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ABSTRACT
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VaR- Estimating Extreme Losses with Historical Simulation and

Extreme Value Approach

Objectives of the Study

The objective of this thesis is to evaluate whether an extreme value 
approach (EV) performs better than historical simulation (HS) in 
estimating VaR. The focus is on estimating extreme losses, i.e. very high 
confidence levels. Previous research has mostly shown that the EV 
approach is superior to other VaR methods and thus our hypothesis is 
that the EV approach is more accurate in estimating extreme losses than 
the HS. In this study we test the chosen methods in two markets and 
assess the accuracy of the results with backtesting.

Sources and Methodology

We will apply the extreme value method and historical simulation in 
foreign exchange and stock markets. The VaR will be calculated for 
several confidence levels. The samples consist of 2780 observations 
from period 1.1.1990-31.12.2000. The estimates are computed with the 
first 1390 observations and the performance of the methods is backtested 
with the subsequent 1390 observations using Kupiec’s likelihood test. 
The data was downloaded from DataStream database.

Results
The major finding was that the EV approach is slightly more accurate 
than the HS and we accepted our hypothesis with both data. The HS 
performed poorly with both portfolios. The EV approach was also 
unreliable at lower confidence levels but generated accurate results 
further in the tail. We concluded that the overall performance of the EV 
approach is not satisfactory and the model should be improved and 
tested further. The sensitivity analysis with the EV approach indicated 
that the choice of the threshold is not very important. The results 
changed hardly at all when the threshold was varied.

Keywords Value at Risk, Extreme value approach, Historical simulation, Extreme
value theory, Backtesting
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Extreme Value Approach

Tutkielman tavoitteet
Työn tavoitteena on tutkia, toimiiko ääriarvomenetelmä (EV) 
luotettavammin kuin historiallinen simulointi (HS) VaR:in 
estimoinnissa. Painopiste on äärimmäisten tappioiden eli korkeiden 
luottamusvälien ennustamisessa. Aiemmat tutkimukset ovat osoittaneet 
EV-menetelmän antavan muita metodeja parempia tuloksia ja siten 
hypoteesimme on, että EV-menetelmä toimii luotettavammin kuin HS 
ääritappioiden ennustamisessa. Tutkimuksessa tulemme testaamaan 
valittuja menetelmiä kaksilla markkinoilla ja arvioimme tuloksien 
tarkkuutta backtestauksen avulla.

Lähteet ja metodologia
Ääriarvomenetelmää ja historiallista simulointia tullaan soveltamaan 
valuutta- ja osakemarkkinoilla. VaR-estimaatit lasketaan useille 
luottamusväleille. Otokset koostuvat 2780 havainnosta aikaväliltä 
1.1.1990-31.12.2000. Estimaatit lasketaan ensimmäisillä 1390 
havainnoilla ja menetelmien tarkkuus arvioidaan jälkimmäisillä 1390 
havainnoilla backtestaamalla Kupiecin testillä. Data kerättiin 
DataStream-tietokannasta.

Tulokset
Päähavainto oli, että EV-menetelmä antoi hieman tarkempia tuloksia 
kuin HS ja hyväksyimme hypoteesin molemmilla datoilla. HS toimi 
epäluotettavasti molempien portfolioiden kohdalla. EV-menetelmä oli 
epäluotettava alemmilla luottamusväleillä, mutta antoi tarkkoja tuloksia 
pidemmällä jakauman hännässä. Johtopäätöksenä oli, että EV- 
menetelmä kokonaisuudessaan ei ole luotettava ja sen vuoksi mallia 
tulisi kehittää ja testata lisää. Herkkyysanalyysi EV-menetelmällä 
osoitti, että kynnysarvon (threshold) valinta ei ollut merkittävä. Tulokset 
muuttuivat tuskin lainkaan kun kynnysarvoa vaihdeltiin.

Avainsanat Value at Risk, Ääriarvomenetelmä, Historiallinen simulointi, Ääriarvo-
teoria, Backtesting
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1 .Introduction

1.1 Background

Over the last few years Value at Risk (VaR) statistic has become a standard measure of 

financial risks in modem risk management. The popularity of VaR methods is partly 

due to its ease interpretation and implementation. VaR figures are also comparable 

across different portfolios and across time. In addition, they are very appealing because 

they are simple and expressed directly in monetary terms.

Broad consensus now exists among both securities firms and regulatory bodies of the 

usefulness of VaR as a risk measurement tool, but there is less agreement on the issue of 

how it should be calculated. The field of VaR is still in its infancy and there is yet no 

proof of which methodology would perform best in practice (Brooks and Persand, 

2000a).

Value at risk is about extremes. Risk managers are primarily concerned with the risk of 

low-probability events that could lead to catastrophic losses. The traditional VaR 

methods, however, tend to ignore extreme events. The danger then is that our models 

fail just when they are needed most- in large market moves when we suffer the greatest 

losses. In particular, for most parametric approaches the estimation of parameters are 

weighted to the centre of the distribution and consequently, these methods are more 

suited to estimate common events. Non-parametric methods avoid this deficiency but 

their weakness is the tail discreteness and the inability to make predictions beyond the 

size of the data window used (Danielsson, de Vries and Jorgensen, 1998). Attempts to 

make predictions of large losses are then hampered by the lack of data.

Many VaR approaches rely on the assumption that returns are normally distributed. 

There is, however, evidence that returns on financial assets have heavier tails than 

suggested by the normal distribution (see e.g. Duffie and Pan, 1997). Exchange rates in
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particular reflect significant skewness and kurtosis, which means that extreme 
movements in the variables are more likely than a normal distribution would predict 

(Venkataraman, 1997). Because VaR in essence is a measure which is affected by the 

tail properties of the distribution assumed for the returns at hand, it is important to set 

up a model for calculating VaR that incorporates fat tails. Thus a major challenge is the 

specification of the probability distribution of extreme returns.

The subject of fat tails has led many authors to propose other distributions with fatter 

tails than the normal distribution. These have included, for example, student s t 

distribution and normal mixture approach. The most recent studies have concentrated in 

outlining the distribution of the extreme returns instead of all asset returns and new 

methods based on the extreme value theory have been suggested. The fat-tailed nature 

of the return series provides us a strong motivation in this study to explore how well an 

extreme value theory -based VaR method can capture the tails and model extreme

returns.

1.2 Objectives

The objective of this study is to examine whether an extreme value approach performs 

better in estimating extreme losses than historical simulation. The study is mainly 

interested in extreme returns and tries to find out, which approach best estimates 

extreme losses. The idea is to test the chosen approaches on two different markets and 

evaluate the results using backtesting1. The extreme value approach is based on the 

extreme value theory and therefore we feel it is important to describe the fundamentals 

of the theory.

1 Backtesting refers to comparing the VaR estimates with the actual observed losses for a given time 
period.
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1.3 Scope and limitations

The study concentrates in comparing extreme value approach and historical simulation 

with two hypothetical portfolios. In many circumstances these two approaches have 

been shown to yield better estimates at high confidence levels than the other 

approaches. Since this study is mainly interested in finding an accurate method to 

estimate extreme losses, other methods are left out of the calculations. For illustrational 

reasons, however, the variance-covariance approach and Monte Carlo simulation are 

also presented briefly in the theory part. The estimations in the study are made using 

data from foreign exchange and stock markets. The data is different than in previous 

studies, which have mostly used a stock index or alternatively only one stock or foreign 

exchange rate. Now we enlarge the data and construct two portfolios comprising of 

several stocks or foreign exchange rates.

1.4 Structure of the study

The study is organised as follows. In the second section the concept of Value at Risk is 

defined and different approaches to calculating VaR are presented. The topic of 

backtesting is also explained briefly in this section. Section three describes extreme 
value theory in more detail and the theoretical background for the extreme value method 

to be used is explained. In the fourth section past academic research and founding are 

reviewed. Section five describes the data and methodology used in the empiric part. 

The data is analysed and the estimation results are presented in the sixth section. The 

section also presents backtesting and sensitivity analysis results. The paper is 

summarised and suggestions for future research are given in the last section.
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2 Different VaR methodologies

This section starts by defining the Value at Risk -concept and its background. Different 

approaches of calculating VaR are then presented. These approaches are variance- 

covariance method, historical simulation, Monte Carlo simulation and extreme value 

approach2. These methods are discussed briefly to show their differences and trying to 

point out reasons to choosing historical simulation and extreme value approach for the 

estimations in this study. In the end of the section we describe the backtesting method 

used in the empirical part.

2.1 Definition of VaR

Value at Risk is a measure of possible portfolio losses. It refers to a particular amount of 

money that one is likely to lose over a given period of time with a given probability as a 

result of changes in market prices or rates. The two most important components of VaR 

models are the time period, also referred to as holding period and the confidence level. 

If F(AP) is the cumulative probability distribution of the changes in the market 

portfolio, VaR can be defined as

VaR = F'1 (p) (!)

where F'1 (p) is the inverse of F(.) and p is a specified probability. Thus, losses greater 

than VaR should occur only with probability p. For example, if daily VaR at the 95 

percent confidence level is one million, one would expect losses to exceed one million 

only 5 times in every 100 trading days. Figure 1 presents a profit and loss distribution

2 Some authors consider that there are four main approaches and some think extreme value theory is 
rather a complementary analysis of the VaR and not an estimation approach in itself. In this study, an 
application of the extreme value approach is considered a fourth methodology.
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with VaR estimate indicated at 95% level. In this example, we would expect to see 

losses exceeding 3,289 only 5% of the time and the rest of the time the loss would be 

maximum the VaR estimate.

Value at Risk

VaR 5% = -3.289

P&L Value

Figure 1. Profit and loss distribution.
VaR at 95% confidence level is 3.289, which means we expect our portfolio to incur 
losses greater than this amount only 5% of the time. Source: Patie, 2000.

The existing VaR approaches can be divided into three groups: parametric methods, 

non-parametric methods and finally methods based on extreme value theory (EVT) 

(McNeil and Frey, 2000). The decision to use one method over another should be made 

considering among other things the accuracy of the estimates, data availability, system 

constraints and theoretical grounding.
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2.2 Variance-covariance approach

Variance-covariance approach, also known as normal approach, falls into category of 

parametric methods. A critical issue in parametric modelling is the assumption about the 

distribution of the return. Variance-covariance approach assumes normality and serial 
independence. It also makes an assumption that the portfolio doesn't include non-linear 

instruments such as options. These assumptions simplify the calculations because only 

an estimate of the standard deviation of the portfolio returns is needed. The comparison 

over different confidence levels and time periods is facilitated. These simplifications 

make the calculations quick, which is very important when working in real time.

Let the return of a portfolio be R and the initial portfolio value W. If the cut-off return is 

denoted R* and mean return p, the VaR relative to mean is then defined (Dowd, 1998):

VaR(relative) = -R* W + pW (2)

Suppose that the return has a density function f (R) and we are dealing with confidence 

level l-а. The probability of a return less than R* is then

Prob [R < R *]--i00%i R f (R) dR = a (3)

Let us assume the revenue R is normally distributed and has a mean p and standard 

deviation a. When formula (3) is standardised the equation becomes

Prob [R < R *]= Prob [Z<(R*-p)/c]=a (4)

After the standardisation the term (R* - p) /о can be read from standard normal tables. 

