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a b s t r a c t

This article studies the response of a half-disk exposed to an external uniform static electric field. A

semianalytical method is presented for computing the potential for a geometry consisting of two

conjoined half-disks with different permittivities. The method is based on analytical series expansions

with coefficients obtained as a numerical solution of a matrix equation. We consider the polarizability of

a single dielectric half-disk and discuss a duality relation observed in 2D polarizability. We also study the

surface plasmons supported by a negative-permittivity half-disk.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

The understanding of electric response of different particles is

important, considering not only electromagnetics or materials

science in general, but also for more practical engineering purposes

when designing composite materials or other artificial meta-

materials [1–4]. Knowing the response of a single inclusion also

provides information on effective response of a composite medium

consisting of these inclusions embedded in some background

material [5]. Thefirstmixing theoriesdateback to theendof the19th

century. Nowadays, the development of computers and numerical

simulation methods has significantly boosted the research of

physical properties of such mixtures or heterostructures [6].

A reasonable and convenient measure for the electric response

of an object is its polarizability. Several articles, based on both

analytical and numerical work, study the polarizabilities of, for

example, circular cylinder, regular polyhedra, hemisphere and

combinations of two spheres (See [1] and the references therein).

Also, a collection of rather complicated analytical expressions for

polarizabilities of several geometries can be found in [7]. The

interest has mostly lain in 3D objects, but results for 2D geometries

are reported as well [8,9].

It is also useful to notice that the electric and magnetic polar-

izabilities have a connection to the intrinsic viscosity and the

virtual mass in hydrodynamics. These relations have been reviewed

in [10] and [11].

Traditionally, the studied objects have been dielectric or ideally

conducting. We are also interested in the case where the permit-

tivity of the object is allowed to be negative. It is known that with

certain negative permittivity values, the object is capable of sup-

porting surface plasmons [12], also known as electrostatic reso-

nances [13]. This feature has been shown long ago for a planar

surface [14] and a sharp wedge [15]. The importance of these

results has become topical again by metamaterial research where

objects with negativematerial parameters are modelled. This paper

considers the surface plasmons from the viewpoint of mathemat-

ical modelling and points out that when using idealized models,

these plasmonic modes may manifest as unphysically singular and

non-convergent numerical results. Surface plasmons are, however,

an existing and desired phenomenon in many applications

including biosensing, spectroscopy and nanolithography. For an

extensive review of surface plasmons and their applications, see

[16,17] and the references therein.

In this paper, we focus on the computation of the electrostatic

response of a dielectric half-disk, that is, an area bounded by

a semicircle. The situation can also be seen as a 2D cross-section of

an infinitely long circular half-cylinder exposed to an external field

transverse to its axis. The same configuration is studied in [18] and

[19], but using very different analysis.

When exposed to an external electric field Ee, a dielectric object

becomes polarized and gives rise to a secondary field. The most

significant component of this field is the dipolar one, since the

higher order components decay rapidly away from the object.
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The polarized object can therefore be approximated as an electric

dipolewith dipolemoment vector p. The ratio of the induced dipole

moment and the external field is called the polarizability aabs,

that is

p ¼ aabsEe: (1)

In 2D, it is convenient to present the polarizability as a dimen-

sionless number normalized by the area of the object and the

permittivity of the environment, a¼ aabs/(A3e). Also, in 2D, the

normalized overall polarizability of an object is given by two

orthogonal components, that is (1) must be written as

p ¼ aabs$Ee; (2)

where the polarizability is expressed as a dyadic, which, after

normalization, can be written in Cartesian coordinates as

a ¼ axuxux þ ayuyuy: (3)

A comparison between the polarizabilities of different objects is

possible by computing their average polarizabilities over both

components, aav¼ (axþ ay)/2. The simplest 2D geometry is a disk.

Due to the symmetry, its polarizability reduces to a single compo-

nent which has a closed-form analytical expression

a ¼ 2
3r � 1

3r þ 1
; (4)

where the relative permittivity 3r¼ 3i/3e, is the permittivity contrast

between the object and the environment.

