional heteroscedasticity

Test for the presence of conditional heteroskedasticity
GARCH-type behavior is tested using a straightforward approach as follows:

1) A specification for the conditional mean is selected by considering a best fitting 

ARMA(p,<7) model.

Ф(1)у, =0(¿K

where и, is assumed to be a weak white noise, and Ф(Т) and 9(L) are the 

autoregressive and moving average lag polynomials.

0(Z) = 1 -фхЬ-...-фри <d(L) = \-e,L-...-e4Lq

The best fitting ARMA(2,2) model is chosen by minimizing Akaike (1973) 

Information Criterion, AIC, which is a procedure for determining the appropriate lag 

length. AIC is defined as follows:

AIC = -2 * log L + 2n

where log L refers to the value of log likelihood function and n is the number of 

estimated parameters. To prevent over parameterization the criterion gives larger 

penalty to models with more parameters.

The ARMA(2,2) model can be written as

У, = Ф\У,-\ + ФгУ,-г +u,~ в\и,-\ - в2Ы,-2

where вр and ф ч are non-zero and и, is a weak white noise. The following table 

presents the estimation results.
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Table Cl, Results of ARMA(2,2) -model estimation using deseasonalized system prices

ARMA(2,2) -model Estimate Std. Error t-value p-value
arl -0.3613 0.0943 -3.831 0.0001 ***
ar2 0.3831 0.0966 3.967 0.0001 ***
mal 0.2398 0.0858 2.797 0.0052 **
ma2 -0.5522 0.0876 -6.303 0.0000 ***

Significance codes: *** 0.001 and ** 0.01 level of significance 
Akaike information criteria: -7748.13

Ljung-Box test for squared residuals________
Chi-squared 673.1
Number of lags 4
P-value< 0.0001

The above table shows the estimation results of ARMA(2, 2) -model. The 
estimation is done on deseasonalized electricity spot prices. The lower part of the 
table displays the Ljung-Box test statistic which seems to reveal autoregressive 
patterns in the spot price series.

2) The first-step estimators are then used to approximate the error terms of the model by

4>(¿)Û = —— v
' 6(¿r'

residuals, where the hat indicates that the parameters were replaced by the estimated

values.

3) Finally, the ARMA properties of the series uf are analyzed by examining the 

autocorrelation function (ACF) and partial autocorrelation function (PACF) of the 

approximated series (tf,2, t = Autocorrelations together with Ljung-Box

statistics are calculated to see if the standard identification test reveals statistically 

significant autoregressive or moving average patterns, which in turn are indications for 

GARCH type behavior. (Gourieroux & Jasiak, 2001)
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APPENDIX D, Specifications of applied statistical measures

Skewness is measured by the following equation:

f “Vn ^ x¡-x

Skewness characterizes the degree of asymmetry of a distribution around its mean. Positive 

skewness indicates a distribution with an asymmetric tail extending toward more positive 

values. Negative skewness indicates a distribution with an asymmetric tail extending toward 
more negative values.

Equation for kurtosis is defined as:

' “ ' ~X4___3(/i -1)2
(ii - 2)(n - 3)

where n is the number of observations 
Xj is the ith observation 

x is the mean

s is the standard deviation.

Kurtosis characterizes the relative peakedness or flatness of a distribution. Positive kurtosis 

indicates a relatively peaked distribution. Negative kurtosis indicates a relatively flat 
distribution.

Jarque-Bera statistics

Jarque-Bera statistic is a commonly used statistical test for 

combines skewness and kurtosis measures as follows:

TJB=N Skew2 Kurtosis2
6 + 24

normality of the underlying data. It

The Jarque-Bera statistic has a chi-squared distribution of degree 2 under the null hypothesis 
of normality.
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Specifications of logistic distribution
Probability density function of Logistic(og3) distribution is defined as

/(*) = >9(1 + z)2
where z = exp

x-a

1
The cumulative distribution function has the following form F(x) = ----- .

1 + z

The mean of the distribution equals a and variance
ß27r2

3

Logistic distribution is popular in economic modeling. The cumulative function has for 

example been used as a model for a growth curve.