Using equation (4) it can be derived that
(5)

R * = p + act

As this equation (5) is plugged into (2), the parametric VaR can be expressed as follows
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VaR = -aaW. (6)

In the variance-covariance method the percentiles are assumed to be multiples of the 

standard deviation and longer horizon standard deviations are obtained simply by 

multiplying the daily standard deviation by the square root of the days in the longer 

horizon.

The variance-covariance method starts by building a vector of average daily changes in 

each parameter and the changes are then used to construct a variance-covariance matrix. 

The changes in the asset returns are calculated with linear approximations using the 

first-order Taylor series approximation. This is called the delta-normal approach 

(Benniga and Wiener, 1998). When non-linear positions are estimated, the linear 

approximation can be increased to so called delta-gamma normal approach, where 
second-order approximations are taken. With this method it is possible to take into 

account non-linearity of instruments and the resulting non-normality of the portfolio.

The variance-covariance approach is well suited for linear positions with normal risks. 

Normality assumption makes the calculations straightforward but the method is 

theoretically applicable only to linear portfolios. The method is problematic if the 
portfolio contains many non-linear instruments such as options, because the resulting 

profit and loss distribution typically will not be normally distributed. Even when the 

portfolio value approximation is increased with delta-gamma approximations, the 

accuracy of the VaR estimates is questionable. Moreover, due to normality loss, the 

simplicity of variance-covariance approach will be reduced (Coronado, 2000).

The approach has been documented to perform well at low confidence levels but 

generate too low estimates when the tails become more extreme (Danielsson and de 

Vries, 1997a). Thus the normal approach is unreliable in estimating extreme returns.
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2.3 Historical Simulation

Historical simulation approach (HS) relies on a specific set of historical observations. It 

is assumed that we held this portfolio over the period covered by our historical data set. 

Rather than using these observations to calculate the portfolio's standard deviation, 

however, the actual percentiles of the observation period are used for the VaR measure. 

Thus HS is a non-parametric model and historical volatilies and correlations are already 

reflected in the data set. Historical simulation doesn’t make any assumptions about the 

underlying probability distribution and thus is not dependent on normality.

To apply historical simulation in a portfolio, a sample of historic returns are collected 

for the different instruments. Using weights of the current portfolio, hypothetical returns 

are then simulated. In other words, it is assumed that this historical return distribution is 

a good proxy for the return distribution over the next holding period.

If Ri,t is the return to asset i over period t and w¡ is the relative weight of the asset in the 

portfolio, then the return Rf for the portfolio with different assets is

Rr = 2>R,... t=o....T
i =1

(7)

Each of these returns gives one portfolio return and the sample of returns is translated to 
portfolio profits and losses. For example, for a sample period of 500 days, the 99th 

percentile historical simulation VaR estimate is the sixth largest loss observed in the 

500 outcomes.

Historical simulation is appealing for several reasons. First of all, it is very simple and 

easy to implement. It is also free of model risk because there are no parameters to 

estimate. Historical simulation avoids many of the problems of the variance-covariance 

approach as the underlying risk factors don’t need to be normally distributed. Therefore, 

it allows for capturing fat tails and other non-normal characteristics. Consequently, HS
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can be used to all kinds of instruments, both linear and non-linear with any type of 

market risk. Several studies have shown that historical simulation performs well 

compared to other approaches (Mahoney, 1995; Hendricks, 1996).

However, HS is dependent on the chosen data set used and past extreme returns can be a 

poor predictor of extreme returns. This is because HS has nothing to say about extreme 
market changes which are not included in the data set, but which are possible to occur in 

the future. The choice of sample size can have a large effect on VaR estimations. The 

inclusion or exclusion of one or two days at the beginning of the sample can cause large 
swings in the VaR estimate. Moreover, it is not possible to do out-of-sample predictions 

with HS, i.e. predict volatilities that occur less frequently than the HS sample period 

(Danielsson and de Vries, 1997a). This fact can be significant especially if one wants to 
calculate VaR for high confidence levels and there is not enough data available for all 

instruments in the portfolio.

As historical simulation approaches do not make the assumption of normality or serial 

independence the results do not easily accommodate translations between different 

holding periods. In addition, sensitivity analyses where different scenarios are evaluated 

are difficult to make.

A major drawback in historical simulation is that extreme returns are discrete. The 

empirical distribution is very smooth in the interior as the adjacent observations are very 

close to each other. The closer one gets to the extremes, the longer the interval between 

observations becomes. This is clearly a problem since the extreme observations are in 

general the most important for VaR estimates. When the observations are discrete, the 

VaR measure will be discrete and hence it will be either underpredicted or 

overpredicted.
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2.4 Monte Carlo Simulation

Monte Carlo simulation (MCS) is based on the idea of simulating repeatedly the random 

processes governing the prices of financial instruments. The first step is to choose a 

model for the price of an instrument. Having chosen the model, volatilities, correlations 

and other parameters are estimated on the basis of historical data. Then fictitious price 

paths are constructed for the random variables. These price paths are produced by a 

random number generator. Each set of random numbers will give a hypothetical price 

for the instrument at hand. When these simulations are repeated enough times the 

simulated distribution of portfolio values will converge to the portfolio’s unknown true 

value. The estimates for VaR can be read from this simulated distribution (Dowd, 

1998).

Monte Carlo simulation is a very effective and flexible tool for estimating VaR. MCS is 

good at handling virtually any type of position, no matter how complex or exotic. It can 

handle price risks associated with non-linear positions and accommodate prices that 
depend on more than one stochastic variable and non-normal distributions. Because 

MCS doesn’t make assumptions about the probability distribution, the model risk is 

avoided and the method allows for capturing fat tails. For example de Raaji and 
Burkhart compared MCS with variance-covariance and historical simulation 

approaches. They found out that Monte Carlo simulation based on mixtures of normal 

distributions performed best both at the 95% and 99% confidence levels (de Raaji and 

Burkhart, 1998).

A drawback of Monte Carlo simulation is that it is very computer-time intensive. 

Therefore it should be used when simpler approaches are inappropriate or unavailable. 

This is due to that MCS requires considerable financial investments. It is also more 

difficult to use than for example historical simulation, and substantial human recourses 

are often needed to run it. MCS can be speeded up with quasi-random-number

3 Random numbers generated are in effect pseudo-random numbers (Dowd, 1998)
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techniques or other approximations but it has been shown that the increased speed 

comes at the cost of decreased accuracy (Pritsker, 1997). The slowness of the MCS will 

become less important in the future due to new techniques and developments in 

computer technology.

MCS is also subject to model risk when stochastic processes for risk factors are 

specified. The accuracy of the results is dependent on the models used to describe the 

relevant price processes. Moreover, the selection of random number generator is of 

great importance. If the generator is poorly designed, the “random’' numbers are not 

random enough and the model will give distorted results.

2.5 Extreme Value Approach

A more recently suggested approach is extreme value approach (EV). The extreme 

value approach is based on the statistical extreme value theory (EVT). The starting point 

in the extreme value approach is that it is the extreme values of the profit and loss 

distribution that we are mostly concerned about. Instead of considering the distribution 

of all returns, the extreme value approach tries to outline the distribution of extreme 

returns.

According to McNeil (1999) there are two different kinds of models for extreme values. 

The oldest group of models is the block maxima models, which are concerned about the 

largest observations collected from large samples of identically distributed observations. 

The more modem group of models is the peab-over-threshold (POT) models, which 

model all large observations exceeding a high threshold. These models are in general 

considered more useful in practice due to their efficient use of often limited data on 

extreme values. The difference of the two model types is illustrated in figure 2.
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Figure 2. Block-maxima (left panel) and peaks-over-threshold (right panel) model. 
Block-maxima approach considers the maximum observations of the selected sub
periods. This approach would take into account observations x2, x5, x7 and Хц. Peaks- 
over-threshold approach in turn focuses on realisations exceeding the threshold u. The 
observations х^хг, x7;X8, xç and Хц all exceed the threshold u and are extreme events in 
this approach. Source: Gilli and Këllezi, 2000.

Within the POT class of models one can further identify two different styles of analysis. 

The semi-parametric models are based on order statistics and include among others 

Pickand’s and Hill’s tail index estimators. The fully parametric models in turn are based 

on the generalized Pareto distribution (GPD) and this group contains maximum- 

likelihood method (ML) and probability weighted moments- method (PWM) (Tsay, 

1999).

This study will apply a POT method. One reason is that block maxima method would 

require a much larger data set than POT methods, because the data will be divided into 

blocks and from each block only the maximum observation will be used in the 

estimations. From a modem point of view, the classical block maxima approach is also 

said to be too narrow to a wide range of problems (Smith, 2000).
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Peaks-over-threshold method
In peaks-over-threshold models a high threshold u is defined. This threshold will 

determine where our tail begins. The choice of the threshold is subjective and there are 

no rules how to make an optimal choice. We consider a distribution function F oí a 

random variable X. We are interested in estimating the distribution function Fu of 

values x above this threshold u. The distribution function Fu is called the conditional 

excess distribution function and can be defined as

Fu (y) = P ( X - u < y IX > u ), 0 < y < xF - u (8)

where X is a random variable, u is a threshold, y = x-u are the excesses and xF is the 

right endpoint of the distribution. The excess distribution presents the probability that a 

return exceeds the threshold u by at most an amount y, given the information that it 

exceeds the threshold. The excess distribution F can be written in terms of F as follows

F (y + u) - F (u) _ F (x) - F (u)
АУ) 1 - F (u) l-F(u)

For a number of distributions, losses that exceed high enough thresholds follow the 

generalized Pareto distribution (GPD). The use of GPD requires estimates of a shape 

parameter of the distribution, often denoted ä, and an additional scaling parameter cr. 

The generalized Pareto distribution can then be fitted to data on excesses on high 

thresholds by a variety of methods. A standard method to estimate the parameters £, and 

a is maximum likelihood (ML) estimation, which is based on numerically maximising 

the likelihood function of the given data.

The choice of the threshold is a compromise between choosing a sufficiently high 

threshold so that the GPD will model our unknown excess distribution and choosing a 

sufficiently low threshold so that there will be enough data points for estimation of the 

parameters.
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Let us denote x = u + y. We can rearrange formula (9) and get

F (x) = (l - F (u)) Fu (y) + F (u) (10)

To construct a tail estimator, an estimate of F(u) is required. Historical simulation will 

be used for this purpose. Historical simulation is a poor method in the tail of the 

distribution where data is scarce and therefore it is not used to estimate the whole tail of 
F (x). If the number of data points exceeding the threshold u is denoted Nu and the total 

number of observations is n, then we can take an empirical estimator (n - Nu )/n. Using 
results from extreme value theory, we can replace Fu by GPD estimate4 expressed as a 

function of x: G $0 (x) = 1 - (1 + 5(x - u) /ст) Putting the HS estimate of F(u) and 

maximum likelihood estimates of the GPD together we arrive at the tail estimator 

(McNeil, 1999) expressed as

(H)

This simplifies to

F(x) = 1 - ^(l + Ç(x-u)/cr)-1/ç (12)
n

This will only be valid when x > u.