In this paper, we first introduce a semianalytical method for

solving the polarizability components of a half-disk. Then we show

that there exists a certain duality relation between these two

orthogonal components. We also present an approximative easy to

use formula for the polarizability. In addition, we study the polar-

izability with negative permittivities and discuss the singularities

caused by surface modes excited on the contour and especially in

the sharp corners of the half-disk.

2. Series solution for the electrostatic potential in

a semicircular region

A half-disk in an external electric field is a boundary value

problem which has no convenient closed-form solution for the

potential function. Let us first consider a more general case of an

inhomogeneous disk consisting of two conjoined homogeneous

half-disks with radius a. Thus, we divide the 2D space into three

regions and we can write the electrostatic potential as a series

expansion in each region. There are two orthogonal configurations

depending on how the half-disks are aligned with respect to the

external field vector. Let us refer to them as the series and the

parallel one. These names are adopted from [18] and [19] where

a particle consisting of two conjoined half-cylinders is considered

as an optical circuit element. In the series case, let Ee be x-directed

and in the parallel case, y-directed. In both cases, the boundary

between the half-disks is along the y-axis (see Fig. 1).

The procedure of solving the potential is very similar to the one

presented for 3D hemispherical geometry in our previous article

[20]. The potential function is written as a series expansion, and by

applying the boundary conditions, we are able to construct a matrix

equation, whose solution gives the unknown coefficients.

2.1. Half-disks in series

Let us first consider the series case. The potential, which gives

rise to an electric field Ee¼ Eeux, is of the form Fe¼�Eex which, in

polar coordinates, can be written as Fe¼�Eer cos(4), or Fe¼

�V0(r/a) cos(4), where V0¼ Eea. The potential F(r, 4) can be

written as truncated series expansions as

Foz
XN
n¼1

Bn

�
a

r

�n

cosðn4Þ � V0

�r
a

�
cosð4Þ; r � a; (5)

Frz
XN
n¼0

Cn

�r
a

�n
cosðn4Þ; r � a; �

p

2
� 4 �

p

2
; (6)

Flz
XN
n¼0

Dn

�r
a

�n
cosðn4Þ; r � a;

p

2
� 4 �

3p

2
; (7)

where subscripts r and l refer to the right and the left half of

double half-disk as presented in Fig. 1. Outside the disk, a constant

solution is not acceptable. Therefore, the expansion of Fo begins

from the term n¼ 1. Inside the disk, instead, such solution is

possible and the term n¼ 0 must be included in the expansions of

Fr and Fl.

The unknown coefficients Bn, Cn and Dn are solved by applying

the boundary conditions. We require the continuity of the potential

and the continuity of the normal component of the electric

displacement over each interface between the regions. Considering

these conditions on the boundary between the half-disks, we

obtain

Cn ¼ hnDn; hn ¼

�
1; n even
32
31
; n odd ; (8)

where 31 and 32 are the dimensionless relative permittivity values

of the right and left half-disk, respectively (see Fig. 1).

Due to the semicircular geometry, the series expansions inside

and outside the disk are not orthogonal which means that the

coefficients cannot be solved in a closed form. Instead, we can

construct a set of N linearly independent equations which can be

written as a N�N matrix equation. The equation must be solved

numerically, but each matrix element has a closed-form analytical

expression.

The procedure is the following. By considering the boundary

conditions on the contours of the right and left semicircle, r¼ a, we

obtain four equations. These equations are then multiplied by

cos(m4), 0�m�N, and integrated with respect to 4, so that the

equations related to the right semicircle are integrated over the

interval �p/2� 4�p/2 and the equations related to the left

semicircle over the interval p/2� 4� 3p/2. This means we have to

consider the following integrals

Fig. 1. A double half-disk with radius a in external electric field. The series configu-

ration (left) and the parallel configuration (right) are presented in polar coordinate

system (x¼ r cos 4, y¼ r sin 4).
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Um;n ¼

Zp=2

�p=2

cosðm4Þcosðn4Þd4; (9)

and

Im;n ¼

Z3p=2

p=2

cosðm4Þcosðn4Þd4: (10)

