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ABSTRACT: A simple alternative way to position dielectric materials
in the finite-difference time-domain (FDTD) Yee cell grid is proposed.
Plane-wave illuminated spheres are used as examples to study the perfor-
mance of the alternative method compared to the standard FDTD method.
Although the performances are generally equally good, the alternative
method may sometimes give significantly improved accuracy. © 2008 Wiley
Periodicals, Inc. Microwave Opt Technol Lett 50: 1211–1214, 2008;
Published online in Wiley InterScience (www.interscience.wiley.com).
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1. INTRODUCTION

The finite-difference time-domain (FDTD) method, for example,
[1, 2], is a popular tool for numerically solving electromagnetic
problems by finite-difference approximation of Maxwell’s equa-
tions. FDTD has a wide range of applications, many of which
include modeling dielectric or magnetic materials. In this letter, an
alternative method for including dielectric materials in the FDTD
staircase grid is proposed. Numerical examples, which illustrate
that the alternative method may prove advantageous in some
problems, are presented. In the following, nonmagnetic materials
are assumed for simplicity.

2. POSITIONING MATERIALS IN FDTD GRID

In the standard FDTD method, the material cells are positioned in
the E-cell grid (see Fig. 1). In such grid, modeling solid dielectric
objects is done using the staircase approximation, that is, the
material parameters � and � are assumed piecewise constant, such
that the material is constant inside a single Yee cell. The electric
field components are located on the E-cell edges, which automat-
ically enforces the continuity of tangential electric field across
dielectric interfaces.

Tangential component of the electric flux density is needed for
the FDTD update equations, yet it is undefined on material inter-
faces in a physical sense. Solution is to introduce an effective
electric flux density, which is a linear average of the physical
electric flux densities of the four neighboring cells (see Fig. 2). The
effective electric flux density and the electric field are linked by the
effective permittivity, which is

�eff �
1

4
��1 � �2 � �3 � �4�, (1)

using the notation from Figure 2. Similarly, by introducing effec-
tive current density, the effective conductivity on the edge is

�eff �
1

4
��1 � �2 � �3 � �4�. (2)

In what is to follow, this standard way of calculating the effective
material parameters is called the E-cell method.

An alternative to the usual E-cell method is to position the
materials in the secondary grid, that is, the H-cell grid, such that
the electric field components are located on the cell faces (see Fig.
1). As the electric field components are orthogonal to the bound-
aries of different dielectric media, it is more appropriate to speak
about nonphysical effective electric field. The effective electric
field is closely related to total current density (including both
conductivity and displacement current), the normal component of
which is continuous. Using this approach, the discontinuity con-
dition of the normal component of the electric field—or the
continuity of the effective electric field—is enforced instead of the
continuity of tangential electric field.

On a material interface as shown in Figure 3, the value of the
effective electric field is defined as the linear average of the
physical electric fields in each cell. Effective material parameters
�eff and �eff on the face are defined, such that they link the
effective electric field and the total current density by

��1 � �1

�

�t� E1 � ��2 � �2

�

�t� E2 � ��eff � �eff

�

�t�Eeff, (3)

where E1 and E2 are the electric field normal components in the
respective cells, and Eeff � 0.5 (E1 � E2) is the effective electric
field on the H-cell face.

The values of the effective parameters on the face can be
derived by temporarily assuming the fields to be time harmonic
(frequency �). Now, an equivalent condition for Eq. (3) is the
discontinuity of the normal component of the complex electric
field, that is,

�̂1E1 � ��1 �
�1

j�� E1 � �̂effEeff � ��2 �
�2

j��E2 � �̂2E2, (4)

where �̂1 and �̂2 are the complex permittivities of the two media.
The effective complex permittivity is thus

Figure 1 Positioning of the electric field components in the E-cell and
H-cell grids

DOI 10.1002/mop MICROWAVE AND OPTICAL TECHNOLOGY LETTERS / Vol. 50, No. 5, May 2008 1211



�̂eff �
2�̂1�̂2

�̂1 � �̂2
. (5)

The FDTD update equations require the real effective permittivity
and conductivity, which are

�eff � Re��̂eff� � 2
�1�2

2 � �2�1
2 � �2�1�2��1 � �2�

��1 � �2�
2 � �2��1 � �2�

2 (6)

and

�eff � � � Im��̂eff� � 2
�1�2��1 � �2� � �2��1

2�1 � �1
2�2�

��1 � �2�
2 � �2��1 � �2�

2 . (7)

The effective material parameters on the H-cell faces will gener-
ally be frequency dependent, even if the original materials are
nondispersive. Naturally, modeling this dispersivity can be omitted
in point-frequency simulations. In the case of nondispersive media,
the high and low frequency limits for the effective permittivity and
conductivity are

�effO¡
�3 �

2�1�2

�1 � �2
(8)

and

�effO¡
�3 0

2�1�2

�1 � �2
, (9)

which are used in [3], in which case the normal components of
both electric flux density and current density are continuous, that
is, time-dependent electric charge density on dielectric interfaces is
not allowed. However, for example, for human tissue interfaces at
radio frequencies, these limits give values close to Eqs. (6) and (7).