This result will be explained in the next chapter
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The VaR estimate is then calculated inverting the tail estimation formula (12). For a 

given probability q > F(u) VaR is

VaRq
V л 4

-1_lNu J
(13)

(McNeil, 1999; Gilli and Këllezi, 2000).

The extreme value approach has many advantages over the other approaches. The most 

evident is that it deals directly with the extreme values. It also allows return distribution 

to take any well-behaved form, including a skewed one. Consequently, it is good at 
handling the tails. The extreme value approach is based on a sound statistical theory and 

due to its parametric nature out-of-sample predictions are also possible. In table 1 the 

attractions and limitations of the four above described methods are summarised.
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Approach Attractions Limitations

Variance-covariance approach

Intuitive and easy to use
Translation across confidence levels 
and time horizons easy
Well-suited for linear positions

Normality assumption leads to underestimation 
of tails when returns not normal
Problematic if positions not linear
Problems with extreme events

Historical simulation

Easy to use and explain
Applicable to almost any type of positions 
No normality or linearity assumption
No model risk
Can capture fat tails

Estimation results depend on data used 
Obtaining data can be an issue
Cannot handle structural changes
Out-of sample predictions not possible

Monte Carlo simulation

Very powerful and flexible
Can handle complex and exotic positions 
No normality or linearity assumption
Can capture fat tails

Model risk
Difficult to compute and explain
Not very intuitive
Poor random number generator distorts results 
Requires large financial and human 
investments

Extreme value approach

Estimation of extreme events possible 
Especially good at handling tails
Deals directly with extreme returns
Out-of sample predictions possible
Allows return distribution to take any 
well-behaved form
Robust and flexible

Block-maxima requires large data set
Choosing optimal threshold difficult in POT 
Intrinsic model risk when tails estimated 
beyond available data

Table 1. Comparison of different VaR approaches.
Sources: Modified using Dowd, 1998; Embrechts, 2000 and Jorion, 2001.
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2.6 Backtesting

Model verification is an integral part of risk-management process. Backtesting is a 

means of assessing the adequacy of the model. Backtesting usually consists of 

comparing the actual losses for some period with the predicted maximum negative 

returns, i.e. the VaR estimates. In its simplest form, we count the days in the specified 
evaluation sample when the portfolio loss was worse than expected on the basis of the 

VaR estimate, and divide this number by the evaluation sample size. This figure is 

called failure rate. The failure rate is then compared to the left tail probability p that was 
used to calculate the VaR estimates. This method is the one required by the Basle 

Committee on Banking Supervision, which imposed a system to encourage institutions 

to report their true VaR (Blanco and Ihle, 1999).

If the model is perfectly calibrated the number of observations falling outside the VaR 

estimate is in line with the confidence level. As an example, if we are considering a 

confidence level of 99%, we would optimally see exactly 1% of returns in the 

evaluation period to exceed our VaR estimate. If the estimate is exceeded too many or 

too few times, the model at hand is not accurate and it has to be rejected. If the number 

of exceedances is too big, the model underestimates the risk and conversely, too few 

exceptions means the model overestimates the risk and leads to excess allocation of 

capital in the organisation. The failure rate test tells about the frequency of violations, 

but its limitation is that it cannot tell about the size of the violations.

A likelihood test developed by Kupiec will be used to test whether a VaR model is to be 

rejected or not. As explained by Jorion (2001), the number of exceptions x follows a 

binomial probability function:

(14)
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where T denotes the sample size. The expected value of x is E(x) - pT and variance 

V(x) = p(l-p)T. According to the central limit theorem, x follows approximately the 

normal distribution when T is large. The binomial distribution presented as follows

Vpü-p )t
(15)

can be used to test whether the number of exceedances N is acceptably small. An 

advantage of this test is that it makes no assumption about the return distribution, which 

could thus be normal, skewed or with heavy tails. Ideally the failure rate, N/T, should be 

equal to the left tail probability p. The relevant null and alternative hypotheses are then

H0 : N/T = p 
H, : N/T * p

and the likelihood ratio statistic is

LR„, =-2]n[(l-p)T-y]+21n[(l-(№T))t"n(N/T)n ] (16)

The ratio is asymptotically chi-square distributed with one degree of freedom under the 

hypothesis that p is the true probability. Thus we would reject the null hypothesis if for 

example at 95% confidence level5 LR > 3,84. This Kupiec back-testing procedure is a 

two-sided statistical test and both high and low failure rates lead to rejection of a model. 

For discussion comparison of alternative back-testing methods, see e.g. Jorion, 2001; 

Haas, 2000 or Sarma et al. 2000.

5 It should be noted that the choice of confidence level for the test is not related to the quantitative level p 
selected for VaR.
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3 Theoretical background of Extreme Value Approach

Extreme value theory is an area of statistics devoted to the development of models and 

techniques for estimating the behaviour of unusual or rare events. In statistics, extremes 

of random process refer to the lowest and the highest observation over a given time- 
period. In financial markets, extreme price movements correspond to market corrections 

during ordinary market periods and to stock market crashes or foreign exchange crises 

during extraordinary periods. Extreme values can thus be observed during usual periods 

under the normal functioning of financial markets and during unusually volatile periods 

during financial crises.

Traditionally, extreme value theory applications have often been environmental- sea 

levels, hydrology, wind speeds etc. -since it is usually large levels of an environmental 

process that are harmful and thus of great importance. More recently, extreme value 

models have also been applied in the field of insurance and finance or to model internet 

traffic and sport records.

Extreme value theory studies the tails of distributions. The tail of the underlying 

distribution function or its parameters can be evaluated with statistical procedures based 

on extreme and intermediate order statistics or exceedances over high thresholds (Kotz 

and Nadarajah, 2000). The main difficulty in estimating is to determine the start of the 

tails. Several different methods for estimating tail thickness have been proposed by 

researchers. For example Hill (1975), Hall (1990) and more recently Danielsson and de 

Vries (1997) have suggested different estimators.

Extreme value theory gives interesting results on the statistical distribution of extreme 

returns. This is important to our Value at Risk -analysis, as we want to study the 

behaviour of extremely low returns to estimate large losses. In practice the distribution 

of extreme values is not known, but the key insight of the EVT is that this distribution
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converges in large samples to a limiting distribution of a known form, the generalized 

Pareto distribution, which can be used to estimate the tails.

In this section, we will explain the theoretical grounding of the extreme value method. 

The main theorems and results of the EVT are presented briefly. For more detailed 

discussion on the extreme value theory or extreme value distributions see e.g. Kotz and 

Nadarajh (2000). In order to discuss the basic ideas underlying EVT, we will review the 

important results under the simplifying iid assumption: the returns are assumed to be 

independent and identically distributed.

3.1 The three types of extreme value distributions

Just as the normal distribution is an important limiting distribution for sample sums or 

averages, another family of distributions proves important in the study of the limiting 

behaviour of sample extrema. Extreme value distributions are usually considered to 

include the following three families:

The Gumbel distribution ( type 1 )

F(x) = exp(-e x) for x e R (17)

The Fréchet distribution ( type 2 )

for x < 0 
for x > 0

(18)
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The Weibull distribution ( type 3 )

F(x) = W-(-xr) for x < 0 
for x > 0 (19)

The shape parameter a is positive and it reflects the weight of the tail in the distribution 

of the parent variable x. The lower a is, the fatter the distribution. It also gives the 

number of finite moments in the distribution. For example, when a > 1, the mean of the 

distribution exists and when ct is greater than two, the variance is finite and so on. 

(Brooks, Clare and Persand, 2000)

The tail of the distribution is either declining exponentially (type 1) or by power (type 

2) or is finite (type 3). The Fréchet and Weibull distributions are related by a simple 

change of sign (Brooks, Clare and Persand, 2000). Of paramount importance is the 

Fréchet distribution, which has heavy-tailed densities. Examples of these three different 

distribution types are presented in figure 3.

0.6 -0.6 - a=0
0.4 -0.4 -0.4 -

0.2 -0.2 -0.2 -

Figure 3. Three extreme value distributions.
Densities for Fréchet, Weibull and Gumbel functions. Source: Gilli and Këllezi, 2000.
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3.2 Generalised extreme value distribution

The above three distributions can be subsumed under a single parametrization known as 

the generalised extreme value distribution (GEV). The density function df of the 

standard GEV is defined as following

(20)

where x is such that 1 + Çx > 0 and ^ is a shape parameter. This generalised form is 

obtained by setting £, = a"1 for the Fréchet distribution, Ç = -a"1 for the Weibull 

distribution and interpreting the Gumbel distribution as the limit case for — 0. (Gilli 

and Këllezi, 2000). If we introduce positive location and scale parameters p and a 

respectively, the family of distributions can be extended. We define GEV H ç и 0 (x) to 

be H e,((x - p )/ a) and say that H ¡= и CT is type H 4.

3.3 The Fisher-Tippett theorem

The Fisher-Tippett theorem is the fundamental result in EVT and can be considered to 

have the same status in EVT as the central limit theorem in the study of sums. This 

theorem is essential, because it shows that the limiting distribution of extreme returns 

always has the same form, independent of the distribution of the parent variable from 

which the returns are drawn.

The theorem is related to the better-known central limit theorem, but it applies to the 

extremes of observations and not to their means. The asymptotic distribution of extreme 

values can then be estimated without having to make strong assumptions about an 
unknown parent distribution. Consequently, the theorem tells how one should estimate
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the VaR, but also enables one to gauge the precision of the estimates by constructing 

confidence intervals around them.

Suppose we have a sequence of i.i.d. random variables xb x2,... with a common 

unknown distribution function F. We denote the maximum of the n observations Mn = 

max (xi,..., xn). For suitable normalising constants an > 0 and bn, we seek a limit law G 

satisfying

lim P
n->°0

= G ( x ) (21)

When the sequence converges in the distribution G, we can say it is in the maximum 

domain of attraction of G. That can be expressed

F e MDA (G) => G is the type G# for some (22)

It turns out that the non-degenerate possibilities for this distribution G are limited. 

According to the Fisher and Tippet theorem, the limit distribution must be an extreme 

value distribution for some value of the parameters Ç, p and a. In other words, G is one 

of the three standard extreme value distributions: Gumbel, Fréchet or Weibull.