Chi-squared statistics
The chi-squared statistics is calculated as follows:

2_f{Q(i)-E(i)}2
Ы £(<•)

where O(i) is the observed frequency of the ith histogram class or bar and E(i) is the expected

frequency from the fitted distribution of x-values falling within the x-range of the ith

histogram bar. E(i) is calculated as follows:

where F(x) = distribution function of the fitted distribution

imax = the x-value upper bound of the ith histogram bar

imin = the x-value lower bound of the ith histogram bar

Since the chi-squared statistic sums the squares of all of the errors {0(i) - E(i)}, it can be 

disproportionately sensitive to any large errors. Another flaw of the statistic is that it is very 

dependent on the number of bars N used. By changing the value of N one can easily switch 

the ranking of two alternative distributions.



92

Kolmogorov-Smirnov (К-S) statistics
The К-S statistic is concerned with the maximum vertical distance between the cumulative 

distribution function of the fitted distribution and the cumulative distribution of the data. 

Smaller D„ values imply better fit to the underlying data.

The К-S statistics is defined as
Dn =max|F„(x)-F(x)|]

where Dn is known as the К-S distance 

n = total number of data points 

F(x) = distribution function of the fitted distribution 

Fn(x) = cumulative percentile of each data point

К-S statistics is generally more useful than chi-squared statistic that the data is assessed at all 

data points and avoids the problem of determining the number of bands to split the data into. 

However, the value of К-S statistic is only determined by the largest discrepancy, which 

makes it necessary to examine the fit across the rest of the cumulative distribution.

Ljung-Box Q’ statistic

Ljung-Box (1978) statistic is designed to detect departures from zero autocorrelations in time 

series in either direction and at all lags. The Q ' statistic is defined as follows:

Q'=T(T + 2)Y,
*=/

p2(k)
T-k

where Q ’ has a limiting chi-squared distribution, p denotes autocorrelation, T is the sample 

size, к stands for respective lag and m shows the number of autocorrelations used. The 

hypothesis of randomness, i.e. zero autocorrelation, is rejected if the statistic is greater than 

the percent point function of the chi-squared distribution at chosen significance level.
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APPENDIX E, Least square parameter estimation of mean reverting process

The following type of mean reverting process (El) can be estimated relatively simply via 

linear regression.

(El) dS, = k(/j - 5, )dt + adz

This can be discretized as follows:

(E2) AS', = cc0 + ¿z,5, + e,

This in turn follows from the observation that equation (E2) is the limiting case of the 

following process (E3) as Л -> 0 :

(E3) Sl+l-5, = //(1 -<?"*) + (e-K -1)5, + V,
The error term u, is normally distributed with variance given by:

. ГГ2
(E4)

2k

Consequently, the parameters of the original equation (El) can be recovered from the 

estimated coefficients of the discrete version:

(E5)

(E6)

(E7)

yu =
-an
a,

к = -ln(l + tt,)

a = a
- 2 ln(l + a^)

"V i-a*«,)2
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APPENDIX F, Parameter estimates of mean reverting process on pure prices

Table FI shows the parameter values of mean reverting process estimated on pure prices.

Table FI
Results of maximum likelihood estimation 

(model estimated on pure prices)

a. _C
o

II k(/j - S, )dt + odz

Parameter Estimate s.e.
deseasonalisatio on pure prices

К 0.022 (0.0035)
t-value (6.245)**

И 154.359 (0.0786)
t-value (12.526)**

G 16.417 (0.1935)
t-value (84.834)**

Log likelihood 15475
** statistically significant at 99% level

This table displays the parameter estimates for the mean reverting model of pure spot prices. Standard errors and 
t-statistics are shown in parentheses. Parameter values are first estimated by ordinary least squares method, see 
Appendix E for detailed estimation. The OLS estimates are then used as initial values in the maximization of log 
likelihood functions. This procedure should ensure that optimization does not lead to a local maximum. Quasi- 
Newton method is used as an optimization procedure.
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APPENDIX G, Cumulative distributions of simulated and observed spot prices

Figure Gl, Cumulative distributions of simulated and observed returns
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The first figure shows the cumulative return distributions of realized prices and 
simulated mean reverting process with logistic innovations, non-symmetric jumps 
and a mean reversion of 10. The second figure plots the cumulative return 
distributions of simulated mean reverting jump process with mean reversion rates of 
10 and 0.0198. The Figures indicate that increasing the mean reversion rate does not 
significantly alter the shape of cumulative return distributions.