After some straightforward calculations we get

Um;n ¼

8>>>>>>>><
>>>>>>>>:

p; m ¼ n ¼ 0
p
2; m ¼ ns0

0; mþ n even; m;ns0; msn

ð�1Þ
1
2ðmþn�1Þ

�
2n

n2�m2

�
; m even; n odd

ð�1Þ
1
2ðmþn�1Þ

�
2m

m2�n2

�
; n even; m odd

; (11)

and

Im;n ¼ ð�1ÞmþnUm;n: (12)

After applying the condition (8) and some algebra, we notice

that the coefficients Bn can be solved from the following equation

system

XN
n¼1

h
hmðm31 þ nÞ þ ð�1Þmþnðm32 þ nÞ

i
Um;nBn

¼
h
hmðm31 � 1Þ þ ð�1Þmþ1ðm32 � 1Þ

i
Um;1V0; (13)

which, by considering the properties of hn and Um, n, can also be

presented as

XN
n¼1;3;.

ð31 � 32ÞUm;nBn þ ð31 þ 32 þ 2Þ
p

2
Bm

¼ ð31 � 32ÞUm;1V0; m ¼ 2;4; .; N; (14)

and

XN
n¼2;4;.

nð32 � 31ÞUm;nBn þmð23132 þ 31 þ 32Þ
p

2
Bm

¼ ð23132 � 31 � 32Þ
p

2
V0dm;1; m ¼ 1;3; .; N: (15)

The equation system above can be written as N�N matrix

equation and solved numerically.

For the coefficients Dn, we obtain

XN
n¼1;3;.

ð32 � 31ÞUm;nDn þ 31ð31 þ 32 þ 2Þ
p

2
Dm ¼ 0;

m ¼ 2;4; .; N;
(16)

and

XN
n¼2;4;.

n31ð31 � 32ÞUm;nDn þmð23132 þ 31 þ 32Þ
p

2
Dm

¼ �2p31V0dm;1; m ¼ 1;3; .; N: (17)

The coefficient D0 must, however, be solved separately from

D0 ¼ �
1

2p

XN
n¼1;3;.

�
32
31

� 1

�
U0;nDn: (18)

Finally, we get the coefficients Cn from (8).

2.2. Half-disks in parallel

In the parallel case, the external field is y-directed. That is, the

correspondingpotential function isFe¼�Eer sin(4)¼�V0(r/a) sin(4).

The potential expansions become

Foz
XN
n¼1

Fn

�
a

r

�n

sinðn4Þ � V0

�r
a

�
sinð4Þ; r � a; (19)

Frz
XN
n¼1

Gn

�r
a

�n
sinðn4Þ; r � a; �

p

2
� 4 �

p

2
; (20)

Flz
XN
n¼1

Hn

�r
a

�n
sinðn4Þ; r � a;

p

2
� 4 �

3p

2
: (21)

In this case, due to the antisymmetry, the x-axis is at zero

potential, which indicates that the constant potential terms, n¼ 0,

must be omitted both inside and outside the disk. Therefore, all the

expansions begin from term n¼ 1. The coefficients are solved in

a similar manner as in the series case. The relation between Gn and

Hn becomes

Gn ¼ gnHn; gn ¼

�
1; n odd
32
31
; n even : (22)

Again, four conditions are obtained on the countour of the disk.

In this case, the equations are multiplied by sin(m4) and integrated

with respect to 4 over the intervals where the corresponding

boundary conditions are valid. We need to evaluate the following

integrals

Vm;n ¼

Zp=2

�p=2

sinðm4Þsinðn4Þd4; (23)

and

Wm;n ¼

Z3p=2

p=2

sinðm4Þsinðn4Þd4: (24)

They can be expressed as

Vm;n ¼

8>>>>>><
>>>>>>:

0; m ¼ n ¼ 0

Um;n; m ¼ ns0

0; mþ n even; m;ns0; msn
m
nUm;n; m even; n odd
n
mUm;n; n even; m odd

; (25)

where Um, n is given in (11), and

Wm;n ¼ ð�1ÞmþnVm;n: (26)

The coefficients Fn must satisfy

XN
n¼1;3;.