If the shape parameter \ > 0, F is said to be in the maximum domain of attraction of the 

Fréchet. The case when % = 0, refers to distributions in the maximum domain of 

attraction of the Gumbel. If the £, < 0, then F is in the maximum domain of attraction of 

the Weibull. (McNeil, 1997; Embrechts, Resnick and Samorodnitsky, 1998). The 

attractiveness of this domain of attraction -assumption is that it permits one to estimate 

extreme quantiles outside the data range without imposing strong assumptions on the 

parametric form of the underlying distribution (Schlüter and Trede, 2000).
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3.4 Generalised Pareto Distribution

An equivalent set of results in EVT describes the behaviour of large observations, 

which exceed high thresholds. This theory address the question of how extreme is an 

observation, given it is extreme? The distribution that comes in the fore here is the 

generalised Pareto distribution (GPD), which is a family of distributions that describes 

the tail of the distribution above some large value. It can thus be used to calculate the 

probabilities of extreme realisations, which is exactly what is needed for VaR estimates 

at high confidence levels (Smithson, 2000).

The GPD is a two-parameter distribution expressed as

G , Д x ) = -<
l-(l + Çx/o-y1A? 

1 - exp (-x / а)

<7^0

a =0
(23)

where a > 0 and where x > 0 when Ç>0and0<x<-a /Е, when Ç < 0.

£, is again the shape parameter of the distribution and a a scaling parameter. The 

distribution is generalised in the sense that it subsumes certain other distributions under 

a common parametric form. The case 4 > 0 corresponds to heavy-tailed distributions 

such as the Pareto, Student’s t, loggamma and Cauchy distributions. All heavy-tailed 

distributions belong to the Fréchet class. If % = 0, the distributions include medium

tailed distributions such as normal, exponential, gamma and lognormal distributions and 

refer to the Gumbel distribution. The third case (Ç < 0) corresponds to short-tailed 

distributions with a finite endpoint. Examples of these Weibull type of distributions are 

uniform and beta distributions. The first case is the most relevant in estimating extreme 

losses since the GPD is heavy-tailed when E, > 0. Again the family of distributions can 

be extended by adding a location parameter p. The GPD Gp^CT(x)is defined to be 

GPo(x-n).

28



3.5 The Pickands-Balkema-de Haan theorem

Consider excess losses over a high threshold u. The Pickands-Balkema-de Haan 

theorem shows that under MDA conditions the generalised Pareto distribution is the 

limiting distribution of the distribution of excesses. This means we can find a function 

ct(u) so that

lim sup I F(y) - Giitf(u) O) I = 0
x 0 <y< jr-u

(24)

That is, for a large class of underlying distributions F, as the threshold u is progressively 

raised, the excess distribution Fu converges to a generalised Pareto G ç,CT(u). In the sense 

of the theorem, the GPD is a natural model for the unknown excess distribution above 

sufficiently high thresholds. The statistical relevance of the result is that we can fit the 
GPD to our data which exceed high thresholds (McNeil, 1997). Our excess function Fu 

above the threshold u can then be taken to be exactly GPD for some % and a

F,0') = G<,(„0'>- <25)

The principal difficulty here is to choose an appropriate threshold. As the theory doesn’t 

give any answer to that, the choice is purely subjective. Whereas McNeil and Saladin 

(1997) used simulations to find appropriate levels of threshold there is an alternative 

graphical method called sample mean excess plot. It is based on the observation that if a 

random variable x follows a GPD, then the mean excess function expressed in formula 

(8) is a linear function of the threshold u. Therefore, the threshold should be chosen so 
that the relation between the obtained excesses and the mean excess function is roughly 

linear. The sample mean excess plot is expressed as

{(u,en (u)), Xn:n <u<X1:n},
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where X,:n and Xn:n are the first and nth order statistics of the data sample and en(u) is 

the sample mean excess function defined by

(u)
-7—------ .--------------7 ¿ (Xi ~ u)+ ’ U^°’
#{i :X,. >u,I = 1,...,и) ,=1

(26)

which is the sum of the excesses over the threshold u divided by the number of data 

points which exceed the threshold (Emmer, Klübberberg and Trüstedt, 1998).

3.6 Tail fitting

If we can fit the generalised Pareto distribution of the excesses over some high 

threshold u, we can also fit the tail of the empirical distribution above the high 
threshold. Given the theoretical results presented in this chapter, we know that the 

observations in the tail should be a generalised Pareto distribution.

The GPD can be fitted to data by a variety of methods, including maximum likelihood 

method (ML) and probability weighted moments- method (PWM). It has been shown 

that for heavy-tailed data the ML estimates are consistent whereas the PWM gives 
biased parameters estimates (McNeil and Saladin, 1997). In addition, the maximum 

likelihood estimator can be used for all three types of extreme value distributions 

whereas some estimators such as Hill's estimator are only valid for the Fréchet case 

(Jondeau and Rockinger, 1999). This is why we will use the maximum likelihood 

method in this study.
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For a sample of y = {уь...,Уп } the log-likelihood function L (£,, c | у ) for the GPD is 

the logarithm of the joint density of the n observations

if ¿*0 

if ¿ = 0
(27)

-n log 67 - 1 XSi У,

The estimates of Ç and a can then be computed by maximising the log-likelihood 

function for the sample corresponding to our chosen threshold u (Gilli and Këllezi, 

2000).

3.7 Estimating VaR

After having estimated the parameters £, and a in the GPD formula with the maximum 

likelihood method, we can calculate the quantiles of the distribution and thus get our 

VaR estimates. This means we will insert our estimates of the parameters in the formula 
(13) presented in section 2.5. Below we represent this formula for computing estimates 

of VaR

Í n / \VaR = u + — ----(l-q) -14 5 IV )

In standard statistical language VaR is in essence a quantile estimate, where the quantile 

is an unknown parameter of an unknown underlying distribution. As we already derived 

the formula in connection with presenting the POT-method, we will not repeat it here 

but instead refer the reader to see section 2.5.
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4 Past research

To date, there has been a vast amount of research in which different VaR approaches 

have been compared. Most of the research has been done on normal approach and 

historical simulation and the results have typically favoured historical simulation over 

variance-covariance method. The studies on extreme value approach, however, are not 

very numerous. In this section we concentrate on reviewing past research on extreme 

value approach and present studies which have compared some extreme value method 

with other VaR approaches.

Danielsson and de Vries (1997a) proposed a semi-parametric extreme value method for 

VaR estimation. In their approach historical simulation was used to model the interior 

of return distribution and the tails were predicted with Hill’s tail estimator. They 

compared this EV approach with historical simulation and variance-covariance 

approaches using data for seven US stocks and for S&P 500 index for a six-year period. 

They concluded that variance-covariance approach performs well at low confidence 

levels but underpredicts losses when tails become more extreme. Historical simulation 

is better but in contrast to variance-covariance method HS tends to overpredict the tails. 

EV approach was found good in overall and especially at high confidence levels, which 

means it gives best estimates of extreme losses.

McNeil and Saladin (1997) tested a fully parametric peaks-over-threshold (POT) 

method for modelling tails of heavy-tailed loss severity distribution. In this method 
excesses over high thresholds are modelled with the generalized Pareto distribution 

(GPD). The method was tested on several simulated heavy-tailed distributions such as 

Student’s t and loggamma distribution. The simulation experiments for the chosen 

distributions indicated where one should position thresholds and how many excesses 

would be required to obtain accurate quantile estimates. The most problematic case was 
to estimate high quantiles of the loggamma distribution. It was pointed out that this 

distribution especially would require large datasets in order to get desired accuracy in
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the results. Frey and McNeil concluded, however, that in their opinion the used POT 

method is the best available method for estimation of high quantiles.

McNeil (1998) used a fully parametric block maxima method to estimate tail indexes 

and quantiles in the tails of the marginal distribution of financial return series. The 

returns were assumed to be identically and independently distributed (i.i.d) from an 

underlying unknown distribution. The method was applied to a series of 6146 returns of 

BMW share price from January 1973 to July 1996. Yearly, semesterly and quarterly 

maxima were analysed. McNeil found out that the uncertainty in the analyses was often 

high. Still, in his mind the extreme value theory gives best estimates of extreme events 

and is the best approach to measuring uncertainty in the problem.

Goorberg and Vlaar (1999) applied various VaR techniques to the Dutch stock market 

index and to the Dow Jones Industrial Index. They were especially interested in the 

affect of changing volatility when modelling Value at Risk. They used several historical 

simulation, normal and tail index methods. For each technique used, a period ot about 

3000 daily data was used to calculate VaR estimates and a backtest was performed 

using the subsequent period of 1000 trading days. In the estimations, they followed the 
Hill’s estimator approach introduced by Danielsson and de Vries6 and suggested also 

another approach of least squares tail estimator. Contrary to the previous papers re

evaluating different VaR methods, Gooberg and Vlaar found the extreme value theory 

based tail index techniques to be less successful because they don’t cope with the 

volatility clustering phenomenon. Their conclusion was that a Student-t G ARCH model 

performed best with the chosen portfolios.

Longin (2000) introduced a parametric block maxima method to calculate VaR. In his 

study Longin used daily returns on the S&P 500 index over the period January 1962- 

December 1993, that is 7927 observations altogether. Extreme returns were observed 

over four different sub-periods ranging from one week to one semester and the

6 Danielsson and de Vries, 1997b
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minimum return was selected for each sub-period. VaR estimates were calculated at 

several confidence levels with holding periods of one day and 10 days. VaR given by 

the extreme value approach was then compared with several classical methods. No 

backtesting was carried out, rather the differences in the estimates between different 
approaches were commented. Longin pointed out that the out-of- sample computations 

were possible with extreme value method whereas the historical simulation method 

could not be computed for high values because of lack of data. Moreover, VaR seemed 

to be underestimated by the approaches based on the normal distribution.

Frey and McNeil (2000) approached VaR estimating by combining pseudo maximum 

likelihood fitting of G ARCH- models and extreme value theory. They used GARCH- 

modelling to obtain estimates for conditional volatility and both historical simulation 

and threshold methods from EVT to estimate the distribution of the error terms. 

Comparisons with several other methods for estimating tails showed that a conditional 

approach is better suited than an unconditional approach. By conditional we mean that 

the model takes into account the changing volatility structure that many return series 

exhibit. Unconditional approaches instead ignore stochastic volatility and assume 

stationary asset returns.

Salih Neftci (2000) compared thresholds given by extreme approach with the thresholds 

generated by the normal approach. Neftci used a EV method based on Pareto 

distribution. The calculations were made with foreign exchange and interest rate data 

from period 01.01.1990-31.10.1995. The implied VaR was 20-30% greater when the 

extreme tails were used. Both in-sample and out-of sample tests showed that the 

extreme tail estimates provide a much more reliable method for estimating VaRs than 

the standard approach.

The results of the above described studies are summarised in table 2. One can easily see 

from it that most researchers have got very promising results with different extreme 

value models and have led many to suggest using EV approaches when estimating 

extreme losses. In light of this, we are encouraged to test whether EV method works
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also with the data used in this study. Many studies so far have used either stock indexes 

or returns of only one stock or exchange rate. Therefore it is interesting to see whether 

the results are equally promising when we enlarge the dataset and construct portfolios 

comprising of several stocks and exchange rates.