Postprocessing the results of a FDTD simulation often requires
the values of the physical electric field, which is not readily
available on dielectric discontinuities in the H-cell case. For ex-
ample, in medium 1 in Figure 3, the amplitude of the physical field
can be calculated from the amplitude of the effective electric field
on the face by

�E1� � � �̂eff

�̂1
��Eeff� � ��2�eff

2 � �eff
2

�2�1
2 � �1

2 �Eeff�. (10)

In addition to this slight difference in postprocessing, nothing but
the calculation of the effective material parameters needs to be
changed compared to the E-cell method. Consequently, imple-
menting the H-cell method in an existing FDTD code is simple.
Inside homogeneous media, both cell types result in exactly the
same update equations, so the only difference is in the modeling of
dielectric interfaces.

3. NUMERICAL EXAMPLES

The accuracy of both the E-cell method and the H-cell method is
investigated in test simulations consisting of a sphere exposed to a
linearly polarized plane wave. This setup allows comparison with
the analytical Mie series solutions. Also, all simulations are per-
formed at various FDTD cell sizes to give insight into the conver-
gence properties of the methods. Plane-wave excitation imple-
mented with the total-field/scattered-field technique [4] along with
efficient convolution PML (CPML) absorbing boundary condi-
tions [5] are used in the FDTD simulations. PML stands for
perfectly matched layer.

3.1 Homogeneous Sphere
The first test case is a lossy homogeneous sphere that is illumi-
nated by a linearly polarized 1 V/m plane wave at 1 GHz. The
permittivity and conductivity of the sphere are �r � 36.5 and � �
0.65 S/m.

Power loss density s for each cell is determined from the
amplitude of the electric field by

s �
1

2
���E�2� �

1

2
����Ex�2� � ��Ey�2� � ��Ez�2��, (11)

where � � � means taking an average of the given quantity to the
center point of the cell, and Ex , Ey , and Ez are the amplitudes
of the electric field components on the cell edges/faces. As seen in
Figure 1, the E-cell method uses a total of twelve electric field
components for averaging, while the H-cell approach needs six
components. In H-cells, the electric field is calculated by Eq. (10).
The required field amplitudes are calculated from the time-depen-
dent values using the same approach as in [6].

30The average power loss density, that is, the total power loss per
sphere volume, is studied for various resolutions and sphere radii.

Figure 2 Electric field component in the intersection of four E cells.
[Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com]

Figure 3 Position of the electric field component on the interface of two
H cells. [Color figure can be viewed in the online issue, which is available
at www.interscience.wiley.com]
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3.2 Layered Sphere
Second example is a small 5-layered sphere, the materials and outer
radii of which are presented in Table 1. The material parameters are
assumed to be independent of the frequency (unrealistically).

Amplitude of the electric field is studied along the sphere
diagonal in the plane-wave propagating direction. The amplitude

ach FDTD cell is calculated by

�E� � ���Ex�2� � ��Ey�2� � ��Ez�2�, (12)

re the averages are taken as in Eq. (11). Figures 6 and 7 show
electric field for two resolutions at frequencies 1 and 2.5 GHz,
ectively. In the 1-GHz case, E-cell method gives slightly better
ement with the Mie theory results. But when the frequency is
GHz, the H-cell method is clearly more accurate. These results
est that the conclusions of the previous example also hold for
l fields and nonhomogeneous problems.
he H-cell simulations were also performed when the approx-

te formulas (8) and (9) were used. In that case, the local error
ectric field values—compared to the case of the more accurate
ulas (6) and (7)—was extremely small, less than 0.3% at

m resolution, and even smaller for the 0.5-mm resolution.
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TABLE 1 The Radii and Material Parameters of the 5-Layer
Sphere

Tissue Radius (mm) �r � (S/m)

Skin 25 41.0 0.900
Fat 21 5.45 0.054
Muscle 17 54.8 0.978
Cortical bone 13 12.4 0.156
Bone marrow 5 5.48 0.043
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4. CONCLUSIONS

An alternative H-cell method for modeling dielectric discontinui-
ties in FDTD was proposed, and its performance was tested in
numerical examples. In the H-cell method, the location of the
electric field components in the FDTD grid is changed from
material cell edges to faces, such that the continuity of the normal
component of electric current density—including both conductiv-

r loss density as a function of sphere radius when
ed in H cells. [Color figure can be viewed in the
ilable at www.interscience.wiley.com]

Figure 6 Electric field amplitude along the diagonal of the 5-layer
sphere at 1 GHz. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com]
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ity and displacement current—is enforced instead of the continuity
of electric field tangential component. In the implementation of the
H-cell method, the calculation of the effective material parameters
on material interfaces is different compared to the standard E-cell
method. Additionally, as the electric field of the FDTD simulation
is not the same as the actual physical field, some simple modifi-
cations in postprocessing are needed. For example, the calculation
of the electric field amplitude—or the power loss density—is
altered slightly.

In terms of numerical accuracy, H-cell method is comparable with
the usual E-cell method. In some cases, the proposed method may
give a significant accuracy improvement, while sometimes the stan-
dard method is a better choice. Generally, the actual field solution
determines which cell type gives more accurate results, which is
clearly seen, for example, near the lowest TEr and TMr resonances of
a dielectric sphere. For the application of the H-cell method in the
field analysis inside a realistic human body model, see [6].

H-cell method can be applied to the case of magnetic dielectric
materials, which allows placing the magnetic and dielectric mate-
rials in the same cells. Previously, for example, in [2], they have
been positioned in separate grids; magnetic materials in the H-cell
grid and dielectric materials in the E-cell grid.
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Figure 7 Electric field amplitude along the diagonal of the 5-layer
sphere at 2.5 GHz. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com]
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