ð32 � 31ÞUm;nFn þ ð23132 þ 31 þ 32Þ
p

2
Fm

¼ ð31 � 32ÞUm;1V0; m ¼ 2;4; .; N; (27)

and

XN
n¼2;4;.

nð31 � 32ÞUm;nFn þmð31 þ 32 þ 2Þ
p

2
Fm

¼ ð31 þ 32 � 2Þ
p

2
V0dm;1; m ¼ 1;3; .; N; (28)

and for Hn, we get
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X
n¼1;3;.

31ð31 � 32ÞUm;nHn þ ð23132 þ 31 þ 32Þ
p

2
Hm ¼ 0;

m ¼ 2;4; .; N; (29)

and

X
n¼2;4;.

nð32 � 31ÞUm;nHn þm31ð31 þ 32 þ 2Þ
p

2
Hm

¼ �2p31V0dm;1; m ¼ 1;3; .; N: (30)

The coefficients Gn are obtained from (22).

2.3. A connection between the series and the parallel coefficients

Let us consider equations (14) and (15) for series coefficients Bn.

If we replace the permittivity values with their inverses, that is

31/ 1/31 and 32/ 1/32, we can write

XN
n¼1;3;.

ð32 � 31ÞUm;nð�BnÞ þ ð23132 þ 31 þ 32Þ
p

2
ð�BmÞ

¼ ð31 � 32ÞUm;1V0; m ¼ 2;4; .; N; (31)

and

XN
n¼2;4;.

nð31 � 32ÞUm;nð�BnÞ þmð31 þ 32 þ 2Þ
p

2
ð�BmÞ

¼ ð31 þ 32 � 2Þ
p

2
V0dm;1; m ¼ 1;3; .; N: (32)

The equations become exactly the ones for parallel coefficients

Fn with original uninverted 31 and 32, (27) and (28), but with

opposite signs. That is

Fnð31; 32Þ ¼ �Bn

�
3�1
1 ; 3�1

2

�
: (33)

Also, the coefficients Cn, Dn, Gn and Hn inside the disk are related.

By inverting the permittivity values in the series case, we get

Hnð31; 32Þ ¼
1

32
Dn

�
3�1
1 ; 3�1

2

�
; n > 0; (34)

and

Gnð31; 32Þ ¼
1

31
Cn

�
3�1
1 ; 3�1

2

�
; n > 0: (35)

with n¼ 0, H0¼G0¼ 0.

This means that we do not need separate equation systems for

the parallel coefficients at all, as they can be obtained using the

equations for the corresponding series coefficients by inverting

the permittivity values and multiplying the result by a certain

constant.

3. Polarizability of a dielectric half-disk

If we choose 32¼1, a single half-disk is left, which is a canonical

geometry defined only by its radius a. Observed from far enough,

the polarized half-disk resembles a dipole which allows us to study

the magnitude of the polarization effect by computing its polariz-

ability components. With the choice of coordinates shown in Fig. 1,

the (normalized) polarizability dyadic for the half-disk is of the

form

a ¼ asuxux þ apuyuy; (36)

where as denotes the series polarizability and ap the parallel

polarizability.

In 2D, a dipole gives rise to a potential

Fdðr;4Þ ¼
p$ur

2p3er
: (37)

In the series case, the dipole moment p is x-directed. The

potential becomes

Fdðr;4Þ ¼
pcosð4Þ

2p3er
: (38)

The corresponding term in the series (5) is

Fdðr;4Þ ¼ B1
a

r
cosð4Þ: (39)

Therefore, from (1), (38) and (39)

p ¼
asA3eV0

a
¼ 2pa3eB1; (40)

where A¼ (pa2)/2 is the area of the half-disk. The normalized series

polarizability becomes

as ¼ 4
B1
V0

: (41)

In the parallel case, the external field is y-directed and the

dipolar potential becomes

Fdðr;4Þ ¼
psinð4Þ

2p3er
¼ F1

a

r
sinð4Þ: (42)