Year Researchers Methods Markets Results

1997 Danielsson & 
de Vries

Extreme Value,
Historical Simulation 
and Variance- 
Covariance approach

US Stocks and
S&P 500

EV good in overall and 
especially in the tails 
giving best estimates of 
extreme losses

1997 McNeil and Saladin Extreme Value 
approach: POT 
method

Simulations study to 
model tails of several 
heavy-tailed 
distributions

POT method the 
best available method 
for estimating high 
quantiles

1998 McNeil Extreme Value 
approach: Block
Maxima method

BMW share Uncertainty sometimes 
high in tail estimations 
but EVT still gives the 
best measures of tails

1999 Goorberg and Vlaar Different Extreme
Value, Historical 
Simulation and Normal 
approaches

DAX and Dow Jones 
indexes

Student t GARGH 
method best since it 
can handle changing 
volatility phenomenon

2000 Longin Extreme Value, 
Historical Simulation 
and Normal 
approaches

S&P 500 Normal approach under
estimates the tails, EV 
method works also in 
out-of sample calculations 
but HS requires more data

2000 Frey and McNeil Unconditional and 
conditional EV, 
GARCH- model with 
normal and Student t
innovations

S&P 500 and DAX 
indexes, BMW share, 
USD/GBP exchange
rate

Conditional EV with
Student t innovations 
yields best tail 
estimates

2000 Neftci Extreme Value and 
Variance-Covariance
methods

Foreign exchange 
and interest rates

Extreme tail estimates 
much more reliable than 
normal approach estimates

Table 2. Summary of past research on extreme value approaches.
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5 Data and methodology

5.1 Data

The described historical simulation and extreme value approach will be applied to two 

hypothetical portfolios: one for foreign exchange market and one for equity market. The 

data was gathered from DataStream database. The time period starts 01.01.1990 and the 
last observation is from 31.12.2000. Thus exactly eleven years of observations are used, 

giving a total of 2870 observations. We selected only US stocks and we will also look at 

the foreign exchange returns from a US investor perspective. Therefore, US bank 

holidays were removed from the data. The return on the bank holiday for the market 

would be zero and leaving these observations would lead to a moderate downward-bias 

in the estimates. Consequently, 2780 observations were left for the analysis.

All analysis is performed on daily log returns. The data is divided into an estimation 

sample and an evaluation sample. The first 1390 observations will be used in the 

calculation of the VaR estimates and the subsequent 1390 observations will be used in 

backtesting to assess the accuracy of the methods. Both portfolios will be equally 

weighted and the initial value is set at $100 million. Throughout we assume a long 

position and therefore it is the left tail of the return distribution, which constitutes the 

losses of interest.

The fx portfolio contains five currencies, which are quoted against the USD. The 

currency-pairs in the portfolio are

• USD/GBP

• USD/YEN

• USD/DEM

• USD/SEK

• USD/CHF.
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It should be noted that the pair USD/DEM is USD/EUR from 1.1.1999 on as the Euro 

was introduced that date. This change is taken into account by converting the rates using 

the fixed EUR/DEM conversion coefficient 1,95583.

The equity portfolio consists of five US stocks:

• CocaCola

• Dell

• General Electric

• Oracle

• Procter&Gamble.

Our portfolio includes large companies from both NYSE and Nasdaq. We selected 

companies that have been listed during the whole sample period and whose stocks are 

very liquid. Another important criterion was that the companies present various 
industries and would therefore give a more diversified portfolio. This is because we 

want to have a fairly general test result and not limit our research to one specific 

industry. We use return index data instead of pure stock prices, because the return index 

takes into account the effect of stock splits and dividends.

5.2 Methodology

Two approaches for calculating VaR are used: historical simulation and extreme value 

approach. Both methods are used to generate VaR estimates at 95%, 97,5%, 99%, 

99,5% and 99,9% confidence levels.

The estimations are made using one-day holding period. The choice of an appropriate 

holding period depends on the liquidity of the market and is ideally the length of time it 
takes to liquidate the positions. One day is considered practical as it is widely used in 

similar calculations and as the currencies and stocks chosen are assumed to be very 

liquid. The stock prices and exchange rates are also quoted on a daily basis. Value at
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Risk -models assume that the portfolio’s composition doesn’t change over the holding 
period. Therefore a longer than one-day holding period might not reflect trading 

horizons as well, because the position is more likely to be changed.

Calculations are made with the first half of the observations using historical simulation 

and POT-method as described in chapter two. The extreme value calculations will be 

made in the Matlab 5.2 environment. The performance analysis will be carried out with 

the second half of the observations. The chosen backtesting methodology was described 

in chapter two.
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6 Empirical results

In this chapter we will calculate our VaR estimates with the chosen data. We start with 

the foreign exchange portfolio. First, we will describe the data used. Second, we will 
calculate our VaR estimates with the HS and EV approaches and present the results. 

Third, we will use our evaluation sample of data and try to assess the accuracy of the 

methods with backtesting. In the second part of the chapter, we will repeat the same 

procedure with our stock portfolio. We will also conduct sensitivity analysis with the 

EV approach. In the end of the chapter, we will summarise the results for both 

portfolios and see what conclusions we can draw.

Based on the theory and past research presented in this study, we expect the EV 

approach to be more adequate and reliable in estimating VaR at high confidence levels. 

Therefore our hypothesis will be

HI: Extreme value approach is more accurate than historical simulation in estimating 

extreme losses.

6.1 Fx portfolio results

6.1.1 Exploratory data analysis
The first task in our empirical analysis is to explore the data. We use the return data 

from 01.01.1990-29.06.1995 comprising of 1390 observations. Table 3 presents some 

summary statistics for the data. The figures are expressed in millions of dollars stating 

the profit or loss that we would face. The average loss for our portfolio expressed as 

-0,005 is then -$5000. The variance, which measures dispersion of the returns, is 0,28. 
The skewness statistic measures the symmetry of the distribution telling whether or not 

a random variable is evenly distributed about its mean. The skewness of the normal
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Summary Statistics

Mean -0,00542
Median -0,00516
Minimum -1,28882
Maximum 1,31153
Sum -7,53635
Standard Deviation 0,2847
Kurtosis 1,85632
Skewness 0,01134

Number of observations 1390

Table 3. Summary statistics for the FX portfolio returns for period 1/1/1990-29/6/1995. 
The returns are expressed in $ millions, i.e. for example the minimum return for the 
sample is $-1,29 million.

distribution is zero. Positive skewness indicates a distribution with an asymmetric tail 

extending toward more positive values. Negative skewness indicates a distribution with 

an asymmetric tail extending toward more negative values. As one can see, the 

skewness of the fx return distribution is 0,01, which shows that the return distribution is 

symmetric. Kurtosis characterises the relative peakedness or flatness of a distribution 

compared with the normal distribution. Positive kurtosis indicates a relatively peaked 

distribution and negative kurtosis indicates a relatively flat distribution. Kurtosis 

measures the tendency for distributional weight to accumulate in the centre of the 

distribution relative to the weight in the tails. A normal distribution has kurtosis 3. It 

should be noted, however, that some versions of kurtosis are centered on 0 by 

subtracting out 3. In Excel function the kurtosis for normal distribution is 0. The 
kurtosis coefficient for the fx portfolio is 1,86, which means that the return distribution 

is somewhat peaked.

We should also plot the data to see if there are any unusual features. Figure 4 presents a 

time series plot of the daily log returns of the portfolio. We can see that there are not 

any big crashes or great losses during the estimation period, but instead the return series 

seems to be very stable. The extreme value approach has been reported to work well in
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estimating extreme market moves. Now the data, however, doesn’t contain any 

abnormal losses, which makes it interesting to test whether the extreme value method is 

also useful when the data is not unusual.

Time Series Returns for FX Portfolio

Figure 4. Time series plot of daily log returns for the FX portfolio from 1/1/1990 until 
29/6/1995.

A QQ-plot is a useful guide to analysing the tails of our distribution. We are interested 

in knowing whether our profit and loss distribution is normally distributed. The QQ-plot 

examines visually the hypothesis that the returns come from a normal distribution. 

Figure 5 displays our QQ-plot. The quantiles of an empirical function on the x-axis are 

plotted against the quantiles of the normal distribution on the у-axis. The points in the 
graph should lie approximately along a straight line if the data are a sample from a 

normal distribution. A concave departure from the ideal shape indicates heavier tailed 

distribution whereas convexity indicates a short-tailed distribution (Berenson and
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Levine, 1998). As we can see, our data lies along the straight line in the middle of the 

distribution but in both ends it departs from the line. Thus we can conclude that the 

returns are not normally distributed but exhibit fatter tails.

Normal Q-Q Plot of FX returns

Observed Value

Figure 5. Normal QQ-Plot of FX daily returns.
The quantiles of the empirical function on the x-axis are plotted against the quantiles of 
the normal distribution on the у-axis. The returns would follow the straight line if they 
were normally distributed. In this case the returns are approximately normally 
distributed in the middle of the return distribution. In both ends the returns depart from 
the line, which indicates that the distribution has heavier tails than normal distribution 
estimates.
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6.1.2 Var estimates
In this subsection we present the VaR estimates that the chosen methods produce. As 

the historical simulation is fairly straightforward, the results don't need any further 

explanation. The extreme value approach in turn is more complicated and it is useful to 

present stepwise how we will get the results. We will therefore start with the POT- 
method, which is interested in modelling only the extreme returns of the distribution. 

Figure 6 displays the sample distribution function corresponding to the right tail of the 

data set. Our goal is to estimate the functional form of this portion of the distribution.
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Figure 6. Right portion of the sample distribution for the FX data.
The cumulative sample distribution is presented on the у-axis and the negative returns 
are presented in percentages on the x-axis. There is one observation near the value 1,3 
corresponding to the biggest loss for the portfolio of 1,29%.

As described in chapter 3, one must estimate the scale and shape parameters in the POT 

method. Before that the issue is to choose an appropriate threshold u. A useful tool here 

is the mean excess plot, which helps us to determine where the tail should begin. The 

sample mean excess function is displayed at different threshold values of u in figure 7. 

The returns on the x-axis correspond to the losses in our portfolio. In general, the 

function is upward sloping if the underlying data is long-tailed. Exponential-type data 

have roughly a constant mean excess plot, whereas short-tailed data yield a decreasing 

plot. For our data the sample mean excess function is first nearly flat and at high 

threshold values slightly descending.
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Figure 7. Sample mean excess plot of FX data.
The figure presents the sample mean excess function at different values of threshold u. 
The threshold numbers correspond to the negative returns expressed in percentages and 
we are concerning the left tail of the profit and loss distribution. The higher the u is, the 
fewer observations there are exceeding the threshold. There is a change in the curvature 
around u = 0,45 and we choose that value for the threshold. It is important to notice that 
if we choose too high a threshold, there will not be enough data points for estimation of 
the parameters. Also if we choose too low value for u, we are considering a larger part 
of the tail and the GPD might not anymore be a good model for our unknown excess 
distribution.

From the plot we can see that there is a change in curvature around u = 0,45. Thus we 

choose that value for the threshold u. Having decided the threshold above which the 

data should follow the GPD, we estimate the parameters with maximum likelihood 

method. With this threshold the number of exceedances is 72. Using the formula 

presented earlier we computed the estimate values E, and a, which maximise the log- 

likelihood function corresponding to a threshold u = 0,45. For the shape parameter E, we 

obtained an estimate 0,128 and for the scale parameter a estimate 0,160.
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Again one can use a QQ-plot to visually check whether the data points satisfy the GPD 

assumption. Figure 8 displays the plot of the sample quantiles against G^. quantiles.

The estimated parameter values are thus used to get the GPD quantiles. The points in 

the plot are upward sloping and they are approximately linear. We can therefore be 

satisfied with the fit.

Observed value

Figure 8. QQ-plot of FX sample quantiles against G ¡ 6 quantiles.

The sample quantiles are plotted on the x-axis and the rf quantiles on the у-axis. The

estimated parameter values E, = 0,128 and a = 0,160 are used to get the generalised 
Pareto distribution quantiles.

Now that we have concluded that the GPD assumption is satisfactory, we can compute 

the VaR estimates for different confidence levels. The GPD fitted to the 72 exceedances 

above the threshold u = 0,45 is plotted in figure 9. High quantiles can either be read 

directly in the plot or alternatively computed from equation (13).
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Figure 9. GPD fitted to the 72 exceedances above the threshold u = 0,45.
The data values are on the x-axis with confidence level indicated on the у-axis. The 
parameter estimates are £, = 0,128 and a = 0,160.

VaR estimates calculated with both EV and HS approach are presented in table 4. The 

losses are reported in positive numbers and they are in millions of dollars. The 

difference column shows how much the estimates differ between the two methods.

VaR Results

Confidence level HS EV Difference

95 % 0,459 0,456 1 %
97,5 % 0,551 0,572 -4%
99% 0,808 0,743 9%
99,5 % 0,976 0,886 10 %
99,9 % 1,272

Table 4. VaR results for FX portfolio.
The estimates are in $ millions. At 99,9% confidence level there is no estimate for HS 
method since the data sample of 1390 observations is too short to give a reliable 
estimate. The difference column displays how much the VaR estimates differ between 
the HS and EV approaches.
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The table illustrates that both methods gave very similar estimates. In effect the 

estimates at 95% and 97,5% are very close to each other but at higher confidence levels, 

as one moves further in the tail, the results differ more. Here the historical simulation 

gives somewhat bigger VaR estimates than the extreme value approach. We cannot, 

however, conclude that HS would consistently lead to higher estimates since at 97,5% 

confidence level it gives 4% smaller estimate than EV. At 99,9% confidence level there 

is no estimate for HS since the sample of 1390 would only give one observation at that 

high a quantile and therefore the estimate would be unreliable. This highlights the fact 
that with HS a large data sample is required if one wants to predict VaR for high 

confidence levels.

6.1.3 Backtesting results
The performance of the models can now be assessed with backtesting. For this we will 
use the 1390 observations from period 30.6.1995-31.12.2000. Table 5 shows the 

backtesting results. The theoretical number of violations corresponding to different 

confidence levels is also reported. For example, at 95% confidence level we would 

optimally see 70 losses in exceedance of the VaR estimate. The rows below show the 

actual violations occurred with each method. These numbers are used to calculate the 

likelihood ratio statistics proposed by Kupiec. A symbol V under a violation number 

denotes that the model is rejected at the corresponding confidence level. The size of the 

test is set at 5%.

The Kupiec’s test rejects both models at nearly all confidence levels. The power of the 

test has been questioned in some studies so we must look at the results with some 

caution. The results are, however, quite disappointing. Both methods seem to perform 

very badly up until 99,5% level and the number of violations actually occurred is far 

from the theoretical one.
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Backtesting Results

Confidence level 
Estimated number 
of violations

95%

70

97,5 %

35

99%

14

99,5 %

7

99,9 %

1

HS 31 16 4 1
✓ ✓ ✓ ✓ -

EV 32 14 4 3 1
✓ ✓ >/

Table 5. Backtesting results for the FX portfolio.
The table shows the expected number of violations and number of violations actually 
occurred with the HS and EV models. A symbol ^denotes Kupiec’s likelihood test 
rejected the model at the corresponding confidence level. The size of the test is set at 
5%. The HS model wasn’t backtested at 99,9% confidence level due to lack of VaR 
estimate.

A curious thing is that at 99% confidence level both methods lead to 4 violations even 

though the VaR estimates differ 9%. This shows us that as one moves further in the tail 

the interval between observations becomes longer. Most of the time the number of 

violations is well below the estimated number, which means the methods have given too 

conservative estimates.

The HS method’s performance is obviously poor since it is rejected four times out oí 

five and once it gives no estimate due to lack of data. The EV method works better at 

higher confidence levels. At the 99,9% confidence level the VaR estimate was violated 

exactly 0,1% of the time corresponding to one violation and it is also accurate at 99,5% 

confidence level.

Since the EV approach was shown to be more accurate than HS, we accept our 

hypothesis. It should be noted, however, that at three confidence levels the approach
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overestimated VaR and the estimates were clearly inaccurate. Therefore, we should 

acknowledge the fact that even though EV method performed better than HS with our 

data, the method’s reliability is still questionable.

6.2 Stock portfolio results

6.2.1 Exploratory data analysis
We will now turn to the second data set- the stock portfolio- that includes five liquid US 

stocks. The return data comprises of 1390 observations from period 01.01.1990-29.06. 

1995. We will start by describing the data. Table 6 shows summary statistics for the 

stock portfolio. The figures are expressed in $ millions, for example the average return 

on the portfolio is around $45,000. The data doesn’t seem to include any dramatic 

losses or rebounds- the greatest loss in the sample is $3.47 million and the biggest daily 

gain in turn is $3.29 million.

Summary Statistics

Mean 0,04529
Median 0,03595
Minimum -3,4698
Maximum 3,294
Sum 62,9464
Standard Deviation 0,63835
Kurtosis 2,13427
Skewness -0,1456

Number of observations 1390

Table 6. Summary statistics for the stock portfolio returns for period 1/1/1990- 
29/6/1995. The returns are expressed in $ millions, i.e. for example the minimum return 
for the sample is $-3,47 million.

49



The kurtosis of the return distribution is 2,13, which indicates the distribution is 

modestly peaked relative to the normal distribution. The skewness statistic, which 

measures the symmetry of the distribution is -0,15. The distribution is thus slightly 

skewed to the left and the distribution has an asymmetric tail extending toward more 

negative values.

Figure 10 portrays a time series plot of the daily log returns of the portfolio. As we can 

see, there are not any unusual features in the sample. Again the variation in the data is 

small and there are not any significant outliers in the data, which would indicate a very 

big move in the portfolio’s value. In effect, during the whole sample period the value of 
the portfolio has been fairly stable and the biggest losses haven’t been very drastic. 

Thinking of the recent turbulence and high volatility in the stock market, the daily 

changes appear unexpectedly small. The largest moves are in the first half of the sample 

after which the daily losses have barely exceeded one percent.

Figure 10. Time series plot of daily log returns for the stock portfolio from 1/1/1990 
until 29/6/1995.
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Next we will analyse our profit and loss distribution with the help of a QQ-plot. The 

quantiles of the distribution are plotted against the quantiles of the normal distribution 

in figure 11. The points in the graph should lie approximately along a straight line if the 

data are a sample from a normal distribution. The plot shows that the returns in the 

middle of the distribution seem to be approximately normally distributed. In both tails, 

however, the observations deviate from the line and our distribution suggesting that our 

data is not normally distributed.

Normal Q-Q Plot of Stock Returns

Observed Value

Figure 11. Normal QQ-Plot of FX daily returns.
The quantiles of the empirical function on the x-axis are plotted against the quantiles of 
the normal distribution on the у-axis. The returns would follow the straight line if they 
were normally distributed. In this case the returns are approximately normally 
distributed in the middle of the returns distribution. In both ends the returns depart from 
the line, which indicates the distribution has heavier tails than normal distribution.
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6.2.2 Var estimates
In this subsection we will present the VaR estimates at different confidence levels. 

Again, the estimates obtained with historical simulation don’t require further 

explaining. The extreme value approach will be described in the similar manner as with 

the fx data. First, the right portion of the sample distribution is given in figure 12. The 

objective is to try to estimate this portion of the distribution, which corresponds to the 

biggest losses.

1
0.98 
0.96 
0.94

Figure 12. Right portion of the sample distribution for the stock data.
The cumulative sample distribution is presented on the у-axis and the negative returns 
are presented in percentages on the x-axis. There is one observation near the value 3.5 
corresponding to the biggest loss for the portfolio of 3,46%. Most losses in the tail are 
between 1% and 1,5%.

The sample mean excess plot shown in figure 13 helps us to determine the threshold u. 

The figure presents the sample mean excess function is at different threshold values. 

The values on the x-axis are returns. When the u < 0, we are looking at positive returns. 
When the u > 0, the returns are negative and we are exploring the left tail of the profit 

and loss distribution.
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Figure 13. Sample mean excess plot of stock data.
The figure presents the sample mean excess function at different values of threshold u. 
The threshold numbers correspond to the returns expressed in percentages. The values 
above 0 are losses. The higher the u is, the fewer observations there are exceeding the 
threshold. When the u is less than 0, the returns are positive and we are exploring the 
right tail of the profit and loss distribution. We choose 0,8 for the threshold, because 
there is a change in curvature around that value. Choosing too high threshold means 
there will not be enough data points for estimations of parameters. If the threshold in 
turn is too low, the GPD will not model our unknown excess distribution.

The mean excess function descends first but there is a change in the slope around u = 

0,8. After that the function starts rising. We therefore choose the threshold u = 0,8, 

which leaves 112 observations in the tail. Next, we conduct the maximum likelihood 

estimation to obtain the estimates for the shape parameter £, and scale parameter a. The 

maximisation of the log-likelihood function gives us the estimate 0,185 for the shape 

parameter and 0,311 for the scale parameter.
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To check whether the data points satisfy the GPD assumption, the sample quantiles are 

plotted against the quantiles in figure 14. The points are sloping straight upward

and we can thus conclude that the fit is satisfactory.
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Figure 14. QQ-plot of stock sample quantiles against G ; quantiles.

The sample quantiles are plotted on the x-axis and the G ¡ quantiles on the y-axis. 

The parameter estimates ^ = 0,185 and a = 0,311 are used to get the GPD quantiles.

The GDP is also fitted to the 112 exceedances above the threshold in figure 15. As one 

can see, the data points appear to lie very accurately on the GPD line and even the 

biggest exceedances seem to fit well. The VaR estimates can now be computed or they 

can also be read directly from this figure.
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Figure 15. GPD fitted to the 112 exceedances above the threshold u = 0,8.
The data values are on the x-axis with confidence level indicated on the y-axis.
The parameter estimates are ^ = 0,185 and a = 0,311.

The VaR results are presented in table 7. The HS and EV estimates are in $ millions and 

their difference is reported in the most right column.