That is

ap ¼ 4
F1
V0

: (43)

Considering (33) with 31¼ 3r and 32¼1, the parallel polariz-

ability is related to the series polarizability as

apð3rÞ ¼ �as
�
3�1
r

�
: (44)

For the average polarizability,

aavð3rÞ ¼ �aav
�
3�1
r

�
: (45)

This relation (44) between the orthogonal polarizability

components actually applies to all 2D geometries [9]. It follows

from the duality relations of 2D media, originally discovered by

Keller [21], Dykhne [22] and Mendelson [23]. Moreover, we have

explicitly shown that for a half-disk this relation is also valid for all

the higher order components.

With positive permittivities, the presented method gives very

accurate results for a if the matrix size N is large enough. By

computing a highly accurate reference value aacc with N¼ 104, we

are able to study the numerical convergence of our method. The

slowest convergence can be observed near permittivity values

3r¼ 10 and 3r¼ 0.1. The convergence of the result with these

permittivities as a function of N is seen in Fig. 2, which presents the

absolute error eðNÞ ¼ jaacc � aðNÞj.

If we want to ensure that the accuracy of the result for the

polarizability components is, for example, of the order of 10�6

for all 3r� 0, we have to choose N> 600. The average polariz-

ability aav converges always faster than either as or ap because

these components tend to their correct values from opposite

sides.
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Fig. 3 presents the normalized polarizability components of the

half-disk, as and ap, as a function of relative permittivity 3r
computed with matrix size N¼ 500. We have also verified our

results numerically using COMSOL MULTIPHYSICS 3.5, which is

a commercial software based on finite element method (FEM). The

maximum absolute error between the results is of the order of 10�5.

Fig. 4 presents the normalized polarizability of a homogeneous

disk computed analytically using (4) and the average polarizability

of the half-disk computed with N¼ 500. We can see that the

magnitude of the polarizability of the half-disk is always greater

than the one of the whole disk with the same area. This is

reasonable, since in all dimensions, a sphere is the object with

minimum polarizability [7,24]. Therefore, in 2D, any deviation from

the circular geometry increases the magnitude of the overall

polarizability.

4. Approximative formula for the polarizability

Since we have a method to evaluate the polarizability compo-

nents of a half-disk accurately, we can form an approximative

formula by fitting a curve to the computed values. The formula can

be presented as a Padé approximation, a(3r)z P(3r)/Q(3r), where P

andQ are polynomials ofmth order. By choosingm¼ 4, we can form

a formula accurate enough without being too complicated, as the

number of parameters which must be fitted becomes 2mþ 1.

The number of unknownparameters can be reduced by applying

the information on known polarizability values at certain permit-

tivities. Naturally, a(1)¼ 0. The values at 3r¼ 0 and a/N are also

very useful. Due to the relation given in (44), we only need to

construct a formula for one polarizability component. Let us

consider the normalized series polarizability as. The limit at infinity

can be evaluated by substituting 3r/N into (14) and (15) and

deriving a new equation system. We notice that at infinity, the

series polarizability seems to tend to an accurate value as/ 44/27.

Also, as(0)¼�28/9. Moreover, the derivative at 3r¼ 1 can be

numerically determined to be very accurately a0s ¼ 1. This leaves us

with 5 parameters to be fitted numerically. A formula with absolute

error less than 10�6 can be written as

where

a ¼ 4:44376; b ¼ 4:49847; c ¼ 6:38991;

d ¼ 3:36395; e ¼ 0:574146: (47)

Also, a slightly simpler formula with absolute error of the order

of 10�5 can be presented as
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Fig. 2. The convergence of the result studied as the absolute error of the polarizability

with permittivities 3r¼ 0.1 and 3r¼ 10 as a function of matrix size N.
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Fig. 3. The normalized polarizability components of a half-disk with N¼ 500

compared with numerical results computed using COMSOL MULTIPHYSICS (CM) as a function

of 3r.

asð3rÞzð3r � 1Þ
4433r þ ð44þ 27aÞ32r þ ½27ðbþ cþ d� aÞ � 57e� 61�3r þ 84e

27
�
34r þ b33r þ c32r þ d3r þ e

� ; (46)
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Fig. 4. The normalized polarizability of a homogeneous disk and the average polar-

izability of a half-disk as a function of 3r.
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asð3rÞzð3r � 1Þ
4433r þ 203:3532r þ 258:533r þ 84

2734r þ 145:6233r þ 244:7632r þ 145:503r þ 27
:

(48)

The parallel polarizability is obtained by ap(3r)¼�as(3r
�1).