VaR Results

Confidence level HS EV Difference

95% 0,975 0,955 2%
97,5 % 1,199 1,206 -1 %
99 % 1,520 1,592 -5%
99,5 % 2,210 1,930 15 %
99,9 % 2,905

Table 7. VaR results for stock portfolio.
The estimates are in $ millions. At 99,9% confidence level there is no estimate for HS 
method since the data sample of 1390 observations is too short to give a reliable 
estimate. The difference column displays how much the VaR estimates differ between 
the HS and EV approaches.
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There is no estimate for the HS approach at 99,9% confidence level because our sample 

of 1390 observations is too short to produce a reliable estimate. The estimates between 

the two methods seem to be close to each other just like with the fx portfolio. Also this 

time the estimates differ very little at lower confidence levels and the estimates of more 
extreme losses differ more. The historical simulation gives bigger estimates than 

extreme value approach at 95% and 99,5% confidence level, but at other times the 

estimates are smaller. There is thus no pattern that one method would give bigger 

estimates than the other all the time.

6.2.3 Backtesting results
The performance of the models should now be tested. Backtesting is performed with 
1390 observations from period 30.6.1995-31.12.2000. Table 8 presents the backtesting 

results showing the theoretical and actual number of violations at different confidence 

levels. The accuracy of the models is also assessed with the Kupiec’s test and the size of 

the test is set at 5%. The symbol V indicates when the model is rejected by the test.

This time the backtesting gives somewhat more encouraging results. However, at lower 
confidence levels the number of violations differ a lot from the theoretical number and 

both methods are rejected. There the numbers of violations between the approaches are 

very close to each other. This can be expected because at the same confidence levels the 

difference between the VaR estimates was also very small. Both methods seem to 

generate too low Var estimates since most of the time there are much more violations 

than there should be.
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Backtesting Results

Confidence level 
Estimated number 
of violations

95%

70

97,5 %

35

99%

14

99,5 %

7

99,9 %

1

HS 91 62 25 7
✓ Z ✓ -

EV 93 60 20 11 6
✓ ✓ ✓

Table 8. Backtesting results for the stock portfolio.
The table shows the expected number of violations and the number of violations 
actually occurred with the HS and EV models. A symbol v' denotes that Kupiec s 
likelihood test rejected the model at the corresponding confidence level. The 
significance of the test is set at 5%. The HS model wasn t backtested at 99,9% 
confidence level due to lack of VaR estimate.

When the confidence level is higher the results are more accurate. At 99,5% confidence 
level historical simulation is accepted as the number of violations is exactly the 

theoretical one. The EV approach in turn is accepted at 99% and 99,5% confidence 

levels but interestingly underestimates VaR at 99,9% too much and there the model is 
again rejected. The numbers deviate more at higher confidence levels and at 99,9% 

level the HS doesn’t give any result.

With the stock portfolio the losses were underestimated by both methods. Looking at 

the backtesting results the EV approach seems to be a little more accurate than the HS 

approach. We therefore accept the hypothesis but with some caution. There are several 

reasons for that. First of all, both approaches were unreliable at lower confidence levels. 

Second, although the EV model was accepted twice and HS only once, the difference of 

the estimates was so small that with another data the result might be different. Third,
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even though the EV approach is superior to the HS in the sense that it gave an estimate 

at 99,9% confidence level and HS didn’t, the estimate was not accurate. Therefore this 

advantage of EV now fails to have practical meaning.

6.3 Sensitivity analysis

The POT method models all observations exceeding a high threshold. The starting point 

is to choose the threshold, which determines where our tail begins and thus the returns 

that we will use in estimating the VaR. As explained in chapter 4, our unknown excess 

distribution follows the generalised Pareto distribution above sufficiently high 

thresholds.

Why is it so important to choose an appropriate threshold u? The extreme value theory 
says that if we choose too low a threshold, our data will not follow the GPD. On the 

other hand, if the threshold is too high, there will be too few observations above the 

threshold for the estimation of parameters. In practice, increasing the threshold means 

we are considering a more extreme part of the tail in the distribution and the number of 

data points used in the calculations will decrease. Lowering the threshold means there 

will be more observations exceeding the u and we are interested in a larger part of the 

tail.

As the theory stresses the significance of choosing an optimal threshold, we are 

interested in knowing how important this is in practice. When estimating VaR, we chose 

the threshold u graphically using the sample mean excess plots. The estimates were then 

calculated with the fixed threshold value. Since the choice of the threshold value is 
subjective, we made some sensitivity analysis with both portfolios to see what effect 

changing the u has on the results. The analysis was conducted changing the u up and 
down from the fixed value and making the calculations and backtesting with these new 

thresholds.
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The sensitivity analysis made with the fx data is shown in table 9. With the fx data, the 

threshold was initially set at 0,45. This threshold is exceeded by 72 losses and 

represents a threshold at about 95th percentile of the data. The table presents VaR 

estimates and the numbers of violations computed with several threshold values near 

0,45.

Sensitivity Analysis

Threshold 0,30 0,35 0,40 0,45 0,50 0,55 0,60

VaR estimates

95,0 % 0,459 0,459 0,458 0,456 0,429 0,321 0,241
97,5 % 0,582 0,582 0,571 0,572 0,577 0,552 0,526
99,0 % 0,751 0,753 0,741 0,743 0,763 0,791 0,799

99,5 % 0,885 0,887 0,886 0,886 0,899 0,932 0,948
99,9 % 1,215 1,219 1,291 1,272 1,194 1,163 1,169

Violations in backtesting

95,0 % 31 31 31 32 41 80 132
97,5 % 14 14 14 14 14 16 21
99,0 % 4 4 4 4 4 4 4
99,5 % 3 3 3 3 3 1 1
99,9 % 1 1 0 1 1 1 1

Table 9. Sensitivity analysis with the FX data.
The VaR estimates are calculated with the EV approach changing the value of the 
threshold u. The figures are in $ millions. The number of violations corresponding to 
each threshold was computed with the evaluation data sample. The threshold was 
initially set at 0,45.

When the threshold is set below 0,45, the number of exceedances increases and we 

model a larger part of the tail in our distribution. Conversely, above 0,45 the 

observations become more scarce corresponding to a smaller part of the tail. The 

analysis shows that the choice of the threshold u is not so sensitive as one would 

assume. The VaR estimates of course changed every time the u was changed, but the 

new estimates did not improve or deteriorate the accuracy much when backtested.
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The biggest changes in VaR estimates occurred when the threshold was higher than 

0,45 and below that value the percentage changes were very small. The large moves can 

be explained by analysing further the parameters that the maximum likelihood 

estimation produced. When u was 0,45 or less, the shape parameter £, was positive, 

which indicates that the distribution is heavy-tailed. Above 0,45, however, the £, turned 

negative, which means the distribution is short-tailed when very extreme returns are 

considered. As was seen from the sample mean excess function in figure 7, the function 

was slightly descending at higher threshold values indicating a short-tailed distribution 

(Ç < 0). The big change in % affected clearly the VaR estimates. The changes in VaR 

were the largest at 95% confidence level because the second component in the VaR 

formula (13) is negative at that confidence level. When the confidence level is higher, 

the component becomes positive increasing the VaR estimate.

The lower part of the table shows that backtesting results were also affected more when 

the u was higher than 0,45. In general, the number of violations was nearly unchanged 

and the results were basically the same as with the value 0,45. The only significant 

increase in number of violations occurred at 95% confidence level when the u was 

raised. To conclude, small changes in the threshold do not seem to have a large impact 

on the results.

Table 10 presents the sensitivity analysis with the stock data. The threshold was 

initially fixed at 0,8 giving 112 exceedances. This corresponds to around 92th quantile 

in the distribution. The sensitivity analysis was carried out changing the threshold near 

0,8.
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Sensitivity Analysis

Threshold 0,5 0,6 0,7 0,8 0,9 1,0 1,1

VaR estimates

95 % 0,971 0,965 0,954 0,955 0,958 0,965 0,957
97,50 % 1,253 1,239 1,213 1,206 1,204 1,193 1,192

99% 1,641 1,627 1,601 1,592 1,587 1,566 1,571

99,50 % 1,946 1,941 1,934 1,930 1,926 1,914 1,920
99,90 % 2,699 2,747 2,861 2,905 2,921 3,015 2,998

Violations in backtesting

95% 91 92 93 93 93 92 93
97,50 % 53 54 60 60 62 62 62

99 % 19 20 20 20 22 23 23
99,50 % 11 11 11 11 11 11 11

99,90 % 6 6 6 6 6 5 6

Table 10. Sensitivity analysis with the stock data.
The VaR estimates are calculated with the EV approach changing the value of the 
threshold u. The figures are in $ millions. The number of violations corresponding to 
each threshold was computed with the evaluation data sample. The threshold was 
initially set at 0,8.

The results are much the same as with the fx data. Most of the time the VaR estimates 

changed only a little and also the backtesting results were nearly unchanged. The VaR 

changed the most at 97,5% and 99,9% confidence levels when the threshold was set 

below 0,8. The changes in the backtesting results were also the largest at 97,5% 

confidence level but did not change at 99,9% confidence level, even though the VaR 

estimates changed quite a lot. How can this be explained? The most likely reason is that 
at lower confidence level a change in VaR has more impact on the backtesting results 

because there are more observations there than further in the tail. At 99,9% confidence 

level the interval between observations increases and even quite large moves in VaR 

may keep the backtesting results unaffected.
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In summary, both sensitivity analyses gave very similar results. We noticed that the 
VaR estimates and backtesting results did not change a lot when the threshold was 

changed. Thus the choice of the threshold appears to be less significant than the extreme 

value theory would suggest. The numbers of violations were mostly unchanged or the 

size of the change was meaningless considering the accuracy of the EV method. With 

the fx data the largest changes occurred when the threshold was raised and especially at 

95% confidence level. With the stock data the results were most affected when the 

threshold was decreased and the changes were biggest at 97,5% confidence level. These 

differences are most likely to be due to differences in the data.

6.4 Conclusions

In this subsection we will discuss how our study relates and contributes to the existing 

Value at Risk -research. The fx and stock portfolio results are first compared and then 

we will discuss further what implications the findings of this study have for risk 

management.

The VaR and backtesting results for both portfolios are summarised in table 11. The 

upper part of the table presents the VaR estimates. Comparison between portfolios 

shows that for both data the methods have produced very similar results at lower 
confidence levels and that the difference between estimates becomes larger at higher 

confidence levels. The estimation is more difficult further in the tail, where the 

observations become more and more scarce. Therefore it seems understandable that the 

differences are larger at higher confidence levels. As the biggest losses for the stock 

portfolio were larger than for the fx portfolio, the VaR estimates are naturally also 

higher for that portfolio.