5. Negative permittivity and surface plasmons

In electrostatics, a negative permittivity is not a physical

concept. In contrast, for metals at optical and UV frequencies, the

real part of the permittivity can be negative [25]. Furthermore,

negative material parameters are one of the major targets in met-

amaterial engineering [3]. If we assume that the size of our half-

disk is very small compared with the wavelength of the external

field, a (quasi)static approach is possible. In the following, we

consider an idealized case of purely real and negative 3r. For

physical materials, the principle of causality states that the

permittivity cannot have a negative real part without having

a nonzero imaginary part. That is, the material becomes lossy. Here

we, however, stick to an idealized mathematical model omitting

the imaginary part to more clearly visualize the theoretical effects

of negative material parameters in the case of the considered

semicircular geometry. In our previous articles [26,27], we have

quite extensively discussed the effect of losses, as well.

The most distinguishable consequence of allowing the permit-

tivity to be negative is that there will be singularities in the

polarizability curves. For example, from (4) we notice that the

polarizability of a homogeneous disk becomes singular at 3r¼�1.

For a general object, the number of these singularities may,

however, be unlimited. In our previous article [26], we have quite

extensively discussed the causes of these singularities in a case of

a 3D hemisphere. They are due to surface plasmon modes, also

referred to as electrostatic resonances. In another article [27], we

give a general overview of these plasmonic modes considering

some of the most general canonical geometries. The most prob-

lematic issue considering the computation and numerical model-

ling are the singular edge modes supported by sharp edges. For

example, the edge of the hemisphere locally forms a 90� wedge

and, due to the resonantmodes of thewedge, the potential function

has no unique solution within the permittivity ranges �3< 3r<�1

and�1< 3r<�1/3. Moreover, the planar surface of the hemisphere

supports resonant modes at 3r¼�1.

In the case of a 2D half-disk, the situation is very similar. Figs. 5

and 6 present the polarizabilities as and ap, respectively, computed

with negative permittivity. It can be clearly seen that with certain

permittivities, our method yields unlimited number of singularities

and does not converge. However, even in this case, the duality

between as and ap can be nicely observed. As presented on

a semilogarithmic scale, the curves plotted in Fig. 6 are obtained

from curves of Fig. 5 by a 180� rotation with respect to the point

(�1, 0) in the (3r, a) plane.

Again, the geometry includes a 90� wedge which gives rise to

even edge modes at �3< 3r<�1 (see Fig. 7) and odd modes at

�1< 3r<�1/3 (see Fig. 8). Analytical expressions of these modes

are presented in [26] and [27]. With 3r¼�1, the surface modes on

the straight contour of the half-disk are dominant (see Figs. 9 and

10). However, unlike in the case of the hemisphere, the whole

contour of the half-disk is capable of supporting resonant modes

near 3r¼�1. In our computations, they become visible if we let the

permittivity deviate a little from the exact value. Fig.11 presents the

potential distribution in the series case with 3r¼�0.99. The surface

modes can be seen having occupied the whole contour of the half-

disk excluding the sharp corners. Moreover, our FEM simulations
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Fig. 5. The normalized series polarizability as as a function of 3r. Within permittivity

ranges �3< 3r<�1 and �1< 3r<�1/3, the solution does not converge.
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ranges �3< 3r<�1 and �1< 3r<�1/3, the solution does not converge.
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indicate that for any smooth 2D contours, there occurs higher order

plasmonicmodes at 3r¼�1. In the case of a homogenous disk, it can

be analytically verified that all the resonances occur at 3r¼�1 [27].