The backtesting results for both portfolios are reported in the lower part of the table. In 

general, the methods have given too big VaR estimates for fx portfolio and too small 

estimates for stock portfolio. This can be seen as we compare the actual violations
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VaR results

Confidence level 95,0 % 97,5 % 99,0 % 99,5 % 99,9 %

FX portfolio
HS 0,459 0,551 0,808 0,976 -

EV 0,456 0,572 0,743 0,886 1,272
Difference 1 % -4 % 9% 10 %

Stock portfolio
HS 0,975 1,199 1,520 2,210 -
EV 0,955 1,206 1,592 1,930 2,905
Difference

Backtesting results

2 % -1 % -5 % 15 %

Estimated number
of violations 70 35 14 7 1

FX portfolio violations
HS 31 16 4 1 -

✓ ✓ ✓ ✓ -

EV 32 14 4 3 1
✓ ✓ ✓

Stock portfolio violations
HS 91 62 25 7

✓ ✓ ✓ -

EV 93 60 20 11 6
✓ ✓ ✓

Table 11. Summary of results for FX and stock portfolios.
The table summarises VaR and backtesting results for both data. The upper part shows 
the VaR estimates expressed in positive numbers in millions of dollars. The lower part 
displays the backtesting results indicating the number of violations occurred and the 
theoretical number of violations at each confidence level. The methods are backtested 
with Kupiec’s likelihood ratio test set at 5%. The symbol V denotes when method is 
rejected by the test.
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against the estimated number of violations. For the fx portfolio, the violations have 
occurred much less frequently than expected. This of course is less dangerous than 

exceeding the VaR too many times, but too small estimates can lead to over-allocation 

of capital in an institution and that of course questions the accuracy of the approach. 
Since estimates were underpredicted with one portfolio and overpredicted with the 

other, we can conclude that the methods’ estimates depend on the data at hand. This 

result is consistent with Longin’s (2000) research, which also found that the EV 
approach sometimes underestimates and sometimes overestimates the VaR depending 

on the data set.

The HS performs poorly with both portfolios. If we look at the Kupiec’s test results, we 

notice that the approach is rejected almost all the time. The fx portfolio estimates are 

rejected four times out of five and the stock portfolio estimates three times. The HS 

seems to be very unreliable in estimating extreme losses. The testing also showed that 

the HS requires a large data sample in order to give estimates at high confidence levels. 

For example Danielsson and de Vries (1997) and Longin (2000) also illustrated this 

same limitation in their research.

The EV approach is also very inaccurate at the lower confidence levels. With both 

portfolios, however, the method succeeds in giving accurate figures further in the tails 

and the Kupiec test accepts the method two times out of five.

The conclusion is that the EV approach is moderately superior to HS with both 

portfolios. Its estimates are good especially at higher confidence levels, but at lower 

confidence levels it generates estimates that are as unreliable as those of HS. 

Consequently, the overall performance of the EV approach is not satisfactory and the 

model should be improved. Both portfolio results, however, favour EV to HS and our 

hypothesis is accepted.

This finding has both similarities and differences with previous studies. Most past 

research have favoured the EV approach to other methods. Our results also favour the
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EV method to HS but point out that the EV approach is inaccurate at lower confidence 

levels. This is contrary to the research done by Danielsson and de Vries (1997), where 

the extreme value method was found good in overall. Also McNeil and Saladin (1997) 

and more recently Neftci (2000) got more promising and consistent results with the EV 

approach. Their studies clearly underlined the EV method’s superiority in estimating 

high quantiles.

Our results are more in line with McNeil’s (1998) findings. His results also suggest that 
the EV approach gives more accurate estimates than other approaches. McNeil notices, 

however, that there is sometimes high uncertainty involved when using the EV 

approach.

The results of this study are somewhat different to most previous studies on the EV 

approach. One important factor behind these discrepancies might be the choice of the 

EV model. We notice, however, that studies that have used the POT method have given 

the most promising results. Research made with the Block-Maxima method have in fact 

given more uncertain results just like our study. Therefore we conclude that the 

differences between our results and previous research cannot be explained by the chosen 

EV model.

A more likely reason is that the data used in this study differs from the data used in the 

past research. As described earlier, our data was very stable and included no abnormal 

events. On the other hand, the data used in most previous research have included a 

market crash or other extreme events and the daily changes have in general been larger. 

Our return distributions were also less skewed and we used a larger dataset than many 

previous studies. Since the return distributions in both portfolios were very similar and 

both portfolio results were also very similar, we believe that data has impact on the 

results.
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Many previous studies have shown that the EV approach works well when the data has 

included unusually large losses. In this study the estimations showed that when the data 

is not unusual the EV approach is less accurate. Although this research gave evidence 

that the EV approach is superior to HS, it also led us to conclude that the model is not 

reliable enough and needs to be improved and studied further.
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7 Summary and discussion

This thesis has studied the Value at Risk —methodology (VaR) in estimating extreme 

losses. The objective of this thesis was to evaluate whether an extreme value approach 

(EV) performs better than historical simulation (HS) in estimating VaR. We tried to find 

the method that best estimates extreme losses, i.e. very high confidence levels in the 

return distribution. Several previous studies have shown that the EV and HS approaches 

give the most reliable VaR estimates and therefore we concentrated on comparing only 

these methods.

Value at risk is a measure of possible portfolio losses. The study started by defining the 

concept of VaR and described the four basic approaches to calculating it. The variance- 

covariance approach and Monte Carlo simulation were also discussed to show the 

differences between the methods and to illustrate reasons to choosing the extreme value 

approach and historical simulation for the analysis. The traditional VaR approaches rely 

on a normality assumption even though there is evidence that returns of financial assets 

have heavier tails than the normal distribution. The subject of fat tails partly led us to 

test the EV approach and HS, because these methods don’t rely on the normality 

assumption.

The theory part reviewed previous studies that have compared the EV approach with 

other VaR approaches. We noticed that most studies have favoured the EV approach to 

other methods and reported it to give very accurate results at high confidence levels. 

Based on these results and the theoretical grounding of the EV approach our hypothesis 
was: “ Extreme value approach is more accurate than historical simulation in estimating 

extreme losses.”

The historical simulation is a non-parametric method, which makes no normality 

assumption. In historical simulation one collects a sample of historic returns for the
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different instruments in the portfolio. Hypothetical returns are simulated using weights 

of the current portfolio. Each of these historical returns gives one portfolio return and 

the sample of returns is translated to portfolio profits and losses. The actual percentiles 

of the observation period are therefore used for the VaR estimate.

The extreme value approach is based on the statistical extreme value theory. In this 

study we used a fully parametric peaks-over-threshold -method, which models all 

returns exceeding a high threshold. The assumption is that the losses exceeding the 

threshold value follow the generalised Pareto distribution (GPD). The GPD will then be 

fitted to data with some method. This paper used maximum likelihood estimation - 

method since it has been shown to yield consistent estimates. The theoretical 

background of the extreme value theory was described in section three.

Most previous researches have applied the EV models to a stock index or used a single 

stock or foreign exchange rate in the estimations. All studies have not assessed the 

results with backtesting. Our data type was different from the past studies and the 

approaches were tested on two markets. The study enlarged the dataset by constructing 

two portfolios of several stocks and foreign exchange rates. The accuracy of the 

methods was also backtested, which makes the comparison of the methods more 

precise.

In the empiric part of the thesis the HS and EV methods were applied in foreign 

exchange and stock markets. The fx portfolio comprised of five currencies (GBP, YEN, 

DEM, SEK, CHE) quoted against the USD. The stock portfolio comprised of five liquid 

US stocks (CocaCola, Dell, General Electric, Oracle and Procter&Gamble). We used 

data from period 01.01.1990-31.12.2000, giving a total of 2870 observations. After 

removing US banking holidays a sample of 2780 observations was left for the analysis. 
The data was downloaded from DataStream database. The first half of observations was 

used to calculate VaR at several confidence levels. The second half of the sample was 

used in backtesting to assess the accuracy of the results.
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The exploratory analysis of the data showed that both data samples differed from the 

data used in past researches. Very often the return distribution has been skewed and 

exhibited kurtosis. The data sample has included very large losses such as the market 
crash in 1987. In our study, however, both data were very normal and included no large 

moves. The return distributions were neither skewed nor had a big kurtosis coefficient. 

The volatility was also small and there was no big market crash included in the sample 

period. The biggest losses were very small, which made our estimation sample quite 

interesting. The previous studies have proven the EV approach to work well when the 

data has included unusually large losses. In this study the estimations could show 

whether the EV also works when the data is not unusual.

The portfolio results showed that the EV approach is somewhat more accurate than the 

HS. Both methods produced very similar VaR estimates at lower confidence levels but 

the estimates differed more at higher confidence levels. This was found understandable 

since the observations in the tail become more and more scarce and the estimation is 

more difficult at very high confidence levels.

Backtesting revealed that both EV approach and HS were very unreliable at lower 

confidence levels. With the fx data HS was rejected all the time and its performance was 

highly unreliable. The EV method also failed to give accurate estimates at lower 

confidence levels but was accepted in the very tail. We therefore accepted our 

hypothesis that the EV approach is more accurate than HS but acknowledged that the 

method’s reliability is questionable.

The stock portfolio results were slightly more encouraging. Also this time both methods 

gave inaccurate estimates at lower confidence levels. At higher quantiles the estimations 

were more accurate and the Kupiec’s test accepted HS once and the EV approach twice. 

The conclusion with this data was that the EV approach performed better than HS and 

the hypothesis was again accepted.
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The major finding of the study was that even though the EV approach was found to be 
more accurate the HS, its estimates were highly unreliable at lower confidence levels 

and the model should be improved. The hypothesis was therefore accepted with some 

caution. We also noticed that neither method consistently lead to too high or too low 

VaR estimates. Both approaches overpredicted the VaR with the fx data and 

underpredicted it with the stock data, which shows that the estimates depend on the data 

at hand.

We also made sensitivity analysis with the EV approach to see how the results react to 

changes in the threshold. Some studies have brought up the difficulty of choosing an 
appropriate threshold. The extreme value theory also stresses the importance of the 

threshold. To see the impact in practice, we repeated the VaR calculations and 

backtesting with several threshold values. The analysis interestingly showed that the 

choice of the threshold has a small effect on the results. In general, the VaR estimates 

changed only a little and the backtesting results were almost unchanged. With the fx 

data the results changed the most when the threshold was increased and with the stock 

data when the threshold was lowered. A closer look at the results indicated that these 

discrepancies are due to differences in the data samples.

As mentioned, the overall performance of the EV approach was not found satisfactory 

and in the future the model should be improved and also tested further with different 

type of data. One possible way to extend the extreme value method is to take into 

account the changing volatility of the return series. The static EV method used in this 

study ignored the stochastic volatility and relied on the i.i.d. assumption. Therefore it 
might be interesting to study whether conditional EV approaches would lead to more 

accurate VaR estimates.

There is by now a rich literature of models for financial time series taking into account 

changes in volatility but few attempts have been made to develop extensions of the 

extreme value methodology. McNeil and Frey (1998) extended the EV approach to time 
variation by fitting a GARCH (Generalised Autoregressive Conditional
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Heteroskedasticity) model to the data using a maximum likelihood method and using 

the EVT distribution to estimate the scaled residuals. Smith (2000) also discussed the 

topic and presented a model, which is not tied to G ARCH or any other model of 

volatility but takes into account the variation in the extreme value parameters. More 

research is needed in this area to discover how powerful these approaches might be.
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