Furthermore, in the case of the hemisphere, a fundamental

geometry-related resonance was found with transverse excitation

at 3rz�4 [26]. We called this one a dipolar resonance, as it

corresponds to the resonance, which for a homogeneous sphere

occurs at 3r¼�2. Deviation of geometry makes this resonance to

shift in permittivity. In the axial case, instead, this resonance was

obscured by the edge modes. The resonance of a homogeneous 2D

disk occurs at 3r¼�1, and we can say, for a half-disk, this resonance

is shifted, in the series case into a more positive value, and in the

parallel case into a more negative value. This can also be observed

from the polarizability curves. In Fig. 5 the singularities are stronger

near 3r¼�1/3 and in Fig. 6, they are stronger near 3r¼�3. Never-

theless, an accurate tracing of these singularities is difficult, since

they both are located within the range of the edge modes.

Furthermore, if N is odd, we observe that the system matrix

becomes singular in the series case with 3r¼�1/3 and in the

parallel case with 3r¼�3. This would indicate that the resonances

are located exactly at the ends of singularity region. However, with

even N, the result is different, that is, the locations of these singu-

larities cannot be determined with absolute certainty.

In our previous articles [26,27] we have shown that these

surface modes cause numerical problems since the mathematical

model is unphysical. The surface modes are effectively attenuated

by already small losses. Especially, the modes on the cylindrical

contour of the half-disk, seen in Fig. 11, are very sensitive to them.

For physically reasonable results, a negative permittivity should

include an imaginary part. On the other hand, the most efficient

way to deal with the edge modes in numerical simulations is to

round all sharp edges and corners. Rounding has been shown to

eliminate the unphysical singularities of the edge [28].

In [18] and [19], the interestmainly lies in a particle consisting of

two conjoined half-cylinders with permittivities of opposite signs.

In the series case, such configuration behaves effectively as an

ideally conducting cylinder, that is 3r/N. In the parallel case, the

same cylinder behaves like 3r¼ 0. Our results for the double half-

disk are in agreement with this. With 31¼�32, the potential outside

only includes the dipolar term. That is, the polarizabilities of

such disk have exact values, which become as¼ 2 and ap¼�2,

independent from the actual permittivity value. These values
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correspond to the polarizabilities of a homogeneous disk, given by

(4), with 3r/N and 3r¼ 0, respectively. The same applies to a single

half-disk with 3r¼�1. Due to a different area normalization, the

polarizabilities become as¼ 4 and ap¼�4. However, the solution

inside the particle in [18] and [19] differs from ours, as our solution

does not allow a singularity at the origin. Instead, our solution inside

thedisk is not unique, nor numerically convergent, due to the surface

modes on the straight contour between the half-disks. An analogous

situation in spherical geometry is discussed in [26] and [29].

6. Conclusions

In this article, we presented a method for solving the unknown

coefficients of the series expansion of the electrostatic potential

function in a semicircular region. By this semianalytical method, we

were able to compute the normalized polarizability of a half-disk as

a function of its relative permittivity 3r. The polarizability was

defined by two orthogonal components, the series and the parallel

one. There is a certain duality relation between the polarizability

components of a 2D object and our method showed that it applies

to the half-disk as well. Moreover, we were able to show that the

coefficients of all the corresponding higher order terms of the

potential expansions with orthogonal excitations were also related

by this duality. For quick computation of polarizability with positive

3r, we presented two alternative approximative formulas.

We also discussed the polarizability with negative permittivity.

Within permittivity range �3< 3r<�1/3, our method could not

produce a converging solution in thewhole space due to the excited

surface plasmons.With�3< 3r<�1, even andwith�1< 3r<�1/3,

odd edge modes were supported by the sharp corners of the half-

disk. Also, near 3r¼�1, the whole smooth contour of the half-disk

supported resonant surface modes, the ones excited on the straight

contour being the most dominant. The dipolar resonances

occurred, in the series case near 3r¼�1/3, and in the parallel case

near 3r¼�3. The surface modes could be controlled by introducing

small losses. However, the only effective way to stabilize the edge

modes is to round the sharp corners.
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